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1. Introduction

Parabolic partial differential equations (PDEs) are frequently encountered in the study of
heat conduction processes, gas diffusion phenomena, soil consolidation, and electromagnetic field
propagation (Thomas, 1999). Parabolic equations also constitute one of the most important and
widely applied branches of the theory of PDEs. The application of parabolic PDEs permeates
nearly every corner of modern science. In physics and engineering, they describe heat conduction,
mass diffusion, viscous fluid flow, and the diffusion of electromagnetic fields in conducting media
(Sharifi & Rashidinia, 2016). In materials science, the governing equations for phase-change
problems, such as the Stefan problem, also fall into the parabolic category (Myers et al., 2020).
In biology, the spatial spread of populations, tumor growth, and the transmission of neural signals
can be modeled using systems of reaction-diffusion equations (Perthame, 2015). In geotechnical
engineering, these equations governing the air and water phases are employed to describe the
transient flow of the water phase in saturated soils and of both phases in unsaturated soils
(Dakshanamurthy & Fredlund, 1980; Yuan et al., 2023).
Parabolic PDEs involve first-order temporal derivatives and second-order spatial derivatives.

Solving such equations generally requires initial conditions (specifying the distribution at the
initial instant) and boundary conditions (describing the interaction between the system and its
surroundings). For a one-dimensional parabolic partial differential equation, the separation of
variables (Shan et al., 2012), eigenfunction (Yuan et al., 2023), Laplace transform and inverse
Laplace transform (Wang et al., 2019), explicit difference (Fredlund & Hasan, 1979), differential
quadrature (Zhou & Zhao, 2014), implicit difference (Singh & Chakraborty, 2024; He et al.,
2025a), and transformed differential quadrature methods (Kou et al., 2026) can readily obtain
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the solution of PDEs. Most practical problems involve higher dimensions (i.e., two- and three-
dimensional) and a larger number of coupled phases, which inevitably results in greater com-
putational difficulty and increased computational expense. Although the explicit difference and
transformed differential quadrature methods are available in some published works for solving
two-phase coupling problems in two-dimensional unsaturated soils, their procedural complexity
and low computational efficiency inevitably result in higher computational costs. Therefore, it
is very necessary to develop an algorithm with high computational efficiency and reliability to
solve the multiphysics coupling problem.
Based on the heat conduction equation, the consolidation equation for unsaturated soils, and

the solute migration equation, this paper proposes a system of multiphase-coupled parabolic
PDEs. An improved alternating direction implicit (IADI) scheme is developed for the two-
dimensional problems with multiple physical quantities. A new mesh is formed by combining
the explicit difference meshes of the different physical quantities, and the matrix iteration is per-
formed between the virtual mesh and the real mesh to obtain numerical solutions. Two examples
containing both analytical and numerical solutions are proposed to demonstrate the effective-
ness and accuracy of the IADI solution. Based on the verified numerical solution, a series of
examples was carried out to illustrate the influence of the boundary condition and x/z direction
permeability ratio on the behavior of the model.

2. Mathematical model

2.1. Governing equations

The model that can describe the two-dimensional multiphase coupling problem is shown in
Fig. 1. The model with the length L and thickness H is subjected to external loading, wherein
b11, b22, ..., bii, c11, c22, ..., cii are parameters along the x- and z-directions. It should be noted
that, in different fields, certain assumptions are required for the formulation of the corresponding
system of PDEs (Terzaghi, 1943; Fredlund & Hasan, 1979).

Fig. 1. Simple schematic diagram of a two-dimensional model.

Seepage, diffusion, heat conduction, soil consolidation, and other engineering physics prob-
lems frequently involve solving initial-boundary value problems of parabolic PDEs. The two-
dimensional model of such problems is as follows:

E
∂u

∂t
+X

∂2u

∂x2
+ Z

∂2u

∂z2
=

∂f

∂t
, (2.1)
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where

u =

⎡⎢⎢⎢⎣
u1(x, z, t)
u2(x, z, t)
...

um(x, z, t)

⎤⎥⎥⎥⎦, E =

⎛⎜⎜⎜⎝
1 a12 · · · a1m
a21 1 · · · a2m
...

...
. . .

...
am1 am2 · · · 1

⎞⎟⎟⎟⎠, X =

⎛⎜⎜⎜⎝
b11 0 · · · 0
0 b22 · · · 0
...
...
. . .

...
0 0 · · · bmm

⎞⎟⎟⎟⎠,

Z =

⎛⎜⎜⎜⎝
c11 0 · · · 0
0 c22 · · · 0
...
...
. . .

...
0 0 · · · cmm

⎞⎟⎟⎟⎠, f =

⎡⎢⎢⎢⎣
f1
f2
...
fm

⎤⎥⎥⎥⎦ f(x, z, t).

In Eq. (2.1), a12, a13, · · · are coupling coefficients, which may be either constants or functions
of time, t; b11, b22, ..., bmm, c11, c22, ..., cmm can be either constants or functions of the x- and z-
coordinates; f1, f2, ..., fm are constants; f(x, z, t) is a function of the x-coordinate, z-coordinate,
and time, t.

2.2. Boundary and initial conditions

To obtain a closed-form solution of the two-dimensional governing equations, boundary and
initial conditions must be prescribed. A two-dimensional model contains the edge and point
boundary conditions. There are three main types of boundary conditions, i.e., the Dirichlet
boundary (DB) condition, the Neumann boundary (NB) condition, and the Robin boundary
(RB) condition (Thomas, 1999).

2.2.1. Edge boundary condition

The boundary conditions for four edges are

DB :u|edge = 0, (2.2)

NB :
∂u

∂x

⃓⃓⃓⃓
edge

= 0,
∂u

∂z

⃓⃓⃓⃓
edge

= 0, (2.3)

RB :
∂u

∂x

⃓⃓⃓⃓
edge

= ±Ru|edge,
∂u

∂z

⃓⃓⃓⃓
edge

= ±Ru|edge, (2.4)

where edge denotes the edge corresponding to the model;

R =

⎛⎜⎜⎜⎝
r11 0 · · · 0
0 r22 · · · 0
...
...
. . .

...
0 0 · · · rmm

⎞⎟⎟⎟⎠; r11, r22, ..., rmm are the constants.

It is noteworthy that when rmm =0, the RB condition can degenerate into the NB condi-
tion; conversely, when rmm tends to infinity, the RB condition can approximate the DB condition
(Singh & Chakraborty, 2024). However, some numerical examples indicate that when the values
of r11, r22, ..., rmm are set to 100, the computational results under the RB condition agree with
those under the DB condition (He et al., 2025b). Therefore, when rmm is greater than 100, the
following equation can be obtained:

∂u

∂x

⃓⃓⃓⃓
edge

= ±Ru|edge → u|edge = 0 (r11, r22, ..., rnn > 100), (2.5)

∂u

∂z

⃓⃓⃓⃓
edge

= ±Ru|edge → u|edge = 0 (r11, r22, ..., rnn > 100). (2.6)
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2.2.2. Point boundary condition

Two intersecting edges will create a new point; the point boundary must meet the drain-
age conditions of two adjacent edges. The boundary conditions at the four points in the two-
dimensional model are

u|point = 0, (2.7)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂u

∂x

⃓⃓⃓⃓
point

= 0,

∂u

∂z

⃓⃓⃓⃓
point

= 0,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂u

∂x

⃓⃓⃓⃓
point

= 0,

∂u

∂z

⃓⃓⃓⃓
point

= ±Ru|point,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂u

∂x

⃓⃓⃓⃓
point

= ±Ru|point,

∂u

∂z

⃓⃓⃓⃓
point

= 0,

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂u

∂x

⃓⃓⃓⃓
point

= ±Ru|point,

∂u

∂z

⃓⃓⃓⃓
point

= ±Ru|point,

(2.8)

where point denotes the point corresponding to the model.
The initial conditions are expressed as

u(x, z, 0) = g(x, z)

⎡⎢⎢⎢⎢⎢⎣
u01

u02
...

u0m

⎤⎥⎥⎥⎥⎥⎦, (2.9)

where u01, u
0
2, ..., u

0
m are the initial values at t = 0; g(x, z) is a function of x and z.

3. IADI difference solution

According to the previous literature, the finite difference method was widely utilized to solve
PDEs. Fredlund & Hasan (1979) first applied the explicit difference program to solve the consol-
idation equations of unsaturated soil. Feng et al. (2019) applied the implicit difference method
to verify the correctness of the developed solution; He et al. (2025b) employed it in the optimiza-
tion of sand cushion layers. These applications demonstrate that the finite difference method is
applicable to solving various types of PDEs. Although analytical solutions exist for some PDEs,
they are generally difficult to obtain for multiphase coupling problems (Shan et al., 2012; Yuan
et al., 2023). Therefore, it is necessary to develop a finite difference method specifically tailored
to multiphase coupling problems.

3.1. Discretization of governing equations

The implicit difference solution for the one-dimensional consolidation equations involves
two-dimensional matrix iteration (He et al., 2026a). Similarly, the transformation of a three-
dimensional matrix occurs in the implicit difference solution of two-dimensional consolidation
equations. The increase in computational dimensions will lead to a more tedious iterative pro-
cess. To improve the calculation accuracy of the algorithm, an alternating direction implicit
(ADI) solution is introduced to discretize Eq. (2.1). The ADI method, established by Peaceman
and Rachford (Thomas, 1995), has been widely applied to solve two-dimensional PDEs. It should
be noted, however, that Eq. (2.1) is a system of PDEs, and the ADI method cannot be used
directly. This is because the iterative matrix for a system of PDEs is more complex and variable
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than that for a single PDE. Moreover, the matrix formed by the unknown vectors is not square.
Therefore, we have conducted a secondary development of the ADI algorithm, enabling it to
solve systems of PDEs involving two or more physical quantities.
As shown in Fig. 2, the key idea of the IADI scheme is to construct a virtual time layer,

tn+1/2, between layers tn and tn+1. The IADI algorithm requires two iterations in one time step;
it is also known as the two-step method. In Fig. 2, the time and spatial domains are respectively
divided into N , J , and K equidistant nodes; the time and space steps are τ , hx, and hz; the node
coordinates are (xj , zk, tn), and tn = nτ , n = 0, 1, 2, ..., N , xj = jhx, j = 0, 1, 2, ..., J , zk = khz,
k = 0, 1, 2, ...,K.
Step 1, at time step tn ∼ tn+1/2, Eq. (2.1) is implicitly discretized in the x-direction, yielding

E
u
n+ 1

2
jk − un

jk

τ/2
+X

δ2xu
n+ 1

2
jk

h2x
+ Z

δ2zu
n
jk

h2z
=

fn+
1
2 − fn

τ/2
, (3.1)

where

δ2xu
n+ 1

2
jk = u

n+ 1
2

(j−1)k − 2u
n+ 1

2
jk + u

n+ 1
2

(j+1)k, δ2zu
n
jk = un

j(k−1) − 2un
jk + un

j(k+1).

Equation (3.1) can be rewritten as

2λxXu
n+ 1

2

(j−1)k + (E− 4λxX)u
n+ 1

2
jk + 2λxXu

n+ 1
2

(j+1)k

= −2λzZu
n
j(k−1) + (E+ 4λzZ)u

n
jk − 2λzZu

n
j(k+1) + fn+

1
2 − fn, (3.2)

where λx = τ/h2x, λz = τ/h2z; λx and λz are the mesh ratios; λx = H2λz/L
2, and J = K = C

(C is a natural number).
In this study, we define two matrices, U and V, at time layers tn+1/2 and tn, where U and

V are mC × C matrices. Then, Eq. (3.2) can be written as

AU = BV, (3.3)

where

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1− 4λxb11 a12 2λxb11 a13 · · · 0 0

a21 1− 4λxb22 a23 2λxb22 · · · 0 0

2λxb33 a32 1− 4λxb33 a34 · · · 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · 1− 4λxb(m−2)(m−2) a(m−2)(m−1) 2λxb(m−2)(m−2)

0 0 0 · · · a(m−1)(m−2) 1− 4λxb(m−1)(m−1) a(m−1)m

0 0 0 · · · 2λxbmm am(m−1) 1− 4λxbmm

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + 4λzc11 a12 −2λzc11 a13 · · · 0 0

a21 1 + 4λzc22 a23 −2λzc22 · · · 0 0

−2λzc33 a32 1 + 4λzc33 a34 · · · 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · 1 + 4λzc(m−2)(m−2) a(m−2)(m−1) −2λzc(m−2)(m−2)

0 0 0 · · · a(m−1)(m−2) 1 + 4λzc(m−1)(m−1) a(m−1)m

0 0 0 · · · −2λzcmm am(m−1) 1 + 4λzcmm

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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Fig. 2. Difference mesh of IADI scheme: (a) construction of mesh; (b) iterative process.
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U =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(u1)
n+1/2
11 (u1)

n+1/2
12 · · · (u1)

n+1/2
1K−1 (u1)

n+1/2
1K

(u2)
n+1/2
11 (u2)

n+1/2
11 · · · (u2)

n+1/2
1K−1 (u2)

n+1/2
1K

...
... · · ·

...
...

(u1)
n+1/2
21 (u1)

n+1/2
22 · · · (u2)

n+1/2
2K−1 (u2)

n+1/2
2K

...
... · · ·

...
...

(um)
n+1/2
J1 (um)

n+1/2
J2 · · · (um)

n+1/2
JK−1 (um)

n+1/2
JK

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(u1)
n
11 (u1)

n
12 · · · (u1)

n
1K−1 (u1)

n
1K

(u2)
n
11 (u2)

n
11 · · · (u2)

n
1K−1 (u2)

n
1K

...
... · · ·

...
...

(u1)
n
21 (u1)

n
22 · · · (u2)

n
2K−1 (u2)

n
2K

...
... · · ·

...
...

(um)nJ1 (um)nJ2 · · · (um)nJK−1 (um)nJK

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

A and B are (2m+ 1)-diagonal sparse matrices.
Step 2, at time step tn+ 1

2
∼ tn+1, Eq. (2.1) is implicitly discretized in the z-direction; we

obtain:

E
un+1
jk − u

n+ 1
2

jk

τ/2
+X

δ2xu
n+ 1

2
jk

h2x
+ Z

δ2zu
n+1
jk

h2z
=

fn+1 − fn+
1
2

τ/2
. (3.4)

Similarly, Eq. (3.4) can be rewritten as

2λzZu
n+1
j(k−1) + (E− 4λzZ)u

n+1
jk + 2λzZu

n+1
j(k+1)

= −2λxXu
n+ 1

2

(j−1)k + (E+ 4λxX)u
n+ 1

2
jk − 2λxXu

n+ 1
2

(j+1)k + fn+1 − fn+
1
2 . (3.5)

In the first iteration, only numerical iterations in the x-direction are involved. For a single
equation,U is a C×C matrix, and it can be used as the initial value for the second iteration in the
z-direction by the matrix transposition. However,U is anmC×C matrix in Eq. (3.3) and cannot
be used directly in the second iteration algorithm. Only after the matrix U is reconstructed can
it be used as the initial value of the second iteration. Then, Eq. (3.5) is written as

CV = DU, (3.6)

where

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1− 4λzc11 a12 2λzc11 a13 · · · 0 0

a21 1− 4λzc22 a23 2λzc22 · · · 0 0

2λzc33 a32 1− 4λzc33 a34 · · · 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · 1− 4λzc(m−2)(m−2) a(n−2)(n−1) 2λzc(m−2)(m−2)

0 0 0 · · · a(m−1)(m−2) 1− 4λzc(m−1)(m−1) a(m−1)m

0 0 0 · · · 2λzcmm am(m−1) 1− 4λzcmm

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

D =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 + 4λxb11 a12 −4λxb11 a13 · · · 0 0

a21 1 + 4λxb22 a23 −4λxb22 · · · 0 0

−4λxb33 a32 1 + 4λxb33 a34 · · · 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · 1 + 4λxb(m−2)(m−2) a(n−2)(n−1) −4λxb(m−2)(m−2)

0 0 0 · · · a(m−1)(m−2) 1 + 4λxb(m−1)(m−1) a(m−1)m

0 0 0 · · · −4λxbmm am(m−1) 1 + 4λxbmm

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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V =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(u1)
n+1
11 (u1)

n+1
21 · · · (u1)

n+1
(J−1)1

(u1)
n+1
J1

(u2)
n+1
11 (u2)

n+1
21 · · · (u2)

n+1
(J−1)1

(u2)
n+1
J1

...
... · · ·

...
...

(u1)
n+1
12 (u1)

n+1
22 · · · (u1)

n+1
(J−1)2

(u1)
n+1
J2

...
... · · ·

...
...

(um)n+1
1K (um)n+1

2K · · · (um)n+1
(J−1)K

(um)n+1
JK

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

U =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(u1)
n+1/2
11 (u1)

n+1/2
21 · · · (u1)

n+1/2
(J−1)1

(u1)
n+1/2
J1

(u2)
n+1/2
11 (u2)

n+1/2
21 · · · (u2)

n+1/2
(J−1)1

(u2)
n+1/2
J1

...
... · · ·

...
...

(u1)
n+1/2
12 (u1)

n+1/2
22 · · · (u2)

n+1/2
(J−1)2

(u2)
n+1/2
J2

...
... · · ·

...
...

(um)
n+1/2
1K (um)

n+1/2
2K · · · (um)

n+1/2
(J−1)K

(um)
n+1/2
JK

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

C and D are (2m+ 1)-diagonal sparse matrices.
In Eq. (3.6), U is a reconstructed matrix. After the second iteration, it is necessary to recon-

struct the V matrix again. By repeating this iterative program, the distribution of u1, u2, ..., um
at an arbitrary time layer can be obtained. It is worth noting that the steps of discretizing along
the x-direction and along the z-direction can be interchanged without any influence on the final
numerical results.

3.2. Discretization of boundary and initial conditions

As shown in Fig. 3a, when the edge boundary and point boundary satisfy the DB condition,
i.e., Eq. (2.2), Eq. (2.5), Eq. (2.6), and Eq. (2.7), the boundary values can be directly substituted
into Eq. (3.2) and Eq. (3.4). On the other hand, when the edge boundary and point boundary
are designated as the NB and RB conditions, such as Eq. (2.3) and Eq. (2.4), the virtual mesh
method (Morton & Mayers, 2005) is utilized to obtain the discrete scheme at the boundary.

Fig. 3. Difference mesh at boundary: (a) permeable boundary, (b) impermeable boundary.

As shown in Fig. 3b, two virtual edges are constructed outside the boundary. These two
virtual edges create a virtual point (red point). Based on these virtual edges and points, Eq. (2.3)
and Eq. (2.4) are discretized as

un
j(K+1) − un

j(K−1)

2hz
= 0,

un
(J+1)k − un

(J−1)k

2hx
= 0, (3.7)

un
j(K+1) − un

j(K−1)

2hz
= ±Run

jK ,
un
(J+1)k − un

(J−1)k

2hx
= ±Run

Jk. (3.8)
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The discrete form of points and the discrete form of boundaries are consistent. The IADI
solution at the boundary is obtained by substituting Eq. (3.7) and Eq. (3.8) into Eq. (3.2) and
Eq. (3.5) to eliminate the virtual edges and points.
After obtaining the discrete scheme of the boundary conditions and consolidation equations,

the final IADI solution can be represented as

Φ1U = Φ2V, (3.9)

Φ3V = Φ4U, (3.10)

where Φ1, Φ2, Φ3, and Φ4 are block matrices; their detailed expressions are as follows:
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The iterative algorithm of IADI solution is as follows:210

Algorithm: IADI scheme with unconditional stability

Output: Predicted variables at different space and time domains ( , , )j k nx z t : 1 2( , , , )n n n

jk jk mjku u u .

Input: Create time and space nodes J, K, N, time and space steps τ, hx, hz, mesh ratio xh , zh , and 

the parameters of model a12, a23, …, a(m-1)m, b11, b22, …, bmm, c11, c22, …, cmm.

1. Set initial condition at time t=0 according to Eq. (2.9).

2. Establish the matrices of boundary condition A0, AJ, …, D0, DJ.

3. According to Eqs. (3.3) and (3.6), install the matrices of model equations A, B, C, D.

4. Assembly of matrices
1Φ , 2Φ , 3Φ , and 4Φ .

5. for n from 1 to N do

(I) Set column vector of external load Q

(II) Introducing a L-U decomposition method (Chu & Ju, 2013)

(III)
1 2 ΦU ΦV Q

(IV) Reconstructing U matrix

(V)
3 4 ΦV ΦU Q

(VI) Reconstructing V matrix

7. end
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Φ2 =
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The iterative algorithm of IADI solution is as follows: 210 

Algorithm: IADI scheme with unconditional stability 

Output: Predicted variables at different space and time domains ( , , )j k nx z t : 1 2( , , , )n n n

jk jk mjku u u . 

Input: Create time and space nodes J, K, N, time and space steps τ, hx, hz, mesh ratio xh , zh , and 

the parameters of model a12, a23, …, a(m-1)m, b11, b22, …, bmm, c11, c22, …, cmm. 

1. Set initial condition at time t=0 according to Eq. (2.9).

2. Establish the matrices of boundary condition A0, AJ, …, D0, DJ.

3. According to Eqs. (3.3) and (3.6), install the matrices of model equations A, B, C, D.

4. Assembly of matrices
1Φ , 2Φ , 3Φ , and 4Φ . 

5. for n from 1 to N do

(I) Set column vector of external load Q 
(II) Introducing a L-U decomposition method (Chu & Ju, 2013) 

(III) 
1 2 ΦU ΦV Q  

(IV) Reconstructing U  matrix 

(V) 
3 4 ΦV ΦU Q  

(VI) Reconstructing V  matrix 
7. end
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IADI solution can be represented as: 202 
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The iterative algorithm of IADI solution is as follows: 210 

Algorithm: IADI scheme with unconditional stability 

Output: Predicted variables at different space and time domains ( , , )j k nx z t : 1 2( , , , )n n n

jk jk mjku u u . 

Input: Create time and space nodes J, K, N, time and space steps τ, hx, hz, mesh ratio xh , zh , and 

the parameters of model a12, a23, …, a(m-1)m, b11, b22, …, bmm, c11, c22, …, cmm. 

1. Set initial condition at time t=0 according to Eq. (2.9).

2. Establish the matrices of boundary condition A0, AJ, …, D0, DJ.

3. According to Eqs. (3.3) and (3.6), install the matrices of model equations A, B, C, D.

4. Assembly of matrices
1Φ , 2Φ , 3Φ , and 4Φ . 

5. for n from 1 to N do

(I) Set column vector of external load Q 
(II) Introducing a L-U decomposition method (Chu & Ju, 2013) 

(III) 
1 2 ΦU ΦV Q  

(IV) Reconstructing U  matrix 

(V) 
3 4 ΦV ΦU Q  

(VI) Reconstructing V  matrix 
7. end

211 

4. Algorithm application212 

Return III 

 

A

A0

AJ 

B 

C 

B0

 

D

C0

CK 

J 

D

D0

B K

, (3.13)

Φ4 =
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The iterative algorithm of IADI solution is as follows: 210 

Algorithm: IADI scheme with unconditional stability 

Output: Predicted variables at different space and time domains ( , , )j k nx z t : 1 2( , , , )n n n

jk jk mjku u u . 

Input: Create time and space nodes J, K, N, time and space steps τ, hx, hz, mesh ratio xh , zh , and 

the parameters of model a12, a23, …, a(m-1)m, b11, b22, …, bmm, c11, c22, …, cmm. 

1. Set initial condition at time t=0 according to Eq. (2.9).

2. Establish the matrices of boundary condition A0, AJ, …, D0, DJ.

3. According to Eqs. (3.3) and (3.6), install the matrices of model equations A, B, C, D.

4. Assembly of matrices
1Φ , 2Φ , 3Φ , and 4Φ . 

5. for n from 1 to N do

(I) Set column vector of external load Q 
(II) Introducing a L-U decomposition method (Chu & Ju, 2013) 

(III) 
1 2 ΦU ΦV Q  

(IV) Reconstructing U  matrix 

(V) 
3 4 ΦV ΦU Q  

(VI) Reconstructing V  matrix 
7. end
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The iterative algorithm of the IADI solution is as follows:

Algorithm: IADI scheme with unconditional stability
Output: Predicted variables at different space and time domains (xj , zk, tn): (un

1jk, u
n
2jk, ..., u

n
mjk).

Input: Create time and space nodes J , K, N , time and space steps τ , hx, hz, mesh ratios hx, hz, and
the parameters of the model a12, a23, ..., a(m−1)m, b11, b22, ..., bmm, c11, c22, ..., cmm.
1. Set the initial condition at time t = 0 according to Eq. (2.9).
2. Establish the matrices of the boundary conditions A0,AJ , ...,D0, DJ .
3. According to Eq. (3.3) and Eq. (3.6), install the matrices of model equations A, B, C, D.
4. Assemble the matrices Φ1, Φ2, Φ3, and Φ4.
5. for n from 1 to N do
(I) Set the column vector of external load Q
(II) Introduce an L-U decomposition method (Chu & Ju, 2013)
(III) Φ1U = Φ2V +Q
(IV) Reconstruct the U matrix
(V) Φ3V = Φ4U+Q
(VI) Reconstruct the V matrix

Return III

6. end
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4. Algorithm application

4.1. Single-phase problem

In this section, the consolidation equation for saturated soil is employed to facilitate com-
parative verification and to investigate the influence of boundary conditions on the model. This
equation was originally established by Terzaghi and has since been extensively studied and ap-
plied by researchers and engineers. The consolidation equation for saturated soil is presented as
follows (Terzaghi, 1943):

∂u1
∂t

= b11
∂2u1
∂x2

+ c11
∂2u1
∂z2

+ f1
∂f(x, z, t)

∂t
. (4.1)

Consider a single-layer soil of thickness H and length L subjected to a uniformly distributed
loading. These parameters are as follows: c11 = 5 × 10−8m/s2, kxz = bmm/cmm, f1 = 1,
f(x, z, t) = 100 kPa, u01 = 100 kPa, L = 2m, H = 5m. The bottom boundary of the model
is impermeable (NB), while the lateral and upper boundaries are permeable (DB). Before the
iteration process, it is advisable to choose as large a grid as possible to minimize the computation
time. In addition, the IADI algorithms are developed using MATLAB 2020a1, and the computer
has 16GB of RAM.
Figure 4 illustrates the time evolution of u1 and its distribution in the x-z plane under

different kxz. For comparison and validation, the computational results from Huang et al. (2023)
are also included in this figure. As can be observed, the IADI solution proposed in this study
agrees well with the analytical solution, demonstrating that the developed solution can effectively
capture the characteristics of u1 (which include pressure distribution and evolution behavior). In
Fig. 4a, a large kxz leads to an increased dissipation rate of u1, causing u1 to decay more rapidly
from its initial value to zero. In Fig. 4b, kxz not only influences the dissipation rate of u1 but also
affects its spatial distribution in the x-z plane. When the coefficient in the x-direction is smaller
than that in the z-direction (b11 < c11), the pressure is primarily released along the z-direction,
with only a minor portion released along the x-direction. Furthermore, the release path also
exerts a certain influence on pressure dissipation (e.g., kxz = 1). Figure 5 demonstrates the effect
of different boundary types on the x-z plane distribution of u1 (u1 for time t = 106 s). The
DB boundary imposes no hindrance on pressure release; the NB boundary completely impedes
pressure release; and the RB boundary, which lies between the DB and NB boundaries, partially
obstructs the pressure release. The boundary type significantly affects the distribution of u1.

Fig. 4. (a) variation of u1 under different values of kxz; (b) distribution of u1 at time t = 106 s.

1MATLAB R2020a was developed and released in 2020.
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Fig. 5. 2D plot of u1 under different boundary conditions.

4.2. Two-phase problem

In the context of two-phase coupling problems, the developed IADI algorithm is employed to
solve the consolidation equation for unsaturated soil established by Fredlund and Hasan (1979).
This equation describes the coupling between air pressure and water pressure, as well as the
transient flow of the air and water phases. The consolidation equation for unsaturated soil is
presented as follows:

E
∂u

∂t
= X

∂2u

∂x2
+ Z

∂2u

∂z2
+

∂f

∂t
, (4.2)

where

u =

[︃
u1(x, z, t)
u2(x, z, t)

]︃
, E =

(︃
1 a12
a21 1

)︃
, X =

(︃
b11 0
0 b22

)︃
,

Z =

(︃
c11 0
0 c22

)︃
, f =

[︃
f1
f2

]︃
f(x, z, t).

The consolidation parameters are as follows: a12 = −0.07538, a21 = 0.5, kxz = bmm/cmm,
c11 = 5.3476× 10−6m/s2, c22 = 5.102× 10−8m/s2, kxz = 1, f1 = 0.1508, f2 = 0.25, f(x, z, t) =
100 kPa, u01 = 20 kPa, u02 = 40 kPa, L = 2m, H = 4m. Figure 6 shows the variation and dis-
tribution of u1 under different kxz. The predicted results of the analytical solution from Shen
et al. (2021) were also plotted in the graph to verify the accuracy of IADI. As observed, the
dissipation characteristics of pore pressure in Subsection 4.2 follow the same trend as those in
Subsection 4.1. Figure 6a shows the variations of u1 and u2 under different values of kxz. With
the increase in kxz, the dissipation rate of pore pressure accelerates. The difference lies in the
dissipation mode of excess pore pressures associated with u2, which exhibits distinct behavior
due to the coupling between u1 and u2 in Eq. (4.2). A comparison of the dissipation curves of
u1 and u2 reveals that when u1 begins to decrease, u2 also decreases. Only after u1 has com-
pletely dissipated does u2 enter a plateau stage (He et al., 2026b), following which u2 dissipates
independently and slowly to zero. In other words, in a two-phase coupled problem, the release
of pore pressure occurs in stages, owing to the difference in the dissipation coefficients, b11, b22,
c11 and c22 (Phase I: u1 and u2 dissipation; Phase II: only u2 dissipation, Shan et al., 2012).
Figure 6b demonstrates the 2D plots of u1 and u2 in the x-z plane (u1 for time t = 105 s; u2
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Fig. 6. (a) variations of u1 and u2 under different values of kxz; (b) distributions of u1 and u2

in the x-z plane.

for time t = 5 × 106 s). The distributions of u1 and u2 are similar, with a significant influence
from boundary conditions. The distribution patterns of u1 and u2 also demonstrate that the
developed IADI algorithm is accurate.

4.3. Three-phase problem

A three-phase coupling problem is considered, and the system of partial differential equations
is given as follows:

E
∂u

∂t
= X

∂2u

∂x2
+ Z

∂2u

∂z2
+

∂f

∂t
, (4.3)

where

u =

⎡⎣ u1(x, z, t)
u2(x, z, t)
u3(x, z, t)

⎤⎦, E =

⎛⎝ 1 a12 a13
a21 1 a23
a31 a32 1

⎞⎠, X =

⎛⎝ b11 0 0
0 b22 0
0 0 b33

⎞⎠,

Z =

⎛⎝ c11 0 0
0 c22 0
0 0 c33

⎞⎠, f =

⎡⎣ f1
f2
f3

⎤⎦ f(x, z, t).

These parameters are as follows: a12 = a23 = 0.5, a31 = −0.5, a13 = a21 = a32 = 0,
b11 = kxzc11 = 5.0×10−6, b22 = kxzc22 = 5.0×10−7, b33 = kxzc33 = 5.0×10−8, c11 = 5.0×10−6,
c22 = 5.0× 10−7, c33 = 5.0× 10−8, kxz = 1, f1 = f2 = f3 = 0, f(x, z, t) = 100 kPa, u01 = 10 kPa,
u02 = 20 kPa, u03 = 40 kPa, L = 2m, H = 4m. The boundary conditions of the model are
considered as Dirichlet boundaries. In three-phase coupling problems, the pressure dissipation
patterns exhibit multi-stage characteristics due to variations in parameters. In this section, to
validate the stability of the proposed IADI algorithm, the three-phase coupling problem is solved
using the IADI scheme with different mesh ratios. Table 1 presents the computational results
and the corresponding CPU time obtained with various mesh ratios. It is observed that as
the time step size increases, the IADI algorithm maintains excellent stability in its computed
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Table 1. Calculation time and results under different time steps.

Time step
[s]

Calculation
time
[s]

z = 1m z = 2m z = 3m

u1

[kPa]
u2

[kPa]
u3

[kPa]
u1

[kPa]
u2

[kPa]
u3

[kPa]
u1

[kPa]
u2

[kPa]
u3

[kPa]
1 345.45 0.30 7.17 33.46 0.39 8.89 34.03 0.30 7.17 33.46

10 38.36 0.30 7.17 33.46 0.39 8.89 34.03 0.30 7.17 33.46

100 4.47 0.30 7.17 33.46 0.39 8.89 34.03 0.30 7.17 33.46

1000 0.58 0.30 7.16 33.45 0.39 8.89 34.03 0.30 7.16 33.45

Note: tN = 108 s; hx = 0.125, hz = 0.25m, x = 1m.

results. Furthermore, a larger mesh ratio leads to higher computational efficiency. These findings
demonstrate that the IADI algorithm developed in this study possesses high computational
efficiency and accuracy, rendering it well-suited for solving multidimensional coupled problems.

5. Conclusion

On the basis of the heat conduction equation, the consolidation equation for saturated soils,
and the consolidation equation for unsaturated soils, this paper proposes a system of multiphase-
coupled parabolic PDEs. Then, an IADI solution is presented to solve this system of PDEs with
multiple physical quantities. The reliability and accuracy of the proposed numerical method
are also verified by comparing the results of the numerical and existing analytical solutions.
The results show that the developed numerical solution has higher computational efficiency and
more convenient programs. Therefore, it is relatively easier to execute a preliminary assessment
for the multiphase coupling problem.
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