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This study investigates the free vibration modal frequencies of a metal-ceramic functionally
graded porous conical shell under thermal loading. Temperature-dependent material properties
and two porosity distribution patterns, namely uniform and non-uniform porosity distributions,
are considered. Based on the Sanders shell theory and the Rayleigh–Ritz method with Chebyshev
polynomials, the model is verified by FEM within 5.04% error. Parametric analysis shows that
temperature dominates at low wave numbers, while porosity governs at high wave numbers. In-
creasing the S-shaped volume fraction exponent raises frequencies and weakens thermal effects,
providing a theoretical basis for high-temperature engineering applications.
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1. Introduction

Functionally graded materials (FGMs) are advanced composites with continuous spatial vari-
ations in composition, microstructure and properties. Owing to their high heat resistance, high
strength, and lightweight characteristics, FGMs can effectively alleviate thermal-stress concen-
trations (Asemi & Jedari Salami, 2015; Kołakowski & Teter, 2016; Kalali et al., 2016; Pillai
& Rahaman, 2026; Ding & Li, 2008; Chumanov et al., 2015). Therefore, FGMs have broad
application prospects in aerospace and mechanical engineering.
Conical shells are widely used in aircraft fuselages, vessel propulsion systems, and other

load-bearing structures that often operate in complex multi-field coupled environments. Con-
sequently, the design and analysis of FGM conical shells have attracted considerable research
attention. As advanced composite structures, FGMs may contain internal defects such as pores
owing to limitations in manufacturing technologies. The presence of pores not only affects the
material’s acoustic properties and thermal conductivity but also influences its mechanical be-
havior. In recent years, a mounting number of scholars have commenced exploring the influence
of material porosity on the mechanical behavior of FGM shells. Grounded in the geometrically
nonlinear Kirchhoff–Love thin shell constitutive model, Feng and Hu (2026) examined the dy-
namic behavior of porous ferromagnetic FGM cylindrical shells under armature action. Within
the framework of the first-order shear deformation theory, Xue et al. (2023) explored the free
vibration behavior of porous FGM cylindrical panels and shells. Adopting the sinusoidal shear
deformation theory and the Rayleigh–Ritz method, Wang and Wu (2017) examined the free
vibration characteristics of FGM shells under different porosity distribution patterns. Applying
an innovative semi-analytical method, Li et al. (2019) explored the free vibration behavior of
porous FGM shells under arbitrary boundary conditions.
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FGMs have also received extensive attention in high-temperature engineering applications
since their initial proposal by Japanese researchers in the 1980s. Reddy (2000) analyzed the
bending and vibration of FGM plates under thermal loads using a higher-order shear deforma-
tion theory, considering the temperature-dependent nonlinear variation of material properties.
Matsunaga (2009) assessed the thermal buckling of FGM shells via a higher-order theory, em-
phasizing the coupling effect between boundary conditions and the gradient index. Concerning
dynamic feedback, Huang and Shen (2004) examined the impacts of thermal surroundings on
the nonlinear vibration characteristics of FGM shells. They discovered that temperature rise
generally leads to a decrease in natural frequency, though the gradient distribution can modu-
late this trend. Mallek et al. (2025) considered two distinct porosity distribution patterns and
conducted a comprehensive analysis on the porosity effects of porous FGMs.
Limited studies have addressed the free vibration of porous FGM conical shells under ther-

mal loading. Therefore, this study develops a semi-analytical model based on the Sanders shell
theory and the Rayleigh–Ritz method. Temperature-dependent material properties and differ-
ent porosity distributions are incorporated through the Voigt model to examine the effects of
thermal gradients, porosity, and material gradation on modal frequencies.

2. Geometry model

As depicted in Fig. 1, it is assumed that the boundary conditions at the endpoints of the
FGM conical shell are simulated by artificial springs. The geometric parameters of the conical
shell include: length L, thickness h, the radius of the small end is R1 and the radius of the
large end is R2, the semi-cone angle is a0. The material properties of the FGM conical shell
vary continuously and gradually only through the thickness, an inherent material characteristic
unchanged during vibration analysis. The outer surface of the conical shell is pure metal, and the
inner surface is pure ceramic. An orthogonal surface coordinate system (x, θ, z) is established
at the mid-surface of the conical shell, as shown in Fig. 1. The x, θ, z represent the axial,
circumferential and thickness direction, respectively. The displacement components in the x, θ,
and z directions of the coordinate system are represented by u, v, and w, respectively.
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Fig. 1. Geometric model and coordinate system of a porous FGM conical shell: x – axial direction,
θ – circumferential direction, z – thickness direction, R1 – small-end radius, R2 – large-end radius,

L – length, a0 – semi-cone angle.

The radius at any point on the shell’s mid-surface varies along the axial coordinate x (Wan
et al., 2025b):

R(x) = R1 + x sin (α0), 0 ≤ x ≤ L. (2.1)
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3. Thermophysical properties of FGMs

Two typical porosity distributions along the thickness are considered: even porosity (model I)
and uneven porosity (model II), as illustrated in Fig. 2. Within the framework of the Voigt
model, the effective material property of FGMs with different pore distribution patterns is given
as follows (Wang et al., 2018):

P I
eff (x, z) = (Pm − Pc)Vm +

γ

2
(Pc + Pm),

P II
eff (x, z) = (Pm − Pc)Vm + Pc −

λ

2

(
1− 2

|z|
h

)
(Pc + Pm),

(3.1)

where P I
eff and P

II
eff denote the effective material property P of the FGMs for porosity models I

and II, respectively. In this study, P represents the effective elastic modulus Eeff , Poisson’s
ratio νeff , density ρeff , thermal expansion coefficient αeff , or thermal conductivity coefficient keff .
The parameter γ denotes the porosity volume fraction, Vm denotes the metal volume fraction,
and the subscripts c and m refer to ceramic and metal, respectively.

(a) (b)

Fig. 2. Pore distribution: (a) even porosity, (b) uneven porosity.

To realize a gradual and continuous evolution of internal stresses within FGMs, Chi and
Chung (2006) proposed a Sigmoid-type piecewise volume fraction:

V1m(z) = 1− 1

2

(
h/2− z

h/2

)N

, 0 ≤ z ≤ h/2,

V2m(z) =
1

2

(
h/2 + z

h/2

)N

, 0 ≤ z ≤ h/2,

(3.2)

where N is the volume-fraction exponent controlling the material gradation through the thick-
ness. The functions V1m(z) and V2m(z) denote the metal volume fractions in the upper half-
thickness interval (0 ≤ z ≤ h/2) and lower half-thickness interval (−h/2 ≤ z ≤ 0), respectively.
Considering the temperature dependence of the physical properties of FGMs, the material

parameters can be expressed as (Shen, 2012):

Pc,m = p0
(
p−1T

−1 + 1 + p1T + p2T
2 + p3T

3
)
, (3.3)

where Pc,m represents the thermal property parameters of the material; p0, p−1, p1, p2, p3 are
the temperature-sensitive characteristic coefficients of the material, with specific values as shown
in Table 1.
Under thermal conditions, a nonlinear temperature distribution is assumed through the thick-

ness of an FGM conical shell. The inner surface (z = −h/2) is at temperature Tc, and the outer
surface (z = h/2) is at Tm = 300K (ambient). In the stress-free state, the thickness-dependent
temperature rise T (z) is derived from the steady-state heat conduction equation and thermal
boundary conditions:

T (z) = Tc − Tcmξ(z, h),

− d
dz

[
keff(z)

dT
dz

]
= 0,

(3.4)
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Table 1. Temperature-dependent coefficients of ZrO2-SUS304 (Liu et al., 2017).

Properties Material p−1 p0 p1 p2 p3

ρ [kg ·m−3]
SUS304 0 8166 0 0 0

ZrO2 0 3657 0 0 0

E [GPa]
SUS304 0 201.04 3.079× 10−4 −6.534× 10−4 0

ZrO2 0 132.20 −3.805× 10−4 −6.127× 10−4 0

v
SUS304 0 0.3262 −2.002× 10−4 3.797× 10−4 0

ZrO2 0 0.3330 0 0 0

a [K−1]
SUS304 0 12.3× 10−6 8.086× 10−6 0 0

ZrO2 0 13.3× 10−6 −1.421× 10−3 9.549× 10−7 0

k [W/m ·K] SUS304 0 12.04 0 0 0

ZrO2 0 1.78 0 0 0

where Tcm = Tc−Tm represents the temperature difference across the inner and outer surfaces of
the shell. The solution form of the function ξ(z, h) was obtained by Wu (2004) as a polynomial
series:

ξ(z, h) =

2z + h

2h
+

5∑
i=1

−1

iN + 1

(
kcm
km

)i(2z + h

2h

)iN+1

1 +

5∑
i=1

[
(−1)i

iN + 1

(
kcm
km

)i
] , (3.5)

where kcm = kc−km, and kc and km denote the thermal conductivity coefficients of the ceramic
and metal, respectively.

4. Energy equation of an FGM conical shell

The Sanders shell theory is employed to derive the strain-displacement relations for an FGM
conical shell, with the following basic assumptions: (1) the straight normal to the shell mid-
surface remains straight after deformation but is not necessarily normal to it; (2) the transverse
normal stress is negligible; (3) in-plane strains and normal rotations are small; (4) the shell
thickness is much smaller than its characteristic dimensions.
Based on the Sanders shell theory, the relations between the in-plane strains and displacement

components of a conical shell can be derived as follows (Loy & Lam, 1997):

εx = ε1 − zε4, εθ = ε2 − zε5, εxθ = ε3 − 2zε6,

{ε1, ε2, ε3} =

{
∂u

∂x
,

1

R

(
∂v

∂θ
+ w

)
,

∂v

∂x
+

1

R

∂u

∂θ

}
,

{ε4, ε5} =

{
∂2w

∂x2
,

1

R2

(
∂2w

∂θ2
− ∂v

∂θ

)}
,

{2ε6} =

{
1

R

(
2∂2w

∂x∂θ
+

1

2R

∂u

∂θ
− 3

2

∂v

∂x

)}
,

(4.1)

where εx and εθ represent the normal strains in the x and θ directions, respectively; εxθ denotes
the shear strain within the xθ plane; ε1, ε2, and ε3 are the surface strain components of the
mid-surface; ε4, ε5, and ε6 represent the curvatures of the mid-surface.
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The stress-strain constitutive relation is formulated as
σx
σθ
σxθ

 =

 Q11 Q12 0
Q12 Q22 0
0 0 Q33


εx
εθ
εxθ

, (4.2)

where σx and σθ denote the normal stresses in the x and θ directions, respectively; σxθ is the shear
stress in the xθ plane; Qjk (j, k = 1, 2, 3) represents the reduced stiffness constants, defined as

Q11(s) = Q22(s) =
E1

eff(s)

1− v1eff(s)
, Q12(s) =

v1eff(s)E
1
eff(s)

1− v1eff(s)
,

Q33(s) =
E1

eff(s)

2(1 + v1eff(s))
, 0 ≤ z ≤ h/2,

Q11(s) = Q22(s) =
E2

eff(s)

1− v2eff(s)
, Q12(s) =

v2eff(s)E
2
eff(s)

1−
(
v2eff(s)

)2 ,
Q33(s) =

E2
eff(s)

2
[
1−

(
v2eff(s)

)2] , −h/2 ≤ z ≤ 0,

(4.3)

where s = 1 for 0 ≤ z ≤ h/2 and s = 2 for −h/2 ≤ z ≤ 0.
The resultant force and resultant moment acting on the FGM shell are

{N ,M} =



Nx

Nθ

Nxθ

Mx

Mθ

Mxθ


= {ε} [V] =



ε1
ε2
ε3
ε4
ε5
2ε6





A11 A12 0 −B11 −B12 0
A12 A22 0 −B12 −B22 0
0 0 A33 0 0 −B33

B11 B12 0 −D11 −D12 0
B12 B22 0 −D12 −D22 0
0 0 B33 0 0 −D33

, (4.4)

where Nx, Nθ, Nxθ are the in-plane resultant forces in the x, θ and xθ directions, Mx, Mθ, Mxθ

are the resultant bending and torsion moments in the corresponding directions; {ε} denotes
the strain vector. The coefficients Ajk, Bjk, Djk (j, k = 1, 2, 3) are global, through-thickness
integrated stiffness coefficients representing extensional stiffness, extension-bending coupling
stiffness, and bending stiffness, respectively. These coefficients incorporate the effects of ma-
terial gradation, porosity distribution, and temperature-dependent material properties, with no
simplifications adopted in the derivation.
Based on the Sanders theory, the strain energy U and kinetic energy K of the FGM shell are

obtained as follows:

U =
1

2

L�

0

2π�

0

{ε}T [V] {ε}R dx dθ,

K =
1

2

l�

0

2π�

0

ρT

[(
∂u

∂t

)2

+

(
∂v

∂t

)2

+

(
∂w

∂t

)2
]
R dx dθ,

(4.5)

where ρT denotes the mass density per unit length, which is expressed as

ρT =

h/2�

0

ρ1eff(z) dz +

0�

−h/2

ρ2eff(z)dz. (4.6)
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The elastic strain energy stored in the boundary spring of an FGM shell is given by

V =
1

2

2π�

0

[
k1u

2 + k2v
2 + k3w

2 + k4

(
∂w

∂x

)2
]
x=0

R1(0)dθ

+
1

2

2π�

0

[
k1u

2 + k2v
2 + k3w

2 + k4

(
∂w

∂x

)2
]
x=L

R2(L) dθ,

(4.7)

where k1, k2, k3, and k4 represent the axial spring stiffness, circumferential spring stiffness, radial
spring stiffness, and rotational spring stiffness, respectively.

5. Characteristic equation of an FGM conical shell

The axial, circumferential, and radial displacements of the FGM conical shell are periodic
functions of the circumferential angle θ with a period of 2π, requiring simultaneous solution.
Consequently, the displacement fields are expressed in the form of trigonometric functions asso-
ciated with the circumferential modal number and the circumferential wave number

u(x, θ, t) = Un(x) cos (nθ + ωt),

v(x, θ, t) = Vn(x) sin (nθ + ωt),

w(x, θ, t) = Wn(x) cos (nθ + ωt),

(5.1)

where Un(x), Vn(x), andWn(x) denote the mode functions at azimuthal wave number n. ω repre-
sents the modal frequencies. As documented in (Xu et al., 2024), Chebyshev polynomials exhibit
favorable convergence properties, thus permitting their expansion into different-order modes

Un(x) =

M∑
m=0

AmTm(x),

Vn(x) =
M∑

m=0

BmTm(x),

Wn(x) =
M∑

m=0

CmTm(x),

(5.2)

where m denotes the axial wave number and n denotes the circumferential wave number; A, B,
and C are undetermined coefficients, and M is the truncation order. T (·) stands for the Cheby-
shev polynomial, whose specific expression is

T0(x) = 1, T1(x) = x,

Ta+1(x) = 2x · Ta(x)− Ta−1(x), a ≥ 1, a ∈ N+.
(5.3)

On the basis of the above energy expression, the energy model can be established as

Π = Umax + Vmax −Kmax. (5.4)

The subscript “max” denotes the maximum value of each energy term during one period of
harmonic vibration, which is a standard treatment in the Rayleigh–Ritz method for free vibration
analysis.
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By virtue of the Rayleigh–Ritz method, partial differentiation with respect to the undeter-
mined coefficients is performed to establish the vibration control equations

[
ω2M1 + 2M2 −K

]
U
V
W

 = 0, (5.5)

whereK,M1 andM2 denote the stiffness, inertial mass matrix and coupled mass matrix, respec-
tively. U , V , and W denote the undetermined coefficient vectors, with the specific expressions
given by

U = {U0, U1, U2, ..., UM}T ,

V = {V0, V1, V2, ..., VM}T ,

W = {W0,W1,W2, ...,WM}T .

(5.6)

6. Boundary conditions for an FGM conical shell

The boundary conditions at both ends of the conical shell are modeled by artificial springs
with stiffness coefficients k1 (axial), k2 (circumferential), k3 (radial), and k4 (rotational). Con-
ventional boundary conditions comprise free (F), clamped (C), and simply supported (S) ones.
The spring stiffness values are assigned in accordance with the settings given in Table 2 (Chen
et al., 2023).

Table 2. Artificial spring stiffness value.

Boundary conditions Free Clamped Simply supported

Spring stiffness value

k1 = 0 k1 = 1014 k1 = 0

k2 = 0 k2 = 1014 k2 = 1014

k3 = 0 k3 = 1014 k3 = 1014

k4 = 0 k4 = 1014 k4 = 0

7. Results and discussion

To facilitate subsequent analysis, the frequency is rendered dimensionless as given in Eq. (7.1)
(Wan et al., 2025a):

ω1 = ωR2

√
ρm(1− ν2m)/Em, (7.1)

where Em, νm, and ρm are all material properties of the metal.
Unless otherwise stated, the geometric parameters of the conical shell adopted in the numer-

ical analysis are defined as follows: h = 0.001m, R1 = 0.2m, R2 = 1.195m, L = 2m, a0 = 30◦.
The volume fraction exponent N = 1, temperature difference Tcm = 700K, and the axial wave
number m and circumferential wave number n are both 1.
Table 3 presents the variation in modal frequencies with circumferential and axial wave num-

bers for a pore-free FGM shell under clamped-free boundary conditions. The results demonstrate
that the modal frequencies computed from Eq. (5.5) are in close agreement with those obtained
from finite element analysis (FEM), with all discrepancies lying within an acceptable range. This
confirms the validity of the modal frequency equation for an FGM shell. FEM model validation
is conducted using ABAQUS 2022. A converged mesh of 0.02m is used, containing 12 000 ele-
ments and 15 600 nodes. Temperature-dependent ZrO2-SUS304 properties are applied, and two
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Table 3. Dimensionless modal frequencies of a conical shell with a C-F boundary.

(n,m) (1,2) (1,3) (1,4) (1,5)

Present 0.088 0.113 0.254 0.331

FEM 0.091 0.119 0.257 0.335

Error [%] 3.29 5.04 1.16 1.19

Modal shape

(n,m) (1,6) (1,7) (1,8) (1,9)

Present 0.453 0.512 0.622 0.735

FEM 0.460 0.524 0.635 0.741

Error [%] 1.52 2.29 2.04 0.81

Modal shape

porosity distributions are simulated via the Voigt model. Clamped-clamped boundary conditions
are imposed on both ends of the conical shell, matching the theoretical model.
Figure 3 shows the effect of temperature difference on the modal frequencies of an FGM shell

at different porosity volume fractions. For low-order modes with (m,n) < 3, global bending and
stretching dominate. Temperature reduces the FGM effective elastic modulus, decreasing struc-
tural stiffness and modal frequencies. For higher-order modes at (m,n) = 3, local deformation
prevails. Geometric constraints offset temperature effects, making its influence on modal fre-
quencies negligible. However, the influence of γ on modal frequencies increases as the vibration
wave numbers (m,n) grow. When Tcm is constant, the modal frequencies of FGMs increase with
increasing γ; when γ equals zero, the modal frequency of the pore model I conical shell equals
that of the pore model II conical shell; when γ is non-zero, the modal frequency of pore model I
is always greater than that of pore model II, whilst the rate of increase for pore model I modal
frequencies is also higher than that for pore model II modal frequencies, mainly due to its lower
effective mass density. As vibration theory indicates, frequency is inversely proportional to the
square root of mass. Although model II has a slightly higher elastic modulus, the effect of mass
reduction dominates, leading to higher frequencies for model I. The contribution of pore model I
voids to the modal frequencies increase due to mass reduction is greater than the contribution
of pore model II voids to the modal frequencies increase due to stiffness enhancement. The mass
reduction does not directly increase stiffness. Model I shows a remarkable decrease in mass with
a slight drop in stiffness. Model II presents a slight increase in stiffness with a minor decrease
in mass.
Figure 4 illustrates the effect of temperature difference on the modal frequencies of a porous

FGM shell for different volume fraction indices. The two porosity models show similar trends,
although the numerical values differ. When Tcm is small, the influence of N on the modal
frequencies is weak. As Tcm increases, the effect of N on modal frequencies becomes more pro-
nounced, especially for smaller values of N . The relationship between N and modal frequencies
is not strictly monotonic over the entire range examined. Among the values considered in this
study, the modal frequency decreases from N = 0 to N = 0.5 and then increases as N in-
creases from 0.5 to 10; therefore, N = 0.5 gives the minimum modal frequency in the present
parametric study. At N = 0, each plane perpendicular to the thickness direction contains 50%
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Fig. 3. Effect of temperature difference on dimensionless modal frequencies of an FGM shell at different
pore volume fractions (the dimensionless definition of ω1 is given in Eq. (7.1)): (a) even porosity; (b) un-

even porosity.

metal and 50% ceramic. As N increases beyond 0.5, the ceramic content near the inner high-
temperature surface increases while the metallic content near the outer surface also increases.
Because the ceramic phase has better thermal resistance than the metallic phase, increasing N
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Fig. 4. Effect of temperature difference on dimensionless modal frequencies of an FGM shell at different
volume fraction indexes: (a) even porosity; (b) uneven porosity.

beyond the minimum-frequencies point reduces the sensitivity of the conical shell stiffness to
the temperature difference. Accordingly, an S-shaped piecewise volume-fraction distribution with
an appropriately selected exponent can help reduce thermal sensitivity while retaining sufficient
metallic content for structural strength.

8. Conclusion

In this paper, the free vibration equations of a porous metal-ceramic functionally graded
conical shell were derived based on the Sanders thin-shell theory and the Rayleigh–Ritz method.
The variation trends of modal frequencies under thermal loading were then examined. The main
conclusions are summarized as follows:
1) At the same porosity volume fraction, pore model I yields a larger increase in modal
frequencies than pore model II within the considered parameter range, mainly because
model I produces a more significant reduction in effective mass density. Therefore, when
the primary design objective is to increase modal frequencies through mass reduction,
pore model I may be advantageous for the cases investigated in this study. However,
in engineering practice, the selection between the two porosity distributions should also
consider strength, stability, manufacturing feasibility, and other service requirements.

2) At low vibration wave numbers, the temperature difference has a more pronounced influ-
ence on the modal frequencies of an FGM shell than the porosity volume fraction, whereas
at high vibration wave numbers, porosity becomes the dominant factor. For the S-shaped
piecewise volume-fraction distribution considered in this study, the modal frequencies reach
their minimum at N = 0.5 among the examined volume-fraction exponents and then
increase as N increases from 0.5 to 10. Increasing the exponent beyond this minimum-
frequencies point can mitigate the influence of the temperature difference on shell stiffness
while maintaining metallic components that contribute to structural strength. This feature
is beneficial for long-term service in variable high-temperature thermal environments with
an arbitrary inner-surface temperature.

3) The present theoretical model does not include thermal stress and its coupling effect
on modal frequencies. Future work will establish a thermo-mechanical coupling dynamic
model to evaluate the effect of thermal stress and thereby improve prediction accuracy
and applicability.
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