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The study discusses an application of the physics-aware symbolic regression (PASR) paradigm,
with the embedded Recht—Ipson (R-I) model, to describe the relationship between the 7.62 mm
AP P80 projectile’s initial impact and the residual velocities of the S355 steel plates of varying
thicknesses. The present approach results in a straightforward analytical “SR R-I” formula, which
can be easily applied in engineering practice to determine ballistic limit curves and velocities (BLCs
and BLVs). The proposed approach has demonstrated statistical effectiveness that outperforms
other machine learning (ML) algorithms in both fitting accuracy and the predictive capability of
these terminal ballistic features.
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1. Introduction

Numerical modelling in terminal ballistics is a well-established approach that has been cov-
ered extensively over many decades in numerous papers, books, and surveys (Anderson Jr.
& Bodner, 1988; Rosenberg & Dekel, 2012). More recently, machine learning (ML) methods,
alongside traditional mathematical modelling using numerical methods — including the finite
element method (FEM) — have become an integral part of the researcher’s toolkit and engineer-
ing practice in materials sciences, particularly in terminal ballistics. ML modelling, especially
physics-informed models, (Karniadakis et al., 2021), has been proven successful for predicting
high-complexity, high-dimensional problems such as the V50 ballistic limit and the depth of
projectile penetration (Rietkerk et al., 2023; Ryan et al., 2024). In (Hachaj & Fra$, 2026), the
stochastic physics-based oversampling methods are investigated in order to improve ML-based
approximation of 2D ballistic limit curves (BLCs). In that work, we proposed a data-driven ML
method to approximate BLCs as functions of material thickness and impact velocity, combin-
ing experimental data, finite element simulations, and stochastic physics-based oversampling.
A novel oversampling approach is introduced that leverages physical knowledge (via derivatives
of fitted ballistic models) to generate more informative training data, thereby improving pre-
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diction accuracy compared to uniform sampling. The results show that deep neural networks
trained with this approach can accurately predict both curve shapes and ballistic limit velocities
(BLVs) for unseen material thicknesses, reducing the need for costly experiments. ML ballistic
modelling for various materials is a relatively new subject of research. It has already been ap-
plied to aluminium, titanium, and steel targets (Ryan et al., 2024); initial studies also examine
the reverse prediction of impact parameters for 3D woven fabrics subjected to ballistic impact
using deep learning methods (Li et al., 2026).

Several studies have applied artificial neural networks (ANNs) to predict residual velocity.
Husain et al. (2024) used input velocity, shape factor, and target thickness, whereas Deng et al.
(2025) employed angle, target thickness, and initial velocity. However, neither study evaluated
the ability of their models to predict BLV for unknown material thickness, which is among the
most important tasks of terminal ballistics.

A major limitation of popular ML approaches, such as neural networks, support vector ma-
chines, and classifier and regressor ensembles, is their limited interpretability. In particular, it
is often difficult to understand why these models produce specific outputs, how sensitive their
predictions are to variations in the training data, and whether their behavior remains stable and
consistent across different input conditions. Moreover, these models do not inherently guar-
antee compliance with known physical laws, which can be critical in scientific and engineering
applications. These limitations have driven the rapid development of Explainable Artificial Intel-
ligence (XAI), an important branch of modern machine learning (Dwivedi et al., 2023; Hachaj &
Piekarczyk, 2025). The primary objective of XAl is to design models and methodologies whose
decision-making processes can be understood, analysed, and trusted by users. This includes
providing insights into feature importance, model sensitivity, and the reasoning behind predic-
tions, thereby improving transparency, reliability, and the integration of domain knowledge into
data-driven approaches.

Symbolic regression (SR) is a regression algorithm that offers easy-to-interpret results. This
technique involves explicit mathematical expressions that best fit a dataset without assuming
a predefined model structure. It is often implemented with methods such as genetic program-
ming, which evolve formulas that balance accuracy and simplicity, leading to more intuitive
interpretations of the results. SR can also be used to address and interpret terminal ballis-
tic experiments. Levadnyi et al. (2024) investigated numerically and experimentally the ballistic
performance of thermoplastic polyurethane (TPU) /steel configurations against spherical projec-
tiles and used SR to derive the final equation. Abid et al. (2025) and Zou et al. (2025) developed
an SR-based equation for predicting the depth of penetration for targets under high-velocity
projectile impact. Zhang et al. (2026) discussed the SR-based impact fracture model. Saifoori
et al. (2025) linked the impact deformation of elastic-perfectly plastic particles to their material
properties and impact velocity using SR.

In this paper, building on our previous work, we propose a method for deriving analytical
formulae for 2D BLCs over a range of material thicknesses using SR, enabling the resulting model
to be directly interpreted and applied by users. To the best of our knowledge, the application
of SR to the problem of 2D limit curves estimation has not yet been published in the literature,
and the results we have obtained are pioneering in this field.

2. Problem formulation

The BLC describes the relationship between a projectile’s initial velocity and its residual
velocity after perforating the target. It is a simplified characterization of both the projectile’s
penetration capability and the tested material’s resistance to ballistic impacts. To approximate
the relation between the projectile’s velocities and, therefore, to determine the BLC of the impact
configuration, the Recht-Ipson (R-I) model is often used (Fras et al., 2011; Karl et al., 2020;
Recht & Ipson, 1963).
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v ~ R-I(vi, a,p) = {a (v; — vu?) if v > v,

0 if v < vy, (2'1)

where v; is the initial velocity, v, is the residual velocity, vy; is the BLV, i.e., the minimum impact
velocity required for a projectile to perforate a target (typically determined through impact ex-
periments), parameters a, p are fitted from experimental data by a numeric solver (Deng et al.,
2025), for example, non-linear least squares with bounds or the generalized reduced gradient
method (Lasdon et al., 1974).

Figure 1a shows the set of BLCs and BLVs obtained experimentally for S355 steel plates
with thicknesses of 8 mm and 16 mm. The S355 structural steel is a low-alloy carbon-manganese
steel with guaranteed minimum mechanical properties and satisfactory ductility, as shown in
Table 1. This steel grade is used in a wide range of construction and structural applications,
thanks to its good welding properties and guaranteed strength.
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Fig. 1. Our dataset S355 vs. 7.62mm x 51 mm AP P80 impacts at 0° NATO with BLC fitted to the
data: (a) a plot of experimental data; (b) a numeric simulation result. The legends in both plots include
parameters of Eq. (2.1).

Table 1. Properties of the S355 structural steel with nominal thickness ¢ < 40 mm
(European Committee for Standardization, 2019).

Property Value
Density 7850 kg /m3
Young’s modulus 210 GPa
Shear modulus 81 GPa
Poisson’s ratio 0.3

Coefficient of linear thermal expansion | 12 x 1076 K~!
Yield strength 355 MPa
Ultimate strength 490 MPa

The S355 steel plates were impacted by 7.62mm x 51 mm P80 (0.308 Win) armour-piercing
rounds. In the cases where the plates were perforated, the projectile cores were not fragmented.
The craters left after projectile passage have diameters that closely match the core diameter,
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i.e., about 5.2mm to 5.5 mm. Figure 1b presents the numerical approximations of these curves,
along with the curves determined numerically for other steel plate thicknesses. The R-I model
parameters are shown in the figures. The methodology for establishing the BLCs is detailed
in (Hachaj & Fras, 2026). In the current study, the BLCs’ origins and the manner of their
numerical representation are not of primary importance. The experimental data were used to fit
the numerical experiments, ensuring they reflected the material’s actual behaviour. In the legends
in both plots, we also list parameters of Eq. (2.1). We have used the standard pyplot library
to plot residual velocity against projectile impact velocity, a commonly used approach among
researchers (Wei et al., 2024). As a result, many of those plots are very similar in appearance.
The parameter-fitting problem was solved using a numerical solver that minimizes the mean-
squared error of the residuals from a nonlinear model. When fitting multiple parameters, as
in the R-I equation, it is common to obtain solutions with similar errors for different values
of the selected parameters. This occurs because the optimization procedure seeks to minimize
the error between the observed and predicted values, subject to constraints on the parameter
ranges, rather than to ensure the repeatability of the curve parameters, where some of them
do not have an individual physical interpretation. In our case, the parameters a and p obtained
for the experimental and numerical results have different values, but we did not directly refer
to them in the further analysis, taking the R-I equations as the reference, not their individual
parameters.

As can be concluded from Fig. 1, the R-I model can be applied only to a single material
thickness. Therefore, to obtain BLCs and BLVs over a wider range of target thicknesses, multiple
impact experiments must be conducted. As discussed earlier, some studies demonstrate the
successful application of ML algorithms to generalize the R-I approximation and to predict
data not included in the training dataset. However, there remains a lack of easily interpretable
analytical solutions that can be applied directly, without the need for complex software packages
that produce results in a black-box manner. In this study, we propose a method for deriving an
analytical formula based on the R-I model to describe the performance of S355 steel plates over
a wider thickness range under the impact of 7.62mm AP P80 projectiles.

2.1. Designing optimized formula for SR

Our goal is to obtain an analytic formula for 2D BLCs over a range of material thicknesses, in
which residual velocity v, is a function of input velocity of projectile v; and material thickness ¢
for a given material. The straightforward approach is to apply SR directly to the dataset and let
it fit the training data, imposing constraints on the solution’s complexity to prevent overfitting.
A major limitation of this approach is that the final solution is likely to be physically inconsistent
and very difficult (or even impossible) to interpret using materials science. We will call this
unconstrained approach an SR model.

The other approach is to use a physics-aware symbolic regression (PASR) algorithm (El Hasadi
& Elghannay, 2026) in which known physics, expressed as symbolic relations, is embedded into
the search space. In our case, we want the symbolic solution to have the following form, derived
from (2.1):

1 t
i) = a () (o7 — 00 07®) " o), (22)

where «(t), 2(t), and v4.(t) are terms a, b, vy from the original R-I formula, extended to be
functions of material thickness t. By making this assumption, the SR solution will have an
intuitive, easy-to-explain form, more closely aligned with known physical models. We will call
this algorithm setting an SR R-I model.

In order to find an analytic formula with symbolic regression for both SR and SR R-I in the
optimization process, we used a set of binary operators o for addition, subtraction, multiplication,
division, and exponentiation:
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We used unary operators u square, cube, natural logarithm, base-2 logarithm, base-10 logarithm,
square root, inverse, and natural logarithm of argument plus one:

u() = {:c27 7%, In(a), logy(r), oo (), VT, - In(ar + 1)}. (2.4)

We chose these because they are commonly used operators that allow us to model linear, poly-
nomial, exponential, and logarithmic relationships. Some unary operators can be expressed using
binary operators, and some unary operators can be derived from other unary operators; how-
ever, to simplify the genetic algorithm’s search of the space of potential solutions, we used them
directly. We have also added constraints on power values to limit the complexity to 3 (the base
of power has no constraint), to avoid overly complex exponential functions. We use the square
error loss function. We limited the complexity of the SR solution to 30 terms and the SR R-I
to 20 terms. In the SR R-I approach, we provide the genetic algorithm with a significant hint
regarding the general form of the final solution. To avoid generating overly complex solutions, we
arbitrarily limited the search to 20 terms. In contrast, an SR algorithm without such a prelimi-
nary hint would be highly unlikely to find a solution as well-suited to the data as SR R-I when
restricted to just 20 terms. Therefore, for this comparison, we set the maximum allowed solution
length to 30 terms. Both the base-2 logarithm and the base-10 logarithm can be replaced by the
quotient of the corresponding natural logarithms; however, we have deliberately defined these
two additional logarithms as base functions in Eq. (2.4). This is due to the fact that the genetic
algorithm, which is the main mechanism on which SR is based, “does not know” these formulas
for conversion, and changing the logarithm base always requires the use of three operations in the
final formula in the solution: division and the addition of the appropriate logarithmic operation
in both the numerator and the denominator. This increases the solution’s complexity, and since
we use the Pareto front, we want the solutions to be as accurate as possible while remaining as
simple as possible (with a small number of components). It is also very unlikely that a formula
for converting logarithm bases would be found precisely by a genetic algorithm. For this reason,
we decided to explicitly define logarithms with three commonly used bases.

We generated a training dataset using stochastic physics-based oversampling with cumulative
distribution function (CDF), which is defined with equations (Hachaj & Fras, 2026):

y
/ 9(Vi) by bo) Vi
Fo(y) = P(u; < y) = bl,)Q ; (2.5)
/ 9(Vi) by bo) Vi
by
o (v;) 820r(vi)
(Vi) by by = €1+ 2 ‘ ov; e va ’ 20

where v; € [b1,b2) A ¢1 +ca+c3=1A c1,c9,c3 € [0,1], and || is the absolute value.

In our case [b1,ba] = [uy(t), 1000], which is a relevant range of speeds [m/s] for our dataset.
vp(t) is the BLV for a given material thickness. In both the experiments and the FEM simula-
tions, these values correspond to the minimum impact velocity at which a 7.62 mm P80 projectile
perforated the tested targets. Moreover, 100 data points were generated for each thickness to
produce a uniquely defined ballistic-limit curve. [c1, c2, c3] = [0,0.25,0.75]. v, were previously
fitted to experimental and numerical data as explained in Section 2. In Fig. 2, we present four
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Fig. 2. Four example data series generated according to Eq. (2.5) on our dataset with the setup described in
Subsection 2.1. Red line represents the reference R-I model; green points are random samples used during
the training of all ML models.

example data series generated according to Eq. (2.5) from our dataset. The validation (test)
dataset consists of original data points from experiments and numerical simulations (see Fig. 1).
The exact validation procedure will be discussed in Section 3.

2.2. Comparison with other machine learning models

Several other ML models have been successfully used in materials science tasks, particu-
larly for solving ballistic problems. Among them are extreme gradient boosting (XGBoost) and
random forest (RF), which were used for predicting the outcome of terminal ballistics events,
namely ballistic limit and penetration depth, as mentioned in (Abid et al., 2025; Ryan et al.,
2024). Those two models are robust ensemble methods that incorporate many “weak” decision
tree regressors. However, they apply different training strategies: XGBoost uses boosting, while
RF applies bagging. The main issue with these two methods is the low level of explainability



Analytical formulae for 2D ballistic limit curves... 7

of the resulting models (XAI) due to the large number of decision trees in each model. Since
these are state-of-the-art, “out of the box” methods that do not require a complicated setup for
tasks of this type, we also trained these models on an oversampled dataset (the same as in the
case of SR and SR R-I). We compared the results with those obtained from SRs.

3. Results

To validate our approach, we have implemented the methodology described in Section 2
and executed it on the dataset described in the same section. Implementation was done in
Python 3.12. Among the most important packages we used were PySR 1.5.9 (Cranmer, 2023)
for SR, scikit-learn 1.8.0 for RF regression, XGBoost 3.2.0 for XGBoost regression, SciPy 1.17.1
for statistical evaluation, and NumPy 2.4.2 for general-purpose algebra. Hyperparameters for all
ML methods were determined experimentally, and we will not discuss them here due to paper
space limitations. The source code was executed on a PC with an Intel i7-9700 3.00 GHz CPU,
64 GBRAM, an NVIDIA GeForce RTX 2060 6 GB, and Windows OS'. The hyperparameters of
all the ML methods used are available (see the footnote). The SR training for each leave-one-out
case lasts about 10 minutes on our hardware, while RF and XGBoost take about several seconds.
We have evaluated SR (“basic” algorithm without assuming constraints on final solution besides
those mentioned in Subsection 2.1), SR R-I with constraints on solution represented by Eq. (2.2)
(see Subsection 2.1), XGBoost, and RF (see Subsection 2.2).

To evaluate the obtained results, we used the following error functions:

— absolute error:
AE(yi, 1i) = lyi — vil (3.1)

— relative error:

Vi — Ui

; 3.2
Yi + € (3:2)

where € is the small value that prevents division by zero (in our case, condition y; > 0 is
always true),
— root mean square error:

RMSE(Y, V) = | - > (i — 52, (3.3)

— mean absolute error:

MAE(Y, Y Z lyi — Uil (3.4)

— the R? score (coefficient of determination):

n
R > (yi = 5)?
RAY,Y)=1-"=! , (3.5)
> (yi —9)?
i=1
— mean relative error:
1 n
MRE(Y, Y — 3.6

=1

!Source codes for our research can be downloaded from https://github.com /browarsoftware/symbolic_ballistic_
recht_ipson (accessed March 4, 2026).
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We used leave-one-out cross-validation, in which each thickness was used as the training
dataset and the remaining thickness as the validation dataset. Due to this, there were 8 folds,
for t € {4,6,8,10,12,14, 16,18} mm. For each of these solutions, we have evaluated how well
the obtained curves approximate unknown data (generalization ability). The averaged results
plus-minus standard deviations are presented in Table 2. For curves, we did not evaluate MRE
because the experimental data near BLV had a near-stochastic character, and the relative error
results there might be misleading. We have also checked how well the model approximates BLV
for unknown data, which is also a generalization ability test. The results are presented in Table 3.
Because we only have a single data series (a single BLV estimate for each thickness), the standard
deviation is calculated only for MRE.

Table 2. Evaluation results of the models — how well curves approximate unknown data
(generalization ability).

Model
SR SR R-I RF XGBoost
RMSE | 51.656 +£38.218 | 52.504 +47.586 | 93.856 +41.229 94.952 +40.59
MAE 47.071 £37.509 | 46.248 +44.058 | 82.269 +43.867 | 83.264 +42.965
R? 0.908 £0.116 0.894 +0.176 0.770 +£0.216 0.768 +£0.212

Metric

Table 3. Evaluation results of the models — how well the models approximate BLV for unknown data
(generalization ability).

) Model
Metric SR SR R-I RF XGBoost
MRE 0.043 +0.055 0.028 +0.029 0.094 +0.020 0.08 +0.034
RMSE 32.697 25.678 50.061 42.702
MAE 20.375 16.641 47.875 39.000
R? 0.894 0.934 0.751 0.819

To check whether the approximated results differ statistically, we have used a non-parametric
Wilcoxon test, which does not assume that the results follow a normal distribution. We have
tested whether the distribution of errors for one examined ML method is stochastically less
than that of a second ML method. If p < 0.05, we have concluded that the error groups differ
significantly. Because there is a high variance in the error groups visible in Table 2 and Table 3
that are mainly present in extrapolated curves, to ensure the reliability of the test, we have
removed the single largest error value (possible outlier) and the corresponding error value from
the other data series used for comparison. For this reason, the set of errors being compared was
reduced by one value if the maximum error occurred at the same positions in both series, or by
two values if it occurred at different positions. In Table 4, Table 5, Table 6, and Table 7, we
present the p-values of the Wilcoxon test for RMSE and MAE (see Table 2) and for RE and AE
(see Table 3).

In Fig. 3, we present an approximation of BLCs of all four ML methods trained on all but one
thickness from our dataset that predict the shape BLC for the thickness that was not present
in the dataset. We chose thicknesses of 8 mm and 16 mm because they predict the experimental
data, and 4 mm and 18 mm because, in this setting, they visualize the extrapolation ability of
algorithms. Red lines correspond to the reference R-I model curve fitted to data marked as red
stars, and green lines are the ML model approximation.

In Fig. 4, we present visualizations of 0, (v;, t) from Eq. (2.2) as a surface plot. As mentioned,
ML methods were trained on all but one thickness in our dataset to predict the shape BLC for
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Table 4. p-values of the Wilcoxon test for RMSE (see Table 2). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 2
Model 1 SR SR R-I RF XGBoost
SR 1.000 0.578 0.039 0.039
SR R-I 0.500 1.000 0.016 0.016
RF 0.977 1.00 1.000 0.469
XGBoost 0.977 1.000 0.594 1.000

Table 5. p-values of the Wilcoxon test for MAE (see Table 2). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 2
Model 1 SR SR R-I RF XGBoost
SR 1.000 0.578 0.148 0.148
SR R-1I 0.500 1.000 0.016 0.016
RF 0.891 1.000 1.000 0.406
XGBoost 0.891 1.000 0.656 1.000

Table 6. p-values of the Wilcoxon test for RE (see Table 3). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 2
Model 1 SR SR R-I RF XGBoost
SR 1.000 0.781 0.008 0.008
SR R-I 0.281 1.000 0.016 0.016
RF 1.000 1.000 1.000 1.000
XGBoost 1.000 1.000 1.000 1.000

Table 7. p-values of the Wilcoxon test for AE (see Table 3). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 2
Model 1 SR SR R-I RF XGBoost
SR 1.000 0.719 0.031 0.031
SR R-I 0.344 1.000 0.016 0.016
RF 0.984 1.000 1.000 1.000
XGBoost | 0.984 1.000 1.000 1.000

the missing thickness. We have chosen to show the training results for the unknown ¢ = 8 mm
(experimental data).

SR algorithms return a set of potential solutions rather than a single one. Among them, we
have selected the simplest (lowest-complexity) solutions, which, in the case of SR, incorporate
both ¢ and v; with a loss value at most 2-103. This loss value was selected empirically. In the case
of SR R-I, we have selected the simplest solutions (with lowest complexity), which incorporated ¢
in either «(t) or 22(t) and obligatorily in 4, (t) with loss value at most 2 - 103. Further, we present
ones that are representative of our data, have the correct (expected) curvature, and minimize
the error functions well.
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Fig. 3. Approximation of BLCs of all four ML methods trained on all but one thickness from our dataset

that predict the shape BLC for the thickness that was not present in the dataset: (a)—(d) example

results for SR; (e)—(h) for SR R-I; (i)—(1) for RF regressor, and (m)—(p) for XGBoost regressor. Red lines

indicate the reference R-I model curve fitted to data marked as red stars, and green lines are the ML
model approximation.

The equation approximated with SR for unknown ¢ = 8 mm with RMSE = 17.674 on vali-
dation dataset for S355 steel valid in range ¢ € [4, 18] mm is

215.235

hsr (v, £) = ((106.931 —1.566) . (5.784(1°g10<t>>2) '(—12.323)) Y,
t> 0,0 #0, (3.7)

~ h iat if h iat Zoa
Or(vi, t)sR = SRE)U )ellse. e (v 1) (3.8)
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(a) SR model prediction (trained without ¢= 8 mm) () SR R-I model prediction (trained without ¢=8mm)
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Fig. 4. Visualisations of 0, (v;,t) from Eq. (2.2) in the form of the surface plot:
(a) is surface obtained with Eq. (3.8), (b) with Eq. (3.10), (c¢) with a RF regressor, (d) with an XGBoost
regressor.

Note that this is a raw, not a physically meaningful, decomposition from SR.

In order to estimate BLV for a given ¢, one can use a heuristic that takes into consideration
local monotonicity of 0,, a positive value of the first derivative, and a certain threshold (see
(Hachaj & Fras, 2026) for more details). The same heuristic was used for RF and XGBoost.

The equation approximated with SR R-I for unknown ¢t = 8 mm with RMSE = 26.153 on
the validation dataset for the steel S355 valid in the range ¢ € [4, 18] mm is

a(t) =t"%  t>0,
2(t) =1.534, (3.9)
vae(t) = (t +12.697) - 21.175,

and after applying Eq. (3.9) to Eq. (2.2) becomes:

Or(Vi, t)SR RoT =

$0.08 . (1534 _ (¢4 12.607) - 21.175)%¥) 18m  if 01534 > (( + 12.697) - 21.175)153,
0 else.
(3.10)
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In order to estimate BLV for a given ¢ one can directly use vz, (t) from Eq. (3.9). Note that
the SR~derived function represents a smooth approximation (regularization effect) rather than
a direct physical law. The primary objective is the accurate reconstruction of BLC/BLV rather
than preserving parameter-level physical interpretation. Also, fixing p(¢) to a constant 1.534
removes a degree of freedom that the data clearly support. This might surely cause a loss of fit
in the SR R-I compared to the situation in which p is allowed to depend on t.

4. Discussion

Based on the results presented in Table 2 and Table 3 and plots in Fig. 3, it may be observed
that all evaluated ML methods generated the expected shapes of BLC. Those curves have rela-
tively low error on experimental and numerical simulation data in leave-one-out cross-validation.
It should be noted that in each case, validation data consist only of thicknesses that were not
used in the training. Hence, a low error value indicates a strong generalization capability of the
ML algorithms. We observe that SR algorithms (SR and SR R-I) perform very similarly, and
decision tree-based algorithms (RF and XGBoost) also yield nearly identical errors. The lowest
value of RMSE (51.656 +38.218) in the curve approximation task was achieved by SR, in the
case of MAE (46.248 £44.058) by SR R-I, and in the case of R? by SR (0.908 £0.116). However,
as shown in Table 4 and Table 5, the Wilcoxon test indicates that the difference between SR
and SR R-I is not statistically significant. The RF and XGBoost perform significantly worse
than SR, and there is no significant difference between the two decision tree-based methods.
A similar conclusion can be drawn from evaluating how well models approximate BLV. Again,
the SR R-I algorithm yielded the lowest error values: the MRE was 0.028 +0.029 (only 3 % +2 %
of the reference values compared to other methods), RMSE was 25.678, MAE was 20.375, and
R? was 0.934. However, according to Table 6 and Table 7, there are no significant statistical
differences in RE and AE between SR methods, and they are statistically better than RF and
XGBoost. Since our statistical tests approximate their resolution limit, their statistical power is
modest, and the SR vs SR R-I comparison may be underpowered rather than truly null.

It should be noted that for the cases visualized in Fig. 3a and Fig. 3e, the SR approximation
and SR R-I model seem to provide a nonphysical response, i.e., the residual velocity is higher
than the initial velocity. This is evident at the ends of the interval under consideration, at the
maximum value of the velocity v;. This was likely because the model extrapolated the results
to 4mm. In contrast, the RF and XGBoost approaches exhibit nonphysical responses (lack
of monotonicity), especially at the plateau near vy. This error stemmed from the nature of
these models, which are aggregations of “weak” predictors.

The shapes of BLC generated by SR that are plotted in Fig. 3 indicate the monotonicity of the
obtained solutions. In the case of RF and XGBoost, there are some fluctuations (characteristic
steps in the plots) that are typical of decision tree-based algorithms. We can also observe those
patterns in surface plots in Fig. 4. Equation (3.10) calculated by SR R-I is far more intuitive and
easier to understand than Egs. (3.7) and (3.8) done by SR. What is more, using Eq. (3.9), we can
estimate BLV directly, which is not possible in other methods without the proposed heuristics.
In summary, thanks to the SR R-I approach, we were able to compute analytical formulae for
2D BLCs over the range of material thickness for S355 Steel in ballistic events with 7.62 mm AP
P80, which can be applied in engineering practice. When applying the Pareto front, the solution
complexity is a trade-off for its accuracy. Often, a more complex solution containing more terms
fits the dataset better than a simpler one. However, they might become less interpretable (see,
for example, Egs. (3.7) and (3.9)).

The application of a reliable, correctly fitted SR solution offers significant benefits over
deep learning black-box models such as ANNs and larger language models (LLMs). The most
important advantage is the full interpretability of the resulting solution, along with the ability
to trace the process by which the result was obtained — something that is practically impossible
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in the case of deep learning. Furthermore, the resulting numerical function can be subjected to
standard mathematical analysis to verify its consistency with physical assumptions, which is also
practically impossible (or at least very difficult) for deep models with thousands or even millions
of parameters. For this reason, interpretable knowledge distillation (Shmuel et al., 2026) via
SR ML is becoming an increasingly common practice in physical sciences (Varughese et al., 2026).
There are several limitations of the proposed analytical solution. Equation (2.2) (and Egs. (3.9)
and (3.10)) takes into account the R-I model only through the term ¢, which corresponds to
material thickness. Other parameters that might be interesting for this type of model include
projectile type (the shape of the BLC curve also depends on the projectile’s shape (Fonseca
et al., 2025)), target material properties, and the angle of impact. To include those parameters
in the model, a series of experiments must be performed that covers all the variables. This is
a necessary procedure for any ML-based model. We can anticipate that the modified, enhanced
solution (Eq. (2.2)) that takes into account all those parameters should be in the form:

1
Op(vi, t, 0, PoM) = a(t,c, P, M) - (vf(t’a"@’/%) — v (t, 97/%)73@@,93,/%)) P

(4.1)
(% 2 vﬁf(ta «, 9’, %)7

where « is an angle of impact (numerical value), P, # are projectile and material properties
(categorical values). It should be noted that the final solution will represent the P, ./ as tabular-
like categories rather than numerical values. We believe that the properties of materials and
projectiles are too complex to be represented as single numerical values. Also, while applying the
symbolic solution, it is not recommended to have more than four to five variables, because this
is the border value above which the genetic algorithm can struggle to explore the search space
effectively. With all these considerations taken into account, the model might become reliable
for a wide range of materials and projectile types beyond S355 vs 7.62mm x 51 mm AP P80
impacts at 0° NATO.

The main objective of this study was to investigate whether the R-I model can be generalized
using SR methods. A particularly interesting research question is the minimum number of cross-
sections required to obtain a stable (repeatable) solution with a given level of generalization and
point-fit accuracy. In our case, we limited our tests to seven cross-sections in a leave-one-out eval-
uation, since conducting ballistic experiments is costly and simulating them using FEM requires
significant computational resources over a relatively long period of time. To answer the question
of how many cross-sections are necessary to estimate the function’s variability, it depends on the
form of the surface equation we expect. SR-based approximation differs fundamentally from, for
example, polynomial interpolation, because in SR, we cannot state that to fit an n-th-degree
polynomial, we need exactly n + 1 points. Additionally, RL allows the use of various binary and
unary operators, which can be treated as types of basis functions, significantly complicating the
estimation of the required number of points. Based on our observations, seven curves appear to
be sufficient to derive a model with satisfactory accuracy and low complexity for an approxi-
mately linear relationship. However, this number may prove insufficient for other materials or
when additional parameters are included in the model (see Eq. (4.1)).

5. Conclusions

By applying SR, which embedded the R-I model within the PASR paradigm, we have ob-
tained an intuitive and accurate solution which extends the original well-known equation. The
SR R-I model performs with statistically proven effectiveness as SR and outperforms state-
of-the-art RF and XGBoost approaches in both overall BLC fits and in predicting BLVs for
unknown thicknesses. The obtained results confirmed the findings of our previous study (Hachaj
& Fras, 2026) that the application of stochastic physics-based oversampling enables us to gen-
erate a dataset large enough to train the repressor, providing sufficient points in a very narrow
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region near the BLV, which is critical for precise ML fit and prognostic ability of limit velocity
values for unknown thicknesses. The proposed SR R-I model provides accurate interpolation
within the training thickness range, with graceful degradation near boundary conditions. The
results indicate that it is possible to use SR in selected terminal ballistic problems involving
355 steel targets penetrated by 7.62mm AP P80, and to obtain explainable, interpretable so-
lutions. The results may prove significant from scientific, cognitive, and practical engineering
perspectives.

The SR R-I methodology we presented in this research is not limited to this specific material
only, but can also be applied to other ballistic targets, and it is possible to find more general ana-
lytical formulae for many materials by applying parametric expressions to constraints. The other
very promising research goal is to combine SR with LLMs. The initial research demonstrates
that LLM integration consistently improves the reconstruction of physical dynamics from data,
enhancing the robustness of SR models to noise and complexity (Fras & Pawlowski, 2026; Shen
et al., 2024; Taskin et al., 2026). There are already publications on predicting the depth of the
resulting crater following an impact. Rietkerk et al. (2023) and Ryan et al. (2024) modelled
the impact of a long rod projectile at a given initial velocity into a semi-infinite target block
using various ML approaches like XGBoost, ANN, support vector regression (SVR), Gaussian
process regression, and physics-informed ML. As this represents a different experimental setup
from that considered in the present study, we did not investigate it. Nevertheless, we consider
it an interesting direction for future research.
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