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The study discusses an application of the physics-aware symbolic regression (PASR) paradigm,
with the embedded Recht–Ipson (R-I) model, to describe the relationship between the 7.62mm
AP P80 projectile’s initial impact and the residual velocities of the S355 steel plates of varying
thicknesses. The present approach results in a straightforward analytical “SR R-I” formula, which
can be easily applied in engineering practice to determine ballistic limit curves and velocities (BLCs
and BLVs). The proposed approach has demonstrated statistical effectiveness that outperforms
other machine learning (ML) algorithms in both fitting accuracy and the predictive capability of
these terminal ballistic features.

Keywords: terminal ballistics; machine learning; symbolic regression; Recht–Ipson; ballistic limit
curves.
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1. Introduction

Numerical modelling in terminal ballistics is a well-established approach that has been cov-
ered extensively over many decades in numerous papers, books, and surveys (Anderson Jr.
& Bodner, 1988; Rosenberg & Dekel, 2012). More recently, machine learning (ML) methods,
alongside traditional mathematical modelling using numerical methods – including the finite
element method (FEM) – have become an integral part of the researcher’s toolkit and engineer-
ing practice in materials sciences, particularly in terminal ballistics. ML modelling, especially
physics-informed models, (Karniadakis et al., 2021), has been proven successful for predicting
high-complexity, high-dimensional problems such as the V50 ballistic limit and the depth of
projectile penetration (Rietkerk et al., 2023; Ryan et al., 2024). In (Hachaj & Frąś, 2026), the
stochastic physics-based oversampling methods are investigated in order to improve ML-based
approximation of 2D ballistic limit curves (BLCs). In that work, we proposed a data-driven ML
method to approximate BLCs as functions of material thickness and impact velocity, combin-
ing experimental data, finite element simulations, and stochastic physics-based oversampling.
A novel oversampling approach is introduced that leverages physical knowledge (via derivatives
of fitted ballistic models) to generate more informative training data, thereby improving pre-
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The content of this article was presented during the 62nd Symposium “Modelowanie w mechanice” (Modelling in
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diction accuracy compared to uniform sampling. The results show that deep neural networks
trained with this approach can accurately predict both curve shapes and ballistic limit velocities
(BLVs) for unseen material thicknesses, reducing the need for costly experiments. ML ballistic
modelling for various materials is a relatively new subject of research. It has already been ap-
plied to aluminium, titanium, and steel targets (Ryan et al., 2024); initial studies also examine
the reverse prediction of impact parameters for 3D woven fabrics subjected to ballistic impact
using deep learning methods (Li et al., 2026).
Several studies have applied artificial neural networks (ANNs) to predict residual velocity.

Husain et al. (2024) used input velocity, shape factor, and target thickness, whereas Deng et al.
(2025) employed angle, target thickness, and initial velocity. However, neither study evaluated
the ability of their models to predict BLV for unknown material thickness, which is among the
most important tasks of terminal ballistics.
A major limitation of popular ML approaches, such as neural networks, support vector ma-

chines, and classifier and regressor ensembles, is their limited interpretability. In particular, it
is often difficult to understand why these models produce specific outputs, how sensitive their
predictions are to variations in the training data, and whether their behavior remains stable and
consistent across different input conditions. Moreover, these models do not inherently guar-
antee compliance with known physical laws, which can be critical in scientific and engineering
applications. These limitations have driven the rapid development of Explainable Artificial Intel-
ligence (XAI), an important branch of modern machine learning (Dwivedi et al., 2023; Hachaj &
Piekarczyk, 2025). The primary objective of XAI is to design models and methodologies whose
decision-making processes can be understood, analysed, and trusted by users. This includes
providing insights into feature importance, model sensitivity, and the reasoning behind predic-
tions, thereby improving transparency, reliability, and the integration of domain knowledge into
data-driven approaches.
Symbolic regression (SR) is a regression algorithm that offers easy-to-interpret results. This

technique involves explicit mathematical expressions that best fit a dataset without assuming
a predefined model structure. It is often implemented with methods such as genetic program-
ming, which evolve formulas that balance accuracy and simplicity, leading to more intuitive
interpretations of the results. SR can also be used to address and interpret terminal ballis-
tic experiments. Levadnyi et al. (2024) investigated numerically and experimentally the ballistic
performance of thermoplastic polyurethane (TPU)/steel configurations against spherical projec-
tiles and used SR to derive the final equation. Abid et al. (2025) and Zou et al. (2025) developed
an SR-based equation for predicting the depth of penetration for targets under high-velocity
projectile impact. Zhang et al. (2026) discussed the SR-based impact fracture model. Saifoori
et al. (2025) linked the impact deformation of elastic-perfectly plastic particles to their material
properties and impact velocity using SR.
In this paper, building on our previous work, we propose a method for deriving analytical

formulae for 2D BLCs over a range of material thicknesses using SR, enabling the resulting model
to be directly interpreted and applied by users. To the best of our knowledge, the application
of SR to the problem of 2D limit curves estimation has not yet been published in the literature,
and the results we have obtained are pioneering in this field.

2. Problem formulation

The BLC describes the relationship between a projectile’s initial velocity and its residual
velocity after perforating the target. It is a simplified characterization of both the projectile’s
penetration capability and the tested material’s resistance to ballistic impacts. To approximate
the relation between the projectile’s velocities and, therefore, to determine the BLC of the impact
configuration, the Recht–Ipson (R-I) model is often used (Frąś et al., 2011; Karl et al., 2020;
Recht & Ipson, 1963).
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vr ≈ R-I(vi, a, p) =
{
a · (vpi − vbl

p)1/p if vi ≥ vbl,
0 if vi < vbl,

(2.1)

where vi is the initial velocity, vr is the residual velocity, vbl is the BLV, i.e., the minimum impact
velocity required for a projectile to perforate a target (typically determined through impact ex-
periments), parameters a, p are fitted from experimental data by a numeric solver (Deng et al.,
2025), for example, non-linear least squares with bounds or the generalized reduced gradient
method (Lasdon et al., 1974).
Figure 1a shows the set of BLCs and BLVs obtained experimentally for S355 steel plates

with thicknesses of 8mm and 16mm. The S355 structural steel is a low-alloy carbon-manganese
steel with guaranteed minimum mechanical properties and satisfactory ductility, as shown in
Table 1. This steel grade is used in a wide range of construction and structural applications,
thanks to its good welding properties and guaranteed strength.

Fig. 1. Our dataset S355 vs. 7.62mm× 51mm AP P80 impacts at 0◦ NATO with BLC fitted to the
data: (a) a plot of experimental data; (b) a numeric simulation result. The legends in both plots include

parameters of Eq. (2.1).

Table 1. Properties of the S355 structural steel with nominal thickness t ≤ 40mm
(European Committee for Standardization, 2019).

Property Value

Density 7850 kg/m3

Young’s modulus 210GPa

Shear modulus 81GPa

Poisson’s ratio 0.3

Coefficient of linear thermal expansion 12× 10−6K−1

Yield strength 355MPa

Ultimate strength 490MPa

The S355 steel plates were impacted by 7.62mm× 51mm P80 (0.308 Win) armour-piercing
rounds. In the cases where the plates were perforated, the projectile cores were not fragmented.
The craters left after projectile passage have diameters that closely match the core diameter,
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i.e., about 5.2mm to 5.5mm. Figure 1b presents the numerical approximations of these curves,
along with the curves determined numerically for other steel plate thicknesses. The R-I model
parameters are shown in the figures. The methodology for establishing the BLCs is detailed
in (Hachaj & Frąś, 2026). In the current study, the BLCs’ origins and the manner of their
numerical representation are not of primary importance. The experimental data were used to fit
the numerical experiments, ensuring they reflected the material’s actual behaviour. In the legends
in both plots, we also list parameters of Eq. (2.1). We have used the standard pyplot library
to plot residual velocity against projectile impact velocity, a commonly used approach among
researchers (Wei et al., 2024). As a result, many of those plots are very similar in appearance.
The parameter-fitting problem was solved using a numerical solver that minimizes the mean-
squared error of the residuals from a nonlinear model. When fitting multiple parameters, as
in the R-I equation, it is common to obtain solutions with similar errors for different values
of the selected parameters. This occurs because the optimization procedure seeks to minimize
the error between the observed and predicted values, subject to constraints on the parameter
ranges, rather than to ensure the repeatability of the curve parameters, where some of them
do not have an individual physical interpretation. In our case, the parameters a and p obtained
for the experimental and numerical results have different values, but we did not directly refer
to them in the further analysis, taking the R-I equations as the reference, not their individual
parameters.
As can be concluded from Fig. 1, the R-I model can be applied only to a single material

thickness. Therefore, to obtain BLCs and BLVs over a wider range of target thicknesses, multiple
impact experiments must be conducted. As discussed earlier, some studies demonstrate the
successful application of ML algorithms to generalize the R-I approximation and to predict
data not included in the training dataset. However, there remains a lack of easily interpretable
analytical solutions that can be applied directly, without the need for complex software packages
that produce results in a black-box manner. In this study, we propose a method for deriving an
analytical formula based on the R-I model to describe the performance of S355 steel plates over
a wider thickness range under the impact of 7.62mm AP P80 projectiles.

2.1. Designing optimized formula for SR

Our goal is to obtain an analytic formula for 2D BLCs over a range of material thicknesses, in
which residual velocity vr is a function of input velocity of projectile vi and material thickness t
for a given material. The straightforward approach is to apply SR directly to the dataset and let
it fit the training data, imposing constraints on the solution’s complexity to prevent overfitting.
A major limitation of this approach is that the final solution is likely to be physically inconsistent
and very difficult (or even impossible) to interpret using materials science. We will call this
unconstrained approach an SR model.
The other approach is to use a physics-aware symbolic regression (PASR) algorithm (El Hasadi

& Elghannay, 2026) in which known physics, expressed as symbolic relations, is embedded into
the search space. In our case, we want the symbolic solution to have the following form, derived
from (2.1):

v̂r(vi, t) = a(t) ·
(
v
p(t)
i − vbl(t)

p(t)
)1/(p(t))

, vi ≥ vbl(t), (2.2)

where a(t), p(t), and vbl(t) are terms a, b, vbl from the original R-I formula, extended to be
functions of material thickness t. By making this assumption, the SR solution will have an
intuitive, easy-to-explain form, more closely aligned with known physical models. We will call
this algorithm setting an SR R-I model.
In order to find an analytic formula with symbolic regression for both SR and SR R-I in the

optimization process, we used a set of binary operators ◦ for addition, subtraction, multiplication,
division, and exponentiation:
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x ◦ y ∈
{
x+ y, x · y, xy, x

y

}
. (2.3)

We used unary operators u square, cube, natural logarithm, base-2 logarithm, base-10 logarithm,
square root, inverse, and natural logarithm of argument plus one:

u(x) =

{
x2, x3, ln(x), log2(x), log10(x),

√
x,

1

x
, ln(x+ 1)

}
. (2.4)

We chose these because they are commonly used operators that allow us to model linear, poly-
nomial, exponential, and logarithmic relationships. Some unary operators can be expressed using
binary operators, and some unary operators can be derived from other unary operators; how-
ever, to simplify the genetic algorithm’s search of the space of potential solutions, we used them
directly. We have also added constraints on power values to limit the complexity to 3 (the base
of power has no constraint), to avoid overly complex exponential functions. We use the square
error loss function. We limited the complexity of the SR solution to 30 terms and the SR R-I
to 20 terms. In the SR R-I approach, we provide the genetic algorithm with a significant hint
regarding the general form of the final solution. To avoid generating overly complex solutions, we
arbitrarily limited the search to 20 terms. In contrast, an SR algorithm without such a prelimi-
nary hint would be highly unlikely to find a solution as well-suited to the data as SR R-I when
restricted to just 20 terms. Therefore, for this comparison, we set the maximum allowed solution
length to 30 terms. Both the base-2 logarithm and the base-10 logarithm can be replaced by the
quotient of the corresponding natural logarithms; however, we have deliberately defined these
two additional logarithms as base functions in Eq. (2.4). This is due to the fact that the genetic
algorithm, which is the main mechanism on which SR is based, “does not know” these formulas
for conversion, and changing the logarithm base always requires the use of three operations in the
final formula in the solution: division and the addition of the appropriate logarithmic operation
in both the numerator and the denominator. This increases the solution’s complexity, and since
we use the Pareto front, we want the solutions to be as accurate as possible while remaining as
simple as possible (with a small number of components). It is also very unlikely that a formula
for converting logarithm bases would be found precisely by a genetic algorithm. For this reason,
we decided to explicitly define logarithms with three commonly used bases.
We generated a training dataset using stochastic physics-based oversampling with cumulative

distribution function (CDF), which is defined with equations (Hachaj & Frąś, 2026):

Fvi(y) = P (vi ≤ y) =

y�

b1

g(vi)[b1,b2]dvi

b2�

b1

g(vi)[b1,b2]dvi

, (2.5)

g(vi)[b1,b2] = c1 + c2 ·
∣∣∣∣∂vr(vi)∂vi

∣∣∣∣+ c3 ·
∣∣∣∣∂2vr(vi)∂v2i

∣∣∣∣, (2.6)

where vi ∈ [b1, b2] ∧ c1 + c2 + c3 = 1 ∧ c1, c2, c3 ∈ [0, 1], and || is the absolute value.
In our case [b1, b2] = [vbl(t), 1000], which is a relevant range of speeds [m/s] for our dataset.

vbl(t) is the BLV for a given material thickness. In both the experiments and the FEM simula-
tions, these values correspond to the minimum impact velocity at which a 7.62mm P80 projectile
perforated the tested targets. Moreover, 100 data points were generated for each thickness to
produce a uniquely defined ballistic-limit curve. [c1, c2, c3] = [0, 0.25, 0.75]. vr were previously
fitted to experimental and numerical data as explained in Section 2. In Fig. 2, we present four
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using

using using

using

Fig. 2. Four example data series generated according to Eq. (2.5) on our dataset with the setup described in
Subsection 2.1. Red line represents the reference R-I model; green points are random samples used during

the training of all ML models.

example data series generated according to Eq. (2.5) from our dataset. The validation (test)
dataset consists of original data points from experiments and numerical simulations (see Fig. 1).
The exact validation procedure will be discussed in Section 3.

2.2. Comparison with other machine learning models

Several other ML models have been successfully used in materials science tasks, particu-
larly for solving ballistic problems. Among them are extreme gradient boosting (XGBoost) and
random forest (RF), which were used for predicting the outcome of terminal ballistics events,
namely ballistic limit and penetration depth, as mentioned in (Abid et al., 2025; Ryan et al.,
2024). Those two models are robust ensemble methods that incorporate many “weak” decision
tree regressors. However, they apply different training strategies: XGBoost uses boosting, while
RF applies bagging. The main issue with these two methods is the low level of explainability
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of the resulting models (XAI) due to the large number of decision trees in each model. Since
these are state-of-the-art, “out of the box” methods that do not require a complicated setup for
tasks of this type, we also trained these models on an oversampled dataset (the same as in the
case of SR and SR R-I). We compared the results with those obtained from SRs.

3. Results

To validate our approach, we have implemented the methodology described in Section 2
and executed it on the dataset described in the same section. Implementation was done in
Python 3.12. Among the most important packages we used were PySR 1.5.9 (Cranmer, 2023)
for SR, scikit-learn 1.8.0 for RF regression, XGBoost 3.2.0 for XGBoost regression, SciPy 1.17.1
for statistical evaluation, and NumPy 2.4.2 for general-purpose algebra. Hyperparameters for all
ML methods were determined experimentally, and we will not discuss them here due to paper
space limitations. The source code was executed on a PC with an Intel i7-9700 3.00GHz CPU,
64GBRAM, an NVIDIA GeForce RTX 2060 6GB, and Windows OS1. The hyperparameters of
all the ML methods used are available (see the footnote). The SR training for each leave-one-out
case lasts about 10 minutes on our hardware, while RF and XGBoost take about several seconds.
We have evaluated SR (“basic” algorithm without assuming constraints on final solution besides
those mentioned in Subsection 2.1), SR R-I with constraints on solution represented by Eq. (2.2)
(see Subsection 2.1), XGBoost, and RF (see Subsection 2.2).
To evaluate the obtained results, we used the following error functions:
– absolute error:

AE(yi, ŷi) = |yi − ŷi| , (3.1)

– relative error:

RE(yi, ŷi) =

∣∣∣∣yi − ŷi
yi + ϵ

∣∣∣∣ , (3.2)

where ϵ is the small value that prevents division by zero (in our case, condition yi ≥ 0 is
always true),
– root mean square error:

RMSE(Y, Ŷ ) =

√√√√ 1

n

n∑
i=1

(yi − ŷi)2, (3.3)

– mean absolute error:

MAE(Y, Ŷ ) =
1

n

n∑
i=1

|yi − ŷi| , (3.4)

– the R2 score (coefficient of determination):

R2(Y, Ŷ ) = 1−

n∑
i=1

(yi − ŷi)
2

n∑
i=1

(yi − y)2
, (3.5)

– mean relative error:

MRE(Y, Ŷ ) =
1

n

n∑
i=1

∣∣∣∣yi − ŷi
yi + ϵ

∣∣∣∣ . (3.6)

1Source codes for our research can be downloaded from https://github.com/browarsoftware/symbolic ballistic
recht ipson (accessed March 4, 2026).

https://github.com/browarsoftware/symbolic_ballistic_recht_ipson
https://github.com/browarsoftware/symbolic_ballistic_recht_ipson
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We used leave-one-out cross-validation, in which each thickness was used as the training
dataset and the remaining thickness as the validation dataset. Due to this, there were 8 folds,
for t ∈ {4, 6, 8, 10, 12, 14, 16, 18}mm. For each of these solutions, we have evaluated how well
the obtained curves approximate unknown data (generalization ability). The averaged results
plus-minus standard deviations are presented in Table 2. For curves, we did not evaluate MRE
because the experimental data near BLV had a near-stochastic character, and the relative error
results there might be misleading. We have also checked how well the model approximates BLV
for unknown data, which is also a generalization ability test. The results are presented in Table 3.
Because we only have a single data series (a single BLV estimate for each thickness), the standard
deviation is calculated only for MRE.

Table 2. Evaluation results of the models – how well curves approximate unknown data
(generalization ability).

Metric
Model

SR SR R-I RF XGBoost

RMSE 51.656 ±38.218 52.504 ±47.586 93.856 ±41.229 94.952 ±40.59
MAE 47.071 ±37.509 46.248 ±44.058 82.269 ±43.867 83.264 ±42.965
R2 0.908 ±0.116 0.894 ±0.176 0.770 ±0.216 0.768 ±0.212

Table 3. Evaluation results of the models – how well the models approximate BLV for unknown data
(generalization ability).

Metric
Model

SR SR R-I RF XGBoost

MRE 0.043 ±0.055 0.028 ±0.029 0.094 ±0.020 0.08 ±0.034
RMSE 32.697 25.678 50.061 42.702

MAE 20.375 16.641 47.875 39.000

R2 0.894 0.934 0.751 0.819

To check whether the approximated results differ statistically, we have used a non-parametric
Wilcoxon test, which does not assume that the results follow a normal distribution. We have
tested whether the distribution of errors for one examined ML method is stochastically less
than that of a second ML method. If p < 0.05, we have concluded that the error groups differ
significantly. Because there is a high variance in the error groups visible in Table 2 and Table 3
that are mainly present in extrapolated curves, to ensure the reliability of the test, we have
removed the single largest error value (possible outlier) and the corresponding error value from
the other data series used for comparison. For this reason, the set of errors being compared was
reduced by one value if the maximum error occurred at the same positions in both series, or by
two values if it occurred at different positions. In Table 4, Table 5, Table 6, and Table 7, we
present the p-values of the Wilcoxon test for RMSE and MAE (see Table 2) and for RE and AE
(see Table 3).
In Fig. 3, we present an approximation of BLCs of all four ML methods trained on all but one

thickness from our dataset that predict the shape BLC for the thickness that was not present
in the dataset. We chose thicknesses of 8mm and 16mm because they predict the experimental
data, and 4mm and 18mm because, in this setting, they visualize the extrapolation ability of
algorithms. Red lines correspond to the reference R-I model curve fitted to data marked as red
stars, and green lines are the ML model approximation.
In Fig. 4, we present visualizations of v̂r(vi, t) from Eq. (2.2) as a surface plot. As mentioned,

ML methods were trained on all but one thickness in our dataset to predict the shape BLC for
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Table 4. p-values of the Wilcoxon test for RMSE (see Table 2). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 1
Model 2

SR SR R-I RF XGBoost

SR 1.000 0.578 0.039 0.039

SR R-I 0.500 1.000 0.016 0.016

RF 0.977 1.00 1.000 0.469

XGBoost 0.977 1.000 0.594 1.000

Table 5. p-values of the Wilcoxon test for MAE (see Table 2). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 1
Model 2

SR SR R-I RF XGBoost

SR 1.000 0.578 0.148 0.148

SR R-I 0.500 1.000 0.016 0.016

RF 0.891 1.000 1.000 0.406

XGBoost 0.891 1.000 0.656 1.000

Table 6. p-values of the Wilcoxon test for RE (see Table 3). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 1
Model 2

SR SR R-I RF XGBoost

SR 1.000 0.781 0.008 0.008

SR R-I 0.281 1.000 0.016 0.016

RF 1.000 1.000 1.000 1.000

XGBoost 1.000 1.000 1.000 1.000

Table 7. p-values of the Wilcoxon test for AE (see Table 3). Boldface indicates p < 0.05, corresponding
to statistically significant differences between the error distributions.

Model 1
Model 2

SR SR R-I RF XGBoost

SR 1.000 0.719 0.031 0.031

SR R-I 0.344 1.000 0.016 0.016

RF 0.984 1.000 1.000 1.000

XGBoost 0.984 1.000 1.000 1.000

the missing thickness. We have chosen to show the training results for the unknown t = 8 mm
(experimental data).
SR algorithms return a set of potential solutions rather than a single one. Among them, we

have selected the simplest (lowest-complexity) solutions, which, in the case of SR, incorporate
both t and vi with a loss value at most 2 · 103. This loss value was selected empirically. In the case
of SR R-I, we have selected the simplest solutions (with lowest complexity), which incorporated t
in eithera(t) orp(t) and obligatorily in vbl(t) with loss value at most 2 · 103. Further, we present
ones that are representative of our data, have the correct (expected) curvature, and minimize
the error functions well.
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Fig. 3. Approximation of BLCs of all four ML methods trained on all but one thickness from our dataset
that predict the shape BLC for the thickness that was not present in the dataset: (a)–(d) example
results for SR; (e)–(h) for SR R-I; (i)–(l) for RF regressor, and (m)–(p) for XGBoost regressor. Red lines
indicate the reference R-I model curve fitted to data marked as red stars, and green lines are the ML

model approximation.

The equation approximated with SR for unknown t = 8mm with RMSE = 17.674 on vali-
dation dataset for S355 steel valid in range t ∈ [4, 18]mm is

hSR(vi, t) =
((

106.931
215.235

vi −1.566
)
·
(
5.784(log10(t))

2
)
·(−12.323)

)
+vi,

t > 0, vi ̸= 0, (3.7)

v̂r(vi, t)SR =

{
hSR(vi, t) if hSR(vi, t) ≥ 0,

0 else.
(3.8)
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Fig. 4. Visualisations of v̂r(vi, t) from Eq. (2.2) in the form of the surface plot:
(a) is surface obtained with Eq. (3.8), (b) with Eq. (3.10), (c) with a RF regressor, (d) with an XGBoost

regressor.

Note that this is a raw, not a physically meaningful, decomposition from SR.
In order to estimate BLV for a given t, one can use a heuristic that takes into consideration

local monotonicity of v̂r, a positive value of the first derivative, and a certain threshold (see
(Hachaj & Frąś, 2026) for more details). The same heuristic was used for RF and XGBoost.
The equation approximated with SR R-I for unknown t = 8mm with RMSE = 26.153 on

the validation dataset for the steel S355 valid in the range t ∈ [4, 18]mm is
a(t) = t0.08, t ≥ 0,

p(t) = 1.534,

vbl(t) = (t+ 12.697) · 21.175,

(3.9)

and after applying Eq. (3.9) to Eq. (2.2) becomes:

v̂r(vi, t)SR R-I ={
t0.08 · (v1.534i − ((t+ 12.697) · 21.175)1.534)

1
1.534 if v1.534i ≥ ((t+ 12.697) · 21.175)1.534,

0 else.

(3.10)
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In order to estimate BLV for a given t one can directly use vbl(t) from Eq. (3.9). Note that
the SR-derived function represents a smooth approximation (regularization effect) rather than
a direct physical law. The primary objective is the accurate reconstruction of BLC/BLV rather
than preserving parameter-level physical interpretation. Also, fixing p(t) to a constant 1.534
removes a degree of freedom that the data clearly support. This might surely cause a loss of fit
in the SR R-I compared to the situation in which p is allowed to depend on t.

4. Discussion

Based on the results presented in Table 2 and Table 3 and plots in Fig. 3, it may be observed
that all evaluated ML methods generated the expected shapes of BLC. Those curves have rela-
tively low error on experimental and numerical simulation data in leave-one-out cross-validation.
It should be noted that in each case, validation data consist only of thicknesses that were not
used in the training. Hence, a low error value indicates a strong generalization capability of the
ML algorithms. We observe that SR algorithms (SR and SR R-I) perform very similarly, and
decision tree-based algorithms (RF and XGBoost) also yield nearly identical errors. The lowest
value of RMSE (51.656 ±38.218) in the curve approximation task was achieved by SR, in the
case of MAE (46.248 ±44.058) by SR R-I, and in the case of R2 by SR (0.908 ±0.116). However,
as shown in Table 4 and Table 5, the Wilcoxon test indicates that the difference between SR
and SR R-I is not statistically significant. The RF and XGBoost perform significantly worse
than SR, and there is no significant difference between the two decision tree-based methods.
A similar conclusion can be drawn from evaluating how well models approximate BLV. Again,
the SR R-I algorithm yielded the lowest error values: the MRE was 0.028 ±0.029 (only 3% ±2%
of the reference values compared to other methods), RMSE was 25.678, MAE was 20.375, and
R2 was 0.934. However, according to Table 6 and Table 7, there are no significant statistical
differences in RE and AE between SR methods, and they are statistically better than RF and
XGBoost. Since our statistical tests approximate their resolution limit, their statistical power is
modest, and the SR vs SR R-I comparison may be underpowered rather than truly null.
It should be noted that for the cases visualized in Fig. 3a and Fig. 3e, the SR approximation

and SR R–I model seem to provide a nonphysical response, i.e., the residual velocity is higher
than the initial velocity. This is evident at the ends of the interval under consideration, at the
maximum value of the velocity vi. This was likely because the model extrapolated the results
to 4mm. In contrast, the RF and XGBoost approaches exhibit nonphysical responses (lack
of monotonicity), especially at the plateau near vbl. This error stemmed from the nature of
these models, which are aggregations of “weak” predictors.
The shapes of BLC generated by SR that are plotted in Fig. 3 indicate the monotonicity of the

obtained solutions. In the case of RF and XGBoost, there are some fluctuations (characteristic
steps in the plots) that are typical of decision tree-based algorithms. We can also observe those
patterns in surface plots in Fig. 4. Equation (3.10) calculated by SR R-I is far more intuitive and
easier to understand than Eqs. (3.7) and (3.8) done by SR. What is more, using Eq. (3.9), we can
estimate BLV directly, which is not possible in other methods without the proposed heuristics.
In summary, thanks to the SR R-I approach, we were able to compute analytical formulae for
2D BLCs over the range of material thickness for S355 Steel in ballistic events with 7.62mm AP
P80, which can be applied in engineering practice. When applying the Pareto front, the solution
complexity is a trade-off for its accuracy. Often, a more complex solution containing more terms
fits the dataset better than a simpler one. However, they might become less interpretable (see,
for example, Eqs. (3.7) and (3.9)).
The application of a reliable, correctly fitted SR solution offers significant benefits over

deep learning black-box models such as ANNs and larger language models (LLMs). The most
important advantage is the full interpretability of the resulting solution, along with the ability
to trace the process by which the result was obtained – something that is practically impossible
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in the case of deep learning. Furthermore, the resulting numerical function can be subjected to
standard mathematical analysis to verify its consistency with physical assumptions, which is also
practically impossible (or at least very difficult) for deep models with thousands or even millions
of parameters. For this reason, interpretable knowledge distillation (Shmuel et al., 2026) via
SRML is becoming an increasingly common practice in physical sciences (Varughese et al., 2026).
There are several limitations of the proposed analytical solution. Equation (2.2) (and Eqs. (3.9)

and (3.10)) takes into account the R-I model only through the term t, which corresponds to
material thickness. Other parameters that might be interesting for this type of model include
projectile type (the shape of the BLC curve also depends on the projectile’s shape (Fonseca
et al., 2025)), target material properties, and the angle of impact. To include those parameters
in the model, a series of experiments must be performed that covers all the variables. This is
a necessary procedure for any ML-based model. We can anticipate that the modified, enhanced
solution (Eq. (2.2)) that takes into account all those parameters should be in the form:

v̂r(vi, t, α,P,M) = a(t, α,P,M) ·
(
v
p(t,α,P,M)
i − vbl(t, α,P,M)p(t,α,P,M)

) 1
p(t,α,P,M)

,

vi ≥ vbl(t, α,P,M),

(4.1)

where α is an angle of impact (numerical value), P, M are projectile and material properties
(categorical values). It should be noted that the final solution will represent theP,M as tabular-
like categories rather than numerical values. We believe that the properties of materials and
projectiles are too complex to be represented as single numerical values. Also, while applying the
symbolic solution, it is not recommended to have more than four to five variables, because this
is the border value above which the genetic algorithm can struggle to explore the search space
effectively. With all these considerations taken into account, the model might become reliable
for a wide range of materials and projectile types beyond S355 vs 7.62mm× 51mm AP P80
impacts at 0◦ NATO.
The main objective of this study was to investigate whether the R-I model can be generalized

using SR methods. A particularly interesting research question is the minimum number of cross-
sections required to obtain a stable (repeatable) solution with a given level of generalization and
point-fit accuracy. In our case, we limited our tests to seven cross-sections in a leave-one-out eval-
uation, since conducting ballistic experiments is costly and simulating them using FEM requires
significant computational resources over a relatively long period of time. To answer the question
of how many cross-sections are necessary to estimate the function’s variability, it depends on the
form of the surface equation we expect. SR-based approximation differs fundamentally from, for
example, polynomial interpolation, because in SR, we cannot state that to fit an n-th-degree
polynomial, we need exactly n+1 points. Additionally, RL allows the use of various binary and
unary operators, which can be treated as types of basis functions, significantly complicating the
estimation of the required number of points. Based on our observations, seven curves appear to
be sufficient to derive a model with satisfactory accuracy and low complexity for an approxi-
mately linear relationship. However, this number may prove insufficient for other materials or
when additional parameters are included in the model (see Eq. (4.1)).

5. Conclusions

By applying SR, which embedded the R-I model within the PASR paradigm, we have ob-
tained an intuitive and accurate solution which extends the original well-known equation. The
SR R-I model performs with statistically proven effectiveness as SR and outperforms state-
of-the-art RF and XGBoost approaches in both overall BLC fits and in predicting BLVs for
unknown thicknesses. The obtained results confirmed the findings of our previous study (Hachaj
& Frąś, 2026) that the application of stochastic physics-based oversampling enables us to gen-
erate a dataset large enough to train the repressor, providing sufficient points in a very narrow
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region near the BLV, which is critical for precise ML fit and prognostic ability of limit velocity
values for unknown thicknesses. The proposed SR R–I model provides accurate interpolation
within the training thickness range, with graceful degradation near boundary conditions. The
results indicate that it is possible to use SR in selected terminal ballistic problems involving
355 steel targets penetrated by 7.62mm AP P80, and to obtain explainable, interpretable so-
lutions. The results may prove significant from scientific, cognitive, and practical engineering
perspectives.
The SR R-I methodology we presented in this research is not limited to this specific material

only, but can also be applied to other ballistic targets, and it is possible to find more general ana-
lytical formulae for many materials by applying parametric expressions to constraints. The other
very promising research goal is to combine SR with LLMs. The initial research demonstrates
that LLM integration consistently improves the reconstruction of physical dynamics from data,
enhancing the robustness of SR models to noise and complexity (Fras & Pawlowski, 2026; Shen
et al., 2024; Taskin et al., 2026). There are already publications on predicting the depth of the
resulting crater following an impact. Rietkerk et al. (2023) and Ryan et al. (2024) modelled
the impact of a long rod projectile at a given initial velocity into a semi-infinite target block
using various ML approaches like XGBoost, ANN, support vector regression (SVR), Gaussian
process regression, and physics-informed ML. As this represents a different experimental setup
from that considered in the present study, we did not investigate it. Nevertheless, we consider
it an interesting direction for future research.
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The aim of the study is to analyze the vibration damping properties of a passive suspension
system for a child car seat that is designed to reduce the impact of vertical accelerations on the
child’s body during vehicle travel. The motivation for undertaking this research is the absence of
vibration isolation solutions dedicated to this group of users, despite the well-documented sensitiv-
ity of children to vibrations in the frequency range of 4Hz to 10Hz. A physical and mathematical
model of the suspension system was developed in the MATLAB/Simulink environment, incorpo-
rating springs, hydraulic dampers, bump stops, and nonlinear friction forces. To evaluate vibration
isolation performance, acceleration signals were analyzed using the power spectral density (PSD),
the root mean square (RMS) value, and the Seat Effective Amplitude Transmissibility (SEAT)
factor. In the study, the influence of key structural parameters such as spring stiffness, damping
characteristics, and end-stop elements on the effectiveness of vibration reduction was analyzed.
Subsequently, a multi-objective optimization procedure was applied to determine the optimal pa-
rameters of the suspension system, aiming to minimize the accelerations transmitted to the child
seat while maintaining the required design constraints. Simulation results demonstrated that the
proposed passive system significantly reduces vibration amplitudes within the low-frequency range
and improves the value of the SEAT factor. The results confirm the potential of passive vibration
isolation systems for child safety seats and provide a basis for further experimental validation.

Keywords: vibration isolation; child car seat; passive suspension system; SEAT factor; power
spectral density (PSD).
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1. Introduction

The primary motivation for undertaking this research is the evident gap in the literature con-
cerning the influence of mechanical vibrations on children traveling in automotive child safety
seats. Despite numerous studies addressing vibration isolation systems for driver and adult pas-
senger seats, there is a noticeable lack of investigations that consider the biomechanical specificity
of children and their increased susceptibility to vertical vibrations. Table 1 presents the natural
frequency ranges of various body parts in children, which differ significantly from the character-
istic values reported for adults. These data were compiled, among others, on the basis of studies
by Gromadowski and Więckowski (2012), who analyzed the effects of mechanical vibrations on
the human body using literature data and industry standards, including ISO 2631, which defines
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Table 1. Natural frequency ranges of selected human body parts (Gromadowski & Więckowski, 2012).

Body part Natural frequency
range [Hz]

Effects of vibration
exposure

Group

Head 4–5 Headaches, dizziness, discomfort

Thorax (chest) 5–7 Chest pressure, shallow breathing, pain

Abdomen 4–8 Muscle tension

Limbs 6–8 Numbness Child

Spine 4–9 Pain

Whole body 4–10 Fatigue, nausea, general weakness

Vestibular system (balance) <6 Balance disturbances, disorientation

Head 2–3 Headache, reduced concentration

Thorax (chest) 5–7 Respiratory disturbances Adult

Pelvis / spine 6–8 Lower back pain, discomfort

comfort limits and permissible levels of vibration exposure. The conclusions drawn from these
studies clearly indicate that due to their lower body mass, different anatomical structure, and
immature musculoskeletal system, children exhibit significantly higher sensitivity to vibrations,
particularly in the vertical direction. The range of frequencies considered harmful to children
extends from 4Hz to 10Hz, implying that they are exposed to a broader and more intense
vibration impact than adults (Wicher & Więckowski, 2010).
The child safety seat suspension system designed within the scope of this study constitutes

an innovative solution aimed at reducing the transmission of mechanical vibrations to the user
during vehicle operation. The primary objective of developing the passive system was to achieve
the highest possible vibration isolation effectiveness while maintaining structural simplicity and
operational reliability resulting from the absence of active components. The proposed system is
intended to attenuate vibrations within the frequency range characteristic of excitations gener-
ated by road surface irregularities and vehicle body dynamics, while simultaneously minimizing
accelerations acting on the child’s body (Florek & Maciejewski, 2025). The effectiveness of vi-
bration isolation is evaluated using vibration comfort indicators, such as the root mean square
(RMS) value of accelerations and the Seat Effective Amplitude Transmissibility (SEAT) factor.
As part of the literature review, scientific publications addressing the effects of mechanical vi-
brations on the human body and the effectiveness of various vibration isolation solutions were
analyzed. Based on a critical assessment of the available studies, it can be concluded that chil-
dren exhibit a biomechanical response to vibration that differs significantly from that of adults,
which makes the application of general comfort assessment standards, such as ISO 2631, insuf-
ficient for the evaluation of vibration exposure in young passengers (Giacomin, 2005). It has
been demonstrated that standard child safety seats do not provide effective vibration isolation;
in many cases, amplification of vibration amplitudes is observed within the frequency range of
1.5Hz to 60Hz, particularly in the absence of dedicated damping elements (Giacomin, 2000; Bai
et al., 2017). An important factor influencing vibration transmission between the vehicle and the
child’s body is the method of seat installation. The ISOFIX system, in contrast to traditional
seatbelt-based mounting, enables a significant reduction in transmitted vibration amplitudes
and increases the repeatability and stability of the connection (Wicher & Więckowski, 2010;
Gromadowski & Więckowski, 2012). The literature also emphasizes that significant sources of
vibrational disturbances may include external factors such as road surface irregularities, wheel
imbalance, and wear of vehicle suspension components (Frej & Grabski, 2019; Frej, 2018).
In addition to studies focused directly on child safety seats, broader research on dynamic sys-

tems and vibration response has also been conducted. In particular, the analysis of mechanical
systems subjected to random and transport-induced excitations has gained significant attention
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in recent years. Numerous studies have addressed the analysis and modeling of dynamic sys-
tems subjected to vibration excitation, including transport-related vibrations and random load-
ing conditions. Research conducted by Duda et al. (2020), Hryciów et al. (2021), and Łagoda
(2001) highlights the importance of accurate modeling of dynamic responses and energy transfer
mechanisms in systems exposed to stochastic excitations. These approaches provide a valuable
background for the analysis and optimization of vibration isolation systems. Finite element mod-
eling has also been widely used in seat-structure and human–seat interaction analyses. Zhang
et al. (2015) developed an FE model of a car seat with an occupant to predict vertical vibration
transmissibility, while Alawneh et al. (2022) reviewed FE approaches for human–seat interac-
tion. These studies confirm the importance of numerical modeling in seating comfort analyses,
although the present work adopts a lumped-parameter model to enable efficient multi-variant
optimization.
The literature review clearly indicates that, despite numerous studies addressing vibration

comfort in adult vehicle occupants, passive systems dedicated specifically to child safety seats re-
main lacking. Existing designs do not account for the biomechanical specificity of young children,
which results in increased transmission of vibrations to the user’s body. The suspension system
developed within the scope of this study addresses this research gap by focusing on a passive
solution with optimized damping and stiffness characteristics tailored to the vibration sensitivity
of children. Current vibration comfort assessment standards, such as ISO 2631 (International
Organization for Standardization, 1997; 2001; 2018), were developed primarily for adult users
and do not account for the biomechanical specificity of children or the distinct natural frequen-
cies of individual body segments. Based on an analysis of recent scientific studies, it can be
unequivocally stated that children exhibit a markedly different biomechanical response to me-
chanical vibrations compared to adults. Giacomin (2005) demonstrated that standard child seat
vehicle systems transmit vibrations of significantly higher amplitude to the child’s body, particu-
larly in low-frequency bands. Furthermore, in studies on the so-called apparent mass of children,
Giacomin (2004) confirmed that their biodynamic response to vibration differs substantially from
that of adults. Bai et al. (2017) analyzed the effects of vibration on different segments of the spine
and showed that the sensitivity of the lumbar vertebrae in children to specific vibration frequen-
cies is considerably higher than in adults. Consequently, numerous studies question the adequacy
of applying general standards such as ISO 2631 to the assessment of vibration comfort in children
traveling in vehicles. Nilsson (2005) and Florek and Maciejewski (2025) argue that although these
standards are widely used in analyses of adult vibration exposure, they do not account for the
physiological and biomechanical differences present in children, which may lead to an incorrect
assessment of health-related risks. A similar position is presented by Zuska et al. (2021), who
suggest the need to revise existing standards or to develop child-specific counterparts.
Another important conclusion, confirmed by multiple studies, concerns the ineffectiveness of

standard child safety seats in isolating vibrations. Giacomin (2005) and Frej and Grabski (2023)
demonstrated that, rather than attenuating vibrations, many commercially available child seats
amplify vibration amplitudes. Wicher and Więckowski (2010) and Gromadowski and Więckowski
(2012) further indicate that the absence of damping elements in a child safety seat may lead to
resonance effects and increased transmission of vibrations to the child’s body. The effectiveness
of vibration attenuation is also strongly influenced by the method of seat installation. Improved
stability and repeatability of installation were also reported, which translates into reduced expo-
sure of the child to unwanted vibrations. The literature additionally highlights external sources
of vibration, such as road surface irregularities, wheel imbalance, and wear of vehicle suspension
components. Frej (2018) demonstrated that the technical condition of the vehicle has a direct
impact on the level of vibrations transmitted to the cabin interior and indirectly to the child.
Against the background of these findings, a clear research gap emerges in the area of dedicated
passive vibration protection systems for the youngest vehicle occupants. Addressing this defi-
ciency may be achieved through the development of a passive damping system with properties
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tailored to the biomechanical characteristics of children, which constitutes the objective of the
engineering solution proposed in this study. In response to these limitations, the development of
a dedicated suspension system for child safety seats is proposed, with the primary goal of reduc-
ing the transmission of vertical vibrations to the child’s body (Florek & Maciejewski, 2025). As
part of the research, both a physical and a mathematical model of the system were developed in
the MATLAB/Simulink environment, incorporating excitation forces generated by road surface
irregularities as well as the dynamic response of the suspension system. The model was cali-
brated for the frequency range characteristic of children aged 0–6 years, enabling an assessment
of vibration attenuation effectiveness under simulation conditions.

2. Physical and mathematical model of the passive system

2.1. Physical model

Figure 1 presents a simplified physical model of the passive suspension system of a child
safety seat. The model consists of a single lumped mass m1, representing the combined system
of the child safety seat and the child’s body:

m1q1z = −Fsz − Fbz − Fdz − Ffz. (2.1)

q1z

qsz
Fdz1 Fdz2

Fsz

Fbz qC

qCFbz

m1

Fig. 1. Physical model of the passive suspension system of a child safety seat (Maciejewski et al., 2020).

The lumped mass m1 is subjected to passive forces acting within the system: Fsz, the spring
force, responsible for storing elastic energy in the system and defining its stiffness; Fdz1, the
damping force generated by fluid flow in the hydraulic damper during the relative motion be-
tween the child seat and the base; Fbz, the force produced by the end stops (elastic bumpers),
which limit the maximum displacement of the mass and prevent impacts at extreme positions;
and Ffz, the friction force resulting from the contact and guidance of moving components,
providing a stabilizing effect at low relative velocities. The variable q1z denotes the vertical
displacement of the mass m1, while qsz refers to the displacement of the suspension base. The
difference q1z − qsz defines the relative displacement of the system and constitutes the basis for
calculating the elastic and damping forces. In the contact region with the end stops, an addi-
tional variable qC is introduced, representing the activation threshold of the bumper, beyond
which the nonlinear force characteristic Fbz becomes effective. The model assumes a single de-
gree of freedom, which enables a precise analysis of vertical vibrations of the vibration isolation
system in response to base excitation qsz(t).
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2.2. Mathematical model

The mathematical description of the passive system comprises four main force components
responsible for its dynamic properties: elasticity, damping, displacement limitation, and friction.

2.2.1. Spring force

The relationship between the relative displacement of the system (q1z − qsz) and the elastic
force is expressed by the following relation:

Fsz =
Gs d

4
s

8nsD3
s

(q1z − qsz), (2.2)

where Gs denotes the shear modulus of the spring material, ds is the spring wire diameter,
Ds is the mean coil diameter, and ns represents the number of active coils. This relationship
describes the classical linear model of a helical spring, in which the force is proportional to the
spring deflection. The geometric parameters of the wire and the coil have a crucial influence on
the effective stiffness of the system, which in the subsequent part of this study constituted the
basis for the structural optimization process (Krzyzynski et al., 2019).

2.2.2. End-stop bumper force

The end-stop bumper force was formulated as a piecewise function of the relative displace-
ment between the suspended mass and the system base, enabling the representation of successive
operating phases: no contact, a linear response, and a nonlinear behavior at large deflections:

Fbz = 0 for |r| ≤ qC + δ,

Fbz = sgn (r) cb1(|r| − qC − δ) for qC + δ < |r| ≤ qT ,

Fbz = sgn (r) cb3(|r| − qT − δ)3 + cb1(|r| − qC − δ)] for |r| > qT + δ,

(2.3)

Fnr = cb3(q1z − qsz − qT − δ) + cb1(q1z − qsz − qC − δ), (2.4)

Flr = cb1(q1z − qsz − qC − δ), (2.5)

where r = q1z − qsz.
The force generated by the end-stop bumper, which serves as a suspension travel limiter,

is described by Eq. (2.3). Its magnitude depends on the relative displacement between the
suspended mass and the system base, denoted as (q1z − qsz). In the model, it is assumed that
for small displacement values satisfying the condition | q1z − qsz |≤ qC + δ, the bumper does not
generate any reaction force, which corresponds to the absence of contact between the bumper
and the moving platform. Once the threshold value (qC + δ) is exceeded, the bumper enters
a linear operating region. In this range, the force increases proportionally with displacement
and is described by Fbz = cb1(q1z − qsz − qC − δ). The linear elastic model applied in this region
represents the behavior of a pre-compressed elastomer or rubber stop, which begins to transmit
mechanical loads only after the assembly clearance has been eliminated. With further increase
in deflection, when the condition | q1z − qsz |> qT + δ is satisfied, the element enters a nonlinear
operating region. The bumper characteristic then assumes a cubic form and is expressed as
Fbz = cb3(q1z − qsz − qT − δ)3 + cb1(q1z − qsz − qC − δ). The inclusion of the nonlinear term
enables an accurate representation of the rapid stiffness increase characteristic of rubber and
polyurethane bumpers in the final stage of deformation. Additionally, for situations involving
dynamic impact against the travel limiter, an impact reaction force Fnr was introduced and is
described by Eq. (2.4). This term accounts for the elastic rebound effect occurring during rapid
contact with the travel limit and enables the representation of an asymmetric force characteristic
during the separation phase of the bumper from the mating surface (Krzyzynski et al., 2019).
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2.2.3. Damper force

The damping force generated by the hydraulic damper is described using a model based on
flow losses of the working fluid through a throttling orifice. The value of the damping force Fdz

depends on the direction of flow (chamber B → A or A→ B) as well as on the relative velocity
of the piston with respect to the base, which corresponds to the forced oil flow velocity inside
the damper. It is assumed that for a positive relative velocity q̇1z − q̇sz > 0, the fluid flows
from chamber B to chamber A, whereas for q̇1z − q̇sz < 0, the flow occurs from chamber A to
chamber B. The damper force is expressed by the following relationship:

Fdz = ζB→A · ρ0/2 · (ABv/A0)
2 ·AB for v > 0,

Fdz = −ζA→B · ρ0/2 · (AAv/A0)
2 ·AA for v < 0,

(2.6)

where v = q̇1z − q̇sz and the minus sign in the second case ensures that the damping force acts
in the direction opposite to the motion, i.e., the force always acts as a resistance to the flow of
kinetic energy in the system:

−ζ(B→A) = 64/Re(B→A) · (αo + lo/do) for 64/Re(B→A) · (αo + lo/do) > 1.8,

−ζ(B→A) = 1.8 for 64/Re(B→A) · (αo + lo/do) ≤ 1.8,

−ζ(A→B) = 64/Re(A→B) · (αo + lo/do) for 64/Re(A→B) · (αo + lo/do) > 1.8,

−ζ(A→B) = 1.8 for 64/Re(A→B) · (αo + lo/do) ≤ 1.8.

(2.7)

The coefficients ζ(B→A) and ζ(A→B) describe flow losses depending on the flow regime (laminar
or turbulent) and are expressed as functions of the Reynolds number. In the model, a Reynolds-
number-dependent formulation was adopted with a lower bound of ζ = 1.8, which ensures
numerical stability and represents the minimum level of flow losses. The Reynolds numbers for
both flow directions were determined using the following relations:

Re(B−>A) =
4[AB(q̇1z − q̇sz)]

doπvo
, Re(A−>B) =

4[AA(q̇1z − q̇sz)]

doπvo
. (2.8)

The adopted formulation enables the inclusion of the nonlinear dependence of the damping
force on the relative velocity (quadratic velocity term in the dynamic component) as well as the
influence of flow regime transitions through the function ζ(Re). Consequently, the model repro-
duces the typical behavior of hydraulic dampers, characterized by relatively low damping forces
at small velocities and a rapidly increasing flow resistance at higher velocities, which is partic-
ularly important for the attenuation of vibrations with higher dynamic intensity (Krzyzynski
et al., 2019).

2.2.4. Friction force

Friction phenomena in the system were described using an extended Stribeck model with
a Coulomb friction term, which enables a smooth transition from static to dynamic friction and
eliminates discontinuities at velocities close to zero:

Ffz =
√
2e(Fbrk − Fc) · exp

(
−
(
q1z − qsz
Vst

)
2

)
· q1z − qsz

Vst
+ Fc · tanh

(
q1z − qsz
Vcoul

)
, (2.9)

where Fbrk denotes the maximum static friction force, Fc represents the dynamic (Coulomb)
friction force, and Vst and Vcoul are characteristic velocities describing the transition between
static and dynamic friction states. The application of this model enables an accurate represen-
tation of micro-scale friction phenomena occurring in the guides and articulated joints of the
child safety seat, which has a significant influence on the attenuation of low-amplitude vibrations
(Krzyzynski et al., 2019).
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3. Influence of selected model parameters on changes in the viscoelastic
characteristics of the suspension system

As a part of the conducted analyses, the influence of key structural parameters of passive
components on the viscoelastic characteristics of the passive suspension system of a child safety
seat was investigated. For this purpose, four decision variables were defined as follows: the spring
wire diameter ds = 0.5mm to 3mm, the bumper activation parameter δ = −15mm to 5mm,
the damper orifice diameter do = 0.5mm to 5mm, and the dynamic friction force Fc = 12N
to 50N. For each of these parameters, force–displacement or force–velocity characteristics were
generated (Fig. 2 to Fig. 5), which enabled an assessment of their influence on the dynamic
properties of the system and the identification of parameters with the greatest significance for
vibration isolation effectiveness.
The analysis of the first parameter (Fig. 2), namely the spring wire diameter

ds = 0.5mm to 3mm, has shown that variations in this dimension have a pronounced effect
on the stiffness characteristic. In accordance with helical spring theory, the stiffness increases
proportionally to the fourth power of the wire diameter, which is clearly reflected in the ob-
tained results. With increasing ds, a monotonic increase in the slope of the force–displacement
characteristic is observed, corresponding to a substantial increase in spring stiffness. This leads
to a reduction in the relative displacement of the suspended mass. However, it simultaneously
results in increased transmission of low-frequency vibrations. Lower values of the spring wire
diameter ds improve vibration comfort by increasing the system’s ability to reduce acceleration
levels. However, this improvement is achieved at the expense of a higher risk of reaching the
allowable limits of relative displacement. Therefore, the range ds = 0.5mm to 3mm was selected
as a decision variable in the optimization process, enabling precise tuning of the system stiffness.

Fig. 2. Spring characteristic for different ds.

The next analyzed component was the end-stop bumper (Fig. 3), for which the influence
of the activation parameter δ = −15mm to 5mm, governing the onset of contact between the
suspended mass and the travel limiter, was evaluated. The bumper characteristic consists of
a no-contact region, a linear force growth region, and a dynamically increasing nonlinear region.
The analysis has confirmed that more negative values of δ delay the onset of force generation by
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Fig. 3. End-stop bumper characteristic for different δ.

the bumper, thereby increasing the effective linear operating range of the entire suspension sys-
tem. As a result, the system becomes more compliant for small displacements, which improves
its vibration isolation properties in the low-frequency range. Once the activation threshold deter-
mined by δ = −15mm to 5mm is exceeded, a rapid increase in stiffness is observed, providing
protection against excessive deflection and contact with structural constraints. This behavior
is consistent with that of real elastomeric bumpers, in which an intentional initial assembly
clearance is commonly applied.
The influence of the damper orifice diameter do = 0.5mm to 5mm (Fig. 4) was analyzed

with respect to the hydraulic damper characteristics. The obtained force–velocity curves clearly

a

Fig. 4. Damper characteristic for different do.
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indicate a strong nonlinear dependence of the damping force on the relative piston velocity.
A reduction in do leads to a significant increase in fluid flow resistance and, consequently, to
higher damping forces, particularly in the velocity range corresponding to the transition from
laminar to turbulent flow. This behavior confirms the correct representation of the damper in the
mathematical model, as real hydraulic dampers exhibit a similar increase in force as a function of
velocity. Higher damping forces improve the attenuation of vibrations in the medium- and high-
frequency ranges. However, an excessive flow resistance resulting from small orifice diameters
within the range do = 0.5mm to 5mm leads to an increase in the dynamic stiffness of the system,
which may deteriorate comfort under large-amplitude excitations.
The final analyzed parameter was the dynamic friction force (Fig. 5), Fc = 12N to 50N,

describing friction characteristics in the system guides and modeled using the extended Stribeck
formulation. The force–velocity relationship showed that increasing Fc enhances low-velocity
damping, which plays an important role in stabilizing motion under small excitations. Higher
values of Fc, including the range Fc = 12N to 50N considered in the analysis, reduce the
amplitude of free oscillations and limit vibrations occurring near the static equilibrium posi-
tion. At the same time, excessive friction promotes the occurrence of stick-slip phenomena,
leading to abrupt displacement changes and increased vibration transmission within certain fre-
quency bands. For this reason, the selection of Fc constituted a key stage of the subsequent op-
timization process, enabling a compromise between motion stabilization and smooth system
operation.

Fig. 5. Friction force characteristic as a function of velocity for different Fc.

The analysis of the four model parameters has clearly demonstrated that each of them has
a significant influence on the resulting dynamic properties of the passive system. The spring wire
diameter ds determines the fundamental stiffness of the system, the parameter δ controls the
transition to the nonlinear operating regime of the end stop, the orifice diameter do governs
the viscous damping characteristics, while the friction force Fc is responsible for low-velocity
damping and motion stability. Understanding the interaction of these parameters provides the
basis for the appropriate selection of passive component properties and enables an effective
optimization of the system with respect to minimizing the SEAT factor and limiting the rela-
tive displacement RS (relative stroke).
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4. Excitation signals and evaluation criteria

To evaluate the effectiveness of the proposed passive system, it was necessary to apply exci-
tation signals representative of the real operating conditions of a child safety seat in a vehicle.
In the numerical analyses, a time-domain signal with characteristics close to white noise in the
frequency range from 0.5Hz to 10Hz was used, corresponding to the typical frequency band
encountered during vehicle operation on uneven road surfaces. The spectrum of the signal, ob-
tained from the power spectral density (PSD), confirms the broadband nature of the excitation
and a relatively uniform loading of the system over the entire analyzed frequency range. The
applied excitation signal corresponds to conditions commonly used in laboratory testing of child
safety seats as well as in field experiments, while simultaneously enabling the identification of
changes in the dynamic characteristics of the system resulting from variations in structural pa-
rameters (Fig. 6). Such a signal provides a good approximation of real random vertical vibrations
and is widely used in the analysis of vibration isolation systems due to the absence of dominant
frequencies that could bias the assessment of vibration transmissibility.

Fig. 6. Power spectral density of the excitation signal inducing vibratory motion.

The damping performance of the proposed system was evaluated using two indicators: the
SEAT coefficient and the maximum relative displacement RS:

SEAT =
(q1z)RMS

(qsz)RMS
. (4.1)

The SEAT factor is a measure of the effective transmission of vibrations through the system
and is defined as the ratio of the RMS value of the weighted acceleration on the isolated side
to the corresponding value on the excitation side. The frequency weighting was selected in
accordance with the recommendations of ISO 2631, enabling the consideration of the varying
sensitivity of the human body to vibrations across different frequency bands. The SEAT index
enables a direct assessment of vibration reduction in terms closely related to user comfort and is
a standard analytical tool in studies of vibration isolation systems. Values of SEAT< 1 indicate
an isolating effect of the system, whereas SEAT> 1 signify vibration amplification within specific
frequency ranges. The second indicator used to evaluate system performance was the relative
displacement RS, defined as the maximum positional difference between the isolated mass (the
child safety seat and the child) and the excitation base:

RS = max
t∈[0,tk]

(q1z(t) − qsz(t))− min
t∈[0,tk]

(q1z(t) − qsz(t)). (4.2)
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The relative displacement RS was used as a structural safety indicator, defining the suspen-
sion travel required to avoid excessive loading of the end stops or contact with structural limits.
The combined use of SEAT and RS enables the simultaneous evaluation of vibration comfort
and safe operating range, which is essential in the optimization of passive vibration isolation
systems.

5. Optimization of vibration isolation performance of the passive system
and optimal characteristics of passive components

The optimization of the vibration isolation performance of the passive system was carried out
using a deterministic full factorial parametric search. Four decision variables were considered:
the spring wire diameter ds, the bumper activation parameter δ, the hydraulic damper orifice
diameter do, and the dynamic friction force Fc. Each variable was discretized into 15 equally
spaced values within the adopted design range: ds = 0.5mm to 3mm, δ = −15mm to 5mm,
do = 0.5mm to 5mm, and Fc = 12N to 50N. Consequently, 50 625 combinations of passive
component parameters were analyzed.
For each parameter combination, a numerical simulation of the passive suspension system

was performed in MATLAB/Simulink. The SEAT coefficient and the RS were calculated and
stored as the evaluation criteria. The optimization problem was formulated as the simultaneous
minimization of the SEAT coefficient, representing vibration transmission to the child’s body,
and the RS, representing the suspension travel required for safe operation. Since a deterministic
full factorial search was used, no stochastic convergence criterion was required; the procedure
was completed after all predefined parameter combinations had been evaluated. The Pareto-
optimal solutions were selected from the complete set of admissible results. First, the solutions
corresponding to the minimum SEAT value and the minimum RS value were identified. Then,
ten constraint levels of RS were defined between these limiting cases. For each RS constraint, the
solution with the lowest SEAT value was selected. This procedure resulted in a set of ten Pareto-
optimal solutions representing different compromises between vibration isolation effectiveness
and suspension travel limitation. The resulting Pareto-optimal solutions in the SEAT–RS eval-
uation criteria space are presented in Fig. 9. The spring characteristics obtained as a result
of the optimization process (Fig. 7) indicate the necessity of achieving a compromise between

Fig. 7. Optimal characteristics of passive components – spring.
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sufficiently low stiffness, which promotes the reduction of low-frequency vibrations, and ade-
quate global system stiffness, which limits excessive relative displacements. In the case of the
hydraulic damper (Fig. 11), the optimal parameter values lead to a nonlinear increase in the
damping force with increasing relative motion velocity. This behavior is particularly advanta-
geous, as it enables effective dissipation of vibration energy in the medium- and high-frequency
ranges without causing excessive system stiffening during slow position changes. The optimized
end-stop bumper characteristic (Fig. 10) allows for a delayed activation of the nonlinear portion
of the limiter response, ensuring high compliance of the system in the range of small deflections.
Only at larger displacements does the reaction force increase rapidly, effectively protecting the

Fig. 8. Optimal characteristics of passive components – friction.

Fig. 9. Optimal characteristics of passive components – evaluation criteria space.
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system against exceeding the allowable suspension travel. In turn, the appropriately selected
value of the dynamic friction force (Fig. 8) provides motion stabilization at low velocities while
simultaneously limiting the risk of stick-slip phenomena and the associated abrupt displacement
changes. Such a friction damping characteristic supports effective attenuation in the low-velocity
range and enhances the overall stability of the system. The frequency-domain results (Fig. 12)
indicate a reduction in vibration transmissibility in the range of approximately 1Hz to 10Hz,
which is particularly relevant for child comfort. For the selected optimal passive configuration,
the SEAT coefficient was reduced to 0.47, while the RS remained equal to 36.8mm. These values

Fig. 10. Optimal characteristics of passive components – end-stop bumpers.

Fig. 11. Optimal characteristics of passive components – damper.
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confirm that the optimized passive suspension system provides effective vibration attenuation
while maintaining the required suspension travel within the admissible operating range. The
resulting parameter set may serve as a reference point for further experimental validation and
comparison with semi-active and active systems.

Fig. 12. Vibration transmissibility functions of selected Pareto-optimal solutions.

6. Conclusions

The conducted studies have confirmed that the dynamic response of the passive suspension
system of a child safety seat depends mainly on the parameters related to elasticity, damping,
and friction. The numerical model reproduced the behavior of elastic, damping, friction, and end-
stop components, and the obtained force–displacement and force–velocity characteristics were
consistent with the physical properties of these elements. The optimization of passive parameters
resulted in a measurable improvement in vibration isolation performance. For the selected op-
timal passive configuration, the SEAT coefficient reached 0.47, while the RS was 36.8mm. This
confirms that the optimized passive system can reduce vibration transmission while maintaining
the displacement of the suspended mass within a safe operating range. The present study was
limited to numerical modeling, sensitivity analysis, and optimization. Future work will include
field tests using an anthropomorphic dummy equipped with acceleration sensors to compare
the numerical predictions with experimental measurements and to support the development of
semi-active and active vibration isolation systems for child safety seats.
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1. Introduction

The long-term stability of reservoir bank slopes is a critical determinant for the safety of
large-scale hydraulic infrastructure, such as the Three Gorges Reservoir (TGR) area in China
(Yang et al., 2025; He et al., 2020). Unlike typical engineered slopes, reservoir banks are subjected
to periodic water-level fluctuations driven by seasonal regulation and flood control operations.
These fluctuations inevitably induce cyclic variations in the pore-water pressure within the
submerged rock mass (Liao et al., 2025). According to the principle of effective stress (Terzaghi,
1943), such hydraulic perturbations dynamically alter the stress state of the rock framework,
acting as a recurring internal load. Distinct from external mechanical cyclic loading, this process
is now recognized as a primary driver of hydraulic fatigue (Li et al., 2023; Hu et al., 2023). Such
progressive deterioration continuously threatens the structural durability of bank slope rock
masses.
Extensive research has established that water weakens sandstone through physical and chem-

ical processes, such as the reduction of cementation strength, alteration of mineral surfaces, and
promotion of subcritical crack growth (Wang et al., 2026; Li et al., 2025; Xu et al., 2022).
However, most existing studies have focused on two specific conditions:
1) monotonic water-weakening (Xuan et al., 2025; Liang et al., 2024), in which the degrada-
tion is time-dependent under constant hydraulic conditions,

2) dry-wet cycling (Wang et al., 2023; Taheri et al., 2016), which simulates the long-term
weathering process over months or years.

While these studies explain long-term softening, they fail to capture the short-term, fatigue-like
damage induced by frequent, transient pore-pressure pulses occurring within the rock mass while
it sustains high gravitational shear stresses.
Recent investigations into hydraulic fracturing and deep-earth engineering have touched upon

the effects of cyclic hydraulic pressure. For instance, Kendrick et al. (2024) and Chang et al.
(2022) reported that cyclic pressurization accelerates microcrack initiation and alters failure
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modes. Similarly, energy-based analyses have highlighted that water–rock interaction enhances
energy dissipation and localization during cyclic loading (Sun et al., 2024; Li et al., 2020).
Nevertheless, a critical gap remains in the context of reservoir slope engineering. Most prior
experiments utilized extremely high hydraulic pressures (aimed at fracturing) or focused on
permeability evolution alone. The mechanisms by which low amplitude cyclic pore pressure
couples with high static axial stress to induce fatigue failure remain systematically unexplored.
These low amplitude cycles accurately reflect realistic reservoir fluctuations. Furthermore, the
critical stress threshold governing the transition from stable deformation to unstable hydraulic
damage requires deeper investigation (Sawicki & Mierczyński, 2015).
To bridge this gap, this study investigates the hydromechanical degradation of saturated red

sandstone from the TGR area. The experimental design strictly mimics the in situ stress and
hydraulic conditions of shallow landslides in the TGR: a constant confining pressure of 2MPa
(simulating the overburden stress of a shallow sliding mass) and a cyclic pore-water pressure
amplitude of 0.3MPa (corresponding to the 30m annual water-level regulation). By conducting
triaxial compression tests combined with 20-cycle pore-pressure loading, this work aims to:
1) quantify the short-term strength reduction induced by reservoir-scale hydraulic fluctua-
tions,

2) characterize the transition of deformation behaviors from stable hysteresis to nonlinear
accumulation,

3) establish a residual-strain-based damage variable to elucidate the stress-dependent evolu-
tion mechanism.

The findings provide new theoretical insights into the “hydraulic fatigue” of reservoir rocks and
offer a rigorous basis for evaluating the stability of bank slopes under complex hydromechanical
coupling.

2. Materials and methods

2.1. Specimen preparation

The red sandstone blocks utilized in this study were collected from the hydro-fluctuation
belt of the TGR area. The natural rock is characterized by a massive structure and a uniform
dark red texture. All test specimens were cored from a single intact rock block to maximize
initial material consistency. These cores were subsequently processed into standard cylinders
with a diameter of 50mm and a height of 100mm (as shown in Fig. 1). This preparation strictly
adhered to the guidelines established by the International Society for Rock Mechanics (ISRM)
(Ulusay & Hudson, 2007). The machining precision was rigorously controlled to restrict diameter

Fig. 1. Red sandstone specimens processed into standard cylinders (50mm× 100mm)
(He et al., 2026).
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deviation within 0.3mm and limit end face non-parallelism to under 0.05mm. Prior to testing, all
specimens were oven-dried at 105 ◦C for 24 h to eliminate initial moisture content. Subsequently,
the saturation process was conducted using the boiling-water saturation method for 48 h to
ensure full saturation. Ultrasonic P wave velocity measurements and bulk density evaluations
were conducted on all prepared dry specimens. Only those specimens exhibiting a P wave velocity
deviation of less than three percent and nearly identical bulk densities were selected for the final
testing phase. A subsequent boiling water saturation method was applied for 48 h to ensure
complete fluid saturation before the triaxial loading.

2.2. Testing apparatus

Hydromechanical coupling tests were performed using the TFD-2000 microcomputer servo-
controlled rock triaxial testing system. This high-stiffness apparatus is capable of independently
controlling axial stress, confining pressure, and pore-water pressure. It has a maximum axial
load capacity of 2000 kN and a maximum confining pressure of 140MPa. The control precision
is ±0.5% for axial load and ±0.1% for pore-water pressure. A high-speed data acquisition system
recorded the axial stress, strain, and pore-water pressure synchronously at a sampling rate of
10Hz, ensuring sufficient resolution to capture the deformation response during rapid hydraulic
loading phases.

2.3. Experimental procedure

The testing protocol was designed to simulate the in situ stress conditions of reservoir bank
slopes subjected to water-level fluctuations. The cyclic water pressure amplitude was set to 0.3–
0MPa, corresponding to the 30m seasonal water-level regulation (175m to 145m) in the TGR.
The specific testing stages were as follows (see Fig. 2):
1) A hydrostatic confining pressure σ3 of 2MPa was applied at a rate of 5MPa/min to
simulate the overburden pressure of a shallow landslide mass.

2) With the confining pressure held constant, the axial stress (σ1) was loaded at 5MPa/min
to a target level. Three target stress levels were selected: 27.41MPa, 31.98MPa, and
36.55MPa, corresponding to 60%, 70%, and 80% of the saturated peak strength σsatpeak =
45.69MPa determined under a constant pore pressure of 0.3MPa.

3) Under constant axial and confining stresses, a triangular waveform was employed to alter-
nate the water pressure between 0Mpa and 0.3MPa at a rate of 0.01MPa/min, simulating
the water level dropping from 175m to 145m and then recovering to 175m. This cycle was
repeated 20 times for each specimen to evaluate fatigue-like degradation behavior.

Fig. 2. Schematic diagram of the stress path and cyclic water pressure loading scheme.
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3. Test results and analysis

3.1. Degradation of short-term mechanical properties

To establish a baseline for cyclic testing, the mechanical response of the red sandstone was
first evaluated under monotonic triaxial compression at a confining pressure of 2MPa. Figure 3
compares the stress-strain behavior between the dry (Pw = 0MPa) and saturated-pressurized
(Pw = 0.3MPa) states.

Fig. 3. Comparison of stress–strain curves for red sandstone under dry state (Pw = 0MPa) and saturated-
pressurized state (Pw = 0.3MPa) (He et al., 2026).

The intrusion of 0.3MPa pore water pressure significantly degrades the mechanical compe-
tence of the rock. The peak compressive strength declines from 55.94MPa to 45.69MPa repre-
senting an 18.3% reduction. Following the effective stress principle, the applied pore pressure
counteracts the confining pressure. This interaction reduces the effective normal stress on po-
tential failure planes and lowers the frictional resistance against shear sliding. Furthermore, the
elastic modulus decreases by approximately 19% from 22.5GPa to 18.2GPa. The softening in-
dicates that water infiltration weakens the intergranular clay cementation and lubricates the
grain boundaries. Additionally, the onset of dilatancy shifts from approximately 40MPa down
to 32MPa. This critical threshold marks the initiation of unstable microcrack propagation. Con-
sequently, the reduction significantly narrows the safe stress window for the rock mass under
hydromechanical coupling.

3.2. Deformation evolution under cyclic hydraulic loading

Based on the hysteresis loops (Fig. 4) and cumulative residual strain curves (Fig. 5), the axial
deformation under cyclic pore-water pressure exhibits three distinct, stress-dependent regimes:
1) Elastic shakedown regime (60% σsat, 27.41MPa): at this lower stress level, internal mi-
crocracks remain in a stable “breathing” state. The near-zero cumulative residual strain
confirms that a 0.3MPa hydraulic perturbation cannot overcome the frictional resistance
provided by the 2MPa confinement.

2) Plastic shakedown regime (70% σsat, 31.98MPa): deformation enters a self-limiting phase.
The initial rapid strain accumulation (due to internal pore compaction) transitions
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into a stable plateau (Fig. 5). The confining matrix effectively arrests subsequent crack
propagation, leading to decreasing hysteresis loop widths (Fig. 4) as the microstructure
stabilizes.

Fig. 4. Axial strain and water pressure hysteresis loops under different static axial stress levels: (a) com-
parative hysteresis loops; (b) 60% of saturated peak strength 27.41MPa; (c) 70% of saturated peak

strength 31.98MPa; (d) 80% of saturated peak strength 36.55MPa.

Fig. 5. Accumulation evolution of residual axial strain versus the number of pore-water pressure cycles.
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3) Ratcheting and acceleration regime (80% σsat, 36.55MPa): approaching the dilatancy
boundary, the rock transitions toward a runaway failure mode dominated by ratcheting.
Hysteresis loops progressively widen and shift continuously (Fig. 4). The residual strain
follows a classic three-stage fatigue trajectory, experiencing a sharp nonlinear accelera-
tion after a critical threshold (cycles 8–10), ultimately reaching over twice the magnitude
observed at the 60% stress level by the 12th cycle.
To facilitate a clear comparison, the key experimental parameters and corresponding de-

formation regimes under various static stress levels are quantitatively summarized in Table 1.

Table 1. Summary of hydromechanical test parameters and resultant deformation regimes.

Axial stress
level

Absolute
axial stress
[MPa]

Hydraulic
cyclic amplitude
[MPa]

Confining
pressure
[MPa]

Critical cycle
to acceleration

Dominant
deformation
regime

60% σsat 27.41 0↔0.3 2 N/A (stable) Elastic shakedown

70% σsat 31.98 0↔0.3 2 N/A (plateau) Plastic shakedown

80% σsat 36.55 0↔0.3 2 Cycles 8–10 Ratcheting

4. Energy dissipation characteristics

4.1. Calculation of energy components

Rock deformation under cyclic loading is thermodynamically an irreversible process involving
energy input, accumulation, and dissipation. Based on the principle of energy conservation, the
total input energy density (U) during a single loading-unloading cycle can be decomposed into
elastic strain energy density (U e) and dissipated energy density (Ud):

U = U e + Ud. (4.1)

As illustrated in Fig. 6, U corresponds to the area under the loading curve (area ABCF
= S1 + S2 + S3), representing the total work done by the external stress field. U e corresponds
to the area under the unloading curve (area EDCF = S2), representing the recoverable elastic
potential energy stored in the rock matrix. Consequently, the dissipated energy density Ud,
which accounts for irreversible damage (e.g., microcrack propagation and frictional sliding), is
calculated as the area of the hysteresis loop (area ABCDE = S1 + S3).
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Fig. 6. Schematic diagram illustrating the calculation of elastic energy density (Ue) and dissipated energy
density (Ud) from the hysteresis loop (Zhao et al., 2020).
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4.2. Evolution patterns of dissipated energy

The evolution of dissipated energy density (Ud) versus cycle number (Fig. 7) is strictly gov-
erned by the applied stress level, displaying a transition from two-stage to three-stage behavior:
1) Phase I: rapid adaptation (all stress levels): cycles 1–5 show a sudden drop in Ud due to
a hydromechanical compaction effect, where initial pore-pressure cycles close pre-existing
voids and stiffen the rock skeleton.

2) Phase II: stable dissipation (all stress levels): following initial decay, energy dissipation
stabilizes. For σ ≤ σsat, Ud remains low and constant, consumed purely by reversible
friction along closed crack surfaces without new macroscopic damage.

3) Phase III: accelerated damage (only for 80% σsat): after the 8th–10th cycle, the Ud curve
uniquely turns upward at the 80% stress level. This “U -shaped” surge indicates that
energy input now exceeds the frictional dissipation capacity, driving irreversible microcrack
coalescence and progressive fatigue failure.

Fig. 7. Evolution of dissipated energy density versus cycle number under different stress levels: (a) com-
parative evolution trends; (b) 60% of saturated peak strength (27.41MPa); (c) 70% of saturated peak

strength (31.98MPa); (d) 80% of saturated peak strength (36.55MPa).

5. Damage evolution model

5.1. Formulation of damage variable

To quantitatively characterize the hydromechanical deterioration of the saturated red sand-
stone, a damage variable (D) is established based on the accumulation of residual strain. Ac-
cording to the strain equivalence hypothesis in continuum damage mechanics (Lemaitre, 1996),
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the constitutive behavior of a damaged material can be represented by that of an undamaged
material subjected to an effective stress. This approach is conceptually similar to Kachanov’s
creep rupture theory (Kachanov, 1958), where damage accumulation is intrinsically linked to
the evolution of irreversible deformation. The damage variable D is typically defined as the
reduction in the effective load-bearing area, which macroscopically manifests as the degradation
of the elastic modulus:

E = E0(1−D), (5.1)

where E0 is the initial elastic modulus of the undamaged rock (E0 = 22.5GPa, derived from
the monotonic test), and E is the secant modulus of the damaged rock. Under cyclic pore-water
pressure loading, the total axial strain (εtotal) at the peak of each cycle consists of the initial
elastic strain of the rock matrix (εe0), and the cumulative irreversible strain (εr) resulting from
internal defect propagation:

εtotal = εe0 + εr. (5.2)

Assuming that the damaged material obeys the following constitutive relation, the total
strain can be expressed as:

εtotal =
σ

E
=

σ

E0(1−D)
. (5.3)

For the undamaged matrix, the initial elastic strain is given by:

εe0 =
σ

E0
. (5.4)

Substituting Eqs. (5.3) and (5.4) into Eq. (5.2) yields the relationship between residual strain
and damage:

εr =
σ

E0(1−D)
− σ

E0
=

σ

E0

(
1

1−D
− 1

)
. (5.5)

Solving forD, we derive a practical damage quantification formula expressed solely in terms of
experimentally measurable parameters (residual strain εr, peak stress σ, and initial modulus E0):

D =
εrE0

εrE0 + σ
. (5.6)

This result indicates that residual strain reflects the macroscopic manifestation of microscopic
void growth. When εr = 0, D = 0 (intact state); as εr → ∞, D → 1 (failure state).

5.2. Stress-dependent damage evolution laws

The evolution of the calculated damage variable D versus cycle number N is plotted in Fig. 8.
The damage trajectories reveal a distinct dependence on the applied stress ratio, demonstrating
that the extent of hydromechanical deterioration is strictly controlled by the proximity of the
axial stress to the rock’s yield strength.
1) Stable damage state (σ ≤ 60% σsat): at the stress level of 27.41MPa, the damage vari-
able remains nearly constant at a low baseline level (≈ 0.35) throughout the 20 cycles.
This stable plateau indicates that the hydraulic cycling at this intensity only induces
reversible elastic deformation without triggering new defects. The microcracks undergo
stable opening and closure (“breathing”) without propagation. This behavior represents
a “safe” hydromechanical state where the rock structure effectively accommodates the pore
pressure fluctuations.
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2) Self-limiting damage state (σ = 70% σsat): at the intermediate stress level of 31.98MPa, the
damage curve exhibits a “step-like” increase in the first 5 cycles, rising from 0.409 to 0.414,
before stabilizing. This distinct pattern suggests a self-limiting mechanism: the initial
hydraulic pulses trigger local micro-adjustments and the compaction of existing voids, but
the confining rock matrix provides sufficient constraint to arrest further crack extension.
Consequently, the damage accumulation saturates quickly after the initial adaptation,
preventing the development of macroscopic structural failure.

3) Runaway damage state (σ = 80% σsat): at the high stress level of 36.55MPa, the damage
evolution undergoes a fundamental shift, following a three-stage “fatigue-creep” pattern
similar to tertiary creep failure. It begins with a decelerating stage (N = 1−2) correspond-
ing to initial adaptation, followed by a steady stage (N = 2− 10) characterized by linear,
slow damage accumulation (from 0.46 to 0.465). Crucially, an accelerating stage emerges
after a critical threshold (N > 10), where the damage variable surges abruptly, surpassing
0.96. This sudden jump corresponds to the coalescence of distributed microcracks into
a macroscopic failure plane, confirming that 80% of the saturated strength serves as the
critical stress threshold for hydraulic fatigue failure.

Fig. 8. Evolution of the damage variable (D) derived from residual strain under cyclic hydraulic loading:
(a) comparative damage trajectories; (b) stable damage state (σ = 60% σsat); (c) self-limiting damage

state (σ = 70% σsat); (d) runaway damage state (σ = 80% σsat).

It is worth noting that the sudden surge in the damage variable D at the accelerating stage
(Fig. 8d) aligns perfectly with the “U -shaped” upturn of dissipated energy (Fig. 7d). This con-
sistency confirms that the derived damage model is physically grounded in the thermodynamic
irreversibility of microcrack evolution.
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5.3. Comparison with previous studies

The hydromechanical fatigue behavior observed in this study offers new insights distinct
from traditional water-weakening protocols. To highlight the unique contribution of the current
work, a comparison with existing research regarding loading paths and damage mechanisms is
as follows:
1) Contrast with monotonic water-weakening: while classic static studies on water-rock inter-
action typically report a 15%–30% continuous strength degradation over long-term soak-
ing for similar sandstones (Xuan et al., 2025), our coupled dynamic tests reveal a more
severe short-term degradation, recording an 18.3% peak strength reduction upon satura-
tion. More importantly, under monotonic loading, progressive damage only occurs with
increasing shear stress. In contrast, our cyclic tests demonstrate that an extremely low
dynamic fluctuation of merely 0.3MPa can drive failure under a constant shear stress,
provided the rock is held at the 80% (σsat) threshold. This dynamic pumping effect of
pore water induces fatigue damage far deeper than mere static soaking. Such a coupled
mechanism significantly alters the internal pore structure and permeability evolution typ-
ically observed in similar sandstones (Wang et al., 2024).

2) Distinction from high-pressure hydraulic fracturing: recent deep-earth engineering stud-
ies investigating cyclic hydraulic effects often utilize high-amplitude pressures exceeding
5MPa to initiate new fractures (Kendrick et al., 2024; Chang et al., 2022). The pore pres-
sure of 0.3MPa applied in our study is significantly lower than the 2MPa confinement,
rendering it physically incapable of inducing hydraulic fracturing independently. Our quan-
titative novelty lies in establishing that this low-amplitude perturbation lowers the effective
frictional resistance just enough to induce failure when the static stress is near the 70%–
80% dilatancy boundary, which differs fundamentally from high pressure dynamic loading
(Tan et al., 2025) or uniaxial cyclic fatigue (Bagde & Petroš, 2005). This low amplitude
fluctuation acts as a fatigue trigger rather than the primary cause of failure. It lowers the
effective frictional resistance just enough to facilitate continuous slippage when the rock is
already stressed near its dilatancy boundary.

3) Temporal difference from dry-wet cycling: while dry-wet cycling represents a well docu-
mented cause of reservoir bank deterioration (Yang et al., 2025), it constitutes a long-term
weathering process driven primarily by chemical dissolution and clay swelling over seasonal
scales. The fatigue damage observed in this study operates on a much shorter meso-scale
temporal domain. The rapid increase in dissipated energy and residual strain within just
twenty cycles at the 80% stress level demonstrates that intense hydraulic fluctuations
during rapid reservoir regulation events can induce acute structural damage. This spe-
cific failure mode aligns with fatigue characteristics under confining pressure (Faradonbeh
et al., 2022) and progressive failure mechanisms reported in recent hydromechanical cou-
pling studies (Huang et al., 2025). Nevertheless, it remains fundamentally different from
the slow deterioration associated with long-term weathering.

5.4. Hydromechanical fatigue mechanism

Based on the experimental data and theoretical analysis, the fatigue-like damage mechanism
is summarized in Fig. 9. The cyclic pore-water pressure acts as a “hydraulic wedge” that period-
ically reduces the effective normal stress on crack surfaces. When coupled with the lubricating
effect of water, this dynamic perturbation triggers a stress-dependent response: below the 70%
threshold, the microstructure undergoes reversible “breathing” (shakedown); whereas above the
80% threshold, the reduced frictional resistance fails to counteract the high shear stress, leading
to irreversible slip and progressive crack coalescence (ratcheting).
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Fig. 9. Schematic diagram of the hydromechanical fatigue damage mechanism and stress-dependent
threshold behaviors in saturated sandstone.

6. Conclusion

This study investigated the hydromechanical degradation and fatigue-like damage evolution
of saturated red sandstone under cyclic pore-water pressure. Based on the experimental results
and the derived damage model, the following conclusions are drawn:
1) The intrusion of a 0.3MPa pore water pressure significantly weakens the mechanical com-
petence of the red sandstone. The saturated rock exhibits an 18.3% reduction in peak
strength. This strength falls from 55.94MPa to 45.69MPa. The rock also shows a 19%
decline in elastic modulus compared to the dry state. This mechanical degradation stems
from the dual mechanisms of effective confining pressure reduction and the physical soften-
ing of intergranular cementation. These coupled processes advance the onset of dilatancy
and severely narrow the stable stress window of the rock mass.

2) The deformation response under cyclic hydraulic loading is strictly governed by the axial
stress level, revealing a distinct transition from stability to failure. Specifically, within
the stable domain below 32MPa, the rock exhibits an elastic shakedown behavior. This
state features stabilized damage following an initial hydromechanical adaptation. Such
behavior indicates that low amplitude hydraulic cycling induces only reversible structural
adjustments. Conversely, shifting to the unstable domain above 36MPa triggers runaway
damage accumulation. A critical fatigue life emerges at approximately 8–10 cycles. Beyond
this specific threshold, the residual strain and dissipated energy surge nonlinearly and
drive the rock toward accelerated fatigue failure.

3) A cumulative damage variable based on residual strain successfully quantifies the transition
from stable crack propagation to unstable coalescence. The underlying mechanism of this
hydraulic fatigue is inherently driven by the periodic fluctuation of effective stress. This dy-
namic fluctuation facilitates continuous frictional slippage along grain boundaries. These
findings demonstrate that a critical stress threshold representing 70% to 80% of the
saturated strength exists for reservoir bank slopes. Consequently, engineers evaluating
slope stability under seasonal water level fluctuations should ensure the macroscopic fac-
tor of safety exceeds 1.4. This conservative design margin guarantees that the rock mass
remains safely within the elastic shakedown domain and prevents sudden fatigue induced
landslides.
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This article presents a modal and nonlinear dynamic analysis of a twisted blade, highlighting the
influence of rotational speed on bending and torsional responses. An advanced finite element for-
mulation is developed, based on separating translational and rotational kinetic energies. The blade
is modeled using six-degree-of-freedom beam elements with non-uniform cross-sections, enabling
the accurate capture of geometric nonlinearities. Furthermore, the study incorporates the effect of
uncertainties in material properties on the dynamic response, combining Monte Carlo simulations
and a polynomial chaos approach. The results show that these uncertainties significantly influence
displacements, particularly at high rotational speeds, underscoring the importance of robust and
probabilistic modeling.
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1. Introduction

Rotating beams are key structural elements in many engineering applications, particularly in
aerospace and energy systems such as aircraft wings, helicopter rotors, and wind turbine blades
(Hodges & Rutkowski, 1981; Jureczko et al., 2005; Leissa et al., 1982). Their dynamic behavior
is strongly influenced by rotational speed, which significantly affects natural frequencies and
mode shapes (Kim et al., 2013; Park et al., 2010). As a result, accurate vibration analysis is
essential for reliable structural design.
Various modeling approaches have been proposed to investigate these systems. The finite

element method (FEM) remains the most widely used, enabling detailed evaluation of blade
dynamics under centrifugal, gravitational, and gyroscopic effects (Chung & Yoo, 2002; Hamdi
et al., 2014). Analytical formulations based on energy methods, particularly Hamilton’s principle,
have also been developed to describe different vibration modes of rotating beams (Kim et al.,
2013). In addition, parametric studies have highlighted the influence of key factors such as
rotational speed, tip mass, and geometric characteristics on the overall dynamic response (Lee
et al., 2004; Sheibani & Akbari, 2015).
Most early investigations rely on linear assumptions with small deflections (Zhang & Huang,

2011). However, such simplifications are no longer valid for modern large-scale wind turbine
blades, which exhibit significant geometric nonlinearities due to their flexibility. To overcome this
limitation, several nonlinear formulations have been introduced, although they often involve in-
creased computational cost (Palacios & Cesnik, 2009). Advanced approaches have been proposed

http://jtam.pl
http://jtam.pl
https://doi.org/10.15632/jtam-pl/226002
mailto:raniaphymaktouf@gmail.com
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to capture large deformation effects with good accuracy, including refined beam theories and non-
linear finite element models (Filippi et al., 2018; Moeenfard & Awtar, 2014; Pagani & Carrera,
2018; Yangui et al., 2018). These studies demonstrate the importance of centrifugal stiffening,
damping, and gyroscopic coupling in the dynamic response of rotating structures (Hamdi, 2025;
Maktouf et al., 2019).
Despite these advances, uncertainties are often neglected in blade modeling. In practice,

turbine blades are subject to variability in material properties, manufacturing processes, and
operating conditions. Probabilistic methods provide an appropriate framework to address this
issue. The Monte Carlo approach is widely used due to its simplicity, but it requires a high
computational cost (Ni et al., 2019). Alternatively, spectral methods such as polynomial chaos
expansion (PCE) offer an efficient way to represent uncertainty through orthogonal polynomial
bases (Askey & Wilson, 1985). These methods have been successfully applied to structural dy-
namics, sensitivity analysis, and inverse problems, providing accurate results with reduced com-
putational effort (Ni et al., 2019; Schwarz et al., 2024; Serra & Florentin, 2023). More recently,
PCE has been integrated into blade design to account for geometric imperfections and manu-
facturing variability, improving prediction robustness (Gao et al., 2019; Zhao et al., 2025).
In this context, the present study develops a finite element model of a wind turbine blade

to analyze its dynamic behavior under rotation while incorporating uncertainties in material
parameters. This combined deterministic-stochastic approach aims to enhance the accuracy and
reliability of performance predictions.

2. Numerical modeling and uncertainty

2.1. Blade modeling

The structural design of the turbine blade is illustrated in Fig. 1. The blade structure was
modeled using beam elements, each providing six-degrees-of-freedom per node.

Fig. 1. Wind turbine blade design.

The rotation axis R coincides with the z-axis of the absolute fixed system and Ωt presents
the angular position of the local system with respect to the stationary one.

2.2. Kinetic energy

Let {d} denote the motion vector with all blade’s degrees of freedom:

{d} = {u, v, w, α, β, γ}T . (2.1)

The translational displacements along the x-, y-, and z-axes are denoted by u, v, and w, while
α, β, and γ represent the corresponding rotations.
The angular velocity vector is defined as

{Ω} = {0 0 Ω}T . (2.2)
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The position vector of a point N in the local coordinate system R is

r = {x, y, z}T . (2.3)

Using the transformation matrix [tm], the position in the fixed frame R1 becomes:

rR1 = [tm]r =

cosΩt − sinΩt 0
sinΩt cosΩt 0

0 0 1


x
y
z

. (2.4)

2.2.1. Translational displacement kinetic energy

The translational motion of a representative point in the local system R, denoted by {utran}
and illustrated in Fig. 2a, is given by

{utran} = {u v w}t. (2.5)

Fig. 2. Blade displacement modes: (a) motion of translational mode; (b) motion of rotational mode.

The kinetic energy in the absolute system R1 is given by

T =
m

2
{ṙ}t{ṙ}, (2.6)

where the position vector of the locally displaced and globally rotating particle, expressed in the
fixed reference frame, is given as follows:

{r} = [tm]({r}+ {utran}). (2.7)

The velocity of the vector in Eq. (2.7), expressed in the fixed frame, can be written as follows:

{ṙ} = Ω[tm]({r}+ {utran}) + [tm]{u̇tran}. (2.8)

By employing the quantities defined in Eq. (2.8), the kinetic energy takes the following form:

T =
m

2
(Ω({r}t + {utran}t)[tm]t + {u̇tran}t[tm]t)(Ω[tm]({r}+ {utran}) + [tm]{u̇tran}). (2.9)

By collecting and arranging the terms, the expression of the kinetic energy of the translational
motion was obtained:

T =
m

2
(Ω2{r}t[J ][{r}] + 2Ω2{r}t[{J}]{utran})

+
m

2
(Ω2{utran}t[{J}]{utran}) + 2Ω{u̇tran}t[P ]t[r]

+ 2Ω{utran}t[P ]{u̇tran}+ {u̇tran}t[I]{u̇tran}), (2.10)
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where P denotes the product of the motion and velocity transformation matrix, while J denotes
the product of the matrix of velocity transformation and its transpose.

2.2.2. Rotational motion kinetic energy

The vector urot is defined as the rotational components of the particle along the three nodal
axes:

{urot} = {α β γ}t. (2.11)

As a result, the vector Aurot represents the particle’s rotational motion induced by the nodal
rotation, as illustrated in Fig. 2b.
The moments of inertia can be determined in several ways: by defining a concentrated mass,

by distributing the inertia across the finite element mesh among neighboring mass points, or as in
our case, by attaching six submasses to the node. This approach corresponds to a lumped-mass
approximation, in which the continuous inertia distribution within each element is concentrated
at the nodes, neglecting the distributed mass between them. This simplification preserves the
translational and rotational nodal inertia associated with the six-degrees-of-freedom and provides
a practical compromise between computational efficiency and accuracy for the lower vibration
modes considered in this study (Maktouf et al., 2019). In this context, we denote the total mass
at the node as m = 6m′. The corresponding inertia terms are then expressed as follows:

θx = 2m′(y′2 + z′
2
), θy = 2m′(x′2 + z′2), θz = 2m′(x′2 + y′2). (2.12)

Here, x′, y′, z′ denote the coordinates of the mass point. Considering a rotation about the
z-axis by an angle γ, this induces a transformation of the point’s position in the local system,
which is described as follows:

{r̃} =

cos γ − sin γ 0
sin γ cos γ 0
0 0 1

 {r}. (2.13)

A rotation about the x-axis by an angle α results in the following transformation:

{r̃} =

1 0 0
0 cosα − sinα
0 sinα cosα

 {r}. (2.14)

Finally, a rotation about the y-axis by an angle β yields the following transformation:

{r̃} =

 cosβ 0 sinβ
0 1 0

− sinβ 0 cosβ

 {r}. (2.15)

The combined transformation is obtained by multiplying the three preceding matrices and
can be expressed as follows:

{r̃} = ([I] + [Ã]){r}, (2.16)

where

[Ã] =

 0 −γ β
γ 0 −α
−β α 0

. (2.17)

The nodal rotations can be converted into nodal translations using the following relation:

{Aurot} = [A]{urot} = [A]{α, β, γ}T , (2.18)
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where

[A] =

 0 z′ −y′
−z′ 0 x′

y′ −x′ 0

. (2.19)

By applying Eqs. (2.6) and (2.7) for the rotational displacement, the position vector in the
fixed system can be expressed as follows:

{r} = [tm]{r}+ [tm][A]{urot}. (2.20)

By differentiating the preceding equation, the velocity can be expressed as

{ṙ} = Ω[tm]{r}+Ω[tm][A]{urot}+ [tm][A]{u̇rot}. (2.21)

Following the same procedure applied to translational displacement, the kinetic energy as-
sociated with rotational motion is given by:

T =
m

2
(Ω2{r}t[J ]{r}+ 2Ω2{r}t[J ][A]{urot}+ 2Ω{r}t[P ][A]{urot})

+
m

2
(Ω2{urot}t[A]t[J ][A]{urot}+ 2Ω{urot}t[A]t[P ][A]{urot})

+
m

2
({urot}t[A]t[I][A]{urot}). (2.22)

2.3. Equations governing motion

The stiffness matrix is obtained by integrating the deformation matrix [B] with the matrix
of elastic stiffness [E] (Batoz & Dhatt, 1990):

[Ke] =

�

V

[B]t[Ẽ][B], (2.23)

[Ẽ] =
E

(1 + ν)(1− 2ν)

(
D 0

0
1− 2ν

2
I3

)
, D =

1− ν ν ν
ν 1− ν ν
ν ν 1− ν

, (2.24)

where [Ẽ] denotes the elasticity matrix, E is the elastic modulus, [B] is the deformation ma-
trix, and ν is Poisson’s ratio. Applying Lagrange’s equation of motion to the kinetic energy of
translational motion yields:

d

dt

(
∂T

∂{u̇tran}

)
− ∂T

∂{utran}
= 0. (2.25)

Considering that [P ]t = −[P ], we obtain:

m[I]{ütran}+ 2Ωm[P ]{u̇tran} −Ω2m[I]{utran} = Ω2m[J ]{r}, (2.26)

where Ω2m[J ]{r} represents the centrifugal force. As shown in Eq. (2.28), this force depends on
the particle’s radial position and the rotational speed:

mΩ2[J ]{r} = {fctran}. (2.27)
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We introduce new matrices associated with the translational motion: [Mtran], [Ctran], and
[Ztran], which represent the element mass, gyroscopic, and centrifugal stiffness matrices, respec-
tively,

[Mtran] = m[I] =

m 0 0
0 m 0
0 0 m

, (2.28)

[Ctran] = m[P ] =

 0 −m 0
m 0 0
0 0 0

, (2.29)

[Ztran] = m[J ] =

m 0 0
0 m 0
0 0 0

. (2.30)

Considering only the kinetic energy associated with translational displacement, the matrix
equation of motion takes the form:

[Mtran]{ütran}+ 2Ω[Ctran]{u̇tran} −Ω2[Ztran]{utran} = {ftran}. (2.31)

Applying Lagrange’s equation of motion to the vector of rotation urot yields:

d

dt

(
∂T

∂{u̇rot}

)
− ∂T

∂{urot}
= [Mrot]{ürot}+2Ω[Crot]{u̇rot}−Ω2[Zrot]{urot} = {fcrot}, (2.32)

where [Mrot] is the mass matrix, [Zrot] is the centrifugal stiffness matrix, [Crot] is the gyroscopic
matrix, and {fcrot} is the centrifugal force vector:

[Mrot] =

θx 0 0
0 θy 0
0 0 θz

, (2.33)

[Crot] =


0 −1

2
(θx + θy − θz) 0

1

2
(θx + θy − θz) 0 0

0 0 0

, (2.34)

[Zrot] =

(θy − θz) 0 0
0 (θx − θz) 0
0 0 0

, (2.35)

{fcrot} = mΩ2{−z′y′ z′x′ 0}t. (2.36)

The blade displacement induces additional strain energy under rotation, resulting in a geo-
metric stiffness matrix as

[Kg] =

�

V

[G]t[σ][G]dV, (2.37)

where [G] is the matrix relating the nodal motions to their derivatives, and [g] is the stress
matrix expressed as

[g] =

[S] 0 0
0 [S] 0
0 0 [S]

, (2.38)
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where

[S] =

σx τxy τxz
τxy σy τyz
τxz τyz σz

. (2.39)

Finally, the nonlinear equation of motion can be expressed as

[M ]{q̈}+ [C]{q̇}+ ([KE ] + [KR] + [KG]){q} = {F}. (2.40)

Here, the global matrices [M ], [C], [KE ], [KR], [KG], and the force vector {F} are assembled
from the element matrices.
All were obtained by assembling the element matrices defined as follows:

[Me] =

[
[Mtran] 0

0 [Mrot]

]
, (2.41)

[Kr] = −Ω2

[
[Ztran] 0

0 [Zrot]

]
, (2.42)

[Ce] = 2Ω

[
[Ctran] 0

0 [Crot]

]
, (2.43)

{Fe} =

{
fctran
fcrot

}
. (2.44)

2.4. Uncertainty quantification methods

Uncertainty propagation is performed using both Monte Carlo simulation and generalized
polynomial chaos (GPC). Monte Carlo is used as a reference solution, while GPC is adopted for
its high computational efficiency.

2.4.1. Monte Carlo method

The Monte Carlo method estimates output statistics through random sampling of uncertain
inputs. For a model y = f(r), the expectation is approximated by

E[y] ≈ 1

N

N∑
i=1

f(ri), (2.45)

where ri is the independent sample andN denotes the number of realizations. Although accurate,
this method requires a large number of simulations, resulting in high computational cost.

2.4.2. Generalized polynomial chaos method

The GPC method represents the model response as a spectral expansion:

y(ξ) ≈
P∑

k=0

ckΦk(ξ), (2.46)

where P is the order of the expansion and Φk are orthogonal polynomials satisfying:

E[ΦiΦj ] = δij⟨Φ2
j ⟩. (2.47)

The polynomial basis is selected according to the Askey scheme (Askey & Wilson, 1985), such
as Hermite (Gaussian), Legendre (uniform), Laguerre (gamma), and Jacobi (beta). The GPC
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implementation adopted in this study is non-intrusive, treating the deterministic finite element
solver as a black box. The stochastic modes are determined by a regression-based least-squares
solution at Gauss–Legendre collocation points. The uncertain parameters E and Gt are modeled
as uniform random variables bounded within ±5% and ±20% of their nominal values, and the
Legendre polynomial basis is adopted consistent with the Askey scheme (Askey & Wilson, 1985).
A second-order expansion (p = 2) is retained, whose accuracy is confirmed by the excellent
agreement with the Monte Carlo reference solution across all investigated configurations (Fig. 6
to Fig. 8). Figure 3 illustrates the overall methodology used in this study.

Fig. 3. Flowchart used to study the wind turbine blade under uncertainty.

3. Numerical results

The numerical simulation carried out in MATLAB begins with the determination of the
displacement responses. The Monte Carlo and the polynomial chaos methods are then applied
to extract the average values of these responses, based on the standard deviations (SDs) of the
defined uncertain parameters. The blade material parameters are summarized in Table 1.

Table 1. Material parameters of the turbine blade.

Density ρ [Kg/m3] 2700

Young modulus E [N/m2] 6.9× 1010

Shear modulus Gt [N/m2] 2.7× 1010

Poisson’s ratio ν 0.33

3.1. Dynamic behavior of the deterministic model

The modal analysis is performed for the non-rotating case (Ω = 0), for which all rotation-
dependent matrices reduce to zero and the equation of motion reduces to the standard eigen-
value problem

(
[KE ]− ω2[M]

)
{φ} = {0}. The proposed finite element model was validated by

comparing the first five natural frequencies and their associated modal shapes with the results
obtained using ABAQUS V6.16. Quantitative validation is presented in Table 2, while Fig. 4
illustrates the corresponding eigenmodes. Good agreement is observed between the two mod-
els, with small relative differences, confirming the ability of the developed model to accurately
reproduce the dynamic behavior of the blade.

Table 2. Comparison of natural frequencies predicted by the present model and ABAQUS.

Mode Present model [Hz] ABAQUS [Hz] Error [%]

1 6.50 6.30 3.17

2 13.70 12.60 8.1

3 23.00 22.40 2.68

4 53.80 52.15 3.16

5 64.30 65.50 1.8
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(a) (b) (c)

(d) (e)

Fig. 4. Initial set of natural frequencies for the blade obtained using Abaqus software: (a) flapwise deflec-
tion (6.301Hz); (b) edgewise deflection (12.601Hz); (c) flapwise deflection (22.403Hz);

(d) flapwise deflection (52.146Hz); (e) edgewise deflection (65.547Hz).

Furthermore, the deterministic displacement responses at the blade tip are presented in Fig. 5
for the flapwise and edgewise directions. These results highlight the expected nonlinear effects on
the dynamic response and form the basis of the uncertainty analysis developed in the remain-
der of the study. Here, the blade tip displacement (DEP1, DEP2) refers to the stabilized tip
deflection value reached at equilibrium for a given rotational frequency, obtained from the deter-
ministic model, and constitutes the quantity propagated through the uncertainty quantification
framework.

Fig. 5. Tip blade displacement in flapwise (a) and edgwise (b) directions.

3.2. Probabilistic simulations of wind turbine blade

For the upcoming simulations, uncertainty quantification methods will be applied to assess
the system’s dynamic behavior under variations in the material parameters. During the design
process, several material variables may influence the system. In this study, Young’s modulus E
and the shear modulus Gt are uncertain with SDs equal to 5% and 20%, so as to evaluate
their impact on the dynamic response of the blade. The simulations follow the framework of the
uncertainty study shown in Section 3. In the first stage, uncertainty was introduced through
a single uncertainty parameter (uncoupled form) and after that a coupled form was studied in
order to show the effect of uncertainty in the blade displacements.
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3.2.1. Effect of Young’s modulus E

The first simulation focuses on the uncertainty of Young’s modulus E with an SD σE equal
to 5% and 20%.
Figure 6 shows the mean value and SD of the displacements in the flapwise (DEP1) and

edgewise (DEP2) directions, obtained using the Monte Carlo and GPC approaches for two levels
of uncertainty of Young’s modulus E: σE = 5% and 20%. Figure 6a and Fig. 6b show that the
mean values of the flapwise (DEP1) and edgewise (DEP2) displacements increase progressively
with the rotational frequency. Increasing σE from 5% to 20% induces only a slight variation in
the mean, indicating that uncertainties in E have a weak influence on the central tendency of the
blade’s dynamic behavior. The results obtained by the GPC method are in excellent agreement
with those from the Monte Carlo simulation, thus confirming the validity and accuracy of the
second-order polynomial expansion (p = 2) for estimating the mean response of the system.

Fig. 6. Mean value and SD of the displacement for DEP1 and DEP2
with σE = 5% and 20%.

In the case of the flapwise displacement (DEP1), the response remains positive and increases
with the frequency, reflecting increased deflection in the blade’s principal plane. Conversely, the
edgewise displacement (DEP2) is negative and decreases with frequency, which reflects a bending
opposite to the direction of rotation, dominated by inertial and aerodynamic forces.
The results highlight the sensitivity of the responses to uncertainties in Young’s modulus.

The increase in input variance (σE = 20%) strongly amplifies the SD of the displacements for
both deflection directions. This amplification is particularly pronounced at high frequencies,
emphasizing that the effects of material uncertainties become more significant in fast dynamic
regimes. The GPC curves faithfully reproduce the Monte Carlo results, while considerably reduc-
ing the computational cost, confirming the reliability of the polynomial probabilistic framework
for quantifying uncertainties in vibration responses DEP1 and DEP2 in the presence of E.

3.2.2. Effect of the shear modulus Gt

The next simulation focuses on the uncertainty in the shear modulus Gt, with the SD σGt set
to 5% and 20%. Figure 7 presents the evolution of the mean value and SD of the flapwise (DEP1)



Dynamic modeling of wind turbine blades under uncertainties... 241

Fig. 7. Mean value and SD of blade tip displacements (DEP1 and DEP2)
for σGt = 5% and 20%.

and edgewise (DEP2) displacements for the two uncertainty levels. The obtained results indicate
that the average displacements DEP1 and DEP2 remain virtually identical for both uncertainty
levels of Gt. Also, the GPC results perfectly reproduce those of the Monte Carlo simulation.
This superposition of the curves indicates that, unlike E, the variability of the shear modulus
Gt has little influence on the average value of the deflections in both directions.
From a physical perspective, this is explained by the fact that Gt primarily governs the

torsional stresses and shear deformations of the blade profile. Under the conditions considered
here, the flapwise and edgewise bending behavior is dominated by the contributions of Young’s
modulus E. Therefore, the perturbation of Gt only marginally affects the overall stiffness. Thus,
the average response of the blade remains essentially unchanged, whether the dispersion of Gt

is moderate (5%) or high (20%). The observed behavior reflects the weak coupling between
torsion and bending under the considered loading conditions. Specifically:
– the flapwise displacement (DEP1) depends primarily on the longitudinal bending stiffness
dominated by E;
– the edgewise displacement (DEP2), although influenced by shear effects, remains strongly
constrained by axial stiffness and inertial forces, limiting the direct effect of Gt.

3.2.3. Effect of coupled uncertainty

In this part, we study the effect of coupled uncertainty E + Gt in the response of the wind
turbine blade. Figure 8 shows the mean value and SD of the flapwise (DEP1) and edgewise
(DEP2) displacements for σE+Gt = 5% and 20%.
The results illustrated in Fig. 8 indicate that increasing the uncertainty level from 5% to

20% in both E and Gt has a limited effect on the mean displacements in both flapwise (DEP1)
and edgewise (DEP2) directions. This behavior highlights the relatively high structural stiffness
of the blade, for which moderate variations in material properties do not significantly alter the
average response.
Regarding variability, the SD increases proportionally with the uncertainty level, indicating

an almost linear propagation of input uncertainties. At low rotational frequencies, the response
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Fig. 8. Mean value and SD of blade tip displacements (DEP1 and DEP2)
for combined uncertainties σE+Gt = 5% and 20%.

remains nearly deterministic, whereas at higher frequencies, the variability is amplified due to in-
ertial effects. This amplification suggests that material uncertainties may play a more significant
role under dynamic operating conditions, potentially influencing long-term fatigue behavior.
Overall, the results demonstrate that while the mean response is weakly affected by material

variability, the dispersion of the dynamic response becomes more pronounced at higher excitation
levels, underlining the importance of uncertainty quantification for reliable blade design.

4. Conclusion

This article introduces a novel finite element model for rotating wind turbine blades, grounded
in beam theory and incorporating critical geometric nonlinearities often neglected in conventional
approaches. The blade motion equation was resolved by coupling the Newmark time-integration
procedure with a Newton–Raphson iterative algorithm to compute the displacement criterion
used for stability assessment, which allows the extraction of displacement responses. More-
over, flapwise and edgewise deflections on the tip of the blade have been obtained. A thorough
comparison between Monte Carlo simulation and GPC highlights their respective strengths
for quantifying material uncertainties: the robustness of Monte Carlo in the face of complex
distributions, offset by its slow convergence, versus the computational efficiency of GPC for
moderate-dimensional problems. For the adopted numerical settings (Monte Carlo with 1000
samples), the polynomial chaos approach required approximately 90 times less computational
time than the Monte Carlo simulation, while providing comparable estimates of the statistical
moments. This comparison reflects computational efficiency rather than a formal convergence-
rate analysis. In short, this study demonstrates the originality of a holistic integration between
nonlinear dynamics and probabilistic uncertainty quantification, essential for boosting the dura-
bility and performance of wind turbines. It provides new perspectives for offshore applications,
where the incorporation of nonlinearities associated with dynamic loads or extreme conditions
could further improve these predictions, motivating future research on AI-based real-time opti-
mization.
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This study investigates the free vibration modal frequencies of a metal-ceramic functionally
graded porous conical shell under thermal loading. Temperature-dependent material properties
and two porosity distribution patterns, namely uniform and non-uniform porosity distributions,
are considered. Based on the Sanders shell theory and the Rayleigh–Ritz method with Chebyshev
polynomials, the model is verified by FEM within 5.04% error. Parametric analysis shows that
temperature dominates at low wave numbers, while porosity governs at high wave numbers. In-
creasing the S-shaped volume fraction exponent raises frequencies and weakens thermal effects,
providing a theoretical basis for high-temperature engineering applications.
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1. Introduction

Functionally graded materials (FGMs) are advanced composites with continuous spatial vari-
ations in composition, microstructure and properties. Owing to their high heat resistance, high
strength, and lightweight characteristics, FGMs can effectively alleviate thermal-stress concen-
trations (Asemi & Jedari Salami, 2015; Kołakowski & Teter, 2016; Kalali et al., 2016; Pillai
& Rahaman, 2026; Ding & Li, 2008; Chumanov et al., 2015). Therefore, FGMs have broad
application prospects in aerospace and mechanical engineering.
Conical shells are widely used in aircraft fuselages, vessel propulsion systems, and other

load-bearing structures that often operate in complex multi-field coupled environments. Con-
sequently, the design and analysis of FGM conical shells have attracted considerable research
attention. As advanced composite structures, FGMs may contain internal defects such as pores
owing to limitations in manufacturing technologies. The presence of pores not only affects the
material’s acoustic properties and thermal conductivity but also influences its mechanical be-
havior. In recent years, a mounting number of scholars have commenced exploring the influence
of material porosity on the mechanical behavior of FGM shells. Grounded in the geometrically
nonlinear Kirchhoff–Love thin shell constitutive model, Feng and Hu (2026) examined the dy-
namic behavior of porous ferromagnetic FGM cylindrical shells under armature action. Within
the framework of the first-order shear deformation theory, Xue et al. (2023) explored the free
vibration behavior of porous FGM cylindrical panels and shells. Adopting the sinusoidal shear
deformation theory and the Rayleigh–Ritz method, Wang and Wu (2017) examined the free
vibration characteristics of FGM shells under different porosity distribution patterns. Applying
an innovative semi-analytical method, Li et al. (2019) explored the free vibration behavior of
porous FGM shells under arbitrary boundary conditions.
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FGMs have also received extensive attention in high-temperature engineering applications
since their initial proposal by Japanese researchers in the 1980s. Reddy (2000) analyzed the
bending and vibration of FGM plates under thermal loads using a higher-order shear deforma-
tion theory, considering the temperature-dependent nonlinear variation of material properties.
Matsunaga (2009) assessed the thermal buckling of FGM shells via a higher-order theory, em-
phasizing the coupling effect between boundary conditions and the gradient index. Concerning
dynamic feedback, Huang and Shen (2004) examined the impacts of thermal surroundings on
the nonlinear vibration characteristics of FGM shells. They discovered that temperature rise
generally leads to a decrease in natural frequency, though the gradient distribution can modu-
late this trend. Mallek et al. (2025) considered two distinct porosity distribution patterns and
conducted a comprehensive analysis on the porosity effects of porous FGMs.
Limited studies have addressed the free vibration of porous FGM conical shells under ther-

mal loading. Therefore, this study develops a semi-analytical model based on the Sanders shell
theory and the Rayleigh–Ritz method. Temperature-dependent material properties and differ-
ent porosity distributions are incorporated through the Voigt model to examine the effects of
thermal gradients, porosity, and material gradation on modal frequencies.

2. Geometry model

As depicted in Fig. 1, it is assumed that the boundary conditions at the endpoints of the
FGM conical shell are simulated by artificial springs. The geometric parameters of the conical
shell include: length L, thickness h, the radius of the small end is R1 and the radius of the
large end is R2, the semi-cone angle is a0. The material properties of the FGM conical shell
vary continuously and gradually only through the thickness, an inherent material characteristic
unchanged during vibration analysis. The outer surface of the conical shell is pure metal, and the
inner surface is pure ceramic. An orthogonal surface coordinate system (x, θ, z) is established
at the mid-surface of the conical shell, as shown in Fig. 1. The x, θ, z represent the axial,
circumferential and thickness direction, respectively. The displacement components in the x, θ,
and z directions of the coordinate system are represented by u, v, and w, respectively.

z,w
x,u

a0

h q,n
z,w

q
R1
R2L

k1
k2
k3

k4

Fig. 1. Geometric model and coordinate system of a porous FGM conical shell: x – axial direction,
θ – circumferential direction, z – thickness direction, R1 – small-end radius, R2 – large-end radius,

L – length, a0 – semi-cone angle.

The radius at any point on the shell’s mid-surface varies along the axial coordinate x (Wan
et al., 2025b):

R(x) = R1 + x sin (α0), 0 ≤ x ≤ L. (2.1)



Analysis of vibration characteristics of porous functionally graded conical shell... 247

3. Thermophysical properties of FGMs

Two typical porosity distributions along the thickness are considered: even porosity (model I)
and uneven porosity (model II), as illustrated in Fig. 2. Within the framework of the Voigt
model, the effective material property of FGMs with different pore distribution patterns is given
as follows (Wang et al., 2018):

P I
eff (x, z) = (Pm − Pc)Vm +

γ

2
(Pc + Pm),

P II
eff (x, z) = (Pm − Pc)Vm + Pc −

λ

2

(
1− 2

|z|
h

)
(Pc + Pm),

(3.1)

where P I
eff and P

II
eff denote the effective material property P of the FGMs for porosity models I

and II, respectively. In this study, P represents the effective elastic modulus Eeff , Poisson’s
ratio νeff , density ρeff , thermal expansion coefficient αeff , or thermal conductivity coefficient keff .
The parameter γ denotes the porosity volume fraction, Vm denotes the metal volume fraction,
and the subscripts c and m refer to ceramic and metal, respectively.

(a) (b)

Fig. 2. Pore distribution: (a) even porosity, (b) uneven porosity.

To realize a gradual and continuous evolution of internal stresses within FGMs, Chi and
Chung (2006) proposed a Sigmoid-type piecewise volume fraction:

V1m(z) = 1− 1

2

(
h/2− z

h/2

)N

, 0 ≤ z ≤ h/2,

V2m(z) =
1

2

(
h/2 + z

h/2

)N

, 0 ≤ z ≤ h/2,

(3.2)

where N is the volume-fraction exponent controlling the material gradation through the thick-
ness. The functions V1m(z) and V2m(z) denote the metal volume fractions in the upper half-
thickness interval (0 ≤ z ≤ h/2) and lower half-thickness interval (−h/2 ≤ z ≤ 0), respectively.
Considering the temperature dependence of the physical properties of FGMs, the material

parameters can be expressed as (Shen, 2012):

Pc,m = p0
(
p−1T

−1 + 1 + p1T + p2T
2 + p3T

3
)
, (3.3)

where Pc,m represents the thermal property parameters of the material; p0, p−1, p1, p2, p3 are
the temperature-sensitive characteristic coefficients of the material, with specific values as shown
in Table 1.
Under thermal conditions, a nonlinear temperature distribution is assumed through the thick-

ness of an FGM conical shell. The inner surface (z = −h/2) is at temperature Tc, and the outer
surface (z = h/2) is at Tm = 300K (ambient). In the stress-free state, the thickness-dependent
temperature rise T (z) is derived from the steady-state heat conduction equation and thermal
boundary conditions:

T (z) = Tc − Tcmξ(z, h),

− d
dz

[
keff(z)

dT
dz

]
= 0,

(3.4)
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Table 1. Temperature-dependent coefficients of ZrO2-SUS304 (Liu et al., 2017).

Properties Material p−1 p0 p1 p2 p3

ρ [kg ·m−3]
SUS304 0 8166 0 0 0

ZrO2 0 3657 0 0 0

E [GPa]
SUS304 0 201.04 3.079× 10−4 −6.534× 10−4 0

ZrO2 0 132.20 −3.805× 10−4 −6.127× 10−4 0

v
SUS304 0 0.3262 −2.002× 10−4 3.797× 10−4 0

ZrO2 0 0.3330 0 0 0

a [K−1]
SUS304 0 12.3× 10−6 8.086× 10−6 0 0

ZrO2 0 13.3× 10−6 −1.421× 10−3 9.549× 10−7 0

k [W/m ·K] SUS304 0 12.04 0 0 0

ZrO2 0 1.78 0 0 0

where Tcm = Tc−Tm represents the temperature difference across the inner and outer surfaces of
the shell. The solution form of the function ξ(z, h) was obtained by Wu (2004) as a polynomial
series:

ξ(z, h) =

2z + h

2h
+

5∑
i=1

−1

iN + 1

(
kcm
km

)i(2z + h

2h

)iN+1

1 +

5∑
i=1

[
(−1)i

iN + 1

(
kcm
km

)i
] , (3.5)

where kcm = kc−km, and kc and km denote the thermal conductivity coefficients of the ceramic
and metal, respectively.

4. Energy equation of an FGM conical shell

The Sanders shell theory is employed to derive the strain-displacement relations for an FGM
conical shell, with the following basic assumptions: (1) the straight normal to the shell mid-
surface remains straight after deformation but is not necessarily normal to it; (2) the transverse
normal stress is negligible; (3) in-plane strains and normal rotations are small; (4) the shell
thickness is much smaller than its characteristic dimensions.
Based on the Sanders shell theory, the relations between the in-plane strains and displacement

components of a conical shell can be derived as follows (Loy & Lam, 1997):

εx = ε1 − zε4, εθ = ε2 − zε5, εxθ = ε3 − 2zε6,

{ε1, ε2, ε3} =

{
∂u

∂x
,

1

R

(
∂v

∂θ
+ w

)
,
∂v

∂x
+

1

R

∂u

∂θ

}
,

{ε4, ε5} =

{
∂2w

∂x2
,

1

R2

(
∂2w

∂θ2
− ∂v

∂θ

)}
,

{2ε6} =

{
1

R

(
2∂2w

∂x∂θ
+

1

2R

∂u

∂θ
− 3

2

∂v

∂x

)}
,

(4.1)

where εx and εθ represent the normal strains in the x and θ directions, respectively; εxθ denotes
the shear strain within the xθ plane; ε1, ε2, and ε3 are the surface strain components of the
mid-surface; ε4, ε5, and ε6 represent the curvatures of the mid-surface.
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The stress-strain constitutive relation is formulated as
σx
σθ
σxθ

 =

 Q11 Q12 0
Q12 Q22 0
0 0 Q33


εx
εθ
εxθ

, (4.2)

where σx and σθ denote the normal stresses in the x and θ directions, respectively; σxθ is the shear
stress in the xθ plane; Qjk (j, k = 1, 2, 3) represents the reduced stiffness constants, defined as

Q11(s) = Q22(s) =
E1

eff(s)

1− v1eff(s)
, Q12(s) =

v1eff(s)E
1
eff(s)

1− v1eff(s)
,

Q33(s) =
E1

eff(s)

2(1 + v1eff(s))
, 0 ≤ z ≤ h/2,

Q11(s) = Q22(s) =
E2

eff(s)

1− v2eff(s)
, Q12(s) =

v2eff(s)E
2
eff(s)

1−
(
v2eff(s)

)2 ,
Q33(s) =

E2
eff(s)

2
[
1−

(
v2eff(s)

)2] , −h/2 ≤ z ≤ 0,

(4.3)

where s = 1 for 0 ≤ z ≤ h/2 and s = 2 for −h/2 ≤ z ≤ 0.
The resultant force and resultant moment acting on the FGM shell are

{N ,M} =



Nx

Nθ

Nxθ

Mx

Mθ

Mxθ


= {ε} [V] =



ε1
ε2
ε3
ε4
ε5
2ε6





A11 A12 0 −B11 −B12 0
A12 A22 0 −B12 −B22 0
0 0 A33 0 0 −B33

B11 B12 0 −D11 −D12 0
B12 B22 0 −D12 −D22 0
0 0 B33 0 0 −D33

, (4.4)

where Nx, Nθ, Nxθ are the in-plane resultant forces in the x, θ, and xθ directions, Mx, Mθ, Mxθ

are the resultant bending and torsion moments in the corresponding directions; {ε} denotes
the strain vector. The coefficients Ajk, Bjk, Djk (j, k = 1, 2, 3) are global, through-thickness
integrated stiffness coefficients representing extensional stiffness, extension-bending coupling
stiffness, and bending stiffness, respectively. These coefficients incorporate the effects of ma-
terial gradation, porosity distribution, and temperature-dependent material properties, with no
simplifications adopted in the derivation.
Based on the Sanders theory, the strain energy U and kinetic energy K of the FGM shell are

obtained as follows:

U =
1

2

L�

0

2π�

0

{ε}T [V] {ε}R dx dθ,

K =
1

2

l�

0

2π�

0

ρT

[(
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)2

+

(
∂v
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)2
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∂w
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)2
]
R dx dθ,

(4.5)

where ρT denotes the mass density per unit length, which is expressed as

ρT =

h/2�

0

ρ1eff(z) dz +

0�

−h/2

ρ2eff(z)dz. (4.6)
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The elastic strain energy stored in the boundary spring of an FGM shell is given by

V =
1

2

2π�

0

[
k1u

2 + k2v
2 + k3w

2 + k4

(
∂w

∂x

)2
]
x=0

R1(0)dθ

+
1

2

2π�

0

[
k1u

2 + k2v
2 + k3w

2 + k4

(
∂w

∂x

)2
]
x=L

R2(L) dθ,

(4.7)

where k1, k2, k3, and k4 represent the axial spring stiffness, circumferential spring stiffness, radial
spring stiffness, and rotational spring stiffness, respectively.

5. Characteristic equation of an FGM conical shell

The axial, circumferential, and radial displacements of the FGM conical shell are periodic
functions of the circumferential angle θ with a period of 2π, requiring simultaneous solution.
Consequently, the displacement fields are expressed in the form of trigonometric functions asso-
ciated with the circumferential modal number and the circumferential wave number

u(x, θ, t) = Un(x) cos (nθ + ωt),

v(x, θ, t) = Vn(x) sin (nθ + ωt),

w(x, θ, t) =Wn(x) cos (nθ + ωt),

(5.1)

where Un(x), Vn(x), and Wn(x) denote the mode functions at azimuthal wave number n, and
ω represents the modal frequencies. As documented in (Xu et al., 2024), Chebyshev polynomi-
als exhibit favorable convergence properties, thus permitting their expansion into different-order
modes

Un(x) =
M∑

m=0

AmTm(x),

Vn(x) =

M∑
m=0

BmTm(x),

Wn(x) =
M∑

m=0

CmTm(x),

(5.2)

where m denotes the axial wave number and n denotes the circumferential wave number; A, B,
and C are undetermined coefficients, and M is the truncation order. T (·) stands for the Cheby-
shev polynomial, whose specific expression is

T0(x) = 1, T1(x) = x,

Ta+1(x) = 2x · Ta(x)− Ta−1(x), a ≥ 1, a ∈ N+.
(5.3)

On the basis of the above energy expression, the energy model can be established as

Π = Umax + Vmax −Kmax, (5.4)

where subscript “max” denotes the maximum value of each energy term during one period of
harmonic vibration, which is a standard treatment in the Rayleigh–Ritz method for free vibration
analysis.
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By virtue of the Rayleigh–Ritz method, partial differentiation with respect to the undeter-
mined coefficients is performed to establish the vibration control equations

[
ω2M1 + 2M2 −K

]
U
V
W

 = 0, (5.5)

whereK,M1 andM2, denote the stiffness, inertial mass matrix and coupled mass matrix, respec-
tively. U , V , and W denote the undetermined coefficient vectors, with the specific expressions
given by

U = {U0, U1, U2, ..., UM}T ,

V = {V0, V1, V2, ..., VM}T ,

W = {W0,W1,W2, ...,WM}T .

(5.6)

6. Boundary conditions for an FGM conical shell

The boundary conditions at both ends of the conical shell are modeled by artificial springs
with stiffness coefficients k1 (axial), k2 (circumferential), k3 (radial), and k4 (rotational). Con-
ventional boundary conditions comprise free (F), clamped (C), and simply supported (S) ones.
The spring stiffness values are assigned in accordance with the settings given in Table 2 (Chen
et al., 2023).

Table 2. Artificial spring stiffness value.

Boundary conditions Free Clamped Simply supported

Spring stiffness value

k1 = 0 k1 = 1014 k1 = 0

k2 = 0 k2 = 1014 k2 = 1014

k3 = 0 k3 = 1014 k3 = 1014

k4 = 0 k4 = 1014 k4 = 0

7. Results and discussion

To facilitate subsequent analysis, the frequency is rendered dimensionless as given in Eq. (7.1)
(Wan et al., 2025a):

ω1 = ωR2

√
ρm(1− ν2m)/Em, (7.1)

where Em, νm, and ρm are all material properties of the metal.
Unless otherwise stated, the geometric parameters of the conical shell adopted in the numer-

ical analysis are defined as follows: h = 0.001m, R1 = 0.2m, R2 = 1.195m, L = 2m, a0 = 30◦.
The volume fraction exponent N = 1, temperature difference Tcm = 700K, and the axial wave
number m and circumferential wave number n are both 1.
Table 3 presents the variation in modal frequencies with circumferential and axial wave num-

bers for a pore-free FGM shell under clamped-free boundary conditions. The results demonstrate
that the modal frequencies computed from Eq. (5.5) are in close agreement with those obtained
from finite element analysis (FEM), with all discrepancies lying within an acceptable range. This
confirms the validity of the modal frequency equation for an FGM shell. FEM model validation
is conducted using ABAQUS 2022. A converged mesh of 0.02m is used, containing 12 000 ele-
ments and 15 600 nodes. Temperature-dependent ZrO2-SUS304 properties are applied, and two
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Table 3. Dimensionless modal frequencies of a conical shell with a C-F boundary.

(n,m) (1,2) (1,3) (1,4) (1,5)

Present 0.088 0.113 0.254 0.331

FEM 0.091 0.119 0.257 0.335

Error [%] 3.29 5.04 1.16 1.19

Modal shape

(n,m) (1,6) (1,7) (1,8) (1,9)

Present 0.453 0.512 0.622 0.735

FEM 0.460 0.524 0.635 0.741

Error [%] 1.52 2.29 2.04 0.81

Modal shape

porosity distributions are simulated via the Voigt model. Clamped-clamped boundary conditions
are imposed on both ends of the conical shell, matching the theoretical model.
Figure 3 shows the effect of temperature difference on the modal frequencies of an FGM shell

at different porosity volume fractions. For low-order modes with (m,n) < 3, global bending and
stretching dominate. Temperature reduces the FGM effective elastic modulus, decreasing struc-
tural stiffness and modal frequencies. For higher-order modes at (m,n) = 3, local deformation
prevails. Geometric constraints offset temperature effects, making its influence on modal fre-
quencies negligible. However, the influence of γ on modal frequencies increases as the vibration
wave numbers (m,n) grow. When Tcm is constant, the modal frequencies of FGMs increase with
increasing γ; when γ equals zero, the modal frequency of the pore model I conical shell equals
that of the pore model II conical shell; when γ is non-zero, the modal frequency of pore model I
is always greater than that of pore model II, whilst the rate of increase for pore model I modal
frequencies is also higher than that for pore model II modal frequencies, mainly due to its lower
effective mass density. As vibration theory indicates, frequency is inversely proportional to the
square root of mass. Although model II has a slightly higher elastic modulus, the effect of mass
reduction dominates, leading to higher frequencies for model I. The contribution of pore model I
voids to the modal frequencies increase due to mass reduction is greater than the contribution
of pore model II voids to the modal frequencies increase due to stiffness enhancement. The mass
reduction does not directly increase stiffness. Model I shows a remarkable decrease in mass with
a slight drop in stiffness. Model II presents a slight increase in stiffness with a minor decrease
in mass.
Figure 4 illustrates the effect of temperature difference on the modal frequencies of a porous

FGM shell for different volume fraction indices. The two porosity models show similar trends,
although the numerical values differ. When Tcm is small, the influence of N on the modal
frequencies is weak. As Tcm increases, the effect of N on modal frequencies becomes more pro-
nounced, especially for smaller values of N . The relationship between N and modal frequencies
is not strictly monotonic over the entire range examined. Among the values considered in this
study, the modal frequency decreases from N = 0 to N = 0.5 and then increases as N in-
creases from 0.5 to 10; therefore, N = 0.5 gives the minimum modal frequency in the present
parametric study. At N = 0, each plane perpendicular to the thickness direction contains 50%
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Fig. 3. Effect of temperature difference on dimensionless modal frequencies of an FGM shell at different
pore volume fractions (the dimensionless definition of ω1 is given in Eq. (7.1)): (a) even porosity; (b) un-

even porosity.

metal and 50% ceramic. As N increases beyond 0.5, the ceramic content near the inner high-
temperature surface increases while the metallic content near the outer surface also increases.
Because the ceramic phase has better thermal resistance than the metallic phase, increasing N
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Fig. 4. Effect of temperature difference on dimensionless modal frequencies of an FGM shell at different
volume fraction indexes: (a) even porosity; (b) uneven porosity.

beyond the minimum-frequencies point reduces the sensitivity of the conical shell stiffness to
the temperature difference. Accordingly, an S-shaped piecewise volume-fraction distribution with
an appropriately selected exponent can help reduce thermal sensitivity while retaining sufficient
metallic content for structural strength.

8. Conclusion

In this paper, the free vibration equations of a porous metal-ceramic functionally graded
conical shell were derived based on the Sanders thin-shell theory and the Rayleigh–Ritz method.
The variation trends of modal frequencies under thermal loading were then examined. The main
conclusions are summarized as follows:
1) At the same porosity volume fraction, pore model I yields a larger increase in modal
frequencies than pore model II within the considered parameter range, mainly because
model I produces a more significant reduction in effective mass density. Therefore, when
the primary design objective is to increase modal frequencies through mass reduction,
pore model I may be advantageous for the cases investigated in this study. However,
in engineering practice, the selection between the two porosity distributions should also
consider strength, stability, manufacturing feasibility, and other service requirements.

2) At low vibration wave numbers, the temperature difference has a more pronounced influ-
ence on the modal frequencies of an FGM shell than the porosity volume fraction, whereas
at high vibration wave numbers, porosity becomes the dominant factor. For the S-shaped
piecewise volume-fraction distribution considered in this study, the modal frequencies reach
their minimum at N = 0.5 among the examined volume-fraction exponents and then
increase as N increases from 0.5 to 10. Increasing the exponent beyond this minimum-
frequencies point can mitigate the influence of the temperature difference on shell stiffness
while maintaining metallic components that contribute to structural strength. This feature
is beneficial for long-term service in variable high-temperature thermal environments with
an arbitrary inner-surface temperature.

3) The present theoretical model does not include thermal stress and its coupling effect
on modal frequencies. Future work will establish a thermo-mechanical coupling dynamic
model to evaluate the effect of thermal stress and thereby improve prediction accuracy
and applicability.
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The fatigue response of additively manufactured maraging steel MS1 produced by laser powder
bed fusion (LPBF) was experimentally investigated. Uniaxial tension-compression fatigue tests were
conducted at cycle asymmetry ratios R = −1, −0.5, and 0 to assess the influence of mean stress on
fatigue life. The results demonstrated a pronounced effect of the stress ratio on fatigue performance.
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1. Introduction

The additive manufacturing (AM) is a process based on the successive joining layer-by-layer
of the material without the need for additional tooling or machining operations. Among AM
techniques, selective laser melting (SLM) is one of the most widely used methods for metallic
materials. In SLM, metal powder is selectively melted by a high-power laser according to CAD-
generated cross sections, enabling the production of complex geometries with applications in
aerospace, automotive, medical and defense industries (Croccolo et al., 2018). Compared with
conventional subtractive manufacturing, AM shortens supply chains, reduces material waste
and allows greater design flexibility. However, the process is also associated with high energy
consumption and challenges in controlling material properties and dimensional tolerances (Fra-
zier, 2014; Afkhami et al., 2019). Current literature on AM materials mainly focuses on the
influence of process parameters, build orientation and post-processing treatments on mechanical
properties (Croccolo et al., 2018).
In industrial applications, maraging steel 300 (18Ni300, MS1) has attracted considerable at-

tention due to its high strength, good ductility, weldability, and excellent fatigue resistance. MS1
is a low-carbon Fe-Ni martensitic steel strengthened by precipitation hardening. Owing to its
very low carbon content, the alloy exhibits good machinability and weldability making it suit-
able for AM technologies and tooling, aerospace, marine, military, and automotive engineering
applications. Despite its promising properties, the fatigue behaviour of additively manufactured
MS1 steel still requires further investigation (Raju & Rosen, 2021; Cyr et al., 2018; Solberg
et al., 2021).
A number of studies on 18Ni300 have demonstrated that the fatigue performance of AM

maraging steel strongly depends on post-processing and manufacturing conditions. Cyr et al.
(2018) showed significant anisotropy of mechanical properties caused by build orientation, while
Rigon et al. (2018) reported that specimens built at 0◦ exhibited fatigue strengths that were 45%
to 60% higher than those oriented at 90◦. Similar anisotropic behaviour and lower fatigue

http://jtam.pl
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strength compared with conventionally manufactured materials were observed by Damon et al.
(2019). In contrast, Meneghetti et al. (2017) found no significant influence of orientation on
tensile properties or fatigue behaviour in both as-built and aged conditions. Solberg et al. (2021)
demonstrated that specimens fabricated closer to vertical orientation achieved longer fatigue life
than horizontally oriented built samples. Similar work by Cerezo et al. (2024) showed that build
orientation and defect morphology significantly affected crack propagation behaviour, with larger
pores promoting faster crack growth.
Other studies also emphasized the importance of post-processing operations. Croccolo et al.

(2018) reported that machining combined with heat treatment significantly improved fatigue
strength, whereas heat treatment alone had little effect. Raju and Rosen (2021) similarly ob-
served that aging treatment improved fatigue life, although machining produced the greatest
enhancements. Yang et al. (2026) reported that solution-aging treatment improved mechanical
properties through precipitation strengthening and microstructural refinement, while dos Santos
Silva et al. (2026) demonstrated a substantial increase in tensile strength after heat treatment,
accompanied by reduced ductility. Zhao et al. (2024) compared additively manufactured and
cast material of 18Ni300 maraging steel and observed superior strength and plasticity of AM
specimens due to their refined microstructure. The influence of processing parameters was also
highlighted by Jose and Mishra (2026), who observed improved fatigue life for specimens pro-
duced using a stripe scanning strategy and further enhancements after heat treatment.
Investigations by Branco et al. (2021) and Karolczuk et al. (2024) indicated that surface

and subsurface defects, particularly unmelted regions generated during the AM process, play
a dominant role in crack initiation and fatigue damage. Under variable-amplitude loading,
Marciniak et al. (2024) observed cyclic softening and identified surface and near-surface de-
fects as the primary crack initiation sites. Investigation by Macek et al. (2024) linked fatigue
life to fracture-surface topography and demonstrated that incorporating roughness parameters
improved fatigue-life predictions. Karolczuk and Kurek (2025) reported that mean stress and
surface topography play a significant role in fatigue damage accumulation and life prediction.
Just as research into the influence of the structure of additively manufactured materials

on their strength is important, understanding the material response under various loading con-
ditions is equally important. It is crucial for industries utilizing these modern manufacturing
techniques to obtain information on the validation of the methods and algorithms used to design
structural components with regard to additively manufactured materials. Do damage accumula-
tion processes in such materials follow the mechanisms known from conventionally manufactured
materials?
Although numerous investigations have addressed the effects of build orientation, heat treat-

ment, manufacturing parameters and defect characteristics on the fatigue behaviour of LPBF-
manufactured 18Ni300 maraging steel, the available literature remains focused primarily on
constant-amplitude fatigue under a single stress ratio (R = −1). To the best of the authors’
knowledge, systematic S-N characteristics covering different cycle asymmetry ratios for the as-
built state of specimens are not available. Moreover, studies investigating the combined influence
of the mean stress, cycle asymmetry and variable-amplitude block loading on the fatigue be-
haviour of LPBF-manufactured 18Ni300 are scarce. In particular, experimental verification of
fatigue damage accumulation under low-high (Lo-Hi) and high-low (Hi-Lo) loading sequences, to-
gether with the evaluation of mean stress sensitivity and the applicability of commonly used mean
stress correction models, has not yet been comprehensively reported for the examined material.
Therefore, the present study provides a comprehensive experimental investigation of the fa-

tigue behaviour of LPBF-manufactured 18Ni300 maraging steel under different cycle asymmetry
ratios (R = −1, −0.5, and 0). Firstly, preliminary constant-amplitude fatigue tests were per-
formed to establish complete S-N characteristics for each loading condition. Based on these
results, the material sensitivity factor to cycle asymmetry was determined and the applicability
of the Smith–Watson–Topper (SWT) mean stress correction model was evaluated. Furthermore,



Fatigue damage process investigation of 18Ni300 steel specimens manufactured by LPBF method 259

two-stage Lo-Hi and Hi-Lo block-loading experiments were carried out to investigate fatigue
damage accumulation under variable-amplitude loading. The analysis was complemented by
tensile tests and hysteresis loop measurements, providing additional insight into the cycle de-
formation behaviour of the material. The obtained results provide an experimental dataset
that is currently unavailable or insufficient in the literature for the fatigue behaviour of LPBF-
manufactured 18Ni300 maraging steel in the as-built condition under different cycle asymmetry
ratios and block-loading sequences. The study contributes to a better understanding of mean
stress effects and fatigue damage accumulation.

2. Mean stress and calculation models

Programmed fatigue tests enable the reproduction of service loading conditions of structures
and devices under laboratory conditions by applying selected cyclic loads. Loading histories may
include variable amplitudes and mean stress values defined by the cycle asymmetry ratio R.
Mean stress is an important factor affecting fatigue behaviour. It influences the maximum per-
missible stress amplitude. In engineering structures, mean stress often results from self-weight
or operational tasks such as material transport and therefore should be considered in fatigue
analyses (Pawliczek, 2005; Chiou & Yip, 2003). To evaluate fatigue life of 18Ni300 under dif-
ferent stress ratios, Solberg et al. (2021) investigated the influence of build orientation on the
fatigue performance on LPBF-manufactured 18Ni300 maraging steel, fabricated in ten different
orientations (from 0◦ to 135◦ in 15◦ increments). Specimens were aged at 500 ◦C for 5 h before
removal from the build platform. All specimen surfaces were machined except for one surface
that remained in the as-built condition. The authors performed fatigue tests under a stress ratio
of R = 0 at a loading frequency of 30Hz using a constant stress level of approximately 500MPa,
corresponding to a fatigue life of approximately 1 · 105 cycles. To enable comparison with fatigue
data reported in the literature under fully reversed loading (R = −1), the authors applied the
SWT mean stress correction model, which is as follows:

σar = σmax

√
1−R

2
, (2.1)

where σar is the stress amplitude at R = −1, and σmax is the maximum stress during the load
cycle at the given value of R.
The corrected fatigue data showed good agreement with the available results obtained un-

der R = −1, thus confirming the applicability of the SWT approach for comparing fatigue
performance under different stress ratios.
An important aspect of fatigue analysis is the assessment of the influence of the load sequence

and stress level on damage accumulation. A commonly used approach is block-loading, usually
divided into two stages with significantly different stress amplitudes. In two-step loading tests,
referred to as Lo-Hi and Hi-Lo sequences, the material is first subjected to either low or high
stress amplitudes and then loaded at the opposite level in the second stage. The first block is
typically specified by the number of cycles n1 at stress amplitude σ1, while the second block
is applied at stress amplitude σ2 until failure. The presence of mean stress during such tests
strongly affects damage accumulation and may lead to significant differences in fatigue life
between applied sequences. Among available cumulative damage models, the Palmgren–Miner
linear damage rule (LDR) was adopted due to its extensive use in fatigue engineering and its role
as a reference model for evaluating sequence effects under variable loading conditions. Its ap-
plication enables direct comparison between the experimentally observed damage accumulation
and the predictions based on linear summation of fatigue damage. The linear damage rule is
expressed as

D =
n∑

i=1

ni
Ni
, (2.2)
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where D is the degree of damage, ni is the number of applied cycles at a given stress amplitude,
Ni is the number of cycles to failure at the same stress amplitude.
According to this model, the total damage under ideal conditions should equal 1. How-

ever, under two-step loading, Lo-Hi sequences generally produce damage values greater than 1,
whereas the Hi-Lo loading path results in damage values below 1 (Pawliczek, 2014; 2018).
In the present study, the classical, historically oldest model is used to generate the basic

S-N curves (Murakami et al., 2021). This model was employed by the same research group to
describe MS1 material in studies (Croccolo et al., 2018). Fatigue curves can be expressed using
logarithmic or power functions, as in Eq. (2.3) or Eq. (2.4). The stress amplitude is determined
as follows:

log (N) = b+ a · log (σ), (2.3)

σ = 10b/a ·N1/a, (2.4)

where N denotes the number of cycles, a and b are the equation parameters, and σ is the stress
amplitude.

3. Material

Specimens for fatigue tests were manufactured using EOS MS1 maraging steel powder (Eu-
ropean 1.2709), in accordance with the geometry shown in Fig. 1 and in compliance with the
recommendations of the standard ASTM International (2021). The specimens were produced
by the laser powder bed fusion (LPBF) process using the EOS M280 system in a nitrogen at-
mosphere. The specimens were built along the Z-axis on a platform preheated to 40 ◦C. Default
process parameters for LPBF, supplied by EOS, were applied: laser beam power 285W, scan
speed 960mm/s, layer thickness 40µm and scan rotation 67◦. The manufactured specimens were
cleaned by micro-blasting using glass beads with a diameter of 90µm to 150µm at a low flow
pressure of 300 kPa (Blast 2 Softline K1 device, FerroECOBlast) without any further machining.
Figure 2 presents the tensile test curves obtained for two specimens. The force–elongation (F–
∆L) curve is linear, and after reaching the maximum value of load, there is a large increase in
deformation with decreasing load. This indicates that the material has high elasticity. Mechani-
cal parameters of 18Ni300 maraging steel are contained in Table 1. For the maximum force, the
registered elongation was 0.588mm. The axial stiffness of specimen is k ≈ 206 kN/mm. Vickers
hardness measurements yielded a mean value of 371 ±5HV5. The measured hardness of the
specimens is consistent with the range reported for additively manufactured 18Ni300 maraging
steel in the as-built condition. The scatter of the results confirms good material homogeneity.

(a) (b)
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4

80

∅
6

 
Fig. 1. (a) Specimen geometry; (b) view of the fusion line of successive layers.

In (Karolczuk et al., 2024), fatigue tests were carried out using specimens produced from
the same powder and manufactured using the same LPBF process. To determine the actual
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Fig. 2. Tensile test chart of MS1 material.

Table 1. Mechanical parameters of MS1.

Maximum force
Fm [kN]

Young’s modulus
E [GPa]

Yield strength
Rp02 [MPa]

Ultimate strength
Rm [MPa]

Elongation at fracture
[% ]

14.403 168 656.55 1205.70 26.67

chemical composition of the investigated material, the elemental contents were measured using
an optical emission spectrometer (S3 MiniLab 300) on specimens aged at 490 ◦C. The reported
values represent the mean of six measurements together with the corresponding 95% confidence
intervals and are presented in Table 2 alongside the nominal chemical composition provided
by the powder supplier. The same study also includes images of the powder morphology and
particle size distribution.

Table 2. Chemical composition of MS1 (wt.%) based on data reported by Karolczuk et al. (2024), ac-
cording to information provided by supplier and from the measurements using an optical emission spec-

trometer.

Ni Mo Co Ti Al Cr Si Mn C Fe

Supplier 17–19 4.5–5.2 8.5–9.5 0.6–0.8 0.05–0.15 0–0.5 0–0.1 0–0.1 0–0.03 Balance

Spectrometer 17.6
±0.2

5.4
±0.0

8.7
±0.2

0.6
±0.0

0.07
±0.01

0.05
±0.02

0.09
±0.01

0.2
±0.0

0.01
±0.0 Balance

The surface topography of the as-built specimens was characterized using a surface pro-
filometer Alicona InfiniteFocus G4. After scanning the sample surface, the software generated
a graph of the sample’s topography and a roughness profile over a 4.5mm measurement sec-
tion. The program then divided the profile into 5 segments, each 0.8µm long, where for each
segment the distance between the maximum peak and the deepest valley was determined, and
finally the arithmetic mean of these five segment measurements was calculated as the Rz param-
eter and arithmetic mean roughness Ra parameter, defined as the arithmetic mean deviation
of the roughness profile from the mean value of the measurement section. The measured pa-
rameters were 19.21µm and 3.40µm, respectively. Representative surface topography and the
corresponding roughness profile are presented in Fig. 3 and Fig. 4. The results confirm the rel-
atively rough surface typical of LPBF-manufactured specimens in the as-built condition, which
may promote stress concentration and facilitate fatigue crack initiation.
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Fig. 3. Surface topography of the as-built specimen.

Fig. 4. Roughness profile (S-L) of as-built specimen of 18Ni300 maraging steel.

4. Methodology

For fatigue tests on specimens shown in Fig. 1, an Instron Electropuls E10000 testing system
with a maximum load capacity of 10 kN was used, equipped with dedicated control software.
Uniaxial tension-compression tests controlled by force/load at a frequency of ∼5Hz were per-
formed under sinusoidal loading with constant amplitude for the cycle asymmetry ratio R = −1,
and under sinusoidal loading with constant amplitude including mean load values for R = −0.5
and R = 0. The load (force) during the test was applied as parallel to the build direction of
samples. With changes in the R ratio according to Eqs. (4.1) and (4.2), the contribution of mean
stress is as follows: σm = 0 for R = −1; σm = 1/3σa for R = −0.5; σm = σa for R = 0:

R =
σmin

σmax
, (4.1)

σa =
σmax − σmin

2
, σm =

σmax + σmin

2
, (4.2)

where σmax is the maximum stress amplitude and σmin is the minimal stress amplitude.
For low-cycle fatigue (LCF) tests, the selected ranges of stress amplitude σa for R = −1 were

between 600MPa and 1000MPa. With an increase in the cycle asymmetry ratio to R = −0.5,
the maximum stress range σmax was 588MPa to 718MPa. For R = 0, σmax was 538MPa to
718MPa. It should be noted that the maximum stresses described in this paper are defined as
nominal values and are used solely to describe the loads. Results of the preliminary fatigue tests
on LPBF-manufactured samples of 18Ni300 maraging steel, designed to determine S-N curves,
are presented in Table 3.
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Table 3. Results of the preliminary fatigue tests for different cycle asymmetry ratios.

Cycle asymmetry ratio σa [MPa] σm [MPa] σmax [MPa] Nexp [cycle]

600 – 600 18235

650 – 650 10424

675 – 675 9134

R = −1 700 – 700 5499

800 – 800 4367

900 – 900 2156

1000 – 1000 376

R = −0.5

539 180 718 13324

441 147 588 22041

490 163 653 15271

539 180 718 11291

441 147 588 39187

490 163 653 21139

326 326 654 48592

302 302 604 49197

R = 0 359 359 718 29060

269 269 538 68442

359 359 718 28012

Two-step block fatigue tests were also carried out using the Instron Electropuls E10000
testing system. The block loading tension-compression tests were force/load controlled at a fre-
quency of ∼5Hz. The load ranges were selected based on the results of fatigue tests and the S-N
curve equations shown in Fig. 7. Using the obtained equations, theoretical numbers of cycles to
failure N were determined for specific stress amplitude values σa. Tests consisted of selecting
appropriate loads for Hi-Lo and Lo-Hi experiments so that, in the first block (Hi- or Lo-), the
specimen was subjected to tension-compression for a specified number of cycles, ranging from
20% to 60% of the theoretical fatigue life N1 for the given stress amplitude σa1, with correspond-
ing mean stress σm1. After completing the required number of cycles under the first block load,
the stress amplitude and mean stress values were changed to those of the second block (σa2, σm2)
corresponding to -Hi or -Lo. The tests were concluded when the specimen fractured or when the
stiffness of the system was lost. Figure 5 presents the loading paths used in the experiments for
different cycle asymmetry ratios. The approach for sequence tests is schematically presented in
Fig. 6.

R = -1
Low block

sa = 600 [MPa]
N = 14122 [cycle]

High block
sa = 675 [MPa]
N = 7640 [cycle]

R = -0.5
Low block

sa = 490 [MPa]
sm = 163 [MPa]

N = 18362 [cycle]
High block

sa = 539 [MPa]
sm = 179 [MPa]

N = 12118 [cycle]

R = 0
Low block

sa = 359 [MPa]
sm = 359 [MPa]

N = 30199 [cycle]
High block

sa = 384 [MPa]
sm = 384 [MPa]

N = 24785 [cycle]

Fig. 5. Loading path for two-stage block sequences.
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(a) (b)
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Stress [MPa]

N [cycles]

n1= (0.2;0.4;0.6)·N1 n2 !	failure

s1+sm1

s2+sm2

s2+sm2

s1+sm1

Stress [MPa]

n2 !	failuren1= (0.2;0.4;0.6)·N1

Low block Low block

High blockHigh block

Fig. 6. Experimental campaign: (a) Lo-Hi sequence; (b) Hi-Lo sequence.

5. Fatigue characteristics

From the uniaxial tensile fatigue tests conducted in the LCF regime, the fatigue lives obtained
for loads without mean stress are generally consistent with the experimental results reported in
(Raju & Rosen, 2021; Rigon et al., 2018; Branco et al., 2021; Meneghetti et al., 2019). For fatigue
tests carried out under mean stress conditions, the results reported in the literature typically
concern specimens tested at a cycle asymmetry ratio of R = 0. Additionally, the specimens used
in these studies were subjected to further treatments, such as heat treatment in the form of aging
at 490 ◦C (Solberg et al., 2021; Frazier, 2014). On the other hand, fatigue tests for R = −0.5
are uncommon. Therefore, in both cases R = 0 and R = −0.5, for untreated material, there is
no direct point of reference.

S-N curves and equations for different cycle asymmetry ratios in LCF are shown in Fig. 7.
As can be observed, at higher stress amplitudes, the fatigue lives for R = −1 and R = −0.5 are
similar, while for R = 0, the values are only slightly higher. As the stress amplitude decreases for
R = −1, the number of cycles to failure also decreases, achieving the longest fatigue lives at the
lowest amplitudes compared to the other curves. For R = −0.5, the number of cycles increases as
the amplitude decreases, but to a lesser extent than for R = −1. The greatest differences occur

Fig. 7. S-N curves for additively manufactured MS1 maraging steel.
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at R = 0. Up to about 800Mpa to 900MPa amplitude, the fatigue lives obtained at R = 0 are
higher than those for R = −0.5 and R = −1. When the amplitude drops below this range, fatigue
lives for R = −1 become higher than for R = 0, while those for R = −0.5 remain lower. Only at
a stress amplitude of ∼600MPa, the fatigue lives for R = 0 become lower than for R = −0.5.
At the lowest stress amplitude, the fatigue lives for R = 0 are the smallest compared to the
other two. In general, fatigue life increased with decreasing maximum stress amplitude. Among
all tested conditions the lowest fatigue lives were recorded for fully reversed loading (R = −1).
Introducing a positive mean stress component for R = −0.5, where σm = 1

3σa, resulted in longer
fatigue lives despite comparable stress amplitudes. The highest fatigue resistance was obtained
for R = 0, indicating a strong influence of the stress ratio and mean stress on the fatigue
performance of the material.
The hysteresis loops were determined on the actuator displacement recorded by the Instron

Electropuls 10000 testing machine. From the hysteresis loops (Fig. 8) in the stress–displacement
system, it should be noted that they are narrow, suggesting minor plastic deformations in the
tested material or even an elastic state of deformations. It is also worth noting that at a large
number of cycles (towards the end of fatigue life), a slight shift of the loop towards strain is
observed, which may suggest the occurrence of creep phenomena. This effect is most evident in
tests conducted at R = 0, and is caused by the presence of significant mean stress. In contrast,
for tests without mean stress, the hysteresis loops for the three selected measurement points
exhibited almost identical shapes, with only slight differences in the initial portions.

Fig. 8. Hysteresis loops: (a) R = −1, σa = 600MPa; (b) R = 0, σa = 269MPa.

6. Stress ratio factor approach

Gasiak and Pawliczek (2003) proposed a model for determining the material sensitivity factor
to cycle asymmetry ψ, as a function of the number of cycles to failure, based on experimental
fatigue test results. The proposed model is based on the Haigh diagram and on a simplified
linear relationship between the stress amplitude σa and the mean stress σm. For the limiting
amplitudes of stresses, the following expression is adopted:

∆σ = ∆σ−1 − 2ψσσm, (6.1)

ψσ(N) =
2∆σ−1(N)− σ0(N)

σ0(N)
, (6.2)

where ψσ(N) is the material sensitivity factor to cycle asymmetry for a given number of cycles
to failure, ∆σ−1(N) is the stress amplitude under cyclic bending/tension at the number of
cycles to failure, σ0(N) is the maximum stress under pulsating cycles in bending/tension for
a given number of cycles to failure.



266 R. Pawliczek, C. Skóra

To evaluate the effect of cycle asymmetry on changes in the S-N characteristics for differ-
ent cycle asymmetry ratios (as presented in Fig. 7), three fatigue life ranges of 2 · 104, 4 · 104,
6 · 104 cycles to failure were selected. Using equations of S-N curves determined from experimen-
tal results, stress amplitude values were determined for these fatigue ranges. Figure 9 presents
the results, together with equations of the curves for the given stress ratios. The calculated the-
oretical fatigue points largely overlap with the linear regression curves, and the equations of
the curves shown in Fig. 9 are nearly identical to those presented in Fig. 7.

Fig. 9. Fatigue life N versus estimated stress amplitude for the assumed fatigue lives.

Figure 10 shows the relationship between the normalized mean stress (σm/Rm) and the
normalized stress amplitude (σa/σAT ), where σAT is a substitute amplitude value calculated
based on the applied model, using previously determined points presented in Fig. 9. A comparison
of the points corresponding to different values of the cycle asymmetry ratio R indicates that
the SWT parameter (Eq. (2.1)) predicts slightly lower values of amplitudes compared to the

a

Fig. 10. Normalized Haigh diagram.
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material sensitivity factor to cycle asymmetry ψ approach (Eq. (6.1)). The SWT parameter
shows good correlation with the regression curves. Equation (6.1) is a linear model, and for
cycle asymmetry ratios R = −0.5 and R = −1 shows weak correlation with the regression
line. The best correlation is observed for the highest values of maximal stress amplitudes for
R = 0. The differences between the SWT parameter (Eq. (2.1)) and the material sensitivity
factor ψ (Eq. (6.1)) decrease with the contribution of mean stress amplitude.
Table 4 summarizes the comparison between the experimental values of the sensitivity factor

to cycle asymmetry and those calculated using Eq. (6.2). As can be seen, the obtained values
are very similar, especially for fatigue lives of 4 · 104 and 6 · 104. The most noticeable difference
occurs at the smallest adopted number of cycles to failure, where the difference is about 3.5%.
However, this is still negligible, and therefore the formula used to determine the sensitivity factor
to cycle asymmetry can be considered suitable for the investigated material.

Table 4. Comparison of experimental and calculated values of the material sensitivity factor.

N [cycles] ψexp ψcal (Eq. (6.2)) Relative error [%]

2 · 104 0.350 0.362 3.43

4 · 104 0.500 0.503 0.60

6 · 104 0.590 0.592 0.34

7. Fatigue test results analysis

The fatigue test results of two-stage loading tests are presented in Fig. 11 to Fig. 13, where
the lower part of the bar is equivalent to the first sequence with the given number of cycles
and the upper bar is the second sequence of the test, which lasted until failure occurred. For
the cycle asymmetry ratio R = −1, the predicted fatigue lives according to the S-N curve are
1.4 · 104 cycles for 600MPa and 7.6 · 103 cycles for 675MPa. In Lo-Hi tests, the second block n2
for n1/N1 = 20% and 60% were similar, reaching about 1.1 to 1.2 · 104 cycles. The greatest

o o
i i

Fig. 11. Results of two-step fatigue tests for R = −1.
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i i
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Fig. 12. Results of two-step fatigue tests for R = −0.5.

i i
o o

Fig. 13. Results of two-step fatigue tests for R = 0.

scatter of results occurred for n1/N1 = 40%, where the lowest fatigue lives were recorded in this
series. All specimens failed during tests. Therefore, the presented number of cycles corresponds
to fatigue life at fracture. The figures directly represent the distribution of fracture lives for
Lo-Hi and Hi-Lo loading sequences.
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For the Hi-Lo loading path at R = −1, the highest fatigue lives were observed for n1/N1 =
40% while the lowest occurred for 60%. Considerable scatter between specimens was noted
especially for the lowest and highest first-block shares. Mean results indicated a gradual decrease
in fatigue life with increasing participation of the high-stress first block.
At the cycle asymmetry ratio R = −0.5 the applied maximum stresses were 653MPa for

the low sequence and 718MPa for the high sequence with the contribution of mean stress of
σm = 1

3σa. Estimated fatigue lives from the corresponding equation from Fig. 7 are 1.8 · 10
4

cycles and 1.2 · 104 cycles. In this series of tests, substantial scatter was observed, particularly
for every share of the first block. In some cases, the contribution of the second block differed by
up to 4 times. The most consistent behaviour was observed for the 40% share of the first block
for Hi-Lo series, while the remaining loading paths exhibited larger variations in fatigue life.
The highest values of maximum stress amplitudes were applied during the final series for

the cycle asymmetry ratio R = 0. Based on the S–N curve, the predicted maximum stress
amplitude was 718MPa for the low-sequence loading block and 767MPa for the high-sequence
loading block, corresponding to fatigue lives of 30 199 and 24 785 cycles, respectively. In the
Lo-Hi tests, the highest fatigue life was obtained for the n1/N1 = 40%, reaching approximately
3.46 · 104 cycles. The lowest scatter was observed for the intermediate loading ratio. In the Lo-Hi
tests, the greatest durability of all experiments was observed when the first loading sequence
accounted for n1/N1 = 40%, with fatigue lives reaching up to 3.5 · 104 cycles. However, in-
creasing the share of the first loading block resulted in lower repeatability and greater scatter.
Overall, the results indicate that both the cycle asymmetry ratio R and the sequence of loading
blocks significantly influence the fatigue response of additively manufactured samples of MS1
maraging steel. Considerable scatter in fatigue life, particularly under variable-amplitude load-
ing, also confirms the strong sensitivity of the material to loading history and internal defects
characteristic of the AM process.
Representative fracture surfaces obtained after the two-step block loading tests are presented

in Fig. 14 and Fig. 15. Regardless of the loading sequence and the share of the first block, fa-
tigue crack initiation was most frequently associated with manufacturing-related defects of the
LPBF process. The dominant initiation sites were located either at the specimen surface or in
the near-surface region, where stress concentration effects are the highest. The fractographic
observations revealed several characteristic features: crack initiation region (1), rapid fracture
regions (2), spherical gas pores (3), fatigue crack propagation zones with visible striations (4),
lack-of-fusion (LoF) defects (5), and surface irregularities associated with the specimen con-
tour (6). The presence of pores and LoF defects confirms that internal discontinuities remain

(a) (b)

1

2 3 3

4
5

Fig. 14. Surface of the fracture in the specimen for Lo-Hi block tests, R = −0.5;
n1/N1 = 0.2, at magnifications: (a) 100×; (b) 1000×.
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Fig. 15. Surface of the fracture in the specimen for Hi-Lo block tests, R = −1; n1/N1 = 0.4,
at magnifications: (a) 100×; (b) 1000×.

the primary fatigue-critical features controlling crack nucleation in additively manufactured
specimens.

8. Damage accumulation

Table 5 shows the mean damage accumulation results for the conducted fatigue tests. From
the experimental results for the stress ratio R = −1, it can be observed that with an increasing

Table 5. Mean damage accumulation results for R = −1, R = −0.5, and R = 0.

Test n1/N1 n2/N2 D = n1/N1 + n2/N2

R = −1

Lo-Hi-20% 0.20 1.107 1.307

Lo-Hi-40% 0.40 0.787 1.187

Lo-Hi-60% 0.60 0.642 1.242

Hi-Lo-20% 0.20 0.770 0.970

Hi-Lo-40% 0.40 0.863 1.263

Hi-Lo-60% 0.60 0.375 0.975

R = −0.5

Lo-Hi-20% 0.20 1.128 1.328

Lo-Hi-40% 0.40 0.959 1.359

Lo-Hi-60% 0.60 0.687 1.287

Hi-Lo-20% 0.20 0.551 0.751

Hi-Lo-40% 0.40 0.805 1.205

Hi-Lo-60% 0.60 0.505 1.105

R = 0

Lo-Hi-20% 0.20 0.803 1.003

Lo-Hi-40% 0.40 0.750 1.150

Lo-Hi-60% 0.60 0.397 0.997

Hi-Lo-20% 0.20 0.693 0.893

Hi-Lo-40% 0.40 0.512 0.912

Hi-Lo-60% 0.60 0.363 0.963
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share of the first block, the contribution of the second block to total damage decreases. An
exception occurred in the Hi-Lo test with the first block at the 40% of the predicted cycles to
failure.
For the stress ratio R = −0.5, differences were also observed for both Lo-Hi and Hi-Lo

sequences. In both cases, the contribution of the second block to total damage generally de-
creased with an increasing share of the first block. In the Lo-Hi test with a 60% share of the
first block, the smallest second-block contribution was observed in the series. Compared to
the 20% share, the damage value at 60% was almost 65% smaller, and compared to 40%,
it was 39% smaller. Conversely, for the Hi-Lo sequence at the 40% first-block share, the second-
block damage contribution was the highest in the series: 32% higher than at 20%, and 37%
more than at 60%.
For the stress ratio R = 0, the Lo-Hi tests showed similar second-block contributions for

the 20% and 40% shares (difference <7%). In contrast, the 60% share was twice as small as
second-block damage compared to the other two. For the Hi-Lo sequence, the contribution of
the second block at the 20% share was almost twice as high as observed for the 60% share and
26% higher compared with the 40% share.

9. Conclusions

Fatigue testing is a crucial element in assessing performance potential of materials. The use of
varied test methods, such as block loading, makes it possible to study material behaviour under
variable loading conditions. Applying different stress ratios further expands the knowledge of
possible applications of such materials under service conditions involving fluctuating loads and
additional influencing factors. From the uniaxial tension-compression fatigue tests with different
stress ratios and block sequences (Lo-Hi and Hi-Lo) on additively manufactured MS1 material,
the following conclusions can be drawn:
– with a varying stress ratio and comparable stress amplitudes, the highest fatigue lives
were observed for specimens tested with the mean stress present (R = 0), while the lowest
fatigue lives were recorded for R = −1;
– with an increasing stress ratio, the stress amplitude values for R = −0.5 and R = 0 were
lower than for R = −1; however, the maximum stress, which also includes mean stress,
resulted in overall higher loading for R = −0.5 and R = 0 than for R = −1;
– S-N curves obtained for different stress ratios showed interesting behaviour, especially for
R = 0, at lower amplitudes, fatigue life was higher than for the other ratios, while at
maximum amplitudes the opposite was true, with the shortest lives observed;
– the material sensitivity factor to the stress ratio changed linearly with cycles to failure. The
model effectively captured this behaviour;
– the second-block damage ratio n2/N2 generally decreased with increasing the first-block
share n1/N1, with some exceptions;
– the Palmgren–Miner model fit best to sequential tests at R = −1. For Lo-Hi, the damage
accumulation results matched the model assumptions, while for Hi-Lo at some test results
the accumulation matched the Lo-Hi case. For the other Hi-Lo tests, the results aligned
with the LDR model. At R = −0.5, deviations were observed at n1/N1 = 0.4, Hi-Lo
showed higher accumulation compared to unity and at R = 0, Lo-Hi showed lower damage
accumulation in comparison with other cycle asymmetry ratios;
– the greatest differences in damage accumulation were observed in the mean results: at
R = 0 for Lo-Hi tests with n1/N1 = 20% and 60%, less damage was generated, while for
R = −0.5 in Hi-Lo tests with n1/N1 = 40% and 60%, more damage was accumulated, in
contradiction to the Palmgren–Miner model assumptions.
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