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An improved model for assessing the material properties of porous sigmoid functionally graded
(S-FGM) conical shells is introduced. Governing equations are derived within thin-shell theory, in-
corporating static hydraulic pressure, axial periodic loading, and a Winkler—Pasternak foundation.
Critical frequencies and unstable regions are obtained via the Galerkin and Bolotin methods. Para-
metric studies show that the critical frequency decreases with higher porosity, half-vertex angle, or
radius-thickness ratio, but increases with ceramic content or foundation stiffness. Porosity fraction
and static axial loading notably affect instability regions, while hydraulic pressure has a negligible
effect.
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1. Introduction

Due to their outstanding advantages of light weight, high strength, and high temperature
resistance, functionally graded materials (FGMs) have been applied in various engineering struc-
tures. Over the past two decades, the stability analysis of FGM shell structures has attracted
substantial research attention. Sofiyev (2009; 2016) conducted extensive investigations to an-
alyze the stability of FGM truncated conical shells subjected to various loads and resting on
elastic foundations. They found that the material volume fraction, foundation parameters, half-
vertex angle, radius-to-thickness ratio, length-to-radius ratio, and environmental temperature
exert remarkable effects on buckling pressures. Naj et al. (2008) carried out an investigation
into the thermal and mechanical instability of FGM conical shells. The results demonstrated
that the critical buckling temperature decreases with the increase in the half-vertex angle and
ratios of radius to thickness and length to thickness. Also, the discrepancies in the critical tem-
peratures between an FGM and a homogeneous conical shell were discussed in detail. Zhang
and Li (2010) explored the dynamic buckling responses of FGM truncated conical shells under
normal impact loads. The results illustrated that the material gradient index imposes a signif-
icant influence on the critical buckling load. Duc et al. (2018) employed the Galerkin integral
method combined with the smeared stiffener technique to examine the stability of stiffened
FGM conical shells under mechanical loads and surrounded by elastic media. They found that
FGM stiffeners improve shell stability far more effectively than homogeneous stiffeners. To ad-
dress the nonlinear dynamic buckling of FGM toroidal shell segments, Ali and Hasan (2019)
utilized Galerkin’s integral technique, the Budiansky—Roth criterion, and the Runge—Kutta it-
erative approach to determine the nonlinear static and dynamic buckling loads. It was revealed
that a higher loading velocity leads to a larger critical buckling load. Fan et al. (2021) studied the
dynamic stability of magnetostrictive-face-bonded FGM conical microshells while accounting for
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nonlinear cubic stiffness and viscoelastic foundation effects. The results showed that the natural
frequency rises within the prebuckling region under a fixed axial load. In contrast, it was reduced
in the postbuckling domain. Yuan et al. (2021) investigated the dynamic stability of FGM con-
ical microshells combined with magnetostrictive facesheets. They found that a larger material
gradient index reduces the natural frequency in the prebuckling stage. Moreover, Nemati and
Mahmoodabadi (2020) analyzed how different micromechanical models affect the stability of
FGM conical panels exposed to various thermal fields. Despite abundant existing research fo-
cusing on the buckling analysis of FGM conical shells, studies concerning their dynamic stability
are relatively scarce.

All the above-cited literature assumes that shell structures are perfect and free of internal
pores. In reality, internal pores are inevitably generated inside material substrates (Mallek et al.,
2025; Wu et al., 2020; Zhu et al., 2001). Consequently, some studies have been conducted to ex-
amine how these internal pores affect the stability of FGM conical shells. Allahkarami et al.
(2020) integrated the generalized differential quadrature method with Bolotin’s approach to de-
termine the dynamic instability region of a bi-directional FGM truncated conical shell, in which
multiple boundary conditions and elastic foundations were taken into consideration. Fu et al.
(2021) quantified the pore effect on the upper and lower bounds of the dynamic instability re-
gions. Hoa et al. (2022) discussed the impact of internal pores on the critical buckling load of
FGM conical shells. All these investigations revealed that the presence of internal pores signif-
icantly influences both the critical buckling load and the dynamic instability region of porous
shell structures. Another notable limitation of the material property models adopted in these
papers lies in their questionable basic assumption: they presume the pore volume fraction is
sufficiently small and can be neglected when calculating the total volume of shell components.

Sigmoid functionally graded materials (S-FGMs) are advanced subclasses of FGMs, distin-
guished by their distinctive three-layer ceramic—metal—-ceramic gradient configuration, in which
the material fractions vary smoothly along the thickness direction following a sigmoid function
(Chi & Chung, 2006). Unlike conventional FGM, S-FGM proves to be particularly effective in
alleviating stress concentrations at interfaces where material properties would otherwise change
abruptly, thereby remarkably enhancing structural integrity under various loading conditions.
Due to these superior advantages, S-FGM truncated conical shells are increasingly considered for
critical applications in aerospace, marine, and mechanical engineering such as rocket adapters,
submarine pressure hulls, and aircraft fuselage components where lightweight design and high
load-bearing capacity are paramount. In these demanding applications, the structures are fre-
quently subjected to complex combined loads such as axial compression, external pressure, and
thermal loads. Therefore, a thorough understanding of the buckling and dynamic characteristics
of porous S-FGM conical shells under such conditions is essential for reliable and damage-tolerant
engineering design. However, despite their evident practical significance, only a handful of publi-
cations have reported the static and dynamic mechanical behaviors of S-FGM truncated conical
shells, particularly regarding dynamic stability analysis under combined loads (Bich & Ninh,
2016; Duc & Cong, 2015; Foroutan & Torabi, 2026; Pal et al., 2025).

The foregoing literature review reveals that research regarding the dynamic stability of
S-FGM conical shells is still limited. To the best knowledge of the authors, no previous study
has explored the dynamic stability of porous S-FGM truncated shells, especially those with
specific pore distribution patterns and under combined multi-type loads. Additionally, the lit-
erature review demonstrates that the previous model for assessing the properties of porous
S-FGM materials overlooked the influence of the porosity volume on the total volume of S-FGM
shells. To fill these research gaps, the present study proposes an improved model for S-FGM ma-
terial properties and conducts a systematic analysis of the dynamic stability characteristics of
porous S-FGM truncated conical shells under simply supported boundary conditions, subjected
to combined static hydraulic pressure, axial periodic loading, and a Winkler—Pasternak elastic
foundation.
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Fig. 1. S-FGM truncated conical shell surrounded by (a) an elastic medium and subjected to (b) hydraulic
and axial pressures.

2. Theory analysis

Consider an S-FGM truncated conical thin shell composed of ceramic and metal, as depicted
in Fig. 1. The shell is subjected to a static hydraulic pressure Py along with a periodic axial
pressure N,. A curvilinear coordinate system (s, ©, z) is introduced on the middle surface, where
s denotes the meridional distance from the virtual apex, € is the circumferential coordinate
(positive clockwise viewed from the apex), and z is the inward normal coordinate. Let s; and so
be the distances from the virtual apex to the mid-surface of the smaller and larger bases, with
corresponding radii R; and Rg, respectively. The geometric parameters L, h, and ~ represent
the length, thickness, and half-cone angle of the shell.

It is assumed the shell is supported by a Winkler—Pasternak foundation. By introducing the
variable 1) = #sin~y, the reaction of the foundation to the shell is calculated as

*W  10*W 1 9*W
052 + 5 08Oy + 52 O)? )’
in which pr is the force per unit area, ky, and k, are the parameters of the Winkler foundation
normal stiffness and the Pasternak foundation shear stiffness, respectively. Additionally, W is
the displacement along the thickness direction.

According to Hooke’s law and the linear strain-displacement relationship of the shell, the
normal stresses g, g, and shear stress o,y of the shell are given by Eq. (2.2):
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where €4, €9, and €59 imply the strains in the middle curved surface, W is the normal displace-
ment, F(z) and V(z) represent the effective elastic modulus and Poisson’s ratio.
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The moments M, My, and Mgy are computed as follows:

h/2

(M,, My, Mag) = / (03,09, 05) . (23)
—h/2

The membrane forces N, Ny, and Ngy can be computed using the Airy function F' as

20t Tsas 9 sosow T sow (2:4)
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In this research, some internal pores are assumed to exist in the shell. As depicted in Fig. 2,
the even and uneven distributions are taken into account.

Fig. 2. Porosity distribution: (a) even distribution; (b) uneven distribution.

In the previous research on porous FGM structures, the porosity volume fraction @ is usually
regarded as a tiny variable (@ < 1). Hence, @ can be neglected, and the total volume of porous
structures is computed as V. + V, = 1, where V. and V,, are the total volume fractions of
ceramic and metal, respectively. However, the assumption is inaccurate. To remove the assump-
tion, the equations of computing the total volume and mass fractions of the shell are introduced
as Ve+ Vi +a@ =1 and W, + Wy, = 1, where W, and Wy, imply the mass fractions of ceramic
and metal. Thus, V. can be calculated by

Wc/pc
Wc/pc + Wm/pm ’

V.= (1-a) (2.5)

where p. and py, imply the mass densities of ceramic and metal, respectively.
The ceramic volume fraction V¢(z) for S-FGM is supposed to be (Duc & Cong, 2015; Naj
et al., 2008):

N
SR - ) (0<z<h/2),
Vi(z) = l( 2( h) (2.6)

B 2:\V
Ly (1+7) , (—h/2<2<0),

and that for typical FGMs is given by

Ve(z) = Vi (1+2§)N, (2.7

where N is the volume fraction index.
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Assuming that the total ceramic volume is equivalent for the two porosity distributions, the
coefficients V; and V} can be determined by

0 N h/2 N
/1W HEE d+/V*1—11—% dz=V_:h (2.8)
9 Ve n) % = I T Vel '
—h/2 0
h/2 N
N 2z —
/ Ve (1 + h) dz = Vh. (2.9)
—h/2

Following the rule of mixtures, the effective values of the elastic modulus E(z), mass density
p(z), and Poisson’s ratio v(z) are given by

E(2) = EeVe(2) + En(1 - Ve(2) — a(2)), (2.10)
p(2) = pVe(2) + pm (1 = Ve(2) — a(2)), (2.11)
U(2) = veVe(2) + v (1 — Ve (2) — a(z)), (2.12)

where E. and v, represent the elastic modulus and Poisson’s ratio of the ceramic, respectively,
while Ey, and vy, denote those of the metal. In the case of both even (ED) and uneven (UD)
porosity distributions, the volume distribution «(z) is assumed to be

a(z) =@, (ED), (2.13)

au):oﬁ(1—25”>, (UD). (2.14)

It is supposed that the total porosity volumes for the two distributions are equivalent. The
coefficient o* is calculated by

h/2

t/cf(l—zfodz:ah. (2.15)

—h)2

Subjected to hydraulic pressure Py and periodical axial pressure IV, at the smaller end of
the shell, the initial membrane forces of the shell can be obtained as follows (Sofiyev, 2010):

N? = —0.5Pgstany — 0.5N,s3 tanv/s,

0

2.16
N§ = —Pystan~, 0 =0. (2.16)

Employing Hamilton’s principle, after a long computation, the equations of dynamic equilib-
rium and the deformation compatibility of the shell can be deduced as follows (Ng et al., 2001;
Sofiyev & Schnack, 2012):
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cotyPW  20%,0 20y 0% 10%s 20gp 10e,
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where pf = / p(z)dz is the mass inertia.

—0.5h
Introducing two variables x = In(s/s1) and F} = Fe~2%, then substituting Eqs. (2.2), (2.3),
(2.4), and (2.16) into Eqgs. (2.17) and (2.18), the governing equations of the dynamic stability
for the shell can be rewritten as follows:

O*wW
ot?

T (Fy) + Tio(W) + PuTi3(W) 4+ N T14(W) — pehsiel® =0, (2.19)

To1(F1) + Toa(W) =0, (2.20)

in which the differential operators Tj;( ) are given in Appendix (A.1).
The two bases of the shell are supposed to be simply supported. The boundary conditions
can be written as

s=s51, s9: W=DM,=0. (2.21)

The satisfaction of boundary conditions requires that the displacements W take the form:

W = Z Z Wi (t)€” sin (1) sin (1)), (2.22)
where the coefficients 81 and (s are defined by
mm n
= — = =1 2.2
B . B2 snn %o n(s2/s1), (2.23)

in which m and n represent the meridional half and circumferential wave numbers, respectively.
Substituting Eq. (2.22) into Eq. (2.20), then employing the superposition principle, the Airy
function Fy can be obtained as

P :ZZ S () (p1 sin Bra + po cos Bra + pge™ * sin frz + pae” * cos frz) sin fah, (2.24)
m n

in which p;(i =1 — 4) are the constant coefficients.
The axial periodic pressure N, is assumed to be

Na(t) = No(ps + pa cos pt), (2.25)

where us and pq represent the static and dynamic coefficients of the periodical pressure, ¢ is
the excitation frequency.

Substituting Eqs. (2.22), (2.24), and (2.25) into Eq. (2.19), then multiplying Eq. (2.19) by
sin B1x sin B2¢) and using Galerkin’s integral technique in the ranges 0 < ¢ < 2wsiny and
0 < z < xg, the differential equations can be deduced as follows:

My + (Ko + PauKp + usNoKa)x + (naNoKg cos ot)x = 0, (2.26)

in which M, Ky, Kp, and Kg are the matrices of mass, stiffness, hydraulic pressure, and
geometric stiffness. x = {wy,(t)} represents the displacement vector.
Let x = {A}e™? and Ny = 0. Equation (2.26) is reformed as

(Ko + PuKp) — w*M) x = 0. (2.27)
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Based on Eq. (2.27), the natural frequencies w can be solved. It is noted that the frequency
w varies with hydraulic pressure Pg. When w = 0, the critical hydraulic pressure Py can be
attained.

The dynamic stability of the shell can be described by the Mathieu-Hill type differential
Eq.(2.26). To identify the points on the edges of unstable regions, the Bolotin method is adopted.
The assumed solution of Eq. (2.26) can be expanded by using a series of trigonometric functions
containing the excitation frequency ¢ as follows (Ng et al., 2001):

. kot kot
X = Z (fksm;o —i—gkcos;D), (2.28)

k=1.3...

with period 27", where T' = 27/, or

+ Z <fksm+gkc k:;mf)’ (2.29)

k=2.4...

with period T, where T' = 27 /¢, fi and g are the constant coefficients. The principal unstable
regions with 27" are usually wider than those with 7" and are of greater practical importance (Bich
& Ninh, 2016). Therefore, the solutions with 27" are considered in this research. Substituting
Eq. (2.28) into Eq. (2.26) and assembling the sin (kpt/2) and cos (k¢t/2) terms, a group of linear
homogeneous algebraic equations in terms of fi and g; can be deduced. In general, a solution
sufficiently accurate may be found using the first-order approximation with k£ = 1. To obtain
a non-trivial solution, the following conditions need to be satisfied:

1 2
det (Ko + PuKp + pusNoKg — iﬂdNOKG — SZM) ‘ =0, (2.30)

det

1 2
(Ko + PuKp + psNoKg + §/JdNOKG — ZM) ‘ =0. (2.31)

If the values of the static hydraulic pressure Py and axial loading us/Ny are given, the two
critical excitation frequencies at every dynamic pressure level 8 = pq/pus can be found by solving
Egs. (2.30) and (2.31). By introducing the dimensionless external frequency ¢ = 27¢(pm/Em)?,
the two curved lines in the ¢ — 8 plane with a common point at S = 0 form the boundary lines
between the stable and unstable regions.

If v - 0, s;1 = o0, sysiny = R, In(s;/s2)siny = R/L, the results for a conical shell are
converted into those for the corresponding cylindrical shell (Sofiyev & Schnack, 2012).

3. Results and discussion

3.1. Verification

To validate the effectiveness and accuracy of the present approach, the following three nu-
merical examples of investigating the buckling and dynamic instability for typical FGM conical
shells are presented:

Example 1. Table 1 compares the results of critical hydraulic pressure Py, for a typical
SizN4/SUS304 FGM conical shell with those given by Sofiyev (2009). The elastic modulus, mass
density, and Poisson’s ratio for SigNy are E. = 322.27 GPa, p. = 2370 kg/mg, and v, = 0.24, and
those for SUS304 are Ey, = 207.7877 GPa, p,, = 8166 kg/m?, and vy, = 0.317756. The adopted
geometric parameters are Ry = 1.0m, Ry = 3.0m, Ry/h = 300, and 7 = 30°. The meridional
half-wave number is m = 1, while the circumferential wave numbers n are presented in Table 1.
It is clear that the present results are almost the same as those presented by Sofiyev (2009).
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Table 1. Comparison of critical hydraulic pressures Pye (n) [MPa].

Method SisNy | N=10 | N=20 | SUS304
Sofiyev (2009) | 0.257(8) | 0.200(8) | 0.191(8) | 0.155(7)
Present 0.253(8) | 0.197(8) | 0.187(8) | 0.153(7)

Example 2. The dimensionless fundamental frequency €2 for a typical SisN4/Ni FGM conical
shell encircled by Winkler—Pasternak elastic medium is shown in Table 2. The material properties
for SigNy are E. = 322.27 GPa, p. = 2370kg/m?, and v. = 0.24, and those for Ni are E,, =
205.098 GPa, pm = 8900kg/m?, and vy, = 0.31. The geometric dimensions are Ry/h = 100,
L = 2R1, and 1= 30°. The dimensionless fundamental frequency is defined as Q = wRy
((1 —v2)pe/E ) . The table illustrates that the present results are very similar to those of
Sofiyev et al. (2012).

Table 2. Comparison of natural frequency parameter Q(n).

ke [N/m?] |k, [N/m] Method Ni |N=10[N=20]| SizsN,
0 0  |Sofiyev et al. (2012)[0.0723(7)[0.0997(7)[0.0887(7)|0.1763(7)
Present 0.0725(7)[0.1001(7)[0.0891(7)[0.1771(7)
5 x 106 0  |Sofiyev et al. (2012)[0.0813(7)[0.1103(7)[0.0988(7)|0.1910(7)
Present 0.0816(7)[0.1112(7)[0.1003(7)[0.1918(7)
5x 106 |2.5 x 10° | Sofiyev et al. (2012)|0.0888(7)[0.1198(6) [0.1072(6) |0.2046(6)
Present 0.0892(7) |0.1210(6) [0.1083(6) |0.2061(6)

Example 3. The dimensionless critical excitation frequency ¢* at 8 = 0 and for a typical
SizNy/Ni FGM cylindrical shell under axial dynamic pressure Ny = 0.5N,, are listed in Table 3.
The material properties are E. = 322.27 GPa, p. = 2370kg/m?, and v. = 0.24 for SizNy,
and those for Ni are E,, = 205.098 GPa, p,, = 8900kg/m?, and v, = 0.31. The critical axial

Emihzoﬁ, and the dimensionless critical excitation frequency is defined by
R(301-12))
¢* = 2mRp(pe/A11)"?. The transverse mode (m,n) is (1,1), and the material parameters for
SigNy and Ni are the same as those in Example 2. The geometric parameters are R/h = 100 and
L/R = 1.0. It is revealed that the present results are very close to those in (Ng et al., 2001).

pressure is N¢ =

Table 3. Comparison of dimensionless critical excitation frequency ¢*.

Method N=0 N =05 N=1 N=5 N =10
Ng et al. (2001) 10.3932 10.5262 10.5831 | 10.6736 | 10.6899
Present 10.4133 10.5507 10.6126 | 10.7031 | 10.7052

3.2. Parametric studies

This subsection investigates the influences of internal pores, material constitution, elastic
medium, hydraulic pressure, and geometric parameters on the dynamic stability of a porous
SigN,/SUS304 S-FGM conical shell. The material parameters are the same as in Example 1.
The hydraulic pressure and the amplitude of dynamic loading are, respectively:

Enh o\ h h
Py = 29611 1—0.78(——)%5 +0.38
s9(1—12)07 \ sy tany s tan vy S tan vy
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and
E h?
R[3(1—v2)"”

No

The dimensionless excitation frequency is defined as ¢ = 2mp(pm/Fm)*?. Unless otherwise
stated, the following parameters are adopted: W, = 0.2, « = 0.1, N = 1.0, v = 30°, Ao = 0.01 m,
Ri/h =100, L/Ry = 1.0, ky, = 1.0 x 10" N/m3, k, = 2.5 x 10° N/m, uy = 0.5, us = 0.5.

In each unstable region, the boundaries are defined by two lines that originate from a com-
mon point on the ¢-axis. Although these lines appear straight, they are actually very slightly
curved. To quantify the size of the unstable region, Ng et al. (2001) proposed the subtended an-
gle O, as illustrated in Fig. 3. The angle @ is calculated using the arctangent of the right-angled
triangle ZAOB. It provides an accurate measure of the slope of the boundaries of the un-
stable region, based on calculations involving a similar triangle ZA*OB*. Evidently, a larger
O indicates a wider unsafe frequency band, and ¢* denotes the critical excitation frequency
at 8 = 0. Physically, stable regions correspond to decaying vibrations, while unstable regions
imply parametric resonance with exponentially growing amplitudes that risk fatigue or failure.

1.0
B
0.8 A B
0.6
ey
0.4 £
0.2 |
)
0 L
0(¢") ®

Fig. 3. Unstable region in the ¢ — § plane.

Figure 4 shows that increasing the wave number n can reduce the value of the critical
excitation frequency ¢*. As the wave number n changes from 1 to 5, the critical frequency ¢*
declines from 5.850 to 1.304, and the subtended angle @ also declines from 31.38° to 8.32°. The
change demonstrates that the stability for a lower mode (m,n) is higher than that for a higher
mode (m,n).

Figure 5 reveals the influence of porosity distributions. It is found that the critical excitation
frequency ¢* for UD is higher than that for ED. However, the subtended angle @ is almost
unchanged. This is because the pores for UD are more distributed in the middle area of the
conical shell. The stiffness for UD is higher than that for ED.

The influence of the porosity volume fraction @ is revealed in Fig. 6. Since increasing & leads
to the lower effective stiffness, the critical excitation frequency ¢ decreases, and the unstable
region is expanded. When @ increases from 0.0 to 0.3, the excitation frequency ¢* declines from
5.876 to 5.787. In contrast, the subtended angle © rises from 7.56° to 10.86°. Hence, internal
pores should be diminished to improve the dynamic stability of the shell in making S-FGMs.

Figure 7 illustrates the influence of the ceramic mass fraction W, on the dynamic stabil-
ity. If the mass fraction W, changes in the range of 0.1 to 0.3, the critical excitation fre-
quency ¢* increases from 5.319 to 6.212. Since the elastic modulus of SigNy is larger than that



X.-l. Huang et al.

10
1.0 —(1,1) - (1,2) +(1,3)
3 ——(1,4) = (1,5)
08 UTr 1y
\ |
vl Ty
0.6 bk H
IS 17
* s 1Y
[ ] [ ] YY
0.4t g 17
$ 4 v
[ B ) YY
0.2 b S -
o8 v
L i !
0 1 2 3 4 5 6 5 7

Fig. 4. Influence of transverse modes (m,n) on the dynamic stability of a porous S-FGM conical shell.
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Fig. 5. Influence of porosity distribution on the dynamic stability of a porous S-FGM conical shell.
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Fig. 6. Influence of porosity volume fraction on the dynamic stability of a porous S-FGM conical shell

of SUS304, increasing W, results in the rise of the effective stiffness. Also, the figure shows that
the impact of the ceramic mass fraction W, on the unstable region is insignificant and may be

neglected.
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Fig. 7. Influence of ceramic mass fraction W, on the dynamic stability for a porous S-FGM conical shell.

Figure 8 and Fig. 9 reveal the influences of the hydraulic and axial pressures, respectively.
It can be observed that the influence of the hydraulic pressure on the dynamic stability may
be neglected. Compared with the influence of the hydraulic pressure, that of the axial static
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Fig. 8. Influence of hydraulic pressure on the dynamic stability for a porous S-FGM conical shell.
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Fig. 9. Influence of the static axial pressure on the dynamic stability for a porous S-FGM conical shell.
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loading is more significant. When the axial loading coefficient us rises from 0.1 to 0.3, the critical
excitation frequency ¢* declines from 5.954 to 5.821, and the subtended angle @ increases from
1.88° to 9.48°. It is because the axial loading significantly weakens the effective stiffness, which
leads to the decrease in the critical excitation frequency.

The influence of the fraction index N on the dynamic stability is illustrated in Fig. 10. From
the figure, it can be observed that increasing the index IV makes the critical excitation frequency
¢* decline. On the contrary, the subtended angle @ declines with the increasing fraction index N.
That is because the elastic modulus of SigNy is higher than that of SUS304, while its density
is lower than that of Ni. Thus, the critical excitation frequency ¢* is decreased if the index N
rises.
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Fig. 10. Influence of the material fraction index N on the dynamic stability
for a porous S-FGM conical shell.

Figure 11 reveals the influence of the elastic media, including the Winkler elastic medium
(kw # 0, k, = 0), Pasternak elastic medium (ky = 0, k, # 0), and Winkler-Pasternak elastic
medium (ky, # 0, kp # 0). Since the effective stiffness can be enhanced by increasing the values
of these parameters, it is seen that increasing these parameters makes the critical excitation
frequency ¢* rise. However, the effect of the elastic medium parameters on the subtended angle
O is very small and may be neglected.
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Fig. 11. Influence of elastic medium on the dynamic stability for a porous S-FGM conical shell.
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The influences of the shell parameters, including half-vertex angle v and the ratios Ry /h and
L/Ry, on the dynamic stability are presented in Fig. 12, Fig. 13, and Fig. 14. In Fig. 12, it is il-
lustrated that increasing the angle v makes the critical excitation frequency ¢* decline. However,
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Fig. 12. Influence of the half-vertex angle v on the dynamic stability for a porous S-FGM conical shell.
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Fig. 13. Influence of the ratio R;/h on the dynamic stability for a porous S-FGM conical shell.
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Fig. 14. Influence of the ratio L/R; on the dynamic stability for a porous S-FGM conical shell.
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the subtended angle @ increases as the half-vertex angle « rises. The changes demonstrate that
increasing v can weaken the dynamic stability of the shell.

As shown in Fig. 13, the critical excitation frequency ¢* decreases with the rising ratio Ry /h.
If the ratio Ry /h rises from 100 to 200, the frequency ¢* decreases from 5.820 to 3.941, whereas
O increases from 9.53° to 39.43°. It is because the effective stiffness for a thick shell is larger
than that for a thin shell. In addition, the impact of the ratio L/R; on the dynamic stability is
revealed in Fig. 14. It is shown that the critical excitation frequency ¢* decreases from 5.821 to
3.497 as the L/R; changes from 1.0 to 3.0. However, the subtended angle © reduces from 2.93°
to 1.83° when the ratio L/R; rises from 1.0 to 3.0. It is illustrated that a short conical shell is
more stable than a slender shell.

4. Conclusion and future work

This study develops an improved and reliable material parameter calculation model for
porous sigmoid functionally graded materials (S-FGMs), which breaks through the traditional
assumption that the porosity volume fraction is negligible in the volume calculation of FGM
structures. Within a general linear dynamic stability framework, the governing equations for
porous S-FGM truncated conical shells surrounded by a Winkler—Pasternak elastic medium and
subjected to the combined action of static hydraulic pressure and periodic axial pressure are
rigorously derived based on thin shell theory. By combining the Galerkin integral method with
the Bolotin method, the critical excitation frequency ¢* and subtended angle © of the shells
are accurately solved. A systematic parametric study is then conducted to reveal the influence
laws and intrinsic mechanisms of key parameters. It is noteworthy that while the subsequent
quantitative results are obtained for a specific set of parameters, the analytical model and so-
lution procedure established herein are universal and can be directly applied to a wider range
of engineering problems involving similar porous functionally graded shell structures. The study
reveals the shifts of dynamic stability boundaries in the parameter space. Within the examined
parameter ranges, the key conclusions are drawn as follows:

(i) Internal pores significantly affect the location and width of the unstable regions. Increasing
the porosity volume fraction @ shifts the critical excitation frequency ¢* towards lower
values, while it broadens the unstable region by increasing the subtended angle ©.

(ii) Increasing the ceramic mass fraction W, shifts the dynamic stability boundary towards
higher excitation frequencies, causing ¢* to rise significantly. However, the impact of W,
on the subtended angle © is negligible within the studied range.

(iii) The value of the critical excitation frequency ¢* can be decreased by increasing the half-
vertex angle v and the ratios Ri/h and L/R;. In contrast to the ratios Ry/h and L/Ry,
an increase in the half-vertex angle v can enhance the value of the subtended angle ©.

In general, based on the linear dynamic stability framework, this study uncovers the basic
dynamic stability characteristics and the action mechanisms of key parameters of porous S-FGM
truncated conical shells under combined loads. The established material parameter model, dy-
namic stability governing equations, and solution methodology provide a solid theoretical basis
for the dynamic stability analysis of this novel gradient porous shell structure. Meanwhile, this
research is restricted to linear analysis, simplified porosity models, single boundary and load
conditions, as well as linear elastic constitutive assumptions, which clearly points out the direc-
tion for subsequent in-depth research. Future studies may focus on nonlinear dynamic stability
analysis, improvement of the pore microscopic model, expansion of complex engineering con-
ditions, optimization of the material constitutive model, and experimental verification, so as

to further improve the dynamic stability analysis system of porous S-FGM truncated conical
shells.
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Appendix

In Egs. (2.19) and (2.20), the differential operators T;;( ) are defined as

N*F PR 9PF N 0%F, N 0*Fy
Ozt ox3 Ox? o2 Ot

T11(Fy) = Age ( -4 +4

O*F OF,
+ 51€3% cot ( 9 21 +3— o +2F1)
0*Fy PF 0’[
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W PBPW O*W PwW W
Tio(W)=-A —4 4 2
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where coefficients A; and B; are defined by
Ay = c1B1 + c12Bo, A9 = c11 B2 + 21 B4,
Az = ¢11Bs + ¢21 B4 + 12, Ay = c11By4 + c21 B3 + ¢,
As = c61DBs, Ag = c61B6 + co2,
Bl = CloD, B2 = —CQ()D, (A2)
Bs = (ca0¢21 — c11¢10) D, By = (ca0c11 — c21¢10) D,
Bs = 1/cg, Bs = c61/ce0,

D = 1/(c10c10 — €20¢20)-
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In Appendix (A.2), coefficients ¢;;; are defined as follows:

0.5h E(2) 0.5h (2)E()
k z rV(2)E(z
= ——d = ——=d
—0.5h —0.5h
(A.3)
0.5h 5
Cek = / P 7(2) dz.
21+ v(2))
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