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In many practical mechanical systems, the dynamic response is strongly influenced by time-
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1. Introduction

Several types of damping mechanisms can be found in mechanical systems (Qu et al. 2024),
including viscous damping, Coulomb damping, and hysteretic damping (Liu et al., 2022; Clough
& Penzien, 1993). Damping identification plays a crucial role in dynamic system analysis, as
accurate estimation of damping parameters is essential for design and analysis (Paz, 1991).
Conventional damping identification techniques often suffer from several drawbacks, such as
high computational cost and strong sensitivity to measurement noise (Zahid et al., 2020). Con-
siderable efforts have therefore been dedicated to overcoming these limitations. Among them,
the stabilized layers method (SLM), introduced by Lisitano et al. (2018), has demonstrated good
robustness and reliability by providing damping coefficients with clear physical interpretation.
Nevertheless, the formulation proposed by Bonisoli et al. (2019) remains restricted to equivalent
linear representations. In real engineering applications, numerous mechanical systems exhibit
nonlinear damping phenomena arising from sources such as material hysteresis, interface fric-
tion, and geometric nonlinearities. These nonlinear effects become particularly significant under
large vibration amplitudes, and ignoring them may result in substantial modeling errors (Bala-
subramanian et al., 2018; Amabili et al., 2016; Haghdoust et al., 2018). Consequently, current
research trends increasingly focus on parametric identification strategies capable of distinguish-
ing linear damping effects from nonlinear contributions, thereby improving the understand-
ing and characterization of energy dissipation mechanisms. Al-hababi et al. (2020) provided
a comprehensive review of nonlinear damping identification methods, highlighting both their
strengths and fundamental limitations. Their study concluded that approaches accounting for
nonlinear damping offer a more realistic representation of structural dynamics than conventional
linear models. Chatterjee and Chintha (2020) proposed an identification methodology employing

http://jtam.pl
http://jtam.pl
https://doi.org/10.15632/jtam-pl/220006
mailto:nourhainegem@gmail.com


2 N. Yousfi et al.

harmonic excitation to evaluate damping with third-order nonlinearity. Eberle (2025) presented
a computationally economical and nonparametric method dedicated to the analysis of non-
linear damping. Furthermore, Han and Kinoshita (2012) introduced an indirect identification
algorithm aimed at determining nonlinear damping vibrating systems with constant stiffness
properties. The SLM was later extended to nonlinear systems by Lisitano and Bonisoli (2021),
enabling the identification of nonlinear damping using frequency response functions (FRFs) ob-
tained at different vibration amplitudes. In these developments, parametric excitation, such as
time-varying stiffness, was not explicitly incorporated into the identification formulation. The
results presented in these studies were obtained by assuming a constant mesh stiffness (Km),
while the effect of stiffness variation was indirectly introduced through the dynamic response.
However, the phenomenon of parametric excitation has attracted considerable attention in var-
ious fields of engineering due to its significant influence on the damping identification process
(Sofroniou & Bishop, 2014). Parametric excitation arises from time-varying system parameters
such as stiffness, mass, or damping (Belhaq et al., 2013). In particular, time-varying stiffness
may induce complex dynamic phenomena, including parametric resonance, instability regions,
amplitude modulation, and nonlinear response amplification (Guo et al., 2025). Such effects
are frequently encountered in aeroelastic systems, civil engineering structures subjected to pe-
riodic loading, and rotating machinery (Chen et al., 2024). Recent studies have demonstrated
that stiffness variations significantly modify the dynamic characteristics and stability boundaries
of mechanical systems (Li et al., 2024). Therefore, neglecting time-varying stiffness in system
modeling may lead to inaccurate parameter estimation, especially in damping identification
problems. Consequently, the objective of this study is to develop a refined identification tech-
nique capable of estimating nonlinear damping in parametrically excited systems while explicitly
accounting for the effects of time-varying stiffness. The originality of the proposed method is to
extend the SLM for the estimation of nonlinear (SLMnl) damping, in multi-degree-of-freedom
(MDOF) systems, while taking into consideration the effects of time-varying stiffness. The har-
monic representation of the time-varying dynamic stiffness exploits multiple sidebands of the
frequency response function simultaneously. Unlike conventional approaches based on the mean
stiffness, the present technique reconstructs the equivalent stiffness matrix by combining the
receptances computed at sideband frequencies. The periodic effects of stiffness are expressed
through harmonic projections on a trigonometric basis, leading to a linear system Aa = b. This
formulation makes full use of the information contained in multiple FRFs around the meshing
frequency, enabling the simultaneous identification of linear and nonlinear damping coefficients
as well as variable stiffness parameters with enhanced accuracy. The developed SLMnl, named
the stabilized layers method for nonlinear damping with varying stiffness (SLMnl,kv), explicitly
models time-varying stiffness and enables accurate identification of nonlinear damping in MDOF
systems. The location of nonlinearity is detected by using nonlinearity location methods, and
the time-varying stiffness model is presented by a periodic square wave function. A description
of the SLMnl damping estimation with constant stiffness is given in Section 2. The limits of the
SLMnl technique in the case of varying stiffness are presented in Section 3. The new SLMnl,kv is
described in Section 4. In Section 5, SLMnl,kv is implemented for the identification of nonlinear
damping and time-varying stiffness coefficients in spur gear pair systems.

2. Review of the SLMnl damping

The SLMnl presented by Lisitano and Bonisoli (2021) is an estimation technique for non-
linear damping with constant stiffness. A nonlinear damping that depends on the displacement
amplitude A was expressed as

C(A) = C + Ceq(A)ggT , (2.1)

Ceq = cnl,0gg
T + ...+ cnl,mggT , (2.2)
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where g is a vector indicating the location of nonlinear damping and A is the excitation ampli-
tude. In the SLMnl, C is the non-proportional viscous damping. The nonlinear viscous damping
Ceq(A) was defined by

Ceq(A) =

M∑
m=0

vmcnl,mAm. (2.3)

Replacing the nonlinear viscous damping presented in Eq. (2.1) with Eq. (2.2), and rewriting it
in the vector form, yields:

C(A) = C + Ceq(A)ggT =


C + cnl,0gg

T

cnl,1gg
T

...
cnl,mggT

. (2.4)

The proposed approach aims to estimate both the linear and nonlinear coefficients cnl,0, cnl,1, ...,
cnl,m of the damping model C atM+1 amplitudes, whereM represents the degree of nonlinearity.
The equation of motion of the n-DOF system with nonlinear damping in the frequency domain
subjected to an external excitation force f(w) as a function of displacement x(w) was presented
as follows:(

K − w2M
)
x(w) + iw

(
C + Ceq(A)ggT

)
x(w) = f(w), (2.5)

where M , C, and K ∈ Rn,n are the mass, viscous damping, and constant stiffness matrix of the
system, respectively. The receptance frequency response matrix HR(w) was derived to identify
the linear and nonlinear damping coefficients by using the following equation:[

wHR(w)
] [
C + Ceq(A)ggT

]
= G(A,w), (2.6)

where G(w) was determined from the equivalent linear damped HC(w) as follows:

G(A,w) = −HC
I (A,w)

[
HC

R (A,w)
]−1

, (2.7)

the equivalent linear damped HC is presented by

HC(w) = K − w2M + iw
(
C + Ceq(A)gg

T
)
, (2.8)

and HC
R (A,w) is the real part, and HC

I (A,w) is the imaginary part of the receptance HC ∈ Cn,n.
The dynamic stiffness matrix undamped HR(w) was presented by the following equation:[

HR(w)
]−1

= K − w2M. (2.9)

Equation (2.6) can be presented at M + 1 amplitudes by[
wHR(w)wHR(w)v1A ... wHR(w)vMAM

][
C + Ceq(A)ggT

]
= G(A,w). (2.10)

In order to solve Eq. (2.10), the layers method was applied. The damping matrix is presented for
relative and absolute dampers. The relative layer presents the connection between two DOFs,
and the absolute layer represents the connection between the DOF and the external frame. There-
fore, the linear damping matrix can be presented as the following sum of NL layers:

C =
NL∑
1

Cj =
NA∑
p=1

cpPA
p +

NR∑
p=1

cqPR
q ; C =

[
PA
1 ... PA

NAP
R
1 ... PR

NR

]


C1I
...

CNAI
CNA+1I

...
CNA+NRI

, (2.11)
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where PA
p and PR

q are the absolute and relative patterns. M layers are added to represent the
nonlinear damping coefficients cnl,m. Therefore, Eq. (2.10) can be presented in the form:

V (A1)
V (A2)

...
V (AM + 1)



P

Pnl

...
Pnl



c1I ... cNA+NRI

cnl,1I

cnl,MI

 =


G(A1)
G(A2)
...

G(AM + 1)

. (2.12)

The first line of the matrix presents the viscous damping, and the M lines present the nonlinear
damping coefficients. Finally, Eq. (2.12) was presented in the form Aa = b. Using the linear least
square method, the unknown damping coefficients of the vector a = [c1 .... cNA+NRcnl,1 ... cnl,M ]T

can be obtained. As presented in Eq. (2.12), stiffness was assumed to be constant, and the
effect of time-varying stiffness was not explicitly incorporated into the damping identification.
The SLMnl provides valuable contributions to damping identification, but it assumes a constant
system, and therefore, neglects the influence of stiffness variation on the damping identification
technique. Therefore, in the proposed technique presented in this study, all equations should be
reformulated to identify nonlinear damping with time-varying stiffness. The extended algorithm
is presented in Section 3.

3. Nonlinear-damped systems with time-varying stiffness

The equation of motion of n DOFs with nonlinear damping and time-varying stiffness can
be written as follows:

Mẍ(t) + C(A)ẋ(t) + (K +K(t))x(t) = f(t). (3.1)

The damping matrix is presented by Eq. (2.1). The time-varying stiffness K(t) presented in
Fig. 1 is given by the following equation (Yousfi et al., 2018):

K(t) = K0 +
Nh∑
h=1

(Kc
h cos(hwmt) +Ks

h sin(hwmt)), (3.2)

where Kc
h and K

s
h are the harmonic coefficients of the time-varying stiffness. Nh is the number

of harmonic sidebands, and wm is the mesh frequency. The oscillations observed in Fig. 1 result
from the periodic representation of the time-varying mesh stiffness in the form of a Fourier
series representation. This modulating variation creates additional components in the system’s
dynamic response, called sidebands, located around the excitation frequency ω. The number of

Fig. 1. Time varying stiffness.
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sidebands is equal to 2Nh+ 1. The sidebands are shown in Fig. 1 for Nh = 4. These harmonics
introduce local oscillatory fluctuations, especially near the transitions between single and double
tooth contact regions. When such systems exhibit a nonlinear damping and time-varying stiff-
ness, the dynamic behavior becomes even more complex, and the traditional SLMnl can affect
the damping identification. The SLMnl is applied in a numerical example with varying stiffness
in Section 3.1 to present its limits in identifying the nonlinear damping.

3.1. Limits of SLMnl damping identification in the case of time-varying stiffness

The SLMnl is applied to evaluate its limitations in the case of time-varying stiffness presented
in Section 2. As an example, we consider a system with time-varying stiffness K(t), the mass
matrix M , and a viscous damping matrix C presented by

M =

 2
5

3

, K = 104

 5 3 0
3 5 2
0 2 1

, C = 105

 7 3 0
3 8 2
0 2 5

,
fc,nl = g(c0 + c2x

2)ẋ, c0 = 140, c2 = 1.35e5,

(3.3)

where fc,nl is the nonlinear damping force, and is applied on the first DOF, so that g = (10 0).
We added a time-varying stiffness, which can be modeled by a periodic square wave function
presented in Eq. (3.2). In the method presented by Lisitano and Bonisoli (2021), the stiffness
should be constant. Therefore, the mean value of K(t) is considered. The first step of the SLMnl
is to find the receptance function Hc, which is presented in Fig. 2. As it is presented, the
system responses do not exhibit any signs of nonlinear behavior. As the excitation amplitude
increases, the FRF curves remain almost superimposed, indicating that the response does not
vary significantly with amplitude. This behavior suggests that the nonlinear damping effect is
not properly identified, either. Consequently, the SLMnl approach fails to capture nonlinear
damping when applied to systems with variable stiffness and using the mean value of stiffness.
Figure 3 and Fig. 4 present damping coefficients identified at low and high frequencies. At low

(a) Oscillations amplitude A (b) H1,1(ω)

(c) H1,2(ω) (d) H1,3(ω)

Fig. 2. Frequency response functions (FRFs) obtained with SLMnl.
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clin + cnl,0gg
T cnl,1(0) cnl,2

Fig. 3. Damping coefficients at low frequency computed with SLMnl.

clin + cnl,0gg
T cnl,1(0) cnl,2

Fig. 4. Damping coefficients at high frequency computed with SLMnl.

frequency, a good correspondence is obtained with the real nonlinear coefficients c0 = 140,
c2 = 1.35e5. However, the nonlinear coefficient c2 identified by the SLMnl at high frequency
is zero, different from the real value c2 = 1.35e5. Therefore, this result suggests that, under
low-frequency excitation, the system response remains sufficiently dominated by the modeled
nonlinear damping effects, and the underlying assumptions of the SLMnl formulation remain
valid. In contrast, at high frequency, the nonlinear damping coefficient c2 identified by the SLMnl
collapses to zero, which is a significant deviation from its true value. This behavior highlights a
clear limitation of the SLMnl approach when applied to high-frequency dynamics. At elevated
frequencies, the system response becomes increasingly influenced by inertial effects and higher-
order dynamic interactions, which can mask the contribution of nonlinear damping. As a result,
the SLMnl fails to properly isolate and estimate the nonlinear damping component. Overall, these
results demonstrate that the SLMnl is highly sensitive to the selected frequency range. While it
provides reliable damping identification at low frequencies, its performance degrades significantly
at high frequencies due to the combined effects of unmodeled stiffness variations and reduced
observability of nonlinear damping. Consequently, the SLMnl formulation presented by Lisitano
and Bonisoli (2021) assumes a constant stiffness, and its applicability is limited for systems with
time-varying stiffness, particularly at higher frequencies. For accurate damping estimation over
a wide frequency range, it is necessary to extend the SLMnl formulation presented by Lisitano
and Bonisoli (2021) to explicitly incorporate time-varying mesh stiffness. Therefore, the novelty
of the present work lies in reformulating the SLMnl to add a time-varying stiffness effect. The
proposed method is presented in Section 4.

4. Nonlinear damping identification in the case of time-varying stiffness

4.1. Stabilized layers method for nonlinear damping with varying stiffness (SLMnl,kv)

The equation of motion of the n-DOF system with nonlinear damping and time-varying
stiffness can be expressed in the frequency domain as follows:

Mẍ(w) + iw(C + Ceq(A)gg
T )x(w) + (K +K(wm))x(w) = f(w), (4.1)
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where fc,nl = iwCeq(A)ggT is the nonlinear damping force, x(w) is the displacement in the
frequency domain, and f(w) is the excitation force in the frequency domain. Ceq is the nonlinear
damping matrix given by Eq. (2.4). The time-varying stiffness K(t) is given by Eq. (3.2). The
idea of the proposed SLMnl,kv is to identify the harmonic coefficients Kc

h and K
s
h together with

the linear and nonlinear coefficients. Therefore, two vectors must be identified. One is a vector
which contains the harmonic coefficients of the time-varying stiffness defined by

κ = [κc,1, κs,1, ..., κc,Nh, κs,Nh]
T , (4.2)

and the other is a vector which contains the linear and nonlinear coefficients of the damping, as
follows:

ulin+nl = [c1, ..., cNA+NR, cnl,1, ..., cnl,M ]T . (4.3)

The periodic variation of the stiffness K(t) acts as a parametric excitation that modulates the
vibration response of the system, resulting in the appearance of frequency sidebands (at ±wm,
±2wm, ...) around the central excitation frequency wm. Therefore, the selection of a frequency
range around wm can overcome the limits of the current SLMnl. The frequency range was selected
around each sideband. The frequency range is presented by wq,i = wi+qwm, q ∈ {−Nh, ..., Nh},
i ∈ {1, ...,K}. The dynamic stiffness matrix of the undamped system around each sideband
HR(wq) can be presented as follows:[

HR(wq)
]−1

= K − w2
qM, (4.4)

by multiplying Eq. (4.1) by HR(wq), we obtain:

x(wq) +HR(wq)
(
iwq

(
C + Ceq(A)ggT

))
x(wq)

+

(
Nh∑
h=1

HR(wq) (K
c
h cos(hwmt) +Ks

h sin(hwmt))

)
x(wq) = HR(wq)f(wq). (4.5)

Here, the product HR(wq) (iwqC(A)) naturally appears to indicate that it originates from the

damping term, and the terms
Nh∑
h=1

HR(wq) (K
c
h cos(hwmt) +Ks

h sin(hwmt)) arise from the mod-

ulation of time-varying stiffness K(t).
Therefore, the vector of displacement can be presented as follows:

x(wq) =

[
1 +HR(wq)

(
iwqC + Ceq(A)ggT

)

+

(
Nh∑
h=1

HR(wq) (K
c
h cos(hwmt) +Ks

h sin(hwmt))

)]−1

HR(wq)f(wq). (4.6)

The transformation matrix G(A,wq) can be presented by

G(A,wq) = wqH
R(wq)

(
C + Ceq(A)ggT

)
+

(
Nh∑
h=1

HR(wq) (K
c
h cos(hwmt) +Ks

h sin(hwmt))

)
. (4.7)

At this stage, the stiffness modulation generates additional sideband coupling terms in the
system equations. Specifically, the dissipative contribution Vq(wq, A) ∈ Rn,n, which is a complex
block matrix associated with the q-th sideband, is defined, and the modulated contribution is
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presented by the vector νq ∈ Rn,n due to the time-varying stiffness associated with the q-th
sideband. These terms modify the block matrix structure. Such modulation-induced terms do
not appear in the method proposed by Lisitano and Bonisoli (2021), since their model assumes
constant stiffness and therefore does not generate time-periodic coefficients.
Therefore, for each sideband, we can write:

G(A,wq) = Vq(wq, A)
(
C + Ceq(A)gg

T
)

+ νq(wq, A)

(
Nh∑
h=1

(Kc
h cos(hwmt) +Ks

h sin(hwmt))

)
. (4.8)

To transform Eq. (4.7) into the matrix form, we used the vector of harmonic coefficients presented
by Eq. (4.2). Then, we introduced two vectors for cosine and sine combinations:

P
(h)
c =

Nh∑
h=1

cos(hwmt)νq(wq, A),

P
(h)
s =

Nh∑
h=1

sin(hwmt)νq(wq, A).

(4.9)

The vectors of cosine and sine combinations are arranged in the matrix Aκ ∈ Cn2×Nk with
Nk = 2Nh defined by

Aκ =
[
P 1
c , P

1
s , ..., P

Nh
c , PNh

s

]
. (4.10)

By substituting the definition of time-varying stiffness with Eq. (3.2) and Eq. (4.9), and replacing
the definition of the nonlinear viscous damping coefficients with Eq. (2.4), a matrix form of
Eq. (4.7) is written in the frequency range wq,i = wi + qwm, q ∈ {−Nh, ..., Nh}, i ∈ {1, ...,K}:


wqHR(wq,1)

wqHR(wq,2)v1A
1

...
wqHR(wq,K)vMAM



C + cnl,0gg

T

cnl,1gg
T

...
cnl,mggT

+


P 1
c

P 1
s

...
PNh
c

PNh
s




κc,1
κs,1

κc,Nh

κs,Nh

 =


G(A,wq,1)
G(A,wq,2)

...
G(A,wq,K)

. (4.11)
Let

V (A) =


wqHR(wq,1)

wqHR(wq,2)v1A
1

...
wqHR(wq,K)vMAM

 ∈ RnK,n(M+1), G(A) =


G(A,wq,1)
G(A,wq,2)

...
G(A,wq,K)

 ∈ RnK,n.

The layers method presented in Section 2 by Eq. (2.11) was applied for M + 1 different values
of the amplitude A. The following equation can be obtained:

V P


c1I...cNA+NRI

cnl,1I

cnl,MI

+Aκ


κc,1
κs,1

κc,Nh

κs,Nh

 = G, (4.12)

where

V (A) =


Vq(A1)
Vq(A2)

...
Vq(AM + 1)

RnK(M+1),n(M+1), G(A) =


G(A1)
G(A2)
...

G(AM + 1)

 ∈ RnK(M+1),n,
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P =


P

Pnl

..
Pnl

 ∈ Rn2K(M1),NA+NR+M .

In order to identify the harmonic coefficients κ = [κc,1, κs,1, ..., κc,Nh, κs,Nh]
T and the linear

and nonlinear damping coefficients ulin+nl = [c1, ..., cNA+NRcnl,1, ..., cnl,M ]T , the matrices Zi ∈
Rn(NA+NR+M),(NA+NR+M) and Yi ∈ Rn,1 are introduced to isolate the correct coefficients in the
vector ulin+nl. Zi is associated with the coefficients in V , and Yi is associated with those in G.
They mostly contain 0 and 1, used to pick out the relevant terms for each equation:

Zi = 0 and (Zi )(y−1)n,y
= 1 with y = 1, ...,NA+NR+M,

Yi = 0 and (Yi )i,1 = 1.
(4.13)

Equation (4.12) can be presented as follows:
V PZ1

V PZ2
...

V PZn

ulin+nl +Aκκ = G. (4.14)

A summation is carried out over all Nh sidebands:

Nh∑
1


V PZ1

V PZ2
...

V PZn

ulin+nl +

Nh∑
1

Aκκ = Q. (4.15)

Finally, we introduced the matrix form Aa = b, which can be solved using the linear least squares
method:

Nh∑
1

[
Alin+nl(A,wq) Aκ(A,wq)

][ ulin+nl

κ

]
= vec (Q(A,wq)), (4.16)

where

Alin+nl(A,wq) =


V PZ1

V PZ2
...

V PZn

.
We can conclude that, in the SLMnl,kv, the effect of time-varying stiffness is introduced

in the identification formulation compared with the SLMnl, which neglected the time-varying
stiffness effect. The last step of the proposed technique is to verify its reliability using a global
stability matrix for different amplitudes and spectral lines K:

S =
NA+NR+M

∩
h=1

Sh, Sh(k, r) = 1 if
chkr − chk+jr+i

chkr
≤ ε∀(i, j) = ±1. (4.17)

4.2. Numerical example

In order to prove the suitability of the new SLMnl,kv for damping identification in the case
of time-varying stiffness, a numerical example presented in Section 3 is used. The steps of the
SLMnl,kv are applied. Figure 5 presents the damping matrices identified by the SLMnl,kv at
high frequency. A good correspondence is obtained with the damping matrices of Eq. (3.3). We
can conclude that the SLMnl,kv approach overcomes the limitations of the SLMnl through its
new formulation, which explicitly considers the effect of stiffness variation by defining spectral
frequency wq.
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clin + cnl,0gg
T cnl,1(0) cnl,2

Fig. 5. Damping coefficients at high frequency computed with SLMnl,kv.

5. Identification of nonlinear damping in spur gear pair system

The SLMnl,kv, proposed in Section 4, is applied in a spur gear pair system. The numerical
response employed in this work is obtained using the dynamic model described in the dynamic
analysis of spur gear systems presented by Wei et al. (2021), which has been experimentally
validated on a dedicated test bench. In that study, the simulated vibration responses were
compared with measured data, showing a good agreement in both time and frequency domains.
The values of the mass, stiffness, and gear variables are obtained from this reference model,
and the vibration signal is derived through the numerical integration of the model equations. In
Section 5.1 the linear structural damping and nonlinear damping due to the interaction between
the pinion and gear are identified using the proposed SLMnl,kv.

5.1. Model of spur gear pair system

The dynamic model of the spur gear pair system is presented in Fig. 6. The system is
composed of a gear, pinion, load, and motor. The contact between the pinion and the motor
is represented by torsional stiffness kc1 and torsional damping cc1, while kc2 and cc2 represent the
contact between the gear and the load. kx1, ky1, cx1, and cy1 are the equivalent support stiffness
and the equivalent support damping in the two directions, x and y, of the pinion. kx2, ky2,
cx2, and cy2 are the equivalent support stiffness and the equivalent support damping in the two
directions, x and y, of the gear. The dampers cx1, cy1, cx2, and cy2, which are not plotted in

Fig. 6. Absolute and relative layers representation.
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Fig. 6, will be given in the equation of motion. The mesh damping model utilized in this study
is quadratic nonlinear with the nonlinear damping force, as follows:

fcnl =
(
cnl,0 + cnl,2x

2
)
ẋ, (5.1)

where

cnl,0 = 240 and cnl,2 = 2.4e8.

θm, θ1, θ1, θL are the angular displacements of the motor, the pinion, the gear, and the load.
x1, y1, x2, y2 are the displacements of the pinion and the gear in the x-, y-directions. Therefore,
the system presents 8 DOFs. The equation of motion of the spur gear pair system is given by

Mẍ(t) + (C + Cb) ẋ(t) + (Kb+K(t))x(t) = f(t), (5.2)

where x(t) represents the displacement vector expressed as

x(t) = [x1, y1, θm, θ1, θ1, θL, x2, y2], (5.3)

f(t) is the excitation force, M is the mass matrix, and Cb is structural damping. The contact
between the gear and the pinion is modeled by a time-varying stiffness and structural stiffness
K = K(t) +Kb, where K(t) is the time-varying stiffness presented in Section 2 by Eq. (3.2) as
follows:

M =



m1

m1

Im
I1

m2

m2

IL
I2


, (5.4)

Kb =



kx1
ky1

kc1 −kc1
−kc1 kc1

kx2
ky2

kc2 −kc2
−kc2 kc2


,

Cb =



cx1
cy1

cc1 −cc1
−cc1 cc1

cx2
cy2

cc2 −cc2
−cc2 cc2


.

(5.5)
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5.2. Nonlinear damping identification

The nonlinear damper is located at the contact between the pinion and the gear. Therefore,
g = [0 0 0 10 0 0 1]. The degree of nonlinearityM = 2. The SLMnl,kv is applied for 3 amplitudes
A = [0.25 0.5 1]. Two absolute layers are defined to present the contact between the pinion sup-
port, and the contact gear support. Three relative layers are defined to show the pinion-motor,
pinion-gear and gear-load contacts. Two layers Pnl = ggT are defined to identify the nonlinear
coefficients. All layers are presented in Fig. 7.

(a) Amplitude A (b) H1,1(ω)

y y

(c) H1,2(ω) (d) H1,3(ω)

yy

Fig. 7. Frequency response functions (FRFs) obtained with SLMnl,kv.

We defined the vector composed by linear and nonlinear damping coefficient:

ulin+nl =

[
cx1 + cy1

2
,
cx2 + cy2

2
, cc1, cnl,0, cc2, cnl,1, cnl,2

]
. (5.6)

The frequency range is presented by wq,i = wi + qwm, q ∈ {−Nh, ..., Nh}, i ∈ {1, ...,K},
where wm = 2π

T1
, T1 represents the mesh period of the gear system calculated by T1 = 60

NZ1
,

where N is the input rotational speed and z1 is the tooth number of the pinion. The first step
of the SLMnl,kv is to find the receptance function Hc, which is presented in Fig. 7. We can con-
clude that the effects of nonlinearity are visible. As the amplitude A increases, both the second
and third peaks decrease in amplitude and move toward lower frequencies, while the first peak
remains essentially unchanged. The FRFs exhibit a pronounced amplitude dependency, char-
acterized by a progressive shift of resonance frequencies toward lower values as the excitation
amplitude increases. This behavior indicates a dominant softening nonlinearity induced by the
gear mesh stiffness variation. Moreover, the limited growth of resonance peaks at higher ampli-
tudes highlights the presence of nonlinear damping mechanisms. Figure 8 presents the identified
linear damping matrices, the damping values obtained using the SLMnl,kv correspond closely to
the reference values cnl,0 = 240, confirming the accuracy of the proposed identification strategy
for linear dissipation. Figure 9a presents the nonlinear damping coefficient cnl,1, which corre-
sponds to the real value cnl,1 = 0, indicating that the method is able to capture the first-order
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clin + cnl,0gg
T

Fig. 8. Linear damping coefficients computed with SLMnl,kv.

cnl,1(0) cnl,2(cnl,2 = 2.4e8)

Fig. 9. (a) Nonlinear damping coefficient cnl,1 computed with SLMnl,kv; (b) nonlinear damping coefficient
cnl,2 computed with SLMnl,kv.

nonlinear dissipation mechanism associated with the gear mesh. Figure 9b presents the nonlinear
damping coefficient cnl,2, which corresponds to the real value cnl,2 = 2.4e8, demonstrating the
capability of the method to identify higher-order nonlinear effects. From the obtained results,
linear and nonlinear coefficients can be correctly estimated using the proposed new formulation
of the SLMnl,kv technique. Therefore, the option that the damping identification is performed
in each frequency range wq,i = wi + qwm, q ∈ {−Nh, ..., Nh}, i ∈ {1, ...,K} helps find the real
linear and nonlinear damping coefficients. Furthermore, performing the damping identification
separately within each frequency range significantly improves the robustness of the estimation,
as it allows the method to account for amplitude-dependent stiffness variations and localized
resonance phenomena. This frequency-dependent identification strategy enhances the physical
consistency of the identified parameters and enables an accurate reconstruction of the system’s
dynamic behavior across different operating conditions.

6. Conclusion

A new technique is proposed of nonlinear damping estimation in a mechanical system with
n DOFs in the case of time-varying stiffness. The time-varying stiffness is characterized by a pe-
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riodic variation around the excitation frequency wm, which leads to the appearance of Nh side-
bands in the system’s response. Each sideband is characterized by a spectral frequency around
each frequency. If the effect of the time-varying stiffness is not considered during the damp-
ing identification process, as it is presented in the traditional methods, significant estimation
errors may arise due to the modulation of the dynamic behavior of the system. Therefore, an
appropriate consideration of time-varying stiffness effects leads to a better identification of the
linear and nonlinear damping coefficients. The idea of this research is to account for the time-
varying stiffness on sidebands. Then, the estimation process is applied in each sideband. The
identified harmonic coefficients and linear and nonlinear damping coefficients are obtained by
summation over all sidebands. Since the gear systems are characterized by a time-varying stiff-
ness, the SLMnl,kv is applied to estimate nonlinear damping in the spur gear pair system. In
conclusion, the proposed SLMnl,kv approach offers a promising solution for the estimation of
nonlinear damping in dynamic systems. Future work can focus on further refining this method
to test its applicability to identifying damping in the case of backlash, including experimental
validation, where contact loss and re-engagement introduce strong nonlinearities and piecewise
stiffness variations. Incorporating such effects into the identification framework would enable
the assessment of the method’s robustness under more complex dynamic conditions.
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