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A field theory incorporating Edwards—Vilgis slip-link elasticity with Flory—Huggins mixing is
developed for dual-layer gels containing rigid cores, capturing chain entanglement effects neglected
by Neo-Hookean models. Physics-informed neural networks (PINNs) transform complexities of han-
dling interfacial constraints into a neural network optimization problem, thereby reducing both algo-
rithmic complexity and implementation requirements. Systematic parametric studies demonstrate
that micromaterial parameters critically govern stress distributions, solvent concentration profiles,
and swelling behavior. The framework enables precise control of target solvent concentrations and
equilibrium configurations through optimal micromaterial parameter selection and thickness ratio
design in dual-layer spherical gel systems.
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1. Introduction

Upon contact with a network of hydrophilic crosslinked polymer chains, solution molecules
become enmeshed within the network due to intermolecular attractions, leading to volumetric ex-
pansion through solution imbibition. This hydrated, expanded state is characteristically termed
a polymeric gel, which exhibits high solvent uptake and substantial swelling ratios, enabling
applications in tissue engineering (Khan et al., 2024), self-folding structures (Zhao et al., 2021),
and soft robotics (Lopez-Diaz et al., 2024). Their programmable deformation capabilities and
tunable mechanical properties establish gels as essential materials for interdisciplinary techno-
logical advancement. In many applications, gels are commonly interfaced with diverse materials
to create composite gel systems (Yang et al., 2020), including gel-metal, gel-gel, and gel-tissue in-
terfaces. Spherical gel shells coating a rigid core have been extensively studied due to their broad
utility in soft matter and biomedical applications (Ballauff & Lu, 2007). However, single-layer
gels often lack the functional versatility required to satisfy multiple design criteria. In contrast,
multilayer gels offer a compelling solution by enabling spatially tailored properties across dis-
tinct layers. For example, Yan et al. (2021) developed a chitosan/silver nanoparticle multilayer
gel that exploits chitosan’s capacity to adsorb and stabilize metal salts, coupled with the antimi-
crobial action arising from silver-ion diffusion. In gel micro-valves, a relatively stiff outer layer is
particularly beneficial, as it induces compressive radial stresses that stabilize the core-shell struc-
ture and reduce wear and degradation of the softer inner gel. The preparation, characterization
and application of multilayer gels have been comprehensively reviewed by (Jin et al., 2021).

When subjected to external mechanical constraints during equilibration, these gels typically
develop inhomogeneous and anisotropic swelling deformations characterized by non-uniform sol-
vent distribution. To better harness these gel systems, many theories have been established
to elucidate and interpret the swelling behavior of gel systems under diverse mechanical con-
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straints. Zhao et al. (2008) characterized the inhomogeneous and anisotropic equilibrium be-
havior in spherical gel shells adhered to rigid core materials, demonstrating how mechanical
constraints in core-shell architectures influence swelling patterns. Morimoto and Ashida (2015)
investigated bilayer gel systems comprising two thermally responsive hydrogel layers with differ-
ential swelling properties, observing spontaneous bending upon immersion in solution at specific
temperatures. Ahmadi et al. (2020) conducted quantitative analyses of displacement fields, stress
distributions, and solvent concentration gradients in bi-layered spherical hydrogels bonded to
rigid cores. Wu and Zhong (2013) systematically evaluated the swelling equilibrium states of
core-shell-coating gel structures.

The aforementioned theoretical frameworks characterizing deformation phenomena of gel
systems are predominantly formulated within continuum mechanics principles, employing the
Flory—Rehner free energy function as the fundamental constitutive relation that governs the ma-
terial response. This idealized formulation integrates the Gaussian chain model to characterize
the elastic response of polymer networks with the Flory—Huggins solution theory to account
for polymer-solvent mixing energetics. Despite its widespread application in modeling vari-
ous chemo-mechanical coupling phenomena in polymer gels, the classical Flory—Rehner model
employs a Neo—Hookean representation for the network stretching free energy, which notably
neglects chain extensibility limitations. To address this limitation, Chester and Anand (2010)
developed a refined theory based on non-Gaussian statistical mechanics of polymer chains. While
this non-Gaussian approach offers a more physically realistic representation compared to Gaus-
sian statistics, it fails to incorporate the significant effects of chain entanglements — a crucial
consideration given that these entanglements are ubiquitous in actual gel networks due to the
fundamental uncrossability of network chains. These uncrosslinked polymer chain interactions,
termed slip-links, represent inevitable structural features in hydrogel preparation, as the forma-
tion of defect-free chemically cross-linked polymer networks remains practically unattainable.
Numerous models have been developed to characterize the entanglement effects in cross-linked
polymer networks. Among these, the Edwards—Vilgis slip-link model (Edwards & Vilgis, 1986)
has been shown to exhibit the strongest agreement with experimental results, as demonstrated
by comparative analyses with experimental data (Urayama et al., 2003). Yan and Jin (2012)
propose a novel hybrid free energy function for polymeric gels that combines the Edwards—
Vilgis slip-link model of elasticity with the Flory—Huggins mixing formulation, by which some
elementary deformation scenarios in single-component gel segments are carried out, showing
good agreement with experimental results.

In this work, we systematically investigate the influence of entanglements on the inhomoge-
neous and anisotropic swelling behavior of dual-layer gels containing rigid cores, and establish
a rigorous framework for the design and optimization of micromechanical properties and thick-
ness ratios in dual-layer gel systems, enabling precise control over target solvent concentrations
and sealing-induced stresses.

Traditionally, complex phenomena in gel systems have been analyzed using finite element
methods. However, these conventional numerical approaches require iterative solution procedures
when addressing differential equations with interface continuity conditions, which necessitate
the successive resolution of the governing equations at each iteration step, resulting in increased
computational complexity and implementation overhead (Abdolahi et al., 2017). Furthermore,
these mesh-based methods necessitate the discretization of the computational domain into mesh
points, approximating solutions at these discrete locations while yielding results with limited
differentiability.

Recent years have witnessed a transformative application of artificial neural networks (ANNs)
— also known as deep neural networks (DNNs) or deep learning (DL) — across numerous disci-
plines including image classification, handwriting recognition, speech processing, and computer
vision. These computational paradigms have subsequently emerged in scientific computing, par-
ticularly for solving partial differential equations (PDEs). Among these approaches, physics-
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informed neural networks (PINNs) have become a prominent methodology for training DNN-
based solutions to PDEs and have been successfully applied to various engineering challenges
(Diao et al., 2023; Raissi et al., 2019). In our prior work (Su et al., 2021; Su et al., 2022), we
employed a deep learning approach to model the swelling behavior of core-shell gel responding
to environmental stimuli. The inherent flexibility in defining DNNs, coupled with significant
advances in algorithmic efficiency, positions DNNs as a compelling alternative for PDE solution
approximation.

In this study, we employ PINNSs to investigate the swelling behavior of dual-layer gels. The in-
terface continuity conditions are elegantly incorporated into the loss function alongside other gov-
erning physical laws, thereby transforming the complexities of solving governing equations with
interface continuity conditions into a neural network optimization problem. This approach repre-
sents a significant paradigm shift in computational mechanics, where traditional numerical chal-
lenges are reframed within the well-established domain of deep learning optimization techniques.
Furthermore, PINNs generate closed-form, analytically differentiable solutions — a substantial ad-
vantage for subsequent calculations compared to the discrete or limited-differentiability solutions
offered by conventional methods. Moreover, the near-mathematical syntax facilitated by Tensor-
Flow or PyTorch frameworks enhances both implementation clarity and accessibility. Last but
not least, PINNs efficiently leverage modern parallel computing architectures, enabling effective
deployment across multiple graphics processing units (GPUs) or tensor processing units (TPUs).

The remainder of this paper is organized as follows: Section 2 presents a comprehensive
theoretical framework for modeling the inhomogeneous and anisotropic swelling behavior of
dual-layer spherical gels containing rigid cores, with particular emphasis on the incorporation of
chain entanglement effects through the Edwards—Vilgis slip-link model. Section 3 introduces the
PINN methodology specifically adapted for solving the dual-layer gel problem. Section 4 pro-
vides a systematic investigation of the influence of micromaterial parameters on the mechanical
behavior of dual-layer gel systems.

2. Model description

2.1. Kinematic relations and equilibrium equations

In Fig. 1, we present a schematic illustration of inhomogeneous swelling deformations in
a dual-layer spherical gel system with distinct micromaterial parameters. The reference state
(Fig. 1a) depicts two stress-free dry spherical gels perfectly adhered to a rigid core. Gel 1 occupies
the inner layer region BM) between radii Ri, and Rinter, while gel 2 forms the outer layer region
between Ripter and Royut. Let x(s), s = 1,2 be first-order tensor fields denoting the deformation
mappings from the regions B(®) into their deformed states occupying the regions B(*) (throughout
the subsequent analysis, where the superscript s appears without explicit specification of its
range, it is understood to take values s = 1,2, corresponding to the respective gel layers). Upon
immersion in a solvent with chemical potential © = 0, the system reaches equilibrium with
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Dry gels: pp=-00 ()| Solution: nw=0

Gel layer s=2

Gel layer s=1

Fig. 1. Schematic illustration of a dual-layer gel containing a rigid core: (a) fluid-free and stress-free
state serving as the reference configuration; (b) swollen state reaches equilibrium with the surrounding
solution.
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the external solution (Fig. 1b). Utilizing the orthogonal Cartesian basis vectors e; (i = 1,2, 3),
we formulate a spherical coordinate system eg, e, and e,. The deformation gradient can be
represented by
dr®) () (s
(5) — (5 - M A
F X ®V dR(s)eR®eR—|— R(S)e9®eg+ R(S)e¢®e@, (2.1)
where () represents the radial coordinate of the bilayer gels in a swollen state. The principal
stretches in the radial and hoop directions are, respectively, defined as
NI LN SRS
R dR(s)’ 0 ® R(s)’

(2.2)

The incompressibility of all molecular constituents within the gel system yields a volumetric
constraint wherein the total gel volume equals the sum of the dry polymer network volume and
the volume of absorbed solvent molecules. This relationship can be mathematically expressed as

1+0C® = det F® = J) (2.3)
where v is the volume per solvent molecule, and C'®) denotes the solvent concentration in gel s.
The swelling mechanics of this structure can be characterized as follows: near the core-gel
interface, the rigid core constrains hoop direction swelling while permitting radial stretching.
Due to the dissimilar micromaterial parameters of gel 1 and gel 2, their respective swelling
behaviors differ significantly, generating interfacial forces between the two layers. These forces
either promote separation or cohesion between the gels. However, since the two gel layers are
perfectly bonded, they must accommodate each other’s deformation, maintaining identical ra-
dial displacement magnitudes at their interface. Phenomena such as asymmetric deformations,
interfacial debonding, and fracture are beyond the scope of the current research.
In the absence of body forces, the conservation of linear momentum reduces to the equilibrium
equations:

P®) .V =0, (2.4)

where P®®) represents the nominal stress tensor, also known as the first Piola—Kirchhoff stress
tensor.

The nominal stress tensor in each gel layer, expressed in the spherical coordinate system,
takes the form:

PG — P](%S)eR ®egr + Pe(s)eg ®ep+ Pés)e(p ® €. (2.5)

Upon substitution of Eq. (2.5) into the equilibrium equation (2.4) and simplification, we obtain
the governing differential equation:

AP 2 6 e
O (P - Py7) =0, (2.6)

Under the assumption of spherically symmetric deformations and perfectly bonded interfaces
between the core-gel and gel-gel, the boundary conditions can be formulated as

M) (Riw) =1, Py (Row) =0, 2.7)

including the following interface continuity conditions:

P](Dbl) (Rinter) = P}(;?) (Rinter)7 )‘él) (Rinter) == )\é2) (Rinter)' (28)

2.2. Constitutive equations

Let W) denote the Helmholtz free energy density of the gel s. Assuming the gel s is in
equilibrium state characterized by the displacement field x(*) and solvent concentration field C(®),
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thermodynamic principles stipulate that the variation in the gel’s free energy must equate to the
work exerted by external mechanical force and solvent, as encapsulated by
/ SWE qv = / POING o) dA + / sC) av, (2.9)
B(s) oB(s) B(s)
where N() denotes the unit vector normal to the boundary dB®) of the reference configura-
tion B(®),

Under the assumption that the free energy density function W) depends on the deformation
gradient F(¥) and solvent concentration C'®) applying the divergence theorem to Eq. (2.9) yields:

(s) (o)
/<%¥(S) —P(S)) SF®) Qv+ /(P<s>.v) 5x<5>dv+/<?g<s) —u) sC AV = 0. (2.10)

B(s) B(s) B(s)

The middle term in Eq. (2.10) vanishes upon application of the equilibrium Eq. (2.4). Conse-
quently, Eq. (2.10) boils down to the constitutive equations:

OW () p(s) OW ()

Following Flory and Rehner (1943), the Helmholtz free energy of the gel takes the form:
we —w pwl), (2.12)
where Wrg( arises from mixing the polymers with the solvent molecules and S(tsr) from stretching

the gel network.
Flory (1942) and Huggins (1941) developed the expression for the free energy of mixing:

) _ KT oy (14 L X 2.1
Wmix v <UC n + UC(S) + 1—|—UC(S) ) ( . 3)

where x represents a dimensionless parameter quantifying the enthalpy of mixing and kT the
temperature in the unit of energy. For good solvents, the parameter x typically falls within
the range of 0.1 to 0.5. In our subsequent numerical calculations, we will set x = 0.1.

Including the molecular incompressibility constraint, the free energy of mixing can be refor-
mulated as

s T
w _ kT
v

J®
LX

(s) _
(J 1) log 1T 70

(2.14)

mix

Taking into account the effect of polymer chain entanglements (Edwards & Vilgis, 1986), the
Helmholtz free energy contribution attributable to the stretching of the network is formulated as

W = %Ns(s)kT In (1 = (a<5>)2 3 (AES))2>
(1 — (04(3))2> > ()\1(5)>2
s ()

()\Z(s)>2 (1 +77(S)) (1 _ (a(s))2>

(140 0)) (1 o (4)

2) +ln (1 + (AP)Q) ,

(2.15)



6 H. Su et al.

where NC(S) and Ngs) denote the crosslink and slip-link concentrations, respectively, a(®) char-
acterizes the inextensibility parameter, n®) is the slippage parameter, and )\ES) (i =1,2,3)
represent the principal stretches.

Let C®) = (F(S))T F®) be the right Cauchy—Green deformation tensor. The principal invari-
ants of C®®) can be written as

= () () ()
- 6 (0 + 0 (09" ()" ()’ o
- 6 () (9 - ()

Combining Eqs. (2.15) and (2.16) yields

(1— ()21
1— (a(s))QII(S)

wi (1, 17,00 = %Nc(s)kT

str

+In(l— (a<s>)21{5>)]

1 s s S s s s S
+ 5Nk In ((1 + OIS 4 (2L 4 ()3 (¢ >)2) (1 — (a2 ))}
- INGRr ( 1+ 2917 4 302 (J )2 > ((1 +1%) (1- (“)?) )] .
2 L1+ )21 + ()3 ()2 1 ()21}
(2.17)
Applying the Legendre transformation to the Helmholtz free energy yields
W =we — 0, (2.18)
Thus, the constitutive Egs. (2.11) can be rewritten as
W) W)
() = W () - I (2.19)
OF(s) o

By setting the chemical potential to zero and integrating Eqs. (2.18) and (2.19), we obtain
o WO aw® arY  ack) I o1 act) LI 9
 9F() 3158) HC(s)  GF(s) 8[2(8) OC6) T gF(B)  9.J(s) gF(s)

.y OW () (®) aw(S)( aW(S)l
9J() 2

o1 a1y

[PFE —F(S)(C(S))T) + JOES)T (2.20)

3. Physics-informed neural networks

As shown in Fig. 2, two DNNs serve as ansatz functions to approximate the stretch fields
within the bilayer gel system. The input layer receives position coordinates R(*), while the output

)

layer yields the corresponding radial and hoop stretches, )\S) and)\(gs , respectively (without

causing notational ambiguity, we still use the notations )\g) and )\((f) to represent their DNN
ansatzes in this section).

FEach DNN architecture incorporates six hidden layers, with each layer containing 20 neurons
and employing hyperbolic tangent activation functions. The output layer utilizes linear activation
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Physics-informed module

Loss function

Fig. 2. Architecture of PINNs composed of DNNs and physics-informed module.

to ensure unbounded stretch predictions. Denoting the s-th DNN system as N (), the primary
field variables (solutions) of the mechanical problem are expressed as

25 287] Lo (RO, W), (3.1)

where W) represents the collection of trainable weights and biases associated with the s-th DNN.
The residual terms for the kinematic relations and equilibrium equations are formulated as

) dxg”

Resigy, = Ai = Ay — RO 2o,

(3.2)

dP(S) 9
() — R _2 (pl)_ ps)
Resge, 1R + 70 (PR Py )7

where the stress components P](;) and PQ(S) are determined by substituting the DNN predic-

tions /\S) and Aés) into the constitutive relations. The spatial derivatives of the DNN predictions
are computed using automatic differentiation capabilities within the TensorFlow framework.

In conventional supervised learning paradigms, prediction accuracy is fundamentally con-
strained by training data availability. To mitigate this limitation, physics-informed approaches
have been developed that incorporate governing physical laws as constraints. These constraints
are enforced through penalty terms in the loss function, which regularize the solution by penal-
izing predictions that violate fundamental physical principles.

The physics-informed module in Fig. 2 systematically encodes prior knowledge, including
kinematic relations, equilibrium equations, and boundary conditions, into the composite loss
function:

(1

2
Loss = Lossk :

) + Loss() + Lossl({

n equ

where Lossl(i)1 and Lossgfl)u represent loss contributions from kinematic relations and equilib-

rium equations for the s-th gel layer, respectively, and Lossgc encompasses boundary condition
constraints, including interface continuity requirements. The conventional numerical methods

)+ Lossgl)u + Losspc, (3.3)

n
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encounter considerable inconvenience in handling these interface continuity conditions. In the
present work, these conditions are directly encoded into the physics-informed neural network
(PINN) framework, thereby transferring the complexities to the process of minimizing the asso-
ciated loss function.

The individual loss terms are evaluated using mean square error formulations:

N(s)
s 1 s s s 2
LOSSf{ir)l = N(S) Z ‘Resl({lr)l(Rz( )’W( ))) )
=1
N(s)
Loss(®) = 1 Z ’Res(s) (R(S)-W(S))}2
geo = 7(s) -~ geo\ Ll J (3.4)

2 2
Losspc = ‘)\él)(Rin) - 1‘ + ‘P}g)(Rout)

2

)

+ ‘Aél) (Rinter) - )\§2) (Rinter)

N(s)
where {RES) denotes the set of collocation points for training the s-th neural network.

=1
The composite loss function is minimized using the Adam optimization algorithm, a gradient-

based adaptive learning rate method implemented within the TensorFlow computational envi-
ronment. During the training process, primary variables )\E{;) and )\és) that deviate from pre-
scribed physical constraints are penalized, thereby guiding the DNN approximations toward
physically consistent results. This approach ultimately yields DNN-based solutions that satisfy
the underlying physics constraints.

To enable a comparison with the PINN result, we computed a classical numerical solution
using the shooting method. In the absence of entanglements (NS(S) = o) =yl = 0), we
set vN) = 0.009 and N = 0.001. We initially assume A (Ri,) = 2. Combined with the
boundary condition T(l)(Rin) = Rin, we solve Eq. (2.6) for s = 1. The solution yields r2 (Rinter),
which is equal to 7()(Riyger). Combined with P}({z) (Rout) = 0, we then solve Eq. (2.6) for s = 2.
Finally, a root-finding algorithm adjusts the initial assumption x until the interface pressure
mismatch PI(%l)(Rimer) — Pg) (Rinter) i minimized. As shown in Fig. 3, the shooting method
results demonstrate good agreement with the PINN predictions.

7

2 Shooting method
— PINNs

l N
4 \ N
3 \& i |

T et
1

1.0 1.5 2.0 2.5 3.0
R/Rin

A

Stretches

Fig. 3. Comparison of results obtained using PINNs and the shooting method.

4. Results and discussion

In this section, PINNs are employed to investigate the influence of micromaterial parameters
on the inhomogeneous deformation, stress distribution, and solvent concentration in dual-layer
spherical gels at equilibrium.
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To examine the effect of slip-links, we maintain constant total concentrations of cross-links
and slip-links in both gel layers, such that vNS(S) + vNc(s) = 0.01 for s = 1,2, while varying
the slip-link fraction defined as K = Ns(s) / (NS(S) + NC(S)). The inextensibility and slippage
parameters are held constant at a(® = 0.1 and n(® = 0.1 for s = 1,2, respectively. Figure 4
illustrates the effects of the slip-link fraction on the radial and hoop stretches and normalized
stresses when the dual-layer gels reach equilibrium. When the slip-link fractions in both layers
are equal (lC(l) = IC(Q)), the dual-layer system reduces to a single gel layer case, resulting in
smooth stretch and stress functions. The upper panels of Fig. 4 demonstrate that near the rigid
core, the hoop stretch remains constant due to core constraints, while the radial stretch increases
substantially. With increasing distance from the core, the hoop and radial stretches converge.
Moreover, the increasing slip-link fraction enhances both radial and hoop stretches. The lower
panels reveal that near the core, the radial stress is tensile and the hoop stress is compressive
due to core constraints. Both stresses diminish toward the outer surface, and their magnitudes
decrease with the increasing slip-link fraction. When the slip-link fractions differ between layers
(KW #£ K@), the behavior changes markedly. The radial stretch function exhibits discontinuity
at the gel-gel interface (vertical dashed line in Fig. 4), whereas the hoop stretch function remains
continuous owing to perfect bonding between the two gel layers. Nevertheless, the hoop stretch
function becomes non-smooth at this interface. For systems with higher slip-link fractions in
the outer layer (K = 0.1, K® = 0.9), the radial stretch decreases with dimensionless radius
R/Ryy, in gel 1, then exhibits a sudden discontinuous increase at the interface, before decreasing
again. The hoop stretch increases with R/R;, in gel 1 and continues growing at an accelerated
rate beyond the interface. Conversely, for systems with lower slip-link fractions in the outer
layer (KU = 0.9, K®) = 0.1), the radial stretch decreases with R/R;, in gel 1, then undergoes
a discontinuous decrease at the interface followed by slight recovery. The hoop stretch increases

64 2.2
£ <20
5 -
1.8
41 1.6
1.4
3
1.2,
2 1.0 5
1.0 1.0 15 2.0 2.5 3.0
R/Rin
0.06 1 3 O ;';';"&_’g'z"&“_s_s-e-e-ﬁ-e-e-e-e--
S e —kW=09,k@=01| | & o 5 |
= kW =0.1, kP =0.9 002 /et R R
oot okW=k@=01 || £ ;
‘\0 s kM =x®@ =009 004 : ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
0.03 |- R ;
0.02] S S I [ — — kW =09, K2 =0.1
; :' KM =0.1, K2 =0.9
0.01 E ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 008 o kM =x@ =01
i‘ a kW =K@=09
)] S =3 0.10 1
1.0 15 2.0 2.5 3.0 1.0 15 2.0 2.5 3.0
R/R;, R/R,

Fig. 4. Effects of slip-link fraction on the stretches (upper panels) and normalized stresses (lower panels)
with a(®) = 0.1 and n(®) = 0.1 for s = 1,2.
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with R/R;, in gel 1 but decreases beyond the interface. The stress distributions show distinct
patterns. For KM = 0.9, K® = 0.1, the radial stress decreases with R/Ryy, in gel 1, transitions
from tensile to compressive at the interface, then increases to zero at the outer surface. The hoop
stress increases with R/R;, in gel 1, discontinuously changes from compressive to tensile at the
interface, then decreases to zero at the outer surface. For K = 0.1, K& = 0.9, both stress
functions nearly coincide with the X = K2 = 0.1 case. Notably, the outer layer with a lower
slip-link fraction exerts greater influence on the inner layer. Both stretch and stress functions in
gel 1 show closer correspondence between cases KM = 0.1, K& = 0.9, and KV = K& = 0.1
compared to cases K = 0.9, K& = 0.1, and KV = K@ =0.9.

The effects of the inextensibility parameter on mechanical behavior are opposite to those
of the slippage parameter, as demonstrated in Fig. 5 and Fig. 6. Increasing the inextensibil-
ity parameter reduces stretches while amplifying stress magnitudes. Conversely, increasing the
slippage parameter enhances stretches and diminishes stress magnitudes. Differences in inexten-
sibility and slippage parameters between gel layers induce abrupt changes at the gel-gel interface.
The upper panels of Figs. 5 and 6 reveal that dual-layer gel systems with lower inextensibility pa-
rameters or higher slippage parameters exhibit a sudden discontinuous increase in radial stretch
at the interface, followed by a subsequent decrease, while the hoop stretch demonstrates accel-
erated growth beyond the interface. In contrast, systems with higher inextensibility parameters
or lower slippage parameters display a sudden discontinuous decrease in radial stretch at the
interface before recovery, accompanied by reduced hoop stretch beyond the interface. The lower
panels of Fig. 5 and Fig. 6 reveal that gel systems with softer inner layers (characterized by
lower inextensibility parameters or higher slippage parameters) exhibit a transition from tensile
to compressive radial stress and from compressive to tensile hoop stress at the gel-gel interface.
This behavior arises from the constraint imposed by the stiffer outer layer on the deformation

5.0 3 3 3 2.0 3 55T
- | ‘ - Y X I—
< 4.5 < r Lo : i--
O 0 """""""" ':’,/ """" [ —— A
4.0 o; /A,K*’AAAA%AAA
[N H :
35 Lop g frm A
A | |
re ‘
3.0 14— ;/ """"""""""" —aW=0.1,a®=02
2.5 - aM=02,a@=0.1
I R o aW=a® =01
2.0 g a aW=a® =02
1.5 1.0 5 ‘ ‘
1.0 1.0 1.5 2.0 2.5 3.0
R/Rin
,,,,, g o0 ‘
<
g
77777 IS]

-0.05 j
1
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, =02, a®=
s O=a®@=0.1
010 S s aW=a@=02
3.0 1.0 15 2.0 2.5 3.0
R/R;, R/Ry,

Fig. 5. Effects of inextensibility parameter on the stretches (upper panels) and normalized stresses
(lower panels) with £(*) = 0.1 and (®) = 0.1 for s = 1, 2.



Physics-informed neural networks for inhomogeneous swelling analysis of dual-layer gels. .. 11

I - 2.5 T 3
| (1):0‘1777(2):0‘4 - i Laasaanssn
M=0.4, n®=0.1 ~ R A_é?— =
(1):77(2):()_1 a2 i coo0o000000
O =p =04 : 2.0t eI ,; ———————————————————— b
a8 E
1.5 "I ,,,,,,,,,,,,,,, —77(1):0.1, 77(2)70.4
| ---77(1):0.4, 7](2) 0.1
""""""""" M=y =01
°n n .
A2 a a2
000022220 | An(l):n(2>:04
170 | | |
1.0 1.5 2.0 2.5 3.0
R/Rin
—~ 0
&~
2
§—0.01
B
-0.02
-0.03
(1) —0.
-0.04 W_g
-0.05 | o ) =n@ =0,
R a A 77(1):17(2):()4
. : : -0.06 ‘ ‘ ‘
1.0 1.5 2.0 2.5 3.0 1.0 1.5 2.0 2.5 3.0
R/R;, R/R;,

Fig. 6. Effects of slippage parameter on the stretches (upper panels) and normalized stresses (lower panels)
with £ = 0.9 and a(®) = 0.05 for s = 1, 2.

of the softer inner layer. Conversely, systems with softer outer layers demonstrate an abrupt
reduction in tensile radial stress and a sudden increase in compressive hoop stress, attributed
to the enhanced deformation capacity of the softer outer layer. Both radial and hoop stresses
approach to zero at the outer surface.

Figure 7 demonstrates the influence of micromaterial parameters on the solvent concentra-
tion distribution and equilibrium outer radius of the gel system. The left panels reveal that due
to core constraints, solvent concentration increases with the distance from the core. The solvent
concentration exhibits direct proportionality to the slip-link fraction and slippage parameter,
while demonstrating inverse proportionality to the inextensibility parameter. Dual-layer gel sys-
tems with softer outer layers exhibit discontinuous increases in solvent concentration at the
gel-gel interface, whereas systems with stiffer outer layers display the opposite behavior.

The equilibrium outer radius is crucial for various applications. We maintain a constant total
thickness of the dual-layer gel, (Rout — Rin)/Rin = 2, while varying the thickness ratio of the inner
and outer layers, §(1) / 8@ where §(®) represents the thickness of the s-th layer. The equilibrium
outer radius is plotted as a function of the thickness ratio in the right panels of Fig. 7.

When micromaterial parameters are identical in both layers, the dual-layer gel system reduces
to a single-layer gel system, and varying the thickness ratio does not affect the outer radius since
the total thickness remains constant. Larger slip-link fractions and slippage parameters result in
greater gel swelling, while the inextensibility parameter exhibits the opposite effect. For systems
with softer inner layers, the outer radius increases with the thickness ratio, whereas systems with
softer outer layers demonstrate the opposite trend. The variation range of the outer radius in
dual-layer gel systems does not exceed that of single-layer gel systems. As the thickness ratio
increases, the outer radius of dual-layer gel systems approaches that of the corresponding single-
layer gel system.
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Fig. 7. Effects of slip-link fraction (upper panels, a®) = 0.1 and n® = 0.1 for s = 1, 2), inextensibility

parameter (middle panels, £®) = 0.1 and ®) = 0.1 for s = 1,2), and slippage parameter (lower panels,

K®) = 0.9 and o'*) = 0.05 for s = 1,2) on the distribution of solvent concentration (left panels) and
outer radius of the gel system in equilibrium state (right panels).

5. Conclusion

This investigation presents a comprehensive theoretical and computational framework for
analyzing the inhomogeneous swelling behavior of dual-layer spherical gels containing rigid cores.
By incorporating the Edwards—Vilgis slip-link model, we successfully capture chain entanglement
effects that are ubiquitous in actual gel networks but neglected by traditional Neo—Hookean
formulations. The developed PINN methodology transforms the computational challenges of
interface continuity conditions into an optimization problem, eliminating the need for iterative
coupling procedures typically associated with interface problems, presenting a potentially more
efficient computational paradigm for multi-domain or multi-physics applications.
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Our systematic parametric analysis reveals that micromaterial parameters significantly in-
fluence mechanical behavior, stress distribution, and solvent concentration profiles. Notably,
parameter disparities between gel layers induce discontinuous radial stretch distributions while
maintaining interface continuity for hoop stretches. The outer layer exerts dominant influence on
the inner layer’s mechanical response. These findings establish a rigorous foundation for rational
design and optimization of dual-layer gel systems, enabling precise control over target solvent
concentrations, stress distributions, and equilibrium outer radii in dual-layer spherical gel sys-
tems. The framework advances fundamental understanding of dual-layer gel mechanics while
providing practical tools for engineering applications in sensors, actuators, and drug delivery
systems.
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