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The standing-wave vibration drill-string in a sonic drill is prone to fatigue damage. Com-
monly used alloy materials for drill-strings include S135, 4145H and G105, but the material
sensitivity coefficient is large when the fatigue strength is high. To choose an appropriate
drill-pipe material and improve the drill-string service life, this paper analyzes the cumula-
tive fatigue damage of three types of material drill-strings with variable length. The results
indicate that for short drill-strings with high-frequency vibrations, the material constant
has a greater effect on fatigue damage. However, for long drill-strings with low-frequency
vibrations, the fatigue limit has a greater impact on fatigue damage.
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Nomenclature

c – damping coefficient

di, do – inner and outer diameter of drill string, respectively

f(x, t) – distributed load

k – number of additional drill pipes

kmax – total number of additional drill pipes within fatigue damage zone

l – length of drill string

lb – length of drill string without fatigue damage

l0 – maximum drill string length before entering standing wave vibration

m – material constant

me – static moment of sonic vibrator

mH ,mG,mS – material constant of 4145H, G105, S135, respectively

nk – number of cycles under stress level σ−1k
u(x, t) – displacement response of drill string

xf – distance from any point on drill string to drill bit

D – cumulative fatigue damage

DH ,DG,DS – fatigue damage of 4145H, G105, S135, respectively

E – elastic modulus

NC , Nk – total number of cycles under stress level σ−1 and σ−1k, respectively

RHG, RSG – damage ratio at maximum damage point of 4145H and G105; S135 and G105,
respectively

S – cross-sectional area of drill string

V – rate of penetration (ROP)

∆l – length of single drill pipe
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ζ – damping ratio

ρ – density

ε(x, t), σ(x, t) – dynamic strain and stress, respectively

σb – tensile strength

σ−1 – symmetrical cyclic fatigue limit stress

σ
−1k – stress level

ϕi – phase angle

ωi – i-th order natural angular frequency

1. Introduction

In the context of geological and oil drilling operations, a drill tool is subjected to tension,
bending, torsion, impact, and hydraulic pressure in the wellbore. These complex stress conditions
are a primary cause of fatigue failure in drill strings (Albdiry and Almensory, 2016). Research
has shown that over 50% of drill-string failures are caused by fatigue (Moradi and Ranjbar,
2009). Constant axial, torsional, and internal pressure loads do not cause fatigue, but they can
exacerbate fatigue under the influence of cyclic stress (Asgharzadeh et al., 2019). Drill strings
fatigue damage is a major concern for researchers worldwide.

Recently, sonic (or ultrasonic) vibration technology has rapidly developed and been applied
in the field of drilling. Sonic (ultrasonic) drilling is an efficient drilling method that utilises
resonant waves in a drill string to generate higher speeds in the drill bit, thereby achieving
high-speed drilling. It has the advantages of high drilling speed, high fidelity of rock samples,
and low environmental pollution and is widely used in fields such as engineering exploration
and infrastructure construction. However, the standing wave resonance in drill strings can cause
extreme dynamic stresses at specific locations within the drill string, which can lead to fatigue
failure or even fracture of the drill string, increasing drilling costs (Zamani et al., 2016).

Fatigue failure is the process of fatigue damage accumulation reaching a critical value. Numer-
ous theoretical models have been developed to describe the development of cumulative damage
(Benkabouche et al., 2015). In engineering applications, the Miner cumulative fatigue dam-
age theory is notable for its simplicity and practical utility. It often aligns well with experimental
results and is adept at predicting the average fatigue life of engineering structures under random
loads (Sun et al., 2014). This theory is widely applied in predicting the fatigue life of various
mechanical components in engineering, such as aircraft engines, skin, and hydraulic tubes and
other components (Baek et al., 2008; Chen et al., 2014; Jiao et al., 2018). Rao et al. (2001)
reported that the Palmgren–Miner law is the most used theory for predicting the fatigue life in
blades subjected to variable stress amplitudes. Zhao et al. (2018) employed the rainflow-counting
method to analyze continuous bending stress history in whirl responses, and evaluated the cu-
mulative fatigue damage using Miner’s rule. Additionally, Zhu et al. (2012) indicated that the
Palmgren–Miner rule provides a better lifetime prediction under simple loading conditions, as
compared to other methods. Bu et al. (2023) theoretically investigated the fatigue damage in
sonic drilling caused by inertial excitation, and conducted a fatigue damage theory for deep-hole
sonic drilling by using Miner’s cumulative fatigue damage rule.

Research on fatigue experiments has mainly focused on fatigue damage analyzes of mate-
rial samples. The metal magnetic memory method can be employed to quantitatively assess
material damage based on the characteristics of metal magnetic memory changes during stress
or fatigue of different materials. Many studies have been conducted on the processes of tensile
fatigue and rotary-bending fatigue (Li et al., 2013, 2016). Lin et al. (2015) conducted fatigue
performance tests on commonly used API standard S135 and G105 materials by employing
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a PQ-6 rotary-bending fatigue-testing machine. By utilizing the Basquin model and mathemat-
ical statistics theory, Lin obtained the S-N curves for these materials. Wang et al. (2016) using
the same method as Lin et al. (2015), obtained the S-N curves for 4145H, 4145H is international
standard drilling tool steel certified by the American Iron and Steel Institute (AISI). Further-
more, it was found that the frequency of ultrasonic testing did not impact the fatigue life in
tests of asymmetric cyclic loads with constant- and variable-amplitude loads (Mayer et al., 2013;
Fitzka and Mayer, 2016). Experimental studies on material fatigue damage have only focused on
a specific load. However, during sonic drilling, as the borehole extends, the excitation frequency
decreases, and the location of the maximum dynamic stress changes. Therefore, the dynamic
stress experienced by each point in the drill string is different, and each point in the drill string
is subjected to varying amplitude loads (Bu et al., 2015). Therefore, fatigue damage analysis
and research on resonant drill strings in sonic drilling should not only focus on the material itself
but also be combined with the actual working conditions.

In our previous research, we developed a theory on fatigue damage of sonic drill strings,
which theoretically proved the primary role of resonant order stress in causing fatigue damage,
and our findings suggested that selecting materials with a high fatigue limit and low material
constant (index of σ-N curve) can reduce the damage of drill strings (Bu et al., 2023). However,
the influence of materials on the fatigue life was not theoretically analyzed and the fatigue life of
different materials under the same stress cycle was not evaluated; thus, whether a larger fatigue
limit leads to a longer fatigue life is still unknown. Compared to G105 materials, S135 materials
have a higher fatigue limit and a higher material constant, which is more sensitive to the stress
cycle. The material constant and fatigue limit of 4145H material are both between S135 and
G105. Therefore, during construction, both the fatigue limit and the material constant should
be considered. For shallow sonic drills using piezoelectric ceramics or giant magnetostrictive
materials as exciters (Bu et al., 2022) or ultrasonic knives used in the medical field, the excitation
frequency is high (up to 20–100 kHz). In such cases, considering the impact of material constants
on the fatigue life is crucial.

This study compares the fatigue damage of S135, 4145H and G105 drill strings, which are
commonly used in drilling projects, by applying the Miner cumulative fatigue damage rule com-
bined with the standing-wave vibration characteristics of sonic drilling. Furthermore, the fatigue
damage of three types of drill strings having the same length is analyzed, and the application
range of the three materials is determined. This study is important for guiding engineering prac-
tices on choosing appropriate drill pipe materials, reducing drilling accidents and enhance the
service life of sonic drill strings.

2. Methodology

2.1. Stress analysis of sonic drill string

In sonic drilling, a sonic vibrator is installed at the top of the drill to induce vibrations in
the drill string. This vibrator is isolated using air springs, ensuring it does not participate to the
resonance of the drill string (Xiao et al., 2020). According to our previous work (Bu et al., 2023),
the differential equation to describe the longitudinal vibration of a sonic drill string is

ρS
∂2u

∂t2
+ c
∂u

∂t
− ES

∂2u

∂x2
= f(x, t) (2.1)

where ρ is the material density, S is the cross-sectional area of the drill string, c is the damping
coefficient, E is the elastic modulus, and f(x, t) = meω

2 sin(ωt)δ(x), δ(x) is the Dirac delta
function,

∫ l
0 f(x, t) dx = meω

2 sin(ωt), me is the static moment of the sonic vibrator.
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The boundary condition is expressed as

∂u(0, t)

∂x
=
∂u(l, t)

∂x
= 0 (2.2)

The vibration differential equation and boundary conditions of the sonic drill string are
obtained by applying Eqs. (2.1) and (2.2), and the steady-state solution of the forced vibration
displacement response of the drill string is obtained by using the separated variable method
(Sun et al., 2017)

u(x, t) =
2meω

2

ρSl

∞
∑

i=0

sinω t− ϕi
√

(ω2i − ω
2)2 + (2ζiωiω)2

cos
iπx

l
(2.3)

where ωi = (iπ/l)
√

(E/ρ) (i = 1, 2, 3, ...) is the natural angular frequency, ϕi =
arc tan((2ζiωiω)/(ω

2
i − ω

2)) is the phase angle, and ζi is the mode shape damping ratio (it
is usually assumed that the damping ratio of each mode is the same; therefore, ζi = ζ). When
the excitation angular frequency ω approaches ωi, the phase angle ϕi approaches π/2.

Then, the stress expression can be obtained as follows

σ(x, t) = Eε(x, t) = E
∂u(x, t)

∂x
= −
2πEmeω

2

ρSl2

∞
∑

i=0

i sinωt− ϕi
√

(ω2i − ω
2)2 + (2ζiωiω)2

sin
iπx

l
(2.4)

The material parameters of S135, 4145H and G105 drill pipes are listed in Table 1.

Table 1. Material parameters of drill pipes (Lin et al., 2015; Wang et al., 2016)

Drill pipe Fatigue limit Tensile strength Material Density Elastic modulus
material σ−1 [MPa] σb [MPa] constant m ρ [kg/m3] E [Pa]

S135 527.37 1000 16.53 7850 2.06e11

4145H 482.89 1100 12.81 7850 2.06e11

G105 435.62 793 9.77 7850 2.06e11

The technical parameters of the sonic vibrator and drill pipe are presented in Table 2.

Table 2. Technical parameters of the sonic vibrator and drill pipe (Sun et al., 2017; Bu et al.,
2023)

Total static moment Drill-string inner/outer Drill-string cross-sectional
of sonic vibrator me diameter di/do area S

0.126 kg ·m 92.46/114.3 mm 3.547e-3 m2

Table 1 indicates that the three materials have the same density and elastic modulus. Then,
according to Eq. (2.4), the dynamic stress produced by standing wave vibration is the same
for drill strings having the same length. We can determine the relationship between the max-
imum dynamic stress amplitude of the first-order resonant sonic drill string and its length by
substituting the technical parameters listed in Table 2 into Eq. (2.4), as shown in Fig. 1.

Figure 1 illustrates that as the length of the drill string increases, its maximum dynamic
stress amplitude gradually decreases, and the peak dynamic stress of the first-order resonance is
always located in the middle of the drill string. Fatigue damage occurs when the dynamic stress
amplitude of the drill string exceeds the fatigue limit. Due to the highest fatigue limit of the
S135 material, the S135 drill pipe enters the non-damage zone earliest with the extension of
the drill string.
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Fig. 1. Maximum stress amplitude of sonic drill strings having different lengths. The black dashed line
represents the dynamic stress amplitude at each point of the 12.8m drill string, and the blue dashed

line represents the dynamic stress amplitude at each point of the 20m drill string

2.2. Cumulative fatigue damage of the sonic drill string

When the influence of various dynamic stresses in the drill string on the fatigue life is
analyzed, the fatigue damage of the drill string can be considered caused by the resonant dynamic
stress. According to Miner’s cumulative fatigue damage theory, D =

∑

(nk/Nk), where nk is the
number of cycles under the stress level σ

−1k (k = 1, 2, 3, ...), Nk is the total number of cycles
that the test piece can withstand under the stress level σ

−1k, and the fatigue damage expression
for the drill string (Bu et al., 2023) can be obtained as

D =
πmrm+1

2NC(σ−1)m

(

√

E

ρ

)2m+1(me
S

)m 1

V ζm

kmax
∑

k=1

[ ∆l

(l0 + k∆l)2m+1
sinm
( πxf
l0 + k∆l

)]

(2.5)

where V is the rate of penetration (ROP), σ−1 is the symmetrical cyclic fatigue limit, NC is the
total number of cycles under the stress level σ−1, m is the material constant, xf is the distance
from any point on the drill string to the drill bit, l0 is the maximum length of the drill string
before entering the standing wave vibration, ∆l is the length of a single drill pipe, k is the
number of additional drill pipes, and kmax is the total number of additional drill pipes within
the fatigue damage zone, which is affected by the excitation frequency and the material fatigue
limit.

As shown in Table 1, the S135, 4145H and G105 materials have the same elastic modulus
and density. Therefore, based on Eq. (2.5), the factors affecting the damage between the two
materials are the material fatigue limit and the material constant. The two parameters have
opposite effects on the fatigue damage, with a high fatigue limit resulting in low fatigue damage,
and a high material constant resulting in high fatigue damage. Table 1 reveals that the S135
material has the highest fatigue limit and highest material constant; so, the S135 material is most
sensitive to stress cycles. Therefore, drill-string materials should be selected for more specific
operating conditions to obtain a longer fatigue life.
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3. Results and discussion

According to the foregoing analysis, the total cumulative fatigue damage during the drilling
process was obtained based on the stress cycle times and fatigue life of the drill string at different
stress levels. In this Section, the cumulative fatigue damage of the drill string for all materials
listed in Table 1 are compared by setting continuous drilling conditions under different excitation
frequencies. Additionally, the damage ratios of the fixed-length drill string oscillator are analyzed
at different frequencies to explore the effects of the material fatigue limit and material constants
on damage.

3.1. Fatigue damage comparison of variable-length sonic drilling

In sonic drilling, the extension of the drill string leads to a continuous change in force
distribution. The static moment of the sonic vibrator and geometric parameters of the drill string
are shown in Table 2, and the working conditions (damping ratio ζ = 0.025 and ROP = 15m/h)
are set. Based on setting the length of a single drill pipe to ∆l = 0.1m (equivalent to the
continuous extension of the drill string), the fatigue damages of S135, 4145H and G105 drill
strings due to the standing wave resonance at initial excitation frequencies of 180 and 206Hz
are calculated.

When the initial excitation frequency is 180Hz, the sonic standing wave begins at a drill
string length of 14.2m. Figure 2 shows the cumulative fatigue damages of the S135, 4145H
and G105 drill strings as the drilling proceeded until no further fatigue damage occurred.

Fig. 2. At the initial excitation frequency of 180 Hz, the starting length of the sonic standing wave is
14.2m; drilling is performed to the point where fatigue damage no longer occurs, and the cumulative
fatigue damages at various points of S135, 4145H and G105 drill strings are shown (drilling conditions:

ζ = 0.025, ∆l = 0.1m, and ROP = 15m/h)

Figure 2 shows that the S135 drill pipe, which has the highest fatigue limit, has lowest
damage at all points; the G105 drill pipe, which has the lowest fatigue limit, has highest damage
at all points; the fatigue limit and the fatigue damage of 4145H drill pipe are both between G105
and S135.
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This result supports the idea that the higher the material fatigue limit, the lower the fatigue
damage and the longer the lifespan. When the maximum dynamic stress amplitude of the drill
string reaches the fatigue limits of S135, 4145H and G105, respectively, the specific excitation
frequencies determined by Eq. (2.4) are 171.9 Hz, 164.5 Hz and 156.2 Hz, respectively. Notably,
if the initial excitation frequency is lower than 156.2 Hz, the maximum dynamic stresses of these
three materials are less than the fatigue limits, and none of them will experience fatigue damage.
Therefore, these three materials can be selected.

In the case of long drill string at low frequencies, materials with a high fatigue limit exhibit
low fatigue damage. However, for shallow sonic standing-wave drilling or drilling with a shorter
drill string, the drilling string has a higher excitation frequency and undergoes more stress cycles
per unit time. According to the data in Table 1, S135 material with the highest fatigue limit has
the same highest material constant and is most sensitive to dynamic stress cycling. Therefore, the
use of S135 for high-frequency short drill strings requires further investigation.

The starting length of the sonic standing wave is 12.4m when the initial excitation frequency
increases to 206Hz. Drilling is performed to the point where fatigue damage no longer occurs,
and the cumulative fatigue damages of the S135, 4145H and G105 drill strings are shown in
Fig. 3.

Fig. 3. At the initial excitation frequency of 206Hz, the starting length of the sonic standing wave is
12.4m; drilling is performed to the point where fatigue damage no longer occurs, and the cumulative
fatigue damages at various points of S135, 4145H and G105 drill strings are shown (drilling conditions:

ζ = 0.025, ∆l = 0.1m, and ROP = 15m/h)

As shown in Fig. 3, the maximum damage points of these three materials are near the
distance from the drill bit of half the starting length of the sonic standing wave. The maximum
cumulative fatigue damage of S135 is the highest, while the maximum cumulative fatigue damage
of G105 is the lowest, and the maximum cumulative fatigue damage of 4145H is between G105
and S135. This result is inconsistent with the conclusion drawn from Fig. 2. If the starting length
of the sonic standing wave decreases and the standing-wave excitation frequency increases, the
fatigue damage to the S135 drill string becomes greater, potentially leading to its failure. This is
because fatigue damage is not only related to the fatigue limit but also significantly influenced
by the material constant. The higher-frequency excitation causes the dynamic stresses in the
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symmetric cycle in the drill string to change faster, and the S135 material has the highest
constant and is most sensitive to stress changes; therefore, the maximum damage is highest in
these three materials.
A comparison of the two types of special cases presented in Figs. 2 and 3 reveal that when

drilling with a low-frequency and long drill string, the greater the fatigue limit, the smaller is the
fatigue damage; when drilling with high-frequency short drill strings, the smaller the material
coefficient, the smaller is the fatigue damage. This also indicates that under different excitation
frequencies, the fatigue limit and material constant have different dominant effects on the fatigue
life of the drill strings. Therefore, it is not feasible to evaluate the cumulative fatigue damage
of the drill string based on a single parameter only, and a combination of fatigue limits and
material constants needs to be considered.

3.2. Effect of standing wave oscillator length on the fatigue damage ratio

of two materials

In contrast to the special case analysis of the standing-wave vibration drill string previously
described, a more general case is discussed. The theory of cumulative fatigue damage means that
when the dynamic stress is below the fatigue limit of the material, damage will no longer occur
(Miner, 1945). According to our previous study, the excitation frequency and dynamic stress
gradually decrease when the length of the drill string varies from short to long (Bu et al., 2023).
The formula for calculating the length of drill-string for which the standing wave resonance no
longer causes fatigue damage is

lb =

√

πrme
ζσ−1S

√

E

ρ
(3.1)

The lengths of the three drill strings without fatigue damage are obtained as 14.9m, 15.6m
and 16.4m by substituting the material parameters of S135, 4145H and G105 presented in
Table 1 into Eq. (3.1). Therefore, the analysis should be performed when the length of the
drill-string oscillator is less than 14.9m.
A fixed length of the drill string oscillator is set to analyze the fatigue damage of the three

materials. To compare the extent of damage to the three materials more intuitively, the material
parameters of S135, 4145H and G105 are introduced into Eq. (2.5), and the fatigue damage of the
three materials can be obtained as DS , DH and DG; therefore, taking DG as the denominator,
DS and DH as the numerators, the damage ratios can be obtained as

DS
DG
=
(πrmeE

ζρSl2
sin
(πxf
l

))mS−mG (σ−1G)
mG

(σ−1S)mS

DH
DG
=
(πrmeE

ζρSl2
sin
(πxf
l

))mH−mG (σ−1G)
mG

(σ−1H)mH

(3.2)

where subscripts S, H and G represent the S135, 4145H and G105 materials, respectively. When
sin(πxf/l) = 1, the damage ratios at the maximum damage point of drill strings are obtained as

RSG =
DSmax
DGmax

=
(πrmeE

ζρSl2

)mS−mG (σ−1G)
mG

(σ−1S)mS

RHG =
DHmax
DGmax

=
(πrmeE

ζρSl2

)mH−mG (σ−1G)
mG

(σ−1H)mH

(3.3)

For the three materials under the same working conditions, all the parameters in Eqs. (3.3)1
and (3.3)2 are the same, except for the material constant,m, and the fatigue limit, σ−1, with only
one variable, l. Therefore, the damage ratios are a function of the drill-string oscillator length, l.
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The functional relationship between the fatigue damage ratio at the maximum damage points of
the three drill strings and the oscillator length can be obtained by substituting the parameters
in Table 2 into Eqs. (3.3)1 and (3.3)2, as shown in Fig. 4.

Fig. 4. Relationship between the length of the drill-string standing-wave oscillator and the maximum
fatigue ratios; the damping ratio is set to 0.025

Figure 4 depicts that as the oscillator length increases, the damage ratio RSG (red curve)
decreases more sharply than RHG (blue curve). Because the materials fatigue limit and material
constant are fixed values, when the oscillator length l increases, 1/l2 becomes smaller, and the
damage ratios RSG and RHG are proportional to (1/l

2)mS−mG and (1/l2)mH−mG , respectively.
Meanwhile mS −mG > mH −mG > 1, thus RSG decreases more sharply than RHG.
As the oscillator length varies, the relationship between the maximum fatigue damage of

these three materials also changes. According to Eqs. (3.3)1 and (3.3)2, when DSmax = DHmax,
the damage ratio RSG = RHG = 1.2, l = 12.81m. Define l ¬ 12.81m as the region 1○ (shown in
Fig. 4) where RSG  RHG > 1 (i.e. DGmax < DHmax ¬ DS max). When RSG = 1 or RHG = 1,
l = 12.98m or l = 13.19m; with l = 12.98m and l = 13.19m as regions boundaries, define
regions 2○ 12.81m < l ¬ 12.98m, 3○ 12.98m < l ¬ 13.19m, and 4○ 13.19m < l < 14.90m. The
relationships between the maximum fatigue damage of materials in all four regions 1○, 2○, 3○
and 4○ can be summarized as

1○ : DGmax < DHmax ¬ DS max l ¬ 12.81m
2○ : DGmax ¬ DS max < DHmax 12.81m < l ¬ 12.98m
2○ : DS max < DGmax ¬ DHmax 12.98m < l ¬ 13.19m
4○ : DS max < DHmax < DGmax 13.19m < l < 14.90m

(3.4)

From Eq. (3.4), it can be seen that the G105 oscillator experiences the lowest damage when
the oscillator length is less than 12.98m. Therefore, for a shallow high-frequency sonic drilling
under piezoelectric ceramic or giant magnetostrictive excitation, materials with low material
constants should be selected to reduce their sensitivity to stress changes and fatigue damage.
However, the S135 oscillator experiences the lowest damage when the oscillator length is greater
than 12.98m. Therefore, for long drill strings with a low-frequency excitation, materials with
a high fatigue limit should be selected to extend the fatigue life of the drill string.



174 S. He et al.

The best case for selecting drill string materials is when the material has both a high fatigue
limit and a small material constant, such that the standing-wave vibration drill string can
have a high fatigue life in both high- and low-frequency operating ranges. However, the cost
of these materials must be considered in engineering applications. In the case of commonly
used alloy materials, simultaneously satisfying these two conditions is challenging. Therefore, an
appropriate drill pipe material must be selected depending on different construction conditions.

4. Conclusions

Based on the Miner cumulative fatigue damage theory combined with the characteristics of
a standing-wave vibration sonic drill string under variable frequency and amplitude dynamic
stress, the fatigue damage of S135, 4145H and G105 materials commonly used in drilling con-
struction is compared, and the following conclusions are drawn.

When the impact of materials on damage is examined, analyzing only a single material
parameter is not sufficient. The fatigue limit and material constant must be comprehensively
considered, and the length of the drill string and the excitation frequency influence the material
selection. As the drill-string length increases, the frequency of the standing wave excitation
decreases, the effect of the material constant on the fatigue damage gradually diminishes, and
the impact of the fatigue limit on fatigue damage increases. For high-frequency short drill strings
(oscillators), drill pipes with low material constants should be selected to reduce drill-string
fatigue damage. For low-frequency long drill strings (oscillators), drill pipes with a high fatigue
limit should be selected to reduce fatigue damage. This conclusion provides a practical value
and theoretical guidance for selection of drill pipe materials in production.
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