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This paper deals with the stability prediction of an ultralong drilling shaft lining structure
and how to mitigate its structural instability. Based on catastrophic characteristics of the
instability process, the catastrophe method and a cusp catastrophic model is applied in
analyzing the instability optimization measure. The process and mechanism of catastrophe
instability is analyzed, and its corresponding instability criterion is founded. A case study
and numerical results show that this optimization measure can increase its critical depth
by 45% and mitigate structural vertical instability, which provides a theoretical possibility
for the stability control technology of ultra long shaft lining structures.
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1. Introduction

A shaft drilling method is a special construction method in coal and copper mine constructions
all over the world, which is also used in subways and municipal engineering (Liu and Meng, 2015;
Dorn and Kaledin, 2013; Hara et al., 2019). In drilling shaft lining structures (DSLS) during its
construction, buckling usually becomes a dominated failure pattern rather than damage due to
material strength, which is often related to deformation of the whole DSLS experiencing a sudden
and irreversible change when it reaches or exceeds the critical value. Any slight eccentricity or
lateral force can cause shaft lining to suddenly tilt and slip, resulting in vertical instability
of DSLS. Moreover, the longer the construction length of DSLS, the greater the possibility of
vertical instability of the structure. Stability characteristics of DSLS have become a problem in
shaft construction and seriously restricted its application in the deep coal mine shaft engineering.
Therefore, it is necessary to take measures to predict and suppress the vertical instability of DSLS
in ultra long coal mines and carry out corresponding theoretical research.

At present, many scholars have conducted numerous researches on stability characteristics
of shaft lining structures. Most of them regarded DSLS as a slender compression rod hinged
at both ends when it is sunk to the bottom of the well and before cementing and filling, and
analyzed stability of the structure based on the energy method (Wegner and Kurpisz, 2017;
Xing et al., 2023). Hong (1980) initially mentioned that there exists a structural instability with
DSLS and suggested adding counterweight water to control the instability. Niu et al. (2006)
believed that the counterweight water should be regarded as lateral pressure and established a
critical depth calculation method in constant cross-section DSLS. Cheng et al. (2008) used the
same mechanical background and proposed the critical depth of variable cross-section DSLS.
They all raised their instability criterion and critical depth based on the principle of minimum
potential energy. Their research results have been well verified and applied in shaft engineering
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at a depth of 600m. But the studies on predicting the vertical instability of ultra long DSLS
with a construction depth exceeding 600m and the mitigating instability optimization measure
is scare.

Furthermore, there are many studies concerning catastrophe theory and its application.
Catastrophe theory is a fundamental method of scientific research, which uses mathematical
models to explain various forms and structures of discontinuous catastrophe phenomena. It has
many successful application examples in many disciplines such as stability of elastic structures,
economy and natural science (Merli and Pavese, 2018; Karman and Pawlowski, 2019; Niu et al.,
2023). Especially in the field of civil engineering, catastrophe theory has helped to solve many
problems such as the critical buckling load of pile foundation, soil slope and etc. (Lei et al., 2022;
Xu and Ni, 2019). Liu et al. (2020, 2022) established a catastrophe model for the instability of
DSLS and analyzed its instability mechanics under THE traditional construction method. It can
be found that the studies on catastrophe theory and its catastrophic models can help one to
solve structural instability problems and have ideal application effects.

Motivated by this, this paper proposes a cusp catastrophic model based on catastrophe theory
to reveal the characteristic of an ultra long shaft structure instability phenomenon when using
instability optimization measures. Based on abrupt and irreversible characteristics during the
instability process, the catastrophe method and a cusp catastrophic model was applied. Firstly,
an instability optimization measure is proposed and a cusp catastrophe model is established.
Based on the catastrophe method and catastrophic model, the instability characteristics of ultra
long DSLS is analyzed. In the end, the critical depth affecting factors are discussed, and an
actual engineering verifies the effectiveness of the instability optimization measure.

2. Theoretical model

2.1. Instability optimization measures in ultra long drilling shaft lining

In general, the traditional construction of the shaft drilling method concludes three steps:
suspending and sinking the shaft, suspended and sunks to the bottom of the well but not yet
filled and cemented, and filled cemented the shaft. Figure 1a shows a schematic representation
and a scene diagram of the shaft construction during suspension and subsidence. When the last
prefabricated shaft segments finish its connection, the whole DSLS lands on the bedrock directly.
The moment when the shaft floats and sinks to the bottom and touches the bottom of the well
on the bedrock but not yet filled and cemented, the horizontal and vertical displacement at the
bottom of DSLS is limited and forms a bi-directional hinged support. At the same time the shaft
is controlled by guided wood for lateral displacement at the wellhead position. The two ends of
the entire DSLS are hinged and constrained. And geometric dimensions in the vertical direction
are significantly higher than those in the horizontal direction, thus forming a slender rod with
both ends hinged. At this moment, any slight eccentricity or lateral force during construction
may cause structural sloping or sliding, resulting in overall instability of DSLS.

To improve the overall structural stability of DSLS in the ultra long coal mine shaft engi-
neering, we propose the instability optimization measures of pre pouring cement slurry before
the shaft touches the bottom. Before the shaft is suspended and sinks to the bottom of the
well, cement mortar is injected into the well through a grouting pipe in advance. The speed of
suspension and sinking of the shaft is controlled by controlling the injection amount and speed of
counterweight water, so that the shaft is slowly embedded into the bottom of the well. 4-6 grout-
ing pipes are evenly arranged around the well, with diameters ranging from 50mm to 250mm
and a length equal to depth of the shaft. The grouting pipe gradually increases as the cement
mortar level rises and is removed from the top. Figure 1b shows a schematic representation and
a scene diagram of the instability optimization measure. Through applying this optimization
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measure, the bottom of the shaft is fixed. The constraint manner at the bottom is intervened
and optimized from hinged to fixed.

Fig. 1. Schematic representation and the scene diagram of the shaft drilling method: (a) traditional
construction measure, (b) instability optimization measure; 1 – gantry crane, 2 – drilling platform,
3 – main water pipe, 4 – guided wood at wellhead, 5 – mud, 6 – well holes, 7 – shaft segment, 8 – shaft
lining bottom, 9 – counterweight water, 10 – pumping pipe of cement slurry, 11 – cement slurry

2.2. Basic assumption and mechanical background

For convenience of the discussion, we assume that the inner diameter of the shaft remains
unchanged and the shaft material is described by a single specification. The counterweight
water level has not reached the wellhead position. Furthermore, we make the following basic
assumptions:

Assumption 1. The shaft material is linearly elastic and follows Hooke’s law.

Assumption 2. DSLS can be regarded as a slender rod with the bottom fixed and top hinged,
and its deflection curve equation satisfies y = δ[cos(3πx/2H) − cos(πx/2H)], where δ is
the maximum displacement of deflection curve, H is height of the shaft structure (Yang,
2019).

Assumption 3. DSLS obeys the theory of small deflection of structural stability (Ozbasaran,
2018). The rod has no initial defects or stresses. During buckling, the rod only undergoes
planar bending deformation, and the bending deformation is small.

The force acting on DSLS includes the self-weight of shaft Pc, the lateral pressure of mud on
the outer surface of shaft Pm, the lateral pressure of counterweight water on the inner surface
of shaft Pw, the reverse force on the top of shaft RB , and the reverse force on the bottom of the
shaft RA, which is shown in Fig. 2a.
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The lateral pressure caused by the mud unit length on the outer surface of shaft pm can be
expressed as pm = (1/4)πD

2γm sinα. D is outer diameter of the shaft, γm is weight of mud,
α is inclination of the deflection curve. The force direction is along the normal direction of the
deflection curve. The lateral pressure caused by unit length counterweight water on the inner
surface of shaft pw can be expressed as pw = (π/4)d

2γw sinα. d is inner diameter of the shaft, γw is
weight of water. Its force direction is also along the normal direction of the deflection curve. The
self-weight of the reinforced concrete shaft per unit length is pc = (π/4)(D

2−d2)[γc(1−ρ)+γsρ].
γc and γs are weights of concrete and steel, ρ is the reinforcement ratio of the reinforced concrete
shaft. The direction is vertical downwards. Due to the absence of displacement at supports A
and B, the external force potential energy generated by RA and RB is 0. We will not discuss the
reverse force on the bottom of the shaft RA and the reverse force on the top of the shaft RB.
Based on Assumption 2 and the mechanics of background, the deformation deflection curve and
stability analysis calculation diagram of DSLS after using the instability optimization measure
can be obtained, as shown in Fig. 2b.

Fig. 2. Force and stability analysis of the shaft by using the instability optimization measure: (a) force
analysis of shaft, (b) schematic diagram of stability analysis

2.3. Total potential energy equation

The total potential energy Π of DSLS is the sum of strain energy U released by the vertical
bending deformation of the structure and external force potential energy V , expressed as

Π = U + V (2.1)

According to Assumption 3, DSLS obeys the theory of small deflection of structural stability. In

curvature equation 1/ρ = y′′/
√

(1 + y′2)3, compared to 1, y′2 can be ignored, the curvature can
be approximated by y′′. The in-plane bending moment can expressed as M = 1/ρ = y′′. Based
on the deflection curve equation in Assumption 2, the total strain energy of DSLS is

U =

H
∫
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2EI
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EIy′′
2
dx =

41EIπ4

32H3
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The external force potential energy V acting on the system is the total of external force po-
tential energy Vy caused by the vertical force P and external force potential energy Vx caused by
the horizontal force. Vy can be determined by Vy = −pλ, where λ is small deformation generated
by the system under vertical force p. According to Assumption 3, the small deformation satisfies
λ = ds − dx = y′2dx/4. On the other hand, the external force potential energy Vx caused by the
vertical force includes external force potential energy caused by horizontal component of mud
lateral pressure (Vm)x and external force potential energy caused by the horizontal component
of counterweight water pressure (Vw)x. So the external force potential energy can be expressed
as

V = Vy + Vx = −Pcλc − (Pm)yλm(Pw)yλw + (Vw)x + (Vm)x =
(1− 5
16
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Take

A1 = −
1

π2

[17657

1200
cos
πHw
H
−
9913

600
cos
2πHw
H
+ 9

(

−
1267

120
+
549

1200
cos
3πHw
H

+
1

100
cos
4πHw
H
+
1

8
cos
5πHw
H

)]

sin2
πHw
2H
+
15

π

(

−
59

15
sin
πHw
H
+
83

48
sin
2πHw
H

−
37

30
sin
3πHw
H
+
27

80
sin
4πHw
H
−
9

50
sin
5πHw
H
+
9

80
sin
6πHw
H

)Hw
H
+
183

8

(Hw
H

)2

(2.4)

By substituting formulas (2.2)-(2.4) into (2.1), we obtain the total potential energy function
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2.4. A cusp catastrophic model for DSLS

Do equivalent transformation on (2.5), if
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Meanwhile, the dimensionless parameters x, m and n are introduced as x = 4
√
4A2δ, m =

A3/
√
A2, n = A4/

4
√
4A2. The total potential energy function of DSLS can be expressed as
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1
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x4 +

1

2
mx2 + nx (2.7)
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This equation has two control variables m and n, and one state variable x. According to Thom’s
classification theorems (Pacoste, 1993), DSLS conforms to the cusp catastrophe mathematical
model (Li et al., 2016).
Let the first derivative of the total potential function be zero

Π ′(x) = x3 +mx+ n = 0 (2.8)

The pints that satisfy equation (2.8) are critical points. But a critical point may not necessarily
be a stable point, it may make the system stable or unstable. Only the point where the potential
function takes a unique extremum is a stable point. So in order to make the structure stable, it
is necessary to simultaneously satisfy the equation

Π ′′(x) = 3x2 +m = 0 (2.9)

Combine equations (2.8) and (2.9) to obtain the bifurcation set equation

∆ = 4m3 + 27n2 = 0 (2.10)

The points that satisfy equation (2.10) form the singularity set S. The projection of singu-
larity set S in control variable plane C is called the bifurcation points set B. Figure 3 shows
the singularity set S, bifurcation point set B and equilibrium surfaceM of the cusp catastrophe
model (Saunders, 1980). The equilibrium surface M is made of all critical points that fulfill
equation (2.8). M is a well-known surface made up of the control variables m and n and the
state variables x.

Fig. 3. Diagram of the equilibrium surface and the bifurcation set of cusp catastrophe model

3. Analysis and discussion

3.1. Catastrophic instability analysis

As the total potential energy function of DSLS conforms to the cusp catastrophe model,
it will be analyzed by the cusp catastrophe model. In the cusp catastrophic model, the values
of control variables m and n directly determine the stable state of the shaft. It is only when
the equilibrium point crosses the bifurcation points set B when there is a possibility of vertical
instability. The bifurcation set equation composed of control variables is the key to determining
system instability (Saunders, 1980; Zhao et al., 2023). When ∆ > 0, the control variables (m,n)
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fall outside the bifurcation points set B, the system is located on the upper and lower leaves of
the equilibrium surface M , the system (here refers to ultralong DSLS) is in a stable equilibrium
state. When ∆ < 0, the control variables (m,n) fall within the bifurcation points set B, the
system is located in the middle of the equilibrium surface M , and ultra long DSLS is in an
unstable equilibrium state. When ∆ = 0, the control variables (m,n) fall on the boundary of
the bifurcation points set B, the ultralong DSLS is in a critical stable equilibrium state.

The vertical instability and failure of ultralong DSLS is an evolutionary process from grad-
ual to sudden changes. With a continuous connection of the shaft segment and the increasing
injection of counterweight water into the shaft, the shaft structure begins to accumulate elas-
tic potential energy. The total potential energy accumulated by the shaft structure maintains
a stable equilibrium with dynamics and uncertainty. When the elastic potential energy of the
shaft accumulates to a certain extent, the structure in a dynamic equilibrium state will induce
structural instability by certain conditions.

3.2. Design of critical depth for instability and instability criterion of ultra long DSLS

Observe equations (2.6), as A4 = 0, so n = 0 and
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When ultra long DSLS is in a critical stable equilibrium state, then the ∆ = 0. From Eq. (3.1)
one can obtain the critical depth Hcr for instability of ultra long DSLS

Hcr = 3

√

41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin
2 πHw
H

(3.2)

When ultra long DSLS is in a stable equilibrium state, the ∆ > 0. From Eq. (3.1) one can find
that the construction height of ultra long DSLS should satisfy

H < 3

√

41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin
2 πHw
H

(3.3)

On the right-hand side of inequality (3.3) there is just the critical depth Hcr, so inequality
(3.3) can also be expressed as the relationship between construction height and critical depth
H < Hcr.

When ultra long DSLS is in an unstable equilibrium state, the ∆ < 0. From Eq. (3.1) one
can find that the construction height of ultra long DSLS should satisfy

H > 3

√

41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin
2 πHw
H

(3.4)

Simultaneously with Eq. (3.2), the instability conditions of ultra long DSLS can also be expressed
as the relationship between construction height and critical depth H > Hcr.

Thus, the following can be used to convey ultra long DSLS instability criterion when applying
the instability optimization measure

H < Hcr ultra long DSLS is stable

H = Hcr ultra long DSLS is in critical instability

H > Hcr ultra long DSLS is unstable

(3.5)
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3.3. Discussion of critical depth

In this part, a numerical study is conducted to investigate the influence effect of different factors
on the critical depth. It can be seen from Eq. (3.2) that the factors affecting the critical depth
include the shaft elastic modulus E, inertia moment I, inner diameter d, self-weight per unit
length pc and height of counterweight water Hw. But the shaft inertia moment is determined
by the inner and outer diameters, while the outer diameter is generally a fixed value of 8m or
more, so the moment of inertia is determined by the inner diameter. The actual influence factors
only contain E, d, pc and Hw. Among them, E, d, pc are the internal characteristics. Hw is the
external factor. The process leading to the instability of ultra long DSLS when applying the
instability optimization measure is a result of the combined action of its internal characteristics
and external factors.
In ultra long shaft engineering, these four influence factors have a certain range. As the shaft

segment is generally made of C35C̃80 concrete (Fang et al., 2023), E ranges from 31.5GPa to
38GPa. The outside diameter of the shaft is often greater than 8m. The thickness ranges from
500mm to 850mm according to the shaft strength requirement. So d ranges from 6.3m to 7m.
pc is related to the making method of the shaft segment. Generally, it is no less than 3 ·105 N/m.
Hw is required to meet the shaft suspension and anti-overturning standards. The minimum
and maximum heights of Hw is restricted. Usually, Hw will be greater than half of the shaft
construction height. Here we choose three shaft construction heights, 650m, 700m and 750m,
and calculate the critical depth for fifteen independent variables within their reasonable range.
The basic parameters are set to be D = 8m, d = 6.3m, pc = 3 · 105N/m, Hw = 380m. The
critical depth with different elastic modulus is shown in Fig. 4a. The calculation results under
three construction heights all show that the larger the elastic modulus, the greater the critical
depth. And the critical depths are all greater than the corresponding construction height, the
shaft is vertically stable. It illustrates that the use of high-strength materials is beneficial for
improving the vertical stability of ultra long DSLS.

Fig. 4. Critical depth with different elastic moduli (a) and inner diameter (b) for three
construction heights

Another investigation was devised to investigate the relationship between critical depth and
inner diameter. When taking E = 31.5GPa, other parameters are also set to be D = 8m,
pc = 3 · 105N/m, Hw = 380m. The critical depth with different inner diameters is shown
in Fig. 4b. The calculation results under three construction heights all show that the smaller
the inner diameter, the greater the critical depth. For the construction height of 650m, the
critical depth is greater than construction height and the shaft is vertically stable. But for the
construction height of 700m and 750m, the critical depth is not always greater than construction
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height and the structure may not necessarily be stable. Due to relatively fixed outer diameter in
ultralong DSLS, the size of inner diameter is closely related to thickness of the shaft. It illustrates
that using a smaller inner diameter or thicker shaft is more conducive to structural stability.
When construction height exceeds 700 meters, it is necessary to control its inner diameter or
thickness.

Another investigation was developed to explore the relationship between critical depth and
unit length self-weight. When taking D = 8m, d = 6.3m, E = 31.5GPa, Hw = 380m, the
critical depth with different unit length self-weight is shown in Fig. 5a. The calculation results
under three construction heights all show that the larger the inner diameter, the smaller the
critical depth. For the construction height of 650m, the critical depth is greater than construction
height and the structure is vertically stable. But for the construction height of 700m and 750m,
the critical depth is not always greater than construction height and the structure may not
necessarily be stable. It suggests that using a lightweight shaft material is more conducive to
structural stability. When construction height exceeds 700 meters, controlling its unit length
self-weight is critical.

Fig. 5. Critical depth with different self-weights per unit length (a) height of counterweight water (b) at
three construction heights

An additional study was carried out the to explore the relationship between critical depth and
counterweight water height. When taking D = 8m, d = 6.3m, E = 31.5GPa, p+c = 3·105 N/m,
the critical depth with different counterweight water heights is shown in Fig. 5b. The calculation
results under three construction heights all show that the critical depth basically increases with
the increase of counterweight water height, but there is a sudden change in the critical depth
when counterweight water height reaches about 425m. Critical depths for three counterweight
water heights are all greater than construction height and the structure is vertically stable. It
suggests that controlling counterweight water height within a reasonable range is favorable for
ultra long DSLS.

Multifactor sensitivity analysis (Wang et al., 2023) is a technique for assessing the effect of
several uncertain elements changing simultaneously in a process. It can help one to analyze the
effect of each factor on analytical indicators at various amplitudes, Figure 6 gives the calculation
results of sensitivity coefficients for four influencing factors on the critical depth. The results
reveal that factors described in order of the degree of influence are the inner diameter, elastic
modulus, unit length self-weight, and counterweight water height sequentially. And the order of
influencing factors forr three construction heights is exactly the same.
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Fig. 6. Multi factor sensitivity analysis

4. Validation

4.1. Engineering background

North air shaft of Taohutu coal mine is located in the central eastern part of the Maowusu
Desert in northeast China. The shaft is constructed by the drilling method, with a borehole
diameter of 9.4m, outer diameter of 8.1m, minimum inner diameter of 6.5m, total construc-
tion height of 751m. Based on the engineering geological and hydrogeological conditions of the
shaft passing through the strata, as well as the situation where the shaft will bear loads, it is
determined that the DSLS adopts a combination of reinforced concrete shaft structure, double-
layer inner and outer steel plates-reinforced concrete composite shaft structure. In the range of
elevation ±0 ∼ −396 and −747 ∼ −751, a reinforced concrete shaft structure is used. Between
−396 ∼ −747, a double-layer steel plate reinforced concrete composite shaft structure is used.
Concrete grade has a minimum strength of C40 and a maximum strength of C75.

4.2. Numerical validation

The parameters of shaft engineering are determined by calculation and normalization. The
calculated parameters for the shaft elastic modulus, inner diameter and unit length self-weight
are obtained by the ratio of cumulative sum of the product of each shaft section height and
elastic modulus, inner diameter, or unit length self-weight to the total length of the shaft. So
E = 39.48GPa, d = 6.8m, pc = 4.45 · 105 KN/m, Hw = 423.8m. Following substituting into for-
mula (3.2), the critical depth is 758m when using the instability optimization measure. Due to
the critical depth being greater than the total construction height, the shaft structure is stable.
Theoretically, the shaft will not experience vertical instability after implementing the instabil-
ity optimization measure. To further verify the effectiveness of instability optimization measure
comparatively, we calculate the critical depth under traditional construction techniques accord-
ing to literature in which the critical depth is also determined by cusp catastrophic model. It is
found that the critical depth is 522.7m, which is significantly smaller than the total construc-
tion height. So if traditional construction techniques are used, the shaft will experience vertical
instability. Table 1 lists the comparison calculation results between the instability optimization
measure and traditional techniques for Taohutu North air shaft.
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As shown in Table 1, the critical depth found by using instability optimization measure is
1.45 times greater than that of traditional construction techniques. The critical depth of instabil-
ity optimization measure increases by 45% compared to traditional construction techniques. It
validates that the instability optimization measure effectively mitigates the instability of DSLS
in Taohutu North air shaft.

Table 1. Comparison between instability optimization measure and traditional techniques for
Taohutu North air shaft

Instability optimization Traditional construction
measure techniques

Basis for critical depth calculation Equation (3.2) Liu et al. (2.20)

Critical depth calculation results 758m 522.7m

Instability criterion H < Hcr H > Hcr
Theoretical analysis conclusion stable unstable

5. Conclusion

By considering the characteristics of obvious suddenness and irreversible damage, the catastro-
phe method and cusp catastrophe model is employed to describe the instability process and
mechanism of ultralong DSLS when applying the instability optimization measures. The follow-
ing conclusions can be drawn from the numerical analysis:

• The cusp catastrophe model proposed in this paper can accurately describe the structural
buckling behavior of ultralong DSLS under the instability optimization measure. The bi-
furcation set equation composed of control variables helped one to analyze the stability
characteristics.

• The ultra long DSLS vertical instability and failure are the result of a gradual trend
toward abrupt changes. Quantitative calculation of the critical depth helps one to evaluate
stability of the shaft. Only when the critical depth reaches construction height, the shaft
is in a critical stable condition.

• The critical depth of this instability optimization measure is dependent on the material
properties and external factors. It decreases with increasing inner diameter and self-weight
per unit length, and rises with increasing elastic model and counterweight water height.
Lightweight and high-strength materials, as well as thick shaft structures are more popular
in utilizing the instability optimization measure.

• Adopting instability optimization measure can increase the critical depth by approximately
45% compared to the traditional construction method. This instability optimization mea-
sure can theoretically mitigate the structural instability of DSLS, and its feasibility would
be approved by more and more engineering.
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