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Firstly, in this paper, based on the theory of the porous elastic medium and combined with
the effective stress principle of unsaturated soil, a set of governing equations is established
to describe consolidation of the unsaturated soil. Secondly, an analytical expression under
any dynamic loads is obtained with the help of Laplace integral transformation. Finally,
analysis of numerical examples under specific boundary conditions is made to discuss one-
-dimensional consolidation characteristics under harmonic loads and the influence of factors
on the consolidation characteristics of unsaturated soil, such as excitation frequency and
initial saturation.
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1. Introduction

Under an external load, the pore fluid is slowly discharged out of soil, and the process of gradual
compression of soil is called soil consolidation. Consolidation characteristics of soil under complex
conditions are of great significance to the actual construction process and operation stage of a
project. For example, due to the effect of vehicle vibration load, long-term consolidation and
deformation of the roadbed has a decisive impact on safety, durability, later operation and
maintenance of the project in highway or railway engineering. Therefore, the ability to describe
accurately the consolidation and deformation characteristics of soil is of great significance to
present engineering.

At present, scholars have done a series of research on the problem of static and dynamic
consolidation of the saturated soil foundation from different aspects (Pan et al., 2006; Xie et al.,
2008, 2014; Toufigh and Ouria, 2009; Wang et al., 2017a,b; Shi et al., 2018). Compared with
saturated soil, unsaturated soil not only contains the solid phase and liquid phase, but also
contains a certain amount of the gas phase. It is widely present in arid, semi-arid areas and
soil above the groundwater level. The research on consolidation of unsaturated soil began in the
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1960s, when Fredlund and Rahardjo (1993) considered the continuity of pore water and pore
gas, and established a relatively complete consolidation equation of unsaturated soil based on
three-phase coupling characteristics. When discussing the problem of one-dimensional consoli-
dation, the pore water dissipation equation is similar to the Terzaghi consolidation theory, but
in the derivation process many assumptions that are inconsistent with the actual situation are
introduced, such as constant total stress and so on. Since then, the analysis of the consolida-
tion of unsaturated soil had achieved a series of results whether in terms of theoretical analysis
(Sheng et al., 2019; Qin et al., 2010; Su and Xie, 2010; Ho et al., 2014; Lo et al., 2016; Wang
et al., 2017, 2018) or numerical simulation (Chen et al, 1999; Yin and Ling, 2007; Huang et
al., 2009; Pedroso and Farias, 2011). However, in the research on the consolidation theory of
unsaturated soil, most of the load forms imposed on the soil are dead loads or cyclic loads. In
contrast, analytical solutions under the action of other dynamic loads are rarely reported in
the literature. Based on the elastic theory of unsaturated porous media, this paper considers
a function of three-phase coupling in unsaturated soil and establishes the consolidation equa-
tion under any dynamic loads. The Laplace integral transformation is used to finally obtain an
explicit analytical solution for the problem of one-dimensional consolidation. Numerical exam-
ples under specific boundary conditions are used to discuss the law of influence of consolidation
characteristics of the soil, frequency and saturation under harmonic loads.

2. Governing equation

Without considering the body force, the momentum balance equation of unsaturated porous
media can be expressed as (Lo et al., 2002)
ou, JOug

Ru(Gy — ) =0Vh  Ba(G =
where u,, u,, and uy represent the displacement vectors of gas, water and solid soil skeletons,
respectively; 0, and 6,, represent the volume fractions of gas and water, respectively, and there
are 0, = Sy, 0, = Sy, where S, and S, are the saturation of gas and water, respectively, ¢ is
porosity of the soil; P, and P,, are pore gas pressure and pore water pressure, respectively; Ry =
—[02n1 /ks)krq is the viscous coupling coefficient of the solid phase and gas; Rao = —[02 12 /ks]krw
is the viscous coupling coefficient of the solid phase and water, where n; and 7y are viscosity
coefficients of gas and water, respectively; ks is the inherent permeability of porous media,
krq and k., describe the relative permeability of gas and water, respectively; o is the total
stress tensor.

Unsaturated soil theory based on the suction stress between solid particles and the effective
stress can be expressed as

ou,, Oug

) =0,V P, V.o=pi, (21

oc=0'—(P,+0%)0 (2.2)

where o’ is the effective stress tensor; o® — suction stress between solid particles, which is a
function related to the matrix suction and other factors, d — unit tensor. Regarding the expression
of inter-particle attraction, domestic and foreign scholars have given different forms (Lu et al.,
2010; Chen et al., 1993; Jiang et al., 2004). According to current needs, this paper adopts the
suction stress function with an explicit expression (Lu et al., 2010), namely

P, - P, for P,— P, <0

o’ = (2.3)
—Se(Py — Py) for P,—P, >0

where S, = (S, — Sr)/(Ss — Sy) is the effective saturation, Ss; — complete saturation, and

S, — residual saturation.
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Combining the deformation of the solid framework and the pore fluid, the stress-strain rela-
tionship can be obtained (Lo et al., 2014)

2
o = 2Ge + Kan — gG)e + aoe, + a13€w} 0 (2.4)
and
—0, P, = aize + axne, + asey — 0Py = ai3e + aseq + aszey (2.5)

where e = (Vug + Vul)/2 is the strain tensor of the framework; e = Vuy is the volumetric
strain of the solid-phase framework; ¢, = Vu, and &, = Vu, are volumetric strains of gas
and water, respectively; G is the shear modulus of the porous medium; o is the unit tensor; a;;
(i,5 = 1,2,3) are coefficients of elasticity.

Combining Egs. (2.2), (2.3) and (2.4), we can get

2
o =2Ge+ [(an - §G+A1a12+A2a13) e+ (a2 +A1a22+A2a23)5a+(a13+A1a23+A2a33)€w} 0

(2.6)
where A; = (1 —5,)/0, and A = S./6,.
Through simultaneous Egs. (2.5), the solution can be
€q = d1e + do P, 4+ d3 P, Ew = dge + ds P, + dgP,, (27)
where
dy = a122az3 — a13a23 dy = — 04033 ds = 2—¢9wa23
G353 — A220G33 a53 — A220G33 G353 — A22G33
a12a22 — 12023 —0qa23 Owaon
gy = 3 I — - dg = ——w92
G53 — A220G33 G53 — A220G33 a53 — A220G33

Take divergence on both the left and right-hand sides of Egs. (2.1), and substitute Eqgs. (2.7)
into it, then the coupled diffusion equation can be obtained

OP 0P, Oe 0

dy—=2 +dg—=2 + (d1 — 1) = =2 V?P,

25 T +(dy )615 an (2.8)
OP, 0P, Oe 0 ’
ds—=2 4+ dg—=2 + (dy — 1) = =2 V?P,

5o T g + (da )615 R22v

Substitute Eqs. (2.7) into Eq. (2.6) to eliminate &, and &, the total stress expression can
be obtained as

U:2G€+(H16+H2PQ+H3P1U)(S (29)

the coefficients in Eq. (2.9) are

2
Hy =an — gG + Arai2 + Asais + (a12 + Arage + Asags)dy + (a13 + Arags + Asass)dy
Hy = (a12 + Aragg + Azasz)ds + (a13 + Arass + Asasz)ds
Hs = (a12 + Arage + Agazz)ds + (a13 + Ajags + Azass)ds

Finally, by combining Eqgs. (2.1)3 and (2.9), a balance equation expressed by skeleton dis-
placement, pore pressure and pore water pressure can be obtained

GV?u, + (H, + G)Ve + H,VP, + H3VP,, = pii, (2.10)

Based on the above derivation process, it is found that Eqgs. (2.8) and (2.10) are three
phase-coupling partial differential equations, which can be used to describe the consolidation of
unsaturated soil.
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3. Analytical solution of the one-dimensional dynamic consolidation problem

Consider the unsaturated soil layer as shown in Fig. 1, where thickness of the soil layer is h, and
there is a dynamic load f(t) acting on the surface, ez, = e,y =0, e = €,, = Jw/0z.

zA

EEENIIREEY

Permeable surface

h Unsaturated soil layer

2=0 Permeable surface

Fig. 1. Calculation model of unsaturated soil under the dynamic load f(¢)
So control Egs. (2.8) and (2.10) can be written as

P, 9P, &P,  Of(t)

Wor TeT TN Ty 6.1)
%4_ aﬁ_b 82Pw+ 9f () .
B TUW T2 TRy
and
ow f(@) Hy Hj

=— — P, — P, 3.2
0z 2G+H1 2G+H1 @ 2G+H1 v ( )
where be/qy represents the diffusion coefficient of pore water pressure, called the consolidation
coefficient, and is often expressed by the symbol ¢,. The coefficients q1, g2, g3, q4, b1, b2, Y1, Vo
are respectively

Hy(dy — 1) Hy(dy — 1) Hy(dy — 1)
—y, 2 S N A ) 2\ )
= e, L RS Te B=5" S0 m,
Hy(dy — 1) 0, 0,
A ) by = by =
“=9% " a1, 'T R, >~ Ry
A1 i1
N SG T H, 275G+ H,

Since the exhaust and drainage cannot be completed at the moment of applying the dynamic
load f(t), it is considered that the content of water and gas remains the same. From Egs. (3.1),

we get
0t ot
0’P, 0P,
bi—= dt = [ bo—— dt = .
[0 a= [ as

The formula: integral limit 0 and 0, respectively, represents the time before and after the
load is applied.
From Eq. (3.2), we get

Ow(z,07)  f(t)or  Hy p_ s 4 (3.4)
0z 2G+H, 2G+H;, * 2G+H; “ ’
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Combining Egs. (3.3) and (

Jr
(dy — 1)%’20) +doPy(2,01) 4+ d3Py(2,07) =0
3.5
dw(z,0%") n n (38:3)
(dy — 1)T + d5Py(2,0%) + ds Py(2,07) = 0

2.8), we find

Substituting Eq. (3.4) into Egs. (3.5), respectively, the initial conditions of the problem can
be obtained as

Pa(2,07) = r1f(t)o+ Py(2,0%) = rof (t)o+ (3.6)
where
o (1-dy)ge— (1 —di)pu

vy — (1 —di)gz — (1 —dy)q
(2G + H1)(q194 — q243) (2G + H1)(q194 — q293)

Assume that the soil layer can both drain and exhaust on both sides at z = 0 and z = h,

and the boundary conditions are

P.(0,t) = Py(0,t) =0 Py(h,t) = Py(h,t) = (3.7)

Without loss of generality, it is assumed that the pore gas pressure P,(z,t), pore water
pressure P, (z,t) and the Fourier series form 0f(t)/0t are

Z P, (t)sin(A,2) Z Pun(t) sin(A,2)

(3.8)
and
(e.]
Z By (1) sin(Ap 2) (3.9)
where \,, = mn/h, P,,, Py, and B,, are functions related to time ¢
Combining Egs. (3.8) and (3.1), we get
o.]
Z [(hpc/m(t) + qQPém(t) + bl)‘?’bPan(t)] Sln )‘ Z =N Z Bam Sln )
0 (3.10)
Z[qua’m(t) + 3P, (1) + boA2 Py ()] sin( A, 2) = 7o Z By (t) sin(A,2)
n=0

Using the orthogonality of trigonometric functions and Eq. (3.1), we can see that the number
of terms in m and n are equal, so that we obtain

qlP(;n(t) + q2Pl/UTL(t) + bl)‘%Pan(t)

= 'YlBan(t)
q3P(;n(t) + q4P1/u

(3.11)
Considering the initial conditions in Egs. (3.6), integrating Eqgs. (3.8) one arrives at
Pan(0) = ——r1£(£)g+ [1 = cos(n)
h)\
(3.12)
Pun(0) = Wmf( Jo+[1 — cos(nm)]
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Using Laplace integral transformation, Egs. (3.11) can be written as follows

Pan(s) — i 5qq + b2)\% —5q2 q1 g2 Pan(o)
Pwn(s) X —543 541 + bl)\% g3 44 Pwn(o)
(3.13)
L |saat boXs  —sqe Y1 Ban(s)
—543 sq1 + bl)\?—b 72Bwn(5)
where X = As? + A2 (b1ga + bag1)s + biba )y, and A = q1q4 — gags.
Solving Eq. (3.13), we get
s boXiq1 B bag2 N2 B
Pan :7Pan0 = ano “ Pwno
=gt T a e g e O A g e )
@y S bad2v1 B @Yy s
A an an - T A Bwn
A 2452 () + BnA s%+ 32 S S e (#) (3.14)
bigs\2 By s bir2gs B .
Pwn - & Pano 7Pwn0 “ wnO
=45, #rm O+ argleO+ 54wy g hun )
b1 A2 -
g s (s)+ 2023 Vb1, B

B —B B
A s24 52 A 2+ 52 wn(3) + AB, 2+ 32 wn(s)

where 32 = (1/A)A2 (biqs + baqi)s + (1/A)b1bo Ay
Using Laplace inverse transformation, Eqgs. (3.14) can be expressed in the time domain

Pan(t) = Pan(0) cos(Bnt) + ”;‘“ﬁ Pan(0) sin(Bat) + bzq?% Pon(0) sin(B1)
I B Ban(t) + 20 0 (Bt B () — 222 cos(But) Bun ()
A Fn A A (3.15)
2 2 .
Pun(t) = bf’;n Pon(0) $in(Bnt) + Pun(0) cos(Bnt) + blﬁq‘ﬁ” on (0) 80 ()
2
B (Bt) B (1) + P2 cos(But) Bu (1) + blﬁfﬁ? Sin(But) Bun (1)

Combining Egs. (3.2), (3.8) and (3.15), the settlement expression of the unsaturated soil
layer under any dynamic load can be finally obtained

h
B ow ., Hy X1—cos(nm) f(th
S = 0z dz_2G+le_:O An “"()+2G+H1
0 n= (3.16)
Hy 1 —cos(nm)
Pun(t
+ 2G + H, nz::() An ( )

4. Numerical example analysis
As a numerical example, consider the following simple harmonic load on the surface of the soil
layer
*

f(t) = 7[1 + cos(wt)] (4.1)

where P*/2 and w, respectively, represent the amplitude and frequency of the harmonic load.
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Then the analytical expression of settlement deformation is

B ow ,  Hy 51— cos(nm) P*h|[1 + cos(wt)]
S = / 9z = 2G + Hy Z:O An an (?) 2(2G + Hy)
0 n= (4.2)
H; 1 —cos(nm)
P
* 2G + Hy nz::() An wn(t)

The specific expressions of each variable in Eq. (4.2) are shown in Appendix A.

The one-dimensional consolidation equation of unsaturated soil considering the pore liquid
phase and pore gas phase and their mutual coupling effects is derived and solved by the Laplace
transform. Numerical analysis is carried out on the present calculation example under the action
of a simple harmonic load. The law of influence of the excitation frequency, initial saturation
and depth on the one-dimensional consolidation deformation and characteristics of unsaturated
soil is discussed. Among them, physical characteristic parameters of unsaturated soil used in the
numerical examples, such as elastic coefficient, matrix suction and permeability coefficient of
the fluid phase are all related to saturated soil. Therefore, the expressions of specific parameters
are detailed in Appendix B. When considering a one-dimensional unsaturated clay layer, the
calculated parameter values are shown in Table 1.

Table 1. Basic physical parameters of clay

‘ Parameter type ‘ Symbol ‘ Numerical value
Porosity % 0.475
Fitting parameter ¢ 1.168m™!
Fitting parameter n 1.165
Inherent permeability ks 1.699 - 10~ 4 m?
Shear modulus G 2.4-10° Pa
Gas bulk modulus Ky 1.45 - 10° Pa
Bulk modulus of water Ky 2.25-10° Pa
Solid bulk modulus K 3.5-10'0 GPa
Consolidation bulk modulus Ky 4.5-10%Pa
Density of water Puw 997 kg/m?
Coefficient viscosity of gas m 18- 10~ %Pa-s
Coefficient viscosity of water 7o 0.001 Pa-s
Acceleration of gravity g 9.8 m/s?
Pore connectivity parameter 7 1.165

Figure 2 shows the influence of the excitation frequency on deformation under different initial
saturations. Figures 2a,b,c and 2d are change curves of settlement under different excitation
frequencies when the initial saturation S, is 0.65, 0.75, 0.85 and 1,00, respectively. In addition,
dimensionless depth, dimensionless pore water pressure and dimensionless time are defined as
z/h and T = (c,/h?)t. Firstly, the settlement curves under different saturations are discussed
separately, and it is found that when the excitation frequency is OHz the settlements show
a steady development, which is shown as a consolidation curve under a constant load. When
the excitation frequencies are 0.1 Hz and 10 Hz, the settlement curves show obvious dynamic
load characteristics, and with an increases of the excitation frequency, the transient response
frequency of the settlement also accelerates.

By comparing the calculation results of the initial saturation S,, of 0.65, 0.75 and 0.85 in the
unsaturated state with the calculation results in the saturated state (S, = 1.00), it is found that
when the excitation frequency w = 0 Hz, the time for saturated soil clay to reach consolidation
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Fig. 2. Influence curves of the frequency on deformation under different saturations: (a) S, = 0.65,
(b) S =0.75, (c) Sy =0.85, (d) S, = 1.00

stability is significantly longer than that for unsaturated soil clay. When the excitation frequency
w is 0.1 Hz and 10 Hz, the amount of sedimentation at a certain moment decreases with an
increase of the initial saturation. In addition, the transient response lasts longer in saturated
clay, while the initial saturation is higher, the transient response will disappear more quickly in
unsaturated clay. All in all, the value of settlement under the constant load (w = 0) is always
greater than that under the cyclic load (w > 0). However, for the settlement under the dynamic
load it is difficult to maintain stability during the load-bearing period, and the effect of saturation
on consolidation deformation is also significantly far from the load frequency.

Figure 3 shows the change curve of pore water pressure P,/P* along the soil depth z/h
when the dimensionless time 7 is 107°, 1073 and 10!, respectively. Figures 3a,b,c and 3d
show the distribution curve when the initial saturation is 0.65, 0.75, 0.85 and 1.00, respectively.
In addition, the dimensionless frequency is 2 = wh?/c,, and the dimensionless frequency is
calculated £2 = 107 according to specific conditions.

It can be observed from Fig. 3 that under the unsaturated condition, the pore water pressure
in the area near the top and bottom of the soil layer has different degrees of oscillation, but this
situation does not appear in the saturated state. The reason for this phenomenon is that the
frequency of the applied dynamic load is different for different saturation, which causes a change
of pore water pressure at the boundary. At the dimensionless frequency 2 = 107, when the
saturation Sy, is 0.65, 0.75 and 0.85, the corresponding excitation frequencies w are 0.013 Hz,
0.042Hz and 0.114 Hz, respectively. When the soil is saturated, the corresponding excitation
frequency w is 857 Hz. Therefore, given a dimensionless frequency due to the difference in soil
saturation makes the excitation frequency vary greatly. This phenomenon strongly depends on
the size of the excitation frequency.
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Fig. 3. Distribution law of pore water pressure and depth under complex conditions: (a) S,, = 0.65,
(b) S =0.75, (c) Sy =0.85, (d) S, = 1.00

5. Conclusion

Based on the theory of porous elastic media, an effective stress formula of unsaturated soil ex-
pressed by suction stress is adopted, and a analytical solution of one-dimensional consolidation
of unsaturated soil under dynamic load is obtained by the Laplace transformation. In addition,
specific numerical analysis and discussion of one-dimensional consolidation behavior of unsatu-
rated clay under specific boundary conditions of a simple harmonic load are carried out. It is
clear that the excitation frequency of the simple harmonic load and the initial saturation of the
soil affects consolidation settlement. The results show that the settlement of soil under the con-
stant load is always greater than the settlement under the dynamic load. For the dynamic load,
the settlement at a certain moment decreases with an increase of saturation, and the transient
response under the dynamic load is also closely related to the load frequency and saturation.
Moreover, pore water pressure exhibits an obvious oscillation phenomenon in the area near the
drainage boundary and an oscillatory trend in the unsaturated soil under the dynamic load.
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Appendix A
The Fourier coefficient of a simple harmonic load Eq. (4.1) is

Bo(t) =~ *“)[C"fg”) ~ U in(wt) = v, sin(wt) (A1)

Combine Eq. (3.15) to get

Pun(t) = (D1 + Gy)e 1 4+ (Dy + Go)e 92 + G5 cos(wt) + G sin(wt)

A2
Pun(t) = (D3 + G3)e” 1+ (Dy + Ga)e™ %! 4 Gy cos(wt) + Gy sin(wt) (4.2)

The coefficients in Eqs. (A.2) are

Ch =

A2 ((q1bs + qaby 1 9
o <T TVAT (q1b2 + qab1)* — A

A2 [ qiby + qub 1 4b1b
Cy = n(iql2AQ41—\/Z+(q1b2+q4b1)2— 12)

"Pwn (0)

2
Q1b2)\ ) q2bo N2
- Ca)

Q4b1 Q3b1 !
Ds = 01 [P (01 n) - Pun(0)
qabi N2 Q3b1)\n
D4 Cl { ( A C2) + Pan O)}
G — wMQ - ClMl Gy — CQMl - wMQ
' (G- ON(CF - w?) LT (G- O)(CF +w?)
G — wM4 - ClMg Gy — CQMg - wM4
P (G- O)(CF +w?) (G- O)(CF +w?)
a. — M1(6’102 — w2) — wM2(01 + Cg) G — le(Cl =+ CQ) + MQ(ClCQ — w2)
° (C2? + w?)(C2 + w?) 0 (C2? + w?)(C2 + w?)
G- — M3(6’102 — w2) — wM4(01 + Cg) G — Mgw((3’1 =+ CQ) + M4(Cng — w2)
’ (C2 +w?)(C2 + w?) 8 (C2 +w?)(C2 + w?)
where
Yun — @2Yyn)w b A%Yan Yun — q3Yan)w
M, = (q AQz ) M, = 2 - My = (1 AQB )
Appendix B

In the model of unsaturated soil, the relationship among physical, mechanical parameters and
the saturation is as follows.
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Coefficient of linear elasticity (Lo et al., 2005)

K
ap] = FZ {(1 = )N [K 1 K3 + K1 N2Sq + KoNo(1 - S,)]

—i—KbKS(p[Kl(l — Sa) + KQSl =+ Ng]}

B _ N1K K1S,(K2 + No) B  N1K pK3(1 — Sy) (K1 + Na)
a2 = a21 = N a13 = a3zl = N
3 3
_ KiSor, No KyN1 Ny
agy = N [KSSO(K2+S—G) +T(1—Sa)}
K1 KpSa(1 = 8,)(N1No — pK)
a3 = a32 = — Ns
Kg(l — Sa)(P 9 N2 KlNlNQSa
= 22 PP T2 (g
@33 N [”<”H—&%_1—&}

where K is the bulk modulus of the soil skeleton; Ky, Ky and K, respectively represent the
bulk modulus of air, water and solid soil particles. Among them, the parameters Ny, No and N3
are defined as

dpe
"dsgshu"_sh) (B.1)

N3 = N1 [K1NyS, + K1 Ky + KoNa(1 — So)] + K2[K1(1 — S,) + No 4 K38,]

leKs(l—gO)—Kb NQ

where p, is the suction matrix. In the V-G model (Genuchten, 1980)
Se = [1 + (ChC)n]_m (B-Q)

where n, m and ( are fitting parameters, m =1 — (1/n).
Combining Eq. (B.2) the expression for Ny can be obtained

(B.3)

wd SaSw [(1—=S8.  Su \Um 01 1-8, S, \-1-(1/m
A ) )

T omnC S, — S, I\S, -5, S, — S, S;—S, S,—5,
The relative permeability of pore gas and water (Wang et al., 2017) is

2

kro = (1 - Se)(l - WS_6>2m kro = Sg [1 - (1 - %)m‘| (B4)

where n represents a parameter related to pore connectivity.
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