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The current study is devoted to comparison between vehicle-track dynamic interaction models focusing on responses of both vehicle and track components. In this regard, at the
beginning, equations of a two-dimensional, 10 degrees of freedom vehicle model are derived,
and then the equations of various track model types including one to five layers are derived.
The coupled model of the vehicle and various types of track structures are simultaneously
solved by using a numerical integration method. Moreover, numerical results are compared
with those measured in the field and the validity of results is confirmed. In the next Section
of the work, by comparison of both the vehicle and track responses in various track models,
the applicability range of each track model is defined. Results for the track without rail
irregularity indicate that there are no noticeable differences between track model types for
estimating carbody accelerations, wheel-rail contact forces, rail velocities and accelerations
when the equivalent method is used. However, the responses of rail displacements and track
support forces are different between various track models. Therefore, in the railway track
problems, the type of the track model should be determined based on the research purpose.
Keywords: railway tracks, track multi-layer models, vehicle model, vehicle-track dynamic
interaction, field measurements

1.

Introduction

Today, the rail transportation system has attracted great attention by all countries in the world.
In this regard, precise modeling of ballasted tracks has considerable importance in the appropriate understanding of behavior of both track components and vehicles. For evaluating the
dynamic response of railway tracks caused by moving vehicles, various track models have been
proposed by various researchers. For instance, Cai and Reymond (1994) simulated the track
beam system on a Winkler foundation caused by the wheel/rail impact force. Thambiratnam
and Zhuge (1996) analyzed railway track structures as beams on an elastic foundation caused
by moving loads with the finite element method. Kerr (2003) reviewed the problems related to
analysis and design of railway track engineering. Kerr (2000) investigated different methods of
estimating the rail support modulus. Frýba (2013) analyzed the issues related to beams due to
various moving loads. Suzuki et al. (2005) studied the effects of rail joins on dynamic behavior of
the railway track caused by moving vehicles. Bogacz and Czyczula (2008) investigated responses
of a beam on the elastic foundation due to a moving load. Uzzal et al. (2008, 2009) presented a
pitch plane model including a three-layer track system caused by railway vehicles. Zakeri et al.
(2009) studied dynamic behavior of ballasted tracks by considering the train-track interaction
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model. Xia et al. (2010) and Weining et al. (1996) evaluated the effects of moving train vibrations by modeling the railway track. Xia et al. (2013) simulated the train-track-viaduct dynamic
model for reducing vibrations. Real et al. (2012) investigated the vertical deflection of ballasted
tracks by considering various parameters of railway tracks. Puzavac et al. (2012) determined the
effects of track stiffness on railway performance due to a vertical load. Rezvani et al. (2013) studied dynamic responses of railway bridges under moving vehicle loads. Montalbán et al. (2013)
analyzed mechanical properties of railway tracks by using the finite element method. Dahlberg
(2001) investigated behavior of railway track settlements by using the finite element method.
Wang et al. (2015) theoretically and experimentally studied the settlements of foundations in
railways. In another study, Zakeri et al. (2016) investigated the effects of moving light and heavy
railway vehicles on dynamic behavior of railway tracks. Mosayebi et al. (2016) investigated the
effects of moving locomotive on dynamic behavior of railway tracks in field tests and numerical
analyses. Mosayebi et al. (2017) examined the effects of the railway ballast and embankment on
dynamic behavior of ballasted tracks. Although various vehicle-track interaction models have
been developed by various researchers, no study can be found which has compared all models
and justified using of each model for railway track dynamic response assessment. Therefore, in
this study, various applicable types of railway track models including one to five layer models
are developed and their results are compared. In this regard, firstly, equations of railway vehicle
motion are presented and then various types of applicable track structure models are described
and their equations are derived. Subsequently, by coupling both vehicle and track matrices,
the equivalent stiffness and damping concept is presented for the mentioned vehicle-track equations for each case. Afterwards, the whole system of equations is solved numerically. In order
to confirm the validity of the numerical results, they are compared with those obtained by field
measurements. In the last Section of the paper, comprehensive comparison of track models is
carried out to show the applicability range of their results for practical uses.

2.

Equations of motion of the vehicle

For simulating the vehicle model, at first, the equations of its parts are derived and then a whole
matrix is formed. As observed from Fig. 1, the vehicle model consists of three main parts which
are carbody, bogies and wheels. The carbody and each bogie have 2 degrees of freedom including
vertical and rotational motions. Moreover, each wheel has 1 degree of freedom including vertical
motion. Therefore, the vehicle model has 10 degrees of freedom. The vehicle parts are connected
with a series of springs and dampers. Table 1 presents the derived equations of different vehicle
parts.
In Table 1, Mc , Mt , and Mw are masses of the carbody, bogie and wheel, respectively. In
addition, Jc and Jt are inertial moments of the carbody and bogie, respectively. Parameters of
Kw and Kt are stiffness coefficients, whereas Cw and Ct are damping coefficients of the primary
and secondary suspension, respectively. Moreover, Qwi is the wheel-rail contact force for the i-th
wheel, which is calculated as Qwi = CH (Xwi − XR )3/2 . The parameters CH , Xwi , and XR are
the Hertzian spring, i-th wheel and rail displacement, respectively. Moreover, the parameters Lt
and Lc are half distances of two wheels and two bogie centers of 1.25 and 9.5 m, respectively
(Zakeri et al., 2009). After deriving the equations of the vehicle parts, the vehicle mass, damping
and stiffness matrices are achieved.

3.

Railway track motion equations

According to the literature (Leaflet No. 301, 2002), applicable railway track models can be
categorized in five types. These models are tracks with one layer including rail parts, tracks
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Fig. 1. The vehicle multi-body system

Table 1. The derived equations of motion of the vehicle parts
Vehicle parts

Equations

Vertical motion of
carbody
Rotational motion of
carbody
Vertical motion of
the first bogie

Mc Ẍc + Kt1 (Xc − Xt1 ) + Kt2 (Xc − Xt2 ) + Ct1 (Ẋc − Ẋt1 )
+Ct2 (Ẋc − Ẋt2 ) = 0
Jc θ̈c + Kt1 Lc (θc Lc − Xt1 ) + Kt2 Lc (θc Lc + Xt2 )
+Ct1 Lc (θ̇c Lc − Ẋt1 ) + Ct2 Lc (θ̇c Lc + Ẋt2 ) = 0
Mt1 Ẍt1 + Kt1 (Xt1 − Xc − θc Lc ) + Kw1 (Xt1 − Xw1 )
+Kw2 (Xt1 − Xw2 ) + Ct1 (Ẋt1 − Ẋc − θ̇c Lc )
+Cw1 (Ẋt1 − Ẋw1 ) + Cw2 (Ẋt1 − Ẋw2 ) = 0
Jt1 θ̈t1 + Kw1 Lt (θt1 Lt − Xw1 ) + Kw2 Lt (θt1 Lt + Xw2 )
+Cw1 Lt (θ̇t1 Lt − Ẋw1 ) + Cw2 Lt (θ̇t2 Lt + Ẋw2 ) = 0
Mt2 Ẍt2 + Kt2 (Xt2 − Xc + θc Lc ) + Kw3 (Xt2 − Xw3 )
+Kw4 (Xt2 − Xw4 ) + Ct2 (Ẋt2 − Ẋc + θ̇c Lc )
+Cw3 (Ẋt2 − Ẋw3 ) + Cw4 (Ẋt2 − Ẋw4 ) = 0
Jt2 θ̈t2 + Kw3 Lt (θt2 Lt − Xw3 ) + Kw4 Lt (θt2 Lt + Xw4 )
+Cw3 Lt (θ̇t2 Lt − Ẋw3 ) + Cw4 Lt (θ̇t2 Lt + Ẋw4 ) = 0
Mw1 Ẍw1 + Kw1 (Xw1 − Xt1 − θt1 Lt )
+Cw1 (Ẋw1 − Ẋt1 − θ̇t1 Lt ) + Qw1 = 0
Mw2 Ẍw2 + Kw2 (Xw2 − Xt1 + θt1 Lt )
+Cw2 (Ẋw2 − Ẋt1 + θ̇t1 Lt ) + Qw2 = 0
Mw3 Ẍw3 + Kw3 (Xw3 − Xt2 − θt2 Lt )
+Cw3 (Ẋw3 − Ẋt2 − θ̇t2 Lt ) + Qw3 = 0
Mw4 Ẍw4 + Kw4 (Xw4 − Xt2 + θt2 Lt )
+Cw4 (Ẋw4 − Ẋt2 + θ̇t2 Lt ) + Qw4 = 0

Rotational motion of
the first bogie
Vertical motion of
the second bogie
Rotational motion of
the second bogie
Vertical motion of
the first wheel
Vertical motion of
the second wheel
Vertical motion of
the third wheel
Vertical motion of
the fourth wheel
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with two layers including the rail and sleeper parts, tracks with three layers including the rail,
sleeper and ballast parts, tracks with four layers including the rail, sleeper, ballast and subgrade
layers, and tracks with five layers including the rail, sleeper, ballast, subgrade and embankment
parts. These track models are presented in Table 2.
Table 2. Railway track multi-layer models
Model
type

Track
layer(s)

One
layer

Rail

Two
layers

Rail,
sleeper

Three
layers

Rail,
sleeper,
ballast

Four
layers

Rail,
sleeper,
ballast,
subgrade

Five
layers

Rail,
sleeper,
ballast,
subgrade,
embankment

Railway track models

In Table 2, parameters of MR , MS , MB , MSub and ME are masses of the rail, sleeper,
ballast, subgrade, and embankment, respectively. Moreover, KP , KS , KB , KSub , KE and KT
are stiffness of the rail-pad, sleeper, ballast, subgrade, embankment, and railway track support,
respectively. In this regard, CP , CS , CB , CSub , CE and CT are damping coefficients for the
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mentioned track components. For simulating the track models, at first, the equations of each
track part are extracted and then the mass, damping and stiffness matrices of the track models
are calculated based on the finite element method. According to Table 2, the rail is modeled as
a continuous beam, and other railway components are modeled as lumped masses. Moreover,
connections between the railway components are springs and dampers (Zakeri et al., 2009, 2016;
Mosayebi et al., 2016, 2017). The derived equations of the track layers including one to five
layers are presented in Table 3.
Table 3. The derived equations of the railway track parts
Model
Track
Equations
type
layer(s)
One
Rail
MR ẌR + KT XR + CT ẊR = Qwi , i = 1, 2, 3, 4
layer
Two
Sleeper
MS ẌS + KP (XS − XR ) + KT XS + CP (ẊS − ẊR ) + CT ẊS = 0
layers
Three
MB ẌB + KS (XB − XS ) + KT XB + CS (ẊB − ẊS )
Ballast
layers
+CT ẊB = 0
Four
MSub ẌSub + KB (XSub − XB ) + KT XSub
Subgrade
layers
+CB (ẊSub − ẊB ) + CT ẊSub = 0
Five
ME ẌE + KSub (XE − XSub ) + KT XE
Embankment
layers
+CSub (ẊE − ẊSub ) + CT ẊE = 0
In Table 3, XR , XS , XB , XSub and XE are displacements of the rail, sleeper, ballast, subgrade,
and embankment, respectively. Moreover, Xi and Xi are velocities and accelerations of the
mentioned track layers, respectively. In the next Section, the equivalent track models is presented.

4.

The equivalent track models and vehicle-track specifications

From the theoretical point of view, for various equivalent track models, their rail bedding stiffness
and damping should be equivalent as a series of springs and dashpots. The equivalent track
support stiffness KT and damping CT for each track model are calculated based on Table 4.
Table 4. The equivalent track support stiffness and damping in the railway track models
Track
models
One
layer
Two
layers
Three
layers
Four
layers
Five
layers

Equivalent track support
stiffness KT
1
1
1
1
1
1
=
+
+
+
+
KT
KP
KS
KB
KSub KE
1
1
1
1
1
=
+
+
+
KT
KS
KB
KSub KE
1
1
1
= K1B +
+
KT
KSub KE
1
1
1
=
+
KT
KSub KE
1
1
=
KT
KE

Equivalent track support
damping CT
1
1
1
1
1
1
=
+
+
+
+
CT
CP
CS
CB
CSub CE
1
1
1
1
1
=
+
+
+
CT
CS
CB
CSub CE
1
1
1
1
=
+
+
CT
CB
CSub CE
1
1
1
=
+
CT
CSub CE
1
1
=
CT
CE

According to Table 4, the equivalent track support stiffness and damping are determined
for various track models. In this regard, the equivalent track support stiffness and damping
will be used in the next Section for comparison of the numerical results of multi-layer track
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systems together. Table 5 shows the important range of values for the railway track and vehicle
parameters.
Table 5. The railway track and vehicle specifications (Zakeri et al., 2009, 2016; Mosayebi et al.,
2016, 2017)
Parameters
Values
Carbody mass Mc
49.3 · 103 kg
Carbody inertia Jc
1700 · 103 kg·m2
Carbody length LT
22 m
Bogie mass Mt
10.7 · 103 kg
Bogie inertia Jt
9.6 · 103 kg·m2
Stiffness between bogie
1720 kN/m
and carbody Kt
Damping between bogie
300 kNs/m
and carbody Ct
Stiffness between wheel
4360 kN/m
and bogie Kw
Damping between wheel
220 kNs/m
and bogie Cw

Parameters
Rail mass MR
Rail density ρR
Sleeper mass MS
Rail pad stiffness Kp
Rail pad damping Cp
Ballast modulus EB
Ballast damping CB
Subgrade modulus ESub
Subgrade damping CSub
Embankment modulus EE
Embankment damping CE
Hertzian spring CH
Wheel mass Mw

Values
60 kg/m
7850 kg/m3
300 kg
60-240 MN/m
40-250 kNs/m
30-180 MPa
50-200 kNs/m
60-100 MPa
30-150 kNs/m
45-85 MPa
30-150 kNs/m
1011 N/m3/2
2.2 · 103 kg

In the next Section, field measurements and numerical model validation are presented.

5.

Field measurements and numerical model validation

In order to obtain the track field responses, some field measurements are taken. The considered
ballasted track includes UIC-60 continuous welded rail and wooden sleepers with 60 cm spacing.
In this regard, responses of a track under a moving railway diesel locomotive with the mass of
90 ton and speed of 45 km/h are measured by a displacement sensor and accelerometer in the
field. Figure 2 shows the moving diesel locomotive for measuring the railway track responses.

Fig. 2. A moving railway diesel locomotive for measuring track responses (Mosayebi et al., 2016)

After installing the measuring tools on the railway track, the responses are determined.
Figure 3 shows the responses of the railway track in the field.
In continuation, results of the track model are validated with the results of field investigations.
For this reason, the results of the track model under the moving railway vehicle are compared
with the results of field investigations. Figure 4 illustrates the numerical and field results of the
railway track displacement (placed above sleeper) due to the moving vehicle by considering the
presented conditions.
As can be observed from Fig. 4, there is a good agreement between the results of field and
numerical modeling. In continuation, vehicle and track responses are presented for different
cases.
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Fig. 3. Track responses under the moving railway vehicle in the field: (a) track displacement, (b) track
acceleration

Fig. 4. Validation of the numerical results

6.
6.1.

Comparison of the vehicle and track responses for various track models
Responses of the railway track models by considering the equivalent method

In this Section, the responses of various track models caused by a moving vehicle are presented
and compared by considering the equivalent method. In this regard, the results of track multi-layer models including the one-layer (rail), two-layer (rail and sleeper), three-layer (rail, sleeper
and ballast), four-layer (rail, sleeper, ballast and subgrade), and five-layer (rail, sleeper, ballast,
subgrade and embankment) tracks are investigated and compared. Figure 5 illustrates a sample
of responses of the mentioned track models under a moving vehicle by considering the equivalent
method.
As can be observed from Fig. 5, the peak responses of different track models are the same
when the track equivalent method is considered. Moreover, by increasing the number of track
components for each model, the responses related to track layers are presented. In continuation, the responses of vehicle-track dynamic interaction are presented for various track model
types.
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Fig. 5. Responses of the railway track models under a moving vehicle: (a) one layer, (b) two layers,
(c) three layers, (d) four layers, (e) five layers
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6.2.

Effects of the vehicle and wheel-rail contact force parameters on types of the track
model

In this Section, the effects of carbody acceleration and wheel-rail contact force are investigated for various track models. Figures 6 and 7 show the carbody acceleration and the wheel-rail
contact force, respectively.

Fig. 6. Carbody acceleration for different track models

Fig. 7. Wheel-rail contact force for different track models

According to Figs. 6 and 7, there are no significant differences between the track types for
estimating the carbody acceleration and the wheel-rail contact force when the equivalent method
is used. However, the values of acceleration and the wheel-rail contact force increase with an
increase in the vehicle speed for each track model type.
6.3.

Effects of the railway track parameters on types of the track models

In this Section, the effects of the railway track parameters are studied for different types
of track models. In Fig. 8, the results of track support forces are presented for different track
models.
As can be observed from Fig. 8, by considering the equivalent method, the track support
force for the track models with one, two and three layers is the same in any conditions. Results
of the track models with four and five layers are the same at low train speeds in all conditions.
However, when train speeds increase, the results are significantly different. Figure 9 illustrates
the results of rail velocity for various track models.
According to Fig. 9, there is no considerable difference between the results of the track models
relating to the rail velocity in all the conditions. However, by increasing the vehicle speed, the
responses increase for each track model type. Figure 10 indicates the rail displacement for various
track models.
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Fig. 8. Track support force for different track models

Fig. 9. Rail velocity for different track models

Fig. 10. Rail displacement for different track models

Based on Fig. 10, the rail displacement is the same for the railway models including the
tracks with one, two and three layers. However, if the responses related to the tracks with four
and five layers are considered, the results are significant between them at high vehicle speeds.
Therefore, for obtaining the responses of track components, the tracks with multi layers should
be simulated by considering the related track components.

7.

Conclusion

This research is focused on comparison between vehicle-track dynamic interaction models focusing on track layers. In this paper, at first, a vehicle model with 10 degrees of freedom is
presented and its equation of motion is derived. Then, various railway track models are introduced and their equation of motion are derived. Usually, applicable railway track models are
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categorized in five types. These track models are tracks with one to five layers including the
rail, sleeper, ballast, subgrade and embankment parts. After validation of a track model caused
by a moving railway vehicle with results of field investigations, some studies are performed on
various track models. The important results of the paper are summarized as follows:
• The significant differences between the track models do not exist in calculating carbody
accelerations and wheel-rail contact forces when the equivalent method is used. However,
the values of accelerations and wheel-rail contact forces increase with an increase in the vehicle speed. For instance, the responses of carbody accelerations between the track models
with five, four, three, and two layers compared with the track models with one layer differ
by 7.2, 7.9, 4.8, and 2.6%, respectively, for the vehicle speed of 90 km/h. These values for
wheel-rail contact forces differ by 6.5, 6.2, 2.25, and 1%, respectively, for the same track
models.
• The track support force responses for the track models with one, two and three layers are
the same in all conditions. The results of the track models with four and five layers are
the same at low train speeds in all the conditions. However, the difference of the results is
significant when train speeds increase. For instance, the responses of track support forces
between the track models with five, four, three, and two layers compared with the one-layer
track model vary by 43, 11.8, 0.6, and 0.23%, respectively, at the vehicle speed of 90 km/h.
• There is no significant difference between the results of the track models relating to rail
velocities and accelerations for tracks without rail irregularity. For example, the responses
of rail velocities between the track models with five, four, three, and two layers compared
with the one-layer track model differ by 3.3, 3, 2.3, and 1.43%, respectively, at the vehicle
speed of 60 km/h. These differences in values of the rail accelerations are 3.1, 2.75, 1.35,
and 0.25%, respectively.
• The results of rail displacements between the track model types are significant when the
vehicle speed increases. The responses of rail displacements vary between the track models
with five, four, three, and two layers compared with the one-layer track model by 2, 1.74,
0.28, and 0.11%, respectively, at the vehicle speed of 90 km/h.
• Generally, in railway track problems, the type of the track model should be determined
based on the research purpose. However, in every situation for obtaining the responses of
track components, tracks with multi layers should be modeled by considering the related
track parts.
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