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Thermoforming is one of the new methods for forming of polymer sheets. Free thermoforming
is one of the thermoforming methods in which shaping is done with air pressure or vacuum
without the plug mold. In this paper, free thermoforming of Poly Methyl Methacrylate
(PMMA) has been investigated by experimental tests and finite element simulation. The
main purpose of this article is the identification of the real behavior of PMMA during free
thermoforming to achieve maximum workable air pressure with respect to initial thickness.
For this, at first, tensile and relaxation tests have been done in working temperature (160◦C).
Then the process was simulated by Abaqus software with considering four types of the
material property: three hyperelastic models (Ogden, Mooney-Rivlin, and Marlow) and a
hyperviscoelastic model. After that, experimental tests were done, and the samples final
shape were compared with simulation results. Accordingly, the simulation results obtained
based on the Marlow hyperelastic model showed the best agreement with the experiments
compared to others. After that, maximum workable air pressure versus plate initial thickness
and minimum thickness of the deformed plate were achieved by finite element simulation.
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1. Introduction

The thermoforming process is one of the most popular techniques used in polymer processing.
Thermoforming is used for fabricating lightweight, thin-walled products, and its largest appli-
cation is in packaging. The required force for forming can be provided by air pressure, vacuum,
plug mold or a combination of them. In order to perform the thermoforming process, the poly-
mer sheet must be heated to a desired temperature above its glass transition temperature Tg,
then positive or negative pressure is applied. Sometimes, for exerting high forces to the sheet, in
addition of pressure, a plug load is required for proper forming or completion of the process. In
the free thermoforming method, forming is done only by applying air pressure. For this process,
at first, the sheet is clamped by a fixture, then the sheet is heated. After heating, the air pressure
is applied and forming is done. This pressure remains until the sheet is cooled, so shrinkage is
prevented (Throne, 1996).

In the free thermoforming process, there is no contact between the mold and the work
piece. Thus the final surface of the products is smooth and perfect in comparison with other
thermoforming methods. Usually, this method is used for manufacturing transparent products
such as aircraft windshields (Throne, 1996).

Based on the study carried out by Han et al. (2013), simulation of thermoforming is a method
to observe this process before running experimental tests. Furthermore, using ABAQUS software
is an applicable method to simulate the behavior of hyperelastic materials (Ramezani et al., 2010;
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Shapourgan and Faraji, 2016). Bagherzadeh et al. (2010) used a cubic poly nominal model to
predict hyperelastic behavior in the process of producing polyethylene terephthalate bottles.

There are some analytical, numerical and experimental studies on thermoforming of PMMA.
Azdast et al. (2013) investigated thermoforming of a circular PMMA sheet by combination of
free forming and plug-assisted forming. Also, they investigated final thickness of the sheet using a
finite element model and experimental tests. They used the Mooney-Rivlin hyperelastic material
model for simulation.

Wang et al. (2014) simulated high speed impact loading with aircraft windshields made of
PMMA. For material properties, nonlinear viscoelastic model was used including the rate and
temperature effects.

In another work, the critical material parameters of PMMA were investigated by Dong et
al. (2005), where the uniaxial tension test was carried out in the range of 150 to 190◦C. They
employed the hyperelastic Mooney-Rivlin and Ogden models and extracted coefficients of these
models using the least square method. Using the results of this research, Dong et al. (2005)
simulated the PMMA thermoforming at 160◦C. Moreover, thickness distribution of the sheet
after deformation was analyzed (Dong et al., 2006).

Characterization of polymeric sheets can be determined by various tests (Bourgin et al., 1995;
Schmidt and Carley, 1975a,b; Meissner et al., 1981; Meissner, 1987). Also, by classic uniaxial
and equibiaxial tensile tests the same results can be obtained (Treloar, 1958; Alexander, 1968;
Williams, 1970).

One of appropriate models in simulation of hyperelastic behavior of materials is the Mar-
low model when the uniaxial tensile test is available (Ghoreishy, 2012; Sharabi et al., 2016).
Zafošnik et al. (2015) evaluated four types of hyperelastic models (i.e. Marlow, Ogden, Neo-
Hookean and Yeoh) to simulate hyperelastic behavior in which the Marlow model was the best.
In another work, Mahl et al. (2016) used the Marlow model in order to predict hyperelastic
behavior of polyethylene in ABAQUS software. They claimed that the simulated results were
in good agreement with experimental ones. To simulate hyperelastic behavior of rubber compo-
unds, Ghoreishy (2012) implemented the Marlow, Ogden, Yeoh and Polynomial models where
the best response was related to the Marlow model.

In most of researches, in simulation of yje PMMA thermoforming process, the material has
been considered hyperelastic, especially obeying the Moony-Rivlin and Ogden models.

In this article, free thermoforming of PMMA is simulated by Abaqus software with consi-
dering four types of material propertyies: three hyperplastic models (Ogden, Mooney-Rivlin,
and Marlow) and a hyperviscoelastic model. Uniaxial and relaxation tests have been done at
the working temperature (160◦C) for extracting coefficients of the models. Then, the minimum
thickness and maximum deflection of the simulated plate were compared with experimental tests.
This comparison can determine the best model for simulation of PMMA free thermoforming at
160◦C. By finite element simulation of the best model, the purpose of the article, that is the
identification of the real behavior of PMMA during free thermoforming to achieve maximum
workable air pressure with respect to initial thickness, can be achieved.

2. Hyperelastic material constitutive equations

Hyperelastics are nonlinear materials that show elastic behavior even in very large deforma-
tions. The constitutive equation of such materials is usually expressed by using strain energy
function U . The stress and strain relation is as below

Sij =
∂U

∂Eij
(2.1)
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Usually, U is written as a power series (Treloar, 1958)

U =
M
∑

i=0

N
∑

j=0

Aij(I1 − 3)
i(I2 − 3)

j (2.2)

In this relation, Aij are constants of the material, and I1, I2 and I3 are deviatory strain invariants
that can be calculated as below

I1 = λ
2
1 + λ

2
2 + λ

2
3 I2 = λ

2
1λ
2
2 + λ

2
2λ
2
3 + λ

2
1λ
2
3 I3 = λ1λ2λ3 (2.3)

In equations (2.3), λ1, λ2 and λ3 are principal stretches for incompressible hyperelastic materials

λ1λ2λ3 = 1 (2.4)

2.1. General strain energy functions for PMMA

In this article, three types of strain energy functions have been investigated for simulating
free thermoforming of PMMA. In this Section, these functions are given in brief.

2.1.1. Mooney-Rivlin hyperelastic model

This model is suitable for incompressible materials that show elastic behavior up to 200
percent of elongation (Milani and Milani, 2012). The strain energy function for this model is

U = C10(I1 − 3) + C01(I2 − 3) (2.5)

In Eq. (2.5), C10 and C01 are material constants (Simulia, 2012).

2.1.2. Ogden hyperelastic model

This model is appropriate for incompressible materials that show elastic behavior up to 700
percent of elongation (Treloar, 1958). The strain energy function for this model is

U =
N
∑

i=1

2µi
α2i
(λαi1 + λ

αi
2 + λ

αi
3 − 3) (2.6)

where αi and µi are material constants achieved through experimental tests (Simulia, 2012).

2.1.3. Marlow hyperelastic model

In this model, the strain energy function is divided into volumetric and deviatoric parts

U = Udev(I1) + Uvol(J
eI) (2.7)

where U is the strain energy per unit of the reference volume, with Udev as its deviatoric part
and Uvol as its volumetric part; I1 is the first deviatoric strain invariant and J

eI is the elastic
volume ratio (Simulia, 2012).

3. Viscoelastic materials

Viscoelasticity is behavior between full terms of elasticity and viscosity. The material property
of viscoelastic materials depends on time and history of deformation.
Regarding the temperature of deformation, the material property of polymers changes be-

tween two ideal types of behavior: elastic and viscous.
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3.1. Prony series model

Many models have been proposed for simulation of viscoelastic materials such as the Maxwell,
Kelvin, etc. Several Kelvin models in series or several Maxwell models in parallel make the Prony
series model. On the contrary to the Maxwell and Kelvin models, the Prony series model has
several relaxation times in addition of not having disadvantages because of them. The Prony
series model is suitable for processes with short times such as thermoforming. Figure 1 shows
the Prony series model made by several Kelvin models in series (Marques and Creus, 2012).

Fig. 1. Prony series model made by several Kelvin models in series

The normalized shear modulus gN (t) of the Prony series model is as follow

gN (t) = 1−
N
∑

i=1

gi

(

1− e
−t

τi

)

(3.1)

In this equation, gi and τi are material constants obtained by a relaxation test (Simulia, 2012).

4. Simulation of the PMMA free thermoforming process

PMMA is a transparent thermoplastic polymer. Its material properties are significantly depen-
dent on temperature and rate of deformation. Excellent optical quality, high ductility, high
resistance against various weather conditions, high impact strength and low shrinkage are the
most important properties of PMMA (Alobaidani et al., 2010). In this paper, free thermofor-
ming of PMMA (Mil-P-8184 grade) is investigated at 160◦C. For proper simulation, the most
important problem is the selection of the material property. To extract the constant values of
hyperelastic and hyperviscoelastic models in simulation, a uniaxial tensile test coupled with a
relaxation test was carried out on prepared samples at 160◦C.

4.1. Tension and relaxation tests

For representing hyperelastic properties of PMMA (Mil-P-8184 grade), a uniaxial tensile test
was done at the working temperature. For this purpose, samples have been prepared according
to ASTM D638 standard test (D-638 Standard, 2004). Figure 2 shows the sample dimensions.

Fig. 2. Sample dimensions according to ASTM D638 standard test

The stress-strain curve was obtained from tensile test at 160◦C. For reliability of the test, it
was repeated 5 times, and the average is shown in Fig. 3.
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Fig. 3. PMMA (Mil-P-8184 grade) stress-strain curve, at 160◦C, in a uniaxial tension test

To determine the viscoelastic behavior of this material, a relaxation test was carried out
at 160◦C. Figure 4 illustrates the force decreasing with time. For reliability of the test, it was
repeated 5 times, and the average is shown in Fig. 4.

Fig. 4. Force-time curve obtained from the relaxation test

4.2. Hyperelastic model

From the uniaxial tension test data (Fig. 4), material constants of strain energy models can
be obtained by the least square method. Using the property module of Abaqus software, usual
strain energy models, suitable for PMMA, were evaluated (Fig. 5). As it can be seen, the Marlow
model is matched with the achieved test data.
Material constants are shown in Table 1.

Table 1. Material constants in hyperelastic models

Hyperelasticity – Mooney-Rivlin strain energy

C10 = −431089.434 C01 = 1465380.54

Hyperelasticity – Ogden strain energy function with N = 1

µi = 1626755.10 αi = −2.34531635
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Fig. 5. Evaluation of several hyperelastic models

4.3. Relaxation test

Applying the force-time curve (Fig. 4), the normalized shear modulus has been found versus
time (Fig. 6).

Fig. 6. Normalized shear modulus obtained from relaxation test

Using this curve, constants of the Prony series, Eq. (2.5), were calculated with the help of
Matlab software for N = 4. Table 2 illustrates the magnitude of the constants.

Table 2. Prony series constants for N = 4

g1 g2 g3 g4 τ1 τ2 τ3 τ4

0.151 0.67 0.16 0.013 5.144 282.8 50.26 45.93
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5. Finite element model

The PMMA (Mil-P-8184 grade) free thermoforming process was simulated by ABAQUS softwa-
re. For this purpose, an axisymmetric model was created (Fig. 7). Diameter of the plate was
280mm and two thicknesses were considered: 2.5mm and 6.3mm. According Fig. 7, uniform
pressure was applied to the bottom of the surface.

Fig. 7. Finite element model

In the mesh convergence analysis (Table 3), the size of the mesh was 0.0008mm.

Table 3. Analysis of mesh convergence

Size of mesh [mm] Maximum deflection [mm]

0.0015 5.18e-2

0.0012 5.26e-2

0.0010 5.28e-2

0.0008 5.35e-2

0.0006 5.35e-2

6. Experimental procedure

To achieve the real material property of PMMA (Mil-P-8184 grade) during free thermoforming
at 160◦C, some experimental tests were carried out.

Fig. 8. Deformed plate during free thermoforming

An aluminum circular mold was prepared. Under the mold, a hole was created for exerting air
pressure. The plate was cut and then it was drilled. The plate was clamped using a circular ring
including bolts and nuts. A silicon gasket between the plate and ring was used for sealing. After
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clamping the plate on the mold, the set was put in oven at 160◦C. When the plate temperature
reached 140◦C and thermal stability was obtained, air pressure was applied. Figure 8 shows the
deformed plate after cooling.

7. Comparison of the experimental tests and numerical results

For identification of the best mechanical property for simulation of the process, in this Section
four experimental tests are compared with the numerical results. In each case, four material
types have been considered: three hyperelastic models and one hyperviscoelastic model, for
finite element solution. Then maximum deflection and minimum thickness of the deformed plate
have been compared with the experimental test. The comparison has been done for three thin
plates (thickness/diameter less than 1/20) and one thick plate (thickness/diameter more than
1/20).

The results are illustrated in Tables 4-7. The comparison between the finite element simula-
tion and the experimental test for the fourth sample is shown in Figs. 9 and 10.

Table 4. Comparison between the simulation results and the experimental test for sample 1
(diameter: 280mm, initial thickness: 2.5mm, applied pressure: 0.22 bar)

Minimum thickness Maximum deflection
A B

[mm] [mm]

Experimental test 2.05 50.4 – –

Mooney-Rivlin
2.22 41.5 8.2 17.6

hyperelastic model

Ogden hyperelastic
2.16 45 5.3 10.7

model

Marlow
2.09 52.8 1.9 4.7

hyperelastic model

Hyperviscoelastic
2.5 11.1 21.9 77.9

model

A – Difference of minimum thickness between simulation and experimental test [%]
B – Difference of maximum deflection between simulation and experimental test [%]

Table 5. Comparison between the simulation results and the experimental test for sample 2
(diameter: 280mm, initial thickness: 2.5mm, applied pressure: 0.27 bar)

Minimum thickness Maximum deflection
A B

[mm] [mm]

Experimental test 1.75 65.4 – –

Mooney-Rivlin
2.36 44.1 34.8 32.5

hyperelastic model

Ogden hyperelastic
2.27 47.9 29.7 26.7

model

Marlow
1.85 61.1 5.7 6.5

hyperelastic model

Hyperviscoelastic
2.5 11.9 42.8 81.8

model

A – Difference of minimum thickness between simulation and experimental test [%]
B – Difference of maximum deflection between simulation and experimental test [%]
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Table 6. Comparison between simulation results and experimental test for sample 3 (diameter:
280mm, initial thickness: 2.5mm, applied pressure: 0.33 bar)

Minimum thickness Maximum deflection
A B

[mm] [mm]

Experimental test 1.45 85.5 – –

Mooney-Rivlin
2.3 46.9 58.6 45.1

hyperelastic model

Ogden hyperelastic
2.24 51.6 54.5 39.6

model

Marlow
1.54 83.1 6.2 2.8

hyperelastic model

Hyperviscoelastic
2.5 12.7 72.4 85

model

A – Difference of minimum thickness between simulation and experimental test [%]
B – Difference of maximum deflection between simulation and experimental test [%]

Table 7. Comparison between the simulation results and the experimental test for sample 4
(diameter: 280mm, initial thickness: 6.3mm, applied pressure: 0.6 bar)

Minimum thickness Maximum deflection
A B

[mm] [mm]

Experimental test 4.62 58.65 – –

Mooney-Rivlin
5.6 44.4 21.2 24.3

hyperelastic model

Ogden hyperelastic
5.42 49.3 17.3 15.9

model

Marlow
4.9 57.4 6 2.1

hyperelastic model

Hyperviscoelastic
6.35 8.7 37.4 85.1

model

A – Difference of minimum thickness between simulation and experimental test [%]
B – Difference of maximum deflection between simulation and experimental test [%]

Fig. 9. Deformed plate under 0.6 bar pressure (initial thickness is 6.3mm), sample 4

For the maximum deflection case, the percentage error of all models has been illustrated in
Fig. 11.

Also, for the minimum thickness case, the percentage error of all models has been illustrated
in Fig. 12.
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Fig. 10. Simulation results of sample 4: (a) Mooney-Rivlin hyperelastic model, (b) Ogden hyperelastic
model, (c) Marlow hyperelastic model, (d) hyperviscoelastic model, sample 4

Fig. 11. Comparison of the percentage error of the models in the maximum deflection case

Fig. 12. Comparison of the percentage error of the models in the minimum thickness case

According to Tables 4-7 and Figs. 11 and 12, the Marlow model is the best model for
simulation of this process. The mMaximum error for this model is less than 10%. Among the
Ogden and Mooney-Rivlin hyperelastic models, the Ogden model is better, but the percentage
error of this model is still high in comparison with actual values.
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8. Maximum workable pressure with respect to initial thickness

After finding the best model for simulation of PMMA free thermoforming at 160◦C, another
purpose of this paper is finding the maximum pressure that can be exerted on a plate with
specified initial thickness. For this study, maximum pressure has been obtained for the specified
thickness such that the maximum stress reached 1.8MPa (maximum allowable stress for PMMA
at 160◦C). For simulation of the process, the best model (hyperelastic Marlow model) has been
used. The simulation has been done for very thin up to thick plates.

Fig. 13. Maximum workable air pressure versus initial thickness

Fig. 14. Minimum thickness of the deformed plate under the maximum workable air pressure

Fig. 15. Maximum deflection of the deformed plate under the maximum workable air pressure

According to this analysis, the maximum workable pressure with respect to initial thickness
was obtained according to Fig. 13. Also the maximum deflection and the minimum thickness of
the deformed plate, under maximum workable pressure, is shown in Figs. 14 and 15.
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Since an experimental test of PMMA free thermoforming is expensive, these graphs give
very good visualization for decision about allowable pressure that can be exerted on a plate
with specified thickness, and also maximum deflection and minimum thickness of the deformed
plate are predictable.

9. Conclusion

PMMA is a flexible material with high impact strength and excellent optical transparency. Thus,
this material is being widely used in the related industries. Proper simulation is related to the
fact that the material property is defined correctly. In this paper, free thermoforming of PMMA
(Mil-P-8184 grade) is investigated at 160◦C. Three hyperelastic models and a hyperviscoelastic
model have been selected for simulation. By comparing experimental tests and finite element
models, it can be found that the Marlow hyperelastic model is the best model for simulation of
this process. Although related to temperature and rate of deformation, the material property
of PMMA can be changed between two types of ideal behavior: elastic and viscous, but for free
thermoforming of PMMA in 160◦C, hyperviscoelasticity is not appropriate. Between the Ogden
and Mooney-Rivlin hyperelastic models, the Ogden model is better, but the percentage error
of this model is still high in comparison with actual values. After finding the best model for
simulation, the maximum workable air pressure was found. The obtained result is very useful
since it prevents from unnecessary expensive experimental tests and visualizes the range of
maximum workable air pressure and reachable minimum thickness as well as the maximum
deflection.
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