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In this paper, linear-elastic Rayleigh beams with a periodic structure are considered. Dy-
namics of such beams is described by partial differential equations with non-continuous
highly oscillating coefficients. The analysis of dynamic problems using the aforementioned
equations is very often problematic to perform. Thus, other simplified models of Rayleigh
beams are proposed. Some of these models are based on the concept of the effective stiffness.
Among them, one can distinguish the theory of asymptotic homogenization. However, in the-
se models, the size of the mesostructure parameter (the size of a periodicity cell) is often
neglected. Therefore, a non-asymptotic averaged model of the periodic beam is introduced,
called the tolerance model, which is derived by applying the tolerance averaging technique
(TA). The obtained tolerance model equations have constant coefficients, and in contrast to
other averaged models, some of them depend on the size of the periodicity cell.
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1. Preface

Beams are the simplest representations of periodic structures. Numerous examples of engineering
applications, for instance in acoustic isolations, are the main reason for interest in such objects.
In such beams, one can distinguish a small repetitive element called the periodicity cell. Periodic
objects can represent approximate models of some complex systems.

Propagation of the elastic wave and linear vibrations in periodic beams are considered in
many papers. Vibration band gaps were investigated by Xiang and Shi (2009) by the diffe-
rential quadrature method. A comprehensive research on inhomogeneous beams vibrations was
presented by Hajianmaleki and Qatu (2013). The transfer matrix method, adapted in analysis
of flexural wave propagation in a beam on an elastic foundation and in investigating natural
frequencies of non-uniform beams, can be found in Yu et al. (2012) and Xu et al. (2016), re-
spectively. Wave propagation in beams with periodically varying stiffness is considered in Chen
(2013) by the use of the multireflection method. In this paper, linear-elastic Rayleigh beams with
a periodic structure are considered. Dynamics of such beams is described by partial differential
equations with non-continuous highly oscillating coefficients. The analysis of dynamic problems
using the aforementioned equations is very often problematic to perform. Thus, other simplified
models of Rayleigh beams are proposed. Some of these models are based on the concept of the
effective stiffness. Among them, one can distinguish the theory of asymptotic homogenization
introduced in works by Kohn and Vogelius (1984), Papanicolau et al. (1978), Bakhvalov and
Panasenko (1989), Sénchez-Palencia (1980) and Zhikov et al. (1994). The microperiodic beam
equilibrium equations in frames of the homogenization theory were studied by Kolpakov (1991,
1998, 1999). However, in governing equations of these models, the size of the mesostructure
parameter (the size of the periodicity cell) is often neglected. Therefore, a non-asymptotic ave-
raged model of the periodic beam is introduced. This model is called the tolerance model and is
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derived by applying the tolerance modelling technique, c.f. Wozniak et al. (2008), Awrejcewicz
(2010), Wozniak and Wierzbicki (2000). The obtained tolerance model equations have constant
coefficients and, in contrast to other averaged models, some of them depend on the size of the
periodicity cell. The proposed method can be adopted to any differential equations with highly
oscillating coefficients. The suggested approach, in contrast to the asymptotic homogenization,
enables analysis of the mesostructure size. The method found numerous applications in structu-
ral mechanics. Macro-dynamics of microperiodic elastic beams was analysed by Mazur-Sniady
(1993). Geometrically nonlinear vibrations of slender mesoperiodic beams were investigated in
the paper by Domagalski and Jedrysiak (2016). The method was widely applied in the analysis
of microstructured plates: thin plates with an elastic periodic foundation, Jedrysiak (2003), ho-
neycomb lattice-type plates, Cielecka and Jedrysiak (2006), geometrically nonlinear thin plates,
Domagalski and Jedrysiak (2015) and thin functionally graded plates, Jedrysiak (2013, 2014)
and Kazmierczak and Jedrysiak (2011). The TA technique was also applied in plates stabili-
ty problems, cf. Jedrysiak (2000) and Jedrysiak and Michalak (2011). The tolerance averaging
technique was also applied in the analysis of wavy type plates Michalak (2001) and many other
engineering problems.

In this paper, a new tolerance model of a Rayleigh beam with weakly slowly-varying functions
is proposed Tomczyk (2013), Jedrysiak (2017). Natural boundary conditions are also obtained
and presented for a newly derived tolerance model. The presented tolerance model equations
are used to determine natural vibration frequencies and natural forms of vibrations. Solutions
obtained from the proposed model are compared with those corresponding to the finite element
model. The paper is arranged as follows: basic assumptions of the inhomogeneous Rayleigh
beams are presented in Section 2. The elemental and essential basis of the tolerance averaging
technique are quoted in Section 3. The main model equations for examples considered in this
paper are derived in Section 4. The numerical methods of solution, validation of the model, final
results and comparison with the finite element method are presented in Section 5. Finally, the
discussion and conclusions are given in Section 6.

2. Formulation of the problem

A beam made of a linear-elastic material, associated with a three-dimensional Cartesian co-
ordinate system Owxyz is considered. The beam axis is collinear with the z-axis of the local
coordinate system. The problem can be treated as one-dimensional, so that there is defined a re-
gion 2 = [0, L] occupied by the beam, where L is the beam length. The considered beam consists
of many repetitive elements, called periodicity cells. The basic cell is defined as A = [—1/2,1/2],
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Fig. 1. A periodicity cell

where [ < L is length of the cell and is named the mesostructure parameter. The following de-
notations are introduced: lateral deflection w = w(z,t), lateral stiffness EJ = E(x)J(x), mass
per unit length = pu(x), rotational moment of inertia per unit length ¥ = ¥(z) and transverse
load ¢ = q(w,t). Furthermore, let 0F = 9% /02" be the k-th derivative of a function taken with
respect to the x coordinate, and the overdot stands for the derivative taken with respect to time.
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Thus, the strain and kinetic energy of the beam can be described in the following form

W = %EJ@%@% K= %uww + %ﬁawaw (2.1)

The Lagrangian function £ = £(z,t,w,w, 0w, 0*w) is defined as
L=W—-K—-quw (2.2)

The equations of motion are given by Hamilton’s principle

t1

t1 L L
5A:5//£dxdt://5£dxdt:0 (2.3)
to O 0

to

After some common variation calculus operations, the equation of motion of the Rayleigh beam
with highly oscillating non-continuous coefficients is obtained

DX (EJd*w) + pio — d(000) = ¢ (2.4)

3. Tolerance modelling

3.1. Preliminary notions

The main objective of this paper is to propose a new averaged model of the Rayleigh beam.
This new approach is based on the concept of weakly slowly-varying functions. The averaged
equations of the periodic beam are derived using the tolerance modelling technique. The fun-
damental concepts of the tolerance modelling approach — tolerance relations, slowly-varying
functions (SV'), tolerance periodic functions (7'P), fluctuation shape functions (F'SF's) and ave-
raging operation, are outlined in the monographs by WozZniak and Wierzbicki (2000), WoZniak
et al. (2008), Awrejcewicz (2010). There are introduced the following denotations: A(z) = z+ A,
2a={x € 2: A(z) € 2}, x € R™. Subsequently, a subset A of R™ is called the periodicity
cell with [ as a cell dimension. Every cell A(z), € (24, refers to the cell in 2 with the center
at x. The averaging operator for an arbitrary integrable function f is defined by

N =7 [fway  ze0s  yeAw (3.1

A(z)

The micro-macro decomposition is a fundamental operation of the tolerance averaging tech-
nique. It states that the transverse deflection of the beam w(z,¢) (unknown of the partial diffe-
rential equations describing behavior of the microheterogeneous structure) can be decomposed
into: the unknown averaged displacement W (x,t) (a weakly slowly-varying function in the pe-
riodicity direction) and the highly oscillating fluctuation of the displacement, represented by the
known highly oscillating A-periodic fluctuation shape function h* (z) multiplied by the unknown
fluctuation amplitude VA(z,t) — weakly slowly-varying (W.SV) in the periodicity direction. In
this case, the micro-macro decomposition becomes

w(z,t) = W(x,t) + b (2)VA(z,t) A=1,...,N W (), VA() e WSVE(2,A)
(3.2)
From now, W (x,t) is a new basic kinematic unknown and V4(z,t) is an additional kinematic

unknown. The uppercase integer states that the unknown functions are assumed to be weakly
slowly-varying up to the second derivative order. The function F(-) will be referred to as the
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weakly slowly-varying with respect to the cell A and the tolerance given by ¢ = («, dg, 01, ...,0R),
if and only if the following condition is satisfied

A(z,y) € 2° [(x Sy) = F@)RFy) A 0" F(x) 20 F(y), k=1,2,... ,R} (3.3)

where O°F(-) = F(-).

Under the above conditions, it can be written F' € W S VJR(Q, A). In the applications of the
tolerance modelling, the tolerance parameter o = [ is known a priori as a certain mesostructure
length, whereas values of the tolerance parameters dg, d1,...,0r can be determined only a poste-
riori, i.e. after obtaining a solution to the considered initial-boundary value problem. The highly
oscillating fluctuation shape functions h** are postulated a priori in every problem under con-
sideration and describe the unknown fields oscillations caused by the structure inhomogeneity.
Apart from the restriction of I-periodicity, the FSFs have to satisfy the following conditions

(uh™y =0 (uh*hPy =0 forA # B

3.4
amht e O(17™) AB=1,...,N (3:4)

Another assumption is the tolerance averaging approximation. For the purposes of this article,

the following denotations are introduced. Let e, f € L7 (R) be the known [-periodic func-

tions and let F € WSV} (0,L), d = (I,50,61). By the tolerance averaging of eF + fo,F is
meant (e + fO1F)r(z) = (e)F(x) + (f)01F(x) for every x € (I/2,L —1/2). The tolerance
averaging approximation is an approximation of (eF' + f0,1F)(x) by (eF + f01F)r(x) for every
x € (I/2,L —1/2). Thus, the tolerance averaging approximation has the form

(eF + fOLF)(x) = (eF + f0,F)7(z) + O(l) d = (1,60,01) (3.5)

where e(-), f(-) are the known functions and F(-) is unknown in the initial-boundary value
problem under consideration.

3.2. The averaged model equations

The averaging operation is performed, after substituting micro-macro decomposition (3.2)
into Lagrangian (2.2). Thus, the variation of the averaged action functional can be written as

t1 L t1 L
5A:5//</:h> dxdt://5(£h> dudt = 0 (3.6)
to O to O

Knowing that
— k= 0Pw = *°W + 91 (W 'VA) = 8®°W + d(0h VA + hAavH)
= O*W + &*hAVA + 20h19VA + hA02VA

3.7
— 6k = 0*6W + 0°h VA + 20n 06V + 075V A 37
— M = EJ*w = EJ(®W + 9*hPVE 4+ 20080V E + hBa?v Bt
the Lagrangian variation is
0L =W — K — gow = Mok — pwdw — I0wddw — qéw (3.8)

Finally

t1 L t1 L
/ 5K de dt — / / (6w + 90w06w) da dt (3.9)
0 to O

to
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and
0L = Mk + (pio — q)dw + 90wddw (3.10)

Let micro-macro decomposition (3.2) be substituted into the components of the Lagrangian
and averaged over a periodicity cell. It should be noted that

Sw = SW + hevA (3.11)
The variation of the averaged bending energy gives
(6L) = (M6K) = (M)I*SW + (MO*hA)oVA + 2(MOLM SV A + (MhA)D*5V A (3.12)
where
(M) = (ED)O*W + (EJO*hWPYWE + 2(EJonBYovVE + (EJhP)o*V B
(M?hAy = (EJO*hNOPW + (EJ*hA9*hPYWE + 2(EJ0?hA0nP)ovE
+ (EJO?h nBYo?v P (3.13)
(MOn?y = (EJORMO*W + (EJORA0*hBYVE + 2(BJon A 0nP YoV P + (BEJoRAhP)o?V
(M) = (EJWYO*W + (EJRAP*hP)VE + 2(EJhA0RP)oVE + (BT hP)0° VP
The total variation of the Lagrangian is
0L = (M)PSW + ((0)0W + (0OR YV *)0oW + ()W + (uh YV — (g)) oW
+ ((MOPRA) + (uh ™YW + (uh*hP)VE + (90n*) oW (3.14)
+ (9ORAORPYV B — <th>)5vA + 2(MORMYOSVA + (Mh™M)o25V A
After some transformations
oL = [*(M) — D((NOW + WORYVA) + ()W + (uh YA — (g) | oW
+ ((MOPh™) = 20(MOR™) + (uh )W + (uh hBYVE + (on™)oni
+ (9ORAORP)VE 4 9H(MEA) — (gh™) |6V + 0((M)dsW ) (3.15)
+0[((W)oW + Won") VA — (M) ) oW |
+o((MnhyaevH) — o] (a(mn?) — 2(Man?) ) ov 4|
This leads to a system of differential equations
oW 0*(M) = 0((OW + (ORMYTA) + (uyW + (uh) 4 — (g) = 0

VA (MO*hAY — 20(MOR™A) + (uh™YW + (uhAhB)VE (3.16)
+ (9ORNMYOW + (90hORPYVE + 02(Mh™A) — (gh™) =0

and natural boundary conditions
.. .. L
(o + (ont) V4 - 6<M>)5W‘0 aaw‘ MhA>85VA‘

! (3.17)
+ (o(Mnt) - 2<M6hA>)5VA‘O =0
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The N + 1 differential equations for the macro-deflection and its fluctuation amplitudes are
P (M) — (9)PW — (WORMOVA + ()W + (uh ) VA — (g) =0
(M&*h™Y — 20(MOh™) + (uh™ YW + (uh*hBYVE + (9on™) oW (3.18)
+ (9ORAORPYVE + 92 (MhA) — (gh?) =0

The weight-averaged bending moments have the following form

(M) (EJ) (EJO?hB) (EJORB) (EJhB) 02W
(M*h™) (EJO*hAY (EJO*hA9*hBY (EJo*hA0hB) (EJO?hAhB) VB
(Mor™y ( — | (BEJORA)Y  (EJOhAORB)Y  (EJOR®OnB) (EJOR*KB) | ) 20VE
(MR (EJR?Y  (EJhA9%hB)  (EJhAOnB)  (EJRARB) | |9*VE
(3.19)

where W (z,t), VA(z,t) and their derivatives are the new kinematic unknowns. Together with
the averaged equation of motion, the following natural boundary conditions (for x = 0, L) with
averaged coefficients are obtained

()OW + (WORVA (M) =0 or W =0
(M) =0 or OOW =0
MRy —2(MORYY =0  or  VA=0

(MRYY =0 or  35VA=0

(3.20)

It is worth mentioning that expressions (3.20) reduce to classic natural boundary conditions for
a homogeneous beam (Fung, 1965). Moreover, the underlined coefficients are dependent on the
mesostructure size [. The external load is assumed to be zero in the analysis of natural vibrations
of the beam.

4. Examples of applications

In this Section, the derived averaged model is adapted in a study of some special problems.
The object under consideration is a simply supported beam with length L. The beam has a
rectangular cross section and is made of some small repetitive elements. The periodicity cell,
presented in Fig. 1, has a symmetrical shape and is divided into three segments. The segment
material and geometrical properties may vary depending on each case.

One of the most significant components of the tolerance modelling is determination of the
fluctuation shape functions. The fluctuation shape functions can be assumed as forms of eigenvi-
brations one the periodicity cell. In this model, FiSFs are obtained from finite element analysis
of the periodicity cell, although the common practice is to use approximate solutions such as
[-periodic trigonometric functions.

In order to obtain a system of algebraic equations of motion, the Galerkin method is applied.
The trial solutions are assumed in the form of truncated trigonometric series

M M3}
W(z,t) = > Xp()Wi(t) VA, 1) = Vi (2)Vi () A=1,...,N (4.1)
m=1 n=1

where the weight functions X,,, and Yn‘? are chosen to satisfy the boundary conditions of a simply
supported beam

sin % for A€ ESF
X (z) = sin m;rx yA = (n— 1)z (4.2)
cos ——-— for A€ OSF
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The functions X,, and Yn‘? satisfy the assumed boundary conditions at x = 0, L, where ESF and
OSF stands for an even and odd fluctuation shape function respectively. The known relation
is solved with respect to the unknown trial function coefficients (Zienkiewicz et al., 2013). The
number of terms in the expansion results from the condition of convergence of the solution. In
order to obtain the natural frequencies of the beam, the eigenproblem of the dynamic stiffness
matrix is solved. In the numerical solutions, the size of the matrix is limited to the finite value

L A(z), B(z), J(z), p(z)

Fig. 2. The considered beam

5. Results and discussion

This Section is dedicated to the analysis of free vibrations of a Rayleigh beam. The beam has
length L = 1.0m and is composed of 10 periodicity cells with length [ = 0.1m and cross
section width b = 0.01 m. Three different beams with variable cross section height hys, Young’s
modulus Fj; and mass density pps are analyzed. For each beam, there are considered three
individual cases. The properties of the central periodicity cell segment — height hr = 0.008 m,
Young’s modulus Er = 205 GPa and density pp = 7850kg/m? are constant in all analyzed
cases.

As an example, 3 cases: A, B and C are analyzed. For each case, one of the material or
geometrical parameter of the periodicity cell has an individual value. The values of hy;, Eys
and pjs parameters for all cases are presented in Table 1.

Table 1. Analyzed-cases
| Case | hy [m] | Ey [GPa] | pas [kg/m?] |

Al 0.004

A2 0.005 7850.00
A3 0.006

B1 205.000 3925.00
B2 1962.50
B3 981.25
C1 0.008 102.500

C2 51.250 7850.00
C3 25.625

In order to validate the tolerance model, a finite element method procedure is applied in
Maple software. The finite element model is assembled with 30 Rayleigh beam elements with
Hermitian polynomials and the consistent mass matrix. As a result, the model has 31 nodes
with 62 degrees of freedom.

The natural frequencies, which are obtained using the tolerance averaging technique (TA)
and the finite element method (FE), are compared in Table 2. The validation of first 22 natural
frequencies for cases A2, B2 and C2 for the mesostructure v = 0.5 is performed. The TA model
results are presented as gray dots, and the FE model as black rings. The received values of
frequencies are given in [Hz]. The first five natural frequencies for cases A2, B2, C2 are listed in
Table 2. 80.878 Hz, 147.330 Hz, and 73.581 Hz are the least derived values of natural frequencies
in cases A2, B2, and C2, respectively. The relative error does not exceed 2% for the first five
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frequencies. It is noticeable that the presented bandwidth is not entirely continuous and uniform.
Among all obtained frequencies in Fig. 3, separated bands of frequencies can be observed —
the chains preceded and followed by some intervals. These interruptions in the bandwidth,
highlighted with gray backgrounds, are called band gaps. In case A, the first band interval
reveals between the 9th and 10th natural frequency. The difference between these frequencies
arrives at 3133 Hz. Another gap appears between the 20th and 21st natural frequency. In this
case, the difference rises to 8454 Hz. In case B, the gaps occur between the 10th, 11th and 20th,
21st free vibration frequencies, and the intervals in the bandwidth reach 7657 and 14164 Hz,
respectively. In case C, the band gaps reveal at the same frequencies as in case A, and the
magnitudes of the interludes are 3663 Hz and 7171 Hz, respectively.

Table 2. Natural frequencies for case A2, B2 and C2

5 A2 B2 C2
‘I TA FE |LA;Q‘ TA FE |LA;Q‘ TA FE "fpﬂ‘
n | [Hz] [Hz] [%] [Hz] [Hz] [%] [Hz] [Hz] [%]
1 80.878 80.971 | 0.115 | 147.330 | 147.314 | 0.011 | 73.581 73.659 | 0.105
2 | 322.607 | 324.108 | 0.463 | 589.309 | 589.054 | 0.043 | 293.269 | 294.534 | 0.430
3| 722.358 | 730.114 | 1.062 | 1325.846 | 1324.555 | 0.097 | 655.683 | 662.294 | 0.998
4 | 1274.964 | 1300.213 | 1.942 | 2356.475 | 2352.406 | 0.173 | 1154.338 | 1176.231 | 1.861
5 12043.391 | 2036.098 | 0.358 | 3679.510 | 3669.598 | 0.270 | 1843.340 | 1834.854 | 0.462
500007 90000 45000
= 45000 Afyy=8454Hz, 80000 Afyy=14164Hz 40000 Afyy=T171Hz
“—
40000 — -~ _
35000 s0000k
30000
o 50000 . :
25000 8
20000 0 40000 K 20000 K
o 30000 e 15000 e
15000 ° Afiy="T657Hz,° °
oo PR | 0000 & . 10000 | o =3663 17 °
5000 .,° 10000 ..99 : 5000 e .;.0. -
Olosec’ Olease” Olesec’

0 2 6 10 14 18n22 0 2 6 10 14 187122 0 2 6 10 14 187122

Fig. 3. Comparison of natural frequencies bandwidth of the considered beam for o = 1/2,
case A2, B2, C2

In Figs. 4-6, the band gaps neighborhood is shown. The tolerance solutions are represented
by solid lines, and the finite element solutions are represented by dashed lines. In this case, the
presented frequencies are functions of the saturation parameter .. All frequencies are presented in
relation to the constant value — the natural frequency obtained from the finite element method.
As a result, the solutions are presented in the dimensionless form. The first two gaps in the
observed bandwidth range are analyzed. In cases A and C, the analyzed frequencies are increasing
with the argument of a function. In case B, a decreasing relationship can be observed. In the
enclosed figures, two types of band gaps can be noticed. The first type of the gap is between
the same frequencies in the entire domain of the mesostructure parameter. The second type of
the gap changes its character along with the a parameter. The following relationship can be
observed: the compared models have the best convergence for low natural frequencies and low
values of the o parameter.
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Fig. 4. Band-gap neighboring eigenfrequencies as a function of the a parameter, case A

In Table 3, the eigenmodes of the considered beam model for o = 1/2 are compared. It
can be noticed that in B2 case the band gaps occur in different places in comparison with A2,
B2 and C2 cases (Fig. 3). What is more, there is a difference in the order of symmetrical and
antisymmetrical eigenmodes (cf. Table 3).

6. Final remarks

In this paper, the authors present a new averaged model of a linear-elastic periodic Rayleigh
beam. Dynamics of the beam is described by partial differential equations with non-continuous
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Fig. 5. Band-gap neighboring eigenfrequencies as a function of the a parameter, case B

highly oscillating coefficients. The exact model equations are transformed into a form that can
be solved numerically.

The new model implements the notion of weakly slowly-varying functions. The proposed
equations are derived using the tolerance averaging approach. In contradiction to other homo-
genized models, the tolerance averaging technique allows one to observe some averaged effective
properties of a structure. Despite the inhomogeneity of the structure, this new model introduces
some new unknowns — averaged deflection. It also allows one to observe some dynamic properties
of the beam, depending on the size of the periodicity cell.
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Fig. 6. Band-gap neighboring eigenfrequencies as a function of the a parameter, case C

The solutions derived from tolerance averaging have been compared with the finite element
model solutions. The finite element model has 31 nodes with 62 degrees of freedom.

In this paper, 3 cases have been compared: A, B and C. A good agreement has been obtained
between the two methods in all analyzed cases. What is more, there is an evident dependency
between the occurrence of band gaps and the shape of eigenmodes. Therefore, the proposed
solution enables one to formulate model equations which can be solved with known numerical
methods (e.g. Galerkin method). That is why the suggested technique can be used in the para-
metric analysis of the structures under consideration. The problems that can be considered in
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Table 3. Comparison of natural frequency bandwidths of the considered beam for o = 1/2

o ] VA AR
o A A, e N
e [ T A P o

future works are: forced vibrations of inhomogeneous Rayleigh beams, greater diversity of boun-
dary conditions, analysis of structural and material heterogeneity of the beam and a viscoelastic
subsoil.
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