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This article presents an analysis of forced vibrations of a homogeneous cantilever beam
using a vision method. Based on measurements, displacements of deﬁned beam points have
been determined as a function of time in directions perpendicular to and along the beam axis
together with the trajectory of these points in the plane of the beam transverse vibrations. A
model describing the displacement of the beam with a moving holder (kinematic excitation)
is presented along with formulas deﬁning motion of points in the plane of the beam transverse
vibrations, which have been veriﬁed experimentally by recording beam vibrations using a
specialised vision system.
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1.

Introduction

Contactless methods are currently dominant in the measurement of vibrations of continuous
systems. They perform particularly well in the analysis of vibrations of so-called lightweight
constructions, in which the application of conventional measuring systems utilising e.g. accelerometers is not viable. Accelerometers introduce additional mass, which causes changes in both
damping and rigidity of the studied system. The solution is to use contactless optical sensors (Siram et al., 1992; Freymann et al., 1996; Chen et al., 2003; Van der Auwerwer et al., 2002; Moreno
et al., 2005) as well as magnetic and ultrasound sensors. The broad and increasing application of
visual methods (Ma et al., 2004; Trucco and Verri, 1998) for analysis of vibrations of continuous
systems can be observed. An example might be the determination of free vibration forms and
experimental modal analysis (Kohut and Kurowski, 2005; Peeters et al., 2004; Schmidt et al.,
2003).
Studies of free and forced vibrations of beams have already been conducted in form of three-layered single- and multi-segments beams ﬁlled with magnetorheological ﬂuid (Snamina et al.,
2012a; Romaszko et al., 2011). In previous studies, either two laser sensors or one laser vibrometer
have been used to measure displacements (Sapiński et al., 2010), with transverse vibrations of
beams being measured at only two points.
In this study, in order to increase the number of measuring points describing the beam
vibrations, it has been decided to perform the measurement using a vision system. This enabled
contactless recording of vibrations of the entire beam and synchronisation of the measurement
of all characteristic points determined on the basis of theoretical analysis.
The tested object is a homogeneous cantilever beam made of aluminium. The forced vibrations of the beam with a moving holder are analysed using a vision system specially conﬁgured
for the purposes of this study which enabled recording the displacement of deﬁned beam points. Three forms of the beam eigenfunctions (modes) are selected for the analysis. Based on
recorded data, the dislocations of deﬁned points are determined in the plane of the beam vibrations. A model of the cantilever beam with kinematic excitation is presented and modes for
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the appropriate boundary conditions are determined. The results obtained from experiments are
compared with the results obtained from the model.

2.

The vision method

The vision method of measurement of beam vibrations is based on the recording of a sequence
of images followed by analysis of each image using an algorithm described in the next part of
the paper. The purpose of this analysis is to determine vibration parameters describing the
studied beam. The amplitude of vibrations is determined for each of the characteristic points of
the beam in two directions: perpendicular to and along the beam axis. Measurements using the
vision method are carried out in three stages:
• analysis of the task and selection of hardware conﬁguration of the vision system,
• recording of the sequence of images at the laboratory test stand,
• development of an image analysis algorithm, performance of measurements and archiving
of measurement data.
The ﬁrst stage encompasses analysis of the measuring task and selection of hardware conﬁguration of the vision system. The optical system is selected, taking into account the dimension
of the beam fastened to the shaker. The image is set up so that the entire cantilever beam and
moving element of the shaker are visible. The parameters of the vision system are chosen to
enable image recording with a sampling rate of 1000 frames/second and an exposure time equal
to 400 µs for a single frame. Images are recorded with the use of a vision system equipped with
a HSC (high speed camera) matrix with a resolution of 1200×1000 pixels. The sampling rate
is selected with regard to the resolution of the matrix, the size of the studied object and the
lighting conditions at the experimental set-up. These parameters are selected on the basis of
tests; their selection is dictated by the necessity of obtaining appropriate contrast between three
elements of the ﬁlmed scene: the beam, markers, and background. Figure 1 presents a recorded
view in which the beam and applied markers, as well as the background, enabling observation
of both the beam and the markers, are visible. To carry out the studies, the markers are applied
to the beam at seven characteristic points.

Fig. 1. Measurement points in the beam

Due to small dimensions of the beam side surface, miniature markers, visible in form of white
spots, are prepared and applied to this surface (Fig. 1). The placement of markers describing
measuring points is selected to enable observation of the free displacement of the end of the
beam, P6 , and the displacement of the beam moving holder (shaker), P0 . In addition, the positions at which nodes and anti-nodes are located have been marked for the second and third
mode. These locations are determined based on formulas deﬁning the eigenfunctions, derived
earlier. In this way, the successive points are selected: P1 -P5 . The vision system is installed at
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the experimental set-up and calibrated (Gawlik et al., 2004; Kowal and Sioma, 2009; Sioma.
2013).
The second stage of measurements using the vision method involves the recording of a sequence of beam vibration images at the experimental set-up. The homogeneous cantilever beam
is made of aluminium, with a length of l = 400 mm, width of b = 30 mm, and a thickness of
h = 2 mm. A diagram of the experimental set-up is presented in Fig. 2. One end of the beam
is fastened to the holder of the moving part of the TIRA S514 electrodynamic shaker. The core
of the shaker moves in the manner described by the variable u(t) in the direction perpendicular
to the beam axis. In this way, an excitation is eﬀected. The shaker is controlled using the LMS
SCADAS III module supported by a computer with LMS TestLab software. The M345C03 piezoelectric accelerometer from PCB Piezoelectronics company fastened to the shaker holder is
used to control the shaker. The control signal is ampliﬁed by the TIRA BAA500 ampliﬁer (Sapiński et al., 2011; Snamina et al., 2012b). The experiments have been conducted for a sinusoidal
excitation with a constant frequency f : 9.15, 61.12 and 165.71 Hz. The amplitudes of excitation
have been assumed to be: 0.85, 0.81, 0.11 mm. The excitation frequency has been selected so
as to be similar, respectively, to the ﬁrst, second, and third resonance frequency of the beam.
Beam vibrations have been registered for the ﬁrst three modes.

Fig. 2. Schematic diagram of the experimental set-up

The third stage of measurements of the beam vibrations using the vision method involves
the development of an algorithm for analysis of the recorded sequence of images. The purpose of
the analysis is to determine the displacements of each of the points visible on the image deﬁning
the amplitude of vibrations observed for each of the three frequencies. The recorded images are
subjected to preliminary processing, and the image intensity is scaled in order to improve the
visibility of the marker applied to the beam. Elimination of noise and accidental ﬂaws in form of
reﬂexes observed on the image is done during preliminary processing through the execution of
context transformations. The image-scaling procedure is performed after preliminary processing
in order to convert point positions registered in pixels to values expressed in millimeters. For
the thus prepared image, 7 ROIs (regions of interest) are deﬁned individually for each point.
An example of an image presenting the deﬁnition of ROIs for the two terminal points of the
beam is presented in Fig. 3. The deﬁnition of ROIs made it possible to adjust the parameters of
COG (center of gravity) determination for the marker of every point to the conditions present
in its surroundings. Next, parameters of the segmentation process are selected for every ROI,
which enables determination of the COG for each marker applied to the beam so as to locate
it in the neutral layer of the beam. In the next step of image analysis, an auxiliary coordinate
system is deﬁned. Point P0 is placed simultaneously at the position of the beam holder and
the axis of symmetry. Its position is determined based on analysis of the edge of the beam
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fastening system on the shaker. This point serves to deﬁne the centre of the yz coordinate
system (Figs. 2 and 3). The y axis of the coordinate system is positioned horizontally, the z axis
vertically. In this way, the coordinates of point P0 (0, 0) are obtained. Due to the necessity of
introducing the marker of point P6 onto the edge of the beam and considering the algorithm for
determination of the coordinates of the centre of the marker of this point, point P6 is placed at a
distance of ∆ = 3.6 mm from the end of the beam (Fig. 3). Using the coordinate system and the
determined positions of markers for points P0 -P6 , the coordinates of points are determined for
the zero position of the beam: P0 (0, 0), P1 (117, 0), P2 (201, 0), P3 (276, 0), P4 (312, 0), P5 (344, 0),
P6 (396.4, 0). It is assumed that the beam zero position would occur when its longitudinal axis
coincides with the y axis. Based on analysis of point positions on successive recorded images,
the trajectory of their motion in the plane of the beam transverse vibrations yz is determined.
The ﬁnal step of the third stage of measurements using the vision method is the processing and
saving of the results of measurements. The center-of-gravity position parameters determined on
successive images and described in the deﬁned yz coordinate system are saved as a csv ﬁle. The
use of this type of ﬁle made it possible to import the data into MATLAB software, in which
analysis of the data obtained from the vision method is continued (Fig. 2).

Fig. 3. Beam with the assumed coordinate system and points P0 , and P6

To sum up, the third stage of measurements can be presented in form of an algorithm, a
diagram of which is shown in Fig. 4. The main steps of the algorithm can be distinguished on this
diagram: preliminary image processing and images preparation for measurements, performance
of measurement on an image, archiving of measurement data.

Fig. 4. Algorithm of the vision method
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Theoretical analysis

The transverse vibrations of an aluminium cantilever beam are considered. One of the beam
theories assumes that straight and cross-sections relative to the beam axis remain ﬂat and
perpendicular even after the beam is deformed. As a result of bending, cross-sections are subject
to rotation, and the ﬁbres of one layer of the beam are subject to tension while those of the second
layer are compressed. However, there is a layer that does not sustain any deformation: the neutral
layer. The presented assumptions are known as the Euler-Bernoulli hypothesis (Meirovitch, 1997,
2001). The equation based on these assumptions describing transverse vibrations w = w(y, t) of
a beam is given by the formula
4
∂2w
2∂ w
+
c
=0
∂t2
∂x4

c=

s

EI
ρA

(3.1)

where E is Young’s modulus, I – moment of inertia, ρ – material density, A – area of cross-section. Using the method of separation of variables, the solution of the transverse beam vibration equation is written as
w(y, t) = W (y)T (t)

(3.2)

where W (y) is the eigenfunction and T (t) function describing beam displacement as a function
of time t. After inserting expression (3.2) into (3.1)1 and after transformation, the eigenvalue
equation is obtained
W IV − β 4 W = 0

β4 =

ω2
ρA
= ω2
c2
EI

(3.3)

The (·IV ) symbol designates the derivative with respect to the y coordinate. The solution to the
eigenvalue equation is the following function
W (y) = C1 (cos βy + cosh βy) + C2 (cos βy − cosh βy) + C3 (sin βy + sinh βy)
+ C4 (sin βy − sinh βy)

(3.4)

The constants C1 , . . . , C4 are determined after the appropriate boundary conditions have been
accounted for. For the cantilever beam under consideration, they are as follows
w(y, t)

y=0

∂w(y, t)
∂y

=0

∂ 2 w(y, t)
−EI
∂y 2

=0
y=l

=0
y=0

∂ 3 w(y, t)
−EI
∂y 3

(3.5)
=0
y=l

After determination of the constants C1 , . . . , C4 , the eigenfunction describing the n-th mode
takes its ﬁnal form


Wn (y) = δn − sinh βn y + sin βn y +


sin βn l + sinh βn l
(cosh βn y − cos βn y)
cos βn l + cosh βn l

(3.6)

where: β1 l = 1.875, β2 l = 4.694, and for n  3 βn l = (2n−1)π/2, δn is the coeﬃcient normalising
the n-th mode, expressed by the formula
δn =

−(−1)n
max |Wn (y)|
y

(3.7)
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Successive natural frequencies are determined from equation (3.3)2
ωn = (βn l)2

s

EI
ρAl4

(3.8)

After determination of the eigenfunction Wn (y) and the natural frequency ωn , Eq. (3.1)1 ,
describing the beam transverse vibrations is expanded. Energy dissipated is accounted for in
the equation assuming a viscoelastic Voigt-Kelvin model describing the properties of the beam
material
σ(y, znl , t) = Eε(y, znl , t) + ηE ε̇(y, znl , t)

(3.9)

The normal stresses σ present in the beam cross-section are dependent on the y coordinate
of the cross-section, the distance znl from the neutral layer, and time t. The material internal
damping is described by the loss coeﬃcient η. Thus, the equation of the beam free vibrations
with internal damping is as follows
∂2w
∂4w
∂5w
+ c2 4 + ηc2 4 = 0
2
∂t
∂x
∂x ∂t

(3.10)

In this study, forced beam vibrations induced by the movement of the holder along the z axis
are studied (Sapiński et al., 2011). A diagram of the beam with kinematic excitation is shown
in Fig. 5. The displacement of the holder is described by the variable u(t), and displacement of
an arbitrary beam cross-section is described by the variable w(y, t)
w(y, t) = z(y, t) + u(t)

(3.11)

where z(y, t) is the displacement related to bending of the beam described by means of the series
z(y, t) =

∞
X

Wn (y)qn (t)

(3.12)

n=1

Fig. 5. Scheme of the beam with kinematic excitation

In the above equation, qn (t) is the modal coordinate of the n-th mode of vibrations, and
Wn (y) is the eigenfunction describing the n-th mode given by formula (3.6). After inserting
equations (3.11) and (3.12) into (3.10), the following is obtained
∞
X

(Wn q̈n + c2 WnIV qn + ηc2 WnIV q̇n ) = −

n=1

∂2u
∂t2

(3.13)

and after accounting for equation (3.3)2 and the harmonic excitation expressed in an exponential
e(t) = U0 eiΩt
form u
∞
X

(qën + ηc2 βn4 qėn + c2 βn4 qen )Wn = U0 Ω 2 eiΩt

n=1

(3.14)
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The (e·) symbol designates the complex notation with understanding that if the excitation is
u(t) = U0 cos ωt, the response is Re ze(y, t) and if u(t) = U0 sin ωt, the response is Im ze(y, t).
After transformation, taking into account orthogonality of the eigenfunctions, the equation of
the n-th form forced vibration is obtained
qën +

2ζn ωn2 qėn

+

ωn2 qen

Rl

2 iΩt

fn = R 0l

= fn Ω e

0

Wn dx
Wn2 dx

U0

ζn =

ηωn
2

(3.15)

The ζn quantity is the dimensionless damping coeﬃcient of the n-th mode. The solution to
equation (3.15)1 in the steady state is
qfn (t) = Qn (iΩ)eiΩt

(3.16)

After inserting the solution of qfn (t) to equation (3.15)1 , the following is obtained

(3.17)

Based on equation (3.16), qen (t) is determined

(3.18)

Qn (iΩ)Xn (iΩ) = Ω 2 fn

Xn (iΩ) = −Ω 2 + 2ζn ωn2 iΩ + ωn2

qen (t) = Qn (iΩ)eiΩt = fn Gn eiΩt

where the function Gn (iΩ) is deﬁned as the following quotient
Gn (iΩ) =

Qn (iΩ)
=
fn

1
−1 +

2ζn i ωΩn

+



ωn
Ω

(3.19)

2

After determination of the phase angle ϕn and the modulus of the function Gn (iΩ), the modal
coordinate qen (t) is deﬁned as
qen (t) = fn |Gn (iΩ)|ei(Ωt+ϕn )

ϕn = arctan

Im Gn (iΩ)
Re Gn (iΩ)

(3.20)

Ultimately, after inserting equations (3.20)1 to (3.12) and determination of the real part from
the ze(y, t) function describing the transverse displacement of the beam, the following is obtained
z(y, t) =

∞
X

Wn (y)fn |Gn (iΩ)| cos(Ωt + ϕn )

(3.21)

n=1

This is an equation describing the beam forced vibrations under harmonic excitation.
Over the course of the beam transverse vibrations, an arbitrary point of the neutral layer
is displaced in both the horizontal and vertical directions. Point Pr in the neutral layer of the
beam and its trajectory (r = 0, 1, . . . , 6) are schematically illustrated in Fig. 6. To determine the
trajectory of an arbitrary point Pr of the beam, a function describing the displacement of the
selected point along the y and z axes must be deﬁned. To determine the vertical position, the
formulas derived in the ﬁrst part of theoretical considerations are used. Through multiplication
of normalised eigenfunction (3.6) by the maximum amplitude of transverse vibrations Zrn , the
following formula is obtained
f

f n (y) = Z n Wn (y)
W
r

(3.22)

Successive modes are designated by the index n = 1, 2, 3. Within the frequency range of
(9.15,165.71) Hz in which the beam is studied, the appearance and inﬂuence of the beam longitudinal vibrations on point trajectories can be eliminated. Consequently, the length of the beam
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Fig. 6. Trajectory of an arbitrarily selected beam point

is unchanged. In light of the above, the formula for the length of a curve is used to determine
the position of point Pr , which takes the following form in the analysed example
L(y) =

v
Zy u
u
t
0

1+

f
 dW
f n (y) 2

dy

dy

(3.23)

Ultimately, dependencies describing the motion of an arbitrary point of the beam on the plane yz
are obtained
f
f n (y)
z=W

L(y) =

v
Zy u
u
t

1+

0

4.

f
 dW
f n (y) 2

dy

dy

(3.24)

Simulation and laboratory studies

The beam vibrations with kinematic excitation are registered for three frequencies f . The displacements y(t) and z(t) are determined for each point P0 -P6 . Examples of the registered
displacements in the direction of the y and z axes of point P2 for two excitation frequencies are
shown in Fig. 7. It is observed that the analysed point also moves along the beam axis in addition to the transverse motion along the z axis. Transverse displacements have a greater value
on the negative z axis side. This is related to action of the force of gravity and static deﬂection
of the beam. In reality, a beam in equilibrium is never positioned precisely on the y axis; it only
has a certain displacement related to the static deﬂection. Displacements in the direction of the
y axis are also greater on the side of negative values. The greatest amplitudes y(t) are observed
when the beam is maximally displaced in the direction of negative values on the z axis, or in
accordance with the acting force of gravity (Fig. 7a).
During forced vibrations with a frequency of f = 61.12 Hz, the second form of vibration
is dominant in the system. This is made evident by the fact that the ﬁrst anti-node occurs
at point P2 . For this mode, however, the maximum vibration amplitudes occur at point P6
(second anti-node). The greatest displacements in the direction of the y axis are also observed
for this point. In relation to the extreme location at point P2 (the angle of rotation of the beam
cross-section is equal to 0), the observed maximum displacement of point P2 in the direction of
the y axis is equal to about 0.3 mm. These displacements are comparable to those observed for
point P4 , at which a node is present. Based on the displacements y(t) and z(t), the trajectory of
motion of points in the plane of the beam vibrations is determined. Examples of the trajectories
of point P2 are presented in Fig. 8.
In the next stage of the study, the goal is to verify the modes of vibrations obtained from
theoretical considerations against the modes of vibrations obtained from the experiment. The
question is whether the amplitudes of transverse displacements Z1 -Z6 of the corresponding points
P1 -P6 would coincide with the amplitudes determined on the basis of theoretical considerations.

Forced vibrations analysis of a cantilever beam...
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Fig. 7. Time histories y(t) and z(t) of point P2 : (a) f = 9.15 Hz, (b) f = 61.12 Hz

Fig. 8. Trajectory of point P2 in the yz plane: (a) f = 9.15 Hz, (b) f = 61.12 Hz

Amplitudes have been measured relative to the accepted coordinate system yz (Figs. 2 and 3).
For this purpose, functions describing the modes for a homogeneous cantilever beam are used
(3.6). The maximum amplitude Z6n of the beam transverse vibrations is read for every recorded
form. In this way, a formula enabling the determination of the amplitude of an arbitrary point P
with coordinates P = (y, 0) for y ∈ h0, 400i mm is obtained
cn (y) = Z n δbn Wn (y)
W
6

n = 1, 2, 3

(4.1)

The succesively read amplitudes Z61 , Z62 and Z63 are equal to 57.5, 10.1 and 4.6 mm. In view of
the fact that point P6 is situated at a distance of 396.4 mm from the beginning of the beam, a
modiﬁed formula for normalising coeﬃcient δbn is obtained
δbn =

−(−1)n
max |Wn (y)|

(4.2)

y∈h0,396.4i

The results obtained from the recording of seven points P0 -P6 by the vision system are compared to the results obtained using formula (3.6). The vibration modes of beams are presented
in Fig. 9: ﬁrst, second, and third, determined on the basis of formula (3.22) and experimental
studies. The broken line is used to mark natural vibration modes determined using the model,
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and circles are used to mark deviations for the successive measuring points P0 -P6 . Figure 9
shows, for forced beam vibrations observed by means of the vision system, that the modes of
the beam are consistent with the presented models. Nodes and antinodes are present at the measuring points P0 -P6 , as established at the outset. The presented results conﬁrm the correctness
of the conducted experiments. In addition, they show the enormous possibilities and advantages
of using the presented vision system to record and analyse vibrations of continuous systems.
This method enables simultaneous observation of characteristic points of the tested object and
recording the parameters of motion of these points on a plane.

Fig. 9. First three modes of beam vibrations

Fig. 10. Trajectory of point: (a) P6 and (b) P2 in the yz plane for the ﬁrst mode (f = 9.15 Hz)

Forced vibrations analysis of a cantilever beam...

During the ﬁnal stage of studies, the trajectories of six points of the beam (P1 -P6 ) are
determined for every excitation frequency by numerically solving the system of equations (3.24).
Examples of trajectories obtained from the system of equations (3.24) and from the experiment
are shown in Fig. 10. The presented trajectories show the concurrence of results obtained from
the theoretical considerations with those obtained from the experiment. The proposed model
correctly analyses the possible motion of arbitrary points of the beam over duration of its
forced vibrations. Discrepancies between the model and experiment do not exceed 1%. It is also
observed that, for amplitudes of the transverse vibrations of point P6 less than 20 mm (Fig. 10a)
and vibrations of point P2 less than 6 mm (Fig. 10b), the displacements along the y axis are
very small. The beam points (P0 -P6 ) for small amplitudes (Z1 -Z6 ) do not change their position
in the y axis.

5.

Conclusions

Analysis of vibrations of a homogeneous cantilever beam subjected to kinematic excitation with
a moving holder has been conducted with the application of a vision method. The conﬁguration
of the vision system and the test stand for study of forced beam vibrations have been presented.
Seven measuring points situated on the beam have been selected for analysis. The algorithm
for processing the recorded image of beam vibrations and determining the displacements of the
deﬁned points has been discussed. A model describing forced beam vibrations, taking internal
material damping into account, has been presented. Formulas deﬁning the trajectory of arbitrary
points of the beam have been derived. Images of beam vibrations have been recorded with
observation of the ﬁrst three modes of vibrations. The displacements of the deﬁned measuring
points of the beam have been determined on the basis of measurements. Very strong concurrence
of the experimental results with the results obtained from the model has been obtained. The
application of the vision method enables contactless measurement and makes it possible to
observe displacements of many measuring points of the beam in the studied plane of vibrations.
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