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The quasi-static thermal stress state within the linear uncoupled elasticity is studied. The
calculations were performed using the ﬁnite element method (MSC.Patran/MSC.Nastran).
In order to examine smooth stress changes in a brake disk during braking, based on the
temperature ﬁelds at particular time steps, additionally the script using Python programming language was developed. The numerical three-dimensional FE model of the brake disk
for calculation of the transient temperature ﬁeld was adopted from the previous author’s
study. A single braking process at linear deceleration and constant contact pressure was
simulated. The evolutions and the contours of the components of the stress tensor as well as
the equivalent Huber-Mises stress were examined. The most important aspects of the stress
state during braking were discussed.
Keywords: frictional heating, temperature, thermal stresses, pad-disk brake system, ﬁnite
element method

Nomenclature
B, D, K
c, h
e
E
f
F
J2
k, K
p0
q
r, z
r, R
t, ts
T, Ta , T0
T
u
ur , uz

–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–
–

matrix of diﬀerential operators, elasticity matrix and stiﬀness matrix
speciﬁc heat [J/(kg K)] and heat transfer coeﬃcient [W/(m2 K)]
dilatation
Young’s modulus [MPa]
coeﬃcient of friction
nodal force vector due to initial strain
second invariant of the deviatoric stress tensor [MPa2 ]
thermal diﬀusivity [m2 /s] and thermal conductivity [W/(m K)]
contact pressure [MPa]
heat ﬂux density [W/m2 ]
radial and axial coordinate, respectively [m]
inner and outer radius, respectively [m]
time and braking time [s]
temperature, ambient temperature and initial temperature [◦ C]
temperature vector
column vector including components of displacements of the point
displacement components in radial r and axial z direction, respectively [m]

Greek symbols
αT
Γ
δ

–
–
–

thermal expansion coeﬃcient [K−1 ]
area of the friction surface on the disk (within the pad)
thickness [m]
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ε
εrr , εθθ , εzz
εT
η
θ
θ0
λ, µ
ν
ρ
σ
σrθ , σθz , σrz
σr , σθ , σz
σHM
ω, ω0
Ωi

–
–
–
–
–
–
–
–
–
–
–
–
–
–
–

strain
shear strain components in cylindrical coordinates
column vector of initial strain due to non-uniform temperature distributions
heat partition ratio
circumferential coordinate
cover angle of the pad [deg]
Lamé’s ﬁrst parameter and the shear modulus (Lamé’s second parameter)
Poisson’s ratio
density [kg/m3 ]
stress vector
shear stress components in cylindrical coordinates [MPa]
normal stress components in cylindrical√coordinates [MPa]
equivalent Huber-Mises stress, σHM = 3J2 [MPa]
relative and initial relative angular slip speed, respectively [s−1 ]
areas on the disk, i = 1, 2, 3, 4

Subscripts
d – disk, p – pad

1.

Introduction

Temperature due to friction is one of the utmost importance factors aﬀecting performance of
brake systems. A review of studies on the methods of numerical evaluation of temperature
ﬁeld in a pad-disk brake system encloses the work by Yevtushenko and Grzes (2010). In that
paper, the drawn conclusions indicated that numerical analysis by using FEM most frequently
refers to two diﬀerent models. The ﬁrst of them is an axisymmetric (2D) model, allowing, in
particular, determination of the average temperature on the friction surface of the disk (Talati
and Jalalifar, 2008; 2009; Grześ, 2010; Yevtushenko and Grzes, 2012). The advantage of using two
dimensionality is the ability of immediate evaluation of the average (axisymmetric) temperature
ﬁeld and the corresponding thermal stresses. The drawback of the model is lack of possibility of
accounting for the oscillating behavior of the contact temperature change of the brake disk during
operation, which means impossibility of calculation of its maximum value. In order to determine
the highest value attained, spatial FE models of the brake disk were developed (Adamowicz and
Grzes, 2011a,b, 2013).
Non-uniformity of the time-spatial temperature ﬁeld induces thermal stresses due to thermal
expansion (Ranaker, 2001). It may, in turn, initiate micro-cracks on the friction surface of the
disk, their growth and the disabling of proper and safe exploitation of a disk brake system
(Mackin et al., 2002).
A review of studies on FE modeling of thermal stresses in disk brakes and clutches was given
by Yevtushenko et al. (2014). It was shown that the vast majority of papers was devoted to
the equivalent stress (Huber-Mises) only. However, the application of some fracture criterions
enforces estimation of the evolution and spatial distribution of each component of the stress
tensor in the disc brake (Norlander, 2005).
The axisymmetric quasi-static thermal stress state induced in the disk was studied using the
ﬁnite element method in the ﬁrst part of that research (Adamowicz, 2015). Accordingly, some
papers on the development of 3D models of calculation of thermal stresses will be enclosed in
this study.
Thermal fatigue fracture mechanisms of brake disks using FEM were studied by Gao et al.
(2007). Temperature and thermal stresses based on the thermomechanical 3D contact model of
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a pad-disk brake system were calculated using the FE based software ANSYS 8.1. The authors
discussed in detail the correlations between the obtained results and the outcomes of other
studies on FE calculations of thermal stresses in disk brakes. An attempt was made to identify
the cause of the thermal fatigue. Temperature distributions on the contact surface of the disk
at speciﬁc time steps were shown. Radial, circumferential and equivalent Huber-Mises stresses
versus braking time were presented and analyzed.
Other FE calculations for a brake disk of a high speed rail (TGV) were carried out by
Tirovic (1998). Shape optimization preventing from excessive deformations was conducted. A
linear elastic range of material behavior and temperature-dependent properties were imposed in
the computations. A three-dimensional section (7.5◦ ) of a ventilated type of a disk brake was
analyzed. Spatial temperature, displacement, and equivalent Huber-Mises stress distributions
for one speciﬁc point time were shown.
A coupled thermoelasticity problem for a pad-disk brake system during multiple braking
at a constant deceleration was considered by Choi and Lee (2004). Normal stress components
were determined. The inﬂuence of physical (speciﬁc heat, thermal expansion coeﬃcient, thermal
conductivity) and mechanical properties (Young’s modulus) of materials on the temperature
ﬁeld and the real contact area were studied. It was found that the maximum value among the
stress components was reached for circumferential stress which increased with temperature and
the number of brake applications.
The problem of thermal cracking of cast-iron disks of trucks was studied by Bagnoli et
al. (2009). Based on macro-fractography, optical and scanning electron microscopes, several
radial cracks were identiﬁed. In order to eliminate one of the source of cracking originated from
material defects, measurements of chemical composition, structure and hardness were made.
Further numerical calculations using the ﬁnite element method also revealed a relatively high
temperature and the equivalent Huber-Mises stress. It was established that the dominant factor
leading to the propagation of radial macro-cracks in the heating area of semi-elliptic shape,
which grew from the contact surface into the disk, was the thermal fatigue mechanism.
Thermal stresses in a ventilated brake disk induced at a uniform and non-uniform distribution
of the contact pressure were analyzed by Kim et al. (2008). The contact three-dimensional
computational model incorporating only mechanical interactions was developed to calculate
contact pressure distributions. Further analysis of the stress ﬁeld revealed that the highest
values of the equivalent stress occurring for the case of the nonuniform pressure distribution was
attained in the contact region. At the uniform pressure distribution, the maximum equivalent
stresses were slightly higher (about 3%) and were reached in the contact surface near the inner
cylindrical surface of the disk.
Spatial FE models of three diﬀerent types of ventilated and one solid disks were developed
to analyze the stress ﬁeld during braking (Yildiz and Duzgun, 2010). For each of the studied
geometrical types of the disk, the inﬂuence of variable loading on the brake pads was also
analyzed. The stresses resulted from nonuniform temperature distribution were not taken into
account. In order to minimize the resulting stress, modiﬁcations of the loading of the pad were
made.
Temperature distributions, equivalent Huber-Mises stresses and strains in a mine hoist brake
disc were studied by Scieszka and Zolnierz (2014). The calculations were carried out both for a
solid and divided disc (2, 4 and 8 sections) using a 3D thermomechanical ﬁnite element contact
model. The model was validated by infrared measurements of the temperature ﬁeld in real
industrial conditions.
In this paper FE analysis of thermal stresses induced in a brake disk using fully three-dimensional model is carried out. The emphasis is placed on comprehensive examination of
spatial distributions of each component of the stress tensor as well as their changes throughout
the entire braking process. In order to simulate nonuniform heating of the rubbing path of the
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disk due to the fact that the cover angle of the pad is smaller than 2π, an approach to program
the boundary conditions has been adopted from the previous authors’ study (Yevtushenko and
Grzes, 2011). Quasi-static thermal stresses are determined based on the computed transient
temperature ﬁelds at the speciﬁed time moments to obtain their smooth changes during braking.
The script code has been written using Python programming language and the input ﬁles to the
FE based software (MSC.Nastran) have been generated. Relevant conclusions regarding thermal
fatigue cracking are drawn and discussed.

2.

Statement of the problem

A scheme of a pad-disk system given in cylindrical coordinates r, θ, z is shown in Fig. 1. All of
the values and parameters, which refer to the pad and the disk in the following considerations
will have subscripts p and d, respectively. It is assumed that:

Fig. 1. A schematic diagram of a pad-disc brake system with boundary conditions and a section of the
3D FE mesh

• initially (t = 0), the pad is pressed to the rubbing path of the disk within the region
Γ = {rp ¬ r ¬ Rp , 0 ¬ θ ¬ θ0 , z = 0}. The distribution of pressure in the contact area Γ
is uniform and equals p0 ;
• angular speed of the disk decreases linearly from the speed of ω0 at the initial time moment
t = 0 to standstill at t = ts
ω(t) = ω0 (1 − t/ts )

0 ¬ t ¬ ts

(2.1)

• due to friction, heat generation takes place in the contact region Γ . The heat ﬂux densities
directed along the normal into the pad and the disk (within Γ ) are equal to qp (r, t) =
(1 − η)f ω(t)rp0 and qd (r, t) = ηf ω(t)rp0 , respectively. Thus, the sum of these densities is
equal to the speciﬁc power of friction q(r, t) = f ω(t)rp0 , rp ¬ r ¬ Rp , 0 ¬ t ¬ ts (Ling,
1959);
• inﬂuence of the pad on temperature of the disk is incorporated through the heat partition
ratio η, while calculating this parameter in pad-disk brake systems, Charron’s formula can
be used (Charron, 1943)
√
Kd ρd cd
p
η=√
(2.2)
Kd ρd cd + Kp ρp cp
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• during single braking, the heat transfer through convection and radiation on the free
surfaces of the disk is negligibly small (Adamowicz and Grzes, 2011a,b). Therefore, in this
study, convective cooling and thermal radiation was omitted;
• due to geometric and loading symmetry of the problem about the mid-plane of the disk,
the computational region is restricted to the half δd of the disk thickness;
• materials of the pad and the disk are homogeneous and isotropic. Their physical and
mechanical properties are temperature independent.
On these assumptions, the distribution of the transient 3D temperature ﬁeld T (r, θ, z, t) in
the disk was obtained on the basis of the FE solution to the spatial boundary heat conduction
problem of the parabolic type in the paper by Adamowicz and Grzes (2013). The objective of
that study was to evaluate the corresponding components of thermal stress σij , i, j = r, θ, z in
the disk volume from the solution to Navier’s equations for uncoupled thermoelasticity given in
the cylindrical coordinate system (Noda et al., 2003)
 1 ∂ω
∂e
∂ωθ 
∂T
z
= αT
− 2µ
−
∂r
r ∂θ
∂z
∂r
 ∂ω
1 ∂e
∂ωz 
1 ∂T
r
= αT
(λ + 2µ)
− 2µ
−
r ∂θ
∂z
∂r
r ∂θ
∂T
∂e 2µ  ∂(rωθ ) ∂ωr 
−
−
= αT
(λ + 2µ)
∂z
r
∂r
∂θ
∂z
where
∂ur
ur
1 ∂uθ
∂uz
e ≡ εrr + εθθ + εzz =
+
+
+
∂r
r
r ∂θ
∂r
1  1 ∂uz
∂uθ 
1  ∂ur
∂uz 
1  ∂(ruθ ) ∂ur 
ωr =
−
ωθ =
−
ωz =
−
2 r ∂θ
∂z
2 ∂z
∂r
2
∂r
∂θ
νE
αE
E
λ=
µ=
αT =
(1 + ν)(1 − 2ν)
2(1 + ν)
1 − 2ν

(λ + 2µ)

(2.3)

(2.4)

A system of partial diﬀerential equations (2.3) and (2.4) will be solved for the following
homogeneous (tractions free) boundary conditions (Fig. 1):
— on the surface of friction (the working surface) Γ ∪ Ω1 = {rd ¬ r ¬ Rd , 0 ¬ θ ¬ 2π, z = 0}
σz = σrz = σzθ = 0

(2.5)

— on the outer cylindrical surface of the disk Ω2 = {r = Rd , 0 ¬ θ ¬ 2π, 0 ¬ z ¬ δd }
σr = σrθ = σrz = 0

(2.6)

— on the inner cylindrical surface of the disk Ω3 = {r = rd , 0 ¬ θ ¬ 2π, 0 ¬ z ¬ δd }
σr = σrθ = σrz = 0

(2.7)

— on the plane of symmetry Ω4 = {rd ¬ r ¬ Rd , 0 ¬ θ ¬ 2π, z = −δd }
uz = 0

σrz = σzθ = 0

(2.8)

where (Noda et al., 2003)
σii = 2µεii + λe − αT T,
σij = 2µεij
i, j = r, θ, z
i 6= j
∂ur
ur
1 ∂uθ
∂uz
εrr =
εθθ =
+
εzz =
(2.9)
∂r
r
r ∂θ
∂z





1 ∂ur
∂uz
1 1 ∂ur
∂uθ
uθ
1 ∂uθ
1 ∂uz 
εrz =
+
εrθ =
+
+
εzθ =
+
2 ∂z
∂r
2 r ∂θ
∂r
r
2 ∂z
r ∂θ
The solution to the boundary-value problem of quasi-static thermoelasticity, Eqs. (2.3) and
(2.9)-(2.12) has been obtained using the ﬁnite element method.
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3.

FE discretization

A general FE procedure to obtain the solution to the boundary-value heat conduction problem
under consideration was presented by Adamowicz and Grzes (2013). Therefore, below we shall
present in general the form of the computational scheme of the solution by means of FEM for
the corresponding problem of thermoelasticity.
Taking into account formula (2.4)3 , relationships between stress and strain for Eqs. (2.9),
may be written in the following matrix notation (Huebner and Thornton, 1982)
(3.1)

σ = DBu − DεT
where
1
a

λ
a
D= 
0
a

0
0


a
1
a
0
0
0

a
a
1
0
0
0

0
0
0
b
0
0

0
0
0
0
b
0

0
0

0


0

0
b


σ = [σr , σz , σθ , σrz , σzθ , σrθ ]T

∂/∂r
0
0


0
∂/∂z
0


 r −1
−1
0
r ∂/∂θ 


B=

 ∂/∂z

∂/∂r
0


−1

0
r ∂/∂θ
∂/∂z 
r −1 ∂/∂θ
0
∂/∂r − r −1


u = [ur , uz , uθ ],T



(3.2)

εT = αT T [1, 1, 1, 0, 0, 0],T

and
a=

ν
1−ν

b=

1 − 2ν
2(1 − ν)

(3.3)

and T is the temperature increase relative to the reference temperature T0 for which thermal
strains are zero. Taking into account Eqs. (2.4) and using the variational principle of minimization of the functional of total potential energy, the boundary problem, Eqs. (2.3) and (2.5)-(2.8),
leads to the system of linear algebraic equations (Zienkiewicz et al., 2005)
Ku = F

(3.4)

where K is the stiﬀness matrix, F – nodal force vector due to initial strain.
Thermal FE analysis contrary to the foregoing structural analysis is a scalar ﬁeld problem.
The temperature ﬁeld of the FE model is continuous within elements and across interelement
boundaries. Temperature gradients, similarly to strains in the stress analysis, are typically not
interelement-continuous (Cook, 1995). Therefore, the mesh adequate for thermal analysis might
not be adequate for stress analysis unless suﬃcient reﬁnement of the grid or higher order elements
are imposed. In this study, to assure appropriate accuracy of the solution using the same mesh
for two studied problems, a relatively ﬁne mesh using ‘CHEXA8’ type eight-node ﬁnite elements
has been generated. The total overall mesh consists of 86040 elements and 102960 nodes (Fig. 1).
In the preliminary analysis, two FE meshes have been tested. Robust thermal load transferred through the pad-disk interface during a short time results in a high axial component of
the temperature gradient. Thus, to assure precise and reliable outcomes, a reasonably small dimension of the element in the axial direction near the friction surface (plane) ought to be used.
However, an increase in the overall total number of elements of the model obviously requires
larger computational resources and lengthens the time of computations. Accordingly, diﬀerent
meshes have been constructed and the diﬀerences between the obtained temperature changes on
the contact surface during braking have been analyzed. Figure 2 shows the results determined
using two grids consisting of 360 and 1080 elements in the circumferential direction. The number
of the elements in the radial direction is chosen so as to maintain the square shape of an element.
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As can be seen, an increase in the number of elements does not cause signiﬁcant temperature
diﬀerences for the grid, therefore, its smaller number is chosen.
However, the FE based software chosen (MSC.Patran/MSC.Nastran, 2002) allowed one to
conduct transient thermal analysis, it did not provide a possibility to automatically calculate
stress changes based on the previously calculated temperature ﬁelds. In order to obtain stress
distribution at the speciﬁed time step of the braking process, individual static stress analysis
for each time step is necessary. Aiming at obtaining smooth changes of the stress ﬁelds, extremely large amount of data ought to be processed. Thus, the original code consistent with the
commands used in MSC.Patran to automatize the calculations has been developed using Python programming language. The computations have been performed without the interference
of MSC.Patran at the pre-processing stage. Finished input ﬁles to the FE solver (MSC.Nastran)
with temperature ﬁelds at speciﬁc time steps have been generated based on the reports derived
from thermal analysis.
4.

Numerical analysis

Calculations are made for a metal-ceramic (FMC-11) pad and a cast iron (ChNMKh) disk (Chichinadze, 1967). Dimensions, properties of the components of the brake system and operating
parameters of the process are listed in Table 1.
Table 1. Dimensions (Adamowicz and Grzes, 2011b), properties of materials (Yildiz and Duzgun, 2010) of the pad-disk system and operating parameters
Parameter
inner radius, r [mm]
outer radius, R [mm]
thickness, δ [mm]
pad arc length, θ0 [deg]
thermal conductivity, K [W/(mK)]
density, ρ [kg/m3 ]
thermal diﬀusivity, k · 105 [m2 /s]
Young’s modulus, E [GPa]
Poisson’s ratio, ν [–]
thermal expansion coeﬃcient, αT [K−1 ]
initial angular speed of the disk, ω0 [s−1 ]
braking time, ts [s]
contact pressure, p0 [MPa]
coeﬃcient of friction, f
initial temperature, T0 [◦ C]
ambient temperature, Ta [◦ C]

Disk (cast iron ChNMKh)
66
113.5
5.5
51
7100
1.44
99.97
0.29
1.08 · 10−5

Pad (FMC-11)
76.5
10
64.5
34.3
4700
1.46

88.464
3.96
1.47
0.5
20
20

The FE model of the brake disk is shown in Fig. 1. The mesh shown has been generated
automatically by the code developed to evaluate boundary conditions prescribed on the rubbing
path of the disk. As can be seen, the established time step for FE analysis of temperatures
(Figs. 2a and 3a) as well as thermal stress components (Figs. 2bcd and 3bcd) give suﬃcient
smoothness of their changes during the entire braking process. Therefore, neither the mesh
reﬁnement nor time step reduction has been necessary.
The time proﬁles of temperature in Fig. 2a as well as the non-zero components of the stress
tensor in Figs. 2b,c and Huber-Mises stress in Fig. 2d are presented for four speciﬁc radial
locations on the friction surface (z = 0) of the disk at θ = 0: rd = 66 mm – inner radius of
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Fig. 2. Temperature (a), radial stress (b), circumferential stress (c) and equivalent Huber-Mises
stress (d) changes for ﬁxed locations on the contact surface of the disc r ∈ {rd , rp , rm , Rd = Rp }, θ = 0,
z = 0 during braking

the disk, rp = 76.5 mm – inner radius of the pad, rm = 95 mm – mean radius of the pad, and
Rp = Rd = 113.5 mm – outer radius of the pad and the disk.
Since the pad covers the rubbing path of the disk partly, as expected and seen in Fig. 2a,
the temperature evolutions on the contact surface for ﬁxed positions reveal ﬂuctuations of the
temperature. Only the temperature change on the inner edge of the disk varies uniformly. The
average values of temperature within the rubbing path increase gradually until the maximum
temperature is reached, then its slight decrease takes place. The amplitude of temperature
variation during one disk revolution is attained at the beginning of the process ∆T = 37.6◦ C.
The maximum temperature of the entire process occurs on the outer edge of the disk and equals
T = 115.1◦ C (t = 2.728 s).
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The evolutions of thermal stresses corresponding with the temporal temperature proﬁles
from Fig. 2a, are shown in Figs. 2bcd.
The radial stress σr is negative during almost the entire period of braking, and only while
approaching the stop moment, the stress changes sign to positive (Fig. 2b). The highest value
σr = −57.80 MPa is reached for the mean radius rm = 95 mm at t = 0.466 s. According to
boundary conditions (2.7), the radial stress σr on the inner radius of the disk (r = 66 mm)
equals zero. The non-zero values of σr at r = 113.5 mm stem from deformations of the outer
surface of the disk.
The circumferential stress σθ is negative on the outer edge (r = 113.5 mm) and inside
(r = 95 mm) the area of heating (Fig. 2c). While approaching the inner edge r = 76.5 mm
of this area in a certain moment of time, there is a change in sign of this stress to positive.
Note that the lack of the change in the sign in the article by Gao et al. (2007) was explained
by insuﬃcient decrease in temperature of the disk. In contrast to the radial stress, the circumferential stress reaches signiﬁcant (≈ 40 MPa) positive (tensile) values on the inner radius
r = 66 mm of the disk. The maximum absolute values of the radial and circumferential stresses
are approximately the same (≈ 60 MPa).

Fig. 3. Temperature (a), radial stress (b), circumferential stress (c) and equivalent Huber-Mises
stress (d) distributions in the radial direction on the contact surface of disc distributions, rd ¬ r ¬ Rd ,
θ = 0, z = 0
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Fig. 4. Equivalent Huber-Mises stress contours on the contact surface of the disc z = 0 at speciﬁc time
moments during braking: t = 0.084 s, 0.232 s, 0.988 s, 2.018 s, 2.982 s and 3.96 s

The Huber-Mises stress σHM rises rapidly at the beginning of the process and ﬂuctuates
according to rotations of the disk/wheel (Fig. 2d). The heating (the pad covers the considered
node) and cooling (the pad out of the considered node) periods may be distinguished similarly to
the time proﬁles of temperature from Fig. 2a. Out of the rubbing path but on the friction surface
(66 mm¬ r ¬76.5 mm) that eﬀect weakens. An interesting fact is that while the average values
of the stress σHM on the rubbing path decrease after reaching the maximum value at t ≈ 0.5 s,
the average values σHM on the inner radius of the disk increase steadily almost to standstill.
The maximum value σHM ≈ 60 MPa on the friction surface is reached at r = 95 mm and the
time moment t ≈ 0.5 s. Comparable qualitative results, namely the evolutions of stresses on the
friction surface and the location of the maximum value, are obtained for the thermomechanical
contact FE model of the pad-disk brake system analyzed by Gao et al. (2007). However, the stress
near the inner radius of the disk, unlike the considered FE model of the brake disk is relatively
insigniﬁcant. This, among other things (e.g. contact pressure, properties of materials, operating
parameters) may be attributed to diﬀerent inner radii of the disk, since other dimensions of the
pad and the disk are similar (Fig. 3a).
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Fig. 5. Equivalent Huber-Mises stress contours in the cross-section (rz plane) of the disc at speciﬁc time
moments during braking: t = 0.084 s, 0.232 s, 0.988 s, 2.018 s, 2.982 s and 3.96 s

Temperature distributions and thermal stresses on the friction surface of the disk in the
radial direction at selected time moments (t = 0.084 s, 0.232 s, 0.988 s, 2.018 s, 2.982 s, 3.96 s) are
shown in Fig. 3. Since the relative sliding speed of the pad and disk varies with distance from
the axis of revolution z, the heat ﬂux density applied on the contact surface q = f V p aﬀects the
temperature distribution in the radial direction.
The distributions of stress component σr in radial direction r for the abovementioned time
moments are shown in Fig. 3b. According to the imposed boundary conditions at the outer,
Eq. (2.6), and inner, Eq. (2.7). cylindrical surface of the disk, the computed radial stresses
should be zero. Some inconsistencies appear only on the outer edge. This is due to the software
which does not use the coordinate system attached to normal directions of a deformed surface.
Thus. the eﬀect is noticeable for large stresses and deformations (from the beginning to the half
of the braking process, Fig. 2b). As expected, outside these boundaries the distribution is in
approximate agreement with the thermal load expressed by the product f V p. Additionally, it
should be noted that the radial stress except the time of standstill is compressive.
In the similar way as for the radial stress distribution (within the range of the rubbing path
76.5 mm¬ r ¬113.5 mm), circumferential stresses in the radial direction reﬂect the inﬂuence of
the thermal load on the friction surface of the disk manifested by a higher value of stress for
a larger distance from the axis of revolution z (Fig. 3c). The circumferential stresses depicted,
however, in contrast to the radial stresses (Fig. 3b) for the area free from heating on the contact
surface are tensile and slightly lower than the highest compressive circumferential stresses (near
the outer disk edge).
The distribution of equivalent Huber-Mises stress in the radial direction for several time
moments are shown in Fig. 3d. The distribution for each time step reveals a minimum near the
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internal edge of the contact region. The location of the minimum slightly moves in the direction
of the outer edge of the disk after reaching a half of the braking time.
Huber-Mises stress contours on the friction surface of the disk at certain time moments
(t = 0.084 s, 0.232 s, 0.988 s, 2.018 s, 2.982 s, 3.96 s) are depicted in Fig. 4. Concentration of
the stresses follows the motion of the heating area (pad) which is particularly evident at the
beginning of the process. The distribution of σHM equalizes in the circumferential direction after
about 3 s.
Distributions of the Huber-Mises stress in the rz plane at selected time moments (t = 0.084 s,
0.232 s, 0.988 s, 2.018 s, 2.982 s, 3.96 s) are shown in Fig. 5. As can be seen, the highest values of
the equivalent stress occur on the friction surface z = 0. Accordingly, these values are consistent
with the results shown in Fig. 2d (the maximum stress is reached at r = 95 mm and t ≈ 0.5 s.
We can see also that some abrupt changes in the contour directions would suggest a slight mesh
reﬁnement in these areas.

5.

Conclusions

The three-dimensional quasi-static thermal stresses in the brake disk using the ﬁnite element
method are evaluated. Based on the obtained results general conclusions about the usefulness of
the developed computational 3D FE model are drawn. This approach allows correct identiﬁcation
of the most strenuous disk areas. It is proved that these are: the region between the average and
the outer radius of the rubbing path at the beginning of braking and the inner radius of the disk
at the end of braking. Unlike the axisymmetric models, the developed spatial computational
model provides valid and useful information about the stress state not only for one cycle of
braking, but also distinguishes the phases of each disk rotation against the stationary pads.
This may be suitable for predicting fatigue cracking processes occurring near in the zone near
the contact surface of the brake disk. The periodic heating and cooling of the surface layer of the
disk results in cyclic changes in the thermal stress with an amplitude of about 40 MPa, which
gives the basis for the use of fatigue cracking criteria. It may be therefore established that the
full thermal and mechanical stress state can only be given using a three-dimensional model.
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