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In this paper, the force transfer mechanism of three mechanical elements “inerter, spring and
damper” is analyzed based on the “force-current” analogy theory. The vibration isolation
performance of the two types of simple three-element vehicle suspensions S1 (inerter is in
parallel with damper) and S2 (inerter is in series with damper) are studied. The dual-mass system model of the suspensions is built by means of using the mechanical impedance
method. The influence of parameters variation on vibration transfer characteristics is also
investigated.
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1.

Introduction

The vehicle suspension is a general term for power transmission device located between wheels
and axles. The performance of suspension has a great impact on the vehicle ride comfort, handle
and stability (Rajamani, 2012). There are three types of vehicle suspensions including passive
suspension, semi-active (Eltantawie, 2012; Huang et al., 2013; Tudon-Martinez et al., 2013) and
active suspension (Hac, 1992; Roh and Park, 1999; Youn and Hac, 2006). Recently, a new type
of vehicle suspension employing an inerter has drawn the attention of scholars.
The inerter (Smith, 2002) is a newly proposed two-terminal element. It has a characteristic
that the force applying to the two terminals is proportional to relative acceleration. The dynamic
equation is
F = b(v̇1 − v̇2 )

(1.1)

where F is the force applying to the two terminals, v1 , v2 are velocities of the two terminals,
b is the inertance, the unit is kg.
In the “force-current” analogy between mechanical circuit and electric circuit, the mass,
spring and damper correspond to capacitor, inductor and resistor. There is a restriction in the
mass element for its one-terminal property, so that the capacitor should be grounded. With the
birth of the inerter, the mechanical circuit mass element is replaced by the inerter corresponding
to the capacitor in an electric circuit. Also, the traditional mechanical spring-damper network
performance can be improved by inclusion of the inerter and has been widely used in vehicle
suspensions (Smith and Wang, 2004; Papageorgiou and Smith, 2006; Kuznetsov et al., 2011; Hu
et al., 2014; Wang and Chan, 2011), train suspensions (Wang et al., 2009; Wang and Liao, 2010),
building suspensions (Wang et al., 2010) and the steering compensation for high-performance
motorcycles (Evangelou et al., 2004).
The earliest types of inerters are rack-and-pinion and ball-screw inerters (Papageorgiou and
Smith, 2005). Experiments were also carried out to verify the effectiveness of mechanical inerters. Furthermore, the influence of the inerter on natural frequencies of vibration systems
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was investigated (Chen et al., 2014) to demonstrate that the inerter can reduce the natural
frequencies of the vibration system. The benefits of semi-active suspensions with inerters were
investigated by Zhang and Mehdi (2012). It was also observed that the inerter and spring force
were in anti-phase to each other (Ming et al., 2014), but the force transfer mechanism of the
three elements and the influence of the parameters on the vibration transfer characteristics of
the vehicle suspension remained unknown.
This paper intends to study the force transfer mechanism of the inerter, spring and damper
based on the “force-current” analogy, and to investigate the effectiveness of the mechanical
network compromising the inerter. Meanwhile, vibration transfer characteristics of the vehicle
suspension are also studied to draw some conclusions. The paper is arranged as follows:
In Section 2, the force transfer mechanism of the three types of elements is analyzed. Then,
a single mass model is built in Section 3 to demonstrate the effectiveness of the new mechanical
network compromising the inerter from the perspective of the force transferred in suspension. In
order to analyze the influence of variable parameters on the vibration transfer characteristics,
a dual mass model is built in Section 4, and the effect is studied in Section 5. At last, some
conclusions are drawn in Section 6.

2.

Force transfer mechanism of the three elements

The force and velocity in a mechanical field correspond to the current and voltage in an electric
field. The force and current are both “through-variables” while velocity and voltage are both
“across-variables”. In the current transfer process, it is known that the current phase is ahead
of the voltage phase between two terminals of the capacitor. But for the inductor, the voltage
phase is ahead of the current phase. In the mechanical element, the direction of the force between
two terminals of an inerter is always opposite to that of the spring (Ming et al., 2014). In the
following, the force transfer mechanism of the three elements will be studied. Figure 1 shows the
force transfer model of the three elements, where q0 is displacement of the input, k0 is stiffness,
b0 is inertance, c0 is damping coefficient.

k0

b0

c0

q0
Fig. 1. Force transfer model

The force between the two terminals of the spring, inerter and damper fk , fb , and fc are
fk = k0 q0

fb = b0 q̈0

fc = c0 q̇0

(2.1)

when q0 is set as
q0 = A sin(wt)

(2.2)

where A is the amplitude equal to 0.1 m and w is the circle frequency set as 2π. The velocity
between the two terminals is
q̇0 = Aw cos(wt)

(2.3)
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In simulation, k0 = 10 N/m, c0 = 1.5 N s/m, b0 = 0.1 kg.
Figures 2a to 2c show the force and velocity of the two terminals of the spring, inerter, and
damper.

Fig. 2. Force and velocity of the two terminals of (a) the spring, (b) the inerter, (c) the damper

It can be seen that the velocity phase of the spring is ahead of the force phase, which is consistent with the relationships between the voltage and current phase of the inductor. For inerter,
the force phase is ahead of the velocity phase which is consistent with the relationships between
the current phase and the voltage phase of the capacitor. The force phase is always synchronous
with the velocity phase, which is consistent with the relationships between the current phase
and the voltage phase of the resistor. The analysis above demonstrates the effectiveness of the
“force-current” analogy again.

3.

Single mass system model

There are many types of vehicle suspensions employing the inerter. In this paper, two types
of a simple three-element vehicle suspension are investigated. Both of them have a spring to
bear the sprung mass. For S1 suspension, the inerter is in parallel with the damper. For S2
suspension, the inerter is in series with the damper. Two types of the suspension structures and
the traditional passive suspension S0 compromising parallel “spring and damper” are shown in
Fig. 3 (z, z1 , z2 are displacements of the mass, q, q1 , q2 are displacements of the input, zb is
displacement of the inerter, k, k1 , k2 are stiffnesses of springs, c, c1 , c2 are damping coefficients,
b1 , b2 are inertances).
The force in S0 is
fS0 = fk + fc = k(q − z) + c(q̇ − ż)

(3.1)
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Fig. 3. Three types of the suspension structure

The force in S1 is
fS1 = fk + fb + fc = k1 (q1 − z1 ) + b1 (q̈1 − z̈1 ) + c(q̇1 − ż1 )

(3.2)

The force in S2 is
fS2 = fk + b2 (z̈b − z̈2 )

(3.3)

where
b2 (z̈b − z̈2 ) = c2 (q̇2 − żb )

(3.4)

Assuming the λ is
w
λ=
w0

w0 =

s

k
m

(3.5)

The model parameters are all kept the same, see Table 1.
Table 1. Model parameters
Parameters
Sprung mass m, m1 , m2 [kg]
Stiffness k, k1 , k2 [k N/m]
Inertance b1 , b2 [kg]
Damping coefficient c, c1 , c2 [N s/m]

Value
320
15
10
1095

The input displacement is also set as a sine wave with an amplitude of 0.1 m. Figure 4 shows
the amplitude ratio of the force in S1 and S2 with S0.
The solid line corresponds to the constant value of 1. When the amplitude of the ratio of
the force in the suspension structure is less than 1, it indicates that the vibration isolation
performance is superior to the traditional passive suspension. In the range from 0 to 8 of λ,
both ratios S1 and S2 are less than 1, which means that their vibration isolation performance
is superior to the traditional passive suspension in low frequency. The amplitude of ratio of S1
is becoming larger than 1 with an increase in λ but for S2, the amplitude of the ratio is always
less than 1. It can be inferred that the vibration isolation performance of the mechanical circuit
is improved in the low frequency by involving of the inerter element, which is consistent with
the capacitor function to block the low frequency current. Also, suspension S2 has a superior
isolation performance with respect to S1 and is more suitable for vehicle suspension design.
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Fig. 4. Amplitude ratio of the force

4.

Dual-mass system model

In the “force-current” analogy, the spring, damper and inerter have the same forms of dynamic
equations like the inductor, resistor and capacitor. So, the impedances of the spring, damper
and inerter also have the same forms of k/s, c and bs, just like the electric impedance 1/(Ls), Cs
and 1/R of inductor, resistor and capacitor, where k is stiffness of the spring, c is the damping
coefficient, b is the inertance, L is the inductance coefficient, C is the capacitance coefficient,
R is the resistance coefficient. Analysis of vibration transfer characteristics in the frequency
domain can become more convenient by using the impedance methods. A dual mass system
model compromising the sprung and unsprung mass is built in Fig. 5, where ms is the sprung
mass, mu is the unsprung mass, kt is the stiffness of the tire, zs is the displacement of the sprung
mass, zu is the displacement of the unsprung mass, zr is the displacement of the road input,
T (s) is the velocity impedance of the suspension.

Fig. 5. Dual mass system

The dynamic model is
ms s2 Zs + sT (s)(Zs − Zu ) = 0
mu s2 Zu − sT (s)(Zs − Zu ) + kt (Zu − Zr ) = 0
where Zs , Zu and Zr are the Laplace transforms of zs , zu and zr and:

(4.1)
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— for S1
T1 (s) =

k1
+ b1 s + c1
s

(4.2)

k2
+
s

(4.3)

— for S2
T2 (s) =

1
b2 s

1
+

1
c2

So, the gain of the body acceleration is
H(s)z̈s ∼zr =

Zs 2
T (s)kt s2
s =
Zr
[ms s + T (s)][mu s2 + sT (s) + kt ] − sT 2 (s)

(4.4)

The gain of the suspension deflection is
H(s)(zs −zu )∼zr =

Zs − Zu
−ms skt
=
Zr
[ms s + T (s)][mu s2 + sT (s) + kt ] − sT 2 (s)

(4.5)

The gain of the dynamic tire load is
H(s)(zu −zr )kt ∼zr =



Zu − Zr
[ms s + T (s)]kt
kt =
kt
−
1
Zr
[ms s + T (s)][mu s2 + sT (s) + kt ] − sT 2 (s)

(4.6)

In simulation, the parameters of the suspensions are optimized by using a genetic algorithm.
The model parameters are shown in Table 2. In order to show the performance of the vehicle
suspension employing the inerter, a traditional passive suspension (stiffness is 22 kN/m and
damping coefficient is 1000 N s/m) is set as a comparison object.
Table 2. Simulation parameters
Parameters
Sprung mass ms [kg]
Unprung mass mu [kg]
Stiffness of tire kt [kN/m]
Stiffness of S1 k1 [kN/m]
Damping coefficient of S1 c1 [N s/m]
Inertance of S1 b1 [kg]
Stiffness of S2 k2 [kN/m]
Damping coefficient of S1 c2 [N s/m]
Inertance of S2 b2 [kg]

Values
320
45
190
28
2800
20
22
1300
500

The other parameters are remained unchanged in order to analyze the effect of one parameter.
The variation of the parameters are shown in Table 3.
Table 3. Parameters

Value
+6dB
-6dB

b1
[kg]

b2
[kg]

c1
[kN s/m]

c2
[kN s/m]

k1
[kN/m]

k2
[kN/m]

20
40
10

500
1000
250

2.8
5.6
1.4

1.3
2.6
0.65

28
56
14

22
44
11
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5.
5.1.

Analysis of vibration transfer characteristics

Effect of variable stiffness

Firstly, the damping coefficient and the inertance remain unchanged. Figures 6-8 show the
gains of body acceleration, suspension deflection and dynamic tire load of variable stiffness. The
red line represents passive suspension S0 while the blue and green lines represent S1 and S2
suspensions. The direction of the arrows means an increase of the stiffness.
In Fig. 6, it can be seen that both the gains of the body acceleration of S1 and S2 become
larger and even beyond S0 with an increase of the stiffness in low frequency. But in high frequency, the gains become smaller and slightly lower than S0 in S1 while become larger and higher
than S0 in S2. Furthermore, both their resonance frequencies become larger with an increase of
stiffness.

Fig. 6. Gains of body acceleration of variable stiffness

Figure 7 shows the gains of suspension deflection of variable stiffness. Both their gains and
resonance frequencies become larger with an increase of stiffness except for the gains in high
frequency. Note that all the peak values of S1 and S2 are smaller than S0 except for S2 where
k = 44 kN/m. At last, the gains of dynamic tire load of variable stiffness are shown in Fig. 8.

Fig. 7. Gains of suspension deflection of variable stiffness

It can be seen that the trends are all consistent with the suspension deflection that their
gains become larger in low frequency and become smaller in high frequency. Compared with the
passive suspension, the peak value in low frequency becomes larger than S0 but always smaller
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Fig. 8. Gains of dynamic tire load of variable stiffness

than S0 in high frequency. Both the resonance frequencies become larger with an increase of
stiffness.
It can be concluded that the gains of S1 and S2 become larger in low frequency and become
smaller in high frequency except for the gains of body acceleration of S2 with an increase of
stiffness. Both their resonance frequencies become larger with an increase of stiffness.
5.2.

Effect of variable damping coefficient

Then, the stiffness and the inertance remain unchanged. Figures 9-11 show the gains of body
acceleration, suspension deflection and dynamic tire load of variable damping coefficient. The
red line represents passive suspension S0 while the blue and green lines represent S1 and S2
suspensions. The direction of the arrows means an increase of the damping coefficient.
It can be seen that both the gains of the body acceleration become smaller than S0 at the
original two resonance frequencies with an increase of the damping coefficient. Furthermore, the
original two resonances change to one resonance.

Fig. 9. Gains of body acceleration of variable damping coefficient

Figure 10 shows the gains of suspension deflection of the variable damping coefficient. The
trends are consistent with the body acceleration that their gains become smaller than S0 at the
original two resonance frequencies with an increase of the damping coefficient. At the same time,
the original two resonances change to one resonance. At last, the gains of dynamic tire load of
the variable damping coefficient are shown in Fig. 11.
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Fig. 10. Gains of suspension deflection of variable damping coefficient

Fig. 11. Gains of dynamic tire load of variable damping coefficient

It can be seen that the trends are all consistent with the suspension deflection and body
acceleration that their gains become smaller than S0 at the original two resonance frequencies,
The original two resonances change to one resonance with an increase of the damping coefficient.
It can be concluded that the gains of S1 and S2 have the same trends that their gains become
smaller than S0 at the original two resonance frequencies, and the original two resonances change
to one resonance with an increase of the damping coefficient.
5.3.

Effect with variable inertance

Lastly, the stiffness and the damping coefficient remain unchanged. Figures 12-14 show the
gains of body acceleration, suspension deflection and dynamic tire load of variable inertance.
The red line represents passive suspension S0 while the blue and green lines represent S1 and
S2 suspensions. The direction of the arrows means an increase of the inertance.
It can be seen that both the gains of the body acceleration of S1 and S2 become smaller
than S0 in low frequency, and the resonance frequencies become smaller in S1 while become
larger in S2 with an increase of inertance. But in high frequency, the gains of S1 become larger
than S0 and the resonance frequencies become smaller while there is no obvious change in S2.
Figure 13 shows the gains of suspension deflection of variable inertance. The trends are consistent with the body acceleration that both the gains become smaller than S0 in low frequency
and the resonance frequencies become smaller in S1 while become larger in S2 with an increase
of the inertance. But in high frequency, the gains of S1 become larger but still less than S0, and
the resonance frequencies become smaller while there is no obvious change in S2. At last, the
gains of dynamic tire load of variable inertance are shown in Fig. 14.
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Fig. 12. Gains of body acceleration of variable inertance

Fig. 13. Gains of suspension deflection of variable inertance

Fig. 14. Gains of dynamic tire load of variable inertance

It can be seen that the trends are all consistent with the suspension deflection and body
acceleration that both of the gains become smaller than S0 in low frequency and the resonance
frequencies become smaller slightly in S1 while become larger slightly in S2 with an increase of
inertance. But in high frequency, the gains of S1 become larger but still less than S0, and the
resonance frequencies become smaller while there is no obvious change in S2.
It can be concluded that the gains of S1 and S2 have the same trends that both the gains
become smaller than S0 in low frequency and the resonance frequencies become smaller in S1

Analysis of vibration transfer characteristics of vehicle...

while become larger in S2 with an increase of inertance. But in high frequency, the gains of S1
become larger but still less than S0 except for the body acceleration where b = 20 kg and 40 kg,
and the resonance frequencies become smaller while there is no obvious change in S2.

6.

Conclusion

In this paper, the force transfer mechanism of the three types of mechanical elements, i.e. the
inerter, spring and damper are analyzed. A “force-current” analogy is further demonstrated
that the force phase is ahead of the velocity phase in the inerter, the velocity phase is ahead
of the force phase in the spring, while the force phase is always synchronous with the velocity
phase in the damper. Then, the vibration isolation performance of S1 and S2 suspensions are
deemed improved by compromising the inerter in low frequency from the prospective of the force
transferred. At last, the dual-mass model of the suspension is built by means of the impedance
method. The velocity impedances of the mechanical elements are used in frequency analysis for
they have the same forms of dynamic equations of the electric elements according to the “forcecurrent” analogy. The influences on the vibration transfer characteristics of the parameters
variation are investigated. The conclusions are drawn that the gains of S1 and S2 become larger
in low frequency and become smaller in high frequency, except for the gain of body acceleration
in S2 with an increase of stiffness. Both their resonance frequencies become larger with an
increase of stiffness. For the damping coefficient, the gains of S1 and S2 have the same trends
that their gains become smaller at the original two resonance frequencies, and the original two
resonances change to one resonance with an increase of the damping coefficient. With an increase
of inertance, the gains of S1 and S2 have the same trend that both the gains become smaller in
low frequency and the resonance frequencies becomes smaller in S1 while become larger in S2.
But in high frequency, the gains of S1 become larger and the resonance frequencies become
smaller while there is no obvious change in S2.
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