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The paper presents results of analysis of selected dynamic features of an uneven-running two-wheeled strand transmission. The characteristic features of such type of transmissions is the
ability of obtaining variable kinematic and dynamic features by the application of wheels
with a noncircular envelope. Particularly, high interest of application of uneven-running
transmissions was done in the previous century. At that time, a concept of application
of such transmissions for process and machine control was invented. The applications in
textile and engineering industry are widely known. A mathematical model of the multiplying
transmission is presented. Few versions of dynamic features of the transmission for diﬀerent
loads and solid moments of inertia are examined. The presented results can be very helpful
for designers of classical and uneven-running strand transmissions.
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1.

Introduction

The analysis of dynamic features of a strand transmission with variable gear ratio is a complex
and a nontypical process. This complexity results from the speciﬁc character of such a transmission, which is determined by the shape of the toothed wheel. It is found that there is a lack
of scientiﬁc literature concerning empirical research of strand transmissions with noncircular
toothed wheels.
The author of the work (Grzelak, 2007) presented the equation of motion of a strand transmission with elliptical wheels. He also estimated the inﬂuence of initial orientation and the
geometry of rotating elements on the characteristics of velocity and acceleration, which are caused by an impulse of moment that is acting on the driving wheel. This problem was solved
with the application of Matlab software. The author showed that the elliptical transmission
with identical wheels can work as a transmission with a constant or periodically variable gear
ratio. However, during the analysis of kinematics and dynamics, he did not take into account
the following condition: length of the wrap of the transmission for any angle of rotation of the
wheel must be a constant value and must be equal to length of the standard belt.
The subject of the work by Buśkiewicz (2000) was analysis of torque transfer in the transmission with one elliptical wheel and one circular wheel, which was eccentric ﬁxed. The constant
length of wrap was not kept in that transmission. The relationships between torques on driving
and driven wheels were formulated for the analysed transmission.
The study by Kelm (2006) was about the determination of diﬀerences between lengths of
driving and driven strands of the uneven-running two-wheeled transmission. The author presented the application of a pulley with a slight out-of-round in the drive of the timing gear of a
combustion engine. He showed the advantages of such a solution in comparison with a classical
strand transmission with circular wheels.
In the available literature, there is a lack of discussion about strand vibrations in unevenrunning transmissions. The studies concerning classical strand transmissions are only known
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(Kido et al., 1994; Krasiński and Stachoń, 1997, 2004; Martins and Robson, 2013). These studies
do not exhaust the topic with reference to theory of vibrations (Bajkowski, 1989; Kurnik, 1985).
However, one can ﬁnd many publications about the load capacity of transmissions with diﬀerent
types of belts (Bulushi et al., 2015; Chen et al., 1998; Jang et al., 2014; Johannesson and Distner,
2002; Korolev, 1990).
The main purpose of the application of an uneven-running transmission is not transfer of
power, but the obtaining of variable kinematic features. Therefore, forces resulting from continuous accelerating or decelerating of masses of noncircular belt pulleys have the essential inﬂuence
on the load capacity of the transmission (without external resistant torque). The goal of the
research is the determination of the inﬂuence of:
• mass moments of inertia of toothed wheels,
• values of coeﬃcients of viscous damping,
• angular velocities of the driving shaft,
• resistant torques MOP ,
• load torques MS
on the selected dynamic features of the uneven-running transmission.
Multiplying and reduction gear are taken into account in the research.

2.

The mathematical model of an uneven-running transmission

Multiplying gear are taken into account in the presented research of transmissions.
Lagrange’s equations of the 2nd type are basic equations for the determination of the equation
of motion for the uneven-running transmission. The classical form of the equation is as follows
d  ∂EK  ∂EK
∂EP
∂RR
−
+
+
= Fi
dt ∂ u̇i
∂ui
∂ui
∂ u̇i

i = 1, 2, . . . , n

(2.1)

where EK , EP , ER are kinetic, potential and dissipation energy of the system, respectively,
u̇, u – velocities and generalized coordinates, Fi – generalized excitation.

Fig. 1. A diagram of the strand transmission with noncircular cogbelt pulleys

In the analysed transmission
1
1
EK = J1 ϕ̇2 + J2 ψ̇ 2
2
2

1
1
ER = C1 ϕ̇2 + C2 ψ̇ 2
2
2

and EP = 0 – assumption: the strand is inextensible.
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After determining components of the energy and substituting these components to equation
(2.1), the following form of the equation of motion for the strand transmission – multiplying
gear (Fig. 1) has been obtained
J1 ϕ̈ + J2 ϕ̈

∂ψ
d ∂ψ
∂ψ
∂ψ
+ J2 ψ
+ C1 ϕ̇ + C2 ψ̇
= MS − MOP
∂ϕ
dt ∂ϕ
∂ϕ
∂ϕ

(2.2)

where J1 , J2 are reduced mass moments of inertia for the driving and driven wheels and shafts,
respectively, ϕ – angle of rotation of the driving wheel, ψ – angle of rotation of the driven wheel,
C1 , C2 – coeﬃcients of viscous damping in the bearings of driving and driven shafts, MS – load
torque of the driving wheel, MOP – resistance torque.
It is assumed that the transmission will be loaded with a constant resistance torque which
is deﬁned as
MOP = MOP max (1 − e−αϕ̇ )

(2.3)

In order to solve equation (2.2), one should determine the relationship ψ = f (ϕ), which
describes the change of the angle of rotation of the driven wheel in function of the angle of
rotation of the driving wheel. The mean square trigonometric polynomial of the 6th degree is
used for description of this relationship
ψ = aϕ + b sin(2ϕ) + c sin(2ϕ) + d cos(4ϕ) + e sin(4ϕ) + f cos(6ϕ) + . . . + g(6ϕ)
The time derivative of the angle of rotation of the driven wheel (velocity) is determined as
ψ̇ =

dψ
= aϕ̇ − 2b sin(2ϕ)ϕ̇ + 2c cos(2ϕ)ϕ̇ − 4d sin(4ϕ)ϕ̇
dt

+ . . . + 4e cos(4ϕ)ϕ̇ − 6f sin(6ϕ)ϕ̇ − 6g cos(6ϕ)ϕ̇ = ϕ̇

∂ψ
∂ϕ

(2.4)

that is
ψ̇ = ϕ̇

dψ
dt

The second time derivative of the angle of rotation of the driven wheel is determined as
follows (acceleration)
dψ̇
= aϕ̈ − 2b2 cos(2ϕ)ϕ̇2 − 2b sin(2ϕ)ϕ̈ − 2 · 2c sin(2ϕ)ϕ̇2
dt
+ . . . + 2c cos(2ϕ)ϕ̈ − 4 · 4d cos(4ϕ)ϕ̇2 − 4d sin(4ϕ)ϕ̈ − 4 · 4d cos(4ϕ)ϕ̇2

ψ̈ =

− . . . − 4e cos(4ϕ)ϕ̈ − 6 · 6f cos(6ϕ)ϕ̇2 − 6f sin(6ϕ)ϕ − 6 · 6g sin(6ϕ)ϕ̇2 + 6g cos(6ϕ)ϕ̈
For simpliﬁcation of the record, the following denotation is taken into consideration:
dψ/dϕ = CM , where the index M denotes the multiplying gear
dψ
= a−2b sin(2ϕ)+2c cos(2ϕ)−4d sin(4ϕ)+4e cos(4ϕ)−6f sin(6ϕ)−. . .−6g cos(6ϕ) = CM
dϕ
(2.5)
while
d2 ψ̇
d  dψ 
=
= −4b cos(2ϕ) − 4c sin(2ϕ) − 16d cos(4ϕ) − 16e sin(4ϕ)
dϕ̇2
dϕ dϕ
− . . . − 36f cos(6ϕ) − 36g sin(6ϕ) = −BM
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The following relationship is determined as the last one
d  dψ̇ 
= −4b cos(2ϕ)ϕ̇ − 4c sin(2ϕ)ϕ̇ − 16d cos(4ϕ)ϕ̇ − 16e sin(4ϕ)ϕ̇
dt dϕ̇
− . . . − 36f cos(6ϕ)ϕ − 36g sin(6ϕ)ϕ̇

(2.6)

For simpliﬁcation of the record, the following denotation is taken into consideration:
BM ϕ̇ = 4b cos(2ϕ)ϕ̇ + 4c sin(2ϕ)ϕ̇ + 16d cos(4ϕ)ϕ̇ + 16e sin(4ϕ)ϕ̇
+ . . . + 36f cos(6ϕ)ϕ̇ + 36g sin(6ϕ)ϕ̇
On the basis of relationships (2.4)-(2.7) and proper substitutions, the following form of
equation (2.2) is obtained for the multiplying gear
 ∂ψ 2

J1 ϕ̈ + J2 ϕ̈

∂ϕ

2
− CM
− J2 ϕ̇2 CM BM ϕ̇ + C1 ϕ̇ + C2 ϕ̇(CM )2 = MS − MOP CM

(2.7)

and ﬁnally
ϕ̈ =

2 )ϕ̇
(MS + 2BM CM J2 )ϕ̇2 − (C1 + C2 CM
2
J1 + J2 CM

3.

(2.8)

Results of numerical calculations

A few variants of the dynamics of the two-wheeled uneven-running transmission for diﬀerent
values of load and mass moments of inertia are analysed below. In order to improve calculations,
computer program Uneven-running strand transmission – Dynamics, NPC-D has been designed.
This program has been written in Visual Basic. The constant step of integration with the value
of 0.001 s has been assumed in calculations. The task has been solved with the use of the Runge-Kutta method of the 4th order.
At ﬁrst, the multiplying gear with constant values of the kinematic excitation (ω1 = 40 rad/s)
and with the following data: J1 = 0.06 kg·m2 , J2 = 0.01 kg·m2 , C1 = 0 N·m·s, C2 = 0 N·m·s,
MS = 0 N·m, MOP = 0 N·m (Figs. 2 and 3) has been analysed. In order to simplify description of
the axis in graphs, the following denotations are taken into consideration: ω – angular velocity,
a – acceleration.

Fig. 2. Velocity of wheel 1 and 2 in function of time (ω1 = 40 rad/s)

Next ﬁgures (Figs. 4 and 5) present characteristics of velocity and acceleration of the gear wheels of the multiplying gear with the following values: ω1 = 1 rad/s, J1 = 0.06 kg·m2 ,
J2 = 0.01 kg·m2 , C1 = 0.002 N·m·s, C2 = 0.01 N·m·s, MS = 0.1 N·m, MOP = 0 N·m.
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Fig. 3. Acceleration of wheel 1 and 2 in function of time (ω1 = 40 rad/s)

Fig. 4. Velocity of wheel 1 and 2 in function of time (ω1 = 1 rad/s)

Fig. 5. Acceleration of wheel 1 and 2 in function of time (ω1 = 1 rad/s)

Figures 6 and 7 illustrate characteristics of the change in velocity and acceleration of the
gear wheels of the multiplying gear for the following data: J1 = 0.3 kg·m2 , J2 = 0.3 kg·m2 ,
C1 = 0.02 N·m·s, C2 = 0.02 N·m·s, MOP = 4 N·m, MS = 9 N·m.
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Fig. 6. Velocity of wheel 1 and 2 in function of time (ω1 = 20 rad/s)

Fig. 7. Acceleration of wheel 1 and 2 in function of time (ω1 = 20 rad/s)

4.

Summary

On the basis of the determined characteristics of the mathematical model of the transmission,
one can draw the following conclusions and observations:
• Considerable accelerations of the driven wheels occur for low values of mass moments of
inertia and for relatively high values of velocities.
• Constant gear ratio and constant accelerations can be obtained when the dimensions
(mass) of the gear wheels are great.
• The transmission can not work with a too high rotational speed.
• In the case of multiplying gear with the following values of mass moments of inertia:
J1 = 0.06 kg·m2 and J2 = 0.01 kg·m2 , without the external load and on the assumption
that frictional resistance is neglected; one can observe (during kinematic excitation) that
the velocity of the driving wheel is characterized by considerable variability for a quasi-constant velocity of the driven wheel. In the range of velocity from 10 rad/s to 40 rad/s,
the acceleration of the driven wheel is 15 times higher than the acceleration of the driving
wheel.
• For the multiplying gear with the considered conditions: viscosity friction, small torque MS
and no resistance torque; the characteristics of rotational speed and acceleration are similar
but their amplitudes are diﬀerent, and the acceleration of wheel 1 is higher than the
acceleration of wheel 2.
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• The resistance torque which is placed in the description of the analysed transmission, does
not cause any changes to the characteristics of velocity and acceleration. However, in this
case, the acceleration of the driven wheel is higher than the acceleration of the driving
wheel.
• Equal and relatively small values of mass moments of inertia for both wheels and the
following assumptions: no frictional resistance and no loads; lead to higher amplitudes of
velocity and acceleration in comparison with transmissions with diﬀerent mass moments
of inertia.
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