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This study presents an estimation of the dynamic parameters of gait with a random approach.
The data necessary for random analysis was obtained through laboratory tests. The study was
conducted on a group of healthy people aged 20-25, without diagnosed musculoskeletal diseases.
It consisted in walking along a several-metre-long path at free speed and recording the ground reac-
tion forces (GRF) for both limbs using dynamometric platforms. On this basis, the basic dynamic
parameters of gait, such as maxima and local minima of the stance phase were determined, and
then they were subjected to stochastic analysis.

Keywords: dynamic gait parameters; semi-analytical probabilistic approach; stochastic perturba-
tion technique; Monte Carlo simulation.
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1. Introduction

Gait, as the basic form of locomotion, is the most frequently studied human activity. Walking
properly is one of the distinguishing features of good health and condition of the examined per-
son. Conversely, disturbed gait with abnormal parameters indicates potential problems with the
musculoskeletal system, past injuries, joint dysfunctions, etc. Therefore, it is important to choose
the right parameters that quantify the gait characteristics of the examined person. Among the
parameters most frequently analyzed by researchers, a group of spatiotemporal and dynamic pa-
rameters can be distinguished. The parameters from the first group reflect the geometry and
kinematics of the gait (spatial and kinematic parameters of the body and its segments), while
the dynamic parameters reflect the forces and moments acting on the segments during walking.
The most frequently analyzed ones include the characteristic course of ground reaction forces
(GRF) measured during the limb support phase (Derlatka & Parfieniuk, 2023; Fryzowicz et al.,
2018; Michatowska et al., 2018; Richards et al., 2023). New indices are also defined to quan-
tify walking behavior based on ground reaction force, e.g., (Park & Kim, 2022). Measured with
dynamometer platforms or tensometric mats, they indicate whether the feet and joints of the
lower limbs are correctly loaded, and the asymmetry occurring in the loads between the limbs.
The most important parameters obtained during this type of research certainly include the pa-
rameters characterizing the course of the vertical component of the GRF, most often expressed
in the percentage of the body weight of the examined person. Although it is generally known
what the correct shape of the curve representing these reactions is, it depends on many factors
such as body weight, gait speed, age, overall health of the person, potential dysfunctions of the
musculoskeletal system, etc. Therefore, it is very difficult to determine in the studied group of

"The content of this article was presented during the 31st Conference Vibrations in Physical and Technical
Systems — VIBSYS, Poznan, Poland, October 16-18, 2024.
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people what a deviation from the norm is, despite the fact that the studied group is homoge-
neous, e.g., a group of athletes, people after a knee joint injury, or healthy people. The present
paper proposes a probabilistic approach to gait analysis based on gait studies of a homogeneous
group of healthy, young adults without diagnosed musculoskeletal diseases, where the relation-
ship between key parameters describing the characteristics of the vertical component of GRF,
depending on the mass of the examined person, was analyzed. Joint kinematics measurement
plays the main role in describing the loads and kinematics of gait (Zuk & Trzeciak, 2017). A sim-
ilar study on injuries of anterior cruciate ligament (ACL) in terms of stochastic approach was
deeply examined (Lin et al., 2012), where the Monte Carlo simulation (MCS) technique found
application.

2. Formulation of the problem using a probabilistic approach

A finite number of deterministic solutions is necessary to carry out the probabilistic calcula-
tions. A Gaussian probability distribution of the observed design parameter is assumed. Due to
the continuous distribution of the Gaussian probability density function p,(x), where x is the
domain of occurrence of a given phenomenon, it is necessary to perform the continuous response
function based on a finite number of deterministic results. Polynomial approximations using
the least squares method (LSM) have been adopted to obtain response curves basing on a finite
number of deterministic results. This allows us to determine the so-called system response fitting
curves in the form of polynomials, using the LSM:

G=> Cj-. (2.1)
=0

This way, it is possible to express the probabilistic solution to each problem within the range
determined by the coefficient of variation of the random design parameter. The semi-analytical
method (SAM), the stochastic perturbation technique (SPT) and the MCS will be independently
used to carry out the random analysis. Polynomials of the third order were adopted as fitting
functions. The SAM is based on symbolic calculation procedures in the Maple program. All
procedures of the SPT of the tenth order were carried out using the Maple program. Having
this, probabilistic moments are calculated, i.e., the expectation (FE), standard deviation (o),
coefficient of variation («), skewness (/) and kurtosis (k) (Kaminski, 2013; Kaminski et al.
2024):

+oo
E@) = [ Y Cyin(a)da,

=0

o 2 1/2
o(G) = / Coyvd — EG] | po(a)da b 22)
“y \i=0
_|(@) e (@)

a(G) - E(G) ) /B(G) - gg(G)a H(G) - 0'4(G).

MCS with the number of trials equal to 10° was carried out using the Maple program too,
with the fact that probabilistic moments are calculated from statistical formulas. The primary
objective of this study is to investigate the most important gait parameters in the examined
group, employing a random approach based on weight.
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3. Laboratory experiment

The study involved measuring the reaction forces of the ground as the test subject walked
along a designated path at varying speeds in a natural gait. For this purpose, two dynamometric
platforms, AMTI BP400600 with frequency of sampling 400 Hz, were used. An example of the
vertical component of GRF with two characteristic maximum values: F}, — maximum force gained
during heel strike, Fy — maximum force gained during terminal stance (forefoot press) for one
limb during gait is shown in Fig. 1.

140
120 p——— //
/ —— - \
100 / —— - \
80
/ Iy Ly

V4 \
ol | \

0

Vertical reaction force G [%]

0 0.1 0.2 0.3 0.4 0.5 0.6
Time [s]

Fig. 1. Vertical component of GRF in % of body weight during gait.

The two maximum values presented in Fig. 1, characteristic of each vertical component of
the GRF, were subjected to probabilistic analysis.

4. Probabilistic estimation of measured laboratory data

Loadings of the body under consideration were all found via the polynomial basis:
n .
G=>¢; X, (4.1)
§=0

4.1. Example 1 — heel strike maximum (F},)

The response function is expressed as the third order polynomial:

G = —0.0659583377410756 — 1.20410359255101 - X
4 0.15008617465672 - X2 — 0.00167560644573114 - X3, (4.2)

Figure 2 presents the results of the simulation of the expected values, kurtosis and skewness
depending on the coefficient of variation, based on SPT, MSC and SAM methods.

Assuming that, according to the known rules, the desired distribution of a random variable
is one in which the coefficient of variance is less than 5%, we will notice that for the analyzed
variable, this means an expected value within 110G for the studied group. In order for the
distribution to be treated as normal, the kurtosis should have a value of 3 and the skewness
should be as close to 0 as possible. It can be observed that in order for the conditions of normality
of the distribution to be met, the deviation from the mean should not be greater than 2 %3 %.

4.2. Example 2 — forefoot maximum press (Fy)
The response function is expressed as the third order polynomial:

G =1.16382439132543 + 21.2823173261835 - X
— 0.664821019062622 - X2 + 0.00568578395391626 - X3. (4.3)
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Figure 3 presents, as an example, only the expected value depending on the coefficient of
variation.

As in the case of the analysis of the first maximum, it can be noted that in order for the
spread of the value of the analyzed variable not to be too large from the average, the expected
value should oscillate within 110G. The other analyzed parameters have similar characteristics
as in Fig. 2. It can be concluded that in order for the analyzed variables to have a normal
distribution in the studied group, it would be necessary to remove those cases that generate
“tails” in the distribution.

5. Conclusions

The calculation results presented in the previous chapter allow the following conclusions:

— laboratory experiments and computational studies presented in this work clearly demon-
strate that the common application of three probabilistic approaches — SAM, SPT, and
MCS techniques — enables the accurate determination of the probabilistic coefficients of
external loading in the presence of input Gaussian uncertainty. In most cases, very good
agreement has been noticed between these three methods. The simplest random approach
is the semi-analytical one, and it allows us to derive random moments in analytical terms.
It seems to be relatively easy for future implementations in much more complex biome-
chanical issues;

— the Monte Carlo method is characterized by a relatively long computation time depending
on the number of trials. The real number of trials that can provide correct results is 100 000;

— the presented analysis can provide valuable statistical information on the parameters deter-
mined in the analyzed group of people, and will allow the assessment of whether statistical
inference is justified;

— in biomedical research, a common situation is when the size of the research group is too
small. The presented approach can be useful in a process of supplementing the data in
such a situation;

— the method will allow observing and eliminating from the group units that statistically
differ from the rest;

— the work is a contribution to further research and presents preliminary analyses of the
random approach.
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The article is focused on the sensitivity of eigenvalues and eigenvectors in a quadratic eigen-
value problem with real matrices defining the problem under consideration and under the strong
assumption that these matrices form a non-defective operator. The particular interest is the case of
multiple eigenvalues and associated eigenvectors. Generally in such a case derivatives in the Fréchet
sense do not exist, but only in the Gateaux sense. The formulas of the directional differential in the
closed matrix form were derived. A numerical example is shown.
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1. Introduction

Conscious shaping of the dynamic characteristics of a structure is an essential duty of the
designer, especially for structures where the dynamic phenomena require non-standard calcula-
tions and not just the use of dynamic coefficients as static load multipliers. Knowledge of the
properties of the eigenproblem and its importance in the dynamics of the whole system is funda-
mental in such cases. Determining the sensitivity of the eigenvalues and eigenvectors can be
helpful in structural optimization or identification. On the basis of the presented formulas,
an original programme was developed that enables the calculation of the directional derivatives
of eigenvalues and eigenvectors.

Sensitivity analysis related to the eigenproblem has been intensively developed for at least
80 years. On both the mathematical and numerical side, it is still a research problem — espe-
cially in terms of the numerical efficiency of the algorithms developed (Lasecka-Plura, 2023;
2024; Phuor & Yoon, 2023; Martinez-Agirre & Elejabarrieta, 2011; Wang & Dai, 2015). Indeed,
the mathematical foundations and basic physical interpretations of the problems of sensitivity
analysis of multiple eigenvalues and eigenvectors have been well known since the 1990s. In gen-
eral, the majority of papers deals with a symmetric problem, i.e., when the matrices of a system
of equations of motion in the configuration space are symmetric.

The linear eigenproblem (LEP) (A —I)I = 0, is extensively discussed in abundant math-
ematical literature, as well as in the literature on dynamical systems (Horn & Johnson, 2013;
Garcia & Horn, 2017). The quadratic eigenproblem (QEP) is less frequently discussed due to
the computational practice of reducing a QEP to a LEP via an isospectral transformation (Xu
& Wu, 2008). It should be noted that QEPs and LEPs are nevertheless different because of the
different spaces of the eigenvectors and their properties (Tisseur & Meerbergen, 2001; Lancaster
& Zaballa, 2009; Lancaster, 2013).

"The content of this article was presented during the 31st Conference Vibrations in Physical and Technical
Systems — VIBSYS, Poznan, Poland, October 16-18, 2024.
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The method for deriving the derivatives presented in this paper combines and extends vari-
ous concepts presented in (Seyranian et al., 1994; Krog & Olhoff, 1995; Lee et al., 1999b) — the
combining element is the way in which the eigenvalues are numbered and ordered, and the ex-
tension pertains to the non-symmetry of matrices in the system of the equations of motion in
configuration space.

It will be assumed in the rest of the text that h = [hl, e h N,,] denotes a parameter vector in
the design parameter space, h € RVr, N, — dimension of the space. In that space, the directional
versor e € RV», (||le|| = 1) is also defined. All quantities appearing in the QEP, therefore, remain
dependent on the vector h.

For convenience, let us introduce, according to (Andrew et al., 1993; Lancaster, 2013; Lan-
caster & Zaballa, 2009), the operator L defined as follows:

L (A(h),h) = A*(h)M(h) + A(h)C(h) + K(h), (1.1)

where the dependence on the parameter vector is explicitly indicated. Then the QEP can be
written in abbreviated form:

L(A(h),h)®(h)=0, @7 (h)L(\(h),h)=0. (1.2)

It follows that both eigenvalues and eigenvectors are mappings of the vector h, i.e., A = A(h),
W = W(h), and ® = ®(h) — in the general case, these mappings for multiple eigenvalues are no
longer differentiable in the Fréchet sense, but only in the Gateaux one.

It is assumed that the matrices occurring in the eigenproblem are dependent on the vec-
tor h, i.e.:

M=M(), C=C(), K=K(h), (1.3)

and it is assumed also that these matrices are differentiable in the Fréchet sense, so it implies
the existence of partial derivatives and the Taylor series expansion in the form:

Np
K(h+ee) =K(h)+e¢ 8K(h)ep,
Ohy,
p=1
Np
C(h+ece)=C(h) +¢ 8C(h)ep, (1.4)
Ohy,
p=1
Np
M(h + ee) = M(h) + ¢ OM(h) ep,
= Ohy,

where € € R.

The article is focused on the sensitivity of eigenvalues and eigenvectors in a QEP with
real matrices defining the problem under consideration and under the strong assumption that
these matrices form the non-defective operator L (i.e., the operator L is diagonalizable). The
QEP is defined in classical form by the equation:

(MM+AC+K)¥ =0, &7 (NM+AC+K)=0. (1.5)

In Egs. (1.5): MT # M, CT # C, KT # K, M,C,K € RV and \; € C (\; = 03 + wii,
N = 0y — wii, i? = —1, 0;,w; € R), while for eigenvectors: ¥;, ®; € €V with i = 1,...,2N.

As can be seen, an asymmetry of the matrices M, C, K is assumed here — such cases are
unusual and rare in the practice of computation and analysis of various technical problems. The
asymmetry of the K matrix appears in the presence of follower forces, the asymmetry of the M
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matrix appears in the presence of hydrodynamic forces (i.e., in the flow of fluid around bodies),
while the asymmetry of the C matrix arises in the presence of gyroscopic and/or Coriolis forces.

In the eigenproblem given by Eqs. (1.5), left and right eigenvectors are considered — both
the eigenvalues and the corresponding eigenvectors are either complex or real, and, further-
more, the left eigenvector @ and the right eigenvector ¥ are different. An overview of the
formulation QEP with a discussion of its properties can be found in (Tisseur & Meerbergen,
2001; Day & Walsh, 2007). It should be emphasised that Eqs. (1.5) do not represent a classically
understood eigenproblem in the sense that the eigenvectors are complex — which causes the
vector components to differ in phase with respect to each other. From a physical point of view,
this means that standing waves will not appear in the system (as for a classically understood
system without damping or with proportional damping), but travelling waves will, because the
nodes and antinodes of the vibrational modes do not have a fixed position — they are variable
in space and time.

In general, the issue presented in the paper with the non-symmetry of all matrices simulta-
neously is rarely encountered in engineering practices. In civil engineering problems, asymme-
try mainly occurs with follower loads. However, even with symmetric matrices, the sensitivity
analysis of multiple eigenvalues presents difficulties because the multiple eigenvalue is always
differentiable in the Gateaux sense, but is not always differentiable in the Fréchet sense.

2. Basic properties of QEP

Equations (1.5) have the so-called trivial (obvious) solutions at ¥ = 0 and ® = 0. On the
other hand, non-trivial solutions called eigenvectors are obtained when one puts into the A
the solutions of the characteristic equation W (\), i.e., the roots of the polynomial resulting
from the expansion of the determinant:

W (A(h), h) = det (L (A(h), h)) = 0. (2.1)

These solutions (roots) of Eq. (2.1) are called eigenvalues, which can be single (simple) or
multiple.

An important property of the characteristic polynomial (Eq. (2.1)) is its differentiability in
the sense of Gateaux at every point h and in every direction e, while in the Fréchet sense —
only beyond the multiple eigenvalues (Balakrishnan, 1976; Tisseur & Meerbergen, 2001; Gekeler,
2008; Seyranian et al., 1994).

The Gateaux differential of the mapping g (h) : R¥» — R™ at the point h and in the direction
e is called the mapping d§ (h; ee) such that:
g(h+ce) —g(h) = ig(h + ee) (2.2)

de =0
under the condition that this limit exists (Gekeler, 2008). If this limit exists, then it (thus
the differential d§) is determined uniquely. The mapping d§ is an element of the space R".
Equation (2.2) gives a way of calculating the Gateaux differential — either directly from the
limit definition or as the derivative of a function of one variable e. The Gateaux derivative is
always homogeneous

Veex, dG(h;e) = lim

e—0t €

Vaer, d§(h;ae) = ad§(h;e), (2.3)
but not always additive, so in general
dG(h; e; + e2) # d§(h;e1) + d§(h; es). (2.4)

The lack of additivity means that the Gateaux directional derivative is not always a linear
operator as the Fréchet operator is.
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If the inertia matrix is non-singular det (M) # 0, then the operator L is regular and the
characteristic polynomial has 2NN finite solutions (Tisseur & Meerbergen, 2001). The set of
different roots of the polynomial W () is called the spectrum 8y, of the operator L:

SL={Am €C : W (Ay) =0}, m=1,..Q, (2.5)

where Q is the number of different roots in the spectrum. Let us mark an important feature
of the spectrum 8r,: when the matrices M, C, K are arbitrary, but real, or are complex, but
Hermitian, the spectrum gL is symmetric against the real axis in the complex plane, i.e., the
elements of the spectrum appear as real numbers A € R or as coupled roots (A, A*).

The concept of the spectrum gL, in particular the position of the eigenvalues on the complex
plane, plays a fundamental role in the study of mechanical systems, due to the fact that the
solution of the eigenproblem is the basis for determining the motion of the system without
external forces and excited only by the initial conditions. Such a motion of a mechanical system
reveals its inherent properties depending only on the boundary conditions, the distribution of
stiffness, the distribution of masses and damping, the susceptibility of the connections, the
materials used, the dissipative properties, etc.

In general, among the solutions of Eq. (2.1), there may be real elements A\; = o; +i0 and
purely imaginary elements \; = 0 &+ iw; and complex elements \; = 0; & iw;. For the assumption
of real matrices, the complex elements, if present, are always paired with their conjugate (there
is therefore always an even number of them). It is therefore possible (under the assumptions
made), without loss of generality, to consider narrowing the spectrum gL to a subset 81, C gL
containing all real eigenvalues (if existent) and only complex eigenvalues (if existent) with, e.g.,
negative imaginary parts:

SL:{)\egL D AeER V. (Ael A %mk<0)}. (2.6)

The number of elements in the spectrum 8y, is denoted by 2. An additional benefit of the
above definition is that a relatively simple way of ordering and numbering the eigenvalues in
the spectrum Sy, can be introduced — as will be shown later.

The roots of the characteristic polynomial W(A) can be multiple — the multiplicity of
the i-th root )\; is called its algebraic multiplicity and denoted by n,(A;), whereby relation
1 <ng(N) < 2N is true.

Analysing the eigenvectors associated with the eigenvalues, let us point out that Eqs. (1.5)
are two different eigenproblems (left and right, respectively) with the same eigenvalues and their
algebraic multiplicities (identical spectrum), but in general different complex eigenvectors, each
of which has dimensions [N x 1]. The corresponding equations resulting from the conjugations of
Egs. (1.5) are also true:

(A "M+ X C+K)¥* =0, (MM’ +1C"+K")®* =0. (2.7)

A comparison of Eqgs. (1.5) and (2.7) shows that if the eigenvectors ¥ and ®* are associated
with the eigenvalue A, then the eigenvectors ¥* and ® are always associated with the conju-
gate \*; the complex eigenvalue A and its conjugate A\* may correspond to real eigenvectors,
then ¥ = ¥* € RVX! and & = &* € RV*! — thus, in this case, a complex pair of eigenvalues
corresponds in fact to one right real eigenvector and one left real eigenvector. In contrast, a real
eigenvalue always corresponds to real eigenvectors, and it may happen that different real eigen-
values correspond to the same eigenvector. For every eigenvalue, there corresponds at least one
left and one right eigenvector; for every left eigenvector, there corresponds a right eigenvector
and vice versa. Thus, eigenvectors create separate left and right bases in the eigenspaces.

In the general case, the numbers of eigenvectors resulting from the solution of the eigen-
problem (Eqs. (1.5)) may be less than the numbers of eigenvalues together with their multi-
plicities, i.e., less than 2N — in which case we will say that the operator L is defective, i.e.,
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not diagonalizable. The number of linearly independent eigenvectors associated with a given
eigenvalue )., in the spectrum is called its geometric multiplicity ng(\,,), the number ng(Ay,)
is the same for the left and right eigenvectors. So, there is a fundamental relationship:

1 <ng(Am) < ng(Am) < 2N, m=1,..,0. (2.8)

So in particular, it may happen that the number of eigenvectors ny(\,,) associated with a given
eigenvalue \,, may be less than the algebraic multiplicity nq(Ap,) of this eigenvalue — if ng () <
Na(Am), then the eigenvalue A, will be said to be defective; if ng(Am) = nq(Am), then A, is non-
defective. In general, the relations between algebraic and geometric multiplicities of eigenvalues
are shown in Fig. 1 (Leung, 1993).

Algebraic multiplicity

Na
Distinct eigenvalue Multiple eigenvalue
na=1 = ng=1 ng>1
simple eigenvalue l l

Semisimple eigenvalue | nq=n4 Ng<Ng

Number of eigenvectors less

Non-defective eigenvalue than algebraic multiplicity
one eigenvector corresponds to
one eigenvalue; Defective eigenvalue
eigenvectors span eigenspace degree of defectiveness: ng— ny

Fig. 1. Relationships between algebraic n, and geometric n, multiplicities of eigenvalues and resulting
classification (Leung, 1993).

For further analysis, let us write more precisely the eigenproblem corresponding to Eqs. (1.5)
with real, non-symmetric matrices M, C, K, which can be represented in two ways. As an
eigenproblem with a right eigenvector:

(MM +X\C+K) ¥, =0, i=1,...,2N, (2.9)
or with a left eigenvector:
&7 (MM +NC+K)=0, i=1,.,2N. (2.10)

One way to sort the eigenvalues A; is the order according to non-decreasing real values. The
order introduced here is taken from (Krog & Olhoff, 1995; Olhoff et al., 1995; Seyranian et al.,
1994):

Ei+1 <o, §R2X=E<0 Ei§8i+la %2/)\\2320
NSy s ASotd Ay S e SA AL S et S Ay Alotds ooy AU (2.11)
Smi < 0 SmA==0 SmA=5=0 SmA < 0
> [x
SmA* > 0 ImA* > 0

The specification of the number of solutions is as follows:
2N = 5o+ Uy + 2(S — Sp) +2(U — Up). (2.12)
In addition, let

L=S+U, (2.13)
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then it can be written:

A = { As—i+1 when i <5, i=1,..L. (2.14)
Ai—sS when S <i <L,

In particular, it follows from Eq. (2.14) that: A\ = As, Agp1 = M, AL = v

As mentioned, the essence of the ordering thus introduced in Eq. (2.11) is to sort and num-
ber all eigenvalues with non-positive imaginary parts (eigenfrequencies) according to the non-
decreasing real parts; in addition, the eigenvalues with negative and non-negative real parts e\
have been distinguished — & for Jte\ < 0 and & for ReA > 0, respectively. Complex eigenvalues
with positive imaginary parts were ordered analogously to their conjugations. The presented
ordering of eigenvalues with non-positive imaginary parts refers to the already introduced no-
tion of a spectrum 8y,. The elements of this spectrum are the different roots from among those
covered by the two upper brackets in Eq. (2.11).

Suppose that there are Q of different eigenvalues (2 < L) in the spectrum of 8y,. Taking into
account Eq. (2.14), it is convenient to number them as follows:

Am =Xy, i=Tm.Tm+ L, 7m+2, s Rm, m=1,..0Q, (2.15)
where r1 = 1, rppe1 = Ry + 1, Rg = L, and na(5\m) = R,, — rm + 1 is algebraic multiplicity
of m-th eigenvalues. Note that with r,, = Ry, ng(An) = 1, e, Ay = N, © = 7y, is a single
eigenvalue.

An important issue that is considered in terms of eigenvectors is their scaling formula. In
eigenvector sensitivity analysis, the formula also plays an important role. The following scaling
formula is used in this study:

T 2AM+C)¥; =1, & 2AM" +CT) @, =1. (2.16)

In those formulas, the dependence of the vectors, matrices, and eigenvalues on the parameter h
is not shown for clarity of notation. Let us note here, however, that the proposed method of
scaling captures a certain relation of the vector with its transpose, leading to unity, i.e., to
a scalar, which is no longer a function of the h, and therefore, its derivative is zero. We will
use this scaling property written by Eq. (2.16) as an additional condition in determining the
derivatives of the eigenvectors — the derivatives of the mentioned formula will combine the scaled
eigenvectors and their derivatives.

For any multiple eigenvalue of \,,, Eqs. (2.9) and (2.10) are true, but they are also true for
any linear combinations of eigenvectors corresponding to A,,. This fact can be put as follows
for a right eigenvector:

R
=" 0nwp, 0 EC j=rpm,. Ry om=1,.,Q (2.17)

k=rm

and for a left eigenvector:

Rm
"= ol @y, €€, j=Tm, s Rmy, m=1,..,Q, (2.18)
k=rm

where the coefficients Hkmj and o form matrices 8", @™, respectively. The above two formulas
reveal the assumption that the considered multiple eigenvalue 92} is non-defective, because there
exist for them ng(0}7) = n.(0}};) linearly independent eigenvectors. But, as pointed out earlier,
determining the basis of the eigenvectors corresponding to a multiple eigenvalue is not even
unambiguous as to direction.
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Both Egs. (2.17) and (2.18) can be written for convenience in the respective matrix forms:

. Jk=rmyen Rn, m=1..Q, 2.19
(Dm:q)mam’ a™ = [O[Z;']? m m ( )
where the matrices of the complex coefficients ™ and a™ are quadratic and have the dimension
of the algebraic eigenvalue times [14(Am) X nq(Am)]; moreover, these matrices are orthogonal,
ie., 0™ =0"" o™ =a™" In contrast, the other matrices

U=, .. U ], $ = [@m P,
Tr, Ry ) [fm ) i m=1,..Q, (2.20)
" =[P, .., Pr |, " = [®] .., DF ],

have dimensions [N X na(j\m)]. The columns of the matrix W™ are right eigenvectors, and the
columns of the matrix ®" are left eigenvectors — these correspond to the multiple eigenvalue A,
and are the result of solving the eigenproblems (Eqgs. (2.9) and (2.10)).

It follows from the assumption that A, is a non-defective eigenvalue that the coefficient
matrices of 0™ and a™ are of full rank, i.e:

rank (™) = rank (@) = n, (Xm), m=1,...,%. (2.21)
In the remaining part of the text, it will be assumed that the right eigenvectors \ilgn of
Eq. (2.17) and the left eigenvectors <i>}” of Eq. (2.18), calculated as linear combinations of the
corresponding eigenvectors W7, @7 obtained directly from Eqgs. (2.9) and (2.10), were scaled
according to Eq. (2.16).
The following equations also remain true for the adopted ordering and designations:

MM+ A, C+K) P =0,  j=rm,...Rm, m=1,..,Q, (2.22)
MM+ NC+K)U =0,  j=rp,...Rm, m=1,.0Q, (2.23)
&7 (A2 M+ A\,C +K) =0, S=Tmyey R, m=1,...,Q, (2.24)
I (MM +AC+K) =0,  s=rp, ... Ry, m=1,.,Q. (2.25)

3. Directional derivatives of eigenvalues

To compute the directional derivative in the Gateaux sense, one has to perturb a mapping
along the e direction. In order to find the value of the function at the point h + ee, the Taylor
expansion around the point h restricted to the linear part with respect to € is used. Thus, for
m=1,...,Q and j =, ..., Ry, the following expansions exists:

A (bt c) = dn () 4oy, XS (B ee) = X, () + eu, (3.1)
\il;” (h+ee) = \il§” (h) + €I, @;” (h+ee) = i)gn (h) + €I1;, (3.2)

where p; € €, IT'; = [I'y;] and I, € €, IT; = [II,;] and II,; € €, r =1, ..., N are the sought direc-
tional derivatives of the j-th eigenvalue and the associated right and left directional derivatives
of the eigenvector, respectively; it follows from the above notations that the derivatives men-
tioned here are complex, so they consist of derivatives of real parts and derivatives of imaginary
parts.

The basis for the derivation of directional derivatives in the Gateaux sense of the eigenvalues
of Eq. (2.23) and (2.22) is to write them at the point h + ee for j = r, ..., Ry, m = 1,...,

[X%L(h +ee)M(h + ee) + 5\m(h +ee)C(h+ee) + K(h + ee)} ‘ilgn(h +ee) = 0. (3.3)



728 H. Ciurej

By substituting Eqs. (3.1), (3.2), (1.4) into Eq. (3.3) one obtains for j = ry,..., Rm,
m=1,...,:

oM
(5‘7271 + 265\m,uj + 62/,6?) M—+e Z ﬁep
p=1 P

% ac K
+ (A +eny) | C+ +€ZaTLp€p +K+€Zan€p (¢T+€Fj) =0. (34)
p=1 p=1

Further transformations of Eq. (3.4) take into account that it is true for any € > 0, non-linear
terms relative to e are omitted, and that Eq. (3.2) is true, and also Eq. (2.23) is substituted.
After simplifying, the sums give the following equations:

NP NP

. 3 . oM . oC OK B

MM+ A CHK)T + [ A2 e+ A Y e+ > oy | U7
£ ohy, £ 0hy " = Oy

+p; (2AM + C) ¥ =0,  j=rp, ... Ry, m=1,..,Q (35

Before discussing further, let us introduce for convenience the following designations for m =
1,...,Q:

E" =X M+ X, C+K, G™ = 2\,,M + C,

N, (3.6)
_ LM . 9C 0K
m o 2
F =2, <Am T ahp> °
p=1

Taking into account the above, Eq. (3.5) can be written in the form:
E"D; + FMO" + G™¥Tu; =0,  j =7y, Ry m=1,..,0 (3.7)

Multiplying Eq. (3.7) left-hand by ®X/, we notice that the first component of & E™ disap-
pears, because there is Eq. (2.24), and Eq. (2.17) should also be considered here. Introducing
the simplified notations A™ = [aZ;], B™ = [b7}] where

al = ®UF™ W, b =BG, (3.8)

finally, Eq. (3.5) is obtained in the form:

R,
D (al A bR 0 =0, Gis=Tm, . Ry m=1,..,Q (3.9)
k=rm

The following additional eigenproblem arises from Eq. (3.9):

(A™ + p;B™) 07" = 0, j=Tmy e By, m=1,....Q. (3.10)

The matrices A™ and B™ are, in general, asymmetric and complex, and 0;” = [62}} From

Eq. (3.10), one computes ng(Ay,) of the eigenvalues, i.e., derivatives of uy, , ..., g, , which are
being sought. An important observation is that if the matrices A™ and B™ are both diagonal
(off-diagonal terms are equal to zero), the eigenvalues p;, i.e., Gatéaux directional derivatives of
multiple eigenvalues \,, are the same as the traditional Fréchet derivatives. The diagonal form
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of matrices A™ and B™ occurs when matrices F™ and G™ from Eq. (3.6) are simultaneously
diagonalizable by transformations (Eq. (3.8)). Of course, for a single eigenvalue n,(A\y) = 1
(scalar equation), these derivatives are also the same.

Equation (3.10) has, in practice, a low dimension associated with the algebraic multiplicities
of the multiple eigenvalue \,,. However, for a single (simple) eigenvalue, when, for a given m,
the algebraic multiplicity nq(A\n) = 1 (then j = k = s = r,,), Eq. (3.10) turns into a scalar
equation from which the directional derivative p; of the simple eigenvalue \; is calculated.
Thus, the derived relations leading to (Eq. (3.10)) constitute an algorithm for calculating the
directional derivatives of the eigenvalues of the eigenproblem (Eq. (2.22)) regardless of their

multiplicity.

4. Directional derivatives of eigenvectors

The derivation of the derivative of the right eigenvector is shown here — this may be done
analogously for the left eigenvector. The source is Eq. (3.7), because in it the derivative of
the eigenvector I'; appears in the process of differentiation. Let us rewrite Eq. (3.7) in a more
convenient form:

Emrj = —ﬁmli’;” — ém\il;»"uj, i=7Tmy., Ry, m=1,..Q. (4.1)

If the derivatives of the eigenvalues 11, are already known, as they are calculated from Eq. (3.10),
the right-hand side of Eq. (4.1) is different from zero and it is theoretically possible to deter-
mine I';, i.e., the derivatives of the right eigenvector.

However, the fundamental difficulty in Eq. (4.1) relates to the fact that, since \,, is an

eigenvalue with multiplicity ng(An,), so the matrix E™ is singular (rank E™ is reduced by
na(Am)) — it is therefore not possible to simply compute T';. Overcoming this difficulty has
been the subject of numerous research papers and related computational algorithms of varying
complexity and difficulty of application, both in configuration space and state space. An extensive
review of the papers in this area is given in (Choi et al., 2004).

The algorithms presented in (Kim et al., 1999a; 1999b; Choi et al., 2004; Lee et al., 1999a;
1999b) are used in the paper but extended to non-symmetric matrices in QEP. The idea is to use
the eigenvector scaling Eq. (2.16) for the right eigenvector as a constraint condition — because,
as mentioned, this equation, when differentiated, ties the vector W itself to its derivative I';.

The scaling condition is written here in the formula for multiple eigenvalues:
O (h) 2An ()M (h) + C(h)| ¥ (h) =1,  j=7m, s Rpn, m=1..9  (42)

Thus, let us expand the scaling condition (Eq. (4.2)) at the point h and in the direction e
(analogous to Eq. (3.3)), however, under the assumption that the vectors \il;” are already scaled
according to Eq. (4.2), (the scaling should therefore be done after solving Eq. (3.10) and per-
forming a linear combination defined in Eq. (2.19)), so for j = rp, ..., Ry, m=1,...,

\il;-”T (h+ce) [2Ay, (h+ ce) M (h + ce) + C (h + ce)] ¥ (h + ce) = 1. (4.3)

Substituting Eqgs. (3.1), (3.2), (1.4) to Eq. (4.3), the following is obtained:
N, N,
S - L 81\/_[ z 80 T m
(BT + 07 )| 2 (A + ept) [M €Y o)t Cte) T (BT +€Tj)=1. (4.4)
p=1 p=1

Further transformations of Eq. (4.4) take into account that it is true for any ¢ > 0, nonlinear
members with respect to € are omitted, and that Eq. (3.2) is considered, also Eqs. (2.23), (2.16)
are substituted. The final expression after ordering the sums is obtained in the form:
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O 20, (M 4+ M) + C+ CT| T + 287 TMET 5

NP NP
. . oM oC -
p=1 P p=1 "7
For clarity let us introduce the notations:
al oM 9C
S AmT A Sm . B
p=1
Finally, Eq. (4.5) takes a simpler form:
GPTH™T; + 297 TMET 1y = —B7TX™ET, =1 Ry, om=1,.,Q.  (4.7)

Note that Eqs. (4.1) and (4.7) tie the derivatives of the eigenvalue of ;1; and the derivatives

of the eigenvectors of I'; — so let us write the two equations together, finally for j = rp,, ..., Ry,
m=1,..., we have
EmI‘j + Gm‘I’}n,uj = —Fm‘Il;-n,
(4.8)

GTHT; + 287 TMET ;= — BT

The above system of equations is still unsolvable for a multiple eigenvalue, i.e., with n, (Xm) >1

A~

— the second equation is a scalar equation and, as noted earlier, the rank of the matrix E™ is
equal:

rank (Em> =N —n, (Xm) .

Let us introduce the following diagonal auxiliary matrices:

(r, 0 oo 0] Zp}n 0O -~ 0

= 0 fy,41 -+ O S— 0 Zm, - 0

0 0 - ug, 0 0o ... Zzm

- : fom (4.9)
Vim0 0

V™ — 0 ‘/rt?l-i-l e 0 Z]m . \I’TTM‘I’T, ‘/}jm _ \i’TTXm\I’;n,
Lo 0 - V]

and the derivative matrix:
=1, Tr.41 - Tg,] (4.10)

The dimensions of the predefined matrices are as follows:
E™ —s [N x N,

TH™ — [ng (Am) x NJ, zm

T — [N X Mg (5\m
[

Fdm 5 [N x Ng (Xm
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Note that the rank of the individual submatrices in Eq. (4.11) are as follows:
rank (li!m) = rank (‘i’mT) =N, (Xm),
rank (Z™) = rank (ém\ilm> = rank (\ilmTﬁm) =ng (Xm)

Using these definitions, the following matrix equation can be written in the form:

Br Gren| om] [ .
\i,mTI/_\Im zm ll‘m - vm : ( . )
— —_——  —.——

Taking into account the previously listed dimensions of the component matrices in Eq. (4.11),
the following relations occur:

™ s [(N 410 (o)) % (N + 710 ()]s Y R™ —5 [(N + 10 (M) % 720 (n)].

The key observation here is that the quadratic and complex coefficient matrix S™ is not
singular (the method of proof is shown in (Kim et al., 1999b)), i.e., it is invertible and thus, there
is an unambiguous solution to the system (Eq. (4.11)) — in this equation, the unknown is the
matrix Y ; moreover, the system of algebraic Eq. (4.11) is well-conditioned. The algorithm
presented here leads to the simultaneous determination of the directional derivatives of the
right eigenvectors I'; and the redetermination of the directional derivative yu; associated with
the eigenvalue of \; by solving a linear algebraic non-symmetric system of complex Eq. (4.11).
For a single eigenvalue, when for a given m the algebraic multiplicity na(jxm) = 1, the system
of Eq. (4.11) also allows us to calculate the desired quantities. Thus, the derived relations
constitute an algorithm for computing the directional derivatives of the eigenvectors of Eq. (2.22),
irrespective of the eigenvalue multiplicity.

The structure of Eq. (4.11) also indicates that the vector of the directional derivative of the
eigenvector I'; is determined for the same multiplier as the corresponding eigenvector of \il;”

5. Additional requirements

It is important to pick up the significant practical problems associated with the determination
and recognition of multiple eigenvalues of \,, (see, e.g., (Seyranian et al., 1994)). Numerical
procedures iterate over the eigenvalues of \; and the corresponding eigenvectors ¥;, ®; with
some accuracy. Most often, only the tolerance of the 6&01 =1x10"° +1 x 1073 eigenvalue
determination is established. Structural models, created at the design stage and characterized by
symmetries, may exhibit the presence of multiple eigenvalues, or there may be very closely lying
single eigenvalues. This raises the problem of identifying multiple eigenvalues in the spectrum.
Thus, an additional algorithm for the recognition of multiple eigenvalues after ordering and
renumbering the eigenvalues according to Eq. (2.11) must be applied to the derivation formulas
presented.

The simplest way to do this is to take the number €' such that €' < e!o! < 1 as the
tolerance for recognising multiple eigenvalues. Thus, referring to the numbering of Eq. (2.14) we
will say that two eigenvalues are multiple when:

|>\z - >\z’+1| < EtOI (5.1)

m

which implies that they are at a distance less than €!°! on the complex plane ¢ — w. Another

proposal is to adopt separate distance conditions for eigendamping and eigenfrequency:

|Red; — Redipq| < ele and ISmA; — SmAiq| < e, (5.2)
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1

. . . . . . lO’ w
which means that two eigenvalues are multiple if they lie in the rectangle €'l x €'« on the

complex plane o — w.

It should be noted that, in general cases, the definitions given above do not allow explicit
grouping of multiple eigenvalues, but they do allow such grouping in many analyses of typical
structures with clearly separated multiple eigenvalues in the spectrum. Unfortunately, the values

tol ~¢tols ¢tole may be problem dependent.

of tolerances €., €77, €,7

6. Numerical examples

6.1. Introduction

As an example of a system with multiple eigenvalues, we will present the planar frame shown
in Fig. 2. The geometric dimensions are as follows: beam span L = 16.16855 m, height of columns
H = 5m. All cross-sections are square in shape. The following parameters were distinguished for
further analysis: width of cross-sections b = 0.4 m, height of column cross-sections hs = 0.4m,
height of beam cross-sections h, = 0.4m. In addition, two local zones were distinguished: 1) the
right frame node — the cross-section height of these elements h,, = 0.4 m, and 2) the right column
fixed — the cross-section height hy = 0.4m. All mentioned zones span over along one finite beam

element.
Columns Beam

yA Y

Y
h, > hy >
Beam Node ’ # ' #

! Z : b b
g =
E Node Fixed end
5]
2_ Fixed on_(ﬂ_ YA YA
|[‘ L ;l\ hnI - h{ >
<i> <i>

Fig. 2. Flat symmetric frame with fixed columns — geometric and cross-section dimensions.

It was assumed that the frame was made of reinforced concrete: Young’s modulus of the
material equal to E = 30 GPa, Poisson’s ratio v = 0.2 and a density p = 2400 kg/m3. In addition,
for simplicity, a damping matrix according to Rayleigh was assumed, i.e., C = aM + K, where
a=2x10"3, 8=5.2x 10"

The geometric dimensions and cross-sections are set so that the first eigenvalue of A; corre-
sponding to the antisymmetric mode shape is equal to \e corresponding to the symmetric mode
shape, i.e., A\ = Ay — Fig. 3. Finally, the symmetric mode shapes correspond to Ay and A4, while
the antisymmetric mode shapes correspond to A1 and As.

In the analysed frame, the matrices of the system M, C, K are symmetric and the eigenmodes
are real (classical) — which makes them easier to visualize and in this case the right and left
eigenvectors are equal ® = ¥ € RY. The assumptions made do not change the fact that the
multiple eigenvalue \; = Ay (i.e., ng(A1) = 2) is differentiable in the Géateaux sense but is not
always differentiable in the Fréchet sense. The tolerance for recognizing multiple eigenvalues in
Eq. (5.1) is set to el =1 x 1075,

To solve the derivatives shown, a programme in MATLAB was developed to calculate the
directional derivatives of the eigenvalues and eigenvectors. The procedure for calculating eigen-
values and eigenvectors for QEP shown in (Hammarling et al., 2013) was used.
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Fig. 3. Eigenmode shapes for consecutive eigenvalues.

6.2. Numerical example 1: Symmetric changes of the frame

Let the vector of parameters against which the derivatives are calculated be equal:
h=[L,H,bhsh], heR. (6.1)

Thus, the dimension of parameter space is equal to N, = 5. Table 1 shows directional derivatives
with respect to canonical basis vectors (for example, the basis vector es = [0,0,1,0,0]). It is
noteworthy that a change in any component of the vector h results in a symmetric change in
the geometry and cross sections of the frame members. In such a case, the Gateaux directional
derivatives are the same as the Fréchet derivatives even for multiple eigenvalues, i.e.:

O\ .
o, = ui(h,ep), i=1,...,4, p=1,..,5.

The reason for this property is that the matrices A™ and B" are both diagonal in Eq. (3.10). The
diagonal form of matrices A™ and B™ occurs because matrices F™™ and G™ from Eq. (3.6) are

Table 1. Eigenvalues and their directional derivatives along the vectors of canonical basis e,
of the parameter space h = [L, H, b, hg, h,].

N O\ o\; O\ O\

Deflected — — — - :

Ai th;ee o +wi oL 0H b Ohs oh,
=pi(h,er) | =pi(her) | =pi(hes) | =pi(h,es) | =pi(h, es)
A\ antisym —0.20516 +0.01665 +0.10935 —1.01922 —0.26076 +0.26076
! frame +28.0212i —1.14285i —7.50359i +69.9413i +17.8940i —17.8940i
A sym —0.20516 +0.04644 +0.01275 —1.01598 —0.15744 +0.15744
2 beam +28.0212i —3.18711i —0.87524i +69.7185i +10.8039i —10.8039i
A\ antisym —1.69186 +0.37242 +0.14323 —8.38976 —0.97417 +0.97417
3 beam +80.6252i —8.87510i —3.41343i +199.937i +23.2155i —23.2155i
A sym —6.37071 +1.41240 +0.49267 —31.4011 —2.37618 +2.37618
4 beam +156.392i —17.3101i —6.03818i +384.846i +29.1220i —29.1220i
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simultaneously diagonalizable by transformations (Eq. (3.8)), and to explain it deeply, this is
because Fréchet derivatives of system matrices (0M/0h,,, 0C/0h,, 0K /0h, — see Eq. (3.6)) are
simultaneously diagonalizable.

6.3. Numerical example 2: Asymmetrical changes of the frame
In contrast to the previous example, let the vector of parameters against which the derivatives
are calculated be equal:

h = (A, by, (6.2)

h € R2.

Thus, the dimension of parameter space is equal to N, = 2. The canonical basis vectors are
equal to e; = [1,0] and ex = [0,1]. It is worth noting that, in this example, a change in any
component of the vector h results in an asymmetric change in the height of the cross-sections
of the frame bars. In such a case, the directional derivatives of Gateaux are not the same as the
Fréchet derivatives for a multiple eigenvalue, i.e., there is

O\
8hp # /’Ll(h7 ep)a

On the other hand, for the simple eigenvalues, the Gateaux directional derivatives are equal to
the Fréchet derivatives, i.e.:

O\

= u;(h,ep,),

ahp /’LZ( p)
Table 2 shows the directional derivatives with respect to the canonical basis vectors of the double
eigenvalue of A\ = Ay. The third column of Table 2 shows that in this case the additivity condition
for the directional derivative of Gateaux does not hold — which excludes the existence of Fréchet
derivative at the point h. The derivative matrix F™ is not diagonalizable by transformation
WIF™W,  although matrix G™ is diagonalizable by transformation T G™®¥;, — see Eqs. (3.6)
and (3.8).

i=1,2 p=12.

i=34, p=12.

Table 2. Eigenvalues A\ = Ay and their directional derivatives along the vectors of canonical basis e,
of the parameter space h = [y, hy].

Deflected
A :hZ;ee o; + w; pi(h,er) pi(h, ez) pi(h, e +es) # pi(h,er) + pi(h, es)
A\ antisym —0.20516 +0.01177 —0.02963 +0.00007
1 frame +28.0212i —0.80738i +2.03316i —0.00474i
A\ sym —0.20516 —0.04451 —0.00002 —0.06246
2 beam +28.0212i +3.05466i +0.00124i +4.28642i

Table 3 shows the directional derivatives with respect to the canonical basis vectors of the
simple eigenvalues A3 and A4. In this case, the derivative along an arbitrary direction can be cal-
culated from the scalar product of the gradient vector and the direction vector — as for the
traditional Fréchet derivative.

Table 3. Eigenvalues A3 and A4 and their directional derivatives along the vectors of canonical basis e,

of the parameter space h = [hy,, hy].

o\ ON; oN;, O\
As D:}?ZCteed o+ Wi Ohy, Ohy {8}% 8hf} °lerte)
P = pi(h,e1) | =pi(h,en) | = pui(h,er +es) = pi(h,er) + pi(h, es)
s antisym —1.69186_ —0.17604_ —0.03307_ —0.20910_
beam +80.6252i +4.19511i +0.78807i +4.98318i
A sym —6.37071. —0.27743. —0.11141. —0.38884.
beam +156.392i +3.40018i +1.36540i +4.76550i
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7. Conclusions

The attractiveness and advantages of the presented approach lie in the consistent and clear
matrix notation, which significantly facilitates the software application. The disadvantage, on
the other hand, is the need to simultaneously determine both the derivatives of the eigenvectors
and to redetermine the derivatives of the eigenvalues due to the coupling of the two equations
in Eq. (4.11).

In the algorithm for calculating only the derivatives of the eigenvalues, the derivatives of the
vectors need not be determined at the same time. In other algorithms presented in the literature
(see the review of methods in, e.g., (Choi et al., 2004)), leading directly to the derivatives of
the eigenvectors of I';, it is not necessary to determine j; at the same time — nevertheless,
many of these algorithms require the determination of all modal vectors of the eigenproblem
in order to express I'; as their linear combination. The algorithm presented here enables the
selection of the eigenmodes and frequencies for which the derivatives are calculated. Moreover,
the redetermination of the eigenvalue derivatives is due to the fact that the combinations of
the eigenvectors ¥™ and ®™ are present in Eq. (2.19), which uses the coefficients 0;-” being the
eigenvectors for each eigenvalue derivative p; — Eq. (3.10).

In fact, Eq. (3.10) has a low dimension in the practice of modelling structures in FEM due
to the algebraic multiples of the multiple eigenvalue A,,. For example, for rotationally symmet-
ric shell structures, the eigenvectors are associated with the occurrence of double eigenvalues
na(Am) = 2 — this implies the need to solve Eq. (3.10) with a matrix dimension [2x2]; however,
rarely, with an exceptional arrangement of the structural parameters of these shells, the dual
eigenvalues coincide, resulting in an algebraic multiplicity na(j\m) = 4. Such a situation may
lead to multiple derivatives as eigenvectors nq(p;) > 1 in Eq. (3.10).

The analogous case is shown in the paper — the frame has double eigenfrequencies na(;\m) =2
related to antisymmetric and symmetric mode shapes. It is a typical case in civil engineering for
flat and spatial frames. The example presented in the paper shows that the issue of derivation of
derivatives for multiple eigenvalues must be conducted in a non-traditional way in general cases.
This entails also the need to develop specialized software and introduce additional conditions to
distinguish multiple and single eigenvalues.
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This study presents a method for detecting damage in steel lattice structures, steel hot-rolled
I-section or concrete columns being a part of a whole structure based on the discrete wavelet
transform (DWT). The structure’s response signal may be a discrete set of displacements measured
at selected points of the considered structure. The response signal defined in this way is subjected to
DWT. This can have significant advantages in the field of estimation of the occurrence of a weakened
part of a structure. The structural dynamic behavior is represented as a series of displacements or
angles of rotation which can be implemented by given different dynamic loads, for example, short
term concentrated load or seismic accelerations.

Keywords: steel lattice girders; steel welded girders; concrete bars; dynamic response signal;
discrete wavelet transform.
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1. Introduction — Dynamic analysis of halls

The analysis will cover steel and mixed steel-reinforced concrete elements of the structures.
The analyzed constructions are real objects that are in the design and implementation phase. The
signal of the structural response will be the displacements or angles of rotation of discrete points
caused by a dynamic load. An example of such a load is the dynamic action generated by
an earthquake. This dataset is a series of data from the 1986 Bucharest earthquake which
is simulated by the computational FEM program (Axis VM). This input data set is directly
implemented in the Axis VM program. It contains data in time intervals of 0.02s, and the
total duration of the function is 20.42s. The set is dimensionless and it is the so-called load
factor function. The acceleration of the support included in the calculations is determined by
multiplying a given function by the (constant) acceleration value for a given direction. To obtain
the values recorded at the earthquake site, an acceleration value of 1m/s? should be assumed.
The FEM procedures with a bar and shell model of the structure will be utilized in the numerical
analysis of the issue.

2. Foundations of the discrete wavelet transform

In the presented discrete wavelet transform (DWT) analysis, a one-dimensional wavelet trans-
form will be used to localize defected parts of the structure. The wavelet transform has already
been applied into similar problems, e.g., (Garcia-Perez et al., 2013; Wang et al. 2013). Further,

"The content of this article was presented during the 31st Conference Vibrations in Physical and Technical
Systems — VIBSYS, Poznan, Poland, October 16-18, 2024.
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standard wavelet function notations are used, which were also used in previous works, e.g., (Gu-
miniak & Knitter-Piatkowska, 2018; Kaminski et al., 2025; Knitter-Piatkowska et al., 2025). Let
there be a given function 1) (¢), which is continuous and lies within the L?(R) space. This is the
so-called mother function (wavelet function) and is required to meet the admissibility condition
(Mallat, 1999). Real-valued wavelet functions are applied to the analysis. The wavelet family is
derived through the translation and scaling of the mother wavelet ¢ (Knitter-Piatkowska et al.,
2025; Guminiak & Knitter-Piatkowska, 2018):

bor= 0 (50 (21)

where ¢ serves as a time or spatial coordinate, while a and b represent the scaling and translation
parameters, respectively. The variables (a,b € (R)), a # 0. Finally, the DWT procedure will be
applied by the substitution a = 1/27 and b = k/27 in Eq. (2.1):

Pix(t) = 20/2) 4 (Qj t—k), (2.2)

where k£ and j correspond to the scaling and translation parameters, respectively.
The DWT of the structural response data is defined through the relation

X

WG k) = 29/°. / ) -0t~ k) dt = (F(t), ) - (2.3)

—X
The decomposing procedure of a signal registered in discrete points is performed while uti-
lizing the Mallat pyramid algorithm (Mallat, 1999):
f1=S;+Dy+...+Dp+ ..+ Dy, (2.4)

where J, Dy, Sy, Dy express in turn: the level of multiresolution analysis (MRA), the de-
tailed and approximation components of the transformed structural response, with the most
detailed one as the last term in Eq. (2.4). The Mallat pyramid algorithm is shown in Fig. 1.

I7

Fig. 1. Mallat pyramid algorithm.

3. Numerical examples

In this analysis, selected elements of various types of structures are considered: steel lattice
and steel column, which are subjected to the dynamic load. The signal subjected to DWT is a dif-
ference between displacements or angles of rotation measured in discrete points in undamaged
and defective structures.
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3.1. Example 1 — Deterioration of the steel column

The steel hall with plane welded girders is considered. The arrangement of girders together
with the damaged column under consideration is shown in Fig. 2. The structural properties
are: width — 24m, length — 40m, height — 10m, frame spacing — 5m. The upper beam of
the frame is constructed from the IPE 450 and column from the HEA 400, steel: S355 (Young’s
modulus 210 GPa). The introduced defect is in the form of 20 % reduction of moment of inertia in
one FEM element of the column. The results of DWT calculation are shown in Fig. 3. Two-node
3D frame finite elements with six degrees of freedom per node (three mutually perpendicular
translational displacements and three rotation angles in three mutually perpendicular planes) are
introduced. The number of finite elements in the whole structure is 792, and in the column — 64.
The structure is loaded by accelerations applied in supports along = direction.

Introduced failure

Fig. 2. Considered steel structure and introduced defective element.
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Fig. 3. Results of DWT calculations: (a) Daubechies 4, detail 1, signal — difference between displace-

ments u, for undamaged and defective structure; (b) Daubechies 6, detail 1, signal — difference in rotation

angles ¢, (rotation in z—z plane) for undamaged and damaged structure, N — the number of measurement
points.

3.2. Example 2 — Deterioration of the truss structure

The steel lattice girder resting on two reinforced concrete columns is considered. The arrange-
ment of girders together with the damaged diagonal under consideration is shown in Fig. 4. The
structural properties are: width — 24 m, length — 36 m, height — 11 m, frame spacing — 6 m.
The lattice girder’s upper chord is made of HEA 140, lower chord — HEA 160 and diagonals —
SHS 90 x 90 x 5 and steel S355 (Young’s modulus 210 GPa).

The introduced defect is in the form of a broken weld between the diagonal and the lower
chord, indicated in Fig. 4 by the circle. The discrete measurement points are also visible. T'wo-
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N—

Fig. 4. Considered steel girder and introduced defective connection of diagonal bar in the node.

node frame finite elements with three degrees of freedom per node (horizontal and vertical
displacements and angle of rotation) are introduced. The number of finite elements is 102, and
in the lower band — 70. Loading parameters of the external harmonic force: F' = 6.67 kN, time
of signal registration T' = 4.6s. The outcomes of DTW calculation are depicted in Fig. 5.
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Fig. 5. Results of DWT calculations: Daubechies 6, detail 1, signal: difference in rotation angles ¢
for undamaged and damaged structures, N — number of measurement points.

4. Conclusions

The aim of this work was to verify the effectiveness of using discrete wavelet transform in
the detection of damage in dynamically loaded structures. The calculation results presented
in the previous sections allow the following conclusions to be drawn:

— DWT is highly effective for damage recognition, offering numerical efficiency and the ability
to identify subtle disturbances in the response signal of a defective structure. However, in
dynamic loading scenarios, referencing a signal from an undamaged structure may be
necessary;

— different types of structural discrete response (i.e., translational displacements, angles of
rotation) can be used for wavelet transformation in order to localize damage;

— correct damage localization may be possible regardless of the type of defect.
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The subject of the paper is a homogeneous I-beam with an individual shape web. The beam,
simply supported at one end and at the other simply supported with elastic limitation of rotation,
is subjected to axial compression by a force F. The analytical model of the beam is developed
with consideration of the shear effect. The deformation of the beam’s plane cross-section after
buckling is determined analytically, taking into account the classical expression for shear stresses in
a beam (known as Zhuravsky or Jourawski shear stress). Longitudinal displacements, strains, and
stresses are then formulated. Based on the principle of stationary total potential energy, a system of
two equilibrium differential equations is derived. These equations are solved analytically, taking into
account the beam support conditions, and the critical force FCR is determined. Detailed calculations
are realized for sample beams.

Keywords: analytical modeling; I-beam; elastic buckling; shear effect.
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1. Introduction

Initiated by Leonhard Euler in the 18th century, the study of buckling of a compressed beam
has been intensively developed over the following centuries and is still being improved today to
address problems related to the stability of beams, plates, and shells, which are closely related
to the design of structures. Rykaluk (2012) described in detail the criteria of elastic stability,
buckling issues of axially and eccentrically compressed classical and thin-walled beams with open
cross-sections, buckling of rings and arches, stability of flat frames, as well as stability problems
of rectangular plates and shells. Magnucki and Milecki (2015) examined the elastic buckling
problem of the symmetrical triangular frame under tensile in-plane load. They studied in detail
both analytically and numerically (using FEM) the in-plane buckling state and the lateral buck-
ling state of this sample frame. Simao (2017) presented a stability analysis of shear-sensitive
columns with a linear formulation according to the Timoshenko beam theory along with a non-
linear shear formula. Eslami (2018) first characterized the stability concept and then presented
in detail buckling and post-buckling problems of beams and plates, as well as buckling problems
of cylindrical, spherical and conical shells. Yang et al. (2019) presented the results of multi-
ple numerical and experimental studies of the global buckling problem of bi-symmetrical steel
beams under three-point bending. Szymczak and Kujawa (2019) investigated analytically and
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numerically (FEM) the flexural buckling of axially compressed, simply supported, and clamped
I-columns made of aluminum alloy and indicated the influence of material non-linearity on the
critical loads. Genovese and Elishakoff (2019) pointed out the importance of the principle of
virtual work in the formulation of planar static rod theories with consideration of large deforma-
tions and the transverse shear effect. Filho et al. (2022) investigated, both experimentally and
numerically, the buckling problem of welded I-section columns undergoing flexural or torsional
buckling failure. Yang et al. (2023) focused on the buckling instability problem of I-beams,
developed a numerical model of the beam using Lagrange polynomials to describe the three-
dimensional displacement field, and numerically investigated the global buckling, local buckling,
and global-local coupled buckling of these beams. Jing et al. (2024) studied the effect of limit-
ing the beam center deflection with an elastic support on the critical axial force and dynamic
characteristics. They determined two stable states of beam buckling depending on the stiffness
of the elastic center support.

Magnucki and Sowinski (2024) applied an individual nonlinear shear deformation theory to
the analytical modeling of a clamped sandwich beam with a functionally graded core, and then
analytically and numerically (using FEM) studied the bending of this beam under a uniformly
distributed load. Magnucki (2024a) developed two analytical models of a five-layered composite
beam. The first is formulated on the basis of the classical zig-zag theory, while the second is devel-
oped using the nonlinear shear deformation theory. He then analytically studied the bending of
these sample beams for both models. Magnucki (2024b) analytically described the cross-section
of a standard wide-flange H-beam as a three-layer structure and analytically studied the funda-
mental natural frequency of these sample beams with consideration of the shear effect. Couto
et al. (2025) provided a thorough review of the research that led to the proposal of European fire
design rules for steel thin-walled I-beams. They focused on the problem of interaction between
local and global buckling in these members.

This work continues studies of the beam buckling problems presented in the above sample
papers. The main goal of the work is to analytically study the beam buckling with consideration
of the shear effect.

2. Analytical study of the individual I-beam with consideration
of the shear effect

The subject of the study is a homogeneous individual I-beam of length L, width b, and
total depth A under axial compression by a force F. One end of the beam is simply supported,
while the other end is elastically limited in rotation by means of a rigid part connected to
two springs with stiffness ks (Fig. 1). The beam is protected against out of the x- and y-plane

buckling.
Rigid part \ks/\_E
I |

S —
bececeedd 1tf \‘\_/\/_E
| L b,

vy

Fig. 1. Schematic diagram of the beam with two different supports at its ends.

The cross-section of this beam, with a functionally graded middle part-web thickness, is
shown in Fig. 2. This individual beam’s planar cross-section provides input for analytically
determining the nonlinear function of its deformation.
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Fig. 2. Schematic cross-section of the individual beam.

The widths of the successive parts of this cross-section are as follows:
— the upper flange (—1/2 <1 < —xmp/2):

Tus () = wu];(n) _1 (2.1)

— the middle part — web (—xmp/2 <1 < Xmp/2):

Wnp(n) = wmz(n) = fo+ (1 = fo) sin” <3wx77m>, (2.2)

— the lower flange (xmp/2 <1 < 1/2):

wig(n) = 20 (2.

where 77 = y/h — dimensionless coordinate, Xmp = hmp/h, Bo = bo/b — dimensionless sizes, and
n — even number.

Taking into account the papers by Magnucki (2024a) and Magnucki (2024b), the dimension-
less deformation functions for the successive parts of this cross-section are analytically deter-
mined as follows:

— the upper flange (—1/2 <1 < —xmp/2):

The dimensionless first moment (Fig. 3) is given by

-n
500y = 30 < [ g = 20— ap) (2.4
~1/2

Therefore, the derivative of the dimensionless deformation function is

= z — = 1 _4 . '5

Consequently, the dimensionless deformation function is

u 1 4
Dy =—Cr+ = (1-=n% |, (2.6)
8 3

where the integration constant:

X2 s (mp)

_ 1 1 2 z (77) .
0
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Fig. 3. Hatched area of the upper flange selected part.

— the middle part-web (—xmp/2 <1 < Xmp/2):
The dimensionless first moment (Fig. 4) is given by

Yl

—(m, 1 _
ST () = 3 (1-x2,) — / NWinp (1) dn. (2.8)
_me/2
-1/2
§ -
z
n
.
n

Fig. 4. Hatched area of the selected part of the functionally graded middle part-web.

The derivative of the dimensionless deformation function is

= 2z 2.9
dn wmp(n) ( )
and the dimensionless deformation function is
o(mp)
m Sy (n)
F0m0) () / >z dn: 2.10
d ( ) wmp(”) ( )
— the lower flange (xmp/2 <1 < 1/2):
— 1
5 () = g(1—4%), (2.11)
ard? 1 )
=—(1—-4 2.12
= g0, (212)

1 4
D) =Cr+ 3 <1 - 3772> 1. (2.13)
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The schematic cross-section of the beam, and graphs of dimensionless deformation functions
of the planar cross-section (2.6), (2.10), (2.13), and its derivatives (2.5), (2.9), (2.12) for the
example beam (xmp = 4/5, fo = 1/10, n = 10) are shown in Fig. 5.

w

Ja(m) dfy/dn

o

-0.163969

() Q | ) 1)
|
; |
i : 0.163969 0.720805

| 1/2

UA My n

Fig. 5. Schematic cross-section of the beam and graphs of functions fq(n), dfq/dn.

The deformation of a planar cross-section of this beam, in accordance with the nonlinear
shear deformation theory, is shown in Fig. 6.

-1/2

Sy

o
—— T
. 1r— 1 | —+ 1}

dw

Fig. 6. Schematic diagram of planar cross-section deformation of the beam.

Based on this diagram (Fig. 6), the longitudinal displacements, and consequently strains and
stresses, in the successive parts of this cross-section are as follows:
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— upper flange (—1/2 <1 < —xpmp/2):
d u
u N (z,n) = ~h [?7 d; D (g ( )} (2.14)
u d? u de
el (x,m) = —h[ o — - f)(n)dxf], (2.15)
f(“f
Vi (@,m) = —L—y(x), (2.16)
ol (z,m) = Eel™)(z,m), (2.17)
u E Uu,
7l f)(x n) = T )%(yf)( z,m), (2.18)
— the middle part — web (—Xmp/2 <1 < Xmp/2):
dv  (m
u™P) (z,m) = —h [?7 1 ) (g ( )} (2.19)
m d®v  m de
) = b o~ 1) | (2.20)
df(mp
VP (,m) = an V() (2.21)
ol™) (w,n) = Eel™)(x,n), (2.22)
) (z, ) = 0T Vﬂé@“’)(m,n), (2.23)
— the lower flange (xmp/2 <1 < 1/2):
uWD(z,n) = ~h [ % — )¢f($)} (2.24)
d? d
el (z,n) = —h [nd s )dxf], (2.25)
d i
) @) = == (@), (2.26)
ol (@,n) = Bl (x,n) (2.27)
E

where E — Young’s modulus, v — Poisson’s ratio.
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Based on the principle of stationary total potential energy, after simple transformation,
the system of two differential equilibrium equations for this beam is obtained in the following
form:

— d2U d’(ﬂf Mb(x)
J,—— —C, = — , 2.29
dz2 Yl Ebh3 (2.29)
d?v 2¢f ¥y (x)
" =0, 2.
Cop——= 123 — Cyy +Cy 52 0 (2.30)
where dimensionless Coeﬂﬁcients:
1 X'mp/2
Tom gl (=g, =g [ s (35 Ya,
*me/2 ?
1/2 Xmp/2
Coy =2 nfd (n)dn + / 0 15" (1) Wap() dip ¢,
Xmp/2 0
1/2 Xmp/2 )
l m _
Cow=20 [ [f0w] ans [ [0 0] B an b,
me/2 0
1/2 1f) 2 XmP/2 (mp) 2
1 af} afym™Ne
Xmp/2 0
The buckled shape of this beam is shown in Fig. 7.
Fy
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Fig. 7. Schematic diagram of the buckled shape of this beam.

The bending moment according to this diagram takes the following form:
My(z) = [-Rz + Fv(z)| Ebh, (2.31)

where R = R/Ebh, F = F/Ebh — dimensionless reaction and axial force.
Thus, the two differential equations of equilibrium (2.29) and (2.30) in the dimensionless
coordinate, with consideration of expression (2.31), are as follows:

- d%v dypy 27 27D
JZE — CppL—1 T NFv(€) = ENLR, (2.32)
d3 2
Cop 3 g; CyyL dg’j + Cy N Loy (&) = 0. (2.33)
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These two equations, after simple transformations, are reduced to one in the following form:

dtv d2v o A

—— —ko—— — kov(§) = —£a*=RL, (2.34)
dgt dg? J.
where kg = o? %F, ko = a2\2 <1 — %F), o= % — dimensionless coefficients.

The solution of Eq. (2.34), with consideration of the boundary conditions, v(0) = v(1) = 0,
is in the following form:

Sin(%)] R
sin(q) | F

v(§) = [& - L, (2.35)

where ¢ = %\/ —ko + 4/ k:% + 4ko — the dimensionless coefficient.
This function (2.35) describes the buckling line of the beam. Thus, the derivative of this
function is given by

dov [1_ cos(qf)]R

" g | TX (2.36)

Consequently, the angle of rotation of the simply supported end of this beam ({§ = 1) with
rotation limitation takes the following form:

dv

- 1a (2.37)

| =

01

i

Based on Fig. 1 and Fig. 7, two expressions are formulated: Fsas = RL and Fs; = %Hlksas,
from which the angle rotation

01 = ko1 R, (2.38)
where kg1 = 25\1;@13 — dimensionless coefficient, kg — spring stiffness [N/mm], as — size [mm].

Equating both expressions (2.37) and (2.38), one obtains the algebraic equation

q J—
l1— ———+ kot F=0. 2.39
tan(q) + Fox ( )

Based on this equation, the dimensionless critical force F ¢p of this beam is determined.
Analyzing this equation, it is easy to notice two classic cases of support:

1) a simply supported beam for ks = 0, kg1 — oo, then tan(q) = 0, from which ¢ = T,

2) one clamped end for ks — 00, kg1 = 0, then tan(q) = ¢, from which ¢ = 4.4934.

Example calculations are carried out for the following data: x,, = 4/5, fo = 1/10, n = 10,
v = 0.3, A = 40, and the dimensionless coefficient (0 < ky; < o0). The results of analyti-
cal calculations of the selected values of the dimensionless critical force F g are specified in
Table 1.

Table 1. Values of the dimensionless critical force F op for the compressed beam.

ko1 0 2000 | 4000 7000 | 15000 | 30000 00
10°F ¢ [6.93366 | 6.14493|5.60592 | 5.08517|4.42156 | 3.98617 | 3.41070
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Moreover, these critical force values are graphically presented in Fig. 8.
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Fig. 8. Graph of the dimensionless critical force.

3. Analytical study of the individual I-beam without the shear effect

The two differential equilibrium Eqs. (2.32) and (2.33), in this case, are reduced to one in
the following form:

d? F R
d—é’ + 5N 0(E) = VL. (3.1)

The solution of Eq. (3.1), with consideration of the boundary conditions, v(0) = v(1) =0, is
in the following form:

o(€) = [s - *;((’j;?]

where kp = \/F/ J .\ — dimensionless coefficient.

=

=L, (3.2)

The derivative of this function is given by:

dv [, cos(krf) E
de [ F sin(kr) ] FL. (3:3)

Consequently, the angle of rotation of the simply supported end of this beam (£ = 1), with
rotation limitation, takes the following form:

B dv
- Ld¢

| =

01 (3.4)

[~ i

1 tan(kr)

This angle of rotation is consistent with the angle (2.38); therefore, by equating these two
angles, one obtains the algebraic equation:

kp

1——— 4+ knF =0. )
tan (kg T RorE =0 (3.5)

)

Based on this equation, the dimensionless critical force F(COR of this beam without the shear
effect is determined. Similarly to the beam that considers the shear effect, when analyzing
Eq. (3.5) for the two classic support cases, one obtains:

1) simply supported beam for ks = 0, kgy — oo, then tan(kr) = 0, from which kr = 7, and

+(0) 27,
SO FCR = 7T)\2 s
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2) one clamped end for ks — 00, kg1 = 0, then tan(kp) = kp, from which kp = 4.4934, and

*(0) _ 7r2jz
0 F'or = meaon?-

Example calculations are carried out for the same data as for the beam with the shear effect.
The results of the analytical calculations of the selected values of the dimensionless critical force

F(gg{ are specified in Table 2.

Table 2. Values of the dimensionless critical force F(CO?;{ for the compressed beam.

ko1 0 2000 4000 7000 15000 | 30000 00

1070, | 7.01980 | 6.20522 | 5.65306 | 5.12268 | 4.45039 | 4.01003 | 3.43141

Taking into account the dimensionless critical force F g for the beam with the shear effect
and the dimensionless critical force F(ng for the beam without the shear effect, the dimensionless

shear effect coefficient of this beam is formulated as follows:

Fer

Csp=1-— .
-(0)
Fecr

(3.6)

The example values of this coefficient are specified in Table 3.

Table 3. Values of the dimensionless shear effect coefficient Csg for the beam.

ko1 0 2000 | 4000 | 7000 | 15000 | 30000 00
103Csp | 12.2710 | 9.7160 | 8.3388 | 7.3223 | 6.4781 | 6.1731 | 6.0354

Moreover, these dimensionless coefficient values of the shear effect are graphically presented

in Fig. 9.
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Fig. 9. Graph of the dimensionless coefficient of the shear effect.

The value of this dimensionless coefficient Cgg is small, so the influence of the shear effect
on the critical force is insignificant.
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4. Conclusions

The presented analytical studies of the elastic buckling problem for the individual I-beam,

simply supported at the first end and with limited rotation at the second end, allow the following
conclusions to be formulated:

— the applied procedure for analytically determining the deformation function of a planar
beam cross-section is easy and effective (expressions (2.4)—(2.13)), (Figs. 3-5);

— the two different supports adopted at the beam ends make it possible to carry out tests
on beams ranging from simply supported to clamped at one end (Table 1 and Fig. 8);

— the influence of the shear effect on the critical force values for the tested beam family is
insignificant (Table 3 and Fig. 9).
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As part of the research conducted, the correctness of the serial peripheral interface (SPI) commu-
nication was tested using the Raspberry Pi 4B. The purpose of the experiment was to confirm the
possibility of stable data exchange between the control unit and external peripheral circuits, with
particular emphasis on analog-to-digital converters and micro-electro-mechanical systems (MEMS)
sensors. The tests showed correct and stable operation of the SPI bus for both unidirectional and
bidirectional transmission, and confirmed the usefulness of SPI in measurement systems requir-
ing precise and fast data transfer. The experiments provide a basis for further work with real-time
sensors and data acquisition systems under dynamic conditions.

Keywords: data logging system; MEMS; SPI; impact acceleration; high frequency.
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1. Introduction

The recording of shock wave parameters is the basis of a significant amount of research
aimed at improving the safety of military vehicle crews (Baranowski et al., 2020; Pyka et al.,
2025). A significant parameter measured in such experiments is the acceleration, which can reach
a value of several hundred g in less than a few milliseconds (Kciuk et al., 2022). It is particularly
important to register this parameter since the forces resulting from these accelerations through
the impact of the vehicle’s structure are transmitted directly to the crew, which can lead to
death or serious injuries such as spinal cord fracture (Elsayed & Atkins, 2008). Measurements of
rapidly changing acceleration values are also used in civilian industry, an example of this type
of research is car crash tests (Dima & Covaciu, 2017; Olvey et al., 2004). The recording of shock
wave parameters also provides a reference for numerical simulations (Arkusz et al., 2019; Erdik
et al., 2016; Wrazidlo et al., 2025).

The most commonly used sensors for acceleration measurements are devices based on micro-
electro-mechanical systems (MEMS) technology. These are defined as minimized mechanical and
electromechanical components (with dimensions of a few hundred micrometers at most) (Covaciu
& Dima, 2017). An accelerometer is essentially a capacitive or piezoresistive device consisting
of a suspended pendulum proof mass/plate assembly. In the case of capacitive accelerometers,
the displacement of the test mass induces a change in capacitance of the capacitor, allowing the
determination of acceleration (Sethuramalingam & Vimalajuliet, 2010). The primary parameters
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that define the applicability of a given accelerometer within a specific application are the output
range and measurement resolution. Nonetheless, in the context of research investigating the
impact of shock waves on human health, two crucial factors must be given due consideration.
Firstly, the frequency bandwidth carried by the sensor and, secondly, the sampling frequency of
the entire measurement system. In order to record a peak of acceleration values lasting only a few
milliseconds during the measurement process, the sampling frequency must be sufficiently high.
In the process of designing the measurement system, particular attention must be paid to the
digitization of the voltage signal from the MEMS-type sensor, as well as to the communication
protocols.

The signal from the MEMS-type accelerometer after sampling must be sent to the data log-
ger, which can be devices such as microcontroller, microcomputer, etc. In the issue of recording
the acceleration during the passage of the shock wave, the speed of data transmission is very
important to avoid loss of measurement data. An example of a communication interface that is
straightforward to implement and possible to use in the issue under consideration is the serial pe-
ripheral interface (SPI). This interface is most often used for systems requiring low and medium
data transfer rates (Anand et al., 2014), but can also be successfully used in systems requiring
higher communication speeds (Brezeanu et al., 2022; Coskun et al., 2023; Mohd Noor & Saparon,
2012). An important element of the communication system that needs to be considered is also
the distance over which the communication is carried out. In contrast to long-distance communi-
cation protocols such as USB (Universal Serial Bus), PCI (Peripheral Component Interconnect),
and Ethernet (Park & Mackay, 2003), SPI along with interfaces such as 12C (Inter-Integrated
Circuits) and CAN (Control Area Network), is commonly used for short and medium-distance
communication. In the issue of recording shock wave parameters, long-distance communication
is most often required for safety reasons, which involves signal conditioning, especially for low-
voltage signals like those from MEMS-type accelerometers. Signal conditioning is associated with
an increase in interference, so the use of communications like SPI with a properly protected data
logger could be an improvement in this type of measurement. SPI, compared to other similar
communication protocols, is characterized by high transmission rates combined with minimal
hardware requirements (Vijaya et al., 2011). SPI has a higher transmission speed than similar
communication protocols like I2C and UART (Universal Asynchronous Receiver and Transmit-
ter). In contrast to the semi-duplex nature of I2C, which utilizes a single data line (SDA) and
a clock line (SCL), SPI facilitates full-duplex communication through the implementation of
dedicated transmit (MOSI — Master Output Slave Input) and receive (MISO — Master Input
Slave Output) lines. Conversely, UART, despite its simplicity and frequent utilization for point-
to-point communication, also operates in half-duplex (or quasi full-duplex, depending on the
implementation) mode and does not offer the ability to exchange data as quickly and simulta-
neously as SPI. In addition, SPI does not require device addressing like 12C, which simplifies
the protocol and allows much higher transmission speeds (even tens of MHz), making it an ideal
choice for systems requiring fast, reliable and synchronous communication with multiple devices.

The purpose of this paper is to verify the feasibility of using the SPI communication in-
terface in the design of the authors” MEMS accelerometer-based shock wave feature recorder.
The paper discusses technical issues related to the development of a communication interface
designed for the problem at hand. Furthermore, a series of experiments has been conducted to
ascertain the efficacy of the system under development. As part of this experimental research,
a constant voltage was applied to the output of the analog to digital converter (ADC) in order
to verify the correct discretization of the input signal and to evaluate the noise of the signal at
sampling frequencies up to 45 kHz. In addition, as part of this paper, some comparative research
of various measurement systems was carried out on the issue of recording data from dynamic
phenomena. As part of this experiment, force and acceleration were measured during the impact
of a hammer suspended on a pendulum against a bumper placed at the pendulum’s equilibrium
center. The conduction of this research enabled a comparison of the quality of recorded data from
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different measurement systems, whilst also enabling preliminary verification of the possibility of
uprooting the developed recorder based on the MEMS accelerometers in the research of dynamic
phenomena. The developed measurement system demonstrates a less common approach to the
research of shock wave characteristics, precisely by employing medium-distance communication
that does not necessitate the conditioning of the measurement signal. In this approach, the
data logger must be relatively close to the sensor, which means that it will be in the range of
the shock wave and must be protected from its influence. Furthermore, the development of an
original measurement system affords the authors greater autonomy in the development of the
software utilized. It is important to note the potential for the utilization of neural networks,
which are being employed with increasing frequency in sensory systems (Kciuk et al., 2023), in
addressing a particular issue. This involves the development of a model that can ascertain the
impact of the wave on human health, with this model being based on the readings obtained from
the data logger.

2. Method

The SPI communication interface used in this work operates in a master-slave configuration in
half-duplex mode. The chip select (CS) line is responsible for initiating communication between
devices. This communication is only active when the line is in a low state, and this state must
be maintained for the duration of the communication. It has been established that an oscillating
digital clock (DCLK) signal is shared between the Master and the Slave. This signal dictates
the timing of bit transmission on the data line (Texas Instruments, 2010). The signal on the
DCLK line is generated by the device that is in master communication. The transmission rate
is directly related to the clock frequency, since one bit is transmitted only during a single clock
cycle. This ensures coordinated data transfer (Lynch et al., 2015) by informing the Master and
Slave when to initiate communication. The digital input (DIN) and digital output (DOUT) lines
are the data lines telling the Master to send a request to the Slave and sending a response from
the Slave to the Master, respectively. Figure 1 shows a simplified diagram of the communication
between the microcomputer and the ADC.

Raspberry Pi 4B ADC ADS7844E
CS > CS
DCLK » DCLK
MOSI » MOSI
MISO |« MISO

Fig. 1. Simplified diagram of the communication between the registrar (Raspberry Pi 4B) and the ADC.

With reference to the principles of the SPI interface discussed earlier and the characteris-
tics of the transmitter used, the diagram in Fig. 2 shows a detailed sequence of data exchange
between the microcontroller and the measurement system. The illustration shows the timing
relationships between the basic signals of the SPI bus: DCLK, CS line (CS), input data line
(MOSI), and output data line (MISO). Also indicated are the activation moments of the various
transmission phases, including communication initialization, transmission of control commands
and reading of measurement data. Analysis of this sequence allows fine-tuning of the micro-
controller’s configuration to meet the timing requirements of the transmitter, which is key to
ensuring correct synchronization and reliability of data transmission. The detailed timing and
communication scheme for SPI data exchange is shown in Fig. 2.

The measurement system used in the experiment consisted of the following components:
Raspberry Pi 4B with Raspberry Pi OS (based on Debian) installed, acting as a control and data
logging unit; ADS7844F analog-to-digital converter — a 12-bit, 8-channel chip communicating
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Fig. 2. SPI communication timing diagram as specified in the device datasheet, showing the sequential
exchange of control and data bytes.

with the Raspberry Pi via the SPI interface; and a laboratory power supply generating a test
voltage in the range of 0 V-3.3 V. The ADS7844F transducer was powered by 3.3V, supplied by
a voltage regulator that also served as the reference voltage source (Vref). SPI bus connections
(DCLK, MISO, MOSI, and CS) were established in accordance with the ADS7844E’s technical
documentation and the Raspberry Pi 4B’s GPIO pin layout.

The following waveform (Fig. 3) presents the outcome of measuring SPI communication
in “every byte” transmission mode, which was recorded with a digital oscilloscope. Clearly
defined sequences of clock pulses (DCLK) and data line activations (MOSI/MISO) can be seen,
corresponding to single bytes transmitted in a single transaction. Significantly, the presence of
minor interference and noise in the signal lines is observed, which appears only during inactive
periods, i.e., between consecutive transmissions. This localization of interference clearly indicates
that it is not generated by the MEMS chip itself or the transducer during operation, but is of an
external nature (e.g., coming from the power supply, electromagnetic interference or reflections
on the transmission lines). This confirms the correctness of the data exchange process itself,
while at the same time emphasizing the need to address shielding issues.
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Fig. 3. Oscilloscope capture of a single SPI data exchange sequence between the microcontroller
and the MEMS sensor, illustrating the timing relationship between clock and data lines.

Figure 4 shows the course of communication in the mode of reading every second byte, used
to filter irrelevant information selectively. In this variant, only those fragments of transmission
that correspond to the relevant measurement data are received, while bits present outside the
main exchange sequence are skipped. As a result, the recorded waveform is clearer, and only key
moments related to the transmission of utility values are analyzed.

In order to reduce distortion and minimize the impact of noise on the measurement signal,
the data acquisition process uses a strategy of receiving every second response from the SPI
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Fig. 4. Oscilloscope capture of SPI communication in reduced sampling mode (every second byte),
showing selective acquisition of relevant data segments.

system. The received data is then processed using a bit mask, taking into account the fact that
the oldest bit (MSB) is transmitted first. If an interference occurs when the most significant bit
is transmitted, the potential error is 50 % of the full measurement range. The designed algorithm
effectively bypasses this kind of failure, providing transmission error robustness. In addition, the
use of a bit mask makes it possible to correct the data already at the recording stage, which
significantly increases the reliability of the system. Despite the simplified filtering procedure, the
solution makes it possible to achieve a stable sampling frequency of 45 kHz, which is a signifi-
cant advantage over piezoelectric sensor systems, which achieve about 20 kHz per channel. The
algorithm for processing a single packet of data is presented in Fig. 5.

Setting the CS line to a low Sending ﬁ]{)%%%%sotoggta packet Receiving the response and

value gt the beginning 0b101110111, 0b0000000O, recording only the 2nd and
of communication 0b101110111] 4th byte

Making the conjunction of the
4th byte with the mask
(4th & 0b11110000)

Bit shift of the 2nd byte by 4
(2nd byte < 4)

Bit shift of the 4th byte by 4
(2nd byte > 4)

Making disjunction of Conversion of the obtained
modified 2 byte and 4 byte quantity into the value of
(2nd | 4th) acceleration [g]

Data acquisition in RAM
memory

Whether
communication
will continue

Setting CS line to high value
closing communication

Fig. 5. Block diagram of the algorithm for data transmission, reception, and processing
within the MEMS-based measurement system.
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As a preliminary test, the DC voltage was measured from a bench power supply, applied to
one of the analog inputs of the ADS7844E converter. The purpose of the test was to verify the
correct operation of the entire measurement path and to evaluate the accuracy of the conversion
of the analog signal to digital form. The output voltage from the power supply was set at several
levels (0.6V, 1.65V, 2.4V, 3.3V) — including those corresponding to the power supply of the
sensor used later in the project. Data reading from the transmitter was implemented using
the Python language and the spidev library to handle the SPI bus. The raw digital values were
scaled to the corresponding voltage values, and then compared with measurements taken in
parallel using a multimeter to assess the accuracy of the transmitter.

Figure 6 shows the voltage readings measured by the ADS7844F converter. The readings from
the converter show good agreement with the reference values, which confirms the correctness
of the measurement path. The voltages are stable, and the differences were within the acceptable
range of measurement error (oscillations due to power supply interference). The initial and
final distortions seen in the graph are due to signal filtering effects associated with the limited
sampling range and the operation of the smoothing algorithm. These results confirm that the
circuit can be used for further measurements in the project.
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Fig. 6. Graphical user interface (GUI) screenshot illustrating the test of SPT communication
between the ADC module and the microcomputer.

A physical pendulum is any rigid body that can make free oscillatory motions about a hori-
zontal axis not passing through its center of mass, under the influence of gravity. Unlike the ideal
mathematical pendulum — which is a model of a material point suspended from a weightless and
inextensible thread — the physical pendulum takes into account the actual geometric properties
and mass distribution of the body. In the experiment conducted, this system was used to gen-
erate a controlled force pulse by striking a force sensor with the tip of the pendulum. At the
same time, the response of the measurement system based on a MEMS accelerometer integrated
into a Raspberry Pi 4B microcomputer via an SPI interface was recorded. The results were
compared with values obtained from a piezoelectric sensor system, built with independent ac-
celeration sensors, to evaluate the accuracy and sensitivity of the MEMS system under dynamic
forcing conditions.
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During the experiment, the pendulum shown in Fig. 7 was released from two fixed angles
of deflection: 20° and 40°. At the lowest point of the trajectory, contact was made between the
tip of the pendulum and the FC500 force sensor (AXIS Sp. z 0.0., Gdansk, Poland) (FC500),
allowing precise measurement of the impact force. Simultaneous data recording was carried out
from three independent measurement systems: the force sensor, a MEMS ADXL377 accelerom-
eter (Analog Devices, USA) (ADXL377) connected to a Raspberry Pi 4B microcomputer via
an SPI interface, and a piezoelectric sensor system — the MTS DSP SigLab 20-42 Dynamic
Signal Analyzer (MTS Systems Corporation, USA) — consisting of PCB Piezotronics 333B31
(PCB Piezotronics, USA) (333B31) and 352C33 (PCB Piezotronics, USA) (352C33) accelera-
tion sensors. Due to the temporal synchronization of all measurement channels, it was possible
to compare the obtained results and assess their mutual compatibility directly. The purpose of
the measurements was both to calibrate the SPI-based data acquisition system and to verify the
quality of the MEMS accelerometer signal readout in the context of future applications for ana-
lyzing dynamic phenomena. For each of the two tilt angles, 30 independent measurements were
made, ensuring the statistical reliability of the data obtained.

Force sensor FC500

MEMS ADXL377 accelerometer

Laboratory accelerometer 333B31
and 352C33

Fig. 7. Experimental setup with physical pendulum and mounted sensors, including a force sensor at the
impact point, a MEMS accelerometer, and reference acceleration sensors. The MEMS unit is connected
to a Raspberry Pi 4B for acquisition of dynamic response data via SPI interface.

3. Results and discussion

Experimental research was performed for two selected pendulum swing angles: 20° and 40°.
In each case, the pendulum was released from a fixed angle and then struck a force sensor
fixed at a fixed point. Based on the recorded signal from the sensor, the maximum value of
the peak impact force was determined. At the same time, accelerations obtained from two
independent sources were recorded: from a MEMS accelerometer integrated into a Raspberry
Pi-based measurement system and from piezoelectric acceleration sensors, which are a separate
measurement system (MTS DSP SigLab). The results of 30 consecutive impacts are summarized
for the 20° and 40° deflection accounts in Table 1.

The lowest recorded spread of values over a period of 30 consecutive measurements has been
documented for the FC500 force sensor, as evidenced by the coefficient of variation, which does
not exceed 3 %. Additionally, the low spread of data is characterized by results recorded with the
use of a logger, employing a MEMS capacitive accelerometer, for which the coefficient of varia-
tion does not exceed 5 %. Data recorded with the MEMS accelerometer is characterized by the
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Table 1. Maximum values of the recorded force (FC500 force sensor) and acceleration (MEMS accelerom-
eter, piezoelectric accelerometers 333B31 and 352C33) during 30 consecutive hammer impacts for the
pendulum swing angle of 20° and 40°.

FC500 MEMS 333B31 352C33
Swing angle | 20° 40° 20° 40° 20° 40° 20° 40°
72.60 | 155.50 | 15.17 | 28.85 12.80 24.10 10.70 23.30
75.30 | 156.50 | 14.39 | 28.46 12.70 23.80 10.40 23.80
79.90 | 150.20 | 15.76 | 28.85 15.20 27.40 14.40 24.90
78.60 | 151.80 | 16.15 | 29.82 14.30 29.90 14.60 29.00
76.60 | 152.70 | 14.78 | 29.24 14.70 29.80 14.00 29.50
75.10 | 151.80 | 14.98 | 28.85 14.50 29.10 14.70 28.80
74.00 | 153.80 | 14.98 | 29.24 12.90 | 30.00 12.60 28.60
78.40 | 155.00 | 16.54 | 30.02 14.20 | 30.70 12.10 28.80
74.70 | 154.90 | 14.78 | 29.63 15.00 | 30.50 14.80 29.50
73.30 | 154.20 | 14.00 | 29.82 11.10 | 30.00 9.50 29.50
75.00 | 155.10 | 14.98 | 30.61 14.60 | 30.70 14.50 29.50
77.00 | 153.30 | 14.98 | 30.00 14.40 29.00 12.60 27.70
74.00 | 153.80 | 14.59 | 30.02 11.10 29.50 8.60 28.80
77.10 | 151.60 | 16.74 | 29.24 15.50 29.00 15.10 27.90
75.90 | 154.40 | 14.78 | 30.41 14.70 29.80 14.30 28.30
74.00 | 153.00 | 15.37 | 29.24 13.00 29.40 11.00 28.00
74.00 | 153.60 | 14.78 | 29.24 14.70 29.10 14.50 25.70
76.10 | 154.20 | 14.78 | 29.63 14.40 28.60 12.70 25.60
77.30 | 154.80 | 15.37 | 30.41 12.00 29.50 10.80 27.50
77.20 | 154.30 | 15.95 | 30.02 11.20 29.40 9.00 26.20
77.40 | 154.30 | 14.98 | 29.63 13.90 29.40 11.70 26.10
82.50 | 155.30 | 16.15 | 30.22 15.40 29.90 15.50 26.60
75.40 | 153.40 | 15.37 | 30.41 15.00 29.40 15.00 26.30
77.30 | 154.40 | 15.95 | 30.60 11.00 29.60 8.90 26.10
75.20 | 155.10 | 14.39 | 30.20 15.50 28.40 15.00 26.20
75.80 | 153.40 | 14.78 | 30.41 11.30 28.30 8.70 27.10
76.30 | 154.20 | 14.78 | 30.20 16.00 27.60 15.20 25.40
75.60 | 154.30 | 15.95 | 29.20 11.30 27.50 10.00 25.50
75.60 | 154.70 | 14.78 | 30.41 15.50 27.20 14.90 23.60
76.10 | 155.40 | 15.17 | 30.02 15.60 28.00 15.30 25.20

T 76.11 | 153.97 | 15.21 | 29.76 13.78 28.82 12.70 26.97
o 2.03 1.34 0.67 0.60 1.63 1.62 2.37 1.86
Ccv 2.66% | 0.87% | 4.38% | 2.01% | 11.85% | 5.64% | 18.68% | 6.91%

lowest standard deviation among all acceleration meters, even though the average peak accelera-
tion value for MEMS was the highest. The acceleration recorded by piezoelectric accelerometers
is characterized by the largest data spread. At the same time, the spread of data for piezoelectric
accelerometers is significant, and for the 352C33 sensor, the coefficient of variation reaches al-
most 20 %. This is caused by the frequent repetition for this dataset of measured values that are
much smaller than the others and much smaller than the values recorded by the MEMS ac-
celerometer. The average value measured by the 352C33 sensor is 12.70 g, with results as low
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as less than 9 g being repeated among the recorded data, i.e., values that are far from the average
value by more than the standard deviation. For hammer impacts released at a pendulum swing
angle of 40°, the values recorded by all sensors increased in proportion to the increase in the value
of the pendulum swing angle. The spread of data between successive measurement systems ex-
hibits analogous characteristics to those observed at 20°. Again, the lowest coefficient of variation
is characterized by the data set recorded by the force sensor (less than 1%), and a comparable
level of spread is observed for MEMS (slightly above 2 %). As for the first dataset, the greatest
spread in the data is characterized by the results recorded by piezoelectric accelerometers. How-
ever, for measurements at a pendulum swing angle of 40°, the recorded spread is much smaller
and for piezoelectric accelerometers does not exceed 7 %. The decrease in spread for all measure-
ment systems at impacts for a pendulum swing angle of 40° is most likely due to the fact that, for
this case, we observe a larger change in the measured value, which makes it easier to register by
the used measurement systems. In order to better show the spread of the data for the individual
accelerometers, Fig. 8 shows box plots for impacts with pendulum swing angles of 20° and 40°.
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Fig. 8. Box plot showing the comparison of the measurement results of individual devices at impact for:
(a) 20°; (b) 40°.
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Box plots provide a graphical representation of the features of the data sets being ranked.
Based on the box plots shown, it can be seen that the values recorded for the MEMS accelerom-
eter are higher than for the other sensors, as evidenced by the median value, which is highest for
the MEMS sensor. The difference in magnitude is most likely due to the fact that the recorder
using the MEMS accelerometer records the data at the highest sampling rate, which significantly
increases the chances of recording key points during the course of the impact. It can be seen that
in all graphs the median is shifted relative to the center of the corresponding box plots, which
indicates the asymmetry of the recorded data. In order to provide a more accurate illustration
of the characteristics of the recorded data distributions, Figs. 9 and 10 present histograms for
the data that was recorded at 20° and 40°, respectively.

As illustrated in the histograms, the normal distribution curve has been superimposed for
the purpose of evaluating the resulting distributions, with the said curve having been drawn
for the corresponding data sets based on their mean and standard deviation. The graphs pre-
sented in Fig. 9 show the asymmetric nature of the distribution for all measuring instruments.
However, for the FC500 force sensor and for the MEMS accelerometer, the data sets manifest
some characteristics of a normal distribution, and it can be assumed that with an increase
in the measurement sample, the results for these sensors could be estimated with the help of
a normal distribution. However, the results for piezoelectric accelerometers are characterized
by a large asymmetry. Furthermore, a high frequency of occurrences is observed in the upper
and lower extreme intervals of the histogram. This is an unexpected result for this type of mea-
surement, and it is not recorded by other measurement systems. This is most likely related to
the frequent failure of piezoelectric sensors to register the maximum value in the peak. This
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Fig. 9. Histograms showing the distribution of measurement results for different devices with a normal

distribution curve determined from the sample mean and standard deviation at impact for 20°. Histograms

are shown successively for: (a) FC500 force sensor; (b) MEMS-type accelerometer; (c) 333B31 piezoelectric
sensor; (d) 352C33 piezoelectric sensor.
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Fig. 10. Histograms showing the distribution of measurement results for different devices with a normal

distribution curve determined from the sample mean and standard deviation at impact for 40°. Histograms

are shown successively for: (a) FC500 force sensor; (b) MEMS-type accelerometer; (c) 333B31 piezoelectric
sensor; (d) 352C33 piezoelectric sensor.

leads to registering, for the maximum acceleration value, the value occurring before or after the
maximum value in the peak, and therefore, registering a smaller value than the actual value.

The distribution of rasterized data for an impact at a pendulum deflection angle of 40° is
analogous to that for 20°. It is important to note that the data recorded by the 333B31 sensor
is an exception to this. Indeed, for this particular angle, the data shows the characteristics of
a normal distribution to a higher degree. However, it is also important to note that significant
outliers are observed here, as evidenced by a break in the continuity of the histogram. In the
histograms, individual results can be observed that significantly deviate from the other measured
values (which is particularly evident for the 333B31 piezoelectric accelerometer). If the purpose
of the conducted research was to determine acceleration values, these results should be discarded.
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However, the purpose of the conducted research is to compare different measurement methods.
The frequency of occurrence of this type of interference is an important element from the point of
view of this comparison. In addition, it testifies in favor of the assumption that for piezoelectric
accelerometers, the observed inaccuracies are the result of not recording the maximum value
of acceleration in the peak.

Also important from the point of view of evaluating the characteristics of the shock wave is the
quality of recording the acceleration waveform. To visualize this, Fig. 11 shows the acceleration
waveform during the impact of the hammer with a pendulum swing of 20°.
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Fig. 11. Waveform of acceleration during the impact of the hammer at a pendulum deflection of 20°.

It can be observed that the authors’ data logger managed to record the acceleration peak
occurring during the hammer impact to a degree that allowed determining the maximum value
and also determining the time of impact. In addition, using the MEMS accelerometer, it was
also possible to record vibrations occurring in the system immediately after the hammer impact,
which is visible in the form of a harmonic acceleration course visible immediately after the
impact.

4. Conclusions

As a result of the conducted research, it can be concluded that the use of a system based
on the SPI protocol with a MEMS sensor allows precise and repeatable results to be obtained
in various dynamic applications. Comparison of the results with the piezoelectric sensor system
based on force sensors and piezoelectric accelerometers confirms the consistency of measurements
and the effectiveness of using MEMS in the analysis of dynamic phenomena.

Conclusions:

— universality of the SPI system: the system based on the SPI protocol with a MEMS sensor

provides flexibility and wide application possibilities in dynamic measurements;

— wider frequency range: the SPI system with MEMS works correctly up to 45 kHz, which

gives an advantage over traditional piezoelectric sensor systems that only work up to
20 kHz;

— repeatability of measurements: the system demonstrates high repeatability of results and

low scatter, which confirms the reliability of the MEMS sensor in measurements;

— compatibility with piezoelectric sensors system: the results obtained from the MEMS

sensor-based SPI system are consistent with those of the piezoelectric sensors system,
which demonstrates its precision.
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This paper presents a proprietary steering algorithm for path following, whose advantage lies in
its ability to be applied with vehicle dynamic models of varying complexity. The proposed algorithm
was implemented using models with 3 and 10 degrees of freedom, which had been previously verified.
The results were compared with those obtained using the geometric pure pursuit (PP) algorithm.
Both algorithms require path approximation. In this study, path approximation was conducted
using B3 functions. The presented computer simulation results indicate that the proposed steering
angle selection algorithm demonstrates greater accuracy than the PP algorithm.
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1. Introduction

One of the more challenging problems in the deployment of highly automated vehicles is the
provision of an appropriate control system that enables the execution of a predefined driving
path. This task involves determining the steering angle trajectory of the front wheels based
on a known velocity profile in such a way that the vehicle follows the desired path. Numerous
vehicle control methods exist, and their comparisons and benchmarking can be found in works
such as Liu et al. (2021) and Diachuk and Easa (2022). Path-following methods generally fall into
three main categories: geometric methods, model-based methods, and learning-based (artificial
intelligence) methods.

Among the popular geometric methods, which rely on the curvature of the path, the pure
pursuit (PP) algorithm stands out. Originally formulated in the 1990s (Coulter, 1992), it is still
widely used in autonomous driving applications (Gamez-Serna et al., 2017). Huang et al. (2018)
present an application of the PP algorithm, focusing on the determination of the constant [,
which is essential for the proper functioning of the algorithm and is related to vehicle speed.
Setting the constant too high reduces trajectory-tracking accuracy, which becomes critical during
maneuvers such as U-turns. Conversely, a too-low value leads to oscillations in the steering angle.
This algorithm continues to be used in vehicle control tasks, for example in (An et al., 2025).

Another well-known geometric control algorithm is Stanley control (SC), whose application
was described by Yang et al. (2017), with particular attention to issues related to path curvature
computation, which significantly influences the behavior of geometric algorithms. An alternative
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use of the SC algorithm was proposed by Amer et al. (2018), where it was combined with
optimization methods. Cibooglu et al. (2017) present a hybrid approach combining the PP and
SC algorithms to enhance precision. Other, less common geometric algorithms include the one
described in the monograph by Rajamani (2012). A comprehensive comparison of four geometric
algorithms is provided by Brzozowski (2025).

The advantages of geometric algorithms include their ease of implementation, low compu-
tational requirements, and high effectiveness in simple scenarios (e.g., low-curvature routes).
Their disadvantages include poor performance at higher speeds, moderate trajectory-tracking
accuracy, and sensitivity to the tuning of auxiliary/scaling parameters. Additionally, these meth-
ods do not account for the vehicle dynamics model.

Model-based methods (using either kinematic or dynamic vehicle models) describe the vehi-
cle’s motion. Typical examples include optimization-based approaches such as model predictive
control (MPC) and the linear quadratic regulator (LQR). These methods are also referred to as
optimal control strategies.

The LQR method uses a feedback gain matrix to minimize a cost function (Li et al., 2019;
Lee et al., 2019). While LQR provides greater accuracy than geometric algorithms, it is less
computationally efficient. A significant drawback is the necessity of linearization and the inability
to handle constraints.

Another class of optimization-based methods is represented by MPC, which predicts the
future behavior of the vehicle over a sequence of subintervals within the total planning horizon
based on a mathematical model. MPC performs real-time optimization to follow a reference
path while satisfying constraints. Variants of this model are discussed in (Zhang et al., 2019)
and (Fu et al., 2022), where the algorithm is adapted to specific needs. MPC’s advantages
include its ability to incorporate constraints, predict and avoid problems in advance, and work
with nonlinear vehicle models. It is considered a highly accurate control method, although its
disadvantages include high complexity and low computational efficiency.

A large class of control approaches consists of learning-based methods. These do not re-
quire the development of an explicit vehicle model and are suitable when detailed information
about the vehicle or its environment is unavailable, but large amounts of driving data exist.
MPC is often used as a preliminary tool for training such models. An example of reinforcement
learning—based control can be found in (Cao et al., 2023). Among learning-based methods, fuzzy
logic-based approaches are also noteworthy, such as in (Elsayed et al., 2018).

In this study, a proprietary algorithm was applied to solve the path-following task. Although
it does not directly fall into any of the previously mentioned categories, it requires a dynamic
vehicle model for its operation. Therefore, it can be classified alongside methods such as LQR
and MPC. It is assumed that the equations of motion take the following form:

where M — inertia matrix, q — vector of generalized coordinates, u — control parameter.
The linearization of the system would consist in transforming these equations into the fol-
lowing form:

M(q)q = h(qa q, F(t)) + Gu, (12)

where G — input (or control) distribution matrix, h — vector of generalized forces.

In the case where the control parameter is u = ¢ (the steering angle of the front wheels),
it can be determined in one of the following ways:

— as the result of an optimization process (as in LQR, NLQR, MPC, or NMPC methods);

— as a solution to the problem of selecting the steering angle § by repeated integration of the
equations of motion, as proposed in this study. This method does not require linearization.
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The algorithm proposed in this study (referred to as MPC/B) is an approach that enables
the determination of the steering angle d, using a vehicle model of arbitrary complexity, with-
out the need for linearization or the application of optimization methods. Control inputs are
determined in stages — within sequentially occurring subintervals of the total simulation time.
To evaluate the proposed control algorithm, simulation studies were conducted, comparing the
results obtained using the MPC/B algorithm to those achieved with the PP algorithm. Two
vehicle dynamic models were formulated, and the path was approximated using third-degree
spline functions.

Although the geometric PP algorithm does not require a dynamic model to compute the
steering angle, it does require information about the vehicle’s position in space. In the case of
simulation studies, this positional information is provided by the vehicle dynamics model.

2. Nonlinear vehicle models

This study presents two vehicle models with 3 and 10 degrees of freedom (DoF'). The 10-DoF
model is a three-dimensional model. It is formulated under the assumption that the vehicle is
treated as a rigid body with 6 degrees of freedom (the chassis), to which four rotating wheels
are attached (Fig. 1).

Fig. 1. Diagram of the 10 degrees of freedom model.

To derive the equations of motion for the chassis along with the attached concentrated
masses (including wheels and suspensions), a formalism based on the Newton-Euler equations
was applied (Blajer, 1998). The Newton-Euler equations for the chassis take the following form:

. dk.
mV, = ZF T ZM (2.1)
where V. — the velocity vector of the body center of mass, k. — angular velocity of the body
relative to the center of mass C, F; — external forces acting on the body, M;, — moments of
external forces relative to the center of mass C, m — total mass of the vehicle including the
wheels.

The equations of motion for the wheels can be written in the form:

1950 =3~ M"Y, i=1,2,34, (2.2)
j

where () — moment of inertia of the wheel about its axis of rotation, v(¥) — wheel rotation angle,

S M j/»(i) — sum of moments of forces acting on the wheel about its axis of rotation.
J
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The vector of generalized coordinates comprising the body and the four wheels of the vehicle
thus takes the form:

re
an
q = = d) 5 2 3
r ] (2.3)
r
where
(1)
Zc q1 2 q4 1(2) Z;
e = Ye = q2 |, d) = 0 = q5 |, I' = (3) =
Zec q3 (0 de 7 4 i
~@® 410

To determine the road reaction forces on the wheels, the brush model (Pacejka & Sharp,
1991), modified and described in detail in (Rajamani, 2012), was applied. A detailed description
of the 10 degrees of freedom dynamic model and the tire model used can be found in (Brzozowski,
2025). In vehicle dynamics modeling for autonomous driving, the most commonly used dynamic
model is the planar model with 3 degrees of freedom, also known as the bicycle or moped model
(Gillespie, 1992; Ajanovié et al., 2023). Figure 2 shows the vehicle representation in the 3 degrees
of freedom model. This model accounts for the vehicle’s displacement in the xy plane and the
yaw angle ¢ around z’-axis of the local coordinate system {C'}’ which is parallel to the z-axis
of the road coordinate system {O}. The vehicle dynamics are described by the components of
the vector shown in Fig. 2:

V/
a= |V, |, (2.4)
(G

where V, Vy’ — the components of the vehicle velocity vector in the local coordinate system {C}’,
1 — yaw angle.

Fig. 2. Diagram of the bicycle model (Gillespie, 1992).
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The equations of motion with generalized coordinates as in (2.4) take the form:
m (Vi = 0Vy) = Flyed = Fypsd + Fly — Fjy + Gactb + Gyst,
m (Vg +0V}) = Fipst + Fpyed + By, — Go s+ Gyet, (2.5)
Lop = (Flps6 + Fj;c8) Ly — Fydp + M+ M,

where I, — mass moment of inertia of the vehicle about the axis 2/, M o M, — self-aligning
moments, F. 2 F?; £ FEl., Fér — components of the tire-road interaction forces acting on the vehi-
cle’s wheels, F;, — drag force, lf, I, — distance of the front and rear wheel axles from the vehicle’s
center of mass, G, G, — components of the gravitational force (equal to zero when the road
is not inclined).

To determine the tire-road interaction forces, formulas are used that relate the forces in the
road plane to the friction coefficients and normal reactions.

Below are the verification results of both models through comparison of own calculations
with results obtained using the CarSim software. The maneuver of a double lane change at
a vehicle speed of 80km/h was simulated (total simulation time tx = 125, maximum lateral
displacement of the vehicle at time ¢t = 4.9s was 3.69 m/s?). Vehicle parameters were based on
the CarSim A-Class Hatchback. The assumed front wheel steering angle is shown in Fig. 3a.
Figure 3b presents the calculated vehicle trajectory.

(a) (b)
1.5 . . . . . 4.0 ‘ ‘
5 A P | 3 =35 -[— 3 DoF |-
o S Y R YO SRS PO N S Lo & 3 ! N
< 1.0 ,’ 1\ §’i \\ = 50 10 DoF .
(5] S— AU B— N S — o 2.5 .=~ CarSim|.
Py i v : :
I VA U I R 2.0
0 : ‘| : I ST : 1.5
0.5 T o oo 1.0
! [ AU I ! ! 0.5
,,,,,,,,,, [ Y NN W (N S I SO .
e [ R N VE B B 0
'1'50 2 4 6 8 10 12 05
t[s]

Fig. 3. Model validation: (a) assumed front wheel steering angle; (b) vehicle trajectory,
own models and CarSim.

To assess the accuracy of the formulated models, the following error metrics were used:
— mean absolute error

n

e=> >k, (2.6)

=1

— relative error

max max
w, Wy,

e ’ W

100 [%), (2.7)

where €; = €(t;) = Wo; — Wi, Wo,; — reference value obtained using the CarSim software, wyy, ; —

P = max [, W = max [wg,i],n - number

value obtained according to the own model, w
1<i<n 1<i<n
of compared values.
The results presented in Table 1 indicate that both own models yield errors € in displacements
on the order of several centimeters over a route nearly 270 meters long. The displacements and

angular velocities ¢ and 1/1 show larger errors between the own models and the CarSim software.



774 M. Brzozowski

Table 1. Calculated mean € and percentage €¢, differences between the own models and CarSim.

Model (DoF) < . £% .
zml | ym]| ] [P[°/s]] z y | Y |

3 0.150 | 0.057 | 0.219 | 0.392 | 0.06 | 0.97 | 2.65 | 2.05

10 0.150 | 0.052 | 0.217 | 0.381 | 0.06 | 0.04 | 2.11 | 0.90

However, these do not exceed 3 %. Therefore, both presented models can be considered valid.
The 3 degrees of freedom model was previously verified in (Brzozowski & Drag, 2023), and the
10 degrees of freedom model in (Brzozowski, 2025).

3. Path approximation

Proper path planning has a decisive impact on the path-following task (Zhong et al., 2025;
Guo et al., 2025). There are many path planning methods. A review of these can be found in
(Katrakazas et al., 2015; Paden et al., 2016). In this work, approximation using cubic B-spline
functions (B3) was applied. It is assumed that the function approximating the path f(x) has

the form:
n+1

flx) = Z aipi(z), (3.1)

i=—1

where a; — coefficients, ¢; — cubic B-spline basis functions (B3), n — number of subintervals into
which the interval (A4, B) is divided. In the case where the interval (A, B) is divided into equal
segments of length h, it takes the values:

x;=1th for i=-3,-2,—-1,0,1,....,n,n+1,n+2,n+ 3, (3.2)
functions @;(x) are defined as follows:

0 when x < x;_o,

(r —;_9)3 when € (x;_2,2i—1),

o(z) = —3(x —x;_1)® +3h(x —x-1)2 +3h%(x — x;_1) + h® when =z € (m;_1,2;), (33)
' 3(x — 2i11)% + 3h(z — z441)? — 3h%(z — ;1) + A when z € (25, 7i41), .

*(IL’ — $i+2)3 when =x € <.’L’i+1, CL‘Z'+2>,

L0 when x > x;49.

The function ¢;(z) along with its characteristic values is shown in Fig. 4.

The coefficients a; present in Eq. (3.1) for i = —1,0, 1...,n,n+1 are determined by minimizing
the functional:
m
a1, anr1) = Y [f(zx) — y§]* — min, (3.4)
k=0

where y; — measured value y(xy), m + 1 — number of measurement points.
After transformations, to determine the n + 3 coefficients a_1, ..., apt1, a system of n + 3r
linear algebraic equations of the form is obtained:

n+1 m m
> ai [Z i (xz)%(;g;)] = yip; () (3.5)
k=0

i=—1 k=0

for j =—-1,0,1,....,n,n+ 1.
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©i(si) =4h3
pi(si) =0
@/ (si)) =-12h

8i-2 Si-1

Si Si+1 8i4+2

Fig. 4. Basis functions ¢;(x).

This is a system of n+ 3r linear algebraic equations. Solving this system enables the determi-
nation of the coefficients of the function f in formula (3.1). In problems related to approximating
the vehicle’s trajectory, the values of the function f(x) and its derivatives at the beginning and
end of the approximation interval are generally known, which enables the determination of up
to 6 coefficients among a_1, ..., a,+1. To account for cases where the approximated path is not
a function in the mathematical sense, the following procedure was applied.

If the points (z§, y5), ..., (z5,, ¥5,) are sufficiently dense, the distance traveled by the vehicle
can be approximately calculated as follows:

i 2 2
5= \/<xj — x;.,l) + (y;f - y;tl) : (3.6)
j=1

Assuming the vehicle speed is greater than zero, the values s{ form an increasing sequence.
Therefore, the coordinates = and y can be treated as functions of the variable sss (in the
mathematical sense). To determine the approximating functions z(s) and y(s), two problems
analogous to the one presented above need to be solved, assuming;:

and y; = xf when calculating the coefficients of the function z(s), (3.7)

e
i
¢ and y; =y when calculating the coefficients of the function y(s).

It is necessary to take into account the initial and boundary conditions for each of the
functions x(s), y(s).

4. Own MPC/B algorithm for selecting the front wheel steering angle §(t)

We assume that the nonlinear equation describing the dynamics of the autonomous vehicle
takes the form:

where M(q) — inertia matrix, q, q — vectors of vehicle coordinates and velocities, §(t) — function
describing the steering angle trajectory of the vehicle’s front wheels (to be determined). It is
assumed that the vehicle’s path and velocity profile are known. The integration interval (0,7")
for the equations of motion (4.1) is divided into subintervals of length

At = mh,, (4.2)
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where h. — the integration step of the equations of motion, m. — the multiple of the integration
step.
Assuming that at ¢t = ¢y the steering angle is known:

do = d(ty) (4.3)
and the initial conditions:

@ =q(ty),  do=dlty)- (4.4)
The sought value of the steering angle is denoted as

Om = 0(ty + At) = 6(tm) (4.5)
which changes linearly over the interval (to,ty + At) = (to, t,,) according to the relation:

Om — 0o
At

It is assumed that the quantity J,, should minimize the expression:

5(t) = o + (t — to). (4.6)

A2 (5m) = Cg7y [(xc,m - -rT,m)2 + (qu - yT,m)2:| + C(Sp [wm - ¢T,m]2
T,y . . 2 . . 2 i . 2
+ Cl |:(-Tc,m - -TT,m) + (yc,m - yT,m) } + Cl [d’m - wT,m] y (47)
where T = Ze (tm), Yeon = Ye (tm), ¥Um = ¥(ty). They are the coordinates of the vehicle’s
center of mass and its yaw angle, calculated using the vehicle dynamics model at time ¢,,,
whereas 7, = 27 (tm), Yr.m = y1 (tm), V1.m = Y7(tm). They are the desired path coordinates
and the tangent angle to the vehicle trajectory, calculated according to the path approximation
algorithm at time ¢,,.
To calculate A2 (d,,), the equation of motion (4.1) must be integrated with §(¢) defined
by (4.6). The quadratic form (4.7) reaches its minimum when:

OA? (5771) . Y axc,m 8yc,m W 81/}7”
T = 2{00 [(wc,m - xT,m) 98 + (yc,m - yT,m) 95 :| + CO (wm - wT,m) W
x . . O cm . . 0Ye,m
+ Cl v |:(xc,m - xT,m) aé + (yc,m - yT,m) %é :|
) i O,
+CY (Y — drm) g{s} —0, (4.8)

where % peEN= {xc,m, Yesms Yms Tems Yems wm} is the derivative of the function p with respect
to 6 for t = t,,.

To calculate these quantities in this paper, the five-point finite difference method was applied,
assuming:

@ P (60 — 201m) — 8p (90 — ) + 8p (60 + Im) — p(do + 26,
00 5=6.m 126,,

. (4.9)
To calculate % for p € Qt, it is therefore necessary to quadratically integrate the equation
of motion (3.7); in the interval (tg,t,).
The 6, is determined using Newton’s successive approximation method, assuming;:

. . (Gm)
50 g, 80 = glimn) _ 2il0m) 4.10
° i (6m) ( )
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where

_ 10A? (9m) res oy 97 (0m)
=5 85 Vi (@n)*T-

The iterative process was conducted until one of the conditions was met:

1= IMAX;

zzggg' < EPS, (4.11)

where iyax and EPS are quantities defining the maximum number of iterations and the absolute
error in determining the d,,, respectively.
The derivative of 7/ (0,,) was also calculated using the five-point finite difference method.
In summary, to determine §,,, it is necessary, according to the proposed algorithm, to inte-
grate the equations of motion (4.1) over the interval (tg,,,) at most:

N = iyaxOtimes. (4.12)

5. Simulation research

Simulation studies were performed for a loop in which the trajectory (Fig. 5) is described by
the formulae:

{ z = asin(s),

y = asin(s) cos(s),

where a = 50.

(a) 60 — (b) 60 :
E 50}ttt | B | |-~ 3 DoF pure pursuit
> [ A = — 3 DoF MPC/B
] S e S 501 Path [T
40| e — —
| . e
| N e
—— 3 DoF pure pursuit | 10b 7777777777777777777 77777777777777777
— 3 DoF MPC/B 3 3
o — Path
-60 N R S N T R T R R B 0 1 1
-60 -50-40-30-20-10 0 10 20 30 40 50 60 -60 -40 -20 0
z [m]  [m]

Fig. 5. Trajectory for the implementation of the “loop” maneuver: (a) total; (b) enlargement.

The execution time for the entire maneuver is ¢t = 39s, and the total distance is 304 metres.
A constant speed of v = 28 km/h was assumed.

In the present task, the constants Cy*Y and C]"Y are taken as 103 and 102, while the constant
L4 needed for the PP algorithm to work properly as 0.05.

The trajectory shown in Fig. 5 indicates that there is little difference between control us-
ing the PP algorithm and the proprietary algorithm. The proposed algorithm is slightly more
accurate. Due to the small differences, the figure does not show the results of the calculation
using the dynamics model with 10 DoF. The maximum values of the mapping error are shown
in Table 2.



778 M. Brzozowski

Table 2. Mapping error.

Dynamics model Steering algorithm
PP | MPC/B
3 DoF 0.298 0.098
10 DoF 0.409 0.384

The results indicate a higher accuracy of the proposed algorithm, especially when combined
with a low complexity vehicle dynamics model. Figure 6 shows the course of the steering angle.
The MPC/B algorithm determined a slightly larger steering angle than the PP algorithm. The
maximum difference was 1.64°.

— 3 DoF MPC/B
0 — = 3 DoF pure pursuit

(a) (b)

6 [°]

-10

-12

— 3 DoF MPC/B | -14
— = 3 DoF pure pursuit

0 10 20 30 40 _160 5 10 15 20

¢ [s] t[s]

Fig. 6. Diagram of the course of the steering angle: (a) total; (b) magnification.

6. Results and discussion

Among the most popular vehicle control methods are: geometric, model-based (optimization)
and machine learning. Developing control methods that ensure path realization is an important
research problem. This paper compares the classical geometric algorithm PP with the proprietary
MPC/B algorithm, which belongs to the group of MPC algorithms based on a model of vehicle
dynamics. The proposed algorithm is more accurate than the PP algorithm. It has additional
advantages, such as the ability to be used with any dynamics model or to be tuned for specific
requirements. A weakness is the moderate computational efficiency. For the presented “loop”
maneuver, the computation time with the PP algorithm was 2.14s for MPC/B 4.94s. Table 3
shows a synthesis of the conclusions and a comparison of the PP algorithm with the proposed
own algorithm.

Table 3. Comparison of the PP algorithm and own algorithm MPC/B.

. PP MPC/B
Dynamics model
Does not use Any of the following may be used
Choice of constants Limited tuning ability | Trajectory or yaw angle tuning possible
Precision Moderate High
Numerical effectiveness High Moderate

In future work, it seems expedient to compare the proposed algorithm with a standard MPC-
type algorithm.
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The influence of the honeycomb diameter and straightener length on performance was investi-
gated. Velocity profiles were measured using a hot-wire anemometer, and pressure losses were also
recorded. The straighteners were placed 10D downstream of the fan. Measurements were conducted
at Reynolds numbers of 10000, 15000, 30000, 45000. Additionally, two methods were proposed to as-
sess the influence of straighteners on the shape of the velocity profile. The results showed that at
Reynolds numbers of 10000 and 15000, straighteners had only a minor effect on reducing turbulence
intensity and relaminarizing the velocity profile. In contrast, at higher Reynolds numbers, their im-
pact was significant.

Keywords: pressure drop; Fanning friction factor; head pressure losses; channels; inner flow.
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1. Introduction

Stream straighteners are simple devices used in ventilation ducts, HVAC systems, jet en-
gines, industrial pipelines, scientific research, tanks, and overflow vessels. They are designed to
correct unexpected and unwanted flow profile effects, often caused by the absence of required
straight sections upstream and downstream of the measurement point. Also known as stream
conditioners, these devices reduce hydraulic entrance length and decrease turbulence intensity,
enabling the required velocity profile. Some types of stream straighteners have been described
in (International Organization for Standardization, 2022). However, due to their simple manu-
facturing process, the most common flow straighteners are those in the shape of a honeycomb
(Hruz et al., 2020).

The earliest paper on flow straighteners found is the one by Bradshaw (1965). He cited
earlier work (from 1959), but access to it could not be obtained. He investigated wind tunnel
screens. Lumley and McMahon (1967) demonstrated that this straightener significantly reduced
turbulence intensity. Tan-Atichat et al. (1982) proposed using screens and grids to decrease
turbulence, showing that an appropriately selected screen and a grid (acting as a turbulence
generator) could shorten turbulence decay distance by a factor of four. Groth and Johansson
(1988) examined a cascade of the screens in a wind tunnel and concluded that using a major
loss factor as an efficiency determinant was incorrect since different screen arrangements with

Ministry of Science and Higher Education
Republic of Poland

This publication has been funded by the Polish Ministry of Science and Higher Education under the Excellent
Science II programme “Support for scientific conferences”.

The content of this article was presented during the 61st Symposium “Modelowanie w mechanice” (Modelling in
Mechanics), Szczyrk, Poland, March 2-5, 2025.


http://jtam.pl
http://jtam.pl
https://doi.org/10.15632/jtam-pl/208484
https://orcid.org/0000-0003-2652-5414
https://orcid.org/0000-0002-8777-1080
mailto:emil.smyk@pbs.edu.pl

782 E. Smyk et al.

varying major loss factors could yield the same turbulence reduction. Laws (1990) introduced
a new type of straightener/conditioner featuring holes of different diameters in the outer and
inner rings. He suggested that the minimum straightener length should be D /8, where D is the
channel diameter, and noted that straightener length does not significantly affect performance.

Xiong et al. (2003) compared two perforated plates and a tube bundle, showing that per-
forated plates act as turbulence grids, producing homogeneous and quasi-isotropic turbulence
more efficiently than tube bundles. The turbulence field does not reach equilibrium even at
a downstream position of 50 diameters. Saunders et al. (2004) tested honeycomb straighteners
with screens in a wind tunnel and, like Xiong et al. (2003), found that turbulence initially in-
creased downstream of the flow conditioners before decreasing. Hamzah et al. (2021) numerically
investigated a honeycomb straightener in a wind tunnel and found that straighteners improved
flow parameters, increasing the usable test. However, they simulated the straightener as a porous
medium, making their results applicable only to simulation.

Kithnen et al. (2018) demonstrated that flow relaminarization can be achieved by reducing
wall shear using two specially designed passive conditioners. El Drainy et al. (2009) studied
tangential vortex induction behind the Zenker plates, showing that tangential velocity depends
on plate thickness and disappears with increased straightener length. Sun et al. (2023; 2025)
investigated the role of the honeycomb in the relaminarization of the synthetic jet. They show
that the honeycomb straightener can reduce the periodic and random velocity fluctuation even in
periodic phenomena such as synthetic jets. They also pointed out the need to properly select the
length and diameter of the straightener. Jurga et al. (2024) investigated honeycomb straighteners
both upstream and downstream of an elbow. Their studies demonstrated that the straightener
suppresses the secondary flow generated by the elbow and positively influences the velocity
profile. Flow through an elbow is one of the fundamental types of configuration analyzed in the
literature, for example, in (Dutta et al., 2025; Smyk et al., 2024).

Kiithnen et al. (2018) suggest that the objective of flow relaminarization is to minimize energy
consumption, given that laminar flow results in reduced losses compared to turbulent flow.
Apart from reduced flow losses, a symptom of laminar flow is the shape of the velocity profile,
expressed by Prandtl’s power law formula (Salama, 2021). Kithnen et al. (2018) also suggest
that a paraboloidal velocity profile indicates relaminarization of the flow. Flow relaminarization
is achieved by locally increasing shear stresses (Jurga et al., 2024; Kiithnen et al., 2018), and
can be classified as a passive flow control method. Flow straighteners are similar in design to
filters and consist of small channels (Kaminski et al., 2025). These can also be used as stream
straighteners. Passive flow control methods involving the local increase of shear stresses are also
employed in external flows (Drozdz et al., 2025; Klotz et al., 2024), where the objective is to
attain an optimal velocity profile shape.

In the analyzed papers, the straighteners were investigated mainly in wind tunnels and the
turbulence and profile disturbance were generated very often by the grid. Flow straighteners are
mainly used in pipelines, and based on the literature, it is difficult to indicate an unambiguous
way of designing and the scope of application of straighteners. For example, to determine what
Reynolds numbers of flow they should be used for. The purpose of this article is to discuss the
influence of the channel diameter and length of honeycomb straighteners on their performance.
The study also used a different vortex generator than in the remaining literature, as it was an
axial fan, which is more consistent with the structure and characteristics of real-life cases of
using straighteners in industry. The data were presented in a manner that makes it possible to
create a numerical model and extend the research to additional cases.

2. Materials and methods

The impact of the honeycomb straighteners on flow parameters was assessed using a test
channel equipped with measurement devices, as shown in Fig. 1. Honeycombs were manufac-
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Axial fan

Honeycombs
Pressure difference measurement
HWA probe Delta OHM TP705

Fig. 1. Test channel schematic with the measurement equipment.

tured with 3D print technology with polylactide acid (PLA) and placed in the straight channel
1000 mm behind the axial fan (Soler&Palau TD-250) controlled by a Soler&Palau REB-1 speed
controller. The fan acted as a turbulence generator. To evaluate the effect of straighteners on
the flow parameters, the velocity profile in the channel was measured using a MiniCTA 55T30
hot-wire anemometer (HWA) with a 55P16 single-wire probe and a NI19215 data acquisition de-
vice. Velocity profiles were measured 1000 mm downstream of the honeycomb. The anemometer
was calibrated for velocity measurements ranging from 1.5m/s to 26 m/s. Temperature cor-
rection was applied, and the velocity measurement accuracy was within £6 % of the reading.
The HWA probe was placed 1 mm behind the channel outlet, and positioning was performed
using a micrometer screw. The inner diameter of the pipe (channel diameter) was D = 100 mm,
and the outer diameter of the pipe was Dyyt = 103 mm. The pressure drop on the honeycomb
was measured with the differential pressure probe Delta OHM TP705-10MBD (the measure-
ment range was 1000 Pa, the accuracy was +0.5 % of full scale, and the measurement resolution
was 1 Pa) connected to Delta OHM DH 2124.2 pressure meter. The pressure drop was measured
at a distance of 1000 mm, as shown in Fig. 1. Mean velocity was determined using an Airflow
LCA501 air velocity meter (measurement range: 0.25m/s-30m/s, accuracy: £1 % of reading)
placed 1500 mm upstream of the fan.

Measurements were conducted for six honeycomb straighteners and a control channel without
straighteners. The parameters of the honeycomb straighteners are presented in Table 1. They
covered four different Reynolds numbers Re = 10000, 15000, 30000, 45000, calculated as

UD

R 2.1
=", 21)

where U is a mean velocity [m/s], and v is a kinematic viscosity equal of v = 15.16 - 10~ m? /s
for the air temperature of 21 °C and the air humidity of 37 %.

Table 1. Dimensions of the honeycomb straighteners.

Case Honeycomb diameter d Honeycomb side length a Straightener length L
[mm] [mm] [mm]
Without - - -
D10L5 10 5.77 5
D10L10 10 5.77 10
D10L20 10 5.77 20
D10L40 10 5.77 40
D5L20 5 2.89 20
D20L20 20 11.55 20
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Velocity profiles were measured directly at the fan outlet and at a distance of 1000 mm
behind the fan (where the straighteners were installed to illustrate canes in flow parameters
within a straight channel).

The velocity measurement with the HWA was conducted at a sampling frequency of f =
50kHz for 1s at each measurement point. This setup allowed both velocity and turbulence
intensity measurements. The mean velocity (U), standard deviation of the velocity (Upys) and
the turbulence intensity (7T'u) of the flow were determined as

N
1 1
= =~ i rms — ~ 4 T 27 Tu = s 2.2
U N;u U, N_lz(u U) u=-7 (2.2)

i=1

where u; is a measured velocity series sample [m/s], N is the number of series samples (N =
50000).

This study investigated the impact of honeycomb straighteners on the velocity profile. To
analyze this effect, Prandtl’s power law formula was applied, which describes the velocity profile
in turbulent flow (Salama, 2021):

U:ax - (1 _ ;)Un, (2.3)

where Upax is the maximum velocity value [m/s], r is the radial distance from the axis (see
Fig. 1) [m], R is a channel radius (R = D/2 = 50mm), n is an exponent depending on the
Reynolds number. The exponent n was calculated for each measured velocity profile in such
a way as to satisfy the relationship:

1 2
(UQ Z (U(T)experimental - U(T)theoretical) ) — 0, (2'4)

max

where Utheoretical Was calculated from Eq. (2.3). The Solver add-in in Microsoft Excel was used
to find the value of exponent n.

3. Results

3.1. Profiles in a straight channel

Figure 2 presents the velocity profile measured directly on the outlet of the fan (Fig. 2a),
1000 mm downstream of the fan (Fig. 2b), and 2000 mm downstream of the fan (Fig. 2¢). The
change in the velocity profile shape and the turbulence intensity with increasing distance from
the fan was evident for all Reynolds numbers. The velocity profile becomes more rectangular
as the distance from the fan increases. Additionally, for Re = 10000 a distinct rounding of
the profile near the duct wall is observed. Generally, higher Reynolds numbers correspond to
flatter velocity profiles (Salama, 2021). However, as shown in Fig. 2c, the velocity profiles for
Re = 10000 and 15000 appear flatter than those for Re = 30000 and 45000. This discrepancy is
attributed to greater irregularities in the velocity profile at high Reynolds numbers compared to
lower ones. It is expected that using a longer channel would result in further profile flattering
at high Reynolds numbers.

As expected, higher Reynolds numbers correspond to increased turbulence levels. The highest
turbulence intensity was observed near the walls and was due to shear effects (Hwang, 2024).
The turbulence intensity near the wall, relative to the duct axis, is evident for Re = 10000,
15000, and 30000. However, for all cases, turbulence intensity decreased with increasing distance
from the fan. The change in turbulence intensity at the duct axis between the fan outlet and
2000 mm downstream is as follows: from 2.78 % to 0.86 % for Re = 10000; from 3.68 % to 0.52 %
for Re = 15000; from 17.84 % to 5.85 % for Re = 30000; from 13.52 % to 5.93 % for Re = 45000.

The direct correlation between turbulence intensity and the Reynolds number confirms the
feasibility of using a duct fan as a vortex generator in the flow.
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Fig. 2. Velocity (left) and turbulence intensity (right) in the outlet of the fun (a),
1000 mm behind the fun (b), and 2000 mm behind the fun (c).

3.2. Profiles at different straightener lengths

Figure 3 presents the velocity and turbulence profile measured 1000 mm downstream of
a straightener for different straightener lengths and Reynolds numbers. At low Reynolds num-
bers (Figs. 3a and 3b), the impact of the straightener is minimal, with velocity profiles remaining
nearly identical regardless of the straightener’s length or presence. In terms of turbulence inten-
sity, minor yet noticeable changes were observed. A significant reduction in turbulence intensity
was detected near the duct wall at Re = 10000. At this Reynolds number, turbulence inten-
sity decreased for all tested straightener lengths. However, the change was not substantial, as
turbulence intensity remained below 1% even without a straightener. At Re = 15000, no tur-
bulence intensity was observed near the wall. However, for straighteners of 10 mm or longer,
a decrease of approximately 0.25 percentage points in turbulence intensity was noted near the
axis (—0.4 <r/D < 0.4).
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Fig. 3. Velocity (left) and turbulence intensity (right) profile at different Reynolds numbers
and straightener lengths: (a) Re = 10000; (b) Re = 15000; (c¢) Re = 30000; (d) Re = 45000.

The use of the honeycomb straighteners had a significant influence on the shape of the
velocity profile at Re = 30000. The longer the straightener, the more rounded and less squared
the measured velocity profile becomes. This is evident from the reduced velocity values near
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the duct walls (r/D > £0.4). Turbulence intensity near the axis decreased for all investigated
straighteners — by about 1 percentage point for L10D5, and approximately 4 percentage points
for the remaining configurations. However, an increase in turbulence intensity near the duct

walls was observed for D10L5 and D10L40.
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and honeycomb diameters: (a) Re = 10000; (b) Re = 15000; (¢) Re = 30000; (d) Re = 45000.
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At Re = 45000, the impact of honeycomb straighteners on the velocity profiles was similar
to that at Re = 30000. Again, longer straighteners resulted in more rounded velocity profiles,
while the L10D5 configuration produced a noticeably asymmetric profile. Turbulence intensity
decreased for all cases except the shortest straightener D10L5. Along the axis, the reduction in
turbulence intensity decreased by about 3.03 percent point in the case of L10D10, 3.91 percent
point in the case of L10D20, and 4.10 percent point in the case of L10D40. The profile asymmetry
observed in the D10L10 case was reflected in its turbulence intensity.

3.3. Profiles at different honeycomb diameters

The velocity and turbulence intensity profiles at different Reynolds numbers and honeycomb
sizes are presented in Fig. 4. At Re = 10000, the straighteners had no significant impact on either
the velocity or turbulence intensity profiles. A slight decrease in both velocity and turbulence in-
tensity was observed near the duct wall. The smaller the honeycomb, the lower the turbulence
intensity, although the difference was minimal. At Re = 15000, the velocity profile was more sym-
metrical in ducts equipped with honeycomb straighteners. The turbulence intensity near the duct
axis decreased by approximately 0.25 percentage points, regardless of honeycomb size.

At Re = 30000, the use of the honeycomb straightener influenced the velocity profile and
turbulence intensity similarly across all honeycomb diameters. The velocity profile became more
rounded, and turbulence intensity decreased by approximately 4 percentage points. Comparable
results were obtained at Re = 45000. The measurement for the D5L20 was not included in
Fig. 4d, as the experimental setup shown in Fig. 1 could not maintain a uniform flow for the
duration required to capture the velocity profile data for this configuration.

3.4. Pressure drop on the straightener

Figure 5 shows the pressure drop measured over 1 meter of the duct where the straighteners
were installed. The lowest pressure drop was recorded for the empty channel while the installa-
tion of any straightener resulted in increased hydraulic resistance. However, at Re = 10000, the
drops were similar across all tested configurations. The lowest pressure drop was obtained for
the D20L20 straightener. In general, a smaller honeycomb diameter corresponds to a higher pres-
sure drop. The pressure drops for D10L20, D10L10, and D10L40 were identical, indicating that
increasing the straightener length did not significantly affect the pressure loss. However, for the
shortest straightener D10L5, higher losses were noted. These results indicate that, in addition to
the typical pressure drop associated with the presence of shear stresses at the wall-air interface,
straighteners can generate other disturbances that cause pressure drops. The research method-
ology used in this paper cannot indicate the nature of these phenomena. The highest pressure
loss was shown for the D5L20 straightener, i.e., the straightener with the smallest diameter of
the honeycomb.
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Fig. 5. Pressure drop in a honeycomb straightener for different Reynolds numbers.
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4. Discussion

Figure 6 presents the relationship between axis turbulence intensity and the type of straight-
eners used. In all cases, the use of the honeycomb straightener resulted in a reduction in axial
turbulence intensity. However, at low Reynolds numbers (Re = 10000 and Re = 15000), the
reduction was minimal — 0.6 percentage points — regardless of the straightener configuration.
Therefore, the use of flow straighteners at low Reynolds numbers appears unjustified. Despite
their ineffectiveness, they introduce significant pressure losses in the system — exceeding 200 %
at Re = 15000 for the D05D20 configuration (Fig. 5).

(b)
6.5
—s—Re = 10000 < 6.0 —a—Re = 10000
--o-Re = 15000 = 5.5 --o-Re = 15000
-o--Re = 30000 S ZQ «eRe = 30000
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3.5
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2.5
Qrereeenrnieniaiennans, Qreernrsenressnneseieesiiees ] %(5) > ° <
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~B=--______ P —* 88 Q@------------------- hd
30 40 0 5 10 15 20
Straightener length L [mm] Honeycomb diameter d [mm|]

Fig. 6. Axis turbulence intensity for straighteners with different lengths (a) and honeycomb diameter (b).

At Re = 30000 and Re = 45000, the straighteners reduced turbulence intensity by more
than 60 %. The reduction in turbulence increased with the straightener length up to 20 mm,
after which it stabilized. The lack of impact of the stream straightener was observed from length
10 mm at Re = 30000. It should therefore be assumed that the higher the Reynolds numbers, the
longer straighteners are required to achieve effective flow conditioning. The increase in honey-
comb diameter did not affect the turbulence intensity at Re = 30000. However, when increasing
the diameter to 20mm, the axial turbulence also increased at Re = 45000. These findings
indicate that smaller honeycomb diameters are more effective in reducing turbulence. It is im-
portant to note, however, that smaller honeycomb diameters also result in higher pressure losses
(Fig. 5). Therefore, a honeycomb diameter of 10 mm appears to offer the best balance between
performance and pressure drop.

4.1. Velocity profile analysis

A suitable method for quantifying the impact of straighteners on the velocity profile has not
been established. Kiihnen et al. (2018) investigated flow relaminarization at Re < 6000, while
Marensi et al. (2019) examined the impact of velocity profile flattening on drag reduction. The
use of flow straighteners resulted in increased pressure losses (Fig. 5). However, the accurate
measurement of pressure drop in the duct is challenging — especially at short distances — due to
the need for highly precise instrumentation. Therefore, we propose an alternative approach based
on evaluating the exponent n, calculated under the condition defined in Eq. (2.4). The values of
exponent n derived from the measured velocity profiles are presented in Table 2. It is commonly
assumed that n = 7 corresponds to fully developed turbulent flow (Salama, 2021). However, as
shown in Table 2, the actual n values that best fit the experimental data are considerably higher.
The values of n and the changes between them during the use of the straighteners only slightly
reflect the observable changes in the shape of the velocity profiles. Therefore, Fig. 7 presents
the percentage changes of the exponent n for the flow straighteners. Since the velocity profile
is a function of the parameter 1/n, the percentage change of parameter n presented in Fig. 7
was calculated as follows:
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1 1
PCn = W’ (4,1)
Nwithout

where Nyithout 1S an exponent calculated for the velocity profile measured in the duct without
straighteners, and n; is an exponent calculated for the velocity profile measured in the duct
with straighteners.

Table 2. Exponent n calculated for velocity profiles.

Case
Reynolds number
Without | D10L5 | D10L10 | D10L20 | D10L40 | D5L20 | D20L20

10000 55.09 65.97 47.76 46.41 39.48 47.38 44.29

15000 50.97 54.94 37.22 37.17 34.52 34.92 21.25

30000 13.93 10.86 8.44 8.37 6.78 7.80 6.52

45000 9.50 8.47 5.28 5.28 5.26 - 5.28
(a) (b)
g =120 —a—Re = 10000 --o-Re = 15000 W 2= e Re=10000 --o-Re = 15000
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Fig. 7. Exponent n for different velocity profiles obtained for straighteners with different lengths (a)
and honeycomb diameter (b).

The strongest impact of straighteners on the flow was observed at Re = 30000 and 45000.
The percentage change in the exponent n was similar for all straighteners longer than 5 mm
(Fig. 7a). In contrast, at Re = 10000 and 15000, the percentage change of the exponent n
was negative — indicating that the value of the exponent n increased and the velocity profile
became less laminar and more turbulent. These findings are consistent with the results reported
by Xiong et al. (2003), who demonstrated that short straighteners (e.g., screens) initially cause
an increase in turbulence level. For straighteners with different honeycomb diameters (Fig. 7b),
an improvement in the velocity profile shape was observed in all cases. The highest percentage
change in the exponent n occurred at Re = 15000, with a honeycomb diameter of d = 20 mm.
Although this change is barely visible in the velocity profile (Fig. 4b), it is noteworthy that the
use of the straightener reduced the n value from approximately 50.97 to 21.25. This is a large
percentage change, but for high n values, it has little impact on the shape of the velocity profile.

The proposed method, based on the analysis of the exponent n, is relatively difficult to
interpret. Therefore, an alternative approach is proposed, based on the kinetic energy correction
factor, which can be calculated using the following formula:

E 1 5
o= real _ / < U(T) > dA, (42)
FEigear A UMEAN
A
where E' is the kinetic energy of the flow [J], A is a cross-section area of the duct A = ”TD2 m?,

UnmEeAN is a mean velocity in the duct [m/s].
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Teleszewski (2018) showed that the kinetic energy correction factor is equal to 2 for the
laminar flow, and approaches a value of 1 for fully turbulent flow. For this reason, it serves as
a useful parameter for assessing changes in the shape of the velocity profile, which is directly
related to the distribution of kinetic energy in the flow. Additionally, Teleszewski (2018) showed
that the kinetic energy correction factor changes significantly within the Reynolds number range
from 0 to 5000 (a(Re = 0) = 2 and a(Re = 5000) ~ 1.2), but beyond this range the change is
minimal a(Re = 20000) ~ 1.1. Therefore, this parameter may be well-suited to evaluating the
effect of a straightener on the flow profile. The calculated kinetic energy correction factors are
presented in Fig. 8. For Reynolds numbers of 10000 and 15000, the use of a flow straightener had
no noticeable effect on this parameter. This observation aligns with the velocity profile analysis,
which also indicated minimal influence of the straighteners on the velocity profiles at these
Reynolds numbers (Figs. 3a, 3b and Figs. 4a, 4b). The longer the straightener and the smaller
the honeycomb diameter, the higher kinetic energy correction factor is observed at Re = 30000
and 45000. The largest increase in the parameter change is observed for the length of 10 mm and
the diameter of 5mm. At Re = 30000 and d = 10 mm, a decrease in the kinetic energy correction
factor was observed.

L6 o Re = 10000---Re = 15000 g L
Ll4 ' ..e.Re = 30000 ——Re = 45000 1.12
112 110 —a—Re = 10000
1.10 108 --o--Re = 15000
08— S o ' ~e-Re = 30000
W06 o Lo — —Re = 45000
104 | e PO J— 104 ) G—
1.02 Qraneeneeet 1.02 4
1.00 (o e O EE T  EE Y, PP PP S e e =Q 1.00 @m======-" g--------- Q@=======-=---=-=--"--—--= -9
0.98 0.98

0 10 20 30 40 0 5 10 15 20

Straightener length L [mm] Honeycomb diameter d [mm]

Fig. 8. Kinetic energy correction factor for different velocity profiles obtained for straighteners
with different lengths (a) and honeycomb diameters (b).

An increase in the Reynolds number led to a decrease in the exponent n and an increase in
the kinetic energy correction factor for cases without straighteners. While in a fully developed
flow, the opposite trends would typically be observed and expected. However, in the present
study, the flow is not fully developed, and shear stresses play a dominant role in altering the
flow characteristics. As the Reynolds number increases, so does shear stress, resulting in a more
rapid development of the velocity profile. This, in turn, influences the measured values of both
the exponent n and the kinetic energy correction factor.

4.2. Minor loss coefficient of straighteners

Based on the measured pressure drop (Fig. 5), the major loss coefficient of the duct (Fig. 9a)
and the minor loss coefficient of the straighteners (Fig. 9b) were calculated. The methodology
for calculating loss coefficients is described in papers and several sources (Asker et al., 2014).
The minor loss coefficient of the straighteners was found to depend on the Reynolds number;
however, no clear trend was observed. The highest minor loss coefficient was observed for the
DO05L20 straightener, while the lowest was for D20L20. The coefficients for D10L10, D10L20,
and D10L40 straighteners were similar and, unexpectedly, lower than the shortest straightener
D10L05. This suggests that the length of the straightener has a relatively minor influence on flow
resistance. The D10L05 configuration may induce flow disturbances downstream, particularly at
high Reynolds numbers, leading to additional losses. However, this hypothesis should be further
validated using flow visualization techniques or particle image velocimetry (PIV). Among all



792 E. Smyk et al.

—
o

Nas?
—~
o
~

<
o
34

1.6
= g —o—D20L20 —%—D10L05
.g i '©14 -a-DI0L10 —=—D10L20
& 02 . = -0 -D10L40 ——DO5L20
g \ f,= 9581 Re’l18! g 1.2
It \ R2 = 0.9763 2 1
2 0.15 \ ]
= . 50.8
2 01 > g
g0 L S 0.6
Sy 0.4
0.05 %o
”””” X 0.2
0 0
0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
Re Re

Fig. 9. Major loss factor in a straight duct (a) and the minor loss coefficient of straighteners (b).

parameters, the honeycomb diameter appears to exert the greatest influence on the minor loss
coefficient.

It should be noted that the straightener reduces the cross-sectional flow area by introducing
additional resistance surfaces — specifically, the front walls of the honeycomb cells. In the cases of
D10L05, D10L10, D10L20, and D10L40, the reduction in flow area is identical, which explains the
similar minor loss coefficients observed. The total wall surface area is the lowest for the D20L20
configuration and the highest for D0O5L20. This is due to maintaining the same wall thickness
of 1mm for all straighteners, rather than maintaining a constant flow area. Therefore, future
research should include tests on straighteners with identical geometric dimensions (diameter and

length) but varying wall thicknesses to better understand the influence of wall geometry on flow
resistance.

5. Conclusions

The hot-wire anemometer was used to measure velocity profiles in a straight duct, both with
and without a honeycomb straightener. Measurements were taken 1 meter downstream of the
straightener and 2 meters downstream of the axial fan, which served as a turbulence generator.
Additional measurements were also conducted at the fan outlet and 1 meter downstream of the
fan. This study investigated the influence of the straightener length and honeycomb cell diameter
on turbulence intensity, velocity profile, and pressure drop. Two methods were proposed to
analyze the effect of the straightener on the velocity profile: the first is based on changes in the
exponent n, while the second one utilizes the kinetic energy correction factor.

Based on the presented results and discussion, the following general conclusions can be drawn:

— the use of straighteners is primarily justified at high Reynolds numbers (Re = 30000,
45000), where the turbulence intensity is high and its decrease is most significant;

— straighteners influence the flow velocity profile at high Reynolds numbers, making it more
parabolic and less rectangular — an effect referred to as flow relaminarization. The change
in the profile shape can be quantified by analyzing the exponent n or the kinetic energy
correction factor;

— even very short stream straighteners can reduce the level of flow turbulence, although as

the straightener length increases, the reduction in turbulence intensity may increase (up
to a certain point);

— as the honeycomb diameter increases, the straightener efficiency decreases;

— the honeycomb diameter has a greater influence on flow resistance than the straightener

length. Notably, short straighteners (I = 5 mm) can induce higher pressure losses compared
to longer ones.
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The results presented in this study can serve as practical guidelines for the design of stream

straighteners. The comprehensive dataset - including velocity and turbulence intensity profiles —
can support further simulations aimed at extending this research. The analytical methods used
to assess the velocity profile shape, such as the exponent n and kinetic energy correction factor,
can also be compared with other approaches, including those based on major loss coeflicient
analysis. Finally, this study highlights promising directions for further research.
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This work analyzes the effect of fatigue on the microhardness of the fracture plane of bronze
samples. The analysis will be based on tests under conditions of cyclic bending, cyclic torsion,
and two combinations of bending and torsion of samples made of RG7 bronze. All tests were
performed at zero mean stress. The fracture plane was divided into a grid at 0.4mm intervals,
and local microhardness values were determined. On this basis, contour lines of microhardness
were determined. The analysis of these contours on the surface showed that the most significant
increase in the maximum microhardness in relation to the starting material was obtained for the
static tension and cyclic bending tests. However, for the combination of cyclic bending and torsion,
a minimal influence of shear stress in the maximum microhardness was obtained.
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1. Introduction

The relationship between strength and hardness of a material is well known. This also applies
to the influence of material hardness on fatigue life. This influence can be found in numerous
publications. Some papers also propose full formulas in which the fatigue strength (fatigue
strength limit) is a function of hardness, or even, on this basis, full fatigue characteristics can be
determined. The test results of the Ni alloy samples showed that as the size of the crystallites
decreased, the experimental fatigue life of the samples increased (Sriraman et al., 2007). This
is due to the increase in the Vickers hardness (HV) value. In (Bandara et al., 2016), the S-N
fatigue characteristics in the range from small to gigacycles for steel with a tensile strength not
exceeding 1400 MPa were derived and verified. This characteristic is an empirical characteristic
based on the Brinell hardness (HB) of the analyzed steel and has the typical form for this range,
i.e., the letter S as presented, among others, in (Kurek et al., 2019). It was verified on the basis of
fatigue tests with different cycle asymmetry coefficients for samples with and without a notch. In
(Assi & Alkalali, 2021), the analysis of 5 steels and 5 aluminum alloys revealed that the fatigue
limit in these two material groups depends linearly on HB.

Gorzen et al. (2022) found that there is a linear relationship between the fatigue limit and
HYV, based on fatigue tests of five steels: X0.5CuNi2-2, X21CuNi2-2, 42CrMo4, 100CrMnSi6-4,
and C50E.
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Roessle & Fatemi (2000) proposed the deformation characteristics as a function of HB. This
relationship is a quadratic function due to the hardness in the following form:

Ae  4.25HB + 225

0.32 HB? — 487 HB + 191000
2 E +

IN —0.09
(2Ny) i

(2N;) 050, (1.1)

In (Shamsaei & Fatemi, 2009), for 1050 steel in three different states, which resulted in
3 different hardnesses (198, 360, and 565 HB) and different fatigue characteristics, an analogous
expression to Eq. (1.1) was proposed, except that it is dependent on shear deformation on HB
by modifications of the Fatemi—Socie model for multiaxial load condition:

APYmax <1 + ]{;O-n’max> _ 637 HB + 338 (2Nf)_0'09
Oy FE
0.55 HB2 — 842 HB + 331000 _
+ (2Ny) 7%, (1.2)
E
where
k = (0.0003 HB + 0.0585) (2N )" (1.3)

Other methods have also been proposed, including those based on the ultimate tensile
strength, i.e., op:
— Mitchell model (Mitchell, 1996):

op = 3.45HB, (1.4)
— Roessle-Fatemi model (Roessle & Fatemi, 2000):

op = 0.0012HB? + 3.3HB, (1.5)
— Baumel-Seeger recommendation and Kloos—Velten model (Kloos & Velten, 1984):

op=329HV —47 for HV <445, (1.6)

op=4.02HV — 374 for HV < 445, (1.7)

— method proposed in (Shiozawa & Sakai, 1996):

_ HV - 1.837

_ 1.8
o5 0.304 (1.8)

Li et al. (2015) summarized the relationships between fatigue strength and ultimate stress
as well as hardnesses expressed by HV, HB, and HRC (Rockwell hardness). The list of 14 linear
or square relationships between fatigue limit and the same hardness was made on the basis of
proposals from the literature on testing such materials as: steels and aluminum, copper, titanium,
and magnesium alloys for the first relationship, and steel (Pang et al., 2014) and Cu-Be alloy
(Pang et al., 2013) for hardness. The proposed dependencies in the hardness function are simple,
linear or square mathematical functions of the hardness of the analyzed materials.

James et al. (2009) found that hot spot strain in a welded joint is a linear function of HV
versus residual strain. This, in turn, has a linear (double-logarithmic) effect on the experimental
life time.

Xin et al. (2021) proposed the four-parameter Bandara stress fatigue characteristic for welded
joints (Bandara et al., 2015; 2016):

0o = a(Ny+ B)° +¢, (1.9)
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where the coefficients a, B, and ¢ were determined based on various physical quantities, including
the HV of the tested material. The exponent b was assumed as constant, equal to —0.20.

Kondo et al. (2003), based on measurements and analyses, showed that the stress intensity
factor is linearly dependent on the HV according to the following equation:

AKy, = 3.3-1073(HV + 120) (y/area) /. (1.10)

The exceptions in the literature are two papers examining the effect of fatigue on the hardness
of the material. The first work is Pavlou’s (2002) research. Based on the tests of aluminum alloy
2024-T42, a linear dependence of the increase in HV was shown, depending on the number
of cycles (n) for the given cycle amplitude. It has been shown that the degree of damage is
a function of HV, depending on the number of cycles, i.e., stress:

D(n,o) =HV(n,o0). (1.11)

The second paper examining the effect of fatigue on the hardness of the material was written
by Rogachev et al. (2023) on the effect of the Cu—Zn alloy material. In this case, a sheet of this
bronze with a thickness of 3 mm has undergone technological alternating bending. As a result
of such a process, deformations in the elastic-plastic range changed in the processed element.
The starting material had a microhardness of 99 HV. After the technology used, the average
cross-sectional hardness increased to 124 HV. The greatest strengthening, to the level of 130 HV,
was observed on the outer surfaces, where the greatest deformations occurred, and the smallest
in the central part. There, the hardness increased to 118 HV.

No more papers analyzing the effect of fatigue on hardness have been found. It seems that the
task opposite to what was presented in the review of the literature on the problem under con-
sideration may also be interesting from the cognitive point of view. During the fatigue process,
the material undergoes deformation, and significant plastic deformations occur locally. These
deformations can determine the microhardness variables. This process, in the case of tension-
compression, may be less interesting due to the homogeneous nature of both strain and stress.
However, in the case of stress and strain gradients, this process can be particularly noticeable.
It appears that the simplest fatigue tests, followed by microhardness analysis, can be conducted
on the basis of tests under conditions of cyclic bending, cyclic torsion, and a combination of
cyclic bending and torsion. At the same time, a fractographic and topographical analysis of the
fractures obtained should be carried out. In this way, we will get a picture of the hardness and
surface quality for different combinations. It seems that such an image may define a previous
load. Therefore, the resulting image in the combination of topography and hardness determines
the previous fatigue load.

The aim of this work is to analyze the effect of fatigue on samples made of RG7 bronze on
the microhardness on the fracture plane with cracks. The analysis was performed on the basis
of cyclic bending, cyclic torsion, and two combinations of proportional bending and torsion at
zero mean stress.

2. Experimental research

Experimental studies concern the RG7 copper alloy (other designations are, for example,
CuSn7Zn4Pb7, CCI93K), where the elastic modulus £ = 92.14 GPa. This material is charac-
terized by very high ductility (Hong, 2018; Lim et al., 2009; You & Miskiewicz, 2008; Maltecka
et al., 2023), like most materials where the main component is copper. The static properties
of the tested and analyzed bronze are characterized by the yield point o, = 120 MPa, ultimate
stress o, = 270 MPa (Malecka & Lagoda, 2024).

Fatigue tests will be performed on samples without a geometric notch of the “diabolo” type
(Fig. 1) for pure symmetrical plane bending, pure double-sided torsion, and two combinations
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32
a

- -

Fig. 1. “Diabolo” type specimen’s dimensions: (a) working drawing;
(b) photo of the sample after fatigue tests.

of proportional bending with torsion in relation to the amplitudes of stresses from torsion and
bending, 0.5 and 1. This means:

7o = 0.50, Ty = Og. (2.1)

For the fatigue tests, a stand designed and made at the Opole University of Technology was
used. Details of the operation of this stand can be found, among others, in (Malecka & Lagoda,
2024). The main principle of operation of this station is to spin the unbalanced mass, which in
turn gives strength. This force, on the other hand, acts on the arm and results in a cyclically
varying torque. This moment can, in effect, be split into any combination of alternating bending
and torsional moments. Assuming elasticity, it can be stated that the tests are carried out under
stress control. This allows the testing of materials for any combination of proportional cyclic
bending and torsion.

Fatigue tests will be carried out so that the minimum fatigue life is at a high load level,
giving a maximum of approx. 50000 cycles and a minimum load of at least 1000000 cycles (close
to the fatigue limit). On this basis, Basquin fatigue characteristics (based on 18-20 specimens
for every characteristic) written in double-logarithmic scale will be determined for each material
in the form of

log Ny = Ay — mglogog (2.2)
or
log Ny = A; —m; log 7. (2.3)

In the case of cyclic bending and two combinations of cyclic bending and torsion, according
to Eqs. (2.1), the coefficients appearing in Eq. (2.2) are as follows: 4, = 26.26, m, = 9.09 for
cyclic bending; A, = 24.47, m, = 8.85, and A, = 25.24, m, = 10.64 for a combination of cyclic
bending and torsion.

In the case of torsion, the coefficients in Eq. (2.3) are: A, = 38.34 and m, = 15.38.

The nanohardness tester (Fig. 2a) (Derda et al., 2022), and the distribution of microhard-
ness in the cross-section of the damaged material will be presented. Additionally, an optical
microscope was used (Fig. 2b). Static and uniaxial tensile-compression tests were performed on
a standard INSTRON fatigue stand.

An important characteristic of construction materials is their hardness, which depends on
properties such as ductility, stiffness, plasticity, deformability, and strength of the tested ma-
terial. As part of the research, hardness distribution contour lines will be determined on the
cross-sections of samples, both in the initial state and after being subjected to fatigue tests.
The assessment of changes in the properties of the tested materials will be carried out based
on Martens hardness measurements, which are a hardness testing method based on continuous
measurement of force as a function of displacement. Unlike standard methods, which include
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(a) (b)

Fig. 2. Research devices: (a) nanohardness stand PICODENTOR HM 500 produced by Helmut Fischer;
(b) optical microscope.

the Brinell, Rockwell, and Vickers methods, it is not based on a hardness reading from the mea-
surement of the surface area of the indentation formed under the influence of a given force, but
on a computer analysis of the obtained penetration curve. The measurement result is presented
in the form of a loading and unloading curve as a function of the force applied to the indenter
from the depth of penetration. Based on the obtained results, it will be possible to determine
the stiffness of the sample read from the loading curve, the instrumental modulus of elasticity
(approximately equal to the modulus of elasticity of the material), instrumental hardness, work
of deformation (energy of elastic and plastic deformation of the material), etc. The tests will be
performed using a system for measurement of nano- and microhardness according to the Martens
method, in accordance with the PN EN ISO 14577 standard, PICODENTOR HM 500 (Fig. 2a)
equipped with WIN-HCU software, which allows the use of forces applied to the indenter in the
range of 0.005 mN-500 mN.

3. Microhardness measurements

Hardness measurements were made on selected (best suited to the fatigue characteristics)
samples according to Table 1. For various bending-torsion combinations, samples (23, 44, 58, 21)
were selected for a durability of approximately 500000 cycles. In addition, the sample was an-
alyzed and not subjected to any load in the conditions of uniaxial static stretching and cyclic
stretching-compression.

Table 1. Summary of sample numbers, number of cycles to failure and load method.

Sample Number | Ny (cycles)
Withouth loading 00 -

Static tension 02 0.5
Tension-compression 06 5924

Ta =0 23 571257

04 = 0.57, 44 776838

Oq = Ta 58 522700

0q,=0 21 481710

Metallographic sections for macroscopic examinations and microhardness measurements were
made from samples after fatigue tests, and the test surface was a cross-section perpendicular to
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the axis of the sample at a distance of up to 3 mm from the obtained fracture. The samples were
cut on a disc cutter with intensive cooling, and then embedded in a plastic mass. The samples
prepared in this way were ground manually on abrasive papers of decreasing gradation (#350,
#600, #800, #1200, #2000) and then mechanically polished on synthetic cloths using a water
suspension of aluminum oxide (Al2O3). Finally, the samples were polished on a vibratory polisher
and chemically etched with a reagent for etching copper and its alloys (HCl+FeCls+H20) to
eliminate the effect of surface strengthening after metallographic preparation. The prepared
microsection is shown in Fig. 3a and Fig. 4a.

()

Fig. 3. Bronze sample in the initial state: (a) macro image with the micro observation point marked;
(b), (c) bronze microstructure over 50x and 200x.
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Fig. 4. Sample for microhardness testing: (a) macro-photo of the micro-section before microhardness
measurement; (b) measurement scheme (500 to 600 points depending on the sample).

(b) BN Surface after interpolation - Measurement point
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Microhardness HV 0.05
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Fig. 5. Sample before loading (00): (a) macroscopic photo of the micro-section surface before
microhardness measurement; (b) microhardness contour lines on the surface of the micro-section.
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Fig. 6. Sample (02) after the static tensile test: (a) macroscopic photo of the scrap surface; (b) macroscopic
photo of the crack direction; (c¢) macroscopic photo of the micro-section surface before microhardness
measurement; (d) microhardness contour lines on the surface.

220
200
180
160

140

Microhardness HV 0.05

120

100

2 [mm]|

Fig. 7. Sample (06) after the tensile-compression test: (a) macroscopic photo of the scrap surface;
(b) macroscopic photo of the crack direction; (¢) macroscopic photo of the micro-section surface be-
fore microhardness measurement; (d) microhardness contour lines on the surface.
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Fig. 8. Sample (23) after the cyclic bending test: (a) macroscopic photo of the scrap surface; (b) macro-
scopic photo of the crack direction; (c¢) macroscopic photo of the micro-section surface before microhard-
ness measurement; (d) microhardness contour lines on the surface.
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Fig. 9. Sample (44) after cyclic bending with torsion test o, = 0.57,: (a) macroscopic photo of the scrap

surface; (b) macroscopic photo of the scrap surface before microhardness measurement; (¢) microhardness
contour lines on the surface.



Effect of fatigue on the microhardness of scrap cross-sections after cyclic bending. .. 803

220

200

180

160

140

Microhardness HV 0.05

120

100

9 10

Fig. 10. Sample (58) after the cyclic bending test with torsion o, = 7,: (a) macroscopic photo of the

scrap surface; (b) macroscopic photo of the crack direction; (¢) macroscopic photo of the micro-section
surface before microhardness measurement; (d) microhardness contour lines on the surface.
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Fig. 11. Sample (21) after the cyclic torsion test: (a) macroscopic photo of the scrap surface; (b) macro-
scopic photo of the crack direction; (c¢) macroscopic photo of the micro-section surface before microhard-
ness measurement; (d) microhardness contour lines on the surface.
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The structure of the analyzed samples is typical for tin-lead bronzes, in which the « solid
solution with the eutectoid phase (a4 §) occurring in the interdendritic spaces and lead precip-
itates can be identified (Figs. 3b and 3c). Microhardness measurements were carried out using
the Martens method, for which a Vickers indenter was used, which was loaded with a force of
500mN (50g) for 20 seconds. Measurement points were made as described in Fig. 4b.

Figure 5b and part (d) of Figs. 6-11 show the contour lines of the microhardness distribution
for individual samples, i.e., the initial state (00), after the static tensile test (02), after the tensile-
compression fatigue test (06), after cyclic bending (23), cyclic torsion (21), a combination of
bending and torsion with a proportionality factor of 0.5 (44) and a proportionality factor of 1 (58)
in combination with the image of the obtained fractures (part (a) of Figs. 5-11) along with the
direction of the crack (part (b) of Figs. 6-11) and macrostructure (Fig. 5a and part (c) of
Figs. 6-11). Pictures were taken with an optical microscope at a magnification of about 20x.
In the case of cyclic bending (Fig. 8), a significant local increase in hardness can be observed,
which is probably due to static fracture at this location.

Figure 12 shows the minimum, average, and maximum values of microhardness obtained for
individual samples.

© HViean

Microhardness HV 0.05

00 02 06 23 44 58 21
Sample number

Fig. 12. List of microhardness for individual tested samples.

4. Analysis of the obtained measurement results

Table 2 presents the average microhardness values of the tested samples, taking into account
the minimum and maximum values in the analyzed areas, shown in Fig. 5b and part (d) of
Figs. 6-11. In addition, the maximum increase in microhardness in relation to the maximum
microhardness of the unloaded sample was summarized. The maximum increase was obtained
for the static tensile and cyclic bending tests. Then the deformations were the greatest, and
locally the most significant hardness increase occurred. A relatively large increase in microhard-
ness also occurred in the case of stretching and the combination of cyclic bending and torsion
with small shear stresses. The smallest increase in maximum microhardness occurred in the case
of a combination of bending and torsion with significant shear stresses.

Table 2. List of minimum, maximum, and medium microhardnesses HV.

Sample HViin | HVimax | HVmean | Max increase HV oy [%)]
00 Without loading 91 138 114 -
02 Static tension 109 212 174 54
06 Tension-compression 111 181 148 31
23 Bending 7, = 0 99 218 126 57
44 0q,=0.5-7, 92 176 113 28
58 Og = Ty 94 151 113 9
21 Torsion o, =0 97 165 124 20

In the case of sample 00 (no load condition — starting material), the hardness of the sample
oscillated in the range of 91 HV-138 HV and was clearly related to the heterogeneity of the
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material structure, which can be seen in Fig. 5b. The largest increase in the average hardness
in relation to the initial sample (00) (114 HV), which is 53% (174HV), was recorded for the
sample after the static tensile test (02). Additionally, for this sample, the maximum hardness of
212 HV was obtained, i.e., an 85 % increase compared to the average hardness of the sample in
the initial state, and it was located mainly in the central part of the cross-section. In the case
of the sample that was subjected to the cyclic tensile test with compression (06) and subjected
to bending (23), a systematic decrease in average hardness was observed, to the respective values
of 148HV and 126 HV, but these values are higher than the hardness of the initial sample by
30 % and 10 %, respectively. In all cases, the fracture formed was perpendicular to the axis of
the sample (part (b) of Figs. 6-8), and the maximum hardness was identified in the areas where
cracks were initiated (part (a) of Figs. 6-8).

The samples after the bending and torsion tests carried out at different loads (44 and 58) were
characterized by an average hardness at the same level as in the case of the sample in the initial
state (00) and both amounted to 113 HV. However, the maximum hardness in the analyzed areas
was 176 HV and 151 HV, respectively, and it was identified near the edge of the sample (Fig. 9d
and Fig. 10d). In the last case, i.e., the bending sample (21), there was a slight, 9% increase
in the average cross-sectional hardness (124 HV); however, the maximum hardness, at the level
of 165 HV, was identified in different cross-sectional areas (Fig. 11d). A different nature of the
resulting breakthroughs was also observed. In the case of samples subjected to bending with
torsion, the fracture was formed at an angle of approx. 70°-75° to the axis of the sample, while
in the case of torsion, this angle is approx. 50°.

5. Conclusions

The measurement and analysis of the microhardness of the RG7 bronze fracture plane showed

that:

— every static or fatigue damage causes an increase in microhardness in relation to the
unloaded material;

— the greatest increase in microhardness occurs at the point of the greatest unloading in the
presence of a stress gradient;

— the highest increase in maximum microhardness was obtained for the static tensile test
and for cyclic bending (in these cases, we are dealing with the largest surface on which
destruction occurs at the initiation stage);

— the smallest increase in maximum microhardness was obtained for the combination of
cyclic bending and torsion with a significant shear stress coming from torsion.
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This paper investigates the potential for longitudinal vibration energy recovery in a seat sus-
pension system through the implementation of a brushless direct current (BLDC) motor. The work
focuses on two states of system operation. The first one is when an electric motor works as an
actuator in the powering mode to withstand horizontal forces. The second one occurs in the regen-
erative mode when the kinetic energy of the system is partially converted into electricity. Within
the scope of the presented study, the efficiency of the energy regeneration process under random
vibration conditions of different intensities is investigated experimentally. Measurement results are
presented in the form of vibration transmittance functions for a suspension with energy regeneration
compared to a conventional passive and fully active system.
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1. Introduction

One of the main areas of current studies in mechanical and electrical engineering is energy har-
vesting from vibrating systems. The process by which mechanical energy produced by system or
ambient vibrations is transformed into useable electrical energy is the basis for the phenomenon.
It can be utilized to lower the system’s overall energy consumption or to power (Paul et al., 2021)
self-sufficient technology, like IoT in case sensors (Shrestha et al., 2022; Rehman et al., 2024).
Electrostatic, piezoelectric and electromagnetic solutions are the main techniques for recovering
energy from vibrations. Their characteristics vary, affecting their range of applications, imple-
mentation constraints and efficiency. Both active (Hoi¢ et al., 2024) and semi-active (Wei &
Pang, 2023) seat suspension systems can take advantage of recuperative braking. As stated in
(Sun et al., 2018), the PMSM motor, serving as an electromagnetic damper, is mounted to the
vehicle body and the unsprung mass. By connecting motor phases in different series-parallel
resistor configurations, this solution offers semi-active control of the seat suspension system and
enables the control of the suspension damping force through an external circuit with resistors
and MOSFET drivers.

This paper expands on the concept of utilizing a brushless direct current (BLDC) motor as
a force generator to counteract seat suspension forces or as an energy harvester in the regen-
erative braking mode. In summary, harnessing supplementary energy from operational devices
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is a superior alternative to utilizing conventional batteries as a power source for equipment,
as it yields a lower overall energy value delivered to the system, thereby enhancing the energy
utilization coefficient and reducing operational costs.

2. Model of horizontal seat suspension and hardware implementation

Figure la illustrates a physical representation of a horizontal seat suspension system fea-
turing an active control mode and an energy harvesting device. The passive system comprises
two tension springs operating in opposing directions, facilitating the establishment of a static
equilibrium position for a seat suspension burdened by the suspended mass. A hydraulic damper
is utilized to diminish the amplitude of resonant vibrations in the passive system. This system
operates effectively under low-friction conditions, facilitated by needle bearings in the suspen-
sion mechanism. Additionally, the seat suspension is equipped with end-stop buffers that restrict
movement to a maximum displacement of the suspension system. The active system comprises
an induction motor for active vibration control (active motoring mode) and for energy harvesting
(regenerative braking mode). Figure 1b illustrates the actual experimental apparatus employed
to evaluate the vibro-isolation characteristics of the seat. The seat is affixed to a test rig equipped
with mechanical components that replicate actual vibrations and forces. Dimensions of the sus-
pension mechanism are as follows: length 425 mm, width 255 mm, height 225 mm. Its unsprung
mass, in turn, is about 8 kg and the sprung mass is approximately 7 kg. The configuration com-
prises sensors and actuators to assess the reaction of the seat to vibrations, guaranteeing that
the active suspension system can efficiently lessen undesirable oscillations.
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Fig. 1. Physical model of horizontal seat suspension system with active motoring and regenerative braking
(a) and set-up for experimental investigation of the vibro-isolation effectiveness (b).

Energy harvesting occurs solely when the intended active force Fy,ot exhibits a sign contrary
to the relative velocity @ — &4 of the suspension system (where & represents the velocity of seat
and Z4 denotes the velocity of input vibration). In the opposite situation, the vibration reduction
system operates by drawing electricity from an external energy source. To generate an active
force, a brushless three-phase electric motor cooperates with the system for harvesting energy
from mechanical vibrations (Fig. 2). The motor operation is controlled by a dedicated controller
that regulates parameters based on input signals, such as torque and rotation direction. The
analogue regenerative braking signal, originating from the system controller, is converted into
a digital form by a microcontroller. Then, one of five signals generated in this process (ST, ST5,
STs, STy, STs) is used to control one of the braking resistor groups (Ri, Ra, Rs, R4, Rs5) via
MOSFET transistors.
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Fig. 2. Hardware implementation of the energy recovery braking subsystem.

The intensity of regenerative braking is regulated through the binary selection of one of five
braking resistor groups with resistances of: 0.1 for Ry, 0.158Q for Ro, 0.222 for R3, 0.330Q2
for R4, and 0.47€) for Ry that was determined experimentally to obtain proportionally vary-
ing braking force values (lower resistance is equal to higher braking force). Resistor groups are
connected to the phases of the BLDC motor. At any given moment, only one resistor group is
activated, allowing control over braking force and achieving various levels of energy recovery.
The selection process provides straightforward regulations, although it may limit the smooth
adjustment of braking force in real-time. The switching time between resistor groups is a key
factor influencing system efficiency, as it determines the responsiveness to changes in the regen-
erative braking signal. The induced currents and voltages on the BLDC motor braking resistors
are recorded by the data acquisition system, enabling their analysis and potential optimization
of the energy recovery process.

3. Experimental research

Figure 3 shows white noise excitation signals, which were used to excite the dynamic response
of the tested system. Figure 3a presents the time course of the displacement. All three signals
exhibit a similar random character, but there are slight differences in amplitude. The waveforms
are characterized by maximum deflections in the range of £0.025 m. Figure 3b shows spectra of
the same signals in the frequency domain. Their energy is distributed across a frequency band
up to 10Hz. The differences in power spectral density (PSD) levels indicate variable excitation
intensity in individual samples. The research detailed in the paper was conducted using these
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Fig. 3. Displacement of the random input vibration (a) and the PSD of acceleration signal (b)
at different excitation intensities (WN1-WN3).
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signals, and each test was carried out for a duration of three minutes. The tests are performed
by using the mass load up to 80kg. It directly loads the seat (reproducing upper part of the
human body) that reflects the mass of a person weighing approximately 105 kg since the operator
supports himself with his limbs.

Figure 4 presents the transmissibility functions of passive (Figs. 4a, 4b), active (Figs. 4c, 4d),
and regenerative (Figs. 4e, 4f) seat suspension systems under different excitation intensities
(WN1-WN3) and mass loads (40 kg and 80kg). The transmissibility is plotted against the fre-
quency (0Hz-10Hz), which is the key range for ride comfort analysis. The passive seat suspen-
sion system in Fig. 4a (WN1 (40 kg) versus WN3 (80kg)) shows that at low excitation intensity
(WN1) with a smaller load (40kg), the transmissibility is slightly lower at resonance approx.
1Hz—2Hz, the red line, compared to the heavier load (80kg) and higher excitation intensity
(WN3), the blue line. Both curves exhibit a clear resonance peak around 1Hz-2Hz, typical of
passive systems. Transmissibility decreases beyond the resonance frequency in both cases, but
faster in the case of WN3 (80kg). Figure 4b shows the case WN1 (80kg) versus WN3 (40kg).
The clear peak transmissibility is higher for the smaller load (40kg) with a higher excitation
(WN3), the blue line, than for the heavier load (80kg) with a lower excitation (WN1), the red
line. This is characteristic for very low frequencies (below 1 Hz). Behind this range both curves
exhibit a clear resonance peak around 1 Hz—2 Hz, with a slight shift (towards 2 Hz) of the max-
imum value for the WN3 (40kg) configuration. This indicates sensitivity of passive systems to
mass and excitation changes.
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Fig. 4. Transmissibility functions of the passive (a)—(b), active (c)—(d), and regenerative (e)—(f) seat
suspension system at different excitation intensity: WN1-WN3, and at various mass loads: 40 kg-80 kg.

In Fig. 4c the active seat suspension system response is presented, where two configurations
WNI1 (40kg) versus WN3 (80kg) are compared. The resonance peak is notably reduced com-
pared to passive systems, showing active damping effectiveness. Overall lower transmissibility,
especially at 1 Hz—3 Hz, is observed. The system performs better at lower excitation and lighter
mass (red line) but still controls vibration effectively at higher intensity and mass. For the
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configuration WN3 (80kg), the active system seems to perform better above 6 Hz. Figure 4d
(WN1 (80kg) versus WN3 (40kg)) shows a similar trend, i.e., active control reduces transmis-
sibility across frequencies. The clear peak far above the transmissibility value of 1 occurs for
the configuration WN1 (80kg). Slight variations in performance depend on load and excitation,
but overall stability is maintained. The regenerative seat suspension system is shown in Fig. 4e
for configurations WN1 (40kg) versus WN3 (80kg). It is comparable to the active system in
terms of reduced resonance peaks. It maintains lower transmissibility at mid and high frequen-
cies (3Hz-10Hz) and shows good performance even at higher mass and excitation. In Fig. 4f
(WNT1 (80kg) versus WN3 (40kg)), resonance damping is slightly less effective than the purely
active system but better than the passive one. This shows balance between damping and energy
recovery without significant compromise in comfort.

The values in Table 1 provide numerical insights into the regenerative performance (in terms
of RMS current and power) of a regenerative seat suspension system under varied excitation
intensities (WN1-WN3) and mass loads (40 kg-80kg). These results correlate directly with the
transmissibility trends shown in Figs. 4e, 4f, offering a combined perspective on both ride comfort
and energy harvesting potential.

Table 1. Numerical values of the regenerated RMS current and RMS power at different excitation intensity:
WN1-WN3, and at various mass loads: 40 kg—80 kg.

Mass load
Input vibration 40kg 60 kg 80kg
RMS current | RMS power | RMS current | RMS power | RMS current | RMS power
WN1 1.020 A 2.130 W 1.152 A 2.428 W 1.195 A 2.613 W
WN2 1.714 A 4.229 W 1.849 A 4.584 W 2.061 A 5.735 W
WN3 2.338 A 6.401 W 2.502 A 7.009 W 2.654 A 7.692 W

In Table 1, the proportional effect of excitation intensity (from WN1 to WN3) is seen in that
both RMS current and power increase monotonically with higher excitation, across all mass
loads. This is expected as higher excitation introduces more energy, allowing the regenerative
system to harvest more. The effect of the mass load (from 40kg to 80kg) is noticed as well
because RMS current and power increase with heavier loads for each excitation level.

4. Conclusions

This research clearly demonstrates that active and regenerative suspension systems outper-
form passive systems in maintaining lower transmissibility across frequencies and under different
mass and excitation conditions. Overall, heavier mass increases inertial forces, causing greater
relative motion in the suspension system and leading to higher energy recovery. The increase is
nonlinear but consistent, suggesting the system scales well with input energy and mass. Even un-
der high excitation, the regenerative system maintains low transmissibility, indicating again the
balance between comfort and power generation. Subsequent efforts will concentrate on enhancing
the ratio of recovered energy to energy consumed during operation. This will be accomplished by
enhancing the control algorithm and optimizing the electrical system that manages the transition
between power and braking states.
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Hyaluronic acid (HA) is the main biopolymer used in intra-articular injections for osteoarthri-
tis (OA). HA is usually applied at 1-3mg/mL, though the optimal level remains unclear. The pur-
pose of this study was to determine the effect of HA concentration on the friction in osteoarthrosis.

Samples from the osteoarthritic head of a human femur and porcine controls were tested in
a pin-on-plate setup. The results showed a statistically significant effect of HA concentration on the
friction in a group of porcine cartilage. In a group of osteoarthritic cartilage, such a relationship
did not occur. This comparison highlights that degeneration limits HA’s effect.

Keywords: osteoarthrosis; hyaluronic acid; joint friction; tribology; biomechanics.
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1. Introduction

Osteoarthritis (OA) is caused by aging joints and is increasingly influenced by lifestyle
choices, lack of physical activity, and a diet based on highly processed foods (Allen & Go-
lightly, 2015). It is one of the main causes of functional disability. It can occur in all joints, but
the effects of OA of the hand, knee, hip and spine are usually considered the most dangerous.
The symptoms of this disease include joint pain, stiffness, and difficulty in movement. This is the
result of changes in the structure of the articular cartilage, which loses its physiological shape,
structure, and properties. As a result of these changes, pain occurs during movement, resulting
in limited mobility for patients (Burr & Gallant, 2012; Aitken et al., 2020). In order to improve
mobility in the affected joint, supplementation with hyaluronic acid (HA) preparations is often
used to relieve pain and improve its lubricating conditions (Gaumet et al., 2018; Turajane et al.,
2007). HA is a component of synovial fluid (SF) responsible for the proper functioning of joints.
In a healthy joint, HA has lubricating and shock absorbing functions, reducing friction between
surfaces. HA provides the joint lubricant with high viscosity and elasticity, which protects it
against mechanical overload. Various authors have analyzed the effect of HA concentration and

Ministry of Science and Higher Education
Republic of Poland

This publication has been funded by the Polish Ministry of Science and Higher Education under the Excellent
Science II programme “Support for scientific conferences”.

The content of this article was presented during the 61st Symposium “Modelowanie w mechanice” (Modelling in
Mechanics), Szczyrk, Poland, March 2-5, 2025.


http://jtam.pl
http://jtam.pl
https://doi.org/10.15632/jtam-pl/210752
https://orcid.org/0000-0002-2886-0040
https://orcid.org/0000-0002-3516-4764
https://orcid.org/0000-0002-1418-247X
https://orcid.org/0000-0002-3399-6129
https://orcid.org/0009-0001-2211-1444
mailto:adam.mazurkiewicz@pbs.edu.pl

816 A.J. Mazurkiewicz et al.

molar mass on the coefficient of friction (CoF) of articular cartilage. De Roy et al. (2024) and
Snetkov et al. (2020) showed that cartilage friction is mainly determined by its microscopic struc-
ture, while viscoelastic properties are additionally related to macroscopic structure. Viscoelastic
and frictional properties showed a weak correlation. Caligaris et al. (2009) studied the effect
of OA degeneration on the friction coefficient value. They assessed friction on seven specimens
with a degeneration stage <2 and nine specimens >2 <3 on the ICRS scale. They found no
statistically significant differences between the friction coefficient value and the degree of OA.
Neu et al. (2010) investigated that CoF of femoral cartilage samples correlates positively with
the severity of OA. These results are not consistent, in addition these studies were conducted
on HA solutions produced under laboratory conditions, not on HA preparations used for SF
supplementation by injection into the joint.

The aim of the study: In clinical practice, the most commonly used preparations contain
between 1 mg/mL and 3 mg/mL of hyaluronic acid. However, from a medical point of view, there
are no clear recommendations for injecting a preparation containing a specific concentration
of HA (Snetkov et al., 2020; Jin & Dowson, 2013). The study conducted here was designed to
answer how the concentration of hyaluronic acid in an HA preparation for injection into the joint
affects the reduction of cartilage friction. The lubrication efficacy of preparations with different
hyaluronic acid contents was evaluated based on the value of the friction coefficient between the
articular cartilage and surgical stainless steel.

2. Material and methods

2.1. Material

The study used 18 osteoarthritic cartilage samples taken from 9 heads of osteoarthritic human
femur. Two cylindrical specimens of 10 mm in diameter and 15mm in height were taken from
each head. The femoral heads were obtained from patients undergoing hip replacement.

A single freeze-thaw protocol was applied for sample preservation. The heads were imme-
diately frozen at —22°C after collection. Before examination, they were thawed for 8 hours at
23 °C, followed by sampling and examination. The storage protocol was selected based on the
findings of Szarko et al. (2010), who demonstrated that freezing articular cartilage at —20°C or
—80°C, followed by controlled thawing at room temperature, maintains the tissue’s mechanical
properties without causing significant changes.

Figure 1 shows the process of extracting samples for testing. The authors had permission
from the local ethics committee to collect and use the material for the study. As a lubricant,
a commercially available intra-articular injection product containing 2.2 % high-molecular-weight
hyaluronic acid was used. To obtain lower concentrations, the product was diluted with deionized
water.

(a) (b) (c) (d)

Fig. 1. Steps of sampling for testing: (a) osteoarthritic femoral head; (b), (¢) specimen extraction;
(d) collected sample.
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The control group consisted of 18 samples of pig cartilage taken from pig femoral heads.
The bones were obtained from a local slaughterhouse from pigs of the Polish White breed. The
heads cut from the bones were frozen immediately after slaughter. The samples were prepared
for testing and stored in the same way as human bones.

2.2. Friction coefficient measurements

The tests were conducted using the pin-on-plate method. In this method, an articular carti-
lage sample was mounted on a stationary pin, while a flat stainless steel counter-sample moved
in a rectilinear motion on a moving table. A lubricant containing HA was placed between the
samples. Compared with the pin-on-disk method, the principal advantage of the pin-on-plate
method is that it ensures a constant relative linear speed between the sample and the counter-
sample. In the pin-on-disk method, a stationary pin is in contact with a rotating disk. The
disadvantage of this method is that the linear velocity of relative motion between the samples
depends on the distance from the axis of rotation of the disk. The linear velocity of the subarea
of the sample located on the axis of the rotating disk is zero, whereas subareas farthest from
the axis of rotation have the maximum linear velocity. Therefore, the test using the pin-on-plate
method more closely reflects the real conditions of movement in the joint. The device used for
the study was described by Gordon et al. (2014).

ISO 7206 and ISO 14242 series of standards are frequently used standards for evaluating
the wear characteristics of hip implants. They specify methods of measurement, values of loads
used for testing, directions of application, environmental conditions of testing and others. Based
on an analysis of the parameter values recommended in these standards and those used by
other researchers (Furmann et al., 2020; Caligaris et al., 2009), a dedicated test program was
developed. The speed of movement between the two samples was 0.05 m/s, which corresponds to
slow walking (Furmann et al., 2020). Each test was divided into 5 cycles. Each cycle contained
2 steps: movement and rest. The movement time was 2 seconds followed by a 2-second break.
Therefore, one test contained 5 cycles of movement and rest. This was to reflect the way the
femoral head is loaded during walking, when it is loaded with body weight in the stance phase
and unloaded in the swing phase. The reciprocal pressing force of the samples was 10 N (Furmann
et al., 2020).

To lubricate the surfaces, preparations used for intra-articular injections containing HA at
concentrations of: 1.0 %, 1.5 %, 1.8 %, 2.0 %, and 2.2 % HA were used. The preparations did not
contain other substances that can affect the coefficient of friction.

3. Results

Tables 1 and 2 show the mean value of the coefficient of friction, median, standard deviation,
minimum and maximum values measured for the sample groups tested (pork cartilage and
osteoarthritic cartilage). Additionally, Fig. 2 presents these data as bar charts, which allows
a direct visual comparison between the two groups.

Table 1. Friction coefficient values for pork cartilage — stainless steel pairs.

HA concentration in lubricant
1.0% | 1.5% | 1.8% | 20% | 2.2%
Mean value of the friction coefficient, 1 | 0.019 | 0.016 | 0.015 | 0.013 | 0.012

Parameter

Standard deviation, SD 0.005 | 0.004 | 0.003 | 0.004 | 0.003
Minimum value 0.012 | 0.011 | 0.011 | 0.005 | 0.006
Maximum value 0.029 | 0.023 | 0.022 | 0.020 0.019

Median 0.019 | 0.016 | 0.015 | 0.013 | 0.0115
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Table 2. Friction coefficient values for osteoarthritic cartilage — stainless steel pairs.

HA concentration in lubricant

Parameter

1.0% | 1.5% | 1.8% | 2.0% | 2.2%

Mean value of the friction coefficient, ¢ | 0.033 | 0.031 | 0.029 | 0.028 | 0.026

Standard deviation, SD 0.007 | 0.007 | 0.004 | 0.004 | 0.007

Minimum value 0.021 | 0.021 | 0.024 | 0.021 | 0.019

Maximum value 0.044 | 0.042 | 0.037 | 0.035 | 0.040

Median 0.033 | 0.032 | 0.031 | 0.029 | 0.025

u 0.040 g [ Pork cartilage
0038 b [[] Osteoarthritic cartilage i

0.030
0.025
0.020
0.015
0.010
0.005

1.0 1.5 1.8 2.0 2.2
HA concentration [%]

Fig. 2. Effect of hyaluronic acid concentration on the friction coefficient (1) in porcine and osteoarthritic
human cartilage (means with SD error bars).

A statistical analysis of the results was carried out to assess the differences in friction coef-
ficients for lubricants with different HA contents. As a first step, the Kolgomorov—Smirnov and
Levene’s test was performed at a significance level of a = 0.05 to check the type of distribution of
results. In each sample group, the results had a normal distribution and equal variances. Further
analyses of the significance of differences in the coefficient of friction for lubricants with different
HA contents were performed using Anova’s one-way analysis at a significance level of a = 0.05.
Tukey’s test was used to determine which groups had statistically significant differences in the
mean values of the friction coefficient. The results of the statistical tests are shown in Tables 3
and 4. All analyses were performed using Statistica 13 software (StatSoft, PL).

Table 3. Tukey’s test results for the pork cartilage — stainless steel pair.

HA concentration | 1.0% | 1.5% | 1.8% | 2.0% | 2.2%
1.0% - NS S S S
1.5% - - NS NS S
1.8% - - — NS S
2.0% - - - - NS
2.2% - - - - -

An S value means that the difference in mean values between the two groups is statistically
significant. An NS value means that statistically, there is no difference between the mean values
in two particular groups.
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Table 4. Tukey’s test results for the osteoarthritic cartilage — stainless steel pair.

HA concentration | 1.0% | 1.5% | 1.8% | 2.0% | 22%
1.0% — NS NS NS NS
1.5% - - NS NS NS
1.8% — — - NS NS
2.0% - - - - NS
2.2% - - - - -

4. Discussion

The friction coefficient values obtained from the study for the pork cartilage-steel friction pair
were in the range of 0.019-0.012, while for human osteoarthritic cartilage, they were in the range
of 0.033-0.026. For pork cartilage, these values are in line with literature data, i.e., 0.005-0.02
(Furmann et al., 2020; Jin & Dowson, 2013). For osteoarthritic cartilage, these values are higher
than for healthy cartilage but comparable with results obtained by other authors (Caligaris
et al., 2009).

In both test groups, the average value of the coefficient of friction decreased as the concen-
tration of HA in the lubricant increased. However, statistical analyses showed that the effect of
HA concentration in the lubricant on the coefficient of friction was significant only for the pork
cartilage. No such relationship was found in the OA group. Porcine samples were the reference
group, as cartilage in samples from this group had no pathological changes. The use of human
articular cartilage without pathological features in the reference group was not possible due to
the lack of approval from the local ethics committee. Nevertheless, porcine cartilage is widely
accepted as a suitable model for human articular cartilage (Fackler et al., 2023). Furthermore,
the mechanical properties of swine cartilage, including stiffness under defined loading conditions,
have been reported to approximate those of human tissue, further supporting its application in
biomechanical evaluations (Ronken et al., 2012).

The statistically significant differences, or lack thereof, observed in the study can be ex-
plained at the molecular level. At this scale, the variation in concentration-dependent response
is primarily determined by the condition of the cartilage surface. In healthy tissue, densely
hydrated hyaluronic acid coils adsorb onto the phospholipid-rich superficial zone, forming elec-
trostatic interactions with both phosphatidylcholine head groups and the underlying collagen
network. This promotes the formation of a continuous hydration film that substantially reduces
friction. In contrast, degenerative changes associated with OA disrupt this lipid—protein interface
and expose denatured collagen fibrils, thereby limiting the availability of effective HA-binding
sites, which likely accounts for the absence of statistically significant differences observed in
osteoarthritic tissue. This interpretation is supported by findings from NMR-based compression
experiments, which showed that enzymatic degradation of the collagen fibrillar network leads
to mechanical softening and an almost complete loss of swelling capacity due to impaired fluid
pressurization and a disrupted pore structure (Greene et al., 2012). These structural alterations
reduce the tissue’s ability to interact effectively with HA and to maintain a functional lubrication
environment under load.

It is important to emphasize that certain methodological challenges are inherent to studies
involving biological tissues, such as cartilage. In the case of cartilage, as in the case of the study
of other tissues (Kohut et al., 2021; Aleksandrowicz, 2020), the evaluation of biomechanical
characteristics by methods used to test structural materials is not straightforward, and the
accuracy of measurement may be unsatisfactory. This is due to the specific characteristics of
the material, the difficulty of determining the actual way in which the tissue is loaded in the
body, and choosing the correct method of conducting the test.
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Cartilage lubrication in the joint occurs in two ways: by compression of the interstitial fluid
(Ateshian et al., 1998; Krishnan et al., 2004) and boundary lubrication by the SF (Schmidt et al.,
2007a; Schmidt & Sah, 2007b). Caligaris et al. (2009) showed that lubrication by compression
of interstitial fluid is usually much more effective than boundary lubrication by SF. During OA,
the structure of collagen fibers in the upper layers of the particle is damaged, and consequently,
its porosity and permeability are higher. Therefore, during cartilage deformation, the increase
in fluid pressure in the cartilage matrix with OA is not as great as in healthy cartilage.

In our study, the cartilage samples were 10 mm in diameter, while the steel counter-sample
was flat and smooth. Due to the spherical structure of the articular surfaces, it is impossible to
obtain relatively flat specimens with larger dimensions on which to perform a more accurate
test. The dimensions of the specimen made it difficult to obtain the correct fluid pressure in the
cartilage, due to the extrusion of fluid from the specimen and the lack of fluid flow throughout
the cartilage. This could also have affected the accuracy of the measurement.

The next factor to analyze was the speed at which the test was conducted. Tests were
conducted at the speed of reciprocal surface motion corresponding to slow walking, i.e., 0.05m/s.
At other speeds, due to the non-Newtonian nature of the fluid, the friction coefficient values may
be different.

Another factor is changes in morphology in the subchondral layer and the trabecular bone
that supports the cartilage. As a result of OA, the shape, structure, as well as mineral content
of these tissues may change (Cichanski et al., 2010; Topolinski et al., 2012a; 2012b). As a result,
the elasticity of the cartilage may also change.

Balazs (2004) showed that the intramedullary injection of HA improves the viscoelasticity
and fluidity of SF, alleviates the effects of OA, prevents symptoms of the disease, and allows
postponement of surgery. However, it is difficult to determine whether the concentration of
injectable HA affects the duration of effective impact. It is highly dependent on the individual
characteristics of the patient and many factors, such as the degree of joint damage, the patient’s
weight, and level of physical activity.

5. Conclusions

Frictional performance of articular cartilage reflects the interplay between tissue condition
and the properties of the lubricating medium. To provide a clear, application-oriented summary,
we evaluated how stepwise changes in HA concentration affect the coefficient of friction using
a standardized pin-on-plate protocol within a range relevant to viscosupplementation practice.

In pin-on-plate friction testing, increasing hyaluronic-acid concentration from 1.0 % to 2.2 %
was associated with a progressive reduction of the friction coefficient in porcine articular carti-
lage, with several pairwise comparisons reaching statistical significance. In osteoarthritic human
cartilage, friction remained consistently higher across the same concentration range and between-
concentration differences did not reach significance under the present protocol.

These findings, obtained within a concentration range commonly used in viscosupplementa-
tion, highlight the practical importance of reporting and controlling HA content in tribological
assessments. For non-degenerate tissue, higher HA levels can yield a tangible reduction in fric-
tion; for osteoarthritic tissue, adjusting HA concentration alone may be insufficient, suggesting
the value of exploring more physiologically representative lubricants or combined approaches.
Future work should expand the number of specimens per concentration and examine broader
loading and speed conditions.
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Inspired by the slight lift of bird feathers at the trailing edge under specific conditions, an
adjustable bionic flap (BF) was added to a vertical-axis wind turbine (VAWT) to improve its
aerodynamic performance. Numerical simulations using the SST turbulence model were conducted
to examine the BF’s flow control mechanism and how its geometry affects the VAWT’s power
coefficient. The results show that the BF can evidently improve the power coefficients of the VAWT.
Compared with the original VAWT, the power coefficient of the VAWT with an adjustable BF is
increased by 45.2% at A\ = 1.75.

Keywords: vertical axis wind turbine; bionic flap; aerodynamic performance; flow control.
@ Articles in JTAM are published under Creative Commons Attribution 4.0 International.
Unported License https://creativecommons.org/licenses/by/4.0/deed.en.
BY By submitting an article for publication, the authors consent to the grant of the said license.

1. Introduction

In recent years, the occurrence of severe weather and climate phenomena has been escalating
globally, predominantly attributed to the rise in global temperatures. A primary contributor
to this global occurrence is the reliance on mineral fuels, which emit significant amounts of
greenhouse gases. Transitioning away from mineral fuels presents one of the most significant
challenges of the 21st century. Consequently, wind power has garnered significant interest as
a prospective substitute (Rehman et al., 2023; McKenna et al., 2025).

Wind turbines are the primary apparatus used to harness wind energy. They can be di-
vided into two principal groups based on the orientation of their rotating shafts: horizontal-axis
wind turbines (HAWTSs) and vertical-axis wind turbines (VAWTs). VAWTSs present significant
advantages compared to HAWTs, including omnidirectional operation, improved structural scal-
ability, and enhanced system stability (Abdolahifar & Zanj, 2025). Owing to these advantages,
VAWTs are increasingly favored in urban, remote, and offshore settings. Nevertheless, VAWTs
are at present defined by their lower energy conversion efficiency in comparison with HAWTs.
Several attempts have been made to enhance the aerodynamic performance of VAWTs through
various flow control techniques (Zhao et al., 2022; Tayebi & Torabi, 2024). Many researchers
highlight the significance of applying these control methods near the blade’s leading edge to
impact the onset of flow separation. The vortex generator (VG) is a simple apparatus made up
of several mini plates, usually mounted on the suction surface of a blade airfoil near the lead-
ing edge. While the mechanisms of VGs on airfoils and HAWTs have been extensively studied,
relatively less research has focused on their application in VAWTs. Yan et al. (2019) proposed
the use of micro VGs with heights less than half of the boundary layer thickness for VAWTs.
Flow separation on a VAWT blade tends to happen alternatively on the suction and pressure
surfaces. A VG with excessive height can generate additional drag, which may undermine its
aerodynamic advantages. Zhong et al. (2019) proposed an innovative approach by replacing con-
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ventional VGs with an elevated rod positioned in front of the blade’s leading edge. Ullah et al.
(2020) used leading-edge slats to reduce the dynamic stall in urban VAWTSs at low wind speeds.

The leading-edge protuberance (LEP) represents another promising flow control technol-
ogy for VAWTSs, inspired by the unique design of humpback whale flippers. The effectiveness
of LEPs in suppressing flow separation significantly depends on various geometric parameters,
including wavelength and wave amplitude. Inadequate geometric parameters can adversely af-
fect the flow performance of a VAWT. Yan et al. (2021) discovered that the wave amplitude
plays a more critical role than the wavelength in enhancing aerodynamic performance. Fur-
thermore, Chang et al. (2024) examined the impact of spacing between protuberances on the
performance of biomimetic VAWT blades and reported that blades with long-wavelength LEPs
outperform those with short-wavelength counterparts. Consequently, the geometric parameters
of LEPs should be thoroughly designed for optimal application on VAWT blades. A crafted
blade equipped with leading-edge protuberances can substantially boost the power generation
of a VAWT at low tip-speed ratios (TSRs) (Sridhar et al., 2022). Supplementing the already
mentioned passive flow control techniques, a range of active control measures are implemented
near the leading edge of VAWT blades to reduce flow separation. Rezaeiha et al. (2019) imple-
mented leading-edge slot suction to prevent the bursting and formation of laminar separation
bubbles, thereby avoiding the development of dynamic stall vortices and trailing-edge roll-up
vortices. However, active control technologies necessitate energy consumption, which requires
a careful assessment of efficiency and energy expenditure. Abbasi and Daraece (2024) investi-
gated the combined effects of the installation position and actuator activation timing on flow
control in a VAWT and proposed a novel method that involves operating plasma actuators for
each blade individually to suppress flow separation while minimizing energy consumption.

Trailing-edge control techniques have demonstrated their effectiveness in suppressing flow
separation and improving the power coefficient of VAWTs. Among the most commonly em-
ployed trailing-edge control methods are trailing-edge jets (Sun & Huang, 2023), Gurney flaps
(GFs) (Chen et al., 2020; Zhu et al., 2021; Liu et al., 2022; Syawitri et al., 2024), and trailing-
edge flaps (Ertem et al., 2016; Attie et al., 2022; Han et al., 2023). The GF is a small tab
attached to the pressure surface of the blade, which increases the blade’s chamber. This configu-
ration generates a pair of counter-rotating vortices downstream of the GF, leading to a negative
pressure distribution on the suction surface and a positive one on the pressure surface. Zhu
et al. (2021) conducted a numerical study examining how the geometric parameters of the GF
influence the performance of straight-bladed VAWTs. Chen et al. (2020) reported that an ac-
tive GF yields better performance than a fixed GF. Liu et al. (2022) explored the combined
effects of the GF and cavity on the aerodynamic efficiency of a straight-bladed VAWT. Syawitri
et al. (2024) proposed a slit-modified GF aimed at reducing drag in lift-type VAWTs. This GF
with a slit created small-scale vortices that quickly broke down large coherent flow structures
in the near-wake, thus enhancing the lift-to-drag ratio and bettering the torque production.
The trailing-edge flap, which is typically separated from the blade by a slot, is more complex
than the GF (Ertem et al., 2016). The high-pressure flow that passes through the slot helps
delay flow separation and reduces vortex shedding. Attie et al. (2022) studied the impact of crit-
ical geometric parameters on VAWT performance via the design of experimental methodologies.
Furthermore, Han et al. (2023) discussed the synergistic control of pitch and trailing-edge flaps
in VAWTs, demonstrating that the coordinated motion of pitch and the flap effectively suppress
flow separation and minimize load fluctuations in the turbine.

Inspired by the phenomenon where birds slightly increase their feathers at the trailing edge,
we propose an adjustable bionic flap (BF) to manage flow separation on the VAWT blade. The
configuration of the blade equipped with the BF is depicted in Fig. 1. The BF can significantly
mitigate flow separation on a static blade, resulting in an increased lift-to-drag ratio and reduced
flow separation (Ma et al., 2022). However, studies focusing on how a BF influences the aero-
dynamic characteristics of a VAWT are scarce, and the flow dynamics involved with a rotating
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Fig. 1. Geometry models: (a) blade with a BF; (b) computational zone and boundary condition.

VAWT blade equipped with a BF are poorly comprehended. This study utilizes comprehen-
sive numerical simulations conducted with ANSYS Fluent software to explore the flow control
mechanisms of the BF on the VAWT blade and evaluate how the geometric parameters of the
BF influence the aerodynamic performance of the VAWT. The composition of the paper is set
out in the following manner: Section 2 establishes and validates the numerical simulation model;
Section 3 discusses the flow control mechanisms of the BF across two typical TSRs; Section 4
investigates the impact of the BF on the power coefficient of the VAWT and the instantaneous
torque of a single blade; Section 5 presents the conclusions.

2. Numerical model and validation

2.1. Research subjects

The study focuses on a 12kW VAWT developed by Uppsala University (Kjellin et al., 2011).
This H-type Darrieus wind turbine features a diameter of R = 3m and a height of H = 5m.
The blade ends are tapered, starting 1 m from the tip, resulting in a chord length at the tip that
is 60 % of that at the midpoint of the blade. The blade airfoil is the NACA 0021, and the chord
length at the midpoint is ¢ = 0.25m. The power coefficient (c,) as a function of the TSR was
measured through field testing at two fixed rotational speeds of 48 and 57. The wind shear and
the wind distribution of the test site were measured for several years. The c,-TSR curve was
drawn using around 350 h data from a measurement campaign in 3 months. The wind speed range
is 0m/s—11m/s, which corresponds to a TSR range of 1.75-4.5. This wind turbine was chosen
as such a TSR range covers the main operating range of a VAWT, such as deep dynamic stall
and light dynamic stall categories. The primary geometric parameters of the BF are illustrated
in Fig. 1. The length between the BF hinge point and the blade trailing edge is denoted as H,
the pop-up angle is indicated by «, and the BF length is specified as L. The BF was installed
on the inner side of the blade as it performs better than that on the outer side. For convenience,
the prototype of the 12kW VAWT is denoted as the original VAWT, and the VAW'T controlled
by the BF is denoted as the VAWT with the BF.

2.2. Numerical model

Considering the time-intensive nature of 3D unsteady studies, a 2D unsteady numerical model
was constructed on the basis of the blade midsection. The computational domain is depicted in
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Fig. 1b. This domain spans 40R upstream and 100R downstream of the VAW'T’s centre, hav-
ing a width of 60R. A velocity inlet boundary condition is assigned to the upstream boundary.
A pressure outlet boundary condition is used for the downstream boundary. A symmetry bound-
ary condition is applied to the top and bottom sides, and a no-slip boundary condition is enforced
on the blade surface. The computational domain is partitioned into two regions by a circle that
has a diameter of 3R. The internal subdomain is set up as a rotating zone with a rotation speed
of 57 rpm, while the external subdomain is designated as a non-rotating zone. A sliding mesh
model is implemented at the interfaces between the two subdomains, utilizing a non-conformal
interface. Three bounding cycles are established around the three blades to regulate the grid
density, with the diameter of the bounding cycles set at 4.8c.

As depicted in Fig. 2, a hybrid mesh approach is employed to discretize the computational
domain via Gambit 2.4.6. A structured quadrilateral grid is utilized for the external subdomain
and the boundary layer of the blade, whereas an unstructured triangular grid is applied to the
other regions. The BF disrupts the topology around the blade, requiring a subdomain to be
split to include the BF. An unstructured triangular grid is used to discretize this particular
subdomain, complemented by 20 layers of quadrilateral grid generated along the BF surface.
The height of the first layer along both the blade and BF surfaces is set to 1.2 x 1075 m, en-
suring that the wall y* is approximately 1 (Rogowski et al., 2018). The unsteady flows around
the VAWTs are analyzed via Fluent 16.1 and the SST k-w model. The SIMPLE algorithm
(Patankar & Spalding, 1972) and a second-order upwind scheme are adopted. The residuals of
the unsteady calculations are set 1076, Thirty revolutions were simulated for each case in the
grid independence study. The unsteady flow shows periodicity after the fifteenth revolution.
Then, the converged flow field was taken as the initial flow field for the cases with different time
steps and TSRs and at least ten more revolutions were performed to obtain periodicity.
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Fig. 2. Grid strategy: (a) grid around the VAWT; (b) gird around the blade with the BF.

The grid independence study was performed on the original VAWT at a TSR of A = 2.11,
during which the blades undergo deep dynamic stall. The time step was established at Af = 1°,
as the optimal time step is initially unknown. Grid refinement was performed by adjusting the
number of cells on the blades, bounding cycles, interfaces, and wakes, as outlined in Table 1.
The calculated torques of the VAWT are 54.7 Nm, 56.1 Nm, 59.6 Nm, and 60.7 Nm for the four
grid configurations. The relative deviations between Grids 1, 2, 3 and Grid 4 were calculated.
The relative deviation decreased with the increase in the grid number. The relative deviation
between Grid 3 and Grid 4 dropped to 1.8% and the torque curves of the two grids almost
overlapped, as shown in Fig. 3a. Thus, Grid 3 was chosen for the following studies.
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Table 1. Grid independence study.

Parameters Grid 1 Grid 2 Grid 3 Grid 4
Leading-edge spacing [mm] 0.5 0.25 0.1875 0.125
Trailing-edge spacing [mm] 1 0.5 0.375 0.25
Cells on the blade 131 262 370 524
Cells on the bounding cycle 60 180 240 300
Cells on the interfaces 180 360 360 720
Cells on the wake 60 120 180 240
Total number of cells 1.12x 105 | 2.73x10% | 3.73x 105 | 7.09 x 10°
Torque of the VAWT [Nm] 54.7 56.1 59.6 60.7
Relative deviation [%] —9.88 —7.58 —1.81 -
b
@) 19 ®) 199
E — Gnd 1 E I Ao =1 °
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Fig. 3. Results of grid and time independence studies:
(a) grid independence study; (b) time independence study.

A time independence study was conducted on Grid 3 at A = 2.11. Four time steps were
considered: Af = 1°, 0.5°, 0.25°, and 0.1°. The torque of a single blade versus the azimuthal
angle, 6, is compared in Fig. 3. The torque curve appears relatively smooth when Af = 1°.
This time step is not sufficiently small to capture the fluctuations in torque caused by the
shedding of the dynamic stall vortex (Rezaeiha et al., 2018). When the time step is reduced to
Af = 0.25°, fluctuations in the torque are accurately captured. The torque curve subsequently
exhibits minimal change as the time step decreases further. The torques of the VAWT at the four
time steps are 59.6, 50.7, 48.1, and 48.0 Nm, respectively. Therefore, a time step of Af = 0.25°
was selected for simulating the flow around the VAWT.

2.3. Model accuracy evaluation

The numerical model was validated by comparing the predicted power coefficient against the
experimental ones from Uppsala University (Kjellin et al., 2011), as depicted in Fig. 4. The results
are in close agreement with the experiment data at low TSRs. However, a deviation is noted
at high TSRs, which is consistent with findings in other studies (Daréczy et al., 2015). These
deviations primarily stem from two factors: first, the numerical error brought by discretization
schemes, which is inevitable in the process of converting partial differential equations into linear
equations; second, the adoption of a 2D numerical simulation, which overlooks losses induced
by 3D effects, such as blade tip loss and support arm loss. These 3D losses tend to increase with
increasing TSR. Daréczy et al. (2015) proposed a correction for these deviations represented
by ACP™ = —0.002123. As shown in Fig. 4, the modified values correspond closely with the
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Fig. 4. Validation of the numerical model by power coefficient.

experiment data. The aim of this research is to explore the mechanism of the BF in the flow
separation. The influence of the BF on the three-dimensional effects is considered relatively
minor and is thus excluded from further discussion. Consequently, the numerical model is deemed
sufficiently accurate for the current investigation.

3. Flow control mechanism of the BF

Due to the drag induced by the BF, not well-deigned BF may lead to a deterioration of the
VAWT power coefficient for A > 3.66. The BF with L20H20a15 is chosen to analyze its effect
on flow separation, as the case presents a positive effect on the power coefficient of the VAWT
from A = 1.75 to A = 3.66. This TSR range covers the deep and light dynamic stall categories
of a VAWT. The case of L20H20a15 denotes L = 0.2¢, H = 0.2¢, and o = 15°.

3.1. A=175

Figure 5 illustrates the impact of the BF on the torque of a single blade over one rotation
period at A = 1.75. The blades experience significant dynamic stall due to a dramatic change in
the local angle of attack (AoA). Evident changes can be observed within the range of 8 = 0° to
100° in the upwind position and 6 = 270° to 360° in the downwind position. The average torque
of the blade with the BF increases by 35.8 %, with the average torque increasing by 5.1 % in the
upwind position and 87.8 % in the downwind position.

200

= ; ; | — Original VAWT
Z 150} | —= L20H20a15
) | | | |

_100() 60 120 180 240 300 360

Fig. 5. Torque of a single blade vs. azimuthal angle for A = 1.75.

In the upwind position, the torque of the blade with the BF slightly decreases within the
range of # = 8° to 52°, where the theoretical local AoA varies from 2.9° to 19.4°. During this
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phase, the blade encounters a light dynamic stall, characterized by mostly attached flow or
mild flow separation. The presence of the BF restricts the acceleration of flow at the blade’s
leading edge, resulting in a reduction in lift. With the increase in the azimuthal angle, the
local AoA keeps increasing. The torque of the original blade stalls at § = 60°. As indicated in
Fig. 6a, the separation point shifts toward the middle of the blade surface, forming a pair of
counter-rotating vortices at the trailing edge. The BF aids in delaying the stall phenomenon.
Notably, the torque of the blade with the BF exceeds that of the original blade at § = 52°
and begins to decrease at # = 66°. Figure 6b shows that the BF hinders the development of
the anticlockwise rotating vortex, resulting in a significantly smaller vortex than that of the
original blade, ultimately accelerating the flow at the leading edge. Consequently, the region of
negative pressure expands, and its magnitude increases, accounting for the increase in torque
from 6 = 52° to 86°. However, after this range, the blade enters a state of deep stall, rendering
the BF ineffective.

(a) (b) (c)

Pressure: -1000 -750 -500 -250 0 250 ‘ Pressure: -1000 -750 -500 -250 0 250 ‘ 8

" [—= Original VAWT
\ | |-~ VAWT with flap | |

Fig. 6. Flow fields and pressure distributions around the blades at 6 = 66°:
(a) original blade; (b) blade with the BF; (c¢) pressure distribution.

In the downwind position, the BF significantly enhances the torque during the rotational
period. A notable increase in torque is observed within the range of = 282° to 360°, where the
local AoA gradually decreases. As depicted in Fig. 7, the flow reattaches to the blade surface
as the azimuthal angle progresses. The BF functions similarly to a GF, improving blade torque
through two key mechanisms. First, the BF significantly reshapes the flow field at the trailing
edge of the blade. The vortex core at the trailing edge of the blade with the BF is displaced
downstream, enhancing the camber effect. This alteration hastens the flow velocity at the lead-
ing edge, thereby increasing the negative pressure on the outer surface of the blade with the BF.
Second, flow over the inner surface of the blade with the BF experiences blockage and decelera-
tion, due to the changed core position of the trailing-edge vortex and the raised height of the BF.
Consequently, the pressure on the inner surface of the blade with the BF goes up. The combined
effects of these two mechanisms lead to an increased pressure differential between the inner and
outer surfaces of the blade, ultimately enhancing the lift generated by the blade with the BF.

3.2. A=331

Figure 8 illustrates the impact of the BF on the torque of a single blade during a rotation
period at A = 3.31. The blades exhibit light dynamic stall. The torque fluctuations depicted in
Fig. 8 are noticeably reduced compared with those observed at A = 1.75. The blade with the BF
demonstrated an average torque increment of 7.7 % as opposed to the original blade. However,
the average torque of the blade with the BF drops by 16.0 % when in the upwind position. This
decline in torque is primarily evident within the range of 8 = 15° to 103°. The theoretical local
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Fig. 7. Flow fields and pressure distributions around the blades at:
(a) 6 =288°, (b) 8 = 300°, (c) 8 = 315°, (d) 6 = 330°.
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Fig. 8. Torque of a single blade vs. azimuthal angle for A = 3.31.

AoA falls between 3.5° and 17.5°. The reasoning behind this phenomenon aligns with that at
A= 1.75.
The increase in torque for the blade with the BF is attributed entirely to the downwind
position, where the average torque increases by 60.4 % as compared to the original blade. Flow
attachment is consistently maintained in the downwind positions. As demonstrated in Fig. 9, the
BF redirects the flow near the trailing edge, altering the Kutta condition and enhancing the flow
circulation around the blade. Furthermore, a pair of counter-rotating vortices forms on the inner
surface of the trailing edge of the blade with the BF. The shedding of these vortices increases
the suction force on the outer surface of the blade while increasing the pressure on the inner
surface by decelerating the flow.
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Fig. 9. Flow fields and pressure distributions around the blades at: (a) 6 = 225°; (b) 6 = 330°.

4. Effects of the BF geometry parameters

The primary geometrical parameters of the BF, as illustrated in Fig. 1, significantly influence
the aerodynamic performance of the VAWT. This section discusses the effects of these parameters
on the power coefficient of the VAWT and the torque of a single blade.

4.1. Pop-up angle of the BF

A contrast of the power coefficients of the original VAWT and the VAWT with the BF at
varying pop-up angles («) is depicted in Fig. 10. The parameters L and H are both fixed
at 0.2c. The power coefficients are significantly enhanced by the adding of the BF when the
TSR A < 3.06. A relatively large pop-up angle is beneficial for improving the power coefficient
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Fig. 10. Power coefficient as a function of TSR at different pop-up angles.
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at lower TSRs (A < 3.06), with a maximum relative increment of 39.6 % observed at A = 1.75
for a = 20°.

Figure 11a presents the torques of a single blade as a function of the azimuthal angle for
different pop-up angles at A = 1.75. Notably, a greater pop-up angle hinders the acceleration of
the flow along the inner surface of the blade within the range of 6§ = 8° to 60°. The case with
«a = 25° results in the most significant decrease in torque. However, in the range of § = 60°
to 86°, a larger pop-up angle delivers superior performance, as the BF efficiently suppresses the
trailing-edge vortex. In the downwind position, the relative increments in the average torque
of the blade with the BF as compared to the original blade are 76.5 %, 87.8 %, 107.1 %, and
103.7 %, respectively.
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Fig. 11. Torque of a single blade vs. azimuthal angle for different pop-up angles: (a) A = 1.75; (b) A = 3.31.

As depicted in Fig. 12, the variations in pressure distribution among these cases at A = 1.75
are primarily concentrated on the leading edge of the blade’s outer surface and the trailing edge
of the blade’s inner surface. A larger pop-up angle promotes the flow speedup near the leading
edge on the outer surface and slows down the flow near the trailing edge on the inner surface.
Thus, the negative pressure at the leading edge and the positive pressure at the trailing edge rise
as the pop-up angle enlarges. However, a relatively large pop-up angle also induces additional
fluctuations in torque, which can negatively affect the fatigue life of the blade.
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Fig. 12. Pressure distributions around the blades at 6 = 300° for different pop-up angles.

In contrast, a relatively small pop-up angle is beneficial for enhancing the power coefficient
at a TSR of A > 3.06. Specifically, the case with an angle of &« = 10° has the highest power
coefficient within the range of A\ = 3.06 to 3.66. Compared with those of the original VAWT,
the relative increases in the power coefficient are 11.0%, 9.5 %, and 4.0 % for A values of 3.06,
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3.31, and 3.66, respectively. Notably, the relative increment in the power coefficient diminishes
as the pop-up angle increases. However, for a pop-up angle of @ = 25°, the power coefficient of
the VAWT with a BF becomes lower than that of the original VAWT at A = 3.31, with a further
reduction observed at A = 3.66. Compared with the original VAWT, the relative decrements
in the power coefficient at A\ = 3.66 are 8.3% and 18.1% for the cases with a = 20° and
a = 25°, respectively.

Figure 11b shows the torques of a single blade versus the azimuthal angle for various pop-up
angles at A = 3.31. The torque of the VAWT with the BF clearly decreases as the pop-up angle
increases in the upwind position. Conversely, the opposite trend is observed in the downwind
direction. However, the improvement in torque during the downwind position does not mitigate
the reduction experienced in the upwind position for the case with o = 25°. Consequently,
a relatively small pop-up angle is recommended for enhancing the power coefficient of a VAWT
with a BF at a wider TSR range.

For an adjustable BF, the pop-up angle can be tailored on the basis of either the TSR or the
azimuthal angle. By tuning the pop-up angle in accordance with the TSR, the power coefficient
of the VAWT with an adjustable BF can be determined by selecting the maximum value at each
TSR, as shown in Fig. 10. If the pop-up angle is modified on the basis of the azimuthal angle,
the BF remains retracted at the azimuthal angles where the flap negatively affects the torque.
Two optimal control strategies are formulated on the basis of the findings in Fig. 11 for A = 1.75
and 3.31. As depicted in Fig. 13, the BF remains retracted within the range of # = 0° to 53° while
extending to a pop-up angle of 15° in the range of 6 = 53° to 360° at A = 1.75. Compared with
the original VAWT, the power coefficient of the VAWT with the BF is enhanced by 45.2 %,
which is 5.6 % greater than that of the L20H 20020 configuration. For A = 3.31, the BF remains
retracted in the upwind position while extending to a pop-up angle of 25° in the downwind
position. Compared with that of the original VAWT, the power coefficient of the VAWT with
the BF increases by 28.9 %, which is 19.4 % greater than that of the L20H20a10 configuration.
Thus, the adjustable BF demonstrates superior performance in improving the power coeflicient
relative to a fixed BF. However, the above inference was based on the results of the BF with
a fixed pop-up angle. An adjustable BF may influence the development of the vortices and the
pressure distribution, which affects the torque history and the power coefficient. Further studies
are warranted to reveal the effect of an adjustable BF on the flow separation of the VAWT blade.
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Fig. 13. Torque of a single blade for the VAWT with an adjustable BF: (a) A = 1.75; (b) A = 3.31.

4.2. Length of the BF

Figure 14 shows the relationship between the length of the BF and the power coefficient, with
parameters H and « holding constant at H = 0.2¢c and o = 20°. The variations in the power
coefficient caused by changes in BF length are analogous to those induced by alterations in the
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Fig. 14. Power coefficient as a function of TSR at different lengths.

pop-up angle. For A < 3.06, the VAWT with a longer BF results in a higher power coefficient.
For A > 3.06, the BF with L = 0.1c outperforms the other two configurations.

4.3. Hinge position of the BF

The hinge position of the BF significantly influences the power coefficient of the VAWT and
the torque of a single blade. As shown in Fig. 15, parameters L and « remain constant at L = 0.2¢
and a = 20°. The introduction of the BF leads to substantial increases in power coefficients for
A < 3.06, with a maximum relative increment of 41.3 % observed at A = 2.11 with H = 0.3¢. No
discernible trends emerge regarding the effect of the hinge position on the power coefficient of
the VAWT with the BF for A < 3.06. However, the flap with H = 0.25¢ demonstrates a smaller
improvement in the power coefficient than the other two configurations do. At A > 3.06, shifting
the hinge point of the BF to the blade’s leading edge culminates in a diminished power coeflicient.
The most significant relative reduction is 23.3% at A = 3.66 for H = 0.3c.
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Fig. 15. Power coefficient as a function of TSR at different hinge positions.

5. Conclusions

Numerical simulations are conducted to elucidate the mechanisms by which the BF alleviates
flow separation in the VAWT blade and its resultant effects on the power coefficient of the VAWT.
The conclusions are as follows:

1) Different mechanisms are exhibited by the BF on blade flow control for the upwind and
downwind positions. A BF attached to the inner surface of the blade impedes the develop-
ment of the trailing-edge vortex at large AoAs when the blade is operating in the upwind
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position. Compared with the original blade, the dimensions of the trailing-edge vortex are
substantially diminished, which enhances the flow speedup at the leading edge of the blade
with a BF. However, the BF impedes flow acceleration at the leading edge at low AoA
and detracts from the blade torque at high TSRs. In contrast, when the blade operates in
the downwind position, the BF functions similarly to a GF and contributes most to the
torque increment, making the BF advantageous for improving torque in the VAWT across
a broad range of TSRs.

2) The BF positioned on the inner surface of the blade significantly enhances the power
coefficient when A < 3.06. As the TSR increases further, its effect on power coefficient
improvement diminishes due to the decrease in the local AoA. Additionally, the influence
of the BF on the power coefficient is contingent upon the three geometric parameters.
According to the parameter study, it is recommended to install the BF near the trailing
edge of the blade, a hinge position H < 0.2¢ and the pop-up angle should be smaller
than 15°. A multi-objective optimization is needed for improving the power coefficient for
a wider range of TSR.

3) Compared with a fixed BF, an adjustable BF, tailored on the basis of the azimuthal angle,
has greater potential for improving the power coefficient. Compared with those of the
original VAWT, the power coefficients of the VAWT with an adjustable BF are elevated
by 45.2% at A\ = 1.75 and by 28.9 % at A\ = 3.31, significantly outpacing the performance
of the VAWT with a fixed BF. Further in-depth studies are necessary to develop a control
strategy for the pop-up action of the flap.
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This paper proposes an implicit difference solution to design the position of the horizontal drain
in a saturated-unsaturated soil ground system (SUSGS). A complete system of classic diffusion
equations is used to describe the transient flow of air and water phases in the soil system. Con-
solidation equations and boundary conditions are discretized by using the Crack—Nicolson (C-N)
and virtual grid methods, respectively. The numerical scheme has been verified to be uncondition-
ally stable based on von Neumann’s theorem. The comparison with existing analytical predictions
confirms that the proposed solution is effective and accurate. According to the verified numerical
solution, the optimum position of horizontal drains is designed to elevate the consolidation rate of
the saturated-unsaturated soil ground system.
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1. Introduction

In nature, the soil above and below the groundwater level exhibits unsaturated and saturated
states, which forms a saturated-unsaturated soil ground system (SUSGS) (Li et al., 2021). Due to
the infiltration of rainfall, transpiration of plants, and extraction of groundwater, the soil system
will change with the phreatic line. The decline or rise of groundwater may lead to building crack
and non-uniform settlement of grounds. Therefore, some engineering requirements have been
proposed to accelerate the discharge of the water phase. For instance, the horizontal drain is
widely used in the construction of large airports (Mesri & Funk, 2015), highways (Zhou et al.,
2023), and railways (Gu et al., 2020) to accelerate the drainage consolidation and improve the
bearing capacity of the ground. The horizontal drain is placed between soil layers to shorten
the seepage path of fluid and increase the consolidation rate of soil ground (Gibson & Shefford,
1968; Zhou et al., 2024). Thus, it is meaningful to preliminarily assess the consolidation behavior
of the SUSGS with horizontal drains.

Using the saturated soil model alone in geological engineering to solve drainage consolidation
problems is convenient. Classical consolidation theory established by Terzaghi (1943) was applied
to predict the consolidation behavior of the saturated soil. Some extended models are intended for
the actual engineering problems, such as the ground with the horizontal drain (Feng et al., 2019),
layered soil (Feng et al., 2020), and non-Darcy flow (Wu et al., 2023). Based on Terzaghi’s theory
and the engineering practice, a series of engineering technologies have been proposed to enhance
the consolidation rate of soil ground. The horizontal drain is embedded at equal intervals in the
soil layers to accelerate the consolidation rate in some geotechnical engineering (Lee et al., 1987;
Mesri & Funk, 2015). Meng et al. (2019), Li et al. (2020), and Feng et al. (2020) investigated
the consolidation behavior of single-layer, double-layer, and four-layer saturated ground with the
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horizontal drains. They provided constructive design schemes for the horizontal drain under
different soil parameters.

For the consolidation of unsaturated soil, two typical diffusion equations for the air and
water phases were obtained by Fredlund and Hasan (1979), which was used to estimate the
dissipation of excess pore pressures and settlement of unsaturated soil. This original model and
its extended form have been applied in various geotechnical engineering issues (Wang et al.,
2019; Yuan et al., 2023; He et al., 2025). The consolidation of unsaturated soil with horizontal
drains needs more consideration. Zhou et al. (2023; 2024) proposed a semi-analytical solution
to predict the consolidation behavior of double-layer unsaturated soil ground and a double-
layer saturated-unsaturated soil ground system with the horizontal drain. However, in Zhou’s
literature, the horizontal drain is located at the interface between the upper and lower soil
layers, and the position of the horizontal drain is not improved to be the best for discharging
water. It is important to notice that the explicit difference method is employed to verify the
correctness of analytical or semi-analytical solutions for the positioning design of horizontal
drains in the SUSGS (Qin et al., 2008; Wang et al., 2017; 2019). With conditional stability and
slow convergence, this difference scheme will cause high computational costs and poor reliability
in solving consolidation problems.

The study reported in this paper attempts to develop an implicit difference solution with high
computational efficiency and accuracy to design the position of horizontal drains in the SUSGS.
The diffusion equations and boundary conditions are discretized using the Crack—Nicolson (C-N)
and virtual grid methods. Then, the distribution of excess pore-air and pore-water pressures is
obtained through matrix operation. Comparisons with the existing solutions are performed to
verify the reliability and effectiveness of the numerical solution. Based on the proposed solution,
the influence of horizontal drains on the SUSGS has been investigated, and the optimizing design
of depths of horizontal drains is provided.

2. Mathematical model

2.1. Model description and basic assumptions

Combining the consolidation theories of the saturated and unsaturated soils proposed by
Terzaghi (1943) and Fredlund et al. (2012), a simple mathematical description of the consolida-
tion behavior of the SUSGS with horizontal drains is shown in Fig. 1. The SUSGS is divided into
four zones by the embedment of two horizontal drains and an interface. Zone I comprises unsat-

External loading, ¢(t)

ARIREE IR IR IR AR AR AR A AN AR AN A

Zs1

[]

hy Unsaturated soil

i - ]

Saturated soil

[ ]

Horizontal drain

U-S interface

Fig. 1. Schematic diagram of SUSGS with horizontal drains.
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urated soil with a two-way drainage system; the top and lower surfaces are permeable to air and
water. In zone II, the upper surface is permeable to air and water phases, and the lower surface
is impermeable to the air phase. Zone III is composed of saturated soil with a two-way drainage
system. Zone IV has a one-way drainage system; the upper surface is permeable to water, and
the bottom surface is impermeable. In the ground system, the thicknesses of the unsaturated
and saturated soils are h; and hg, respectively, h1 +ho = H; z51 and zso are the imbedded depths
of the first and second horizontal drains, respectively.

The main assumptions of the consolidation model for the SUSGS are as follows (Li et al.,
2021): (1) the unsaturated soil layer and saturated soil layer are both homogeneous; (2) the
soil particles, water phase and horizontal drain are incompressible; (3) the flow of air and water
phases along z-direction are independent, linear, and continuous steady-state; (4) in the consol-
idation process, the consolidation parameters keep constant; (5) the thickness of the capillary
water zone is very thin, and its impact on the hydraulic response of the SUSGS is not significant.

It is worth noting that the above assumptions are not exact for all situations. For example,
the soil is not homogeneous; it is composed of particles of different sizes and air and water.
The influence of the capillary water zone on soils may be very significant. If we consider all these
real situations, analyzing the consolidation behavior of such a complex system is far beyond our
capability. In order to simplify the mathematical derivation process and preliminarily predict
the consolidation behavior of the SUSGS, these listed assumptions are essential for developing the
analytical and numerical solutions for the consolidation equations (Moradi et al., 2019; Yuan
et al., 2023).

2.2. Consolidation equations

The volume changes associated with the water and air phases during the consolidation process
can be calculated using Darcy’s and Fick’s laws. Then, the volume changes of the soil unit are
equal to the sum of the volume changes of the air and water, and the governing equations
are obtained (Li et al., 2022):

ou 9%u _Oq

Ou, 0%u, Oq
W + cvziaz2 = E, (hl <z < H), (2'2)

where

Ug _ 1 ¢, (e, O | e
wl]oe=(0 %) 2= (T a) a[E|o

ug and u,, represent excess pore-air and pore-water pressures of unsaturated soil, respectively,
Uy is excess pore-water pressure of saturated soil. In Eq. (2.1), ¢4, ¢2,, and ¢ are consolidation
parameters of the air phase, ¢y, ci,, and c? are consolidation parameters of the water phase.
In Eq. (2.2), ¢y, is consolidation parameters of the saturated soil. The definitions and expressions

of these consolidation parameters can be found in (Fredlund, 2012; Terzaghi, 1943).

2.3. Model conditions

The drainage conditions of the SUSGS are:
— for zone I

u(0,¢) = 0, (2.3)

u(zy1,t) = 0, (2.4)
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— for zone 11
u(zs1,t) =0, (2.5)
8ua(h1, t)
— 2.
8uw(h1,t) . 8uv(h1,t) _
kuw 9, =k, 9% , Uy (h1,t) = uy(hy, t), (2.7)
— for zone III
auw(hl, t) o 8uv(h1, t) o
kuw 9% =k, 5% , Uy (h1,t) = uy(h,t) (2.8)
u’l.)(2827 t) == 07 (29)
— for zone IV
uy(zs2,t) =0, (2.10)
Ouy,(H, t)
— 2 =0. 2.11
s 0 (2.11)

The initial conditions are expressed as
u(z,0) = f(2) [0 O], (0<z<h), (2.12)

uy(2,0) = f(2)po, (h <z < H), (2.13)

0

ws and po are initial excess pore pressures at t = 0; f(z) is a distribution function

where 10, u
about z.

3. Solution derivation

3.1. Crack—Nicolson (C-N) solution for consolidation equations

The C-N method has been widely used to solve a single Navier—Stokes equation (Feng et al.,
2020). For a system of partial differential equations containing three variables (ugq, u,, and wu,)
and a series of definite solution conditions (Egs. (2.3)-(2.13)), some technical improvements
are needed when using the C-N method to solve it. The difference mesh for the SUSGS is
shown in Fig. 2. The time and spatial domains are divided into N and K equidistant nodes,
respectively. Time step and space step are 7 and h. The node coordinates are (z,ty), and
z=Fkh,, k=0,1,2,...,. K;t,=n7,n=0,1,2,..., N. z11 and zo represent the positions of the
first and second horizontal drains, respectively, where zy < zx1, zk2 < zK. zp denotes the U-S
interface.

Equations (2.1) and (2.2) can be discretized as

utt —ur s2ul 4 2yl gttt —q"
Cc-t kyz-2k 2k — 1<j<M-1 3.1
+ o2 — (=j< ); (3.1)
uttt — 820 4 524" ¢t — g
vk vk+cvz z vk 5 z vk _ , (M—FlSjSK—l), (3'2)
T 2hz T

om _ n n 2 n _ p _o9.m n
where 67u; = up_; —2up +up g, 6u,, = Upy(p—1) ~ 2t T Upyge 1)



A fast and robust numerical solution for the positioning design of horizontal drains. . . 843
Zoto S T T N R L o s e 2 T 7 'S W 7\
t
21
)
Z]::l——— e o — e — e — — — — o — — — —
ZM—.l
M
AM+1
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——— Unsaturated soil grid Saturated soil grid
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Fig. 2. C-N scheme for difference grid of the saturated-unsaturated soil system ground.
Equations (3.1) and (3.2) can be rewritten as
Dzu! 4 (ConZ)wt - D zat = L zap
1
H(CHAZ)uy - JAXup +q" -, (3.3)
1 A n+1 1 A n+1 1 A n+1 _ 1 A n
FAsCotiy iy + (1 = Aocoz) uly ™ + S Aoy (1) = T A CosUy(h-1)
1 1
+ (1 + Azcpz) ugy, — 5/\chzuﬁ(k+1) Fgt g, (3.4)

where \, = 7/h2.
Equations (3.3) and (3.4) contain three unknown quantities and three known quantities on
adjacent layer k. The value of mesh nodes can only be obtained by using the matrix operation.

Equations (3.3) and (3.4) are written as
A, DI =B,D! +Ql,

(1<j<M-1), (3.5)

ADI =BD!+QF, (M+1<j<K-1), (3.6)
where A, and B, are coefficient matrices, Q) and Q7 are composed of the external loading,
D] and D7 are composed of the pore-air and pore-water pressures. The specific expressions of
these parameters are shown in Appendix A.

It is necessary to validate the stability and convergence of the proposed difference method,
which can be verified using von Neumann’s theorem (Sharifi & Rashidinia, 2016). The derivation

of stability is shown in Appendix B.

3.2. Boundary conditions discretization

The permeable boundary conditions, Eqs. (2.3)-(2.5), (2.9), and (2.10), are regarded as
known quantities appearing on the right-hand sides of Eqs. (3.3) and (3.4). If the interface
(z = hy and z = H) satisfies the impermeable and continuous permeable boundaries, we use the
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virtual mesh method (Morton & Mayers, 2005) to obtain the discrete scheme of Eqs. (2.6)—(2.8),
and (2.11).
As shown in Figs. 3a and 3b, the virtual layers of the air and water pressures are constructed

outside the boundary. Then, Egs. (2.6) and (2.11) are discretized by the central difference:

Up(k+1) ~ U(k—1)

=0 3.7
2h, : (3.7)
n n
Ya(vr+1) ~ Ya(m—1) 0 (3.8)
2h, ’ '
(a) n (b) n (C) n
Uy(K-1) Ug(M-1) Uy (M-1)
ZK-1 ZM-1 ZM-1
, L o ulat
Virtual grid uy Virtual grid U, uy
B 4] o o o o o o g_______l(_Ki_l_) ZM+1_________g_____£(yi1_) ZM+1 U(M+1)

Substituting Eqs. (3.7) and (3.8) into Eqs. (3.3) and (3.4) to eliminate the virtual nodes, the
difference format at the impermeable boundary is obtained.
The forward and backward difference quotients are used to discretize the left and right sides

of Eq. (2.8):

Uy pp = Uy, wM=1) _ Uypg — UZ(M+1)
h Y h ’

Uy f = Uy)p- (3.10)

ku (3.9)

As shown in Fig. 3¢, the difference scheme of Eq. (3.3) at z = z); includes the nodes u” w(M—1)>
uy ays and uﬁ( M1y 50 it is represented as

1 1
)\ CUwZuZ—E_M 1) +( - )\zCUw) ntl Mt )\ C”ZUU(M—H) +Cwun(+]\}[ = )‘ nguZ)(M—l)

1
+ (1 + X)) umay — AzcvzuZ(MH) + CwuZ(M—U +cy (q”‘*‘1 — q"). (3.11)
In the above equation, u (—~J_\/I +1) and u” w(M1) ATe the virtual nodes. The difference solution
of Eq. (3.3) at z = zjs is obtained by substituting Eq. (3.9) into Eq. (3.11) to eliminate these
virtual nodes.
Similarly, the difference solution of Eq. (3.4) at z = zp; contains the nodes u” w(M—1)" U
and u;‘( M+1) in the iteration process. The difference scheme is expressed as follows:

1 1
32 C%“ZJ(FJ\ZA) + (1= Ascos) uphy + /\ Cvzu:aflfﬂ) 5)‘261%“3(1\4—1)

1
+ (1 + Xyeps) ulyy — §AzCuzUZ(M+1) +q"t — g, (3.12)

where u”J(FM 1 and UZJ( M—1) are the virtual nodes.
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Substituting Eq. (3.9) into Eq. (3.12) to eliminate these virtual nodes, the C-N solution for
Eq. (3.4) at z = zpy can be obtained. Adding the difference scheme of Eqgs. (3.3) and (3.4) at
z = zp1, the C-N solution at the interface (z = hy) is

aM,1UZ?A1/I_1) + CYMUZ)—R/} + aM+1uZE§\i[+1) + CwuZ(—S\/lj_l) = ﬁMfluZ;(M—l)
+ Brugar + Bty + Cwtig—1y + (cg +1) (q”Jrl - q”_l), (3.13)

where a1, ..., Ym+1 are constant coefficients.
In the above derivation, we give the difference schemes of the consolidation equations and
boundary conditions. The final C-N solution can be expressed as

AD""! = BD" + Q", (3.14)
where A and B are partitioned matrices. Their description can be found in Appendix C.

3.3. Settlement discretization

Based on generalized Hooke’s law, the volume change of soil structure can be formulated by
the net normal stress and matrix suction. After obtaining the excess pore pressures by using
Eq. (3.14), the volumetric strain of the unsaturated soil is expressed as (Fredlund et al., 2012):

deny, = mid (q" — ugy,) +mad (ugy — Uyy), (3.15)

where m{ and m3 are the coeflicients of soil volume changes with respect to the net normal
stress and matrix suction.
The volumetric strain of the saturated soil is expressed as

dey, = myd (¢ — uyy,) - (3.16)
The settlement of the SUSGS is
M K
S (t,) = hs (Z empt Y egk) (3.17)
k=0 k=M+1
The average degree of consolidation is

S(tn)
S (too)

where S (fx) is the maximum settlement of the SUSGS.

S* =

x 100 %, (3.18)

4. Verification

In order to verify the convergence (effectiveness and reliability) of the C-N solution, a com-
parison of the numerical results and analytical solution (Zhou et al., 2023) is made. The consoli-
dation parameters are assumed as follows: ¢, = —0.0899, ¢,, = 0.75, ¢%, = —5.3476 x 1075 m//s?,
¥, = —5.108 x 10~ ¥ m/s?, u) = 20kPa, u) = 40kPa, ¢,, = —8.16310~"m/s?, py = 100 kPa,
H = 10m, h; = 5m, ¢(t) = 100kPa. Figure 4 shows the distribution of pore pressures in
the SUSGS with one horizontal drain (t = 10°s for air phase, and ¢ = 10 s for water phase).
The proposed numerical solution agrees with the analytical solutions, suggesting that it is reli-
able and accurate. Further validation for the computational efficiency of the proposed algorithm

under different grid ratios is given in Appendix D.
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5. Numerical examples

5.1. The position design of a single horizontal drain

The purpose of installing the horizontal drain is to accelerate the consolidation rate of the
ground. The optimal position for the horizontal drain is to achieve the consolidation degree of
90 % in the shortest time (Meng et al., 2019). Hence, the objective function can be expressed as

minTv = Tgo(zsl), (51)

where T, is the objective function, Ty is the time cost for consolidation degree of 90 %.

Based on Eq. (3.18), the relationship between the embedded depth of the horizontal drain
and the time costs is plotted in Fig. 5. The influence of different phreatic lines (see Table 1)
on the position design of the horizontal drain is considered. Compared with the traditional de-
sign scheme (Wang et al., 2017; Lei et al., 2016), the horizontal drain at the optimal position
can further shorten the consolidation time. A large hq will cause the optimal position to move
downwards; conversely, the optimal position will move upwards as h; decreases. The consoli-
dation rate of the SUSGS with the sand blanket at the optimal position significantly increased
(20-80 times) compared to that without the horizontal drain, implying that the horizontal drain
shortens the consolidation time and improves engineering efficiency (Zhou et al., 2024).

Table 1. Thickness of unsaturated and saturated soils under different case conditions.

Case | hy [m] | hg [m]
1 3 7
2 5 5
3 3

5.2. The position design of two horizontal drains

If the two horizontal drains are embedded in the SUSGS, the objective function is
HliIlT@ = ng(zsl, ng). (52)

Figure 6 shows the distribution of time costs under different depths zs; and zs, under the
condition of S* = 90 %. By comparing Figs. 5 and 6, the two horizontal drains further accelerate
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the consolidation rate. In case 1, the smaller time region (green dashed line) can be found
if the horizontal drains are located in the saturated soil layer. The smaller the proportion of
unsaturated soil, the more the discharge of excess pore-water pressure in the saturated soil is
clogged at the saturated-unsaturated interface. Therefore, there is no need to place a horizontal
drain in the unsaturated soil layer. In cases 2 and 3, only when the two horizontal drains
are placed in different soil layers, the optimal position of drains in the SUSGS denoted by
the smaller time region is obtained. In addition, the larger the proportion of unsaturated soil
(i.e., the larger h;), the slower the consolidation rate of the SUSGS. The consolidation rate
of the SUSGS with two horizontal drains is increased 100-150 times compared to that without
the horizontal drain. According to the proposed solution’s convenience, the optimal position
of the horizontal drains in practical engineering can be preliminarily designed.

Table 2 shows the consolidation time considering the traditional design scheme and the
proposed optimal position. The horizontal drains are placed at equal intervals in the traditional
design scheme. It is found that Tyy under the traditional design scheme is larger than that
under the optimal scheme. If three horizontal drains are located in the SUSGS, the shortest
consolidation time is spent. But it may need more engineering resources. A more reasonable
choice is to arrange two horizontal drains in the SUSGS. The scheme provided in this paper can
achieve a balance between consolidation time and engineering resources.

Table 2. Ty (days) for different design schemes for the horizontal drain.

Case Without horizontal drain Number of horizontal drains
1 2 3 1 2
1 14467 262 163 60 189 58
2 17824 406 176 88 236 115
3 17708 2685 1140 118 775 208

Note: Italicized numbers represent the consolidation time under traditional design schemes.
Bold numbers denote the consolidation time under the design scheme of this article.

6. Conclusions

This paper proposes a numerical solution with high computational efficiency and accuracy for
designing the position of the horizontal drains in the SUSGS. Based on the consolidation theories
of the unsaturated and saturated soils, the two sets of diffusion equations are used to simulate
the transient flow of air and water phases. Then, the diffusion equations are discretized by the
C-N scheme to obtain the numerical solution for the SUSGS. The proposed numerical solution
is reliable and accurate when compared with the analytical solution. According to the verified
solution, the influence of the horizontal drains on the consolidation behavior of the SUSGS is
investigated to design its optimal position. The results show that the arrangement of the horizon-
tal drain can significantly accelerate the consolidation rate of the entire ground. The horizontal
drain at the optimal position can save consolidation time and promote the consolidation speed.

Appendix A
1— Al Ca 0.5A.c8, e 0 0
Cw 1—Azcy, 0 0.5\,¢c¥,
0.5\ ,¢% c 1— Al
= o N S . : (A1)
0.5A;¢%, 0 1— Al Ca
0 0 0.5\.¢cy, Ca 1— Ay,
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0 0 —0.5);¢cy, Cw 14 A,
1—Xcpr 0.5Mcp, - 0 0
0.5Xcp, 1 — Ao
A, = : : : ; , (A.3)
1— e, 0.5Xc,
0 0 <o 0B5A e, 11— Acy,
14+ Xep, —0.5X¢p, - 0 0
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0 0 s =050, 14 Aseys
T
n 1)n n n 1)n
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Qp = (""" —g") [cs ¥ s er ] (A7)
Q" = (qn-i-l _ qn) [ 11 .11 ]T’ (A.8)

where A, and B, are five-diagonal sparse matrices, A; and By are tridiagonal sparse matrices.

Appendix B

Derivation of stability

In the von Neumann criterion, a standardized trial solution is proposed to verify the stability
of the difference scheme. The trial solution of Eq. (3.3) at point (2, t,) is assumed to be:

u? = yeikChs (B.1)

n __ n n
where u}! = [ul, ul,
adjacent time layers.

Substituting Eq. (B.1) into Eq. (3.3) yields:

]T, i? = —1, ( reflects the small errors caused by node j iterating in the

len+1 = szn, (B.2)
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where

[ 1=2Xac;, Ca (142X ac, Ca

Gu1 = ( Cu 1—2)\.ac, >’ Guz = ( Cu 142X\, acy, )’
(=(5)

a=|sin| = .

2
The growth matrix of Eq. (3.3) is
Gu - (Gul)il Gu2- (B3)

Based on Eq. (B.3), the eigenvalues of the growth matrix are

vz Uz VZTUZ

1/2
CaCuw +4a%X2c2 cY, — 1 — 2a), [(033)2 — 26,6, 4 ()% + 4cqCuc? cw}

= B.4

= CaCy — 4a2XN2¢2,¢%, — 1 4 2a\,c2, + 2a\,cY, o (BA)
2,2 2 2 1/2

CaCuw + 4a )‘zcgzcgz -1+ 20’)‘2 [(ng) - Qngcgz + (czlj)z) + 4c&cwcgzczujuzi| (B )

Ho = D

CaCw — 4a2X2¢2,c%, — 1 4 2a\,c2, + 2a\,c¥,

According to the von Neumann criterion, the difference scheme is unconditionally stable only
when all absolute values of eigenvalues (Ju; ~ ug| < 1) are less than or equal to 1. Otherwise, it
is conditionally stable. Based on Eqgs. (B.4) and (B.5), considering that the consolidation param-
eters (c?, and c¥,) of soil are very small, the denominator is always greater than the numerator
in the eigenvalues. Thus, the C-N scheme for the consolidation equations of the unsaturated soil
is unconditionally stable under the arbitrary mesh ratio (A,).

Similarly, the trial solution of Eq. (3.4) at point (zx,t,) is assumed to be:

2

= vg)”eikch. (B.6)

Substituting Eq. (B.6) into Eq. (3.4) yields:
Gslvg)"+1 = GSQUQ(UQ)n, (B7)

where G451 =1 — 2\, ac,,, G2 =1+ 2Xac,,.
The growth factor of Eq. (3.4) is:

142\ ac,,

Gy = Ga/Ga = 1—2\.ac,,

(B.8)

It can be found that growth factor Gy is less than 1 under the arbitrary mesh ratio, so the
C-N solution for the consolidation equation of the saturated soil is also unconditionally stable.

Appendix C

A and B are the partitioned matrices, and they are expressed as

B Ay A
oA,

A= " Aw (C.1)
m A
O Ay, Ap
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where Ay and A are the coefficient matrices of Eqs. (3.3) and (3.4) at the boundary z = 2z
and z = zj, respectively, Ay is coefficient matrices on the left side of Eq. (3.13), A1 and A,
are identity matrices:

® B, B
m B,
B= m B, (C.2)
m Bg
B By, By

Appendix D

Comparison of computational efficiency and accuracy

As shown in Tables D1 and D2, the numerical solution developed in this paper has high
computational efficiency and stability under the arbitrary mesh ratio condition. It is worth noting
that the C-N scheme at the local region has been proven to be unconditionally stable. In order
to verify the overall stability of the C-N solution, the boundary conditions, initial conditions,
and external loading are considered in this example. It can be seen that the numerical solution
also exhibits strong stability, indicating that the C-N solution can solve consolidation problems
under various boundary conditions, initial conditions, and time-dependent loading.

Table D1. Comparison of the calculation results between the numerical and analytical solutions.

Time step 7 [s| | Time costs [5 Water pressure [kPal, h, = 1m, ¢, = 107 s
z=1m|z=3m|z=5m z="Tm
10 258.25 20.33 32.64 86.04 90.13
100 24.32 20.33 32.64 86.04 90.13
1000 2.26 20.33 32.64 86.04 90.13
10000 0.35 20.33 32.64 86.04 90.13
Yuan et al. (2023) - 20.34 32.64 86.05 90.13

Note: ty = 10%s

Table D2. Comparison of the calculation results between the numerical and analytical solutions.

Depth step f. Water pressure [kPal, 7 = 100s, t,, = 107 s
z=1m z=3m z=5m z="Tm

0.1 20.33 32.64 86.04 90.13

0.2 20.33 32.64 86.04 90.13

0.25 20.33 32.64 86.04 90.13

0.5 20.33 32.64 86.04 90.13

1 20.33 32.64 86.04 90.13
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This paper investigates the impact of tennis racket string tension, within the same material, on
the effectiveness of ball striking. The images were recorded by a high-speed camera, and 8 kinds of
string pounds were used in the experiment to fix the frame of the tennis racket, and a homemade ball
dispenser was used to launch tennis balls with different incidence velocities and angles to the geo-
metric center of the racket head. Within the tested range, the 40-pound string tension demonstrated
the highest coefficient of restitution (COR), while the 70-pound tension showed a comparatively
lower value.
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1. Introduction

In the sport of tennis, racket string tension is one of the key factors affecting racket per-
formance. It not only determines the elasticity and energy transfer efficiency of the racket but
also directly influences the player’s control over the ball and the ball’s striking speed (Ghaednia
et al., 2015). Research on speed aspects is commonly evaluated using the coefficient of restitution
(COR), which represents the ratio of the ball’s rebound speed to its pre-impact speed (Cross,
1999). Variations in the COR reflect the elastic characteristics of the interaction between the
ball and the racket strings, which are influenced by the string tension (Cross & Bower, 2001).
Lower string tensions can produce faster rebound speeds, primarily because the string bed de-
forms more during impact, the ball deforms less, and the strings can store more energy to return
to the tennis ball as kinetic energy, causing the ball to rebound at a faster speed (Cross, 2000;
Haake et al., 2003; Kotze et al., 2000). Existing studies have indicated that the selection of
string tension should not be too low, nylon strings at around 50 pounds of tension can rebound
at faster speeds (Baker & Wilson, 1978; Bower & Cross, 2008; Goodwill & Haake, 2004; Hatch
et al., 2006).

String tension and incident speed are key factors affecting the rebound angle (Bower & Cross,
2005; Bower & Sinclair, 1999), and for the same angle of incidence, the smaller the rebound angle,
the easier it is for the racket to control the ball, and the better the stability of the racket. The
rebound angle of a tennis ball is an important indicator for testing the stability of a racket’s
control over the ball. Goodwill and Haake (2004) conducted simulated ball-striking experiments
with rackets at 40 pounds and 70 pounds of string tension and found that the rebound angle
of the tennis ball was influenced by the string tension, with the racket at 40 pounds showing
a lower rebound angle than the 70-pound racket. Bower and Sinclair (1999) used rackets with
string tensions of 40 pounds, 51 pounds, and 62 pounds for their experiments and found that
when the tennis ball struck the 40-pound racket, the rebound angle was closer to the normal
of the racket face, while the 62-pound racket produced a rebound angle further away from the
normal of the racket face.
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In the sport of tennis, the interaction between the ball and the racket has a decisive impact
on the outcome of matches (Cross et al., 2000). Particularly, the string tension of the racket
and the contact time between the ball and the string are key parameters affecting racket per-
formance and player performance (Bao et al., 2003). The tension of the strings not only affects
the rotation and controllability of the ball but is also directly related to the player’s feel and
comfort (Bendtsen et al., 2015; Bower & Cross, 2003; Hennig, 2007; Kawazoe et al., 2012). In
actual competition, the contact time between the ball and the strings is extremely short, usually
at the millisecond level (Miller, 2005). This brief contact time significantly influences the ball’s
speed, spin, and trajectory (Bao et al., 2003; Cross, 2003). Goodwill and Haake (2004) found
that the contact time for a 40-pound string is higher than that for a 70-pound racket, suggesting
a negative correlation between string tension and contact time. Baktiar et al. (2020) conducted
impact force tests on two rackets with different tensions and the results indicated that the higher
the string tension, the shorter the duration of the collision.

For most recreational players, opting for lower string tension (e.g., 481bs) can enhance the
racket’s elasticity, making it easier to hit the ball and improving both the striking success rate
and speed. Medium string tension (e.g., 541bs) offers better striking effect and control, while
reducing the impact on the forearm (Zhao et al., 2025). Excessively high tension may lead to poor
ball placement control and increased errors, whereas overly low tension, though boosting ball
speed, can compromise accuracy (Baszczynski et al., 2016). Professional players choose string
tension based on match specifics and their technical strengths. For instance, they may select
higher tension for more spin and control on certain courts and lower tension for greater speed
and coverage on others. When choosing string tension, professionals prioritize the ball’s rebound
characteristics and the racket’s control across various strokes (Allen et al., 2016; Chadefaux
et al., 2016).

The current research has the following limitations. First, previous studies have mainly focused
on nylon strings, and their findings may not directly apply to other common materials like
polyester fiber strings, which have different properties affecting the ball-hitting effect. Second,
prior research has a relatively narrow scope regarding racket string tension, impact speed, and
incident angle. To better understand the complex interaction between tennis balls and racket
strings, these variables need wider-ranging research. Third, while some studies have explored
the impact of racket string tension on specific parameters (e.g., coefficient of restitution or
rebound angle), they lack comprehensive analysis integrating multiple factors, thus failing to
fully understand how string tension affects racket performance. This study selects commonly-
used polyester strings, experiments with various tensions, three impact speeds, and five incident
angles, and compares the results with previous studies. By studying the effect of different racket
string tensions on the rebound speed and angle of tennis balls after impact, it can be found that
the same incident speed but different string tensions leads to different rebound speeds. A faster
rebound speed indicates a better striking effect, enabling athletes to generate higher ball speeds.
A smaller rebound angle means less striking deviation and better ball control, making it easier
for athletes to direct the ball to the desired position. Conversely, a larger rebound angle results
in poorer ball control, increasing the risk of the ball going out of bounds or having a larger
landing point deviation.

2. Materials and methods

2.1. Experimental materials

Wilson Tennis Racket (Wilson Pro Staff v10): The unstrung racket weighs 315 g and is strung
with 16 main strings and 19 cross strings. The strung racket weighs 340 g, has a head size of
626 cm? (97 square inches), and the racket length is 68.58 cm (27 inches). Luxilon tennis strings
(35, 40, 45, 50, 55, 60, 65, 70 pounds): Made of polyester material, with a string diameter
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of 1.25 mm. Slazenger Tennis Balls: The balls weigh 58 g each. Two light sources, a reflector,
a tripod, and a suitably sized wooden board are used to secure the racket; the central part
of the board corresponding to the racket head is hollowed out to prevent the string bed from
contacting the board upon impact at the racket head.

2.2. Experimental equipment

Before the experiment, a vise and an angle meter were used to adjust the desired angle.
A high-speed camera (NX3-S3) produced by IDT Corporation in the United States, with a shoot-
ing frequency of 1500 frames per second and a lens focal length of 16 mm, was employed. The
scale bar is 0.23 m in the horizontal direction and 0.5m in the vertical direction. Finally, SIMI-
motion software from Germany was used for image analysis.

2.3. Experimental scheme

Before the experiment, a marker was used to label the tennis ball for better determination
of the geometric center of the racket face, and the reflective tape was applied for marking.
The main optical axis of the high-speed camera was aligned at the same height as the center
of the racket head, with the camera position fixed. The tennis ball was placed at the geometric
center of the racket, and manual aperture adjustment was made for focusing, with the ability
to accurately recognize the markings on the tennis ball as a reference. A plane mirror was
positioned at a 45-degree angle in front of the side of the racket to ascertain whether the tennis
ball struck the geometric center of the racket face. The ball-feeding machine was adjusted and
placed approximately 1.5m away from the racket, with the prepared scale bar placed at the
geometric center of the racket for filming (Fig. 1). In this study, eight racket string tensions
were tested. For the 351bs tension, impacts at 0°, 30°, 40°, 45°, and 50° incident angles were
performed at 20m/s, 25m/s, and 30m/s using a homemade launcher aimed at the racket’s
geometric center. After the 351bs tests, the strings were cut, and a stringing machine was used
to restring the racket for the 401lbs tests, and so on for subsequent tensions.

Fig. 1. Superimposition of multiple images of actual tennis incidence and rebound.

2.4. Data processing

The data were statistically processed using a Microsoft Excel spreadsheet for each beat-string
poundage, plotted using origin2021 software to plot the selected parameters as a scatterplot, and
fitted to the data based on the scatterplot trend. If close to linear, a linear fit was used. In this
experiment, the angle between the incident line and the normal is called the angle of incidence «,
and the angle between the reflected line and the normal is called the angle of reflection 5. The
partial velocity perpendicular to the y-axis direction of the racket surface is denoted by

Uyi = Uj - COS QL. (2.1)
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The partial velocity of the tennis ball after rebound is expressed as
Vyr = Uy - COS 3. (2.2)
Calculation of the COR is expressed as

e=—. (2.3)

The ratio of the angle of rebound to the angle of incidence is expressed as

p

0= o (2.4)
Select two fixed points at the top and bottom of the racket head to establish a straight line con-
necting these two points. Identify the frame immediately preceding the moment of ball impact
as the incidence moment, and use the center of the ball in this frame as a fixed point. Connect
the centers of the ball from all frames before the impact with this fixed point to obtain multiple
straight lines representing the ball’s trajectory before impact. For the frame in which the ball
leaves the racket after impact, consider it as the bounce moment, and use the center of the ball in
this frame as a fixed point. Connect the centers of the ball from all frames following the impact
with this fixed point to obtain multiple straight lines representing the ball’s trajectory after
impact. By connecting the obtained straight lines before the ball impacts with the straight line
through the top and bottom points of the racket head, the angles of incidence before the ball
strikes the racket can be determined. Calculate the angles of incidence 6 by subtracting the com-
plementary angles from 90°. Select the average of the angles of incidence from the 5 consecutive
frames with the closest values within the last 10 frames before impact as the incidence angle.
Similarly, the rebound angle can be obtained (Fig. 2).

Vi ) 0

Fig. 2. Schematic diagram of tennis ball incidence and rebound.

3. Results

3.1. Correlation between racket string tension and coefficient of restitution
and rebound speed

A fitting equation was established between racket string tension and the COR. At various
incidence angles and different ball speeds, there is a correlation between string tension and
the COR. The COR tends to decrease with an increase in string tension (Fig. 3). At an inci-
dence angle of 50°, the COR for strings is greater than that at 45°, followed by 40°, then 30°,
and the coefficient is the smallest at 0° incidence angle. Moreover, the COR increases with
the increase in incidence angle. At 0° incidence angle, the COR decreases with the increase in
incidence speed. At an incidence speed of 20m/s, the coefficients of restitution for 40-pound
and 35-pound strings are close and greater than those of other tensions, while the coefficient
for 70-pound strings is smaller (Fig. 3a). At incidence speeds of 25m/s and 30 m/s, the COR for
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Fig. 3. Linear fitting plots of racket string tension versus coefficient of restitution at various incidence
angles and ball speeds: (a) incident speed of 20m/s; (b) incident speed of 25m/s; (c) incident speed of
30m/s.

40-pound strings is greater than that for other tensions, and the coefficient for 70-pound strings
is smaller (Fig. 3b and 3c). Additionally, it can be observed from the figures that the COR
decreases as the string tension is reduced from 40 pounds to 35 pounds.

By establishing a fitting equation between string tension and rebound speed, it is found that
under various incidence angles and ball speeds, the rebound speed decreases as the string tension
increases. Specifically, the rebound speeds at 40 and 35 pounds of string tension are greater than
those at other tensions (Fig. 4).
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Fig. 4. Linear fitting plots of racket string tension versus rebound speed at various incidence angles and
ball speeds: (a) incident speed of 20m/s; (b) incident speed of 25 m/s; (c) incident speed of 30 m/s.

3.2. Correlation between racket string tension and angle ratio

By establishing a linear fitting equation between racket string tension and the angle ratio,
the study results indicate a linear correlation between string tension and the angle ratio. As the
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string tension increases, the angle ratio tends to increase (Fig. 5). Furthermore, with the increase
in incidence velocity, the angle ratio exhibits an overall decreasing trend. At various incidence
angles (excluding 0°), the angle ratio for 35-pound string tension is significantly lower than that
for 70-pound string tension. Additionally, at the same string tension, the angle ratio increases
with the increase in incidence angle. The angle ratio for strings at an incidence angle of 50° is
greater than that at 45°, followed by 40°, with the angle ratio at an incidence angle of 30° being
the smallest.
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Fig. 5. Linear fitting plots of racket string tension versus angle ratio at various incidence angles and ball
speeds: (a) incident speed of 25m/s; (b) incident speed of 30 m/s.

3.3. Correlation between racket string tension and contact time

By establishing a linear fitting equation between racket string tension and contact time, the
study results indicate a linear correlation between the two variables. As the string tension in-
creases, the contact time exhibits a decreasing trend (Fig. 6). Across various incidence angles, the
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Fig. 6. Linear fitting plots of racket string tension versus contact time at various incidence angles and
ball speeds: (a) incident speed of 20m/s; (b) incident speed of 25 m/s; (¢) incident speed of 30 m/s.
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contact time for 35-pound tension is longer compared to other tensions, with 70-pound tension
having the shortest contact time. At incidence angles of 0° and 30°, the contact time between
the tennis ball and the racket strings is shorter than at 40°, 45°, and 50°, suggesting a slight
increase in contact time with the amplification of the incidence angle. Across different inci-
dence angles, the contact times in Fig. 6a are overall longer than those in Figs. 6b and 6c,
where the contact times are the shortest, demonstrating that with the increase in incidence
velocity, the contact time shows a decreasing trend.

4. Discussion

The aforementioned research results indicate that with the increase in incidence velocity, the
COR exhibits a decreasing trend (Fig. 3). The possible reason for this is that in the range tested,
most of the kinetic energy is dissipated due to the movement inside the racket frame or due to the
greater deformation of the tennis ball with the string, resulting in more energy dissipation (Bao
et al., 2003). The study found that with the increase in the angle of incidence, the COR tends to
increase, which is consistent with the research findings of (Cross, 1999). Additionally, the study
discovered that within the tested range, the COR decreases with the increase in racket string
tension; the 40-pound string tension exhibits the highest COR, enabling a faster rebound speed
for the tennis ball, while the 70-pound string tension shows the lowest COR, resulting in the
slowest rebound speed (Fig. 4). The reason may be that at lower string tensions, the string bed
can undergo greater deformation, absorbing more energy, which leads to less energy loss for the
tennis ball. Consequently, the overall energy loss in the system of the racket and the tennis ball
is reduced. Therefore, when the tennis ball leaves the string bed, the strings can transfer a larger
portion of energy back to the tennis ball, enabling it to have a faster speed and thus increasing
the COR (Baktiar et al., 2020). When the string tension is high, the degree of deformation
of the strings is minimal, the whole system energy loss between the string and the tennis ball
increases, and the string can only provide a small portion of the energy to the tennis ball as it
leaves the string, resulting in a slower tennis ball after rebound, leading to increased energy loss
in the system comprising the strings and the tennis ball. Consequently, lower tension strings can
enable a faster rebound speed (Bower & Cross, 2005; Cross, 2000; Haake et al., 2003). Within
the tested range, a decreasing trend in the COR was observed when the tension was reduced
from 40 pounds to 35 pounds. The reason might be that when the tennis ball impacts strings
with excessively low tension, the greater degree of string deformation leads to increased energy
loss due to excessive movement, resulting in a decrease in the speed of the ball and a decrease
in the COR after rebound (Baker & Wilson, 1978).

At various incidence angles (except for 0°), the study indicates that the angle ratio increases
with the increase in racket string tension (Fig. 5), and lower tension rackets result in smaller
rebound angles, which is consistent with the findings of (Bower & Cross, 2005; Goodwill &
Haake, 2004). This suggests that a tennis ball striking a high-tension string (70 pounds) rebounds
on a trajectory further away from the racket’s normal, which is less favorable for ball control.
Conversely, a tennis ball striking a low-tension string (35 pounds) rebounds on a trajectory closer
to the racket’s normal, offering better control and exhibiting superior stability performance.
However, these findings diverge from those of (Brannigan & Adali, 1981), who did not measure
the ball’s rebound angle but relied on simulation results without experimental validation.

Within the tested range, the study indicates that as the racket string tension increases,
the contact time between the tennis ball and the strings shows a decreasing trend (Fig. 6),
with the 35-pound tension exhibiting longer contact times compared to other tensions, and
the 70-pound tension having the shortest contact time. This is consistent with the research of
scholars (Baktiar et al., 2020) and colleagues. It may be because when the tennis ball impacts
lower tension strings, the deformation of the strings is greater, leading to an extended contact
time. Longer contact times result in reduced impact vibrations transmitted to the racket and the
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player’s hand (Kawazoe et al., 2012), and increasing the contact time between the tennis ball and
the strings can enhance a player’s control over the ball. Therefore, to improve hitting comfort
and control effectiveness, lower tension strings are a good choice (Cross, 2000). Additionally,
within the tested range, the study also found that as the incidence angle increases, the contact
time between the tennis ball and the strings increases slightly. The reason may be that with an
increase in the incidence angle, the tennis ball slides or rolls a longer distance on the contact
surface (Goodwill & Haake, 2004). With an increase in incidence velocity, the contact time shows
a decreasing trend. The possible reason is that the greater deformation of the strings results in
shorter contact times (Baktiar et al., 2020).

In this study, three impact velocities (20 m/s, 25 m/s, 30 m/s) were used, whereas prior studies
mostly employed a single one (Baker & Wilson, 1978; Baszczynski et al., 2016). The eight-string
tensions selected here differ significantly from the 1-3 used in previous research (Bower & Cross,
2005; Kawazoe et al., 2012; Zhao et al., 2025). Also, the five impact angles were chosen to
contrast with the single or fewer angles used before (Bower & Sinclair, 1999; Cross, 1999).
This approach helps comprehensively understand the overall trends in the relationship between
string tension and coeflicients of restitution, angle ratios, and contact times. It also highlights the
substantial influence of string tension on tennis racket performance. Lower tensions (e.g., 40 1bs)
yield higher coefficients of restitution, smaller rebound angles, and longer contact times, boosting
ball speed and control precision (Allen et al., 2016; Chadefaux et al., 2016; Zhao et al., 2025).
Selecting optimal tension requires a comprehensive consideration of speed, control, comfort,
and performance (Baszczynski et al., 2016). Beginners and intermediate players are advised to
choose medium tensions (40 1bs—50 1bs). Advanced players can select based on personal preference
and technique, with lower tensions for power-oriented players and higher tensions for control-
focused ones.

This study established three levels of incident speed. Within the same level, each launch speed
was nearly identical but not exactly equal. The main factors affecting the launch speed were the
stretching time and length of the launcher’s elastic band, as well as the ball’s position inside
the launcher. These factors caused slight differences between the set speed and the actual launch
speed. During data analysis, the launch speed obtained from the tennis image analysis was used
for calculations, which did not affect the results. The relatively low R-squared value observed in
this study may be attributed to the uneven stress distribution at the seams resulting from the
internal structural composition of tennis balls during impact events. However, this localized
phenomenon does not substantially influence the overall trend of the data.

5. Conclusion

Lower string tensions result in a higher COR and rebound speed. Lower string tensions
also lead to smaller reflection angles for the same incidence angle, contributing to more stable
ball striking. Additionally, lower string tensions correspond to longer contact times between the
tennis ball and the racket strings.
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Similarity analysis and numerical simulations are performed to investigate the effects of axial
force, material physical properties, and geometric shape of the conical structure on the sealing spe-
cific pressure. The results indicate that under a certain axial force, the conical structure can achieve
a high sealing specific pressure. However, the sealing specific pressure decreases with the increase
in the sealing surface diameter, sealing surface width, cone angle, and friction coefficient. In terms
of material physical properties, the sealing specific pressure increases with the increase in Young’s
modulus of the upper cone, while other performance parameters have little effect on the sealing
specific pressure. In addition, by using similarity analysis, a semi-empirical analytical expression
model is proposed to represent the dependence of sealing specific pressure on the axial force, friction
coefficient, material physical properties, and geometric properties of the conical structure.
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1. Introduction

Valves, as important components of process fluid systems, are widely used in industries, such
as petroleum, chemical, aerospace, etc. Their sealing performance directly affects the effective-
ness of the entire pipeline control system, which has been the focus of research (Deng et al.,
2023; Chen et al., 2024). There are various types of valve seals, mainly including plane seals,
spherical seals, curved seals, and conical seals. And with the development of numerical calcu-
lations, scholars have studied the influence of different factors on the sealing pressure of valves
(Song & Zheng, 2013; Wang et al., 2024a; Kwak et al., 2019; Peng et al., 2021; Abbasov et al.,
2021; Zhao et al., 2022; Yuvaraj & Arunkumar, 2025).

Li et al. (2023) conducted the sensitivity analysis of sealing structure parameters and de-
termined the optimum size of the valve. The results show that the sealing performance of the
valve was significantly improved after optimization. Yang et al. (2020) analyzed the influence of
parameters such as the maximum interference fit and taper of the sealing ring contact surface on
the sealing contact stress, and found that increasing the interference fit and taper is beneficial for
improving the sealing performance. Wu et al. (2010) proposed a deep high-pressure conical valve
based on a polyether ether ketone seat sealing structure and studied the sealing performance of
the new valve. The results show that the new valve has better sealing performance. Jayanath
et al. (2016) conducted a finite element analysis of the contact stress on nitrile rubber seals
for valves, and their experimental results were found to be consistent with the finite element
analysis results. Lin et al. (2022) analyzed the influence of sealing pair structure dimensions and
medium pressure on sealing pressure. Wang et al. (2024b) propose a design scheme for an outer
conical sealing structure to address the shortcomings of the conical sealing structure. The ad-
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vantage of its sealing principle is that it not only ensures the sealing effect, but also reduces
processing difficulty. Wu et al. (1992) analyzed the force state of the conical sealing pair and
derived the relationship between the axial force and cone angle of the sealing pressure. However,
this relationship ignores the fact that different conical sealing pairs will undergo different defor-
mations under different axial forces, resulting in changes in the stress state. In addition, some
researchers (Gorash et al., 2016; Romanik et al., 2019; Kwak et al., 2019; Li et al., 2024) have
also conducted research on the design and performance of valve sealing structures, and obtained
the sealing contact pressure under different working conditions.

In summary, researchers have made some progress in the design and performance of valve
sealing structures. However, further research is needed on the sealing-specific pressure model of
conical structures. On the one hand, although the theoretical formula for sealing specific pressure
was established in early stages, the theoretical assumptions are too simplistic due to the deforma-
tion of the conical structure under axial force, resulting in significant deviations in calculations.
On the other hand, previous simulation studies have only considered the influence of a small
number of factors on the sealing specific pressure, making it difficult to obtain the functional
relationship between the sealing specific pressure and various factors. Therefore, the purpose of
this study is to investigate the quantitative dependence of sealing specific pressure on the axial
force, friction coefficient, material physical properties, and geometric properties of the conical
structure, so as to further guide the design of valve seal structure.

2. Similarity analysis of sealing specific pressure for conical structure

The sealing problem for a conical structure under axial force is illustrated in Fig. 1. When
the upper cone is compressed against the lower cone by an axial force, the two cones undergo
certain deformation and form a sealing surface with a certain sealing specific pressure, thereby
achieving the sealing effect. In the following analysis, the sealing specific pressure for a conical
structure under such axial force is derived using similarity analysis.

\at-
\

Fig. 1. Schematic diagram of conical structure: 1 — upper cone; 2 — lower cone.

Obviously, the specific sealing pressure for a conical structure depends on the axial force,
the physical properties of material, and the geometric properties of the conical structure. There-
fore, the sealing specific pressure p can be written as

b= f(Fa Da ba 97#3 E17E2avlav2apla P2, 01702)a (21)

where F' is the axial force, D is the sealing surface diameter, b is the sealing surface width, 6 is
the cone angle, u is the friction coefficient, £ and v; are Young’s modulus and Poisson’s ratio
of the lower cone, respectively. Fo and v9 are Young’s modulus and Poisson’s ratio of the upper
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cone, respectively, p; and po are the densities of the upper cone and lower cone, respectively,
o1 and o9 are the yield strengths of the upper cone and lower cone, respectively.

The sealing problem for a conical structure under axial force is a static problem, so the inertia
effect is not considered. The gravity of the upper cone is much smaller than the axial force, so
the influence of cone gravity on the sealing specific pressure is negligible. In other words, it can
be assumed that p is independent of p; and ps. Additionally, to ensure the strength reliability of
the conical sealing structure, the stresses on both cones should be less than the yield strength
of the materials, so the yield strength has almost no effect on the change in the sealing specific
pressure, which means that p can be regarded as independent of o1 and o9. Therefore, Eq. (2.1)
can be simplified as

p:f(F7D7b797,u7E17E277)177)2)‘ (22)

In the conical sealing structure, Young’s modulus of the lower cone is larger than that of
the upper cone. When the upper cone is compressed against the lower cone by axial force, the
upper cone undergoes more deformation than the lower cone, causing the area of the contact
surface to change, which is consistent with the subsequent simulation results. The changes in
Young’s modulus and Poisson’s ratio of the lower cone in a certain range have little effect on
the deformation and thus on the area of the contact surface. Therefore, the influence of Young’s
modulus and Poisson’s ratio for the lower cone on the specific sealing pressure can be ignored.
Equation (2.2) can be rewritten as

b= f(F7D7b797,U’7 EQ)UQ)' (23)

According to Barenblatt (1996), in the MLT (corresponding to mass, length, and time) class
of systems of units, the dimension of each quantity involved in Eq. (2.3) can be defined as follows:

dimp = ML™!T~2, dim F = MLT 2,
dim D =dimb =L, dimf = dim p = 1, (2.4)
dim Fy = ML™'T2, dimwy = 1.

It is straightforward to verify that the dimensions of ' and D are independent. By considering
these two variables as the basic system determining the independent variable, the remaining de-
pendent variables in Eq. (2.4) can be expressed as

dimp = dim (F/D?),  dimb = dim D,
dim p = dim 6 = dimwvy = 1, (2.5)
dim Ey = dim (F/D?).

Therefore, by using the Buckingham Pi theorem, Eq. (2.3) can be written in the following
dimensionless form:

IT= f(Hla H27H37H47H5)7 (26)

where f is an arbitrary function and

p
M=
F/D?’

I = —, II; =0, I3 = p, I14

H5 = V2.

S| =
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By substituting Eq. (2.7) into Eq. (2.6), we get

P _ b B2
F/Dg_f<D797,u7F/D27’U2>' (28)

One can see that there are now five dimensionless arguments in Eq. (2.8), which can be
simplified further by using incomplete similarity or the second type of self-similarity (Barenblatt,
1996).

First, the dimensionless parameter II; is analyzed. The sealing surface width used in this
study is b = 0.4-2 mm, the sealing surface diameter is D = 4-20 mm, and there is II; = 0.02-0.5.
Moreover, when other parameters remain constant, the larger the sealing surface width b, the
larger the contact area between the two conical surfaces, and the smaller the sealing specific pres-
sure p. According to Barenblatt (1996), in traditional “physical level” discussions, the parameter
IT; should be considered essential. This indicates that II may have incomplete self-similarity or
similarity of the second type in the dimensionless parameter 1I;. In other words, assuming that
a function f; has an arbitrary power law-type asymptotic expression, Eq. (1.6) can be written
in the following simplified form:

I =117 f1 (I, I3, 114, 115, (2.9)

where « is an undetermined constant exponent.

Secondly, regarding the dimensionless parameter Iy and I13, we have Iy = 50°-90° and II3 =
0.3-0.38 in this study. According to the force analysis of the conical sealing structure, it can be
concluded that for Ils, when other parameters remain constant, as the cone angle increases, the
normal stress on the contact surface decreases and the sealing specific pressure decreases, which
is consistent with the subsequent simulation results; for II3, when other parameters remain
constant, as the cone angle increases, the normal stress on the contact surface decreases and the
sealing specific pressure decreases, which is consistent with the subsequent simulation results.
As in the analysis for I, II has incomplete self-similarity or similarity of the second type in
the dimensionless parameters IIs and II3. Therefore, Eq. (2.9) can be written in the following
simpler form:

IT = I 1 103 f (T4, 105), (2.10)

where fy is an arbitrary function, and «, 3, v are three undetermined constant exponents.

Finally, regarding the dimensionless parameter Iy, with ' = 200N, FE, = 2.67 GPa, and
D = 8 mm, we have II; = 854, which is much greater than 10. However, when Young’s modulus
F» decreases within a certain range, the increase in contact area leads to an increase in the
sealing specific pressure p, which will not approach a constant. According to Barenblatt (1996),
this indicates that II may have incomplete self-similarity or similarity of the second type in the
dimensionless parameter II4. Then Eq. (2.10) can be expressed as

11 = I I T 117 f3 (1T5), (2.11)

where f3 is an arbitrary function, and «, 3, 7, 1 are four undetermined constant exponents.
Substituting Eq. (2.7) into Eq. (2.11) yields

F/pD2 N (lI;)aeﬁ‘ﬂ <F712)2>nf3(“2)' (2.12)

The function f3(v2) and the four undetermined constant exponents «, 3, v ,n will be deter-
mined based on the following numerical results.
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3. Numerical simulation

3.1. Simulation model

The sealing specific pressure of the conical structure under axial force was investigated using
ANSYS-WORKBENCH. The conical structure is an axisymmetric structure, so the model is
simplified to a 1/2 model. The upper cone material is aluminum alloy 2A14. The lower cone
material is 20Cr13, and the physical properties of the material are shown in Table 1. Additionally,
grid partitioning is a crucial step in simulation analysis, where grid quality has a significant
impact on the accuracy and precision of the simulation analysis. In order to ensure sufficient
accuracy of the calculation results, the mesh of the contact area was encrypted with a mesh size
of 0.02mm, as shown in Fig. 2a. The contact surface is set to frictional contact. The bottom
boundary of the lower cone is set as a fixed support to prevent the lower cone from moving. The
displacement constraint of the upper cone surface in the X- and Z-directions is 0 mm, and only
axial movement is allowed. Axial force is applied to the upper cone surface to ensure sealing, as
shown in Fig. 2b.

Table 1. Physical properties of material.

Material | p [kg/m?] | E [GPa] v os [MPa]
2A14 2800 72 0.33 380
20Cr13 7750 200 0.3 540

| 2024/7/30 904

. Symmetry Region
[BJ Force: 1000. N
lg Displacement
. Fixed Support

Fig. 2. Simulation model of cone seal structure: (a) grid distribution; (b) boundary conditions.

3.2. Numerical results and discussion
3.2.1. Dependence of sealing specific pressure on axial force

To study the effects of axial force on sealing specific pressure, for an axial force range of
500 N to 2000 N, we numerically simulated a conical structure with a diameter of D = 12mm,
width of b = 0.8 mm, and angle of § = 50°. In all of these numerical simulations, the friction
coefficient was p = 0.2.

Figure 3 shows the equivalent stress distribution of the conical structure under an axial force
F = 2000N. In Fig. 3, it can be seen that the maximum equivalent stresses of the upper and

() (b)B

L] i
Unit: MPa Unit: MPa
Time:1 Time: 1
2024/7/29 1617 202477129 1624

126.85 Max 314.03 Max
11276 279.63
98.672 24522
84583 21081
70.494 1764

56406 14199
42317 107.58
28.228 73176
14139 38768

0.050551 Min 4.3596 Min

Fig. 3. Equivalent stress distribution of conical sealing structure: (a) upper cone; (b) lower cone.
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lower cones are 126.8 MPa and 314 MPa, respectively, both of which are lower than the yield
strength of the material. In addition, the equivalent stress in the middle part of the contact
surface is relatively small, while the equivalent stress in the upper and lower boundary parts is
relatively large. Figure 4 shows the equivalent strain distribution of the conical structure under
an axial force F' = 2000 N. In Fig. 4, it can be seen that the maximum strains of the upper and
lower cones are 0.0018 mm/mm and 0.0016 mm/mm, respectively, and the deformation of the
upper conical surface is relatively large. Figure 5 shows the sealing-specific pressure distribution
on the sealing contact surface under an axial force of F' = 2000 N. In Fig. 5, it can be seen that
the sealing specific pressure of the conical structure is relatively small in the middle of the sealing
band, with the highest values at the upper and lower boundary positions, about 298 MPa, and
the positions of the maximum stress and maximum deformation correspond to the positions
of the maximum sealing specific pressure.

(a)

0001272
00010934
000091477
000073618

00014171
00012143
00010124

000081008
000060774
—{ 00004054

000020305
7.1221e-7 Min

000037899
000020039
2.18e-5 Min

Fig. 4. Strain distribution of conical sealing structure: (a) upper cone; (b) lower cone.

Fig. 5. Sealing specific pressure on the contact surface.

To obtain a general rule for the dependence of the sealing specific pressure on the axial force,
additional numerical simulations with various values of F' were conducted. The numerical results
are presented in Table 2. One can observe that with an increase in the axial force, the stress and
sealing specific pressure of the conical structure also increase. Under the action of the axial force
F = 2500 N, the stress of the conical structure with D = 12mm, b = 0.8 mm, and 6 = 50° is less
than the yield strength of the material, indicating high reliability.

Table 2. Sealing specific pressure of conical sealing structure under different axial forces.

F [N] | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]

500 36.7 99.1 87.7
1000 67.2 184.4 162.2
1500 98.1 270.1 236.6
2000 126.8 314.0 298.1

2500 178.3 367.4 355.4




Influence of conical structure on sealing specific pressure under static loading 871

3.2.2. Dependence of sealing specific pressure on sealing surface diameter

To study the effects of the sealing surface diameter on sealing specific pressure, numerical
simulations for conical sealing structures with various sealing surface diameters (D = 4 mm,
8mm, 12mm, 16 mm, and 20 mm) were conducted with the width of b = 0.8 mm, and angle of
0 = 70°. In all of these numerical simulations, the axial force was F' = 2000 N and the friction
coefficient was p = 0.2.

The sealing specific pressure for different sealing diameters is shown in Table 3. According to
Table 3, as the sealing surface diameter increases, the stress and sealing specific pressure of the
conical structure gradually decrease. The sealing specific pressure of the conical structure with
a sealing surface diameter of D = 4 mm is the highest, at 640 MPa, which is 3.1 times the sealing
specific pressure of the conical structure with a sealing surface diameter of D = 20mm. This
is because, under the same axial force, a smaller sealing surface diameter results in a smaller
contact area, leading to a higher sealing specific pressure.

Table 3. Sealing specific pressure of conical structures with different sealing surface diameters.

D [mm] | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
4 294.4 627.0 660.0
8 145.8 325.3 371.0
12 99.2 227.5 264.9
16 80.0 183.8 221.9
20 69.6 163.5 205.6

3.2.8. Dependence of sealing specific pressure on sealing surface width

To study the effects of the sealing surface width on sealing specific pressure, numerical
simulations for conical structures with various sealing surface widths (b = 0.4mm, 0.8 mm,
1.2mm, 1.6 mm, and 2mm) were conducted with a diameter of D = 0.8 mm, and an angle of
0 = 70°. In all of these numerical simulations, the axial force was F' = 2000 N and the friction
coefficient was p = 0.2.

The numerical results of sealing specific pressure for conical structures with different sealing
surface widths are shown in Table 4. In Table 4, one can see that as the sealing surface width
increases, the stress and sealing specific pressure of the conical structure gradually decrease. This
is because under the same axial force, a smaller sealing surface width will result in a smaller
contact area, leading to a higher sealing specific pressure.

Table 4. Sealing specific pressure of conical structures with different sealing surface widths.

b [mm] | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
0.4 138.8 326.4 348.7
0.8 99.2 227.5 264.9
1.2 84.2 214.5 223.6
1.6 75.6 173.6 207.4

2 68.9 160.1 195.6

3.2.4. Dependence of sealing specific pressure on cone angle

To study the effects of the cone angle on sealing specific pressure, numerical simulations for
conical structures with various cone angles (0 = 50°, 60°, 70°, 80°, and 90°) were conducted with
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the diameter of D = 0.8 mm, and width of b = 12mm. In all of these numerical simulations, the
axial force was F' = 2000 N and the friction coefficient was u = 0.2.

The numerical results of sealing specific pressure for conical structures with different cone
angles are shown in Table 5. According to Table 5, the stress and sealing specific pressure of
the conical structure gradually decrease with the increase in the cone angle. This is because
under the same axial force, the increase in the cone angle reduces the normal stress on the
contact surface, resulting in a decrease in sealing specific pressure, which is consistent with the
theoretical analysis results.

Table 5. Sealing specific pressure of conical structures with different cone angles.

6 [°] | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
50 126.8 314.1 298.1
60 111.2 284.1 286.5
70 99.2 227.5 264.9
80 89.2 218.2 246.2
90 81.3 209.1 235.6

3.2.5. Dependence of sealing specific pressure on friction coefficient

To study the effects of the friction coefficient on sealing specific pressure, numerical sim-
ulations for conical sealing structures with various friction coefficients (u = 0.1, 0.2, 0.3, 0.4,
and 0.5) were conducted with a diameter of D = 0.8 mm, a cone angle of # = 50°, and a width
of b = 8 mm. In all of these numerical simulations, the axial force was F' = 2000 N.

The numerical results of sealing specific pressure for conical structures with different friction
coeflicients are shown in Table 6. According to Table 6, the stress and sealing specific pressure
of the conical structure gradually decreases with the increase in the friction coefficient. This
is because under the same axial force, the increase in the friction coefficient reduces the nor-
mal stress on the contact surface, resulting in a decrease in sealing specific pressure, which is
consistent with the theoretical analysis results.

Table 6. Sealing specific pressure of conical structures with different friction coefficients.

w | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
0.1 157.2 361.3 336.2
0.2 126.8 314.0 298.0
0.3 128.3 328.9 270.7
0.4 130.5 308.6 240.1
0.5 135.7 291.7 2154

3.2.6. Dependence of sealing specific pressure on Young’s modulus and Poisson’s ratio

To study the effects of Young’s modulus and Poisson’s ratio on sealing specific pressure,
numerical simulations for conical sealing structures were conducted with the diameter of D =
0.8 mm, cone angle of § = 50°, and width of b = 8 mm. In all of these numerical simulations, the
axial force was F' = 2000 N and the friction coefficient was pu = 0.2.

The influence of Young’s modulus (E2 = 100 GPa, 120 GPa, 150 GPa, 180 GPa, and 200 GPa)
of the upper cone on the sealing specific pressure was first analyzed. The numerical results of
sealing specific pressure for different Young’s modulus of the upper cone are shown in Table 7.
According to Table 7, the sealing specific pressure of the conical structure gradually increases
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Table 7. Sealing specific pressure of conical structures with different Young’s modulus.

E, [GPa] | Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
100 135.8 370.8 325.6
120 139.6 377.8 333.6
150 144.9 389.2 347.5
180 150.0 399.4 358.3
200 153.2 405.7 364.8

with the increase in Young’s modulus of the upper cone. This is because under the same axial
force, the increase in Young’s modulus of the upper cone causes less deformation, resulting
in a smaller contact area and an increase in sealing specific pressure. In addition, the influence
of Poisson’s ratio (v = 0.3, 0.32, 0.34, 0.36, and 0.38) of the upper cone on the sealing specific
pressure was analyzed. The numerical results of sealing specific pressure for different Poisson’s
ratios are shown in Table 8. According to Table 8, with the increase in Poisson’s ratio of the
upper cone, the change in sealing specific pressure is relatively small, at approximately 4 MPa,
which can be almost ignored.

Table 8. Sealing specific pressure of conical structures with different Poisson’s ratio.

Vg Upper cone stress [MPa] | Lower cone stress [MPa] | p [MPa]
0.3 156.9 407.1 366.2
0.32 154.4 406.2 365.3
0.34 152.0 405.2 364.4
0.36 149.8 404.1 363.5
0.38 147.7 403.1 362.6

4. Semi-empirical analytical expression for sealing specific pressure

To determine the model constants «, 3, v, n, and the function f3(ve) in Eq. (2.12), the
numerical results derived above are used. Numerical fitting of these numerical results will be
conducted using the Levenberg—Marquardt optimization algorithm.

Firstly, in Table 8, one can see that within a certain range, the change in Poisson’s ratio of
the upper cone has a relatively small impact on the sealing specific pressure and can be ignored.
Therefore, when other parameters (axial force, sealing surface diameter, sealing surface width,
cone angle, friction coefficient, Young’s modulus of upper cone) remain unchanged, f3(vs) can
be written in the following form:

fa(v2) = ¢, (4.1)
where c is a constant. Therefore, substituting Eq. (4.1) into Eq. (2.12) yields
P b @ 8 E2 K
L= 0w . 4.2
wi =< (5) 0 (575 2

The parameters in Eq. (4.2) were determined by fitting the above simulation results. The
fitting results and model parameters are shown in Fig. 6 and Table 9, respectively. Therefore,
the sealing specific pressure of the conical structure can ultimately be expressed as

. 0.72F%7 92
D1-12j0.4690.44 ,0.25

(4.3)
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Fig. 6. Sealing specific pressure versus (a) axial force, (b) sealing surface diameter, (c) sealing surface
width, (d) cone angle, (e) friction coefficient, and (f) Young’s modulus.

Table 9. Parameters of the model.
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5. Conclusions

In this study, similarity analysis and numerical simulations were conducted on the relation-
ship between the sealing specific pressure and various factors for the conical structure under
axial loading, specifically involving axial force, cone angle, sealing surface width, sealing surface
diameter, and physical properties of materials. The main conclusions are as follows:

1) based on the similarity theory, a semi-empirical analytical expression for the sealing specific
pressure of the conical structure was obtained, which can well predict the dependence of the
sealing specific pressure on axial force, material physical properties, and the geometric
shape of the conical structure (cone angle, sealing surface width, sealing surface diameter);

in addition to the influence of the geometric shape of the conical structure on the sealing
specific pressure, the friction coefficient also has a significant impact on the sealing specific

pressure, which requires us to ensure that the conical surface has appropriate roughness

when being processed;

structure materials.
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Chemical diffusion is vital in materials science and energy technology. Current Fick and non-
Fick theories overlook the transient nature of diffusion. By referring to biomechanical axioms, we
incorporate the transient expansion process and introduce characteristic time. This paper explores
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batteries.

Keywords: mechano-diffusion coupling; transient diffusion; characteristic time.

@ Articles in JTAM are published under Creative Commons Attribution 4.0 International.
Unported License https://creativecommons.org/licenses/by/4.0/deed.en.
BY By submitting an article for publication, the authors consent to the grant of the said license.

1. Introduction

Chemical diffusion refers to the directional migration of atoms or molecules of a substance due
to the presence of a chemical potential gradient. In a system, when the chemical potential varies
in different regions, the substance will diffuse from the region with a higher chemical potential to
that with a lower chemical potential, aiming to achieve chemical potential equilibrium. As this
phenomenon is ubiquitous in almost all materials and fields, the study of chemical diffusion in
objects has always attracted extensive interest among researchers (Dai & Xiao, 2021; Hu et al.,
2020). The study of this phenomenon has traditionally been based on Fourier’s law of heat
conduction and Fick’s law of diffusion. Both of these laws assume that the propagation speed
is infinite. Transient phenomena occurring under high temperatures or extremely large diffusion
fluxes, accompanied by mass and heat transfer during chemical reactions, may lead to errors
that contradict physical observations. Therefore, it is necessary to discuss the transient effects
at finite speeds.

The research on non-Fourier heat conduction has inspired the study of non-Fick diffusion.
In light of the analogous nature of heat conduction and mass diffusion, Dong and Jiang (1995)
conducted an analysis of the physical process underlying diffusion mass transfer. They intro-
duced the concept of mass propagation speed and formulated the diffusion differential equation
for scenarios where the mass propagation speed is finite. This equation addresses the non-Fick
diffusion mechanism, which deviates from the traditional Fick diffusion model, and provides
a framework for understanding diffusion processes with finite propagation speeds, thereby en-
hancing the realism of the model in the context of mass transfer phenomena. Liu (2007) em-
ployed the least square method and Laplace transform to prognosticate the characteristic time
of sodium chloride diffusion in aqueous solutions. This approach was facilitated by leveraging
historical experimental data pertaining to the concentration of NaCl diffusion in water. Through
computational analysis, Liu successfully obtained theoretical values that were in concordance
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with the experimental data, thereby validating the finite propagation speed model for diffusion
processes. Kuang (2014) integrated the generalized inertial entropy theory into the framework
of continuum thermodynamics, thereby establishing a comprehensive theoretical model. This
model elucidates that both heat and diffusion waves propagate at a finite speed, a departure
from the infinite propagation speed implied by classical Fourier’s law. Suo and Shen (2013a)
employed the method of separation of variables to derive the double Fourier series solution
for two-dimensional non-Fick diffusion, accommodating arbitrary initial and periodic boundary
conditions. This theoretical framework was subsequently validated against both simulation and
experimental results, demonstrating a heightened congruence with experimental data when uti-
lizing non-Fick diffusion models. This finding underscores the superiority of non-Fick diffusion
models in accurately capturing the complexities of mass transfer phenomena, particularly in
scenarios where traditional Fick models fall short.

Diffusion processes are also indeed intricately linked with various physical phenomena, in-
cluding stress or deformation fields (Yan et al., 2024), temperature fields (Nguyen et al., 2019),
chemical reactions (Chen et al., 2023), and electric fields (Yu et al., 2016; Yu & Shen, 2014).
This coupling is not merely coincidental but reflects the multifaceted nature of transport phe-
nomena in materials science and engineering. Chu and Lee (1994) have indeed conducted research
on the effect of stress on chemical diffusion, emphasizing the intricate relationship between me-
chanical stress and mass transport phenomena. Their work contributes to the understanding
of how chemical stresses can influence diffusion processes, a topic of significant importance in
materials science and engineering. Building upon the foundation of irreversible thermodynamics,
inertial entropy, and inertial concentration, Hu and Shen (2013) have proposed variational prin-
ciples for the chemical Gibbs function, Helmholtz function, and internal energy. These principles
provide a comprehensive theoretical framework for describing fully coupled thermo-mechanical-
chemical problems. Konica and Sain (2020) have indeed developed a thermodynamically consis-
tent continuum model that addresses the high-temperature oxidation of polymers, incorporating
the complex coupling between diffusion, chemical reactions, and large deformation of polymers.
In the context of mechano-thermo-electro-chemical coupling, Yu and Shen (2014) proposed the
variational principle of the fully coupled thermal electrical chemical mechanical problem based
on irreversible thermodynamics, and derived the fully coupled governing equations including
heat conduction, mass diffusion, electrochemical reaction, and electrostatic potential, which can
be used to deal with the coupling problem in solids. Suo and Shen (2013b) also established the
non-Fick diffusion and stress coupling equations under one-dimensional conditions, and derived
approximate analytical solutions for concentration, stress, and displacement using the Laplace
transform and the inverse Laplace transform. Considering the microscopic time and chemo-
mechanical coupling effect, Shen (2022) introduced the second-order rate and characteristic time
through Taylor expansion to describe the transient process and derived the transient Reynolds
transport theorem. Based on the conservation laws, the transient field equations, including me-
chanical and chemical contributions and microscopic time, were derived, providing a more ac-
curate theoretical framework for studying transient phenomena in complex material systems.

The transient continuum mechano-chemical coupling theory naturally derives finite-speed dif-
fusion equations from conservation laws by introducing characteristic time and second-order rate
terms, overcoming the empirical parameter dependence limitation of non-Fick diffusion models.
Its core advantages lie in multi-physical field coupling capability and physical self-consistency at
microscopic time scales. The objective of our work is to quantitatively investigate the influence
of characteristic time on mechano-chemical coupling theory, with systematic comparisons to
both classical Fick diffusion and non-Fick diffusion models. The structure of this paper is orga-
nized as follows: in Section 2, we introduce the transient continuum chemo-mechanical coupling
theory and establish a chemo-diffusion coupling model for lithium ions in a spherical structure.
Section 3 discusses the effects of characteristic time and boundary concentration. Finally, we
present our conclusions in Section 4.
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2. Transient continuum chemo-mechanical coupling theory

By applying the axioms of biomechanics to the transient chemo-mechanical coupling process,
and excluding chemical reactions, the mass conservation equation and momentum conservation
equation can be derived as follows (Shen, 2022):

den  te D%y B opv  t. 82pv B v

where ¢y is the particle concentration of particle N, t. is the characteristic time, Jn is the
particle diffusion flux of particle IV, p is the system density, v is the velocity, b is the body force,
o is the Cauchy stress, and oV is the residual stress caused by convective diffusion or chemical
reaction, and its expression is

dpvi
o = (pvi + tcg:> Vg (2.2)

If the characteristic time ¢, is taken as 0 and the convective diffusion of particles is not
considered, the above control equations become the classical mass conservation equation and
mechanical momentum conservation equation:

dcny B dpv

The spherical structure with radius rg is shown in Fig. 1. And in this manuscript, the lithium

ions are assumed to diffuse inside the spherical structure.

=Ty

v
e [ e
A

Fig. 1. Schematic diagram of the spherical diffusion model.

Under the influence of concentration, diffusion-induced strain will occur within the sphere.
According to Li (1978), the diffusion-induced strain can be expressed as

e =Q(c— ), (2.4)

where () represents the partial molar volume of the sphere, and ¢y represents the initial concen-
tration within the sphere.

Assuming that the deformation in the sphere is relatively small and elastically linear, the
material of the spherical model is isotropic, and ions diffuse only radially within the sphere (Suo
et al., 2021; 2024). Additionally, the sphere only experiences radial and hoop stresses during ion
diffusion, with no shear stress. In a spherical coordinate system, the strain can be expressed in
terms of displacement as follows:

: (2.5)

ou U
€y = = -
r

57
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where ¢, and €y represent the radial and hoop stresses, respectively, and u is the radial displace-
ment of the sphere.

In spherical coordinates, the constitutive equations for stress and strain under the influence
of force-diffusion coupling are given by the following relations (Zhang et al., 2019):

1 1 1 1
&= (o — 2v0g) + 55, €0=7 [og — v (o9 +0,)] + gs, (2.6)
where o, and oy represent the radial and hoop stresses, respectively, while £ and v represent
the elastic modulus and Poisson’s ratio, respectively.
Assuming that body forces are negligible during the diffusion process, according to Shen
(2022), the equilibrium equation is given by:

V(e —cV)=0. (2.7)

Under the influence of stress, the chemical potential of ion diffusion is given by Chu and Lee
(1994):

=0+ RTIn S — Qoy, (2.8)
Co
where o, = (0, + 209)/3 is the hydrostatic pressure.
The velocity v, of ions during diffusion can be expressed as

D dc D 0o h

= _MVy—=-—-""4———2"" 2.9

v K c Or + RT or’ (29)

M represents the ionic mobility, V is the gradient operator, and D = MRT is the diffusion
coefficient of the material.

Thus, the residual stress can be expressed as

cor TR or (2.10)

v <Dac DQ80h>2
o-=p .

Due to the assumption that ions diffuse only in the radial direction, residual stress is gen-
erated only in the radial direction within the sphere. Therefore, the equilibrium equation in
spherical coordinates is

d (o — ") n % (0 — 0¥ — o) = 0. (2.11)

or

Assuming the corresponding boundary conditions are

ul,_y =0, oy — O'V‘ = 0. (2.12)

r=rg
Under the influence of characteristic time and stress, the diffusion flux J can be expressed as

B dc L Oc  t.0cOc _ ) doy, B t) Jc Doy,
J—<C+tcat) Uk = D<8r+08t€9r RT or RT('%(‘?T)' (2.13)

When t, = 0, Eq. (2.13) represents the normal force-diffusion coupling flux under normal con-
ditions.

Ions in the diffusion process obey the law of mass conservation. The mechano-diffusion cou-
pling equation in spherical coordinates is given by

ted*c dc 1 2
S o Ty (P =0 (2.14)
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Based on the symmetry of the sphere, the diffusion flux at the center of the sphere is 0. Assuming
that the concentration on the outer surface of the sphere is constant at ¢; and the initial
concentration of ions inside the sphere is constant at ¢y, the boundary and initial conditions are

Oc
J),—o =0, c]r:m =c, cly—o = co, 5% . =0. (2.15)
t=

To facilitate the simulation calculations, these equations are nondimensionalized by introducing
the following dimensionless variables:

_ r _ C _ U
rT=—, c=—, U= —,
To C1 70
_ Qo < pD? _
= = — = Q
Th = o / B2 q Co,
2.16
_ Qo, _ Qoy 7 Dt ( )
g = —_— = —_—
" RT’ T RT” 2’
_ Dtc — J?"o
T 1"(2) ’ D01

Substituting these dimensionless variables into Eqgs. (2.11) and (2.14), the governing equa-
tions becomes

(L+v)(1-2) (2f ded%e | 2F (02 0o
(1—wv) cororr ¢ \or) or

n 27@32@ +71J; <30>2+2f <30'h>2_ 2f (ac>3

Ou 200 2u
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or o2 or T\ Or @ \or
_ ﬁ&@_i@825h _ g@@&h (1+v)goe (2.17)
¢ or? or ¢ Oor or2  Tcor Or 3—3v OF’ '
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s S T =533 Sl Toagemast a3 2= ¢ o
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The corresponding initial and boundary conditions are

U_y=0, & —07'|_, =0, J|._,=0,
_ _ 31 e (2.19)
Clrmy =1, Cli—o = 33’ a9t o =0.

3. Results and discussion

The primary computational methods for mechanical-chemical coupling problems are the fi-
nite element method (Chen et al., 2017), phase field modeling (Chen, 2002), and using COMSOL
software (Li et al., 2024). In this paper, we use COMSOL Multiphysics field coupling simulation
software to compute the partial differential equations directly. The partial differential equa-
tion (PDE) module in COMSOL Multiphysics was used to conduct the simulation study. The
mesh was processed using extreme refinement, dividing it into 100 cells with a maximum size
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of 1.5 x 1079. A transient study was added, with output time steps set at 0.1s and a total calcu-
lation duration of 6s. The convergence tolerance was adjusted to 1 x 10~7 to ensure simulation
accuracy, and the simulation was executed to obtain the numerical results. Table 1 shows the
parameter settings for the simulation calculations.

Table 1. Material parameters.

Parameter Symbol Values
Elastic modulus [GPa] E 10
Diffusion coefficient [m?/s] D 6.8 x 10716
Partial molar volume [m?/mol] Q 3.497 x 1076
Poisson’s ratio v 0.27
Particle radius [m] 0o 1.5 x 1077
Initial concentration [mol/m?] o 310
Boundary concentration [mol/m?] ¢ 330
Gas constant [J/(mol - K)] R 8.314
Absolute temperature [K] T 300
Characteristic time [s] te 0.6
Density [kg/m3] p 2000

To compare the changes in concentration and stress during the diffusion process under differ-
ent diffusion forms, a coefficient ks is introduced in front of the additional terms in Eqgs. (2.11)
and (2.13). The modified equations are

0 (UT — ksav) N g
”

o (O’T — kyoV — 09) =0, J = (C + kzstcac> Uk, (3.1)

ot

ks is 1 for the theoretical model used in this paper and ks is O for the theoretical model used
for non-Fick diffusion, the difference between the two theories can be clearly seen through the
equation. If no special instructions are given, ks takes 1.

Figure 2 presents a comparison of concentration, displacement, radial stress, and hoop stress
between the non-Fick diffusion theory (non-Fick, ks = 0) and the mechano-diffusion coupling
model proposed in this section (our model, ks = 1) at a characteristic time value of 7 = 1.8 x 1072
(t. = 0.6s). Ions are seen to progressively spread from the edge towards the center in Fig. 2a.
When ks = 0 and ks = 1, the concentration changes abruptly before diffusion reaches the sphere’s
center. There are no abrupt variations in concentration for either model after diffusion reaches
the sphere’s center (£ = 0.18), and the concentration variations along the radial direction are
similar. At the same position, the ion concentration increases with increasing diffusion time,
and the ion concentration under our model is higher than that under the non-Fick diffusion
model. This is because the presence of characteristic time in our model leads to an increase
in the ion diffusion flux, which in turn results in a higher ion concentration over a specific
period of time. The spherical model’s displacement diagram is shown in Fig. 2b. The graphic
demonstrates that ion diffusion causes displacement within the sphere. At the same moment,
the radial displacement in our model is greater than that in the non-Fick diffusion model due
to ion diffusion.

It is evident from Fig. 2c that the radial stress rises with proximity to the sphere’s center.
In our model, the radial stress in the region reached by ion diffusion is lower than that under
non-Fick diffusion at the same time and location. This is because, within the same time frame,
the increase in diffusion flux leads to a higher ion concentration and greater displacement within
our model. According to the formula for radial stress, an increase in displacement leads to
an increase in radial stress, while an increase in concentration leads to a decrease in radial
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Fig. 2. Comparison of concentration (a); displacement (b); radial stress (c¢); and hoop stress (d)
between non-Fick diffusion and our model.

stress. However, the effect of displacement on radial stress is less significant than the effect of
concentration on radial stress. Therefore, in our mechanic-diffusion coupling model, the radial
stress is less than that in the non-Fick mechano-diffusion coupling model. In regions where ions
have not diffused, the concentration remains unchanged, and radial stress is influenced solely
by the changes in displacement. Since both the displacement and its gradient are greater in
our model compared to the non-Fick diffusion model, in areas where the concentration has not
changed at the same moment, the radial stress in our model is greater than that in the non-Fick
diffusion model. From Fig. 2d, it can be observed that in both scenarios, the hoop stress is
compressive near the outer surface and tensile near the center of the sphere. As the ion moves
from the outer surface towards the center, the magnitude of the hoop stress first decreases to
zero and then gradually increases. In the regions where ions have not diffused, the hoop stress
in our model is greater than that in the non-Fick diffusion model. At ¢ = 0.18, within the sphere
at the same moment, the hoop stress in our model is less than that under both non-Fick and
Fick diffusion, for the same reasons as with the radial stress.

Figure 3 illustrates the distribution of ion concentration, displacement, radial stress, and
hoop stress within the model at different times for a characteristic time of 7 = 1.8 x 1072 (0.6 s).
From Fig. 3a, it can be observed that during the diffusion process, ions diffuse from the outer
surface of the sphere towards the center. Moreover, as indicated by the blue, green, and red
curves, there is no change in ion concentration near the center during the period when ions
have not yet diffused to that area. This is due to the fact that in our model, the diffusion speed
of ions is not infinite; ions diffuse at a finite speed. When concentration boundary conditions
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Fig. 3. Distribution of concentration (a); displacement (b); radial stress (c); and hoop stress (d)
at different diffusion times.

are applied, the ion concentration within the model does not change immediately but senses
the change after a specific period. Furthermore, within a specific time frame, the influence of the
second-order terms causes the concentration diffusion curves to exhibit oscillatory behavior.
After a period of time, as the impact of the second-order terms diminishes, the oscillatory
nature of the curves disappears. It is evident from Fig. 3b, which displays the displacement,
that the model’s displacement rises as the diffusion time does. Before the diffuse reaches the
center of the sphere, at three time points t = 0.01, ¢ = 0.03, and ¢ = 0.06, it can be seen that in
the region where the concentration has not changed, the model’s displacement maintains a linear
change. This also confirms the reason why the radial stress and hoop stress in the region where
the concentration has not changed remain constant.

It is evident from Fig. 3¢ that the model’s radial stress is tensile and increases gradually
from the outer surface towards the center of the sphere in the region where ions have diffused.
When ¢t = 0.01, ¢ = 0.03, and ¢ = 0.06, in the regions where ions have not diffused, the radial
stress remains constant, while in the regions where ions have diffused, the radial stress shows
a decreasing trend with increasing time. According to the formula, the radial stress is determined
by the ion concentration and displacement. An increase in concentration leads to a decrease in
radial stress, while an increase in displacement leads to an increase in radial stress. In the region
where ions have diffused, as the diffusion time increases, the concentration change at the same
position becomes greater. The effect of concentration change on radial stress is more significant
than that of displacement change. Therefore, in the region where ions have diffused, the radial
stress decreases with increasing time. In the regions where ions have not diffused (the platform
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parts of the red, blue, and black solid lines), the concentration remains unchanged, and the
radial stress is only affected by the changes in displacement. At this time, the radial stress
decreases with the increase in time. It is shown by Fig. 3d that the hoop stress of the model
is compressive at the outer surface and tensile at the center of the sphere. In the region where
ions have diffused, the hoop stress decreases from the outer surface towards the center, reaching
zero before gradually increasing. The hoop stress also decreases over time. From Fig. 3d, at the
time points ¢ = 0.01, ¢ = 0.03, and ¢ = 0.06, it can be seen that in the regions where ions have
not diffused, the hoop stress remains unchanged.

From Figs. 4a and 4b, it can be observed that the ion concentration and displacement within
the model increase with the increase in characteristic time. The characteristic time affects the ion
diffusion flux, which in turn increases with the characteristic time. Therefore, within the same
time frame, the higher the characteristic time, the higher the ion concentration.
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Fig. 4. Distribution of concentration (a); displacement (b); radial stress (c); and hoop stress (d)
under different characteristic times.

According to Figs. 4c and 4d, at ¢ = 0.03 (¢ = 1s, no graphic line) in the regions where ions
have not diffused, both radial stress and hoop stress increase with the increase in characteristic
time. This is because the displacement within the model increases with characteristic time, and
when the concentration remains unchanged, both radial stress and hoop stress increase with
the increase in displacement. After the ions have diffused to the center of the sphere (¢ = 0.18,
graphic line), both radial stress and hoop stress within the model decrease with the increase in
characteristic time. This is because both radial stress and hoop stress are determined by changes
in displacement and concentration, with the impact of concentration changes on radial and hoop
stress being greater than the effects produced by changes in displacement. As the concentration
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change increases with the increase in characteristic time, in the curve at ¢ = 0.18, the radial
stress and hoop stress decrease with the increase in characteristic time.

4. Conclusion

Based on the theory of transient mechano-chemical coupling, this paper investigates the
mechano-chemical coupled diffusion processes of ions within a spherical structure, exploring the
effects of characteristic time and boundary concentration on the distribution of concentration,
displacement, radial stress, and hoop stress within the structure. The results indicate that:

1) The presence of characteristic time transforms the classical chemical diffusion control equa-
tion from a parabolic type to a hyperbolic type, changing the diffusion speed from infinite to
finite. Concentration curves exhibit oscillatory behavior. Consequently, the concentration,
stress, and displacement curves distinctly show two regions: the area that has been diffused
and the area that has not been diffused. At the interface between these two regions, there
is a sudden change in the concentration and stress curves.

2) The characteristic time influences the magnitude of ion concentration, displacement, radial
stress, and hoop stress. Ton concentration and displacement increase with the increase in
characteristic time. Radial stress and hoop stress increase in regions where ions have not
yet diffused with the increase in characteristic time, while they decrease in regions where
ions have already diffused with the increase in characteristic time.
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This study presents a series of uniaxial compression and creep tests designed to elucidate the
long-term mechanical properties of mudstone subjected to different water content conditions. The
results demonstrate that water content exerts a significant influence on the short-term strength,
elastic modulus, and creep response of mudstone. Specifically, the uniaxial compressive strength
and elastic modulus exhibit an exponential decrease with increasing water content. Furthermore,
the creep behavior of mudstone is markedly affected by water content. A creep damage model,
integrating the Burgers model with water-induced and creep-induced damage variables, is proposed.
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1. Introduction

Mudstone, a widely distributed sedimentary rock, plays a vital role in geotechnical engineer-
ing applications, including slope stabilization, tunneling, and foundation design. Its mechanical
behavior is notably sensitive to environmental factors, particularly water content. Variations
in water content can induce substantial alterations in mudstone’s strength, deformability, and
long-term stability. For instance, in slope engineering, cyclical wetting-drying processes resulting
from rainfall or groundwater fluctuations may trigger swelling, softening, and potentially catas-
trophic failure of mudstone slopes (Qi et al., 2024; Yu et al., 2024). Similarly, in underground
excavations, water infiltration can accelerate creep deformation, thereby jeopardizing structural
integrity (Li et al., 2023; Wang et al., 2021). This is especially relevant in areas prone to land-
slides, such as the Three Gorges Reservoir Area in China, where the purple mudstone of the
Middle Triassic Badong Formation is particularly susceptible to creep-related failures (Wang
et al., 2021). Despite its practical relevance, the long-term mechanical response of mudstone
under variable water conditions remains incompletely understood, particularly in scenarios in-
volving sustained loads, such as dam foundations or deep tunnels. A thorough understanding
of these mechanisms is essential for optimizing engineering designs, mitigating risks, and ensur-
ing the long-term safety of infrastructure projects. This study addresses this knowledge gap by
systematically investigating the influence of water content on both the short-term and long-term
mechanical properties of mudstone.

Numerous investigations have explored the relationship between water content and the me-
chanical behavior of mudstone (Chen et al., 2022; Liu et al., 2021; Shao et al., 2024; Zheng et al.,
2024). These studies have highlighted the critical role of water in weakening mudstone’s mechan-
ical properties. For instance, several studies have focused on the impact of water content on the
unconfined compressive strength (UCS) and Young’s modulus, demonstrating a marked decrease
in these parameters with increasing water (Chen et al., 2022; Gao et al., 2023). Microstructural
analyses, using techniques like scanning electron microscopy (SEM), have further revealed that
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water intrusion leads to changes in cementation, compaction, and pore size distribution within
the mudstone matrix, ultimately contributing to the degradation of its mechanical properties
(Gao et al., 2023; Shao et al., 2024; Zheng et al., 2024).

The time-dependent behavior of mudstone under varying water conditions has also been
a subject of extensive research. Creep tests conducted under different confining pressures and
water contents have demonstrated that water significantly alters the creep characteristics of
mudstone (Li et al., 2023; Wang et al., 2021). Sawatsubashi et al. (2021) found that immersion-
induced creep deformation is influenced by both initial water content and shear stress, with
higher initial water content leading to increased creep deformation. Moreover, cyclic wetting-
drying tests have shown that repeated cycles exacerbate the deterioration of mudstone’s mechan-
ical properties, leading to a transition from brittle to ductile behavior and a reduction in shear
strength (Yu et al., 2024; Yang et al., 2022). The damage mechanisms associated with these
cycles involve swelling and shrinkage of clay minerals, dissolution of soluble minerals, and the
development of microcracks (Yang et al., 2022; Yu et al., 2024).

Constitutive models have been developed to capture the complex behavior of mudstone under
varying water and stress conditions. Wang et al. (2020) proposed a nonlinear disturbance creep
damage model based on the Burgers model to account for the influence of cyclic disturbance
loads on mudstone creep. Ma et al. (2018) developed a new shear rheological model to describe
the behavior of soft interlayers with varying water content. Other researchers have focused on
developing damage constitutive models that incorporate the effects of rock-water interactions and
cyclic wetting-drying (Yu et al., 2024). Liu et al. (2024) developed a time-dependent expansion
model for mudstone submerged in water, based on rheological theory, while Ping et al. (2024)
constructed a mechanical damage model to predict the behavior of gypsum-bearing mudstone
under varying dissolution times. These models highlight the importance of considering both the
instantaneous and time-dependent effects of water on the mechanical behavior of mudstone.
Moreover, Yang et al. (2019) investigated deformation and failure of mudstone under triaxial
compression using experiment and particle flow code, which can be significant for the design of
deep tunnel support. Additionally, recent studies by Shao et al. (2024) and Zheng et al. (2024)
have explored the influence of microstructure on the mechanical behavior of similar geomaterials,
providing valuable insights into the damage mechanisms at play.

However, existing studies exhibit several limitations. First, the long-term creep behavior
under multi-stage stress conditions, particularly in the presence of varying water content, requires
further investigation. Second, the interaction between water content and confining pressure in
controlling creep damage has not been fully explored. Third, existing constitutive models often
simplify the damage evolution process and fail to comprehensively consider the microstructural
degradation caused by water. These limitations hinder the accurate prediction of the long-term
performance of mudstone in practical engineering applications. This study aims to systematically
investigate the influence of water content on the short-term strength, elastic modulus, and creep
behavior of mudstone, and to develop a creep damage model that incorporates the effects of
water content.

2. Materials and method

2.1. Specimen preparation

The mudstone specimens used in this study were obtained from a slope excavation site. This
site is located in a geological environment characterized by sedimentary rocks, and the mudstone
specimens are representative of the local geological stratum. The mudstone samples present as
maroon-colored, dense blocks. The surface exhibits a soil-like texture, and microscopic observa-
tion reveals a silt-like structure. The average unit weight of the natural rock is approximately
2260 kg/m3, indicating a relatively high density compared to other sedimentary rock types.
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All specimens were prepared as standard cylindrical specimens, adhering strictly to the guide-
lines of the International Society for Rock Mechanics (Bieniawski & Bernede, 1979). Initially, the
mudstone blocks were cut into approximate cylindrical shapes using a diamond-wire saw. Subse-
quently, the specimens were polished using a grinding machine to ensure dimensional precision.
The final specimens had a diameter of 50 mm and a height of 100 mm. To ensure the accuracy
of the experimental results, the flatness of the end surfaces of each specimen was controlled to
within 0.03 mm. This high-precision preparation minimizes the influence of specimen geometry
and surface roughness on the experimental results, thus ensuring the reliability of the subsequent
mechanical property tests. The detailed parameters of each specimen are shown in Table 1.

Table 1. Specimens parameters.

Specimen number | Water content [%] | Diameter [mm] | Height [mm] | Weight [g] | Density [g/cm?]
uc01 0.00 50.01 100.04 443.68 2.26
uc02 0.26 49.69 99.77 442.53 2.29
uc03 0.72 49.92 100.08 441.44 2.25
uc04 1.64 50.02 100.16 442.32 2.25
cr-01 0.00 49.87 100.24 445.44 2.28
cr-02 0.26 49.88 100.46 442.71 2.26
cr-03 0.72 49.75 102.42 442.72 2.22
cr-04 1.64 50.01 99.79 445.52 2.27

2.2. Determination of water content

The water content of the mudstone specimens was controlled by oven drying and vacuum
saturation methods. First, the natural mudstone specimens were weighed and then placed in
an oven at 105°C for 24 hours for complete drying, after which they were weighed again. Sub-
sequently, portions of the dried specimens were vacuum-saturated in a vacuum saturator for
a minimum of 12 hours to determine the saturated water content. Additional specimens were
immersed in deionized water for 3 hours and 6 hours to achieve intermediate water contents. In
this experiment, four distinct water content levels were employed: 0% (dry), 0.26 %, 0.72 %, and
1.64 % (saturated), as indicated in Table 1.

2.3. Testing apparatus and procedure
2.8.1. Testing apparatus

The uniaxial compression tests were performed using a TFD-2000 electro-hydraulic servo rock
triaxial testing machine (Fig. 1). This machine is capable of acquiring high- and low-speed data
with excellent dynamic response, static stability, and system stiffness. The maximum axial load
capacity is 2000 kN, and the maximum confining pressure and pore pressure are 100 MPa, with an
accuracy of 0.1 %. The system comprises an axial loading system, a fluid pressure loading system
(for water and confining pressure), a data acquisition system, and a central control system. The
machine is capable of performing uniaxial compression, triaxial compression, seepage, creep,
direct tensile, and indirect tensile tests, and it can synchronously record stress-strain curves
throughout the rock loading process.

2.8.2. Testing procedure

A series of step-loading creep tests were conducted on mudstone specimens with different
water contents, as summarized in Table 2. The load levels for each step were determined as 20 %,
35 %, 50 %, 65 %, and 80 % of the uniaxial compressive strength of mudstone at the corresponding
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Fig. 1. TFD-2000 electro-hydraulic servo rock triaxial testing machine.
Table 2. Step-loading values for creep tests.
Specimen | Water content Oc 18509;3*%6 2nclloztdage Sr?oztgge 4“}0?3@ 5tl}02:c§ge
number (%] [MPa] | \rpa) | MPa [MPa] | [MPa] | [MPa]
cr-01 0.00 1.43 0.286 0.50 0.72 0.93 1.14
cr-02 0.26 0.77 0.154 0.27 0.39 0.50 0.62
cr-03 0.72 0.56 0.112 0.20 0.28 0.36
cr-04 1.64 0.44 0.088 0.15 0.22

water content. During the test, each load level was applied at a loading rate of 0.5 MPa/s until
reaching the designated value, and then maintained for 48 hours.

After the 48-hour creep period at each load level, the specimens were carefully examined. If
no signs of failure, such as a significant increase in the deformation rate or visible cracks on the
specimen surface, were observed, the experiment proceeded to the next loading stage. However,
if the specimens exhibited a significant increase in the deformation rate, indicating the onset of
the accelerating creep stage and imminent bearing capacity loss, or if visible cracks appeared
on the specimen surface, signifying severe damage to the internal structure, the specimens were
considered to have experienced creep failure, and the test was terminated. This experimental
procedure ensured the accurate investigation of the creep behavior of mudstone under different
water content and stress conditions, providing reliable data for subsequent analysis of the long-
term mechanical properties of mudstone.

3. Test results and analysis

3.1. Short-term strength

Prior to the long-term experiments, a series of uniaxial compression tests were performed on
mudstone specimens with varying water contents. The resulting stress-strain curves are presented
in Fig. 2.

A comparison of the post-peak stress-strain curves of specimens with different water contents
reveals a distinct influence of water content on the mechanical behavior of mudstone. Under lower
water content conditions, the rock specimens exhibit characteristic brittle behavior. Upon reach-
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Fig. 2. Stress-strain curves of mudstone under different water content.

ing the peak stress, abrupt failure of the internal structure occurs due to the rapid accumulation
of internal stress. The specimen fails suddenly, and the stress drops precipitously, indicating an
almost instantaneous loss of bearing capacity. Conversely, under higher water content condi-
tions, the brittleness of the mudstone is reduced, and the behavior becomes more plastic. After
reaching the peak stress, the specimen can sustain a certain amount of deformation without
immediate failure. This is attributed to the water-lubricated particles’ ability to adjust their
positions, dissipating the energy of external forces through plastic deformation. Consequently,
the stress-strain curve exhibits a more gradual decline, indicating that the specimen retains some
capacity to resist further deformation after the peak stress.

Figure 3 illustrates the relationship between uniaxial compressive strength, elastic modulus,
and water content for the mudstone specimens. As the water content increases, both the uniaxial
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Fig. 3. Uniaxial compressive strength and elastic modulus vs water content.
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compressive strength and elastic modulus of the mudstone decrease continuously. The initial
uniaxial compressive strength of the dry mudstone specimen was 1.43 MPa, while at a water
content of 1.64 % (saturation), the strength decreased to 0.44 MPa, representing a reduction of
69.45 %. Similarly, the elastic modulus decreased significantly with increasing water content,
from 14.35 MPa for the dry specimen to 4.12 MPa for the saturated specimen, a reduction of
69.23 %. To quantify the statistical significance of the observed trends, a one-way ANOVA was
performed on the uniaxial compressive strength and elastic modulus data. The results indicated
a statistically significant effect of water content on both parameters (p < 0.05). Post-hoc tests
(Tukey’s HSD) revealed significant differences between the strength and modulus values at
different water content levels.

Statistical analysis of the uniaxial compressive strength and elastic modulus data revealed an
exponential decline in both properties with increasing water content. The relationships between
these properties and water content were fitted to derive specific expressions. These expressions
can be used to predict the uniaxial compressive strength and elastic modulus of mudstone under
different water content conditions, providing a valuable tool for engineering design.

3.2. Creep behavior of mudstone under different water content

The uniaxial creep curves of mudstone under different water content conditions are shown in
Fig. 4. At low water content, the creep deformation of mudstone is relatively small. The creep rate
decreases rapidly during the primary creep stage. This behavior is attributed to the relatively
stable internal structure of mudstone at low water content. The particles are tightly bound, and
the resistance to deformation is high. The specimen exhibits some elastic-like behavior, and creep
deformation is primarily due to elastic-recovery-like adjustments within the internal structure
of the mudstone under external stress.

5 ‘ -
& —m— Water content of 0%
é’ —o— Water content of 0.26%
4| | 7 Water content of 0.72%
—v— Water content of 1.64%

7

200
Time [h]
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Fig. 4. Uniaxial creep curves of mudstone under different water contents.

As the water content increases, the creep deformation of mudstone increases significantly,
and the primary creep stage becomes shorter. This is because the increase in water content leads
to the softening of the mudstone. Water in the pores further lubricates the particles, reducing
friction between them. The internal structure of the mudstone becomes looser, facilitating par-
ticle movement and rearrangement under external stress. As a result, the specimen enters the
secondary creep stage earlier. In the secondary creep stage, although the creep rate becomes
relatively stable, the overall creep deformation is much greater than that at low water content.
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For specimens with different water contents, the creep curves share common characteristics
yet also display differences. Figures 5, 6, and 7 all illustrate the three-stage creep process:
decelerating (primary) creep, steady-state (secondary) creep, and accelerating (tertiary) creep.
However, due to varying water contents and applied loads, their behaviors differ. The specimen
with 0.26 % water content under a load of 0.616 MPa, the one with 0.72 % water content under
0.364 MPa, and the 1.64% water-content specimen under 0.22 MPa all start with a decelerating
creep stage where the creep rate decreases rapidly as the internal structure adjusts to the load.
This is followed by the steady-state creep stage with a relatively stable creep rate. Finally,
they enter the accelerating creep stage as the internal structure deteriorates. The specimen
with a higher water content generally shows a shorter overall creep-time-to-failure. For example,
the 1.64 % water-content specimen reaches the accelerated creep stage and fails more quickly
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Fig. 5. Uniaxial creep and creep rate curves of mudstone with 0.26 % water content
under the fifth-stage load of 0.616 MPa.
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Fig. 6. Uniaxial creep and creep rate curves of mudstone with 0.72 % water content
under the fourth-stage load of 0.364 MPa.
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Fig. 7. Uniaxial creep and creep rate curves of mudstone with 1.64 % water content
under the third-stage load of 0.22 MPa.

compared to the 0.26% and 0.72 % water-content specimens, indicating that water content
significantly influences the creep failure time and overall creep behavior of mudstone.

4. Creep damage constitutive model

4.1. Burgers creep model

The Burgers creep model is a widely used mechanical model in rock mechanics, which can
effectively describe the complex creep behavior of rocks. It is composed of a Maxwell body
and a Kelvin body connected in series (Yang et al., 2023), as shown in Fig. 8, and the creep
equation is

o o o _Eay
t)=—=—+—t+—=(1- 4.1
()= g+ Tt g (1- ), @)

where o and € are stress and strain; E; and 7; are the elastic modulus and viscosity coefficient
of the Maxwell body; and Fs, 1y are the elastic modulus and viscosity coefficient of the Kelvin
body.
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Fig. 8. Burgers model.

However, the Burgers creep model has several inherent limitations (Goodman, 2008; Jaeger
& Cook, 2007). Composed of linear elements (a spring-dashpot series in the Maxwell body and
a spring-dashpot parallel combination in the Kelvin body), it cannot accurately represent the
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accelerating creep stage. The rapid increase in the deformation rate during this stage is a non-
linear behavior that the model’s linear components cannot capture, which leads to inaccuracies
in predicting full-range creep.

For mudstone, which is highly sensitive to water content changes, the Burgers model fails
to account for internal damage evolution (Hudson & Harrison, 1997; Brown, 2004). It does
not consider how water-induced micro-structural degradation affects the creep process (Hoek
& Brown, 2002; Lemaitre, 1996). Water infiltration softens clay minerals in mudstone, caus-
ing water-induced damage and altering its internal structure, but the Burgers model cannot
incorporate these changes.

As a result, the model cannot adequately describe the weakening of mudstone’s mechanical
properties due to water-rock interactions, which limits its accuracy in predicting long-term
behavior under different water contents. To address these issues, it is very necessary to define
water-induced and creep-induced damage variables.

4.2. Damage variable

Based on damage mechanics theory, the damage variable is defined as the ratio of the defective
area of the material to the total effective load-bearing area of the material (Murakami, 1988;
Kachanov, 1958). Mathematically, it can be expressed as
_Ag— Ay Ay

=1-== (4.2)

D
Ao Ay’

where Ag is the effective bearing area in the undamaged state, and A,, is the effective bearing
area in the damaged state due to the influence of water content.

As shown in Subsection 3.1, the elastic modulus of mudstone follows an exponential decay
with the increase in water content. The fitting equation for the elastic modulus E and water
content w can be expressed as

E, = Epe I, (4.3)

where Ej is the elastic modulus of the dry mudstone specimen, and f and w are fitting param-
eters.

Since the elastic modulus is related to the effective load-bearing area of the material, and the
change in elastic modulus with water content reflects the degree of damage to the material caused
by water, when the material is damaged by water, the elastic modulus decreases. According to
the definition of the damage variable, the water-content-induced damage variable D,, can be
expressed as

=1 €_fw. (4.4)

Meanwhile, mudstone is also affected by creep during long-term service. The creep-induced
damage of mudstone is a process of continuous internal structure degradation over time (Rabot-
nov, 1969; Lemaitre & Chaboche, 1990). In the study of creep-induced damage, we start from
the basic concept of damage mechanics. The damage variable is often defined to describe the
degree of material degradation.

Let us assume that the rate of damage evolution
of time. Mathematically, it can be written as

dD.
dt

is proportional to a power-law function

dD,

AT k"1, (4.5)

where k is a proportionality constant and n is a material-specific parameter.
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Integrating both sides of the equation with respect to time from 0 to ¢ (Rabotnov, 1969;
Lemaitre & Chaboche, 1990):

/ |t k
dD, = /kt”—ldt, D.=k—| , D, = =", (4.6)
n
0

D,
0 " lo

Considering the physical meaning that at ¢ = 0, D, = 0, and normalizing the damage
variable so that D, ranges from 0 (undamaged) to 1 (completely damaged), after a series of
mathematical treatments and in combination with a large number of experimental studies and
theoretical analyses, we can assume that D, = 1 — e~*". This parameter n can be determined
by conducting a series of creep tests on mudstone specimens, and then fitting the experimental
data of the creep-induced damage degree changing with time, so as to accurately reflect the
development law of creep-induced damage of mudstone.

Considering both the damage caused by water content and creep, the total damage variable,

D of mudstone can be expressed as a combination of the two damage variables (Krajcinovic,
1996):

D=1—-(1-Dy)(1—-D,). (4.7)

This formula comprehensively considers the coupling effect of water-content-induced damage
and creep-induced damage on mudstone. As the water content w increases, the value of e=/%
decreases, and D,, increases, indicating that the degree of damage to the mudstone caused by
water becomes more severe. And as the creep time t increases, the value of e=*" decreases, and
D, increases, reflecting the continuous development of creep-induced damage. This comprehen-
sive damage variable equation provides a more accurate and comprehensive basis for further
establishing the creep damage constitutive model considering the influence of water content,
which can more accurately describe the mechanical behavior of mudstone under different water
content and creep—time conditions.

4.3. Creep damage constitutive model

To establish a creep damage constitutive model that takes into account the influence of water
content and creep behavior (Krajcinovic, 1996), we combine the Burgers model with the damage
variable. Figure 9 illustrates the proposed creep damage model, which integrates the Burgers
model with both water-induced and creep-induced damage variables. This integration allows
a more comprehensive representation of the complex interactions that govern the long-term
behavior of mudstone.

Ey
o(1-p), Br L o(1-D)
~—\W—1 -
7]2
1 2

Fig. 9. Illustration of the creep damage model.

The total strain of the mudstone considering damage can be expressed as

E
et) = (1— D)Ei1 + %t + E% <1 - 67722t>. (4.8)
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4.4. Model verification

To verify the accuracy and reliability of the established creep damage model, we compared
the model’s calculated results with our experimental data. Due to the limited number of spec-
imens tested under creep conditions, we selected all creep test specimens for model calibration
and validation. This approach maximizes the use of available data to assess the model’s perfor-
mance. The fitting process employed the Quasi-Newton (BFGS) method. We selected several
representative specimens with different water contents from the experiment and input the cor-
responding stress levels and material parameters into the model. Then, we calculated the creep
strain at different times using the model and compared it with the measured creep strain from
the experiment. The results of this comparison are visually presented in Fig. 10.
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Fig. 10. Comparison between experimental creep curves and creep damage model curves: (a) water content
of 0.00 %; (b) water content of 0.26 %; (c) water content of 0.72 %; (d) water content of 1.64 %.

It can be seen from Fig. 10 that the experimental creep curves and the curves simulated
by the proposed creep damage model for specimens with different water contents demonstrate
a reasonable degree of agreement. The experimental data points are plotted as discrete markers,
while the model-predicted curves are shown as continuous lines. Specifically, during the primary
creep stage, the model-predicted curves accurately capture the decreasing trend of the creep rate,
aligning with the experimental observations. During the secondary creep stage, the predicted
creep rates are close to the measured values, indicating that the model can effectively represent
the relatively stable creep behavior. In the tertiary creep stage, although minor discrepancies
exist between the model-predicted and experimental curves, the model still reflects the overall
trend of accelerating creep deformation. The parameters used for the model fitting are listed in
Table 3. These parameters were obtained through the fitting process and are specific to each
specimen’s water content and stress level. This overall agreement between model predictions and
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Table 3. Parameters of the creep damage constitutive model.

Water content | Stress F4 m Es 72 f n k R2
(%] [MPa] | [MPa] | [MPa-h]| [MPa] | [MPa-h]

0.29 13.51 1335.45 5.13 28.46 0.00 24.94 0.00 0.99

0.50 4.41 546.32 2.12 5.09 0.00 19.21 0.00 1.00

0 0.72 23.83 345.17 1.03 0.78 0.00 66.20 0.00 0.98

0.93 2.57 149.10 1.29 0.94 0.00 30.34 0.00 0.97

1.14 0.85 406.13 1.86 6.59 0.00 72.17 0.00 0.99

0.15 |1.19E-04| 10.00 |3.03E-05| 9.04E-05 | 40.087 | 2.454 |—3.14E-05|0.99

0.27 0.92 10.00 0.46 0.87 2.938 1.012 0.01 0.99

0.26 0.39 |4.21E-03 0.32 2.97E-03| 3.67E-03 20.945 2.045 | 1.12E-04 |0.98

0.50 |6.83E-03 5.25 109.14 2.31 14.704 |—0.491|—8.54E-02{1.00

0.62 |1.16E-02 0.58 2.69E-02| 1.11E-02 13.810 |35.973 | —7.24E-60{1.00

0.11 1.28 17.11 0.31 0.32 0.90 1.17 | 3.15E-03 |1.00

0.20 1.40 191.45 1.37 2.30 —1.05 20.77 0.00 0.99

0.72 0.28 0.42 20.47 0.84 1.42 —0.28 1.18 | 3.38E-03 |0.99

0.36 |2.87TE-05| 45482.50 |7.74E-05| 2.44E-04 12.52 11.50 |—4.10E-18{0.98

0.09 |1.92E-03 2.49 6.68E-05| 1.19E-04 4.98 1.00 |—4.45E-03|1.00

1.64 0.15 0.29 59.85 0.24 0.57 2.58E-02 | 88.58 0.00 0.99

0.22 0.16 11.81 0.48 0.74 —2.54E-04| 8.85 |—1.27E-13]1.00

experimental measurements, despite some simplifications in the model and potential measure-
ment errors in the experimental data, supports the effectiveness of the proposed creep damage
model in describing the creep behavior of mudstone under different water content and stress
conditions.

5. Conclusion

This study has comprehensively investigated the long-term mechanical properties of mud-
stone under different water content conditions. The results have demonstrated that water con-
tent has a significant impact on the short-term strength, elastic modulus, and creep behavior of
mudstone.

In terms of short-term strength, both the uniaxial compressive strength and elastic modulus
of mudstone decrease exponentially with increasing water content. The initial uniaxial compres-
sive strength of dry mudstone was 1.43 MPa, and it dropped to 0.44 MPa when the water content
reached 1.64 % (saturation), with a reduction of 69.45 %. The elastic modulus decreased from
14.35 MPa for the dry specimen to 4.12 MPa for the saturated specimen, a reduction of 69.23 %.
This exponential decline indicates that water has a strong softening effect on mudstone, which
should be carefully considered in engineering designs.

Regarding the creep behavior, water content also plays a crucial role. When the water content
is low, the creep deformation of mudstone is relatively small, and the specimen shows some
elastic-like behavior in the primary creep stage. However, as the water content increases, the
creep deformation increases significantly, the primary creep stage becomes shorter, and the
specimen enters the secondary creep stage earlier. Higher water content accelerates the creep
failure of mudstone, which poses potential risks to the long-term stability of engineering projects.

To better understand the long-term mechanical behavior of mudstone under varying water
content conditions, we proposed expressions for water-induced and creep-induced damage vari-
ables and developed a creep damage model based on the combination of these damage variables
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and the Burgers creep model. This model can effectively describe the complex creep behavior of
mudstone. The verification results showed that the model-calculated values were in good agree-
ment with the experimental data, although there were some errors due to model simplification
and experimental measurement errors.

Future research could focus on further improving the model by considering more complex
factors such as the interaction between water and other chemical substances in mudstone, as
well as the influence of different stress states on creep damage. Additionally, more advanced
experimental techniques can be employed to accurately measure the micro-structural changes
of mudstone during the creep process, which will help to establish more accurate constitutive
models and provide more reliable theoretical support for engineering applications.
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The study concerns self-similar structures that emerge during the process of the thermal vortex
ring formation. A qualitative explanation of their origin is provided based on the repetitive Kelvin—
Helmholtz instability in multiple scales. This phenomenon is found to invert the turbulent energy
cascade near the buoyancy interface. To quantify the associated mixing, the fractal dimension of
the interface is also computed.
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1. Introduction

Thermal vortex rings are an important feature of atmospheric convection. They rise from
buoyancy anomalies, i.e., regions of an increased temperature, transporting energy and moisture
upwards. In the final stage, they lead to the formation of cumulus clouds (Yano, 2023).

Due to the very wide range of scales in the atmosphere, thermals are usually left unresolved in
numerical weather prediction. However, they are used as conceptual building blocks of subgrid-
scale, convective phenomena which have to be modeled. For that reason, features of thermals’
dynamics are of high interest and remain an active field of study (Morrison et al., 2023; Yano
& Morrison, 2024).

A particularly significant aspect of the dynamics of an isolated thermal is its entrainment
rate (Morrison et al., 2023). This problem is directly connected to the features of near-interface
turbulence. Being affected by the updraft and the ring formation, turbulence there is hardly
homogenous, isotropic, and statistically steady. A promising approach is to focus on its persisting,
case-dependent features and symptoms of self-organization. These could be understood as effects
of underlying coherent structures whose dynamics locally dominate the flow.

In this article, we study the early stages of the evolution of the vortex ring. The main focus is
on understanding the formation of coherent structures which emerge during the ring formation.
The setup of the problem is the same as described in (Jedrejko et al., 2024). However, while
(Jedrejko et al., 2024) focuses on the methodology and numerics, the work presented below is
devoted to the interpretation of physical phenomena.

The main outcome of the article is a phenomenological explanation of a local inversion of the
energy cascade in the proximity of a convective structure. This goal justifies the methodology
chosen and makes a novel contribution to the studies of atmospheric turbulence.

Section 2 briefly presents the problem and crucial assumptions to make the article compre-
hensive. Next, Section 3 shows an outline of the ring evolution to provide a physical context for
the study of coherent structures. Section 4 justifies some useful simplifications that allow the
dynamics to be conceptually understood. Further sections describe the coherent structures,
the associated energy transfer, and mixing processes. The latter is done by determining the
fractal dimension of the anomaly’s interface.
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2. Problem statement

The problem under consideration is the evolution of an axisymmetric, buoyancy anomaly
(Fig. 1). The focus is on the early stages of the process, which justifies the assumption of az-
imuthal symmetry, according to Yano and Morrison (2024). The anomaly consists of a region of
uniform, increased temperature Ty, which is related to buoyancy by the Boussinesq approxima-
tion:

b= —gB(T — Tx), (2.1)

where [ is the thermal expansion coefficient and Ty, is the reference ambient temperature. The
change in buoyancy is assumed to be discontinuous and its shape is initialized as a sphere using
cylindrical coordinates {p, ¢, z}:

{b()%\v |I‘| < R>

b(r,t =0) = 0 v > R

(2.2)
with by = ga(Ty — T). The system starts to evolve from rest, i.e., u(r,t =0) = 0.

Typical scales of atmospheric thermals can be estimated from (Sherwood et al., 2013), which
reports R ~ 103 [m] and by ~ 1072 [m/s?]. Together with the air’s thermal () and momentum
(v) diffusivities ~ 107° [m/s?], this results in huge Reynolds and Peclet numbers:

— VAR RVbOR ~ 10", Pe = Y——2— RCfOR

Re ~ 1010 (2.3)
(Morrison et al. (2023) refers to Re ~ 10%). For that reason, all diffusive processes are neglected.
This assumption implies that the buoyancy distribution remains discontinuous and the sharp

interface bounding the anomaly can be tracked in Lagrangian fashion:

_ [p&1) /o
ren= 8] celnma (2.4
with the initial condition (Fig. 1a) of
r(€,t=0) =R [:g;(é))] . (2.5)

Note that the shape of the interface (Eq. (2.4)) does not depend on ¢ due to the symmetry
assumed.
The evolution of buoyancy distribution is governed by a simple advection equation:

Db
Using the vorticity equation:
D
?C::(w-V)u—kab, (2.7)

it can easily be noted that the anomaly’s interface coincides with a vortex sheet. This is because
the source term V x b gives 0 in regions of uniform b, and singularity at the discontinuity. By
introducing the vortex sheet strength ~:

v(&,t)dE =wdrdz, (2.8)

the vorticity equation is reduced to:

Ay 2

7 =g (2.9)
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The system is further solved numerically, as described in detail in (Jedrejko et al., 2024),
by discretizing the vortex sheet with a set of nodes and segments connecting the nodes. The
time integration is done by an adaptive 4th-order Runge-Kutta scheme. The spatial derivative
in Eq. (2.9) is computed with the 2nd-order central difference, and the integral (Eq. (2.10)) with
the trapezoidal rule. The latter two allow more flexibility in the adaptive discretization of the
sheet than higher-order schemes. Such a procedure is necessary to keep the resolution fine, by
splitting segments, which got too long.

An important part of the method is also the regularization of the Biot—Savart kernel, intro-
duced by Krasny (1986) and Nitsche and Krasny (1994):

2 7T/2

6 x (rg —
o / / (|rz - r|(2r(—)i— 5;))3/2’) dgde. (2.10)

0 —m/2

It can conceptually be understood as assigning some finite thickness § to the vortex sheet.
As a result, dumping is applied to the highest wavenumbers of the velocity field induced. The
main consequence is the bound on the smallest scales present in the flow, especially the smallest
wavelengths of the vortex sheet instabilities. The qualitative evolution of the process remains
the same, although the rising speed of the thermal is affected. However, this influence is weak
(<5 % for 6 € [0.004, 0.016]) and separate from the interscale energy transfer. As can be deduced
from Eq. (2.10), the impact of ¢ is mainly local.

Alternative approaches to regularization can also be found in the literature (comparison
might be found in (Sohn, 2014)), although no discrepancies, significant for this study, are re-
ported. The advantage of the regularization type chosen is its simplicity. This allows us to
take the azimuthal integral analytically and use some algorithmic optimizations (like Dynnikova
(2009)), described in detail in (Jedrejko et al., 2024).

3. Outline of the system evolution

In the initial stage, the anomaly experiences rapid collapse at the bottom, which transforms
the initial sphere to the final vortex ring. Meanwhile, the vortex sheet at the sides is dominated
by a series of coherent vortices, which are the main focus of this article. As time passes, the
vortices get larger and fill the “interior” of the anomaly with the vortex sheet. This is done
by intensive stretching and folding. Figure 1 presents successive stages of the ring’s evolution.
The subfigure (a) captures the initial condition, (b) the beginning of the collapse with coherent
vortices on the side, and (c) the beginning of the ring’s closure and space-filling interface.

(a) (b) ()

1

0r

0 1 0 1 0 1

Fig. 1. Evolution of the interfacial vortex sheet in selected time steps: (a) t = 0; (b) ¢t = 1.5; (¢) t & 3.
Obtained with 6 = 0.008.
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4. An analogy to Kelvin—Helmholtz instability

The vortex sheet strength is initially amplified at the sides by the buoyancy (2.9), which
launches two concurrent processes (Fig. 1b). The first is the anomaly collapse at the bottom,
which ultimately turns it into a vortex ring. The second takes place at the sides and leads to
the formation of coherent vortices exhibiting some self-similarity features.

In this section, we will argue that the latter can be qualitatively understood in analogy to the
classical Kelvin—Helmholtz (K-H) instability. By that, we mean the case of the plane, periodic
vortex sheet, with constant strength ~ and finite thickness §. Such a sheet experiences a roll-
up when perturbed (Vallis, 2006 [chapter 6.2.4]; Krasny, 1986), giving rise to the characteristic
“cat-eye” vortices.

The circumstances of vortex formation considered in this article differ from the classical
K-H by a few features. The vortex sheet is curved, its strength is dynamically changed by
buoyancy, and the simultaneous collapse exerts stretching. However, we will argue in favor of
a scale separation, which leaves the coherent vortices relatively unaffected by these aspects.

The characteristic length of the initial K-H vortices is § from Eq. (2.10), which is shown in
(Krasny, 1986). That reference discusses perturbations in the form of:

T = Xecrt—f—ikvf’ y = Yecrt—f—ikwf’ (4‘1)

where {x,y} are Cartesian coordinates describing the shape of the vortex sheet, X, Y are
constant, initial amplitudes and k& = 27/ is the wavenumber. The analysis leads to the relation:

—kcosh™?! —kcosh™?!
o k(1—e k cosh (1+52))e kcosh™1(1+42) (42)
46(2 4 02)1/2 ’ '

which we use to numerically obtain the fastest-growing wavelength A as a function of §. The
resulting relation seems to be linear as shown in Fig. 2 and by regression found to be:

A(d) = ad, a = 6.1445. (4.3)

0.6 -

0.5+

0.4+

0.3+

0.2+

0.1+

0

0 0.02 0.04 0.06 0.08 0.1
)

Fig. 2. Fastest growing wavelength as a function of §, according to Eq. (4.2).

The values of é considered are much smaller than the anomaly radius:

1)
<1 4.4
7 <1 (4.4)

thus we assume that the curvature of the vortex sheet does not affect the formation of K-H
vortices much.
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The characteristic time of the anomaly bulk evolution is independent of 9, as shown in
(Jedrejko et al., 2024) and can be expressed by

t = ﬁ. (4.5)

The characteristic time of local v amplification (Eq. (2.9)) depends on the local shape. Thus,
it is t; before the instability and

ty = \/i (4.6)

afterward. The cat-eye eddy turn-over time is

52 52 52
5y bRty bR
where we used Eq. (2.9) to determine the accumulation of v till the emergence of K-H eddies.

This happens in time t; in the condition of local shape characterized by R.
As the first outcome:

SO o

ts = (4.7)

so it is expected that 9+ /0t is of secondary importance for the evolution of K-H vortices at the
sides of the anomaly.

This result was also checked numerically by running a separate simulation with v fixed in
time:

Yo = bo cos(&), (4.9)

which is an initial tendency of (¢, t), deduced from Eqs. (2.9) and (2.5). The comparison is
presented in Fig. 3 for the snapshots, where the anomaly center is at the same height. This
happens for ¢t ~ 0.56 for the constant vy and ¢ ~ 0.89 for dynamic . The time shift is due
to the fact that in the latter case, v has to be amplified in time to reach the value of ~y. This
happens mostly “in place”, because the initial v is too weak to significantly change the state of
the system. However, the tiny progress of the anomaly’s collapse in the initial period results in
a small difference in its thickness along the vertical axis (Fig. 3a). Despite these differences in the
bulk evolution and the resulting “rigid-body” translation of the K-H vortices, their shapes are

(a) (b) detail

0.35|

1t
0.3+

0.5}
0.25
(S 0.2+

e - 0.15 |
0 0.5 1 1 1.05

Fig. 3. Comparison of the case with v evolving according to Eq. (2.9) and the case with ~ fixed
at the initial tendency. Anomalies centered at the same point.
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de facto indistinguishable (Fig. 3b). Therefore, the time dependence of + is insignificant for the
evolution of K-H vortices.
The second outcome from the dimensional analysis is

t 5\?
i = (R) <1, (4.10)

so the collapse and the initial cat-eye vortices have well-separated time scales.

Knowing already that the sheet curvature (Eq. (4.4)) and 0v/0t (Eq. (4.8)) are negligible for
K-H, an a posteriori argument for the collapse and K-H separation is the accuracy of Eq. (4.3).
For § = 0.008 it predicts A = 0.04916 and, as shown in Fig. 5, despite the collapse we get
A = 0.04908.

In summary, Eqs. (4.4), (4.8), (4.10) justify the reasoning based on the classical K-H insta-
bility in understanding the coherent structures at the sides of the anomaly.

5. The concept of hierarchical Kelvin—Helmholtz instability

The most interesting feature of the coherent structures on the sides of the anomaly is their
self-similarity. We explain it by referring to the idea of hierarchical instability.

First, K-H instability occurs, and the vortex sheet gets covered with a layer of cat-eye vor-
tices. Their size is determined by the sheet thickness ¢ as given by Eq. (4.3). Such a layer
effectively starts to behave like a new, thicker vortex sheet. Because it is built of smaller struc-
tures, its effective strength is initially perturbed. This leads to the new K-H instability in higher
wavelengths due to higher effective thickness. The process repeats, with each new generation of
vortices approximately doubling the characteristic wavelength of the previous one. This proceeds
till the value of effective ¢ breaks the condition (4.4), then (4.8) and (4.10), which couples the
dynamics of the structures with other processes in the system.

This interpretation is justified by running the case with twice the higher value of §. The
resulting vortices are very similar to the second generation of vortices from the case with lower &,
see Fig. 5. Both systems further evolve analogically, doubling the characteristic size of the
structures in an iterative manner. This phenomenon naturally raises a question about the local
inverse energy cascade.

6. Energy transfer by the hierarchical K-H

The investigation of the energy transfer associated with the structures described in the pre-
vious section is troublesome. The two-dimensional Fourier transform would have to be bounded
to a finite, non-periodic domain. It is also highly affected by the updraft in the center of the
anomaly. To analyze the energy of the interfacial structures exclusively, we turn to different
methodology based on an FFT along the contour.

6.1. Generation renewal

The vortex sheet is parametrized with its initial length, as in Eq. (2.4). Note that although
the formation of a single cat-eye vortex stretches the sheet very intensively, it takes place in
a fixed range of &.

As long as the overall shape of the anomaly was not affected much by the collapse (say
t < 1.5, compare with Fig. 1), this range is a good measure of the vortex size. This is because
it corresponds to the length of that interface piece at the reference stage, i.e., before the roll-up
(Fig. 4).

This approach also holds for the next generations of vortices, as long as the collapse does
not proceed too far. For that reason, a Fourier transform of functions of £ provides an insight
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Fig. 4. Conceptual drawing of a material piece of the interface before (light) and after (dark) the roll-up.
Its initial length (&2 — &1) is a good measure of the eddy size.

into eddy scale distribution. This is especially convenient because an interface, as a closed loop,
is periodic. Fortunately, scales of the anomaly collapse and K-H (in the initial stage) are well
separated. We use a threshold of A = 0.5 and interpret the most energetic wavelength below it
as a characteristic scale of the K-H. Figure 5 presents a dominant K-H scale as a function of
time for three values of §.

0.35 - -
~< ® §=0.016
g 03F 6 = 0.008
E 5§ =0.004
g 0.25
a
0.2+ o —
0.15 +
0.1F cossosormSSSe—. D anpm ©
0.05 + U—— ‘.
0 \. 1 1 |
0 0.5 1 1.5 2

t

Fig. 5. Most energetic wavelengths (among shorter than 0.5) in time show distinct generations
of vortices.

The instability seems to develop later for higher §, but this can be caused by the details
of discretization applied to each case. What is worth noting is a clear generation renewal with
size doubling, leading to the shift of energy towards large wavelengths. Moreover, the second
generation for  closely matches the scale of the first generation for 24. In further times ¢ > 1.5,
the size doubling is less exact. This might be caused by the collapse, which makes the initial
condition no longer a good reference point, or by breaking conditions (4.4), (4.8), (4.10). At some
stages, the competition between current and previous generations is close, leading to a temporal
jump-back of the dominant \. This indicates that a new generation is built on top of the previous

one rather than instead of it. Figure 5 is also in good agreement with Eq. (4.3), which is presented
in Table 1.

Table 1. Wavelengths of subsequent generations (Fig. 5) compared with predictions of Eq. (4.3).

0 Generation 1 (Eq. (4.3)) | Generation 1 | Generation 2 | Generation 3
0.004 0.02458 0.02454 0.04909 0.10134
0.008 0.04915 0.04908 0.10139 0.18467
0.016 0.09831 0.09820 0.19635 0.34907

6.2. Spectrum along the smoothed contour

An alternative approach for the energy transfer analysis is to sample the velocity along
a smoothed contour and then compute its Fourier transform. This is more computationally
demanding but is not limited to the early stages of the system evolution.
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A separate simulation with high § = 0.1 is used to obtain a smooth contour. Because a sig-
nificant range of small scales is dumped, the rising and collapse speeds are affected. For that
reason, a case with § = 0.1 at time ¢ does not fit the case § = 0.008 at ¢ very well. However,
if the thickness of the ring (along the z-axis) is matched and the height is adjusted, two contours
match closely (example in Fig. 6).

Fig. 6. Smoothed contour (§ = 0.1) in black, in front of the § = 0.008 interface (gray). Contours associated
with the thickness at z-axis. Shifting along z applied to match the heights.

Spectra of low-§ sheet’s kinetic energy, computed along high-d contours, are presented in
Fig. 7. The system accumulates energy over time. Therefore, to compare its various stages, plots
were normalized with K-H peak energy. Figure 8 includes examples of the flow structures as
a reference. The results from Fig. 7 are in good agreement with outcomes from the previous
subsection, shown in Fig. 5. They both indicate a transfer of energy towards larger scales. The
characteristic wavelengths are also consistent with what can be noted with the naked eye (Fig. 8).
This applies to both their size and complexity, which is related to the width of a given peak
from Fig. 7.

2.5 ‘
. — 1t~ 0.78
é t~1.1
—t 2.
&
15+ 1
1k
0.5
0

0 0.05 0.1 0.15 0.2 0.25 0.3
A

Fig. 7. Normalized energy spectra for selected timesteps. Results obtained with § = 0.008.
Presented wavelength range associated with K-H instability.

7. Fractal dimension of the hierarchical K-H

The intense stretching and folding associated with the hierarchical K-H tightly fills the space
with the vortex sheet. The phenomenon is similar in nature to the classical Smale’s horseshoe
map (Shub, 2005). To measure the intensity of mixing associated with this process, we determine
the time evolution of the interface fractal dimension. This is done with the box-counting method
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Fig. 8. Approximated characteristic scales of proceeding generations of K-H vortices, § = 0.008:
(a) t =~ 0.78; (b) t = 1.10; (c¢) t = 1.51; (d) t &~ 2.36. Colors matched with Fig. 7.

(Liebovitch & Toth, 1989). For that purpose, the domain is covered with a uniform grid of spacing
(i.e., box side) d. Then, boxes crossed by the vortex sheet are counted, giving a total number
of n(d). The process is repeated for a range of box sizes d, and the fractal dimension is evaluated
using Minkowski-Bouligand definition (Bishop & Peres, 2017):

. log(n)
Dpox = lim —————| 1
box = 50 Tog(1/d) (1)
which implies:
n(d) ~= Cd~Prox, (7.2)

The scaling of Eq. (7.2) for example timesteps is presented in Fig. 9a. The time evolution of the
fractal dimension is shown in Fig. 9b.

The evaluated fractal dimension experiences rapid growth when the hierarchical K-H starts
and converges to about 1.78. This exceeds the range of 1.3-1.66 found in cloud interfaces (Ma-
linowski & Zawadzki, 1993). This could be an artifact of axial symmetry, which is less and less
justified in later times. The first notable plateau in the fractal dimension (Fig. 9b) is at the level
of 1.6, so inside the typical cloud range.
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Fig. 9. (a) Number of boxes vs box size; (b) box counting dimension in time.

8. Summary and discussion

In this study, we investigated the coherent structures that emerge in the initial stages of the
thermal vortex ring formation. Its self-similar nature was explained in analogy to the K-H insta-
bility, which occurs multiple times in increasing wavelengths. A related, subsequent stretching
and folding introduce intense mixing. This is manifested as an increase in the interface’s fractal
dimension, growing up to about 1.78.

This hierarchical K-H instability was also found to locally transfer energy to large scales.
Such behavior is characteristic of two-dimensional turbulence (Davidson, 2015, chapter 10) and,
for late times, could be an artifact of axial symmetry. However, the time range considered in this
paper is definitely within the range of physically justified axial symmetry, according to (Yano &
Morrison, 2024). The initial inversion of the turbulent cascade near the interface is, therefore,
trustworthy. The important question is how long such an inverse cascade remains active. The
problem of its azimuthal stability and interaction with long-term stretching is left for further
study.
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This article analyzes the influence of different displacement (5L/s-17L/s (liter per second))
and rotational speed (Orev/min-120rev/min) conditions on the annular pressure loss of a slim
hole under different eccentricity (0 %—40 %) models through simulation methods and the difference
in the annular pressure drop gradient at different drilling tool combinations. Based on numerical
simulation, results fitted the multi-factor dimensionless annular pressure drop gradient factor. The
accuracy of the fitted factors was verified by calculating the pump pressure of a horizontal wellbore
section based on the historical data of the SY-3 well with an error of less than 10 %.
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1. Introduction

The shale oil geological resources in the Qintong Depression of the Subei Basin are abun-
dant. The SY-3 well has been deployed in order to explore low-cost engineering processes and
promote the efficient development of shale oil. This well was drilled through a discontinued
old well with sidetrack drilling, using the horizontal drilling technology of a @118 mm small
wellbore. It is the first deep shale oil small wellbore lateral drilling horizontal well in the work
area. Due to factors such as small drilling size and small annular clearance, the annular pres-
sure consumption during the drilling process is high, and the formation is prone to collapse and
leakage. Therefore, the pump pressure is limited. Moreover, it has a long horizontal segment
and a local upward trajectory, which poses a challenge to wellbore cleaning (Delwiche et al.,
1992; Song et al., 2004). There are significant differences in hydraulics between slim-hole drilling
and conventional wellbore drilling. Therefore, scholars have conducted theoretical and experi-
mental research on the calculation of eccentric rotation annular pressure drop in small wellbore
drilling (McCann et al., 1995; Haciislamoglu & Cartalos, 1994; Cartalos et al., 1996; Hansen
et al., 1999; Hemphill & Ravi, 2005; Enfis et al., 2011; Kelessidis et al., 2011; Reed & Pilehvari,
1993; Letelier et al., 2017; Tian et al., 2022; Khatibi et al., 2018; Vieira et al., 2014; Sotoudeh &
Frigaard, 2024; Shi & Zhang, 2025; Resell et al., 2025). Various computational models have been
established, but all of them have limitations, and all of them have some errors in performing
prediction calculations. Experimental studies have demanding requirements on the precision of
the instruments and the accuracy of the operation. McCann et al. (1995) conducted experi-
mental research on pressure changes in narrow annular spaces, but did not consider the effect
of eccentricity. The computational model proposed by Haciishamoglu and Cartalos (1994) and
Kelessidis et al. (2011) did not take into account the influencing factors of drill string rotation.
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Hansen et al. (1999) did not analyze the gradient changes in annular pressure drop at sudden
diameter changes such as drilling tool joints. Khatibi et al. (2018) established a computational
model based on experimental research, and did not alter the diameter ratio during the experi-
ment. Sotoudeh and Frigaard (2024) focus on cementing, and the empirical size is not a small
wellbore. Resell et al. (2025) investigate fluid forces and viscous torque on an inner cylinder that
simultaneously rotates about its own axis and orbits within an outer cylinder. However, they
did not establish an expression for annular pressure drop. In this regard, the author combines
domestic and international research data on small-borehole technology, and further investigates
the effects of eccentricity, rotation, displacement, drilling tool combinations, and other factors
on the annular pressure consumption of small boreholes through simulation. The fitted multi-
factorial uncaused annulus pressure drop gradient factor can provide a reference for calculating
the annulus pressure consumption and optimizing the hydraulic parameters for drilling small
boreholes.

2. Establishment of annular model for slim hole

2.1. Solidworks modeling and fluid domain partitioning

According to the field conditions and drilling design, the commonly used drilling tools com-
bination for drilling in a particular well section is simulated by Solidworks. The simulated pipe
string with a length of 25.28 meters is established as @118 mm polycrystalline diamond com-
pact bit (PDC) + @95 mm measurement while drilling (MWD) + @73 mm drill pipe + @105 mm
joints. The annulus is set to @150 mm. The fluid domain is divided by a Boolean operation. The
inner pipe column and fluid domain are as shown in Fig. 1.

(a) (b)

Fig. 1. Inner column and fluid domain: (a) inner pipe; (b) fluid domain.

The eccentricity formula can be expressed as (Tian et al., 2022):

o

E = ,
Tw —Td

(2.1)

where F is the eccentricity, ¢ is the eccentricity distance, which is the distance between the drill
bit and the two centers of the wellbore in the view along the axis of the wellbore [m], r,, is the
radius of the wellbore [m], and r4 is the radius of the drill pipe [m].

The pipe string model is uniformly modeled by Solidworks with five eccentricities: 0% (ec-
centricity 0 mm), 10 % (eccentricity 3 mm), 20 % (eccentricity 6 mm), 30 % (eccentricity 9 mm),
and 40 % (eccentricity 12mm), and the eccentricity model is shown in Fig. 2.

(a) (b) (c) (d) ()

D)) )

Fig. 2. Different eccentricity models: (a) eccentricity 0%; (b) eccentricity 10 %; (c) eccentricity 20 %;
(d) eccentricity 30 %; (e) eccentricity 40 %.
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2.2. Fluent meshing and model setup

The model built by Solidworks is imported into Design Modeler, named fluid domain import
and export, and structured meshing is performed to accelerate convergence. Taking the 10 %
eccentricity model as an example, the meshing results are shown in Fig. 3. A total of 245131
faces were divided with a maximum twist of 0.2174 and a maximum aspect ratio of 16.57,
and a total of 546482 control body meshes were divided with a minimum orthogonal mass of
0.3056, a maximum aspect ratio of 5.89, and no isolated meshes. The maximum mesh distortion
is 0.6944, the minimum distortion is 0.0029, and the average distortion is 0.0476. The mesh
quality is excellent, which meets Fluent’s requirements for the mesh quality, and is conducive to
the convergence of the calculation.

500000

462105 Il Histogram of cell quality (skewness)‘
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Fig. 3. Physical model and meshing of eccentric annulus with the eccentricity of 10 %.

Let us set the direction of gravity as the y-axis and the direction of the ring-space axis
as the z-axis. For different eccentricity models (0%, 10 %, 20 %, 30 %, 40 %), we set different
displacements: 5L /s, 8 L /s, 11 L/s, 14 L/s, 17 L /s. Numerical simulations were carried out by set-
ting different speeds at different displacements: 0 rev/min, 30 rev/min, 60 rev/min, 90 rev/min,
120 rev/min. Let us calculate the gradient of the pressure drop in the annulus of the whole model
at different eccentricities and at different displacements and speeds. The gradients of pressure
drop in the annulus at different combinations of drilling tools at different rotational speeds and
displacements were calculated for the models with 0% eccentricity and 10 % eccentricity. For
the 10 % model of eccentricity, the gradient of pressure drop in the annulus was calculated with
and without a drilling tool joint at different displacements.

The main simulation parameters are set as: drilling fluids set to H-B fluids. According to
the performance data of drilling fluid used in the field of SY-3 well, the reference viscosity is
0.058 Pa-s. The yield stress of drilling fluid is 7.15Pa with a Power Law Index of 0.53. The
Consistency Index is 0.48. Drilling fluid is an incompressible fluid with a density set to a con-
stant 1400 kg/m3. The reference temperature is set at 400 K based on geologic information. Let
us set boundaries for the inlet velocity and outlet pressure. The inlet speed is set to 0.139m/s—
0.556 m/s (5L/s—17L/s) and the rotational speed is 0 rev/min-120 rev/min. The Solver parame-
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ters are configured as follows: pressure-velocity coupling using the SIMPLE scheme of predicting
the velocity field and then correcting it by the pressure field. To improve the convergence speed
and computational accuracy, the spatial discretization format is chosen as the second-order
windward format.

3. Analysis of numerical simulation results

3.1. Hydraulic behavior law of eccentric annulus in small wellbore

Eccentric flow fields have asymmetric flow and uneven velocity distribution compared to
concentric flow fields. Furthermore, due to the small gap in the small borehole annulus, the
drilling fluid is forced to rotate with the drill column due to its viscosity, causing the drilling
fluid and drill cuttings spiral flow in the annulus. The flow of drilling fluid in the annulus has
been changed to a spiral flow, which is shown in Fig. 4 (Delwiche et al., 1992).

Pathlines-1
Velocit; itud — |
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According to the existing drilling hydraulics theory (Singh et al., 2021; Miao et al., 2023), the
fluid flow velocity in the eccentric annulus will not have a standard circular velocity distribution,
and the overall flow velocity at the wide gap of the eccentric annulus flow field is larger than
that at the narrow gap. Velocity is lower at the drill pipe and well wall contact position, and
higher at the center. The flow rate at the drill pipe and well wall is zero, which is consistent
with the assumption of no slip at the wall boundary. Let us take the working condition of 20 %
eccentricity, 8 L/s displacement and 60rev/min as an example. Let us create a cross-section at
12 m from the model axis, in this case, a 73 mm drill pipe cross-section from the drilling tool set.
The axial flow velocity cloud at this cross-section is shown in Fig. 5. Let us create a line from the
narrow gap to the wide gap at each of the 0.1 m (bit), 5m (MWD), 12m (drill pipe), and 15m
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-8.10-0.08-0.06-0.04-0.02 0 0.02 0.04 0.06 0.08 0.10
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Fig. 5. Flow velocity cloud chart and distribution along the line at 12m cross-section.
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(joint) sections. The distribution of the flow velocity extending the line is obtained and plotted,
and the results are shown in Fig. 5.

During the drilling fluid circulation process, the pressure distribution law of the flow field
in the annulus can be basically expressed as the fluid dynamic pressure distribution law. The
dynamic pressure distribution of the fluid in the annulus is similar to the velocity distribution,
showing the phenomenon of low dynamic pressure at the position of fluid contacting the drill pipe
and the well wall, and high dynamic pressure in the middle of the gap, and the dynamic pres-
sure at the wide gap is larger than that at the narrow gap. The dynamic pressure cloud at 12m
section and the distribution of dynamic pressure along the line at 0.1m (drill bit), 5m (MWD),
12m (drill pipe), and 15m (joint) sections are shown in Fig. 6.
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Fig. 6. Dynamic pressure cloud chart and distribution along the line at 12m cross-section.

3.2. Results of numerical simulation of pressure drop gradient in the annulus

Let us analyze the variation of static pressure along the z-axis of the fluid domain model.
Let us take the working condition of 20 % eccentricity, 8 L/s displacement and 60 rev/min as an
example. The simulation results for the variation of drilling fluid static pressure along the z-axis
of the fluid domain model are shown in Fig. 7. It can be seen that the gradient of pressure drop
in the annulus is significantly different at different combinations of drilling tools. The pressure
drop gradient is maximum at the drill bit with 560.6166 Pa/m and minimum at the drill pipe
with 72.1636 Pa/m.
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Fig. 7. Static pressure changes along the z-axis.
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Let us simulate different speed conditions under different displacement for different eccen-
tricity models. Let us record the pressure difference variation along the z-axis of the fluid domain
model and calculate the pressure drop gradient. The calculation results of the annular pressure
drop gradient under different models and operating conditions are shown in Tables 1-5.

Table 1. Numerical simulation results of pressure drop gradient in eccentric rotating annulus
under a displacement of 5L/s.

Eccentricity [%] Gradient of annular pressure drop at different speeds [Pa/m)]
Orev/min 30rev/min 60 rev/min 90 rev/min 120 rev/min
0 120.4681 120.5886 121.7639 115.3544 122.6413
10 117.4402 117.9311 118.7662 113.5687 118.0307
20 113.8847 114.4879 115.4942 111.7446 114.1889
30 110.5325 111.5087 112.6088 110.8481 111.8028
40 105.0750 105.7200 106.8325 104.0990 106.5690

Table 2. Numerical simulation results of pressure drop gradient in eccentric rotating annulus
under a displacement of 8 L/s.

Bocentricity [%] Gradient of annular pressure drop at different speeds [Pa/m]
Orev/min 30rev/min 60 rev/min 90 rev/min 120 rev/min
0 202.8120 203.2494 204.5276 206.7835 210.6868
10 196.9904 197.6563 199.2859 202.2209 206.8817
20 192.0572 192.8892 195.1042 198.7576 202.8354
30 183.4290 184.2530 186.3566 190.2460 192.3735
40 202.8120 203.2494 204.5276 206.7835 210.6868

Table 3. Numerical simulation results of pressure drop gradient in eccentric rotating annulus
under a displacement of 11 L/s.

Eecentricity [%] Gradient of annular pressure drop at different speeds [Pa/m]
Orev/min 30rev/min 60 rev/min 90 rev/min 120 rev/min
0 289.9956 290.5888 292.2413 304.2785 308.9576
10 292.2724 292.8492 294.4537 297.2361 302.2488
20 284.2837 285.2724 287.4275 290.9739 296.9511
30 278.0806 279.5182 282.2917 286.9200 293.9188
40 266.3290 267.9681 270.9574 275.6357 283.1700

Table 4. Numerical simulation results of pressure drop gradient in eccentric rotating annulus
under a displacement of 14L/s.

. Gradient of annular pressure drop at different speeds [Pa/m]
Eccentricity [%]
Orev/min 30rev/min 60 rev/min 90 rev/min 120 rev/min
0 477.7297 478.2641 479.8586 482.7228 487.5286
10 465.3709 466.2607 467.9278 471.7419 476.8852
20 453.3478 455.1508 457.9864 462.7643 468.4593
30 445.0284 447.9129 452.0198 458.6739 466.1605
40 427.8005 431.2983 436.0922 443.1240 452.7278
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Table 5. Numerical simulation results of pressure drop gradient in eccentric rotating annulus
under a displacement of 17L/s.

.. Gradient of annular pressure drop at different speeds [Pa/m]
Eccentricity [%]
Orev/min 30rev/min 60 rev/min 90 rev/min 120 rev/min
0 596.7309 597.3693 599.2548 602.1814 607.0979
10 581.4885 582.485 584.6119 588.5206 593.8054
20 507.1162 569.0454 572.3498 977.2255 584.1269
30 557.3839 560.9270 566.0114 573.1992 581.4801
40 536.7739 541.2815 547.4001 555.9908 563.7933

3.3. Three-factor analysis of eccentricity, rotation, and displacement

Let us draw a four-dimensional scatter plot by combining different eccentricity models, dis-
placement, and rotation settings with data from Tables 1-5. In Fig. 8, the x-axis represents
rotational speed, y-axis represents displacement, and z-axis represents eccentricity. The scat-
tered points’ color represents the magnitude of the annular pressure drop gradient. From the
scatter plot, it can be clearly seen that the pressure drop gradient in the annulus tends to in-
crease with the increase in speed and displacement. Combining the scatter plot matrix in Fig. 9,
the histogram at the diagonal position allows us to see the distribution of each variable, while the
scatter plots above and below the diagonal show the relationship between variables pairwise.
There is a significant monotonic relationship between displacement and the annular pressure drop
gradient. The pressure drop gradient in the annulus is more significantly affected by the rota-
tional speed at high speeds (>90rev/min) than at low speeds. As the eccentricity increases, the
pressure drop gradient in the annulus slightly decreases.

,,,,,,,,,,, AT 1600
IR S . ° : o -
s : - —— &
é ] I O M e SR S s S -500 ;%
= R . T
. PR o
§ 030 T e . 450 9
< 0.25 o FS
| B e R . 5
Bp . )
a . 350 O
0.15 1" et £
L ol 300
0,05 bt T 250
1205 200
: . 150
( L _
" 20 = 1 12 10 8 0
18 16 Output volume

Rotation rate

Fig. 8. Four-dimensional scatter plot analysis of three factors.

We used the coefficient comparison method in a multiple regression model to analyze the
magnitude of the gradient effect of eccentricity, rotation, and displacement on the annular pres-
sure drop (Bao & Weng, 2000; Mielke & Berry, 2002). Usually, while constructing a multifac-
tor regression model, the equations are presented with unstandardized regression coefficients.
It is the original regression coefficient corresponding to different independent variables in the
equation, reflecting the magnitude of the effect of each unit change in the independent vari-
able on the dependent variable when other factors remain constant. The variables in this article
have asynchronous changes during simulation experiments. Let us standardize variables when
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Fig. 9. Scatter plot matrix.

incorporating them into the regression model. At this point, it reflects the impact of every stan-
dard deviation change in the independent variable on the dependent variable. The standardized
coeflicient regression results are shown in Table 6. Through coefficient comparison, it can be seen
that the effect of displacement on the annular pressure drop gradient is the most significant, while
the effect of speed and eccentricity on the annular pressure drop gradient is relatively small, and
eccentricity is negatively correlated with the annular pressure drop gradient.

Table 6. Normalized coefficient regression.

Coefficient
Model Non standardized coefficient | Standardized coefficient . Significance
B Standard error Beta
Constant —98.280 7.397 - —13.287 1.000
Displacement | 39.345 0.509 0.988 77.267 0.000
Speed 0.114 0.051 0.029 2.237 0.027
Eccentricity | —72.644 15.276 —0.061 —4.755 0.000
Dependent variable: pressure drop gradient

Let us create a scatter plot of the annular pressure drop gradient with smooth lines and data
labels for different speeds and eccentricities at various displacements. As shown in Fig. 10, when
the displacement is less than 11L/s and the speed is less than 60rev/min, the pressure drop
gradient in the annulus increases with the increase in speed. When the speed is greater than
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60 rev/min, the pressure drop gradient in the annulus slightly decreases with increasing speed.
When the speed increases to 90rev/min or above, the pressure drop gradient in the annulus
continues to rise with the increase in speed. When the displacement is >11L/s, the annular
pressure drop gradient increases monotonically with the increase in rotational speed, and the
higher the rotational speed, the greater the impact on the annular pressure drop gradient. When
the eccentricity is less than 0.3 and the displacement is greater than 14 L/s, the pressure drop
gradient in the annulus at low speed initially increases and then decreases with the increase
in eccentricity. The overall trend is that the annular pressure drop gradient decreases with
increasing eccentricity, and the larger the eccentricity, the greater the impact on the annular
pressure drop gradient. Among them, when the displacement is 5 L./s and the speed is 90 rev /min,
all eccentricity model annular pressure drop gradients show a decreasing trend. The eccentricity
0.4 model achieves the lowest annular pressure drop gradient at this displacement at this speed.
At a displacement of 11 L/s, the annular pressure drop gradient of the model with 0 eccentricity
is smaller than that of the model with 0.1 eccentricity before reaching 60rev/min. At speeds
of 90rev/min and above, the annular pressure drop gradient of the model with 0 eccentricity
increases faster, surpassing the model with 0.1 eccentricity. At a displacement of 17L/s, the
model with an eccentricity of 0.2 obtains the minimum annular pressure drop gradient at a speed
of Orev/min.
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Fig. 10. Pressure drop gradient in the annulus under different speeds and eccentricities with displacements of:
(a) 5L/s; (b) 8L/s; (c) 11L/s; (d) 14L/s; (e) 17L/s.

3.4. Differences in pressure drop gradients in the annulus for different combinations
of drilling tools

Let us create a pipe string model through Solidworks to explore the annular pressure loss of
different drilling tool combinations. Using eccentricity 0 and eccentricity 0.1 models as simulation
experimental objects, let us record the pressure difference between the upper and lower sections of
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each drilling tool, and obtain the annular pressure drop gradient. Let us analyze the differences
in the annular pressure drop gradient at different drilling tool combinations under different
displacements, eccentricities, and speeds. The simulation experiments are shown in Tables 7-11.

Table 7. Calculation results of annular pressure drop gradient at different drilling tools
under 5L/s displacement.

Different Different simulated The pressure drop grad1ent in the annulus
" i, at different rotational speeds [Pa/m]
eccentricity models drilling tools - - - - -
Orev/min |30 rev/min |60 rev/min|90 rev/min | 120 rev/min
Simulated drill bit | 577.2046 | 566.7762 | 545.4048 | 527.0940 | 509.5932
Eccentricity 0 Simulated MWD | 234.1352 | 232.7951 | 231.9452 | 230.0234 | 228.5605
Simulated joint 239.2424 | 241.3771 | 248.4087 | 265.7412 288.5091
Simulated drill pipe | 72.6384 | 72.8911 73.4337 65.8288 73.8904
Simulated drill bit | 568.2580 | 560.6166 | 541.1510 | 514.6571 | 510.2580
Eccentricity 0.1 Simulated MWD | 246.8312 | 224.2789 | 222.2801 | 219.8526 218.8613
Simulated joint 231.0896 | 234.1507 | 239.8133 | 257.5202 276.3035
Simulated drill pipe | 71.8530 72.1636 72.7504 66.2534 70.37980

Table 8. Calculation results of annular pressure drop gradient at different drilling tools
under 8 L/s displacement.

Different Different simulated The pressure drop grad1ent in the annulus
o i, at different rotational speeds [Pa/m]
eccentricity models drilling tools - - - - -
Orev/min |30 rev/min |60 rev/min |90 rev/min | 120 rev/min
Simulated drill bit | 980.4990 | 971.7729 | 946.0966 | 908.8517 | 866.2889
Eccentricity 0 Simulated MWD | 393.8126 | 393.3917 | 392.1140 | 390.5879 | 388.8704
Simulated joint 401.6579 | 404.1619 | 411.9381 | 426.0342 | 449.4999
Simulated drill pipe | 121.6249 | 121.7959 | 122.8887 | 124.7786 129.9980
Simulated drill bit [1000.1140| 992.7490 | 970.9457 | 940.6719 | 913.6777
Eccentricity 0.1 | Simulated MWD | 377.1419 | 376.7523 | 375.4036 | 372.9664 | 373.2648
Simulated joint 392.2802 | 394.2948 | 401.0442 | 413.8018 432.2522
Simulated drill pipe | 127.7627 | 128.0762 | 129.0871 | 131.9266 133.1912

Table 9. Calculation results of annular pressure drop gradient at different drilling tools
under 11L/s displacement.

Different Different simulated The pressure drop grad1ent in the annulus
. . at different rotational speeds [Pa/m)]
eccentricity models drilling tools - - - - -
Orev/min |30 rev/min |60 rev/min |90 rev/min | 120 rev/min
Simulated drill bit |1486.7360| 1480.1770 | 1459.6640 | 1428.7510 | 1394.7340
Eccentricity 0 Simulated MWD | 535.3307 | 535.1713 | 534.5935 | 533.6185 | 533.1697
Simulated joint 560.3379 | 560.8369 | 569.6386 | 582.5776 | 604.7408
Simulated drill pipe | 186.9023 | 187.2892 | 188.5602 | 190.5277 | 194.7520
Simulated drill bit |1455.2450| 1447.1880 | 1422.6190 | 1427.3020 | 1383.2950
Eccentricity 0.1 Simulated MWD | 559.1121 | 558.8473 | 557.9023 | 556.9548 | 556.3359
Simulated joint 573.2401 | 576.1122 | 584.0520 | 602.3688 | 624.3576
Simulated drill pipe | 176.7335 | 176.9028 | 178.1618 | 191.8827 195.6730
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Table 10. Calculation results of annular pressure drop gradient at different drilling tools
under 14 L/s displacement.
Different Different simulated The pressure drop grad1ent in the annulus
o i, at different rotational speeds [Pa/m]
eccentricity models drilling tools - - - - -
Orev/min |30 rev/min |60 rev/min |90 rev/min | 120 rev/min
Simulated drill bit [2535.1230| 2528.229 | 2506.491 | 2472.6240 | 2425.1050
Eccentricity 0 Simulated MWD | 881.3331 | 881.1474 | 880.4879 | 880.0918 | 879.4367
Simulated joint 920.9313 | 923.4875 | 930.8826 | 942.2473 | 962.8600
Simulated drill pipe | 303.7599 | 304.1637 | 305.1402 | 306.6544 | 310.4984
Simulated drill bit [2524.9240| 2520.2230 | 2501.6560 | 2473.846 | 2437.0160
Eccentricity 0.1 Simulated MWD | 842.1706 | 842.5658 | 842.0543 | 843.0256 | 843.4042
Simulated joint 889.7953 | 892.5088 | 899.2022 | 912.9028 | 933.2046
Simulated drill pipe | 300.3946 | 300.9917 | 302.2901 | 305.2190 | 309.4928
Table 11. Calculation results of annular pressure drop gradient at different drilling tools
under 17L/s displacement.
Different Different simulated The pressure drop grad1ent in the annulus
. . at different rotational speeds [Pa/m)]
eccentricity models drilling tools - - - - -
Orev/min |30 rev/min |60 rev/min |90 rev/min | 120 rev/min
Simulated drill bit |3297.4322| 3291.0201 | 3271.5220 | 3238.6260 | 3194.9181
Eccentricity 0 Simulated MWD |1096.8991 | 1096.7751 | 1096.8383 | 1096.3944 | 1096.0871
Simulated joint 1151.0115| 1153.6450 | 1161.0901 | 1172.8780 | 1193.5186
Simulated drill pipe | 380.0268 | 380.6023 | 381.8937 | 383.9324 | 388.3010
Simulated drill bit |3286.5050| 3282.4980 | 3266.0181 | 3240.2089 | 3206.3397
Eccentricity 0.1 Simulated MWD |1048.6480| 1049.1877 | 1049.0842 | 1050.1278 | 1052.3933
Simulated joint 1112.9489| 1115.7730 | 1123.3630 | 1137.1562 | 1156.3222
Simulated drill pipe | 375.9475 | 376.6142 | 378.4151 | 381.8080 | 384.9924

According to the simulated calculation data, it can be seen that the annular pressure drop

gradient at the drill bit is the largest and the annular pressure drop gradient at the drill rod is
the smallest. This is because the size of the drill bit is larger than that of the drill rod, resulting
in a smaller annular clearance, faster flow velocity, and higher dynamic pressure on the cross-
section. However, in actual drilling, due to the overall length of the drill pipe being much longer
than the drill bit, the main annular pressure loss is still distributed at the drill pipe. The size
set by MWD in the simulation is larger than that of the drilling tool joint. The pressure drop
gradient in the annulus at the MWD is greater than that at the joint of the drilling tool only
in the 0.1 eccentricity model, when simulating working conditions at 5L/s and 0rev/min speed.
In the overall trend, the pressure drop gradient in the annulus at the MWD is smaller than
that in the drilling tool joint. Moreover, as the displacement and speed increase, the difference
becomes greater. This is mainly because the MWD length is greater than that of the drilling
tool joint, and the diameter change of the drilling tool near the MWD is smaller, while the
diameter change at the drilling tool joint is more obvious, and the fluid is more affected. This
indicates that in actual drilling, the impact of drilling tool joints or sudden diameter changes on
annular pressure loss is difficult to ignore. Let us explore the influence of drilling tool joints
on annular pressure loss based on the 0.1 eccentricity model. Let us simulate the difference
in the annular pressure drop gradient with and without joints at different displacements at
Orev/min. The simulation results are shown in Fig. 11. From the figure, it can be seen that the
difference in the annular pressure drop gradient between the joint and the non-joint is over 200 %),
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and even more than three times at a displacement of 5L/s. Furthermore, as the displacement
increases, the impact of the joint on the annular pressure drop gradient becomes greater.
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Fig. 11. Pressure drop gradient in annular space with and without joints at different displacements.

4. Fitting correction factors and validation

Let us divide the annular pressure drop gradient data in Tables 1-5 by the annular pressure
drop gradient at a concentric non-rotating 8 L /s displacement to obtain the dimensionless annu-
lar pressure drop gradient. Let us perform multivariate fitting to obtain the multivariate fitting
formula:

APNn = —0.487 4 0.195V + 0.001R — 3.6 E, (4.1)

where APy is the dimensionless annular pressure drop gradient factor, V is the displacement,
R is the speed, and F is the eccentricity.

Based on the historical data of the SY-3 well, a horizontal section of the SY-3 well was
selected as the calculation point for lateral drilling. The drilling tool combination consisted of
2118 mm PDC + @95mm Screw drilling tools (1.5°) 4+ @103 mm non-magnetic drill pipe +
directional joint 4+ 103 mm non-magnetic drill pipe + @73 mm weighted drill pipe 4+ hydraulic
oscillator + @73 mm weighted drill pipe + @73 mm drill pipe + @73 mm weighted drill pipe
+ @73 mm drill pipe. Drilling fluid density is 1400 kg/m?, viscosity is 0.058 Pa -s, displacement
is 7L/s, speed is 40 rev/min. At this time, the pump pressure is 23 Mpa. Based on the rheological
properties of drilling fluid and the size of the flow channel, the pressure drop gradient AP of
the H-B fluid annulus under concentric non-rotating 8 /s displacement is obtained through an
analytical formula. Based on the characteristics of the wellbore section such as the inclination
angle, slope angle, and drill string size, the eccentricity E is determined using the drill string
buckling theory (Vaughn, 1965; Juvkam-Wold & Wu, 1992; Lubinski & Althouse, 1962; Dawson,
1984; Tian et al., 2024). Let us calculate the dimensionless annular pressure drop gradient factor
based on Eq. (4.1) for displacement V' and speed R, and correct AP. The system’s cyclic pressure
loss was calculated based on the well history data. Besides, the error was less than 10 % when
compared with the annular pressure loss calculated by the fitting model. This validates the
accuracy of the model.

5. Conclusions

— After analyzing the hydraulic behavior of eccentric rotating annular fluid in a small well-
bore through Fluent simulation, the overall flow velocity at the wide gap of the eccentric
annular flow field was found to be greater than that at the narrow gap. The speed is lower
at the contact position between the drill pipe and the wellbore wall, but higher at the cen-
ter. The dynamic pressure distribution and velocity distribution characteristics of the fluid
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in the annulus are similar, showing a phenomenon of low dynamic pressure at the contact
position between the fluid and the drill pipe and wellbore while high dynamic pressure is
observed in the middle of the gap.

— The gradient of annular pressure drop was obtained through simulation calculation results.

A comprehensive analysis was conducted on the three factors affecting annular pressure
loss, namely eccentricity, rotation, and displacement. At low speeds, the annular pres-
sure drop gradient first increases and then decreases with increasing eccentricity, but
overall there is a trend of the annular pressure drop gradient decreasing with increas-
ing eccentricity. The greater the eccentricity, the greater the impact of eccentricity on the
pressure drop gradient in the annulus.

— The annular pressure drop gradient was simulated and calculated with different drilling

tool combinations. The differences were analyzed in the annular pressure drop gradient
at different drilling tool combinations under different displacements, eccentricities, and
speeds. The impact of drilling tool joints on annular pressure loss was explored. As the
displacement increases, the impact of the joint on the annular pressure drop gradient
becomes greater.

— Multi factor fitting of the dimensionless annular pressure drop gradient factor was ana-

lyzed through numerical simulation results. The pump pressure of a certain lateral drilling
horizontal section of SY-3 well was analyzed and combined with well history data. The
prediction error is less than 10 %, which verifies the accuracy of the model.
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