
POLISH SOCIETY OF THEORETICAL AND APPLIED MECHANICS

JOURNAL OF THEORETICAL

AND APPLIED MECHANICS

No. 1 • Vol. 63
Quarterly

eISSN: 2543-6308

ISSN: 1429-2955

WARSAW, February 2025



JOURNAL OF THEORETICAL AND APPLIED MECHANICS
(until 1997 Mechanika Teoretyczna i Stosowana, ISSN 0079-3701)

Beginning with Vol. 45, No. 1, 2007, Journal of Theoretical and Applied Mechanics (JTAM) has been
selected for coverage in Thomson Reuters products and custom information services. Now it is indexed
and abstracted in the following:

• Science Citation Index Expanded (also known as SciSearch R○)
• Journal Citation Reports/Science Edition

Advisory Board

MICHAŁ KLEIBER (Poland) – Chairman
Jorge A.C. Ambrosió (Portugal) ✶ Angel Baltov (Bulgaria)

✶ Romesh C. Batra (USA) ✶ Alain Combescure (France)
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In this study, three novel types of hierarchical reentrant honeycomb structures were designed,
which comprised subunits with a semi-reentrant, reentrant, and hexagonal honeycomb. These
subunits exhibited zero/negative/positive Poisson’s ratios, respectively. Geometric relation-
ships of those structures were established. The out of plane compression behavior and defor-
mation characteristics were investigated through finite element simulations and experiments.
It was shown that the hierarchical structure composed of reentrant subunits had the best
mechanical properties among three structures. The hierarchical structure composed of the
classic hexagonal honeycomb subunit exhibited plastic deformation characteristic spreading
from the middle and upper layers to the whole region during compression.

Keywords: hierarchical reentrant structure, honeycomb structures, out of plane, 3D printing,
compression performance

1. Introduction

Honeycomb structures frequently appear in porous materials and are commonly regarded as
effective energy-absorbing materials in many critical engineering applications. In the past re-
search, various types of honeycombs such as hexagonal (Li et al., 2019; Liu et al., 2021; Ahmed
and Xue, 2019), Kagome (Zhang and Zhang, 2013), circle (Ahmed and Xue, 2019) and Nomex
honeycomb (Liu et al., 2015) have been proposed and extensively studied according to specific
application scenarios. Scholar Jamal et al. performed experimental and numerical modelling in-
vestigations of a typical four-point bending test of single and multi-layer honeycomb sandwich
structures (Arbaoui et al., 2014). Due to their high out-of-plane stiffness, low mass, and ex-
cellent mechanical properties, honeycomb structures have found wide application in traditional
architectural design (Lei et al., 2022; Davalos et al., 2001), various airfoil aircraft(Gong et al.,
2022; Heo et al., 2013; Solak et al., 2023), and fields of nanotechnology and biomedicine Gao et
al., 2022; Gadkaree, 1998; Masuda and Fukuda, 1995).
To further optimize the out-of-plane mechanical performance of the traditional hexagonal

honeycomb structure, researchers restructured the hexagonal honeycomb into a reentrant hon-
eycomb with negative Poisson’s ratio characteristics by concaving the cell walls on both sides.
Different from hexagonal honeycomb structures, auxetic structures with negative Poisson’s ra-
tios, such as reentrant structures, exhibit synclastic curvature and many superior mechanical
properties (Wu et al., 2023). This structure is characterized by lateral contraction when com-
pressed longitudinally. Due to its superior crashworthiness, it has garnered significant attention
in recent years. Studies have shown that reentrant honeycombs outperform traditional honey-
combs in terms of structural strength, stiffness, and energy absorption capacity (Garg et al.,
2023; Günaydin et al., 2022; Ha et al., 2022; Teng et al., 2022; Hamzehei et al., 2022).
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However, all the aforementioned design concepts are limited to honeycomb structures with
single-level cellular configurations, which have the disadvantage of low structural stiffness, re-
stricting their potential applications. In this study, to further enhance their out-of-plane me-
chanical properties, hierarchical structures inspired by nature are introduced (Wang et al., 2021;
Yang et al., 2021), such as hierarchical structures of osteons and lamellae with their length scale
varying from macroscopic to microscopic. In a hierarchical structure, each level of the honey-
comb structure can bear part of the load, thereby increasing the overall strength and stiffness of
the structure. Different from traditional honeycomb structures, the novel self-similar hierarchical
honeycomb (CVH) proposed by Liang et al. (2021) exhibits high energy absorption capacity and
stable deformation characteristics under quasi-static compression. Unlike the traditional five-
-variable shear deformation theory, the four-variable hierarchical plate shear theory proposed by
Bouazza et al. (2019) based on the principle of virtual work no longer requires shear correction
factors and has been shown to have similarities with classical plate theories in many aspects.
Ha et al. (2021) investigated energy absorption characteristics of bionic hierarchical multi-cell
square tubes under axial compression, while Wang et al. (2021) examined compressive behavior
of reinforced hierarchical lattice structures through both experiments and simulations. These
studies demonstrate that hierarchical structures significantly improve mechanical performance
and energy absorption capacity.
Previous studies have primarily focused on mechanical properties of honeycomb structures

with negative Poisson’s ratios and hierarchical structures, but those studies mostly concentrated
on single-type honeycomb structures. This paper innovatively integrates nested honeycomb sub-
units with negative, zero, and positive Poisson’s ratios, proposing a novel hierarchical reentrant
honeycomb structure with superior mechanical performance, filling the gap in current research.
Through a combination of finite element simulations and 3D printing experiments, the me-
chanical properties and deformation mechanisms of the proposed structure under out-of-plane
compression were systematically studied. Through optimized design, the proposed hierarchical
reentrant honeycomb structure not only enhances the mechanical properties of the material
but also exhibits significant energy absorption and deformation control capabilities, making it
highly relevant for practical applications. The results reveal the potential applications of this
novel structure in the aerospace and civil engineering fields, providing new insights for the design
of high-strength, lightweight structures.

Nomenclature of abbreviation

SEA – specific energy absorption,
RH – novel hierarchical reentrant honeycomb structures with reentrant honeycomb sub-

unit,
SRH – novel hierarchical reentrant honeycomb structures with semi-reentrant honeycomb

subunit
CH – novel hierarchical reentrant honeycomb structures with classic hexagonal honey-

comb subunit.

2. Novel hierarchical reentrant honeycomb structure

2.1. Geometric description and material

In this study, novel hierarchical reentrant honeycomb structures are constructed by using
nested substructures in place of the honeycomb walls of conventional recessed honeycombs. Here,
three types of hierarchical inner-concave honeycombs are considered consisting of a reentrant
honeycomb, a semi-concave honeycomb, and a classical hexagonal honeycomb substructure. The
specific dimensions of the structure as well as the sub-cells were determined at the beginning



Investigation of out-of-plane compression mechanical property... 5

of the study. The three novel hierarchical reentrant honeycomb structures are c = 142mm long
and b = 141mm wide, and the cell wall thickness of all three cellular metamaterials is 0.6mm,
as shown in Fig. 1.

Fig. 1. Novel hierarchical reentrant honeycomb structure

A conventional hexagonal positive Poisson’s ratio honeycomb is usually positive in the
x-direction when pressurized in the y-direction. A positive Poisson’s ratio indicates that the
material tends to expand transversely when stretched in the longitudinal direction. In this study,
the classical hexagonal honeycomb is utilized as a substructure, and the wall length h = 2mm,
l = 1.8mm, turning angle α = 33.69◦, and thickness h = 2mm of this substructure are deter-
mined.

The reentrant honeycomb structure exhibits negative Poisson’s ratio (NPR) properties as
a tensile extension material. In contrast to conventional materials, NPR materials contract in
the transverse direction when they are stretched in the longitudinal direction. The reentrant
honeycomb substructure designed in this study has wall length h = 4mm, l = 1.8mm, turning
angle β = 33.69◦, and thickness h = 2mm. The semi-reentrant honeycomb structure is a new
type of hexagonal honeycomb structure that combines the characteristics of the traditional
hexagonal honeycomb structure and the reentrant honeycomb structure, which exhibits a semi-
reentrant appearance. Unlike the previous two structures, this structure exhibits zero Poisson’s
ratio (ZPR) properties (Ingrole etal, 2017; Farrokhabadi et al., 1022) in tensile experiments,
and this unique behavior is attributed to the fact that the structure combines the specific
deformation mechanisms of the conventional hexagonal honeycomb with a positive Poisson’s
ratio (PPR) and the concave honeycomb negative Poisson’s ratio (NPR) (Shukla and Behera,
2022). The semi-reentrant honeycomb substructure designed in this study has a wall length
h = 3mm, l = 1.8mm, and thickness d = 30mm. In this study, PLA (polylactic acid) was
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used as the main material to provide a feasible basis for the study with its good plasticity and
biodegradation properties, and the specific material property parameters are shown in Table 1.

Table 1. Mechanical properties of PLA

Materials
Elastic modulus Yield strength Fracture Poison’s Mass density
[MPa] [MPa] strain ratio ρA [kg/m3]

PLA 1451.14 39.14 0.18 0.3 1378

2.2. Specimen manufacturing

In this study, a polylactic acid (PLA) filament was chosen as the printing material based on
the fused deposition principle. It has a low melting point, which allows it to melt and flow rapidly
at a certain printing temperature, contributing to efficient printing. Three novel hierarchical
reentrant honeycomb structures were used to print. Meanwhile, in order to ensure the quality
of printed specimens, the printing speed of the printer was set to 50mm/s, the nozzle diameter
was set to 0.3mm and the printing temperature was set to 210◦C, while the temperature of the
printing platform was set to 40◦C in this study. The solid experimental samples of the three
novel hierarchical reentrant honeycomb substructures are shown in Fig. 2.

Fig. 2. 3D printed specimen of a novel hierarchical reentrant honeycomb substructure

2.3. Experiment and simulation setting

In the experimental phase, quasi-static compression tests were conducted using an Instron-
-5892 testing machine. A VIC-3D strain measurement system (model ProsilicaGained900)
recorded deformation characteristics with a loading rate of 2mm/min and compression images
captured every 4 seconds until densification.
In the numerical simulation phase, detailed analysis was performed using Abaqus 2023 based

on finite element theory. The compression and deformation mechanisms of three novel hierar-
chical reentrant honeycomb structures were studied using Abaqus 2023. Shell models were con-
structed based on previously designed geometric structures and meshed using four-node surface
shell elements (S4R). To replicate the experimental compression state, rigid plates were placed
on the front and rear surfaces of the structure, as shown in Fig. 1. To ensure simulation accuracy,
a displacement boundary condition in the out-of-plane compression direction (Z direction) was
applied to the front rigid plate, while the rear rigid plate was completely fixed. General contact
was used as the interaction condition, with “hard contact” set in the normal direction and a
friction coefficient of 0.3 set in the tangential direction. The mesh element size was set to 2mm,
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with dynamic linear element types and element deletion enabled. Ultimately, each hierarchical
structure was divided into approximately 90 000 elements.

3. Out of plane compression of novel hierarchical reentrant honeycomb structures

3.1. Simulation analysis

The stresses are calculated by the reaction forces F of the rigid grip section S is the area
of grip section, so the stress is σ1 or σ2 = F/S. Strains ε = U/d are computed from the
displacements U of top grip divided by thickness d of the structure.
In this study, four compressive strain nodes of 0, 0.2, 0.4 and 0.6 are intercepted in order

to investigate the deformation characteristics of the structure. The compressive deformation
images of the overall structure are shown in Fig. 3. At a compressive strain of 0.2, the stress
concentration of the RH structure is obviously in the inner recess of the novel hierarchical
reentrant honeycomb structure, while the stress concentration range of the SRH structure and
the CH structure is mainly characterized in the two sides of the wall of the hierarchical reentrant
honeycomb structure, and it is worth noting that at this time, the three structures do not have
a significant wave-shaped region as shown in Fig. 3 variable rows. At a compressive strain of 0.4,
the reentrant of the novel hierarchical reentrant honeycomb structure that forms the whole has
a tendency to shrink towards the center, whereas the shrinkage tendency of the RH structure
is the smallest, which represents that the structure has a much higher stiffness and stability
during the compression process. When the compressive strain reaches 0.6, all three structures
show the phenomenon of collapse and fracture, and the compression of the overall structure
tends to densify stability.

Fig. 3. Deformation contours of (a) entire structure, (b) substructure

To deeply investigate the deformation characteristics, this study was carried out to analyze
characteristics of the novel hierarchical reentrant honeycomb structure. As shown in Fig. 3, the
deformation characteristics of the substructure at four compressive strain nodes of 0, 0.2, 0.4
and 0.6 are plotted. The results show that the substructure has the same strain concentration
region as the overall structure at a compressive strain of 0.2, while there is a phenomenon that
the honeycomb subunits in the reentrant shrink towards the center region. In particular, in
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observing the front views process, both the RH and SRH structures have a stress concentration
from the center-lower region and extend to the whole wall during compression. In contrast, the
range of stress concentration for the CH structure is in the upper-middle region.
As shown in Fig. 4, the out of plane compressive stress-strain curves are shown for the overall

structure and the substructure, respectively. The expression for the deformation energy per unit
volume E corresponding to any point (εa, σa) in this curve is given by

E =

εa∫

0

σa dε (3.1)

The expression for calculating the energy absorption efficiency η(εa) at any point is

η(εa) =

εa∫

0

σ(ε)
σa

dε 0 ¬ εa ¬ 1 (3.2)

The densification strain of this structure in out-of-plane compression was obtained by intercept-
ing the highest point of the energy absorption efficiency-strain curve as shown in Fig. 4. Based
on this value and the stress-strain curve, the mechanical property parameters associated with
this structure were obtained as shown in Table 2.

Fig. 4. Simulated out-of-plane compressive stress-energy absorption efficiency-strain curves

The results of the study show that the overall structure and the substructures are highly
correlated and synchronized in the conclusive characterization of the mechanical property pa-
rameters and that the densification strains of the three structures are approximate and have
characteristics of RH>SRH>CH in representation of the plateau stresses, the specific absorbed
energies, and the modulus of elasticity, which means that the RH structure has an even better
load-bearing capacity as well as stability. Meanwhile, the results of the study show that there is
a positive relationship between the platform stress and the specific absorption energy.
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Table 2. Mechanical properties of the novel hierarchical reentrant honeycomb structure in out-
of-plane compression (simulation analysis)

Plateau stress Energy absorption Densification Elastic modulus
Type [MPa] [J/g] strain [MPa]

Entire Sub Entire Sub Entire Sub Entire Sub

RH 4.24 6.13 9.01 9.17 0.66 0.58 218.03 312.14
SRH 4.19 5.88 8.19 8.51 0.67 0.51 196.16 305.38
CH 4.15 5.35 7.24 8.02 0.67 0.51 174.21 255.59

3.2. Mechanical experiment

As shown in Fig. 5, the deformation characteristics at compressive strains of 0, 0.2, 0.4 and
0.6 reveal distinct stages of deformation, including initial plastic buckling, collapse fracture, and
densification. At a compressive strain of 0.2, all three structures exhibit milky-white, worm-like
plastic regions. The plastic regions of the RH and SRH structures are localized in the lower layers
of the structure, while the plastic regions of the CH structure are more uniformly distributed.
Upon reaching a compressive strain of 0.4, all three structures display varying degrees of collapse
and fracture phenomena, with the plastic and fracture regions of the CH structure situated in the
middle and upper layers of the structure. When the compressive strain reaches 0.6, the overall
structure exhibits a tendency towards densification. This observation aligns entirely with the
deformation characteristics identified in the simulation analysis above, providing a conclusive
evidence of the synchronicity between finite element simulation and physical experiments in
terms of deformation behavior.

Fig. 5. Deformation contours of the novel hierarchical reentrant honeycomb structure

Plots of the stress-energy absorption efficiency-strain curves for this solid experiment are
shown in Fig. 6. Based on the densification strain corresponding to the highest point of energy
absorption efficiency, a detailed analysis of the mechanical property parameters was carried out
in this study, and the results are summarized in Table 3. The results show that the three novel
hierarchical reentrant honeycomb structures perform close to each other in terms of the values of
densification strain. In the characterization of platform stress, modulus of elasticity, and specific
absorption energy, the order is RH>SRH>CH, which indicates that the RH structure possesses
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superior mechanical properties in the out-of-plane compression solid experiment. In addition,
the platform stress and specific absorption energy showed a positive proportional relationship
in this out-of-plane compression solid experiment. Finally, this study verifies the synchronicity
and consistency between the solid experiment and the finite element simulation analysis in the
characterization of mechanical properties.

Fig. 6. Physical experiment for the out-of-plane compressive stress-energy absorption efficiency-strain
curves

Table 3. Mechanical properties of the novel hierarchical reentrant honeycomb structure in out-
of-plane compression (physical experiment)

Type
Plateau stress Energy absorption Densification Elastic modulus
[MPa] [J/g] strain [MPa]

RH 11.07 9.16 0.47 427.89
SRH 10.44 8.71 0.42 401.39
CH 9.45 8.5 0.47 366.53

4. Conclusion

In this study, we designed novel hierarchical reentrant honeycomb structures with different
Poisson’s ratio characteristics, including positive, zero, and negative Poisson’s ratios. Using
finite element simulations and 3D printing experiments based on fused deposition technology,
we investigated the mechanical properties and deformation characteristics of those structures
under out-of-plane compression. The results showed that the stress concentration in RH structure
was located in the inner recess, while in SRH and CH structures, the stress concentration was
mainly on the sides of the walls. The RH structure exhibited the smallest contraction tendency,
indicating higher stiffness and stability.
Both experiments and simulations confirmed that the substructures had the same strain

concentration regions as the overall structure. From the front view, the reentrant honeycomb
subunits also showed a tendency to shrink towards the center. During compression, the RH
and SRH structures generated worm-like plastic regions from the lower center, extending to the
entire wall, while the plastic regions in the CH structure were located in the upper center.
Mechanical performance analysis indicated that the RH structure had the highest stiffness,

stability, load-bearing capacity, and energy absorption capability, followed by the SRH and CH
structures. This study verifies the synchronicity between simulation and experimental results in
characterizing the mechanical properties under out-of-plane compression.
The enhanced mechanical properties and energy absorption capabilities of these novel hier-

archical reentrant honeycomb structures suggest significant practical applications in aerospace,
automotive, and civil engineering. They are suitable for lightweight, high-strength components
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such as fuselage panels in aerospace, impact-resistant structures in automotive applications, and
improved building materials in civil engineering to withstand dynamic loads like earthquakes.
This study highlights the potential of these innovative honeycomb structures in advancing en-
gineering design and materials science.
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A theoretical model is proposed to evaluate the impact protection effectiveness of a porous
cushioning material in a packaging container under the lateral constraint condition. An
acceleration-displacement equation of the protected product in the packaging container is
derived. The reliability of the equation is validated by numerical simulation. Subsequently,
the equation is applied to analyse the effect of strain rate on impact protection effectiveness
of three polymer foams under the lateral constraint condition, and to design the thicknesses
of cushioning materials in the packaging container.

Keywords: impact protection, packaging container, cushioning material, lateral constraint,
numerical simulation

1. Introduction

The impact-resistant packaging container generally consists of the outer shell, cushioning ma-
terial and protected product. The cushioning material is usually filled between the protected
product and the outer shell. The mechanical behaviour of the cushioning material determines
the impact protection effectiveness of the packaging container. Therefore, evaluating the en-
ergy absorption of the cushioning material and optimizing cushioning material configuration are
feasible approaches to improve the protective performance of the packaging container.
The mechanical behaviour and energy dissipation of the cushioning material greatly af-

fect the protection effectiveness of the packaging container. Many scholars focus on promot-
ing the energy absorption of cushion materials in recent years. For pre-designing configuration
of cushioning materials, Meng et al. (2020) examined the mechanical response of composite
materials made of honeycomb aluminium under explosive impact loads, and proposed an em-
pirical formula to characterize the compression depth of double-layer honeycomb aluminium
composite materials. Kader et al. (2016) assessed the shock propagation and elastic-plastic
deformation behaviour of a closed-cell aluminium foam by experiments and numerical sim-
ulations. The results showed the significant influence of the foam material topology on the
shortest path for stress wave propagation in a porous material. Estrada et al. (2017) anal-
ysed the sizing effect of discontinuities on energy absorption characteristics of a steel square
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profile. It indicated that pre-designed discontinuities effectively enhanced energy absorption in
square-section steel tubes, whereas reduced the peak load. Baroutaji et al. (2016) analysed
the energy absorption characteristics of nested circular tube structures under lateral loads,
and explored the effects of geometrical and loading parameters on the responses of the best
nested tube system. Sek and Rouillard (2006) investigated the response characteristics of multi-
layer corrugated cardboard cushioning systems under impact loads, and demonstrated that
adding anti-wrinkle liners to soft cardboard cushion pads significantly expanded their pro-
tective coverage and capability to withstand extreme conditions. Guo et al. (2021) investi-
gated the mechanical behaviour and cushioning energy absorption of paper composite sand-
wich structures with sinusoidal corrugation and hexagonal honeycomb cores. They showed that
the influence of static compression rate on the yield strength and cushioning energy absorp-
tion of the paper composite sandwich structure was not obvious, and the composite sandwich
structures with large inertia moment and large thickness had more excellent cushioning energy
absorption.

Moreover, cushion materials with gradient density can be designed to improve energy absorp-
tion. Baertsch et al. (2021) optimized an auxetic re-entrant structure with a stiffness gradient for
enhanced energy absorption with a low acceleration peak, and found that concave honeycomb
structures with gradient stiffness variations exhibited superior energy absorption capability. Zeng
et al. (2010) investigated the influence of the density gradient profile on the mechanical response
of graded polymeric hollow sphere agglomerates under an impact loading. They showed that
foam materials with gradient density or stiffness had a stronger cushioning effectiveness along
the direction of gradient variation. Koohbor and Kidane (2016) proposed a semi-analytical ap-
proach to study the effect of density gradation in graded polymeric foams. A strong concave
gradient was shown to promote substantially lighter structural weights with superior energy
absorption. Gputa (2007) found that the compressive modulus, strength, and total energy ab-
sorption of syntactic foams could be controlled by an appropriate type and volume fraction of
microballoons. The compressive strength and modulus of a functionally graded syntactic foam
were dependent on the weakest layer in their structure. The literature indicates that optimization
of structure topology and gradient configuration is a feasible approach to enhance the energy
absorption of the cushioning material.

Apart from the studies on mechanical behaviour and energy dissipation of cushioning mate-
rials, many scholars (Lye et al., 2004; Chang et al., 2017; Zhang et al., 2011; Pan and Yu, 2022)
have performed impacting experiments to evaluate the impact protection effectiveness of packag-
ing container systems. Luong et al. (2021) analysed the effects of repeated impacts on corrugated
paper packaging by numerical simulations and experimental tests. An elastoplastic homogeniza-
tion model was proposed to replace a corrugated-core sandwich panel by a homogeneous plate.
Hussain et al. (2021) investigated the energy absorption of composite material automotive crash
boxes using drop-weight impact tests. The strength-to-weight ratio was considered as the im-
portant factor for the packaging boxes made of different cross-sections cushion materials. An
and Shi (2022) proposed an innovative reliability optimization method for cushioning design
based on the dynamic stress-strain curve and an active set strategy. It provides a new design
method for cushioning packaging based on the dynamic cushioning material stress-strain curve.
In the aforementioned literatures, the cushioning materials are usually taken as fully compress-
ible materials, ignoring the influence of lateral constraint conditions. A porous material volume
exhibits incompressible characteristics in the compaction stage. The lateral constraint makes
the cushion material stress increasing greatly with strain in the compaction process. It is nec-
essary to investigate the compressive behaviour of cushioning materials under lateral constraint
conditions, which contributes to improve the cushion evaluation and the optimization design of
the packaging container.
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For a packaging container with a high strength outer shell, the cross-sectional area of the
porous cushioning material can be taken as constant during the impact compression process.
Based on the stress wave theory and propagation characteristics of stress waves in a porous
material (Reid and Peng, 1997; Karagiozova, 2011), the acceleration of the protected product
can be derived to evaluate the cushioning protection effectiveness of the packaging container.
The theoretical model of the drop impact for cushioning material packaging containers is es-
tablished, and the acceleration-displacement equation for the protected product is given in the
paper. The equation indicates the peak acceleration of the protected product, which is influ-
enced by density, platform stress and compaction strain of the cushioning material. Combining
the mechanical properties of an expanded polystyrene foam (EPS), flexible polyurethane foam
(FPUF) (Zhang et al., 2023), and rigid polyurethane foam (RPUF) (Zhang et al., 2022), the
theoretical equation is verified by numerical simulations. The influence of the strain rate on the
impact protection effectiveness of the three polymer foam materials under the lateral constraint
condition is analysed, then the equation for computing the optimal thickness of the cushioning
material in the packaging container is derived.

2. Theoretical model of the packaging container drop impact

2.1. Fundamental equation for the stress wave in a porous cushioning material

The stress-strain curve of porous materials exhibits a concave characteristic in the plastic
stage. When a high amplitude stress wave propagates in a porous material, the material un-
dergoes compaction and “shock waves” are generated. Ignoring the stress reflection or “shock
waves” interaction, the stress in the porous material can be simplified in Eq. (2.1) (Karagiozova,
2011)

σ(ε) =

{
σp 0 ¬ ε < εD

+∞ εD ¬ ε
(2.1)

where σ, ε is stress and strain, σp is plastic platform stress and εD is compaction strain.
Figure 1 shows a schematic of a strong discontinuity wave front. The physical variables S+

and S− show the states in ahead and behind wave front, respectively. The difference between the
value is denoted as [S]. The C, A, v and x are wave propagation velocity, section area, velocity
and displacement, respectively.

Fig. 1. Schematic of strong intermittent wave front propagation

The momentum conservation condition of the wave front is as follows

(σ+ − σ−)Adt = ρAdX(v− − v+) [σ] = −ρC[v] (2.2)

The displacement continuity condition is expressed as

d

dt
[u] = [X,t] + C[X,x] = [v] + C[ε] = 0 [v] = −C[ε] (2.3)
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The energy conservation equation is given below, where e is the internal energy per unit mass
of the porous material

(σ+v+ − σ−v−)Adt = (e− − e+)ρAdX + 1
2
ρAdX{(v−)2 − (v+)2}

[σv] = −ρC[e]− 1
2
Cρ[v2]

− ρC[e] = [σv] + 1
2
Cρ[v2] = [σv] +

1
2
Cρ[v](v+ + v−) = [σv]− 1

2
[σ](v+ + v−)

− ρC[e] = σ+v+ − σ−v− − 1
2
(σ+v+ + σ+v− − σ−v+ − σ−v−)

− ρC[e] = 1
2
(σ+ + σ−)(v+ − v−)

ρC[e] = −1
2
(σ+ + σ−)[v] =

1
2
(σ+ + σ−)C[ε]

ρ[e] =
1
2
(σ+ + σ−)[ε]

(2.4)

2.2. Acceleration-displacement equation for the protected product

During impacting the packaging container, the cushioning material is usually constrained by
the outer shell. The cross-section area of the cushion layer can be taken as constant. In order to
analyse theoretically analyse the acceleration response of the protected product during impact
process, the packaging container is simplified as shown in Fig. 2. It only consists of the protected
product, cushioning material and target. The left subfigure shows the undeformed state of the
packaging container at the initial moment. The middle subfigure represents the deformation state
of the packaging container at a certain moment t. The right subfigure represents the deformation
state of the packaging structure at a certain moment t +∆t. Ma, ρ0 and A are mass, density
and section area of the cushioning material in the original stage, respectively. σd and ρD are
stress and density of the cushioning material in the densification stage, respectively. Mb is mass
of the protected product and C is the stress wave propagation speed in the cushion material.
It is assumed that the cushion material is compressed into the densification layer in the impact
process. The white and blue areas denote the uncompacted part and the densification part of
the cushion material, respectively.

Fig. 2. Drop model of the packaging container

The variables ahead the wave front are as follows

v+ = Vt ε+ = 0 σ+ = σp ρ+ = ρ0 (2.5)
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The variables behind the wave front are

v− = 0 ε− = εD σ− = σd ρ− = ρD =
ρ0
1− εD

(2.6)

where σd represents the dynamic stress. Based on Eqs. (2.2), (2.3), (2.5) and (2.6), the equations
[σ] = −ρC[v] and Vt = −C[ε] can be expressed as

σp − σd = −ρ0C(Vt − 0) = −
ρ0V

2
t

εD
σd = σp +

ρ0V
2
t

εD
(2.7)

The length of the undeformed zone is as follows

L = L0 − ut − x (2.8)

In Fig. 2, the porous cushioning material with initial length ut + x is compressed into the
densification layer with length x. The strain εD can be defined as the ratio of the reduced length
to the original length

εD =
ut

ut + x
x =
1− εD
εD

ut

ut + x = ut +
1− εD
εD

ut =
ut
εD

(2.9)

According to Eq. (2.8) and Eq. (2.9)3, the following equation can be given

dL

dt
= −d(ut + x)

dt
= − 1

εD

dut
dt
= − Vt

εD
(2.10)

Based on displacement continuity and conservation of momentum and energy, the internal energy
of the packaging container is constant. The compression of the porous cushioning material results
in a change of internal energy ∆EU . If the reduced length is ∆L, the internal energy variation
is as follows

∆EU = EU2 − EU1 = ρ[e]A∆L =
1
2
(σd + σp)[ε]A∆L =

1
2

(
2σp + ρ0

V 2t
εD

)
(0− εD)A∆L

= −
(
σp +

ρ0V
2
t

2εD

)
εDA∆L

(2.11)

The compaction part of the cushioning material has velocity 0, while the velocity of the
protected product and the uncompressed part of the cushioning material is Vt. The change in
kinetic energy ∆EK of the packaging container can be obtained by following equations

∆EK = EK2 − EK1 =
1
2
{Mb + ρ0(L+∆L)A}(Vt +∆Vt)2 −

1
2
(Mb + ρ0LA)V

2
t

=
1
2
Mb(∆V 2t + 2Vt∆Vt) +

1
2
ρ0LA(∆V 2t + 2Vt∆Vt) +

1
2
ρ0∆LA(Vt +∆Vt)2

=MbVt∆Vt + ρ0LAVt∆Vt +
1
2
ρ0∆LAV

2
t +O{(∆V 2t + 2∆L∆Vt +∆L∆V 2t }

(2.12)

Ignoring higher order infinitesimals, the formula is simplified to

∆EK =MbVt∆Vt+ ρ0LAVt∆Vt+
1
2
ρ0∆LAV

2
t =
1
2
{2Vt(Mb+ ρ0LA)∆Vt+ ρ0V 2t ∆L} (2.13)

The total energy change of the packaging container is zero, as in the following

∆EU +∆EK = 0 ∆EK = −∆EU (2.14)
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The packaging container energy conservation equation is expressed as

MbVt∆Vt + ρ0LAVt∆Vt +
1
2
ρ0∆LAV

2
t =
(
σp +

ρ0V
2
t

2εD

)
εDA∆L (2.15)

Then, Eq. (2.8) and Eq. (2.9)1 can be written as

MbVt∆Vt + ρ0(L0 − ut − x)AVt∆Vt +
1
2
ρ0∆LAV

2
t = σpεDA∆L+

1
2
ρ0V

2
t A∆L

MbVt∆Vt + ρ0
(
L0 −

ut
εD

)
AVt∆Vt = σpεDA∆L

(2.16)

Equation (2.16)2 is divided by dt and the limit of dt is close to 0. The acceleration-displacement
equation of the protected product is obtained

(
MbVt + ρ0L0AVt −

ρ0A

εD
utVt
)dVt
dt
= σpεDA

dL

dt
(2.17)

According Eq. (2.10) and Eq. (2.17), the following equation can be obtained

(
MbVt + ρ0L0AVt −

ρ0A

εD
utVt
)dVt
dt
= −σpεDA

Vt
εD

(
Mb + ρ0L0A−

ρ0A

εD
ut
)
at = −σpA

(2.18)

and

at =
σpεD

ρ0ut −mεD − ρ0L0εD
m =

Mb
A

(2.19)

Taking parameter symbols of I, J and K into account, Eq. (2.19)1 is equivalently expressed as

a =
I

Ju−K (2.20)

and

I = σpεD J = ρ0 K = mεD + ρ0L0εD (2.21)

Based on acceleration-displacement Eqs. (2.20) and (2.21), one can conclude that acceleration
of the protected product is related with density, compact strain, and platform stress of the
cushioning material. The acceleration-displacement equation of the protected product can be
calculated by the parameters of I, J and K. I is the combination of the platform stress and
compact strain, which is the maximum energy absorption per unit volume of the cushioning
material. J is density of the cushioning material. K depens on the compact strain, density,
section area, original length of the cushioning material, and the protected product mass.

3. Numerical validation of theoretical model

To verify the theoretical model in Eq. (2.20), three polymer foam cushioning materials (EPS,
FPUF, RPUF) are selected for the packaging container. The geometric dimensions of the pack-
aging container are shown in Fig. 3. The container shell is made of aluminium. The inner and
outer diameters of the shell are 72mm and 78mm, respectively. The protected product is a steel
cylinder. The diameter and height are 72mm and 78mm. The two cushioning layers are with
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Fig. 3. Geometric diagram of packaging container

Table 1. Geometric paraneters of the packaging container

Parameter
Diameter Height Thickness
[mm] [mm] [mm]

Outer shell 78 130 3
Protected product 72 78 –
Cushioning layer 72 20 –

the same size. The diameter and height of the cushioning layer are 72mm and 20mm. Detailed
geometrical information is given in Table 1.

Taking density of the protected product as 7810 kg/m3, then area density is 609.18 kg/m2.
The densities, equivalent platform stresses and compaction strains of EPS, FPUF and RPUF
are cited from the references of Zhang et al. (2022, 2023). The initial impact velocity of the
packaging container is 9.8m/s. The parameters I, J , K for EPS, FPUF, and RPUF at the
strain rate of 100/s are calculated by Eqs. (2.21), see Table 2.

Table 2. Cushioning material mechanical properties and design parameters

Material
Density Platform Compaction

I J K
[kg/m3] stress [MPa] strain

EPS-100/s 43.5 0.566 0.660 373390 43.5 402.633
FPUF-100/s 77.8 0.045 0.560 25431 77.8 342.012
RPUF-100/s 125.6 2.417 0.630 1522518 125.6 385.366

The finite element model of the packaging container is shown in Fig. 4. The material of
the protected product and the target plate is steel. The container shell is made of aluminium.
The mechanical properties of packaging container materials are shown in Table 3. An elastic-
plastic constitutive model is adopted to describe mechanical behaviour of steel and aluminium.
A crushable foam model is adopted to describe mechanical behaviour of EPS and RPUF. The
mechanical behaviour of FPUF is described by the hyperfoam constitutive model. The com-
pressive stress-strain curves of EPS, FPUF, RPUF at the strain rate of 100/s are shown in
Fig. 5.

Figure 6 shows von Mises stress and equivalent plastic strain of the packaging container
when the protected product velocity is 0. The packaging containers of FPUF, RPUF exhibit the
highest and lowest equivalent plastic strain, respectively. It indicates that FPUF was a lower
energy absorption, and energy absorption capacity of RPUF is stronger. The whole cushioning
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Fig. 4. Finite element model of the packaging container

Table 3. Material properties of the packaging container

Material
Density Elastic Poisson’s Yield stress
[kg/m3] modulus [MPa] ratio [MPa]

Aluminium 2700 69000 0.30 290
Steel 7810 212000 0.30 460
EPS-100/s 43.5 9.29 0.01 –
FPUF-100/s 77.8 0.91 0.01 –
RPUF-100/s 125.6 45.30 0.01 –

Fig. 5. Compressive stress-strain curves of cushioning materials

layer of FPUF is compacted, which results in that the kinetic energy of the protected product
can not be absorbed fully by the cushioning material in the impact process. The cushioning
material EPS has with a moderate energy absorption capacity. The numerical results show
partial compaction of the EPS cushioning layer. In contrast, RPUF has a higher platform stress,
which induces the highest energy absorption in the impact process.

The plastic platform stress is taken as constant in the deformation process in Eq. (2.20). The
theoretical expression is only feasible in the platform stress stage, namely the protected product
displacement is less than l0εD. The expression is not suitable in the compaction stage. Figure 7
is the displacement-time curve comparison of the protected product by theoretical calculation
and numerical simulation, respectively. It shows that the cushioning layers of EPS and FPUF
are fully compacted in the drop impact process. The results of theoretical analysis and numerical
simulation are consistent before the compaction stage, which verifies reliability of the theoretical
analysis.
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Fig. 6. Von Mises stress and equivalent strain of the packaging container: (a) EPS stress, (b) EPS
plastic strain, (c) FPUF stress, (d) FPUF plastic strain, (e) RPUF stress, (f) RPUF plastic strain

Fig. 7. Displacement-time curve comparison of the protected product by theoretical analysis and
simulation: (a) EPS, (b) FPUF, (c) RPUF

For the RPUF cushioning material, the theoretical result is not consistent well with that
of simulation in the large deformation stage. An assumption of the cushioning material with
constant platform stress until reaching the densification stage is made. It means that elastic
energy absorption is small and can be ignored comparing to the plastic deformation energy.
Being different from EPS and FPUF, the elastic energy absorption of RPUF is relatively larger.
It induces a discrepancy between the theoretical analysis and numerical simulation, which is
increases with growth of the deformation.
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4. Influence of the strain rate on the impact protection effectiveness under the
lateral constraint condition

Polymer foam materials are usually sensitive to the strain rate (Hwang et al., 2020; Tateyama et
al., 2016). In order to investigate the influence of the strain rate on the impact protection effec-
tiveness of the cushioning material under the lateral constraint condition, packaging container
(see Fig. 3) with initial impact velocity 9.8m/s is analysed. During the packaging container im-
pact process, the strain rate of the cushion layer is taken as constant. The mechanical properties
of cushioning materials under different strain rate conditions are substituted into the theoretical
model. The effect of strain rate on the impact protection effectiveness of cushioning materi-
als under the lateral constraint condition is analysed. The stresses and compaction strains of
EPS, FPUF and RPUF at strain rates of 1/s, 10/s, and 100/s are cited from the preliminary
work (Zhang et al., 2022, 2023). The parameters I, J , K of the three cushioning materials are
calculated by Eqs. (2.21), see Table 4.

Table 4. Cushioning material design parameters at different strain rate conditions

Material
Density Platform Compaction

I J K
[kg/m3] stress [MPa] strain

EPS-1/s 43.5 0.415 0.660 273902 43.5 402.633
EPS-10/s 43.5 0.466 0.660 307291 43.5 402.633
EPS-100/s 43.5 0.566 0.660 373390 43.5 402.633
FPUF-1/s 77.8 0.025 0.560 13744 77.8 342.012
FPUF-10/s 77.8 0.034 0.560 19125 77.8 342.012
FPUF-100/s 77.8 0.045 0.560 25431 77.8 342.012
RPUF-1/s 125.6 2.029 0.630 1278195 125.6 385.366
RPUF-10/s 125.6 2.256 0.630 1421101 125.6 385.366
RPUF100/s 125.6 2.47 0.630 1522517 125.6 385.366

The energy absorbing capacity of the cushioning material and the maximum acceleration of
the protected product are applied to evaluate the impact protection effectiveness of the packaging
container. The acceleration of the protected product is equivalent to the stress propagating to
the protected product. For the protected product safety, the stress is not allowed to exceed the
bearing limit of the product material. A greater energy absorption of the cushioning material
induces a lower acceleration of the protected product, which brings a better impact protection
of the packaging container.
Figure 8 shows the displacement-time and velocity-time curves of the protected product

found by theoretical calculations. The residual velocity of the protected product decreases with
the increasing strain rate at the three strain rate conditions. It indicates that a high strain
rate enhances the energy absorbtion of the three cushioning materials under lateral constraint
conditions. Comparing with EPS and FPUF, the velocity of the protected products in RPUF
containers is lower. It means that the EPS and FPUF cushioning layers are fully compacted,
and the RPUF cushioning layer is partly compacted in the impact condition.
Figure 9 shows the maximum acceleration of the protected product during the packaging

container impacting process. It is evident that a higher strain rate results in a higher acceleration
of the protected product. The cushioning layer exhibits greater energy absorption at higher
strain rate conditions. However, a higher strain rate loading brings leads to a higher stress of the
protected product. The energy absorption and allowable stress should be considered designing
in the packaging container.
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Fig. 8. Theoretical results for the packaging container: (a) EPS displacement, (b) FPUF displacement,
(c) RPUF displacement, (d) EPS velocity, (e) FPUF velocity, (f) RPUF velocity

Fig. 9. Maximum acceleration of the protected product

5. Finding the cushioning material thickness in the packaging container

Once the cushioning material in the packaging container is compressed into the densification
state, the internal space of the cushioning material is filled, and the stress increases sharply.
For a high performance cushioning material, the platform stress should be stable under a
large deformation condition. According to Eq. (2.20), the acceleration of the protected prod-
uct in the packaging container increases with growing displacement. For ideal cushioning de-
sign, the cushioning material should be with little compaction rather than full compaction
when the protected product reaches the maximum displacement. The maximum displacement is
given as

umax = εDL0 (5.1)
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Taking Eq. (2.20) and Eq. (5.1) into account, the maximum acceleration amax of the protected
product is expressed as

amax = −
I

K − Jumax
= − σpεD

mεD + ρ0L0εD − ρ0εDL0
= −Aσp

mb
(5.2)

When the maximum acceleration is less than the allowance value of the protected product, the
thickness of the cushioning material is given as follows

T = Cmin
Hg

amax
= Cmin

Hgmb
Aσp

(5.3)

Cmin represents the minimum cushioning coefficient, H is the allowance drop height for the
packaging container, and g is the gravity acceleration. Table 5 shows the minimum cushioning
coefficients of EPS, FPUF and RPUF at strain rates of 1/s, 10/s and 100/s obtained from
experimental tests (Zhang et al., 2022, 2023). Based on the protected product (see Fig. 3, the
mass is 2.45 kg and the section area is 4069mm2) and the platform stresses in polymer foam
materials (Table 3), the minimum cushioning coefficients of polymer foam materials are presented
in Table 5. The theoretical minimum thickness of the cushioning materials under the impact
condition of 9.8m/s is listed in Table 6. It is contributed to optimize the cushioning layer in the
packaging container and to enhance the impact protection performance.

Table 5. Minimum cushioning coefficient of the cushioning material

Strain rate 1/s 10/s 100/s

Minimum cushioning coefficient for EPS 2.323 2.429 2.369
Minimum cushioning coefficient for FPUF 3.324 3.239 3.056
Minimum cushioning coefficient for RPUF 2.380 2.369 2.215

Table 6. Theoretical design thickness of the cushioning material

Strain rate 1/s 10/s 100/s

Thickness for EPS [mm] 167 156 125
Thickness for FPUF [mm] 4042 2831 2009
Thickness for RPUF [mm] 35 31 27

6. Conclusion

• Based on the stress wave theory and energy conservation law, a theoretical model for
packaging containers during the drop impact is proposed. The acceleration-displacement
equation of the protected product is derived. It indicates that the product acceleration is
affected by the cushioning material density, compaction strain, and platform stress.
• The displacement-time variation of the protected product in packaging containers filled
with cushioning materials EPS, FPUF and RPUF, respectively, is obtained by theoretical
analysis and numerical simulations. The two approaches achieve consistent results.
• Combining the acceleration-displacement equation of the protected product and the me-
chanical properties of EPS, FPUF, RPUF under different strain rates, the influence of
the strain rate on the impact protection effectiveness of cushioning materials under the
lateral constraint condition is analysed. It shows that a high strain rate brings container’s
improvement of the ultimate bearing capacity of the container, but induces higher stress
in the protected product.
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• The formula for thickness determination of the cushioning material is derived. The opti-
mum thickness of the cushioning material is related with impact velocity, bearing area,
and protected product mass.
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The constantly growing air traffic has a negative impact on the environment, flight safety,
and the staff workload. The solution to these problems might be new techniques of air traffic
management, especially automatic sequencing of the arriving aircraft combined with optimal
flight trajectories. This work aims to analyze the feasibility and optimality of automatic air
traffic sequencing by using MILP and large datasets of real air traffic data. The results show
that the appropriate formulation of the problem may lead to both suboptimal solutions
for tactical planning purposes and optimal solutions for strategic and pre-tactical planning
purposes.

Keywords: air traffic, separations, flight dynamics, optimization, sequencing

1. Introduction

The problem of determining the required time of arrival (RTA) value for flights using contin-
uous descent operations (CDO) has been the subject of research, among others in (Park and
Clark 2015), and in (Takeichi, 2017) where the nominal flight time was optimized in terms of ar-
rival time planning. Both studies assessed feasible arrival windows for predetermined waypoints,
assuming that the arrival time was assigned before the aircraft reached the approach position.
Furthermore, the feasible controlled time of arrival (CTA) windows was assessed in (Dalmau and
Prats, 2016), assuming the use of energy-neutral CDOs. This study also assumed, unlike previous
studies, that the arrival time is assigned after the descent begins. In recent years, researchers’
efforts have also focused on the feasibility of operations using CTA and RTA. In (Houston and
Barmore, 2009) an assessment of the feasibility of arrival procedures and an assessment of the
feasibility of maintaining spacing between aircraft when the RTAs were used was performed.
In (de Jong and Bussink, 2017) the use of energy-neutral trajectories was investigated, taking
into account the human factor. Prats et al. (2016) considers CDOs supported by the use of an
electronic flight bag (EFB), so the human-machine interface in the context of CDO is considered.
The research results showed that EFB may be a potential solution for communication regarding
CDO between the aircraft crew and the air traffic control tower. Mutiple methods for optimiz-
ing a set of flights were presented in (Durand et al., 2016), where metaheuristics for optimal
air traffic management were described. Methods for optimizing the air route network, managing
airspace and airport traffic, allocating departure times, sequencing arrivals, and detecting and
resolving conflicts in the airspace were presented. In the case of the arrivals sequencing prob-
lem, the need for separations management was highlighted and the problem was formulated in
a general form. Also, an overview of possible ways to solve the problem was also presented.
By analyzing the literature, it can be noted that the previous research was aimed at devel-

oping theoretical foundations and confirming the correctness and feasibility of the concept and
algorithms, but did not focus on using them on a full scale, i.e. using energy-efficient continuous
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descent trajectories along with assigning the required arrival time to each flight. Therefore, the
full-scale feasibility and optimality of these concepts are unknown.
In this work, energy-efficient trajectories using only the idle engine thrust and elevator con-

trol, without the use of air brakes, were considered. These trajectories assigned to each flight
allow for the determination of time windows using the RTA concept. The resulting time windows
were combined with a large set of real arrival traffic data which were input to the aircraft se-
quencing problem formulated and solved with use of mixed integer linear programming (MILP)
techniques.

2. Methodology

2.1. Aircraft sequencing problem

The main goal of the aircraft sequencing problem is to formulate a mathematical problem,
the solution of which makes it possible to plan a set of flights in such a way that each aircraft is
able to maintain safe separation from other aircraft at a selected navigation point. The problem
must also take into account physical limitations, in the form of time windows in which the aircraft
can be at a given point. Moreover, to ensure the optimality of the solution, a cost function must
be defined that will allow to determine the optimality criterion.
Sequencing methods for aircraft landings had previously been used successfully (Beasley

et al., 2000; Briskorn and Stolletz, 2014; Kim et al., 2014; Faye, 2015), but they did not address
the concepts of future air traffic management and proposed assigning arrivals to different runways
as a conflict resolution measure. In addition, the test scenarios were simplified, differed from re-
ality, and considered a small number of days, usually with low traffic, where the goal was often to
test the performance of the algorithm rather than the feasibility of the concept. It is worth noting
that for the vast majority of airports, two-runway or three-runway, the issue of landing on multi-
ple runways is not an optimal solution, especially in the contexts of maximizing throughput and
minimizing operational complexity. The greatest operational efficiency can be achieved by contin-
uous arrivals to one runway and continuous departures from the other runway. The exception are
the largest airports, where dedicated operational methods must be developed (Kim et al., 2014).
In this work, the feasibility of the aircraft sequencing task was examined taking into account

the use of a combination of several futuristic concepts: CDO, RTA and time-based separations
(TBS) based on the RECAT-EU concepts. Due to the objectives of the task, the following values
were defined as the task parameters:
• ETA is the expected arrival time; this is the optimal arrival time obtained for the minimum-
fuel trajectory using the energy-neutral CDO method;
• RTAE is the earliest possible required time of arrival using the energy-neutral CDO
method;
• RTAL is the latest possible required time of arrival using the energy-neutral CDO method;
•
〈
RTAE,RTAL

〉
is the time window;

• tsep is the minimum required time separation between a preceding and the following air-
craft.

Additionally, a decision variable that defines the arrival time obtained after solving the aircraft
sequencing problem, the required time of arrival, was defined as RTA. Sets are also defined:
• A is the set of all arrivals on a given day, where p is a single arrival, p ∈ A;
• P is the set of all possible pairs of arrivals on a given day, where (p, q) is a single pair of
arrivals, (p, q) ∈ P, p 6= q.

As an optimization criterion, it was assumed that for each aircraft p ∈ A the required arrival
time RTA should be as close as possible to the expected arrival time ETA. Moreover, it was
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assumed that the cost factor for the difference between the required and expected arrival time
was linear and the same for all aircraft. Therefore, the optimization problem can be defined as

min
∑

p∈A

(t+p + t
−
p )

RTAEp ¬ RTAp ¬ RTALp ∀p ∈ A
RTAEp + tsep ¬ RTAq + Lp,qBp,q ∀(p, q) ∈ P if p > q

RTAEp + tsep ¬ RTAq + Lp,q(1−Bp,q) ∀(p, q) ∈ P if p < q

Bp,q ∈ {0, 1} ∀(p, q) ∈ P if p < q

RTAp − ETAp = t+p + t−p ∀p ∈ A
t+p ­ 0 ∀p ∈ A
t−p ­ 0 ∀p ∈ A

(2.1)

Additional dependencies

Lp,q = max{RTALp − RTAEq ,RTALq − RTAEp } ∀(p, q) ∈ P if p > q (2.2)

2.2. Aircraft dynamics model in air traffic control

A set of ordinary differential equations can be used to describe the dynamics of aircraft
flight (Etkin, 2005). These equations are non-linear and describe various physical phenomena
that affect the dynamics of the aircraft, e.g. the influence of elasticity. However, deformations
mainly concern the aircraft with significant aspect ratio, e.g. gliders. Therefore, to describe the
flight dynamics of a passenger aircraft, a rigid body model with six degrees of freedom (DOF) is
usually used (Fischenberg et al., 2012; Seren et al., 2006), making additional assumptions about
geometric and mass symmetry in the vertical plane Oxz .
The plane of symmetry of geometry and mass and the assumption of a constant value of

gravitational acceleration also enable the decomposition of the equations of motion into two
sets: longitudinal and lateral-directional. The aircraft descends in the vertical direction, so only
the longitudinal plane can be considered. To determine the aircraft condition for air traffic
modeling and sequencing purposes, including calculation and analysis of the flight trajectory,
it is necessary to determine such quantities as the route length, height, speed and angle of the
flight path. The distance from the target point and the altitude along the flight path are used
to determine the aircraft position on the descent path, and the speed and angle of the flight
path are used by ATC to estimate how the position on the descent path will change before
an update on the aircraft position is received. This means that the spatial orientation of the
aircraft is not used, and therefore the equations of motion can be further simplified by adopting
a two-dimensional point-mass model with two degrees of freedom, which are the speed and flight
path angle (Stengel, 2004). This approach is often used in air traffic control problems, including
aircraft sequencing (Vilardaga and Prats, 2015; Dalmau and Prats, 2015). The use of more
complex flight dynamics models that would use additional physical quantities, the dynamics of
system components (e.g. control system) or the influence of environmental factors would have
a minor impact on accuracy. However, the calculation of optimal trajectories would be much
longer, and finding a solution in a reasonable time scale would not be possible (Lichota and
Ohme, 2014). With the adopted assumptions, the aircraft dynamics model can be expressed as
follows

mU̇ = FT − FD −mg sin γ (2.3)

where FT is the thrust force, m is mass of the aircraft, FD is the aerodynamic drag force, g is
the acceleration due to gravity, U is the longitudinal velocity, γ is the flight path angle.
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2.3. Optimization problem parameters

In this work, a simplifying assumption was made, which consisted in considering one type
of aircraft – the Airbus A320. The analyzes showed that approximately 80% of the flights in
the dataset used were operated by Airbus A320 (ICAO: A320), Boeing 737-800 (ICAO: B738),
Airbus A321 (ICAO: A321) and Airbus A319 (ICAO: A319). These aircraft have similar mass and
geometric parameters, and therefore also dynamic properties. All of them are also in category D
according to RECAT-EU. Therefore, a uniform time separation of tsep = 80 s was assumed.
The time parameters of energy-neutral trajectories were also determined for the Air-

bus A320 aircraft. For this purpose, Eq. (3) was used because the wing aspect ratio of the
Airbus A320 is 10.47 (Airbus, 2016), and therefore the stiffness of the aircraft structure can
be neglected. To obtain energy-neutral trajectories, it was assumed that the descent trajectory
is controlled only by the flight path angle (in fact, this would be the result of using a control
surface, e.g. elevator), and mass changes were neglected due to the fact that the mass change
as a result of fuel consumption during descent at idle thrust is negligibly small compared to the
weight of the aircraft.
Time windows and trajectories with the minimum fuel consumption as a function of the

distance from the destination point for the Airbus A320 aircraft were obtained from the previous
studies (Pawełek et al., 2017, 2019). Values for the aircraft aerodynamic and propulsion variables
were obtained using accurate performance data received from the manufacturer. Typically, these
data are obtained as a result of experimental studies and specified in a tabular form. The data
were approximated with continuous functions using B-splines to avoid numerical problems. In
addition, the international standard atmosphere model is used, which relates density, pressure
and temperature to altitude. Trajectories with minimum fuel consumption were obtained by
minimizing the cost function

J =
tfix∫

t0

FF (t) dt (2.4)

where t0 and tfix are the relative start and end times of the trajectory, and FF is the fuel
consumption function. The earliest possible arrival time was obtained by minimizing the arrival
time at the destination, so the cost function was J = tfix,E, and for the latest arrival time it
was J = −tfix,L.
In this work, the synchronization of air traffic at the IF point was considered, and the

distance of 250NM was assumed as the moment of calculating the time window (except for
shorter trajectories, where correspondingly smaller distances were assumed), as in preliminary
analyzes this value was considered the target value of future TMAs (Ky, 2021). This value is also
consistent with the direction of development of the E-AMAN system, where the current horizon
is 200NM, taking into account the possibility of gradual expansion up to 500NM. Therefore,
the time parameters of the aircraft sequencing task were calculated in this work as follows for
each aircraft p
• expected arrival time ETAp was calculated as

ETAp = T 0p + (t
fix
p − t0p) (2.5)

• earliest arrival time RTAEp

RTAEp = T
0
p + t

fix,E (2.6)

• latest arrival time RTALp

RTALp = T
0
p + t

fix,L (2.7)
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where T 0p is the time of day when the plane was 250NM from the airport threshold. In the
case of shorter trajectories, a correspondingly shorter time is used and, therefore, smaller time
windows. Additionally, the climb part of the trajectory is not included because CDOs cannot
be considered at this stage.

3. Experimental scenario

3.1. Air traffic data

In this work, eleven European airports located in the countries associated with the European
Civil Aviation Conference (ECAC) were taken into account. For the airports selected for research,
the necessary data were obtained from Aeronautical Information Publications (AIP) of each
of the countries in which the selected airports are located. The airports and their respective
ICAO codes are presented in the Table 1.

Table 1. Airports selected for the study

Airport ICAO Code Airport ICAO Code

Brussels Airport EBBR Barcelona El-Prat Airport LEBL
Manchester Airport EGCC Palma de Mallorca Airport LEPA

London-Stansted Airport EGSS Paris-Orly Airport LFPO
Copenhagen-Kastrup Airport EKCH Roma-Fiumicino Airport LIRF
Oslo-Gardermoen Airport ENGM Zurich-Kloten Airport LSZH
Warsaw Chopin Airport EPWA

Air traffic data were obtained from the Data Demand Repository 2 (DDR2) (EUROCON-
TROL, 2015) database using the Network Strategic Tool (NEST) (EUROCONTROL, 2016)
software. Both DDR2 and NEST are provided by EUROCONTROL.
Current trajectories, in NEST terminology designated CTFM (Computed Traffic Flight

Model) or M3, were used for the experimental scenario. M3 is the initial trajectory (last filled
flight plan) updated with available radar measurements whenever the flight deviates from the
last filed flight plan by more than any of the predefined thresholds: 5 minutes, 7FL or 20NM; this
trajectory is the best available estimate of the actual flight trajectory as managed by controllers
on the day of operation.
In the sequencing problem, the arrival sequence for the entire day was used because outlier

observations do not affect the solution, and at the same time, using the full arrival sequence
increases the size of the problem, which results in more complex scenarios with a higher traffic
intensity, the analysis of which was the purpose of this work.
Time separations at the intermediate fix (IF) point in which the aircraft should already be

stabilized on the ILS glide path were analyzed, so IF was the fix variable present in Eq. (2.4).
The time at a given distance to airport T 0p , used in Eqs. (2.5)–(2.7), was calculated using the
DDR2 data, by summing segments length from reverse for each trajectory, and where the sum
reached the desired value, a linear approximation was used to find the time of day, as passenger
aircraft velocity usually changes very slowly.

3.2. Solver configuration

The MILP problem defined by Eq. (2.1) was implemented in the IBM ILOG CPLEX Opti-
mization Studio 12.9 optimization environment using the Optimization Programming Language
(OPL) and solved using the CPLEX solver, which is intended, among others, for solving large-
-scale mixed-integer linear optimization problems. To solve the problem, the branch and cut
method was used, based on the divide and cut method. This method involves creating a tree of
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subproblems and searching it to find a solution. MILP problems can have multiple solutions lo-
cated in different places in the solution tree, and finding all of them can be very time-consuming.
The solution of the optimization problem is completed after searching the entire solution tree,
and the divide and cut method implemented in the CPLEX solver uses several algorithms that
cut off the areas of the tree that do not provide an integer solution in order to reduce the
problem, heuristic algorithms supporting the solution search process, and other methods to im-
prove the optimization process. A description of all methods can be found in the optimization
environment documentation (IBM, 2017).
The calculations were performed on a computer with 16GB RAM and a Intelr CoreTM

i7-7500U processor with a base clock frequency of 2.7GHz. All processor cores were used for
calculations.

4. Results

The minimization problem defined by Eq. (2.1) was solved for all days and airports considered
in this work in order to assess the feasibility of the concept. Moreover, it was solved also for
the scenarios with highest air traffic intensity days in order to search for the optimal solution.
The optimality of a solution for such scenarios implies the optimality for scenarios with lower
air traffic volumes, because as air traffic volumes increase, the airspace becomes more restricted
and therefore there is a greater risk of conflict.

4.1. Feasibility analysis results

To investigate the feasibility of nearly 4000 test scenarios, containing totally over million
of flights, the solver was configured so that the calculations ended when the first solution was
found. Moreover, in order to be able to analyze all scenarios, it was decided to introduce a time
limit of 60 seconds to find a solution. This time was additionally justified by the fact that, as
noted in (Durand et al., 2016), for automatic real-time air traffic management, the air situation
should be updated at least every 2–3 minutes.
Table 2 presents feasibility analysis results of the arrival traffic sequencing process including

CDO, RTA, TBS and RECAT-EU concepts.

Table 2. Results of feasibility analysis

Airport Scenarios with Scenarios without
[ICAO Code] solution [%] solution [%]

EBBR 92.08 7.92
EGCC 98.63 1.37
EGSS 98.36 1.64
EKCH 99.18 0.82
ENGM 99.18 0.82
EPWA 100.00 0.00
LEBL 99.18 0.82
LEPA 99.18 0.82
LFPO 100.00 0.00
LIRF 60.93 39.07
LSZH 99.73 0.27

It can be observed that the results vary depending on the airport, but for most airports the
results can be considered as very good. For EPWA and LFPO all test scenarios had a solution, for
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EGCC, EGSS, EKCH, ENGM, LEBL, LEPA and LSZH 98–99% of the scenarios were feasible,
and for EBBR approximately 92% of the scenarios were feasible. For LIRF, the results differ from
the rest by around 61% of days with the solution. However, it should be emphasized that the
results refer to the solution obtained in one minute, so it can be assumed that the results would
be better for a longer calculation time. Moreover, it should be noted that this work examined
scenarios based on past air traffic in which the planning stages did not take into account new
concepts. Quick calculations of feasible solutions can be beneficial at the tactical planning stage,
as aforementioned, the air situation should be updated at least every 2–3 minutes, but ideally, to
maintain highest levels of safety, it should be performed as frequently as possible. In the future,
by solving the air traffic sequencing task in the earlier planning stages, i.e. strategic and pre-
tactical, it is expected that tactical scheduling will be used for real-time air traffic management
due to weather conditions, delays or other events which were not considered in the sequences
planned in advance.

4.2. Optimality analysis

In order to find optimal or better suboptimal solutions, the aircraft sequencing problem was
solved with a computation time limit of 21600 s (6 h) and without a limit of the solutions number.
Also, the optimality criterion was defined as a relative gap value of less than 0.01%. The relative
gap for MILP tasks is defined as the relative difference between the best integer solution found
and the best solution to the problem if it were a linear optimization problem (IBM, 2017). For
each airport, one day with a very high traffic scenario was selected for the analysis.
The results of the solution obtained after 21600 s of calculations and comparison with the

first solution obtained in the feasibility analysis are presented in Table 3, which shows the values
of the cost function obtained according to Eq. (2.1) for both cases. For the solution obtained
after 21600 s, the value of the cost function which corresponds to the best solution found is
presented. The gap value is also presented for this solution. Additionally to the data provided
in the table: for EGSS, the optimization problem was solved in 8045 s and for EPWA, the
optimization problem was solved in 2 s.

Table 3. Results of the optimality analysis

Scenario
First solution Solution after 21600 s
Cost function Number Smallest cost Smallest
value [s] of solutions function value [s] gap [%]

EBBR 31341 38 15164 59.54
EGCC 107594 29 4946 3.17
EGSS 88201 28 3525 <0.01
EKCH 118218 50 8503 31.37
ENGM 108102 41 9057 33.07
EPWA 78924 18 2411 0.79
LEBL 132412 81 16138 51.44
LEPA 159813 68 12269 38.10
LFPO 124099 41 10357 45.26
LIRF 43606 48 14967 54.49
LSZH 119135 54 12673 53.59

By analyzing the results presented in Table 3, it can be seen that the first solution, although
obtained very quickly, resulted in most cases in the value of the cost function several times or
even several dozen times higher than in the case of a longer optimization time. The smallest
relative difference in the cost function values occurred for EBBR and LIRF, where six-hour
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calculations allowed for obtaining results that were approximately 2 times and 3 times smaller,
respectively. The largest relative difference in the value of the cost function occurred in the
scenarios for EPWA, EGSS and EGCC, where the results were approximately 33 times, 25 times
and 22 times better, respectively, than for the first solution.
It is worth noting that optimal or close to optimal solutions were obtained for EGCC and

EPWA scenarios, hence the significant improvement in results. For the remaining scenarios, the
solution obtained after six hours is suboptimal, as evidenced by the gap value, but despite this,
the obtained solutions were about 10 times better. It should be emphasized here that the gap
value of several dozen percent does not always mean that a significant change in the best result
is still possible. In some cases, this may mean that there is still a significant part of the solution
tree to search, but not necessarily containing feasible solutions to the MILP problem. Therefore,
some of the presented solutions may be optimal solutions, but this is not known until a solution
is obtained based on criteria other than time.
The significant amount of time needed to search for optimal solutions means that this activity

can be carried out at the strategic and pre-tactical planning stages. It is worth noting that
properly performed analyzes at the strategic and pre-tactical planning stages may result in
tactical planning with solutions close to the solution with the lowest possible value of the cost
function. In addition to the value of the cost function, attention should be focused on the
number of solutions. For all scenarios, from several to several dozen of solutions were obtained.
It was observed that a large part of the solutions were found in the first minutes of calculations,
and over time the number of solutions found decreased, however, in some cases, after a long
period without new solutions, there was a sudden increase in the number of solutions at various
moments of calculations. This was due to the fact that the solver found a region of the tree
that had combinations of values which allowed obtaining feasible arrival sequences. Multiple
solutions with different characteristics located in different areas of the tree can be an operational
advantage. Some solutions may be unsatisfactory, e.g. from the perspective of airline operators or
airport operators. Obtaining several dozen solutions for scenarios with a high air traffic intensity
makes it possible to consider extending the optimization task with additional constraints to take
into account other air traffic management needs.

5. Conclusions

A method for automatic sequencing of arriving air traffic was presented, taking into account
continuous descent trajectory techniques, required time of arrival and time-based separations.
A feasibility study was carried out using an extensive set of real air traffic data. An optimality
analysis was also performed for scenarios with the highest air traffic intensity.
Based on the analyzes performed and the results obtained, conclusions can be drawn. Firstly,

in the vast majority of cases, it is possible to solve the problem of sequencing of the arrival
traffic in the case of simultaneous use of CDOs, RTA, TBS and initiation of descent trajectory
control at a distance of 250NM from the destination point, through appropriate formulation
and solution of a mixed integer linear optimization problem. Secondly, automatic sequencing of
arrival traffic may have practical applications in air traffic control, where optimal sequences may
be obtained at the strategic and pre-tactical planning stages, and suboptimal sequences may be
obtained at the tactical planning stage. Finally, the use of time-based separations creates a room
for the development of new robust methods for air traffic control.
Future research may aim to use dynamic models of larger numbers of aircraft to more accu-

rately reflect the airspace situation. In order to assess the feasibility of methods in test scenarios,
one target navigation point was considered, in which full air traffic synchronization should be
achieved. The methods can be extended to many points on the descent trajectory, which will lead
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to more control of the situation in the airspace. The future research may also focus on extending
the presented methods to include the influence of more factors, e.g. weather conditions.
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To reveal the shear deformation and energy storage mechanism of composite roof strata, and
to quantify the interlayer shear energy storage characteristics of composite roof strata,
this study establishes a shear energy mechanical model for layered composite roof struc-
tures under various conditions. The factors influencing the shear energy storage of rock
strata are analyzed, and the energy release process as well as mechanism of layered com-
posite roof strata are discussed, leading to the following conclusions: the shear strain energy
linearly increases with an increase in bond layer thickness and quadratically increases with
increasing external forces. During the bending deformation stage, when thick and hard lay-
ers exist in composite beams, shear failure dominated by interlayer shear slip occurs, and
low-strength rock beams exhibit tensile crack initiation. In the overall instability stage, the
composite beams mainly experience tensile fracture. When thick and hard layers exist in
the composite beams, the fracture strength and released energy are higher. The presence of
thick and hard layers in the roof is a key factor leading to severe structural damage and
increased energy release.

Keywords: roof, interlayer shear, energy, composite beam model, influencing factors

1. Introduction

The hard roof is a type of roof above the coal seam that is characterized by strong integrity, high
strength, and large thickness, accumulating a significant amount of elastic energy. It is a typical
geological condition in coal mining engineering that can trigger dynamic ground pressure inci-
dents (He et al., 2012; Małkowski and Niedbalski, 2020; Tan et al., 2018; Yang et al., 2019). The
movement and fracturing of the roof caused by coal mining lead to structural damage of the roof,
releasing a large amount of stored energy, which is one of the root causes of induced dynamic
disasters in mining areas. The complex and diverse characteristics of the roof above the coal
seam lead to bending deformation and subsequent fracturing under the load of overlying strata.
Throughout this process, the energy storage during bending deformation and the energy release
during fracture of the roof structure are crucial for the prevention of dynamic ground pressure
disasters (Tajdus et al., 2018; Cui et al., 2020; Xu et al., 2021; Li et al., 2022; Zhou et al., 2023).
Therefore, the mechanism of energy release in the destruction of hard roof structures has been
an important research topic for mining scholars both domestically and internationally.
The bending and fracturing of the roof structure is a complex process influenced by various

factors such as roof thickness (Lu et al., 2019), physical and mechanical properties (Coggan
et al., 2012; Xu et al., 2023), joint development characteristics (Bai and Tu, 2020), contact
forms, and combined movement patterns (Shen et al., 2019; Yu et al., 2022). Extensive research
has been conducted by scholars on the roof structure model in mining areas, proposing hypothe-
ses such as the pressure arch hypothesis (Xia et al., 2018), the “cantilever beam” hypothesis
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(Han et al., 2015), the hinged rock block hypothesis (Qin et al., 2021), and the “natural balance
arch” hypothesis (Han et al., 2015), providing preliminary insights into the “zonation structure”
of the roof. To further elucidate the mechanism of roof fracturing, scholars have developed me-
chanical structural models represented by beams (Ti et al., 2021), plates (Wang et al., 2022), and
arch shells (Liu and Shi, 2021). For example, the “transmission rock beam”, “masonry beam”
structural models, and the “key layer theory” (Cao and Huang, 2021) have quantitatively solved
the fracturing step distance of roof rock beams. In order to further study the coordinated move-
ment laws of multi-layer roofs, scholars have introduced basic concepts such as the composite
roof, composite key layer, and key layer group (Zhang et al., 2021; Qi et al., 2022; Wang et al.,
2023), investigating the fracturing laws of multi-layer composite roof structures under mining
influence, including weakly bonded composite roofs, composite fragmentation, and multiple key
layers of overlying rock (Liu et al., 2021; Zhang et al., 2023), revealing the composite effects and
fracturing mechanisms of the roof.
In summary, valuable research findings have been obtained by domestic and foreign scholars

regarding the bending and fracturing of composite roofs, including the roof structure models,
fracturing mechanisms, and composite movement characteristics. However, the mechanical prop-
erties of interlayer contact surfaces in the roof significantly affect the integrity, flexural moment
capacity, and fracturing distance of the composite roof. Most of the current research is limited
to studying the fracture of the roof rock mass itself, while the shear instability mechanism of
composite roofs has not been investigated, and a mechanical model describing the shear energy
storage problem of composite roofs has not been established. This makes it difficult to quan-
titatively calculate the energy storage under such conditions. Therefore, this study establishes
a shear energy storage mechanical model for layered composite roof structures under different
conditions. From a theoretical perspective, it reveals the shear deformation and energy storage
mechanisms of composite roofs and analyzes the factors influencing the shear energy storage of
rock layers. This study provides a theoretical basis for the prevention and control of impact
ground pressure caused by roof fracturing.

2. The stress analysis of the composite roof

In mining areas, certain relatively hard and thick rock layers are referred to as key strata (Lu
et al., 2020). These key strata are composed of single layers or adjacent multiple layers of hard
rock, gradually forming a load-bearing structure in the mining area with the extraction of coal,
playing a crucial control role in the overlying rock layers. When the key strata are formed by two
layers of rock together, this load-bearing structure can be simplified as a composite beam that
only bears the load of the overlying rock layers before the key strata fracture, as shown in Fig. 1.

Fig. 1. Schematic diagram of the combined roof structure



Combined roof interstory shear energy storage model and analysis... 39

Assuming the load provided by the overlying rock layers is a concentrated load, this segment of
the composite beam becomes a lateral bending beam. According to the plane assumption, the
normal stress on the cross-section of a rectangular section beam during bending deformation is

σ =
My

Iz
(2.1)

where σ is the normal stress on the cross-section of a rectangular section beam, M is the
equivalent bending couple exerted by the overlying rock, y is the distance from any point to
the neutral axis, Iz is the moment of inertia of the rock beam.
The rock layers in the roof strata often exhibit variations in the lithology due to different

geological formation periods. The interfaces between these rock layers are cemented together.
Therefore, before relative sliding occurs between adjacent rock layers, the two adjacent roof layers
can be treated as a double-layer composite beam structure. Assuming that the upper and lower
layers of the beam consist of different lithologies with elastic moduli of E1 and E2, and thicknesses
of h1 and h2, respectively, as shown in Fig. 2, the expressions for the shear force and bending
moment in the beam are given by Eq. (2.2)
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where FS(x) is the shear force distribution function in the beam, M(x) is the bending moment
distribution function in the beam, P is the concentrated load on the upper part of the rock
beam, S is the span of the rock beam, and x is the horizontal position coordinate of any point
in the beam.

Fig. 2. Schematic diagram of force analysis of the composite beam
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Based on the plane assumption, it can be inferred that the longitudinal strain at any point y
along the height of the cross-section of the composite beam varies linearly. The longitudinal
strain at point y is given by

ε =
y

ρ
(2.3)

where ε is the longitudinal strain, ρ is the radius of curvature of the neutral axis.

3. Shear energy storage model for composite roof strata layers

3.1. Interlayer slip criterion

In order to analyze the mechanical properties at the interface of the composite beam, accord-
ing to the method of equivalent sections, the cross-section of the composite beam is transformed
equivalently into a beam with varying widths but made of the same material. This section is
referred to as the equivalent section, as shown in Fig. 3.

Fig. 3. Schematic diagram of the equivalent section of the composite beam

The moment of inertia of the equivalent section can be calculated as follows

I ′z = Iz1 + ηIz2 (3.1)

where I ′z is the moment of inertia of the equivalent section; Iz1 is the moment of inertia of the
lower beam section, Iz2 is the moment of inertia of the lower beam section, η is the ratio of
elastic modulus between the lower and the upper beam, η = E2/E1.
Therefore, the static equilibrium equation for the equivalent section can be expressed as
∫

A1

y1 dA+
∫

A2

ηy2 dA = 0 (3.2)

where y1 is the distance from the upper beam point to the neutral axis, A1 is the section area
of the upper rock beam, y2 is the distance from the upper beam point to the neutral axis, A2 is
the section area of the lower rock beam.
According to formula (3.2), the flexural shear stress on the upper and lower beam sections is

τ1 =
FSS

∗
Z

bI ′z
τ2 =

ηFSS
∗
Z

bI ′z
(3.3)

where b is the width of the composite beam, FS is the shear force on the cross section, FS = F/2,
S∗Z is the static moment of the area outside the cross section h

′ away from the neutral axis with
respect to the neutral axis, S∗Z = b(h

2
1 − h′2)

/
2.
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According to the theorem of mutual equivalence of shear stress, the shear stress at the
interface of the composite beam is

τ ′ = τ1 − τ2 = (1− η)
FSS

∗
Z

bI ′z
(3.4)

where τ ′ is the shear stress at the interface of the composite beam, τ1 is the flexural shear stress
on the upper beam sections, τ1 is the flexural shear stress on the lower beam sections.
In the test, the upper limit of τ ′ depends on the interfacial shear strength of the bond surface.

In the actual stratum, τ ′ refers to the shear stress of the interlayer area of adjacent rock layers.
If the shear strength of the cementing area is [τ ], then according to the third strength theory,
the criterion for shear slip of the bonding surface of the composite beam is as follows

τ ′ ­ [τ ] (3.5)

By bringing formula (3.4) into formula (3.5), the shear slip criterion of the bonded surface
of the composite beam can be obtained as follows

P ­ 4(Iz1 + ηIz1)[τ ]
(1− η)(h21 − h′2)

(3.6)

where h′ is the distance from the boundary of the rock beam to the neutral axis, h1 is the
thickness of the upper beam.
When formula (3.6) is satisfied, the composite beam exhibits shear slip along the bonding

surface between rock layers.

3.2. Interlayer shear energy storage

When composite beams are subjected to interlaminar shear stress, the stored shear strain
energy mainly concentrates on the bonding surface. In the test, the energy storage area is the
bonding layer between the composite beam rock layers, and in the real stratum, it is the interlayer
area of the lithology change. According to the calculation formula of shear strain energy density,
the shear strain energy density is

dUετ =
τ dx dz γ dy

2
=

τ2

2G
dx dy dz (3.7)

where dUετ is the shear strain energy density stored in composite beams, τ is the shear stress
of the bonded surface of the composite beam, γ is the shear strain of the bonded surface of the
composite beam.
Therefore, the shear strain energy of the bonded surface of the composite beam is as follows

Uετ =
∫∫∫

vε

τ2

2G
dvε =

hb∫

0

b∫

0

S∫

0

τ2

2G
dx dy dz (3.8)

where Uετ is the shear strain energy stored in composite beams, vε is the volume of bonded
surface of composite beam, hb is the thickness of the bonding zone, G is the shear modulus of
the bond.
Assuming that the shear stress on the bonding surface is uniformly distributed, the above

formula can be simplified as follows

Uετ =
τ2

2G
hbbS =

hbbS

2G

[(1− η)(h2i − h′2)
4(Iz1 + ηIz1)

P
]2

(3.9)
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Formula (3.9) is the expression form of the interlayer shear energy storage model of the
composite beam. When no shear slip occurs between the composite beams, the stored shear
strain energy can be calculated according to Eq. (3.9). When interlayer shear slip occurs, the
maximum shear strain energy stored by the composite beam is as follows

Uετ =
[τ ]2

2G
hbbS (3.10)

3.3. Analysis of influencing factors

In order to analyze the influence of various factors on the shear energy storage, a numerical
model of composite beam FLAC3D was established. A total of 42 groups of numerical models
were established. The schematic diagram of the model is shown in Fig. 4, and the simulation
parameters are listed in Table 1.

Fig. 4. Schematic diagram of the numerical model

Table 1. Parameter values from numerical simulation

Number
P hb Number

P hb Number
P hb

[kN] [cm] [kN] [cm] [kN] [cm]

1 0.5 0.10 15 0.5 0.30 29 2.0 0.05
2 1.5 0.10 16 1.5 0.30 30 2.0 0.15
3 2.5 0.10 17 2.5 0.30 31 2.0 0.25
4 3.5 0.10 18 3.5 0.30 32 2.0 0.35
5 4.0 0.10 19 4.0 0.30 33 2.0 0.40
6 4.5 0.10 20 4.5 0.30 34 2.0 0.45
7 5.0 0.10 21 5.0 0.30 35 2.0 0.50
8 0.5 0.20 22 1.0 0.05 36 3.0 0.05
9 1.5 0.20 23 1.0 0.15 37 3.0 0.15
10 2.5 0.20 24 1.0 0.25 38 3.0 0.25
11 3.5 0.20 25 1.0 0.35 39 3.0 0.35
12 4.0 0.20 26 1.0 0.40 40 3.0 0.40
13 4.5 0.20 27 1.0 0.45 41 3.0 0.45
14 5.0 0.20 28 1.0 0.50 42 3.0 0.50

Figure 5 and Table 2 show the calculation results of shear strain energy in numerical sim-
ulation. When other conditions remain unchanged, the shear strain energy increases linearly
with an increase of cementation layer thickness, indicating that the thicker the cementation
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Fig. 5. Numerical simulation results: (a) influence of the bonding layer thickness,
(b) influence of the external load

Table 2. Shear strain energy values

Number
Shear strain

Number
Shear strain

Number
Shear strain

energy [J] energy [J] energy [J]

1 0.00464 15 0.02154 29 0.04183
2 0.04162 16 0.12246 30 0.11107
3 0.11230 17 0.31403 31 0.17074
4 0.21886 18 0.65948 32 0.21673
5 0.28728 19 0.86494 33 0.23807
6 0.36265 20 1.08598 34 0.25600
7 0.44718 21 1.34482 35 0.27199
8 0.00810 22 0.01333 36 0.09551
9 0.08012 23 0.02859 37 0.25554
10 0.22331 24 0.04398 38 0.38651
11 0.43689 25 0.05571 39 0.49136
12 0.57522 26 0.06003 40 0.54014
13 0.72299 27 0.06557 41 0.58462
14 0.89271 28 0.07057 42 0.62091

layer in the composite beam, the more shear strain energy can be stored. With an increase
of the external force, the shear strain energy increases as a quadratic polynomial, indicating
that the external force applied by the composite beam is greater, and the stored shear strain
energy will increase accordingly.

4. Energy release process of the laminated composite roof

In order to analyze the energy storage characteristics of composite beam samples, a three-point
bending test of a double-layer composite beam was carried out (Fig. 6). The samples are mainly
composed of limestone and fine sandstone, and their basic mechanical properties are listed in
Table 3. Before the test, the limestone and fine sandstone samples were cut into samples with
a length of 200 mm and a width of 40 mm, and the sample heights were 20 mm/30 mm/40 mm,
respectively. The cut samples were bonded by gypsum to make the samples of different combi-
nations. The sample numbers and parameters are listed in Table 4.
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Fig. 6. Schematic diagram of three-point bending test of the composite beam

Table 3. Basic physical and mechanical parameters of composite beams

Lithology
Density Compressive Tensile Modulus of Shear wave Longitudinal

ρ strength strength elasticity velocity wave velocity
[g · cm−3] σc [MPa] σt [MPa] E [GPa] cs [m · s−1] cp [m · s−1]

Fine
2.65 78.23 7.64 7.51 2615.22 4102.69

sandstone
Limestone 2.39 62.45 5.62 5.38 2203.17 3223.75

Table 4. Composite beam test plan

Sample
Upper lithology

Upper layer Underlying Underlayer
number thickness h1 [mm] lithology thickness h2 [mm]

40S-20H Fine sandstone 40 Limestone 20
40H-20S Limestone 40 Fine sandstone 20
30S-30H Fine sandstone 30 Limestone 30
30H-30S Limestone 30 Fine sandstone 30
20S-40H Fine sandstone 20 Limestone 40
20H-40S Limestone 20 Fine sandstone 40

The loading system adopts the RLJW-2000 servo-controlled rock pressure testing machine
of Shandong University of Science and Technology. The displacement loading method is adopted
in the test. The loading rate is set at 0.05mm/min, the sampling frequency is 10Hz, and the
span is set at 150mm. In order to analyze the fracture characteristics of composite beams during
loading, an acoustic emission test was carried out simultaneously. The acoustic emission testing
equipment is AMSY-6 acoustic emission system produced by Vallen Company. Before the test,
eight WS45-H acoustic emission probes were arranged on the surface of the sample to collect
the acoustic emission signals during the failure process of the sample, and the acoustic emission
positioning was carried out. The position of acoustic emission probe is shown in Fig. 7.
The acoustic emission signals generated during the failure of composite beam specimens

are caused by the fracture of specimens. The fracture in rock interior is mainly the tensile
crack caused by the tensile stress, and the fracture at the interface is mainly the shear crack
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Fig. 7. Schematic diagram of sensor layout

caused by the bending shear stress. Therefore, it is of great significance to reveal the complete
process of composite beam rupture by analyzing the distribution law of acoustic emission signals
associated with the fracture of different mechanisms during specimen loading, and establishing
the corresponding relationship between the fracture type, occurrence time and sound emission
signal energy.
In the field of acoustic emission research, RA and AF distribution changes based on time-

domain parameters can qualitatively describe the composition of shear cracks and tensile cracks
in samples during the development stage of rock fracture, and then determine the evolution law
of different types of cracks. RA and AF can be calculated according to formulas (4.1) and (4.2).
In Japan’s JC MS-III B5706 concrete building Code, the slope of AF/RA sector-line is defined
as k, the signal of AF/RA < k is defined as a shear fracture signal, and the signal of AF/RA ­ k
is defined as a tensile fracture signal. Although the partition parameter k of shear and tensile
fracture is greatly different due to the influence of rock material and sensor type, the method
of calculating the proportion of rock fracture type based on k value is valid according to the
research results of many papers. In this Section, the research results from literature (Ohno and
Ohtsu, 2010) are adopted, k = 80 is used as the dividing standard of shear and tensile fracture,
that is, formula (4.3), and the test results of 6 groups are analyzed

AF =
C

D
(4.1)

where C is the acoustic emission count, D is the duration of acoustic emission

RA =
R

A
(4.2)

where R is the rise time of acoustic emission, A is the acoustic emission amplitude

Crack type =






tensile crack
AF
RA
­ 80

shear crack
AF
RA

< 80

(4.3)

Figure 8 shows the number of two types of cracks and the corresponding energy distribution
in the loading process of six groups of samples as can be seen from the figure.
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Fig. 8. Acoustic emission energy curve of composite beam: (a) 40S-20H, (b) 40H-20S, (c) 30S-30H,
(d) 30H-30S, (e) 20S-40H, (f) 20H-40S

According to the loading time and acoustic emission curve in Fig. 8, it is divided into three
stages: the overall bending deformation stage (blue background in the figure), the interface
friction slip stage (yellow background in the figure), and the instability fracture stage (red
background in the figure). In the six groups of tests, two concentrated areas of high energy
acoustic emission events appeared almost simultaneously, which were located at the end of
the overall bending deformation stage and the overall instability fracture stage, respectively,
indicating that relatively severe macroscopic cracks appeared in the samples when the composite
beams were loaded to two time nodes. In the early stage of loading, a small amount of two kinds
of acoustic emission fracture signals appeared in the composite beam sample, indicating that
the internal fracture of the sample in the early stage of loading is a mixture of internal tensile
fracture and interface shear fracture.
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The two types of composite beams have great differences in the acoustic emission energy.
The total energy released by 40H-20S, 30S-30H and 20S-40H samples without thick and hard
layers is 6.47× 109eu, 4.71× 109eu and 6.23× 109eu, respectively. The total energy released by
samples with thick hard layer in 40S-20H, 30H-30S and 20H-40S is 1.73× 1010eu, 7.00× 1010eu
and 1.13×1010eu, respectively. When there is a thick hard layer in the composite beam, the total
energy of AE signal and the number of high energy AE signal increase significantly. The results
show that the existence of the thick hard layer makes the internal fracture of the composite
beam significantly increase the acoustic emission activity, rupture strength and energy release
of the composite beam.
There are great differences in crack types between the two types of composite beams, which

are mainly reflected in the following aspects: the cracks of composite beams without thick hard
layers (samples 40H-20S, 30S-30H, 20S-40H) are mainly shear fracture in the overall bending
deformation stage, indicating that shear failure occurs at the rock layer interface under the
action of shear stress, and the interlayer shear slip occurs at this time. The composite beams
containing thick hard layers (samples 40S-20H, 30H-30S, 20H-40S) show high energy tensile
fracture at the same time in the concentration area of the first high energy acoustic emission
event, indicating that when the composite beams contain thick hard layers, in addition to shear
failure mainly caused by shear slip at the interface, tensile cracks in the rock also appear at
this stage. This phenomenon occurs mostly in low-strength rock beams, and corresponds to the
results of a digital speckle test. When the samples were loaded to the stage of overall instability,
the acoustic emission signals were mainly of the tensile type. At this stage, the composite beam
samples were overall unstable, and the two layers of rock beams both experienced the tensile
fracture, indicating that the energy source in this stage was almost all from the tensile failure
inside the rock mass.
To sum up, the thick hard layer in the roof is the key factor leading to a severe damage degree

of the composite structure and an increase of energy release. In the prevention and control of
rock burst, we should pay attention to this part of rock formation, and reduce the effective size
and elastic modulus to diminish the purpose of weakening the fracture strength.

5. Discussion

According to the physical function relationship, the rock fracture process meets

Us =W + V (5.1)

where Us is the total strain energy stored during rock loading, W is the fracture work done by
rock crack formation, V is the energy released by rock failure.
Under the condition of composite beams, the total strain energy stored can be expressed as

Us = Uετ + Uεb (5.2)

where Uεb is bending strain energy stored in the composite beams.
Similarly, the energy V released by failure of the composite beam can be expressed as

V = Vb + Vτ (5.3)

where Vb is the energy release when bending and breaking, Vτ is the shear failure energy release.
Therefore, the functional relationship in the fracture process of composite beams can be

expressed as

Uετ + Uεb =W + Vτ + Vb (5.4)



48 P.-F. Zhang et al.

In fracture mechanics, the fracture work is a parameter to evaluate how much energy is
consumed when a rock breaks, reflecting the energy required for fracture expansion, which
can be obtained from the load-displacement curve (P -δ curve) measured by the three-point
bending test and the area surrounded by the horizontal coordinate. Due to the limitation of test
conditions, the posterior peak of the P -δ curve is generally difficult to measure directly, and it
is approximately considered to conform to the law of power function, which can be expressed as

P = βδ−λ (5.5)

where β and λ are curve coefficients, which can be determined by fitting the test data points
after P = Pmax/3, and the displacement at this time is set as δ1.
Assuming that the end of the P -δ curve extends to an infinite displacement, the fracture

work can be expressed as

W =W0 +W1 +WG =

δ1∫

0

P (δ) dδ +
+∞∫

δ1

βδ−λ dδ +mgδ0

=

δ1∫

0

P (δ) dδ +
β

1− λδ1 +mgδ0

(5.6)

where W0 is the envelope area of the measured P -δ curve at 0 ¬ δ < δ1 and the horizontal
coordinate, W1 is the envelope area of the measured P -δ curve at δ > δ1 and the horizontal co-
ordinate, WG does work for the body weight of the specimen, δ0 is the mid-span displacement
of the composite beam.

6. Conclusion

To reveal the shear deformation and energy storage mechanism of composite roof strata, quantify
the interlayer shear energy storage characteristics of composite roof strata, this study establishes
a shear energy mechanical model of layered composite roof structures under different conditions.
Factors influencing the rock strata shear energy storage are analyzed, the energy release pro-
cess and mechanism of layered composite roof strata are discussed, leading to the following
conclusions:

• The shear strain energy linearly increases with an increase in bond layer thickness and
quadratically increases with increasing external forces.
• During the bending deformation stage, when thick and hard layers exist in the composite
beams, shear failure dominated by interlayer shear slip occurs, and low-strength rock beams
exhibit tensile crack initiation. In the overall instability stage, the composite beams mainly
experience tensile fracture.
• When thick and hard layers exist in composite beams, the fracture strength and released
energy are higher. The presence of thick and hard layers in the roof is a key factor leading
to severe structural damage and increased energy release.
• In the prevention of dynamic rock burst, special attention should be paid to this part of
thick and hard rock strata, aiming to weaken the fracture strength by reducing effective
dimensions and decreasing elastic modulus.
• In the future research, a bending loading device suitable for triaxial conditions can be
designed and developed according to the real ground stress environment, and corresponding
tests can be carried out to reveal the influence of ground stress environment on the fracture
characteristics of the roof.
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The graphene-based sensing electronic skin has a broad application prospect, but its piezore-
sistive sensing mechanism still needs to be further studied. In this work, according to the
microscopic characteristics of the graphene electronic skin, the Monte Carlo stochastic algo-
rithm is used to generate randomly distributed graphene sheets, and then the piezoresistive
sensor model of the graphene electronic skin is established. The relative resistance and gauge
factor of the model are calculated by the finite element method. Meanwhile, the current den-
sity and potential contour under different graphene morphology are obtained. The results
show that the graphene sensor with a high area fraction has a higher sensing range, and the
graphene sensor with a low area fraction has a higher gauge factor. The piezoresistive effect
of the model depends mainly on a change of graphene sheet density. With the change of
strain, the variation of the overlap area and overlap number between graphene sheets will
cause a change of graphene density and electron migration path. The separation between
graphene sheets can lead to reduction in electron migration paths, resulting in nonlinear
changes in the relative resistance of the model. The present work can provide technical
support for design and preparation of the graphene-based electronic skin.

Keywords: graphene, electronic skin, finite element method, piezoresistive effect

1. Introduction

Skin is the largest organ of the human body, and it is a multi-functional sensor that can clearly
perceive changes in the external environment, which is of great significance to the survival and
development of human beings. Electronic skin, on the other hand, is a device that simulates
the function of human skin (Ma and Khoo, 2024; Li et al., 2023; Guo et al., 2024; Fang et al.,
2021). It can mimic the tactile sensing function and flexible performance of human skin, and
can attach to the surface of human skin or robots, sensing various stimuli such as pressure,
temperature, etc. It has shown broad application prospects in fields such as intelligent medicine,
human prosthetics, and health monitoring (Mudhulu et al., 2023; Xiao et al., 2023; Xu et al.,
2023; Hu et al., 2024; Liao et al., 2024).
The piezoresistive sensing electronic skin based on graphene has gained great attention due

to its excellent sensitivity and flexibility (Chen et al., 2023b; Fang et al., 2023; Chen et al., 2023c;
Chen et al., 2023a). Yun et al. (2023) prepared a waterproof and ultra sensitive wearable strain
sensor using carbon black/graphene/carboxymethyl cellulose, which can easily capture signals
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of spatial strain during body movement. Feng et al. (2023) reported a new type of graphene-
based resistance sensor with high sensitivity and response speed, and its blood pressure detection
error value has passed the standards of the Association for the Advancement of Medical Instru-
mentation standard. Sharma et al. (2023) proposed a piezoresistive sensor based on graphene
nanosheets and a PDMS substrate, which can detect both fine and large strains with good sta-
bility and repeatability. Wei et al. (2021) prepared a wearable piezoresistive sensor with high
sensing performance through polypyrrole and reduced graphene aerogel. Hong et al. (2024) suc-
cessfully prepared a dual biomimetic stretchable strain sensor with fingerprint patterns and a
biomimetic lotus root fiber structure using silicone rubber, multi walled carbon nanotubes, and
graphene, which could accurately achieve gesture recognition, human micro-expression monitor-
ing. Combined with machine-learning algorithms, Ma et al. (2923) proposed a porous graphene-
based flexible pulse sensor for cardiovascular disease diagnostics, which achieves high accuracy
(> 93%), showing a broad application prospect of the electronic skin.
In order to establish the connection between the macroscopic performance and microscopic

structure of graphene-based composite sensors, and to study their sensing mechanism at a deeper
level, numerical simulation is an economically effective method. Li and Yang (2020) established
a two-dimensional random model through theoretical modeling and finite element simulation
to study the piezoresistive behavior of stacked graphene composite sensors. Ren et al. (2022)
used the finite element method to analyze the mechanical stress and deflection of the graphene
piezoresistors, established a functional relationship between mechanical properties and size vari-
ables, and determined the optimal size of the structure. Lamba et al. (2022) used finite element
analysis to design and simulate graphene piezoresistive sensors, which had the ability to per-
ceive biaxial forces and were therefore suitable for microbiology, minimally invasive surgery, and
healthcare applications.
In the present work, we establish a two-dimensional sensor model based on the microstruc-

ture characteristics of the graphene-based electronic skin, and explore the piezoresistive sensing
mechanism of the graphene-based electronic skin and the influence of microstructure parameters
on piezoresistive performance.

2. Graphene-based electronic skin sensing model

Based on the structural characteristics of randomly stacked graphene sheets in electronic skin
(Li et al. (2016), the Monte Carlo random algorithm is used to generate randomly distributed
graphene sheets, as shown in Fig. 1.

Fig. 1. Schematic diagram of the graphene sensor model
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This work makes the following assumption: Firstly, since the modulus of graphene is much
larger than that of the matrix, we can consider graphene sheets as rigid materials. Secondly,
due to significant van der Waals forces between graphene sheets and polymer matrix materials,
it is assumed that the matrix can fully transfer deformation to the graphene sheets. Finally, it
is assumed that the sensor has uniform deformation, meaning that the center of the graphene
sheet remains unchanged relative to the entire sensor position. If the model extends along the
x-direction, the center coordinates of the i-th graphene at any time can be expressed as

xi = x0i (1 + ε) yi = y0i (1− νε) (2.1)

where ε is the linear strain along the x-direction of the model, and ν is Poisson’s ratio of the
matrix material.
Commonly used electronic skin generally takes rubber as the matrix material. Under a large

deformation, in order to determine Poisson’s ratio of rubber, a small unit is taken out with an
initial volume of V0 = dx dy dz. The volume of the unit after deformation at unidirectional stress
σx is V1 = (1 + ε)(1 − νε)2 dx dy dz. Due to the incompressibility of rubber, there is
1 = (1 + ε)(1 − νε)2 (2.2)

Solving equation (2.2) yields

ν =
1
ε
± 1
ε
√
1 + ε

(2.3)

Because 1− ε is greater than zero, the negative sign is taken from Eq. (2.3), which means that
Poisson’s ratio of rubber is

ν =
1
ε
− 1
ε
√
1 + ε

(2.4)

Based on Eq. (2.1), we can rewrite the central coordinates of the i-th graphene sheet as

xi = x0i (1 + ε) yi = y0i
1√
1 + ε

(2.5)

In order to analyze the resistance changes of the graphene sensor model, the left and right
ends of the model are used as two electrodes, with constant current input and output respectively.
Therefore, the analysis of resistance is transformed into the solution of the following control
equation

∇ · J = Qj,V J = σE + Je E = −∇V (2.6)

where J represents current density, E represents electric field intensity, V represents electric
potential, σ is electrical conductivity, Qj,v is an external current source, and Je is the externally
generated current density.
The boundary conditions of this model are insulation between the upper and lower bound-

aries, with terminals on the left and grounding on the right boundary. The basic solution ap-
proach is to use the finite element method to obtain the potential and current distribution of the
model, and then use Ohm’s law to determine the model resistance. The numerical calculations
are performed with the COMSOL Multiphysics Software.
The above methods can be used to study the piezoresistive performance of graphene sensors.

The gauge factor β is an important indicator for judging the piezoresistive performance of
sensors, which represents the relative resistance per unit strain, i.e.

β =
∆R

Rε
(2.7)

When the gauge factor β is a constant a indicates that the relative resistance varies linearly
with strain, and the graphene sensor outputs a linear signal. Conversely, the sensor outputs a
nonlinear signal.



54 L. Li et al.

3. Results and discussion

In this work, the electrical resistivity of single-layer graphene ρ0 = 4.2 · 10−8 Ωm, and the in-
-plane resistivity of the overlapping area of multi-layer graphene sheets is equal to the parallel
value of the resistances of each single-layer graphene sheet, i.e ρ0/n, where n is the number of
layers of graphene stacking. The resistivity of the rubber matrix is 1 · 1013 Ωm, which is much
higher than the resistivity of graphene. In the model, the content of graphene is represented by
the area fraction f = mA/A0, where m is the number of graphene sheets, A is the area of each
graphene sheet, and A0 is the area of the model.
Figure 2 shows the variation of the relative resistance and gauge factor of sensors with strain

under different GNPs area fraction. The simulation results shown in Fig. 2a indicate that the
initial stage of relative resistance changes approximately linearly, and as the strain increases,
the resistance begins to increase rapidly. Because when the strain starts to increase, the GNPs
mainly slips, causing only an increase in the length of the electron migration path. But when
the deformation is large, the GNPs begin to separate, and the number of graphene sheets that
do not participate in current transfer increases, reducing the electron migration path, resulting
in a sudden change in relative resistance. Due to the larger slip range between graphene sheets
with a high area fraction, the relative resistance of graphene sensors with the high area fraction
will also exhibit better linear performance when the model is extended. At the same time, it can
be seen that the sensing range of the high area fraction graphene sensor is higher, mainly due to
better connectivity of the high aspect ratio graphene sensor when the model is extended. From
Fig. 2b, it can be seen that sensors with a lower area fraction have a higher gauge factor, because
for graphene sensors with lower area fraction, the increase in resistance caused by separation of
graphene sheets can be more easily reflected. The above simulation results are consistent with
the experimental conclusions of Son et al. (2019) and Sethy et al. (2019), which confirms that
this model can simulate the piezoresistive effect of the graphene-based electronic skin.

Fig. 2. Relative resistance ∆R/R and gauge factor β under different strains

Figure 3 shows the contour of current density under different strains. By observing Fig. 3a,
three network branches with high current density are formed respectively at the upper, middle
and lower positions of the sensor model. The low current density region in the model includes not
only the rubber substrate (the rubber matrix has very low electrical conductivity, so the current
density value is low), but also the graphene sheets separated from the network, which can be
regarded as invalid sheets. Figure 3b shows the current density at a strain of 0.2, which forms two
high current density network branches in the upper and middle positions of the model, reducing
one branch compared to Fig. 3a. This indicates that the current density in the lower branch
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plummets, and the graphene sheet in the branch also becomes an ineffective sheet that does not
participate in electron transfer, due to the separation of the graphene sheet in the lower branch.
By comparing Fig. 3b and Fig. 3c, we find that the network branch in the middle region is also
disconnected, which is manifested as a sharp drop in the current density in the middle region. The
strain range from 0.2 to 0.4 not only involves the separation of longitudinal graphene sheets, but
also the connection of transverse graphene sheets. Observing Figs. 3b and 3c, the current density
originally located in the middle region of the left end has not been very high. However, due to the
increase in strain, the graphene sheet appears to be getting closer and closer horizontally. Finally,
when the strain is 0.4, the graphene sheet forms an electron migration channel in the horizontal
direction. When the strain continued to increase to 0.6, as the graphene sheet separated, only a
high current density electron migration path remained above the model.

Fig. 3. Current density contour under different strains: (a) ε = 0, (b) ε = 0.2, (c) ε = 0.4, (d) ε = 0.6

Taking the model with an area fraction of 1.2 as an example, Fig. 4 shows the potential
contour under different strains. When the strain is 0, it is basically in the low potential region. As
shown in Fig. 3, at this time, there are more parallel branches and smaller resistance. But when
the strain is increased to 0.2, the high potential region significantly increases, mainly because
with the increase of strain, the graphene sheet begins to gradually slip, and the overlapping
area of graphene gradually decreases, leading to a gradual increase in resistance. When the
strain reaches 0.4, as the electron migration path decreases, the low potential region increases.
However, the potential value in the high potential region increased, mainly due to the further
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increase in resistance with the slip of graphene. When the strain increcases to 0.6, this trend
becomes more pronounced.

Fig. 4. Potential contour under different strains: a) ε = 0, (b) ε = 0.2, (c) ε = 0.4, (d) ε = 0.6

It should be noted that in addition to the morphological changes of graphene sheets (relative
slip and separation of overlapping graphene sheets) affecting the piezoresistive properties of
electronic skin, the tunneling effect between graphene sheets also has an impact on it (Wu et
al., 2019; Liu et al., 2016). However, the sensing range where the tunneling effect plays a role is
only a few nanometers. For graphene-based composites that can sense large deformations, the
contribution of the tunneling effect to the piezoresistive performance of composites is very small.
Therefore, to maintain simplicity of the model, the present work does not consider the influence
of the tunneling effect on the piezoresistive performance of the graphene-based electronic skin.

4. Conclusions

The present work establishes a piezoresistive sensor model of the graphene-based electronic
skin using a Monte Carlo random algorithm and finite element method. The results show that
graphene-based sensors with a low area fraction have a higher gauge factor, while graphene sen-
sors with a high area fraction have a higher sensing range. By comparing the current density and
potential contour of different graphene morphology, it can be seen that the piezoresistive effect
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of the sensor mainly depends on the change in graphene sheet density. The initial deformation
of the graphene sensing model is dominated by the slip of graphene, during which the resistance
changes linearly. As the strain increases to a certain extent, the graphene sheets begin to sepa-
rate, leading to a decrease in the network path and causing a sudden change in the resistance
of the model (i.e. non-linear change).
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Surface movement and deformation caused by pumping from confined aquifers pose serious
threats to safety and stability of surface buildings. A model for surface movement and defor-
mation due to confined aquifer pumping is established based on the principle of coordinated
strata deformation in which the effects of aquifer thickness, elastic modulus, pumping capac-
ity, and overlying strata thickness are comprehensively considered. The model calculation
results for surface subsidence caused by pumping from a confined aquifer in Dezhou City,
Shandong Province, China, are compared with numerical simulation results to verify the
accuracy and rationality of the model.
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1. Introduction

The long-term overexploitation of groundwater resources due to rapid urban development has
resulted in decreasing groundwater levels and subsequent surface movement and deformation.
This deformation seriously degrades the stability of the surface, which not only causes ground
buildings to collapse and huge economic losses, but also serious damage to the natural environ-
ment and ecosystem (Loáiciga, 2013; Giang, 2022; Li et al., 2021; Wang et al., 2019). Surface
subsidence was observed in Mexico City in 1891 (Ortega-Guerrero et al., 1999). Overexploitation
of groundwater in the Rafsanjan Plain in southeastern Iran has resulted in an annual subsidence
rate of over 50mm/year with local subsidence rates at some places exceeding 300mm/year from
2006 to 2016. Since then, surface movement caused by groundwater pumping has been studied
by researchers in the United States, Italy, Japan, and other countries (Abidin et al., 2011; Holzer
and Johnson, 1985). The identified land subsidence areas in China are mainly distributed in the
Yangtze River Delta, North China Plain, and other regions, covering a total area exceeding
90000 km2 (Cui and Tang, 2007).
Extensive in-depth research has been performed on ground subsidence caused by ground-

water exploitation using two main types of methods (Xu et al., 2015; Motagh et al., 2017).
In the first type, soil consolidation theory is used to calculate strata displacement and de-
formation caused by water loss in aquifers. Terzaghi proposed a well-known one-dimensional
consolidation theory based on a series of assumptions and established the relationship between
surface subsidence and time (Guido et al., 2023). Giao (1997) proposed a subsidence calcula-
tion method based on one-dimensional consolidation theory combined with Green’s theorem in
which the dissipative pore water pressure is used as a variable. Peng et al. (2023) conducted
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high-pressure long-term consolidation joint tests on the bottom aquifer of thick alluvial lay-
ers based on the ETAS test system, and studied the evolution law of the permeability coef-
ficient.
The second type of methods for calculating surface movement and deformation during

groundwater extraction is based on probability integration. Drawing on the theory developed
for coal seam mining subsidence, the vertical compression of an aquifer caused by groundwater
extraction is treated as a coal seam mining unit of varying thickness. The probability integra-
tion method is then used to calculate the surface subsidence based on random media theory
(Malinowska et al., 2020; Szojda and Kapusta, 2023). Tang and Bai (2011) analyzed the soil
mechanics mechanism of water loss consolidation in saturated loess layers caused by mining
and established a model for the additional surface subsidence deformation caused by water loss
consolidation in the mining loess layers using random medium theory. Cheng et al. (2022) es-
tablished a three-dimensional model for calculating surface movement and deformation under
the combined action of a thick loose layer, thin-bedrock coal seam mining, and aquifer drainage
using soil consolidation theory and random medium theory.
Although the two types of methods for calculating surface subsidence mentioned above have

been widely applied in practical engineering, they still suffer from some shortcomings that need
to be addressed. Consolidation theory models do not accurately reflect the surface subsidence
changes in the entire aquifer water loss area while the probability integration methods do not
account for the effects of physical and mechanical parameters and layered distribution charac-
teristics of strata above an aquifer on surface movement and deformation. In this study, the
influence of physical and mechanical parameters of each stratum is considered using layered
mechanics to establish a model for surface movement and deformation caused by pumping in
a confined aquifer. The influence of pumping capacity, aquifer thickness, aquifer elastic modu-
lus, and overlying strata thickness on surface subsidence and horizontal movement are analyzed.
This study provides a theoretical basis for safety assessment in surface buildings for groundwater
extraction and environmental protection.

2. Surface movement and deformation model

Heavy industrial and residential water use has led to frequent overexploitation of confined
aquifers in strata. Before water pumping, the overlying strata on a confined aquifer are jointly
supported by pore water and the soil skeleton. The stress and deformation are in equilibrium.
Pumping results in a gradual decrease of the pore water pressure. A portion of the soil pressure
originally borne by pore water is transferred to the soil skeleton, resulting in an increase in the
effective stress and consolidation deformation of the aquifer (Galloway and Burbey, 2011; Zhou
et al., 2010). The continuous development of this deformation upward causes surface movement
and deformation. Although the original equilibrium state is broken by pumping, the collabo-
rative soil deformation and stress redistribution in the formation cause the entire formation to
eventually reach a new equilibrium state. The differences in permeability characteristics, phys-
ical and mechanical parameters, and thicknesses of the confined aquifer and overlying strata
result in varying deformation transmission and development across different strata. Therefore,
the strata can be regarded as a layered stratum for calculating surface movement deforma-
tion caused by pumping from a confined aquifer. In our model, the self-consolidation deformation
caused by pumping from a confined aquifer is first calculated using layered mechanics. The de-
formation at the top of the aquifer is then used as a disturbance source at the bottom of
the overlying strata to obtain the surface movement deformation caused by the deformation
at the bottom of the overlying strata based on deformation coordination conditions at the soil
interface.
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In layered mechanics, the displacement and stress at any stratum depth can be represented
by the surface displacement and stress (Bobileva, 2015)


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(2.1)

where u(ζ,H), w(ζ,H), σ(ζ,H), and τ(ζ,H) are the Hankel integral transformation equations
for the horizontal displacement, subsidence, normal stress, and shear stress of the strata at
depth H, respectively; u(ζ, 0), w(ζ, 0), σ(ζ, 0), and τ(ζ, 0) are the Hankel integral transformation
equations for the horizontal displacement, subsidence, normal stress, and shear stress at the
surface, respectively; ζ is the integral parameter variable; and E is the elastic modulus.
The matrix coefficients are given by

A11 = A44 = cosh η +
η sinh η
2(1 − µ)

A12 = −A34 =
1

2(1 − µ) [(1− 2µ) sinh η + η cosh η]

A13 = −A24 =
1 + µ
2(1 − µ) sinh η A14 =

1 + µ
2η(1 − µ) [(3− 4µ) sinh η + η cosh η]

A21 = −A43 =
1

2(1 − µ) [(1− 2µ) sinh η − η cosh η]

A22 = A33 = cosh η −
η sinh η
2(1 − µ)

A23 =
1 + µ
2η(1 − µ) [(3− 4µ) sinh η − η cosh η]

A31 = −A42 = −
η2

2(1− µ2) sinh η

A32 =
η

2(1 − µ2)(sinh η − η cosh η) A41 =
η

2(1− µ2)(sinh η + η cosh η)

(2.2)

where η = ζH, µ is Poisson’s ratio, and sinh and cosh are hyperbolic sine and cosine functions,
respectively

u(r,H) =
∞∫

0

u(ζ,H)ζJ1(ζr) dζ w(r,H) =
∞∫

0

w(ζ,H)ζJ0(ζr) dζ

σ(r,H) =
∞∫

0

σ(ζ,H)ζJ0(ζr) dζ τ(r,H) =
∞∫

0

τ(ζ,H)ζJ1(ζr) dζ

(2.3)

where J0 and J1 are the zeroth- and first-order Bessel functions, respectively; and u(r,H),
w(r,H), σ(r,H), and τ(r,H) are the horizontal displacement, subsidence, normal stress, and
shear stress of the strata at a horizontal distance r and depth H.
The pumping process of a confined aquifer is shown in Fig. 1. The part above the aquifer are

the overlying strata and that below the stable aquifuge layer. Pumping changes only the water
level of the aquifer but does not affect the deformation of its lower strata. The deformation of
the upper strata is only dependent on the elastic modulus, Poisson’s ratio, and thickness. Let the
thickness of the confined aquifer be H0, the thickness of the overlying loose layer Hw, the radius
of the pumping well r0, the pumping influence radius R, and the pumping capacity Q. After the
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Fig. 1. Strata movement and deformation caused by pumping from a confined aquifer

pumping well has reached a stable state, the funnel curve of the confined water level drop can
be expressed using the Dupuit formula (Bourel, 2024; Gamnitzer and Hofstetter, 2016)

sw =
Q

2πkH0
ln
R

r
(2.4)

where sw is the depth of the water level drop and k is the permeability coefficient of the aquifer.
R is the pumping influence radius, which can be expressed using the Siechardt empirical

formula (Jia et al., 2016)

R = 10smaxw
√
k (2.5)

where smaxw is the maximum depth of the water level drop.
Focusing on the confined aquifer, the confined aquifer before pumping exerts a supporting

force on the overlying strata with a magnitude directly proportional to the height of the confined
water level. Pumping decreases the supporting force of the confined aquifer on the overlying
strata and increases the effective stress of the soil (Liu et al., 2023), which is directly proportional
to the depth of the water level drop. This increase in the effective stress is equivalent to an
additional load acting on the top of the aquifer with a funnel-shaped load distribution, which
has the same funnel-shaped form as that of the aquifer level drop, as shown in Fig. 2.

Fig. 2. Additional load acting on the top of the confined aquifer
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The additional load at the top of the aquifer can be expressed as

σz(r,Hw) = γwsw τzr(r,Hw) = 0 (2.6)

where γw is the weight of water and σz(r,Hw) and τzr(r,Hw) are the normal and shear stresses
acting on the top of the aquifer, respectively.
Substituting Eq. (2.6) into Eq. (2.3) yields

σz(ζ,Hw) =
R∫

0

γw

[
Q

2πkH0
ln
R

r

]
rJ0(ζr) dr (2.7)

where σz(ζ,Hw) is the Hankel integral transformation of σz(r,Hw).
It is generally believed that hydrophobic consolidation in an aquifer does not cause bottom

deformation. The displacement at the aquifer bottom can therefore be assumed to be 0 (Jia
et al., 2016)

u(ζ,Hw +H0) = 0 w(ζ,Hw +H0) = 0 (2.8)

where u(ζ,Hw +H0) and w(ζ,Hw + H0) are the Hankel integral transformation equations for
the horizontal displacement and subsidence at the bottom of the confined aquifer, respectively.
By substituting Eqs. (2.7) and (2.8) into Eq. (2.1), the displacement and deformation at the

top of the aquifer are obtained as follows

u(ζ,Hw) = −
A22A13 −A12A23
A11A22 −A12A21

× σz(ζ,Hw)
E2

H0

w(ζ,Hw) =
A21A13 −A11A23
A11A22 −A12A21

× σz(ζ,Hw)
E2

H0

(2.9)

where E2 is the elastic modulus of the confined aquifer and u(ζ,Hw) and w(ζ,Hw) are the Hankel
integral transformation equations for the horizontal displacement and subsidence at the top of
the confined aquifer, respectively.
Substituting Eq. (2.9) into Eq. (2.3) yields the horizontal displacement u(r,Hw) and subsi-

dence w(r,Hw) at the top of the aquifer as follows

u(r,Hw) =
∞∫

0

−A22A13 −A12A23
A11A22 −A12A21

× σz(ζ,Hw)
E2

H0ζJ1(ζr) dζ

w(r,Hw) =
∞∫

0

A21A13 −A11A23
A11A22 −A12A21

× σz(ζ,Hw)
E2

H0ζJ0(ζr) dζ

(2.10)

Equation (2.10) expresses the deformation at the top of the confined aquifer caused by pump-
ing. According to the principle of deformation coordination, the displacement distribution at
the bottom of the overlying strata is the same as that at the top of the aquifer; the horizontal
displacement and subsidence at the bottom of the overlying strata are therefore also given by
u(ζ,Hw) and w(ζ,Hw), respectively. Therefore, the problem of determining the surface move-
ment and deformation caused by pumping is transformed into the problem of determining the
surface movement and deformation with a known displacement at the bottom of the overlying
strata.
We focus on the overlying strata. If the surface does not bear loads

σ(ζ, 0) = 0 τ(ζ, 0) = 0 (2.11)
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the corresponding surface movement deformation can then be obtained as follows by substituting
Eq. (2.11) into Eq. (2.1)

{
u(ζ, 0)
w(ζ, 0)

}
=




B22
B11B22 −B21B12

−B12
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−B21
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


{
w(ζ,Hw)
u(ζ,Hw)

}
(2.12)

where the matrix coefficients are given by

B11 = coshm+
m sinhm
2(1− µ1)

B12 =
1

2(1− µ1)
[(1 − 2µ1) sinhm+m coshm]

B21 =
1

2(1− µ1)
[(1− 2µ1) sinhm−m coshm] B22 = coshm−

m sinhm
2(1 − µ1)

(2.13)

where m = ζHw and µ1 is Poisson’s ratio of the overlying strata.
Equation (2.9) is substituted into Eq. (2.12) to obtain the surface movement deformation as

follows

u(ζ, 0) =
( B22
B11B22 −B21B12

)(
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(2.14)

By simplifying the coefficients in Eq. (2.14), we obtain

u(ζ, 0) = (C1 + C2)
σz(ζ,Hw)

E2
H0 w(ζ, 0) = (C3 + C4)

σz(ζ,Hw)
E2

H0 (2.15)

where the coefficients are given by

C1 =
( B22
B11B22 −B21B12

)(
−A22A13 −A12A23
A11A22 −A12A21

)

C2 =
( −B12
B11B22 −B21B12

)(A21A13 −A11A23
A11A22 −A12A21

)

C3 =
( B11
B11B22 −B21B12

)(A21A13 −A11A23
A11A22 −A12A21

)

C4 =
( −B21
B11B22 −B21B12

)(
−A22A13 −A12A23
A11A22 −A12A21

)

(2.16)

The Hankel integral inverse transformation is performed on the expressions in Eq. (2.15) to
obtain the surface movement deformation caused by pumping from the confined aquifer

u(r, 0) =
∞∫

0

(C1 + C2)
σz(ζ,Hw)

E2
H0ζJ1(ζr) dζ

w(r, 0) =
∞∫

0

(C3 +C4)
σz(ζ,Hw)

E2
H0ζJ0(ζr) dζ

(2.17)
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Equation (2.17) implies that the surface movement and deformation caused by pumping
from a confined aquifer are closely dependent on the thickness, elastic modulus, and Poisson’s
ratio of the strata and the stress distribution in the aquifer caused by pumping. Compared
with the traditional probability integral models, more influencing factors are considered in our
layer mechanics model. The total surface movement deformation caused by simultaneous pump-
ing of multiple aquifers can be obtained by using our model to calculate the surface movement
deformation caused by pumping from each confined aquifer and then summing the movement de-
formations caused by pumping over all the aquifers using the superposition principle.

3. Model validation

To verify the accuracy and rationality of the theoretical model, the confined aquifer pumping
in Dezhou City, Shandong Province, China in the reference (Jia et al., 2021) was taken as an
example. The geological distribution of the study area is shown in Fig. 3, and the physical and
mechanical parameters are listed in Table 1. The surface movement and deformation caused by
extraction of the same volume of water from two confined aquifers at a pumping capacity of
2441.66m3/d, pumping well radius of 1m, and water density of 10 kN/m3 were simulated in the
reference (Jia et al., 2021). Based on the data provided in the reference, our theoretical model
was used to independently calculate the surface subsidence deformation caused by pumping from
the two confined aquifers under the same pumping conditions and the results compared with
those from the simulation. The results are shown in Fig. 4.

Fig. 3. Schematic of pumping from confined aquifers

Table 1. Calculation parameters

Stratum Thickness [m] E [MPa] k [m/d] µ R [km]

Overlying strata 300 80 0.008 0.35
First aquifer 150 120 1.8 0.25 2.0
First aquifuge 100 60 0.005 0.25
Second aquifer 250 190 1.5 0.20 1.5

As shown in Fig. 4, the surface subsidence caused by pumping from a confined aquifer is
symmetrically distributed with respect to the pumping well. The subsidence is larger closer to
the pumping well. The theoretical curves for the surface subsidence caused by separate pumping
of the same volume of water from the two confined aquifers are basically the same as the
simulation curves. The high consistency of the theoretical calculation subsidence results with
the simulation results verifies the correctness of the theoretical model.
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Fig. 4. Comparison of theoretical calculation and numerical simulation results

The maximum surface subsidence caused by individual pumping of the first confined aquifer
in the simulation is 0.037m while that in the theoretical calculation is 0.036m. The error be-
tween them is only 0.01m. The maximum surface subsidence caused by independent pumping
of the second confined aquifer in the simulation is 0.019m while that in the theoretical calcula-
tion is 0.018m. The error of only 0.01m between the two results indicates that the maximum
surface subsidence in the theoretical calculation is essentially the same as that in the simu-
lation. At a distance of 1000m from the pumping well, the simulation values for the surface
subsidence caused by the separate pumping of the first and second confined aquifers are 0.0097
and 0.0071m, respectively, while the theoretically calculated values are 0.0103 and 0.0046m, re-
spectively. The respective errors of only 0.0006 and 0.0025m are negligible. These error analysis
results further confirm that the layered mechanics calculation for the surface subsidence caused
by pumping of confined aquifers is reasonable and feasible.

4. Analysis of influencing factors

The first confined aquifer in Dezhou City, Shandong Province, China is taken as an example in
this study for analyzing the effects of different pumping capacities and aquifer elastic moduli
and thicknesses on the surface subsidence and horizontal displacement.

4.1. Pumping capacity

Equation (2.17) was used to calculate the surface subsidence and horizontal displacement at
the pumping capacities of 1500, 2000, and 2500m3/d for a confined 150 m-thick aquifer with
an elastic modulus of 120MPa and overlying strata thickness of 300m. The results are shown
in Fig. 5.
The surface subsidence curve in Fig. 5a shows that the surface subsidence caused by pumping

increases with the pumping capacity and is symmetrically distributed around the pumping well.
The maximum surface subsidence occurs at the wellhead and gradually decreases along both its
sides. At the pumping capacities of 1500, 2000, and 2500m3/d, the maximum surface subsidence
values are 0.0226, 0.0302, and 0.0377m, respectively, which correspond to increases of 0.0076
and 0.0075m as the pumping capacity grows. At a distance of 1000m from the pumping well,
the surface subsidence for the three pumping capacities are 0.0063, 0.0085, and 0.0106m, respec-
tively, which correspond to increaments of 0.0022 and 0.0021m as the pumping capacity grows.
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Fig. 5. Relationship between pumping capacity, surface movement, and deformation

These results indicate that increasing the pumping capacity causes a relatively uniform increase
in the surface subsidence; however, the growth in the surface subsidence gradually decreases
with increasing distance.
The surface horizontal displacement curve in Fig. 5b shows that the surface horizontal dis-

placement caused by exploitation of the confined aquifer increases with the pumping capacity,
and its shape is similar to that of a sine function. The surface horizontal displacement at the well-
head is approximately 0. The surface horizontal displacement gradually increases up to a range
of approximately 310m from the pumping well before decreasing with growing distance from the
pumping well. Therefore, the maximum surface horizontal displacement occurs approximately
310m away from the pumping well. For the pumping capacities of 1500, 2000, and 2500m3/d, the
maximum surface horizontal displacements are 0.0040, 0.0053, and 0.0066m, respectively, which
correspond to increaments of 0.0013 and 0.0013m. At a distance of 2000m from the pumping
well, the surface horizontal displacements are 0.0007, 0.0010, and 0.0012m, respectively, which
correspond to increaments of 0.0003 and 0.0002m. These results indicate that increasing the
pumping volume causes a relatively uniform growth in the horizontal displacement. The surface
horizontal displacement is more sensitive to the pumping capacity nearer the pumping well.
Figure 6 also shows that the surface subsidence is larger than the horizontal displacement, but
the influence range of the latter is larger.

Fig. 6. Relationship between the maximum surface movement deformation and pumping capacity



68 L. Zhang, H. Cheng

Figure 6 shows the relationship between the maximum surface subsidence and horizontal
displacement, and the pumping capacity. The maximum surface subsidence and horizontal dis-
placement both increase linearly with the pumping capacity. As the pumping capacity increases
from 1000 to 3000m3/d, the maximum surface subsidence increases from 0.0151 to 0.0453m
while the maximum surface horizontal displacement grows from 0.0026 to 0.0079m. A higher
pumping capacity results in a larger water level drop in the confined aquifer, which leads to
a greater additional load acting on the interface between the top of the confined aquifer and the
overlying strata. According to layered mechanics, the additional load results in a larger defor-
mation of the confined aquifer, which is transmitted to the surface through the overlying strata
and results in more significant surface movement and deformation.

4.2. Confined aquifer elastic modulus

Equation (2.17) was used to calculate the surface subsidence and horizontal displacement at
the elastic modulus of 60, 90, and 120MPa for a confined 150 m-thick aquifer with pumping
capacities of 2441.66m3/d and overlying strata thickness of 300m. The results are shown in
Fig. 7.

Fig. 7. Relationship between the elastic modulus, surface movement, and deformation

The surface subsidence curve in Fig. 7a shows that the surface subsidence caused by pumping
decreases with the elastic modulus. At the elastic modulus of 60, 90, and 120MPa, the maximum
surface subsidence values are 0.0737, 0.0491, and 0.0368m, respectively, which correspond to
decreaments of 0.0246 and 0.0123m as the elastic modulus increases. At a distance of 1000m
from the pumping well, the surface subsidence values for the three elastic modulus are 0.0207,
0.0138, and 0.0103m, respectively, which correspond to decreaments of 0.0069 and 0.0035m as
the elastic modulus increases. These results indicate that increasing the elastic modulus causes
a relatively uniform decrease in the surface subsidence.
The surface horizontal displacement curve in Fig. 7b shows that the surface horizontal dis-

placement caused by the exploitation of the confined aquifer decreases with the elastic modulus,
and its shape is similar to that of a sine function. The maximum surface horizontal displacement
also occurs approximately 310m away from the pumping well. For the elastic modulus of 60, 90,
and 120MPa, the maximum surface horizontal displacements are 0.0129, 0.0086, and 0.0064m,
respectively, which correspond to decreaments of 0.0043 and 0.0022m. At a distance of 2000m
from the pumping well, the surface horizontal displacements are 0.0024, 0.0016, and 0.0012m,
respectively, which correspond to decreaments of 0.0008 and 0.0004m. These results indicate
that increasing the elastic modulus causes a smaller decrease in the surface horizontal displace-
ment. The surface horizontal displacement is more sensitive to the elastic modulus nearer the
pumping well.
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Figure 8 shows the relationship between the maximum surface subsidence and horizontal
displacement, and the elastic modulus. The maximum surface subsidence and horizontal dis-
placement both decrease nonlinearly with the elastic modulus. As the elastic modulus increases
from 10 to 200MPa, the maximum surface subsidence decreases from 0.4423 to 0.0221m while
the maximum surface horizontal displacement decreases from 0.0772 to 0.0039m. According to
layered mechanics, a higher elastic modulus results in a smaller deformation of the confined
aquifer, which is transmitted to the surface through the overlying strata and results in less
significant surface movement and deformation.

Fig. 8. Relationship between the maximum surface movement deformation and elastic modulus

4.3. Confined aquifer thickness

Equation (2.17) was used to calculate the surface subsidence and horizontal displacement at
the thickness of 50, 100, and 150m for a confined 2441.66m3/d – pumping capacities aquifer
with an elastic modulus of 120MPa and overlying strata thickness of 300m. The results are
shown in Fig. 9.

Fig. 9. Relationship between thicknesses, surface movement, and deformation

The surface subsidence curve in Fig. 9a shows that the surface subsidence caused by pumping
increases with the aquifer thickness. At the aquifer thickness of 50, 100, and 150m, the maximum
surface subsidence values are 0.0125, 0.0249, and 0.0368m, respectively, which correspond to
increaments of 0.0124 and 0.0119m as the aquifer thickness increases. At a distance of 1000m
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from the pumping well, the surface subsidence values for the three aquifer thickness are 0.0034,
0.0069, and 0.0103m, respectively, which correspond to increaments of 0.0035 and 0.0034m as
the aquifer thickness increases. These results indicate that increasing the aquifer thickness causes
a relatively uniform increase in the surface subsidence.
According to the surface horizontal displacement curve in Fig. 9b, it can be seen that the

surface horizontal displacement caused by exploitation of the confined aquifer increases with
a growth of aquifer thickness, and the maximum surface horizontal displacement occurs about
310m away from the pumping well. When the thickness of the aquifer is 50, 100, and 150m,
respectively, the maximum surface horizontal displacement is 0.0021, 0.0043, and 0.0064m, with
increaments of 0.0022m and 0.0021m, respectively. At a distance of 2000m from the pump-
ing well, the surface horizontal displacement is 0.0004, 0.0008, and 0.0012, respectively, with
increaments of 0.0004m and 0.0004m, indicating that the increase in thickness of the aquifer
causes a relatively uniform increase in surface horizontal displacement, and the elastic modu-
lus of the aquifer is more sensitive to surface horizontal displacement near the pumping well than
in the distance.
The surface horizontal displacement curve in Fig. 10b shows that the surface horizontal dis-

placement caused by the exploitation of the confined aquifer increases with the aquifer thickness,
and the maximum surface horizontal displacement occurs about 310m away from the pumping
well. For the aquifer thickness of 50, 1000, and 1500m, the maximum surface horizontal displace-
ments are 0.0021, 0.0043, and 0.0064m, respectively, which correspond to increaments of 0.0022
and 0.0021m. At a distance of 2000m from the pumping well, the surface horizontal displace-
ments are 0.0004, 0.0008, and 0.0012m, respectively, which correspond to increaments of 0.0004
and 0.0004m. These results indicate that increasing the aquifer thickness causes a relatively
uniform increase in the surface horizontal displacement. The surface horizontal displacement is
more sensitive to the pumping capacity nearer the pumping well.

Fig. 10. Relationship between the maximum surface movement deformation and aquifer thickness

Figure 10 shows the relationship between the maximum surface subsidence and horizontal
displacement, and the aquifer thickness. The maximum surface subsidence and horizontal dis-
placement both increase linearly with the aquifer thickness. As the aquifer thickness increases
from 50 to 250m, the maximum surface subsidence increases from 0.0125m to 0.0600m while
the maximum surface horizontal displacement increases from 0.0021m to 0.0104m. According
to layered mechanics, a thicker aquifer results in a larger deformation of the confined aquifer,
which is transmitted to the surface through the overlying strata and results in more significant
surface movement and deformation.
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5. Maximum displacement position

By analyzing the influencing factors, it was found that under different pumping volume and
aquifer elastic modulus and thickness conditions, the maximum surface subsidence occurs at
the wellhead, and the maximum horizontal displacement occurs at a distance of approximately
310m from the pumping well. This indicates that the above influencing factors affect only the
numerical value and range of the surface displacement deformation but not the position where
the maximum surface displacement deformation occurs. Taking the first confined aquifer in
Dezhou City as an example, the relationship between the position of the maximum surface
horizontal displacement and the thickness of the overlying strata was analyzed. The results are
shown in Fig. 11.

Fig. 11. Relationship between the maximum surface horizontal displacement position
and overlying strata thickness

As shown in Fig. 11, the distance between the position of the maximum surface horizontal
displacement and the pumping well increases linearly with the thickness of the overlying strata.
At the overlying strata thicknesses of 100, 500, and 1000m, the maximum surface horizontal
displacements occur 126, 482, and 912m away from the pumping well, respectively. The distance
between the maximum surface horizontal displacement position and the pumping well increases
with the thickness of the overlying strata at a rate of 0.87. In other words, for every 1m in-
crease in the thickness of the overlying strata, the maximum surface horizontal displacement
occurs a further 0.87m away from the pumping well. In contrast, the maximum surface subsi-
dence occurs at the wellhead regardless of the aquifer or overlying strata parameters because the
maximum water level drop caused by pumping in the confined aquifer occurs at the wellhead.

6. Discussion

Based on the principle of coordinated strata deformation, the paper uses the theory of layered
mechanics to establish a calculation model for surface movement and deformation caused by
pumping in confined aquifers. Compared with the consolidation theory model and the probabil-
ity integration method in the calculation model, the model in this paper can consider not only
the surface deformation within the range of pumping influence, but also reflect the influence
of geological physical and mechanical parameters on surface movement and deformation. The
theoretical model can comprehensively consider such factors as aquifer thickness, elastic modu-
lus, pumping capacity, and overlying strata thickness, and is more reasonable compared to the
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existing computational models. By comparing with the monitoring data of surface deformation
caused by pumping wells in Dezhou City, China, it is shown that the model is suitable for cal-
culating surface movement and deformation caused by pumping in confined aquifers, and it also
demonstrates that the model has high accuracy.
What is more, the theoretical model proposed in this paper is mainly used to calculate surface

movement and deformation caused by pumping in confined aquifers, and has good applicability
and high accuracy. However, in the field of coal resource extraction, surface movement and
deformation often occur due to disturbances caused by coal mining, surface pumping, surface
grouting, and other factors that affect the water level of the aquifer (Tajdus et al., 2023; Dudek
et al., 2020), thereby affecting safety of surface buildings. The theoretical model in this paper
is applicable for calculating surface movement and deformation caused by the above factors
although still needs further modification and improvement.

7. Conclusion

(1) The effective stress increase caused by pumping from a confined aquifer is equivalent to
an additional load acting on the top of the aquifer. A model for surface movement and
deformation caused by pumping from a confined aquifer was established using layered
mechanics in which the effects of the aquifer thickness, elastic modulus, pumping volume,
and overlying strata thickness are considered. The consistency of the results for the surface
subsidence caused by extraction of confined aquifers in Dezhou City, Shandong Province,
China obtained using the model with numerical simulation results verifies the accuracy
and rationality of the model.

(2) The surface subsidence and horizontal displacement caused by confined aquifer extraction
are positively correlated with the pumping volume and aquifer thickness and negatively
correlated with the aquifer elastic modulus. The maximum surface subsidence and hori-
zontal displacement increase linearly with the pumping volume and aquifer thickness, and
decrease nonlinearly with the increasing aquifer elastic modulus.

(3) The maximum surface subsidence caused by pumping from a confined aquifer occurs at
the wellhead. The position of the maximum horizontal displacement is independent of
the pumping volume, elastic modulus, and aquifer thickness. The distance between the
position of the maximum horizontal displacement and the pumping well increases linearly
with the thickness of the overlying strata.
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Vehicle suspension systems are fundamental components designed to mitigate the adverse
effects of road surface irregularities. These systems are typically categorized as passive,
semi-active, or active suspensions. This study focuses on a quarter car suspension model to
explore the application of two control methods, the Linear Quadratic Regulator (LQR) and
the Model Predictive Control (MPC). Experimental data are collected using the Quanser
active suspension experiment setup. Initially, the LQR controller is employed to optimize
performance criteria related to the system state and input signals. Subsequently, the widely
recognized MPC approach is used as an alternative control method. A comprehensive com-
parative analysis is conducted, taking into account various load conditions and parameter
variations. Additionally, the study investigates system responses under varying road condi-
tions, changes in plant characteristics, and the introduction of disturbances, to provide an
exhaustive comparison of the two control methods. The results obtained with the MPC and
the comparison with the findings of various authors to date allow us to emphasize that the
presented results in this study significantly outperform the previous work. These outcomes
have undergone rigorous validation on the physical model available in our mechatronics
laboratory.

Keywords: vehicle suspension, quarter car model, linear quadratic regulator, model predictive
control, experimental analysis

1. Introduction

In the realm of engineering and vehicle dynamics, the quest for optimal ride comfort and vehicle
stability has driven the development of advanced suspension systems. Traditional passive sus-
pensions have limitations in adapting to varying road conditions and vehicle dynamics. Active
suspension systems, incorporating springs, dampers, and plate masses, have emerged as inno-
vative solutions to overcome these limitations. These systems aim to dynamically adjust the
suspension parameters in real time, offering the potential to enhance ride quality, handling, and
overall vehicle performance.
This mathematical modelling study examines the intricacies of active suspension hard-

ware, focusing on the integration of springs, dampers, and plate masses, to provide insights
into the underlying principles and dynamics governing their behavior. In this paper, the fo-
cus is on advancing vehicle suspension systems to elevate ride quality, steering stability, pas-
senger comfort, and mitigate concerns by Gandhi et al., (2017). The study employs a Four
Degrees of Freedom (4-DOF) half car active suspension model as the testing ground for
a range of controllers (Likaj, 2005), including PID, LQR, Fuzzy Logic (Sahin, and Akalin,
2020). This paper explores the application of control strategies in the context of vehicle sus-
pensions (Durmaz et al., 2017). It examines three categories of suspensions (passive, semi-
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-active, and active), with a specific focus on the quarter car suspension model. The study
employs two prominent control methods, namely the Linear Quadratic Regulator (LQR) and
Model Predictive Control (MPC), using the Quanser AS experiment set to gather experimental
data.

Initially, the LQR is employed to optimize system performance based on predefined criteria
related to the state and input signals. Subsequently, an MPC, a widely recognized industry-
standard controller (Durmaz et al., 2017), is utilized as a secondary control approach. Thus, we
systematically investigate and compare the performance of LQR and MPC under various load
conditions and parameter variations. Furthermore, this paper presents a straightforward yet
effective control methodology for stabilizing the position of the sprung mass within the quarter
car system by (Ovalle et al., 2021).

These robust controllers guarantee exponential stability in the presence of non-vanishing
disturbances, as substantiated by the Lyapunov function and stability analysis (Likaj et al.,
2016). Simulation and experimental Saha and Amrr (2020) results demonstrate the superiority
of these control schemes over traditional linear methods, particularly within the Quanser ASS
(Deshpande et al., 2012; Fei et al., 2022). Experimental results demonstrate that AIWPSO-
-tuned LQR significantly reduces vehicle body acceleration on uneven road surfaces, thereby
ensuring passenger safety and enhanced ride comfort, as validated against ISO 2361-1 standards
by (Reddipogu and Elumalai, 2020).

The system, requiring only the sprung mass position sensor, estimates states, uncertain-
ties, and disturbances while ensuring overall stability (Wang and Zhou, 2019). A delay-
dependent stability criterion is derived using the Lyapunov theory and the linear ma-
trix inequality (LMI) method; this offers superior performance compared to traditional
H-inf controllers by (Abdellahi et al., 2000) as confirmed through simulation and experi-
mental results. A novel Static Output Feedback (SOF) control approach is introduced for
linear parameter-varying (LPV) systems, to ensure asymptotic stability and improved per-
formance through gain-scheduled static output feedback (GS-SOF) controllers (Sereni et al.,
2020).

The design strategy incorporates a two-stage method, employing linear matrix inequalities
(LMI) and Finsler’s Lemma, and is demonstrated in practical applications for ASS control,
showcasing its effectiveness (Pedro et al., 2024). In this work, control objectives for nonlinear
ASS with uncertain, time-varying constraints are addressed. The study demonstrates uniform
boundedness and ultimate boundedness via Lyapunov analysis, supported by experimental and
numerical simulations on a 2-DOF nonlinear ASS with uncertainties (Qin et al., 2021; Zhang
and Jing, 2021).

Experimental results demonstrate remarkable improvements in transient performance and
energy efficiency, offering a fresh perspective on “robust and green” AS control for vehicles
(Pusadkar et al., 2019). In this paper, the focus is on addressing car body vibrations caused by
track irregularities, to enhance ride quality (Eris et al., 2015). In this work, a novel approach is
introduced to enhance the performance of semi-active vehicle suspension systems (Ahmed and
Svaricek, 2014; Deshpande et al., 2017).

To minimize online computational requirements, control laws for various frequency ranges
are derived from optimal controller data based on detected measured variable frequencies. Simu-
lation and experimental results demonstrate improved ride comfort and road handling (Basturk,
2016). The study innovatively applies deep reinforcement learning to vehicle suspension control,
emphasizing the adaptability and improved ride comfort. It introduces an enhanced DDPG al-
gorithm, showcasing its efficiency with empirical samples, and establishes a physical model for
comprehensive analysis (Liu et al., 2020).
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2. Mathematical modelling of active suspension hardware with springs, dampers,
and plate masses

In this analysis, we will derive generalized dynamic equations of an active suspension system. The
Free Body Diagram method is employed to capture the system dynamics as a dual-mass damper-
-spring model (Fig. 1). Within this approach, the two inputs to the system are considered to be
commands of the AS control Fc, and the road surface position zr (Apkarian and Abdossalami,
2013).

Fig. 1. System diagram of the active suspension system

Furthermore, the reference frames in Fig. 1 are utilized to define generalized coordinates,
such as z1 and z2. The generalized coordinate z1 represents the displacement of the suspension
springs, while z2 represents the displacement of the vehicle body.

Table 1. The numerical values linked with the system to be utilized for real and simulation
conditions (Apkarian and Abdossalami, 2013)

Parameters Name of parameters Parameters values

Ms Sprung mass 2.45 kg
Mus Unsprung mass 1.0 kg
Ks Suspension stiffness 900N/m
Kus Tire stiffness 1250N/m
Bs Suspension inherent damping coefficient 7.5 Ns/m
Bus Tire inherent damping coefficient 5.0 Ns/m
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2.1. Active suspension system EOMs

Within its operational range, we presume that the Active Suspension System can be accu-
rately characterized as a linear system. The mathematical analysis is simplified by this linear
approximation. We assume that the suspension displacements and vehicle body motions from
their equilibrium positions are of small amplitude. Because of this assumption, we can linearize
the system behavior and apply small-angle approximations. We consider a quasistatic analysis,
which assumes that the dynamics of the Active Suspension System evolve at a slower timescale
than the overall motion of the laboratory setup. Next, we individually analyze the masses of
components to derive the equations of motion for accelerations, z̈1 and z̈2

z̈2 = −g +
Fc
Ms
+
Bs
Ms
(ż1 − ż2) +

Ks
Ms
(z1 − z2) (2.1)

The mass of the vehicle bodyMs is presented below. The first system is described by its equations
of motion (EOM). Likewise, the body diagram associated with the massMus is depicted in Fig. 2.

Fig. 2. System diagram of the upper plate and central plate, extracted from Fig. 1

The equations of motion (EOM) corresponding to this diagram are

z̈1 = −g −
Fc
Mus
− Bs −Bus

Mus
ż1 −

Bus
Mus

żr +
Bs
Mus

z̈2 −
Kus
Mus

zr +
Ks
Mus

z2 −
Ks −Kus
Mus

z1 (2.2)

We aim to demonstrate that the gravitational force solely alters the equilibrium points without
influencing the system dynamics. When in the state of equilibrium, denoted by z1 = zq1 and
z2 = zq2 , the derivatives of z1 and z2 of any degree are all zero.
Additionally, the road surface zr and all its derivatives, along with the control force Fc, are

also zero in this equilibrium state. Substituting these conditions into Eqs. (2.1) and (2.2), we
obtain

Kszq1 +Kuszq1 −Kszq2 +Musg = 0 Kszq2 −Kszq1 +Msg = 0 (2.3)

Subsequently, the equilibrium positions resulting from the influence of gravity are as follows

zq1 = −
Mus +Ms

Kus
g zq2 =

KsMs +MusKs +MusMs
KsKus

g (2.4)

We implement the subsequent variable transformation to effectively eliminate the impact of
gravitational forces from the equations

ż1 = żus ż2 = żs
z̈1 = z̈us z̈2 = z̈s

(2.5)

By introducing the expression from Eq. (2.5) into Eqs. (2.1) and (2.2), we obtain

Musz̈us = −Fc +Bus(żr − żus) +Bs(żs − żus) +Ks(zs − zus) +Kus(zr − zus)
Msz̈s = Fc −Bs(żus − z̈s) +Ks(zus − zs)

(2.6)
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Herein, the equations have been purged of gravitational influence, leaving only a shift in the
system equilibrium point due to gravity. The state variables, coupled with the pair of inputs
and the dual outputs, can be articulated as follows

z =




zs − zus
żs

zus − zr
żus


 u =

[
żr
Fc

]
y =

[
zs − zus
z̈s

]
(2.7)

By utilizing Eq. (2.6), it is possible to define A, B, C, and D in the subsequent manner

A =




0 1 0 −1
−Ks
Ms

− BsMs 0 Bs
Ms

0 0 0 1
Ks
Mus

Bs
Mus

−Kus
Mus

−Bs−Bus
Mus


 D =

[
0 0
0 1
Ms

]

C =

[
1 0 0 0
−Ks
Ms

−Bs
Ms

0 Bs
Ms

]
B =




0 0
0 1

Ms
−1 0
Bus
Mus

− 1
Mus




(2.8)

3. Active suspension system using LQR

The Linear Quadratic Regulator (LQR) represents an unconstrained model-based control tech-
nique that discerns the optimal input c(ki) = Fc through solution of an infinite horizon opti-
mization problem

min J =
∞∫

0

(zT(ki)Qz(ki) +R
2
c(ki)
)
dt

dz
subject to z(ki) = Az(ki) +Bc(ki)

Fc = −K[ki]z(ki)

(3.1)

In this context, the gain K[ki] is derived as follows

K[ki] = [R+B
TSB]−1BTSA

ATSA− S(ATSB)(R+BTSB)−1(BTSA) +Qz(ki) = 0
(3.2)

Given the assumption of linearity and time-invariance governing the two equations of motion
(EOMs) associated with the ASS, their expression can be rendered in the state-space represen-
tation below

Z(ki+1) = Az(ki) +Bc(ki)
c(ki) = −K[ki]z(ki)
Z(ki+1) = [A−BK[ki]]z(ki) = Φz(ki))

(3.3)

The performance index J imposes penalties on the system state variables, namely the sus-
pension displacement and tire deflection (both regarded as performance measures), as well as
the velocities of the vehicle body and the tire. This is accomplished using the weighting ma-
trix Qz(ki) . The weighting matrix Qz(ki) is characterized by its symmetric, positive semidefinite
nature, and it is essential for it to exhibit full rank. The performance index additionally en-
capsulates the constraints on control by subjecting the control input to penalties using the
weighting coefficient R. The weighting matrices significantly influence the manner in which the
LQR accomplishes its minimization objective, by essentially operating as tuning variables.
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Algorithm 1 Parameters and description of calculation of K[k] based on LQR.

∀ parameters:
A → System dynamics matrix, B → Control input matrix, C → Output matrix,
Q → State cost matrix, R → Control cost matrix, & N → Time horizon
→ Initialization:

P[N−1] = Qf → Final state cost matrix.
K[N ])→ Feedback control gain matrix.

Backward pass:
for k = Ndown to 1 do.

K[k] = −
{
(R +BT ∗ P[k+1] ∗B)−1 ∗BTP[k+1] ∗A

}

P[k] = Qz +AT ∗ P[k+1] ∗ A−AT ∗ P[k+1] ∗B ∗K[k]
end for

Forward pass:
for k = 1 to N do

Calculate control input:
u[k] = K[k] ∗ z[k], where z[k] is the current state.
→ Apply the control input u[k] to the system.
→ Measure the new state z[k+1].

end for

Fig. 3. Proposed system diagram of the LQR and MPC for the active suspension system

Devise this controller to effectively address a pulse road bump characterized by a 0.001m
amplitude and a frequency of 0.5Hz. In Fig. 4, the transfer functions are extracted, representing
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all possible combinations of two inputs and two outputs from the ASS. This analysis provides a
holistic perspective on the system behavior, which offers insights into how various inputs influ-
ence corresponding suspension outputs and assist in optimizing control strategies for enhanced
performance.

Fig. 4. The transfer functions for all combinations of two inputs, and two active hang outputs are
extracted

Figure 5 shows the simulated active suspension using a road collision profile with a magnitude
of 0.02Hz and a phase of 5Hz and demonstrates the system response to these parameters.

Fig. 5. Simulated active suspension with a road collision profile of magnitude 0.02Hz and phase at 5Hz
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This graph offers insights into the dynamic behavior of the active suspension system, il-
lustrating how the system control influences the simulated position and plate position. Such
analyses are crucial for evaluating the efficacy of the active suspension system in maintaining
the desired plate positions.

Fig. 6. Simulation scheme of the active suspension system: the real model is on the left side, and the
simulation part on the right

Fig. 7. Simulated closed-loop response for: (a) x sim with the LQR, (b) plate position with the LQR

By observing the relationship between x sim and zr−zus−zs, engineers can optimize control
strategies for improved ride quality and stability. This visual representation guides the refine-
ment of active suspension algorithms and facilitates the creation of systems that effectively
manage vehicle dynamics to ensure a smoother, more controlled driving experience. In Fig. 7a,
a simulated closed-loop response is presented, depicting the correlation between x sim and the
plate position, represented as zr zus zs in Fig. 7b.

Fig. 8. (a) Simulated closed-loop response for control force with LQR. (b) Closed-loop response for
control force measurement with LQR

Figure 8a demonstrates the simulated closed-loop response for the control force Fc [N],
showcasing how the system control input correlates with the resulting force output. This offers
insights into the control system efficacy. Figure 8b shows the control force measurement. This
graph shows the correlation between the applied control force and the resulting measured control
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force, thus indicating the system responsiveness and accuracy in force regulation. The measured
force closely matches the simulated force, validating the accuracy and responsiveness of the
control system.

4. Active suspension system using MPC.

Model Predictive Control (MPC) is a control strategy that relies on the model of the system
to make predictions and optimize control actions while considering constraints. A discrete-time
representation of the plant is used to create an online optimization problem that incorporates
constraints and is computationally manageable.
Figure 9 illustrates the receding horizon strategy; this involves computing an optimal input to

ensure that the future evolution of outputs adheres to performance criteria and avoids constraint
violations. While the optimal control calculates a sequence for the entire control horizon at each
moment, only the initial component of this sequence is implemented in the plant, with the
remaining components being disregarded. Based on the state-space model using matrices A, B,
C and D in the future, the state variables are calculated sequentially using the set of future
control parameters.

Fig. 9. Receding horizon strategy

The control horizon Nc and predictive horizon Np for z(ki+N) is the predictive state variable
plan information z(ki) for i = 1, 2, . . .

z(ki+1) + z(ki+2) + . . .+ z(ki+Np) = Az(ki) +Bc(ki) +A
2z(ki+1) +ABc(ki+1) + . . .

+ANpz(ki) +A
Np−1Bc(ki) +A

Np−2Bc(ki+1) + . . .+A
Np−NcBc(ki+Nc−1)

(4.1)

From the predicted state variables, the predicted output variable we define the vector z(k+1)

z(k+1) = z(ki+1) + z(ki+2) + . . .+ z(ki+Np) = ACz(ki) +BCc(ki) +A
2Cz(ki)

+ABCc(ki) +ABCc(ki) +BCc(ki+1) +A
3Cz(ki) +A

2BCc(ki) +ABCc(ki+1)
+BCc(ki+2) + . . .+A

NpCz(ki) +A
Np−1CBc(ki) +A

Np−2CBc(ki+1) + . . .

+ CNp−NcCBc(ki+Nc−1) i = 1, 2, . . .

(4.2)

We collect equations x1 and x2 together in compact in the matrix form as

z(ki+1) =

{
Φz(ki) + Γc(ki) for ki ¬ Nc
Φz(ki) for ki > Nc

(4.3)
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and

~zki+1 =




AC
A2C
A3C
...

CANp




︸ ︷︷ ︸
Φ

+




BC 0 0 · · · 0
BAC CB 0 · · · 0
A2BC CAB CB · · · 0
...

...
...

. . .
...

ANp−1BC ANp−2BC ANp−3BC · · · ANp−NcBC




︸ ︷︷ ︸
Γ

(4.4)

The incoming sequence has the formula

c(k) =




Φ(ki|ki)
Φ(ki + 1|ki)

...
Φ(ki +Np − 1|ki)



=
[
c(ki|ki)) · · · c(ki+Np−1|ki)

]
∀i = 1, 2, . . . , Nc − 1 (4.5)

In our case, we have taken the parameters: N = 4, and the matrices Φ and Γ are given below

Γ(N=4) =
[
AN−1B AN−2B AN−3B AN−4B

]
=
[
̟1 ̟2 ̟3 ̟4

]
(4.6)

Calculations of the parameters for ̟i, i = 1, 2, 3, 4 yield

̟i =




a11(ni) a12(ni)
a21(ni) a22(ni)
a31(ni) a32(n1)
a41(ni) a42(ni)


 i = 1, 2, 3, 4 (4.7)

Calculation of the performance index J , assuming that the forecasts are based on perturbations
about the reaction cki = −K(ki)zki . The implemented MPC strategy involves using the initial
element of the control trajectory. Observe the distinction between the Linear Quadratic Regula-
tor (LQR) described in Eq. (3.1) and the MPC problem mentioned earlier. Initially, it is evident
that the performance metric is now aggregated over a limited time horizon

[cki , cki+1, . . . , cki+N ] = arg(cki , cki+1, . . . , cki+N )

min J =
N∑

k=0

cT(k)Hc(k) + 2z
T
(k+1)F

TΦ(k) + z
T
(k+1)Gz(k)zki+1 = Aszki +Bsck

(4.8)

Taking into account

zmin ¬ zki+1 ¬ zmax cmin ¬ cki ¬ cmax k ∈ zTk k = 1, 2, . . . , N (4.9)

Furthermore, the presence of supplementary constraints, related to the performance, provides
bounds for both the system states and inputs. In summary, the performance index J becomes

J = cT(ki)Hc(ki) + 2z
T
(k+1)F

TΦ(k) + z
T
(k+1)Gz(k) (4.10)

where the matrices are defined by

H = ΓTQ̃Γ + R̃ F = ΓTQ̃Φ G = ΦTQ̂Φ+Q Q = CTC

∇c(ki)J = 2Hc(ki) + Fz(ki) =
[

∂J

∂c(ki|ki)

∂J

∂c(ki+1|ki)

∂J

∂c(ki+2|ki)

∂J

∂c(ki+3|ki)

]
(4.11)
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Algorithm 2 Description of the calculation parameters for MPC.

∀ parameters:
A → System dynamics matrix, B → Control input matrix, C → Output matrix,
Q→ State cost matrix,
R→ Control cost matrix, N → Prediction horizon and x0 → Initial state.
→Initialization:

zk+1 = z0 → Current state.
for t = 0 to Tmax do
→ Solve the optimization problem to find the optimal control sequence {c0, c1, . . . , cN−1}.
minJ =

∑
i=0 to N−1{zT[i] ∗Q ∗ z[i] + uT[i] ∗R ∗ c[i]}

subject to: z[0] = zk+1
z[i+1] = A ∗ z[i] +B ∗ c[i], for i = 0 to N − 1

→ Constraints on states and inputs:
zmin ¬ zk+1 ¬ zmax
cmin ¬ ck ¬ cmax

� zmin and zmaxa are vectors representing the lower and upper bounds
for the state variables (zk+1).

� cmin and cmaxa are vectors representing the lower and upper bounds
for the input variables (ck).

→ Apply the first control input u0 to the systems:
zk+1 = A ∗ zk+1 +B ∗ ck

→ Update the control input sequence for next iteration:
{c0, c1, . . . , cN−2 = c1, c2, . . . , cN−1, cN(x−1), uN−x, . . .}

end for

Fig. 10. Simulation model showing the dynamic behavior of the body-tire system, including the vertical
displacement (zs − zus), body velocity żs, and tire velocity żus; all are effectively controlled and

regulated using Model Predictive Control techniques

5. Experimental set-up of hardware-in-the-loop

Hardware-in-the-loop (HIL) simulation is a crucial method applied during the development and
testing of intricate real-time embedded systems. This technique proves highly effective as it in-
tegrates the complexity of the process-actuator system, often referred to as the “plant”, into
the testing environment. To accomplish this, a mathematical model representing all relevant
dynamic systems, known as “plant simulation”, is incorporated. Consequently, the embedded
system under evaluation interacts with this plant simulation, facilitating comprehensive test-
ing and development (Hwang et al., 2006). In the automotive sector, the active suspension
technology plays a pivotal role in the ongoing management of the vertical wheel movement
by employing actively controlled actuators positioned along the suspension axis. Furthermore,
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comparable technologies have found application in train bogies, where they serve to enhance
the train handling during curves and reduce the perceived passenger discomfort resulting from
abrupt accelerations (ASS, available online: accessed on 15 January 2024).

Table 2. Device specifications of Active Suspension System

W × L×H [cm] 30.5 × 30.5× 61
Mass [kg] 15
Range [mm] [±22] (road), [±19] (tire), [±25.4] (car)
Position [mm/count] 0.002 (road), 0.005 (tire), 0.009 (body)
Stiffness [N/m] 0.4-2
Excitation frequency [Hz] Up to 15
Resonant [Hz] 2 and 6

5.1. Numerical and experimental analyses of ASS hardware-in-the-loop

In the Mechatronics Laboratory at the Faculty of Mechanical Engineering (FME), Univer-
sity of Prishtina, we harnessed the versatile Quanser active suspension platform for seamless
integration and exploration of both the LQR and MPC, Fig. 13. This encompassed a compre-
hensive process of system configuration, precise programming, rigorous testing, and meticulous
fine-tuning. Our objective was to enable in-depth research and experimentation in advanced
control strategies for suspension systems, to provide an enriched learning environment for our
students.

Fig. 11. Mechatronics laboratory: Physical representation of the ASS at the University of Prishtina

Fig. 12. (a) Closed-loop response for xsim [mm/s]. (b) Measurements closed-loop response
for xactual [mm/s]

Figures 12a and 12b display the closed-loop response between the two variables: xsim and
xactual, both measured in [mm/s]. These graphs visually portray the relationship between the
simulated position xsim and the actual position xactual within a closed-loop control system.
By observing the trends and correlations between these two positions, valuable insights can be
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derived regarding the accuracy and effectiveness of the control system. This graphical represen-
tation assists in the analysis and refinement of control strategies, offering a clear understanding
of how closely the simulated position matches the actual position. This information is essential
for evaluating the performance of control systems in scenarios where precise position tracking is
critical and allows for adjustments that enhance system accuracy and reliability.
Figure 13a presents the closed-loop response for the actual position, referred to as xactual,

in the context of an active suspension system. This graph elucidates the behavior of the system
position control under closed-loop conditions. The response illustrates how the ASS effectively
manages and adjusts the actual position in response to various inputs or disturbances. This
visual representation offers valuable insights into the system ability to maintain desired positions,
enhance ride comfort, and mitigate the effects of external forces or road irregularities. Engineers
and researchers can utilize these data to fine-tune the ASS, to ensure the optimal performance
and responsiveness for a smoother and more controlled ride experience. Figure 13b depicts
the closed-loop response of the plate position within an active suspension system. This graph
provides a visual representation of how the ASS dynamically manages and adjusts the position
of the plate in response to various inputs and external factors.

Fig. 13. (a) Closed-loop response for xactual [m/s] with MPC. (b) Closed-loop response for plate
position [m/s] using MPC

The response curve highlights the system ability to effectively control the plate position,
thus contributing to improved vehicle stability and ride quality. This information is valuable
for engineers and researchers working on active suspension systems, as it offers insights into
the system performance characteristics and its capability to maintain desired plate positions
even in the presence of disturbances or changing road conditions. By analyzing this response,
developers can enhance the design and control strategies of the ASS, leading to better overall
vehicle dynamics and passenger comfort.
Figure 14a illustrates the closed-loop response concerning the control force, denoted as Fc [N],

and the resulting body acceleration in Fig. 14b, represented as zr [m/s2]. This response graph-
ically portrays the relationship between the control force applied to guide the system in the
rightward direction, and the consequent acceleration experienced by the body moving to the
left. The graph provides insight into the dynamic behavior of the system under closed-loop con-
trol, highlighting how changes in the control force lead to corresponding variations in the body
acceleration. This information is crucial for understanding and optimizing the performance of
control systems in scenarios where precise manipulation of acceleration is paramount.

Fig. 14. Closed-loop response for: (a) control force Fc [N], (b) body acceleration zr [m/s] using MPC
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6. Conclusion

In this experimental study, we look at how the LQR and MPC control methods can be used
in a quarter-car suspension model to optimize the system state and input signals performance.
Using the Quanser active suspension setup, our experimental analysis provided crucial insights
into these control strategies. The LQR controller demonstrated significant enhancements in the
system performance under stable and well-understood dynamics. On the other hand, the MPC
approach showed robustness in managing uncertain and time-varying parameters. The compar-
ative study under varying load conditions, parameter variations, and disturbances highlighted
individual strengths of the LQR and MPC. The LQR performs exceptionally well in certain
scenarios with stable system dynamics, while the MPC effectively handles uncertainties and dy-
namic changes. The selection between the LQR and MPC for active suspension control should be
based on specific system requirements and operational contexts. From the experimental results,
we conclude that the MPC outperforms LQR in terms of time to achieve stability and perfor-
mance. Ongoing research and development in these areas will surely contribute to the evolution
of active suspension technology and shape the future where vehicles provide higher performance,
comfort, and sustainability.
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To investigate the stress-strain response of a polymethacrylimide (PMI) foam under uniaxial
compression, an improved phenomenological constitutive model based on the Sherwood-
-Frost model is fitted from the compressive stress-strain curves of the PMI foam. Firstly,
new function terms are proposed to describe the effects of temperature, density and strain-
rate. Then, the model parameters are determined. Finally, compression experiments and
numerical simulation are conducted on PMI foams at different temperatures, densities and
strain-rates to verify the modified model. The results show that it can successfully predict
the compressive mechanical response of the PMI foam if the effects of density, temperature
and strain-rate are considered.

Keywords: polymethacrylimide (PMI) foam, constitutive model, modified Sherwood-Frost
model

1. Introduction

Inspired by natural structures, such as hornbill beak, bird wing trabecular bone and balsa wood,
lightweight sandwich structures with foams or honeycomb cores have emerged to meet the urgent
demand for structural lightness and multifunctionality in engineering fields, which is of great
significance for structural lightweight (Hedayati and Sadighi, 2018). Among many foams that
can be selected as cores and simultaneously have the similar density, the polymethacrylimide
(PMI) foam shows advantages in mechanical properties (such as high specific strength/modulus)
and microstructure (rigid closed cell and isotropy) (Palamidi, 2010; Poxon, 2012). Meanwhile,
compared with honeycomb, the PMI foam also exhibits excellent secondary processing perfor-
mance, high interface bonding strength, and the ability to bear side pressure, which enables the
PMI foam to support complex profiles and ensures the molding quality of sandwich structures
(Maier et al., 2006). In addition, the closed-cell structure of the PMI foam can avoid moisture
absorption, which can reduce maintenance expenditure costs. Therefore, the PMI foam is widely
used in sandwich structures of helicopter blades, aircraft pressure bulkheads, and rocket vehicles
(Seibert, 2006).
In fact, the molding and service of PMI sandwich structures are usually affected by complex

working conditions such as temperature and pressure. So, it is particularly important to under-
stand mechanical properties and load-bearing behavior. Li et al. (2000) obtained the uniaxial
tensile, compressive, pure shear, hydrostatic compressive, and shear-compression properties of
PMI foams by experimental tests. Palamidi (2010) investigated the dynamic properties of PMI
foams (Rohacell-51WF and 110WF) by using the split Hopkinson pressure bar (SHPB) and
direct-impact (DI). Poxon (2012) conducted a comprehensive experimental study on PMI foams
with different densities, temperatures and strain rates. Chai et al. (2020) performed quasi-static
compression of 3D closed-cell PMI foams by in-situ X-ray micro computed tomography (µ-CT).
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Huo et al. (2022) carried out systematic experimental characterization for elastic, plastic and
fracture properties of PMI foams under quasi-biaxial stress loading conditions, and the yield sur-
faces of PMI foams were calibrated and analyzed. The afore-mentioned studies also show that
the compression stress-strain curve of the PMI foam can be divided into three sections, linear
elastic section, plateau section, and densification section, and the elastic modulus and plateau
section stress increase with the rise of the strain rate and density, but the trend of temperature
effect is opposite.
Despite the extensive work that has been done on PMI foams, there are relatively few studies

on the constitutive model, because the complexity of the microstructure leads to numerous and
complex control parameters of the theoretical model, which is difficult to implement in engi-
neering practice (Li et al., 2022). However, the PMI foam can be assumed as a macroscopic
continuum when the size of foam is larger than the typical length of 6 cell bodies (Poxon, 2012),
and its stress-strain relationship (including 3 sections) can be easily obtained by a phenomeno-
logical method, i.e., achieving a simple parameter identification by fitting experimental data
(Sherwood and Frost, 1992). Rusch (1969) established the compression stress-strain function of
the polyurethane (PU) foam, and proposed for the first time to use a dimensionless strain func-
tion to describe the shape of the compression curve, which was changed into a strain polynomial
function by Meinecke and Schwaber (1970) and named the “shape function”. Then, Sherwood
and Frost (1992) developed a model to decouple the effects of density, temperature, and strain
rate on stress, in order to predict the impact response of the PU foam under uniaxial compres-
sion. However, previous studies have mainly focused on other polymer foams, such as PU foams,
while relatively little research has been done on PMI foams. Meanwhile, there are few studies on
the constitutive model of the PMI foam, and often only a single variable was considered, such
as density or temperature. Until now, a complete constitutive model that can describe the com-
pressive mechanical behavior of the PMI foam simultaneously considering density, temperature
and strain rate has not been publicly reported.
Therefore, the present work aims to investigate the compressive mechanical behavior of the

PMI foam under different densities, temperatures and strain-rates. Based on the traditional
Sherwood-Frost constitutive model, combined with the experimental data of the PMI foam, an
improved model for the PMI foam is proposed, which contains new function terms of tempera-
ture, density, and strain rate, as well as the parameters of the new model are determined by fitting
the compressive stress-stain curves of the PMI foam. Moreover, the improved model is compared
with the model from the previous studies. Finally, compressive experiments and numerical simu-
lation are conducted on PMI foams at different temperatures, densities and strain-rates to verify
the improved model.

2. Sherwood-Frost model with modified function terms

In the Sherwood-Frost model, a decoupling function is used to describe the effects of tempera-
ture, density and strain rate on the uniaxial compressive stress-strain response of the PU foam
(Sherwood and Frost, 1992). In this paper, the general form of this model is employed to predict
the mechanical response of the PMI foam under uniaxial compression, as shown in

σ = H(T )G(ρ)M(ε̇)f(ε) (2.1)

where σ [MPa], T [◦C], ρ [kg/m3], ε and ε̇ [s−1] represent stress, temperature, foam density,
strain and strain rate, respectively. Meanwhile, in (Sherwood and Frost, 1992), H(T ), G(ρ),
M(ε̇) and f(ε), respectively, denote the bilinear temperature softening term, bilinear density
term, exponential strain-rate hardening term, and shape function term which is expressed as a
polynomial function
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f(ε) =
n∑

i=0

Aiε
i (2.2)

where n and Ai represent the order of f(ε) and the corresponding coefficients of each order,
respectively.
On the basis of applying Eq. (2.2) to fit the compressive stress-strain curves of the PMI foam

under the reference condition (ρ0, T0, ε̇0) (Poxon, 2012), the bilinear temperature term H(T ) can
be further improved into a new negative exponential function of strain, as seen in

H(T ) = 1 +
1− T
T0

[
c+ b exp

(
− ε
a

)]
(2.3)

where a, b and c are all material parameters, which can be found by approximating the experi-
mental stress-strain data for several temperatures.
Similarly, the density function G(ρ) is proposed to reflect the effect of foam density, which

is initially a linear function of relative density ρ∗ = ρ/ρ0, as shown in Eq. (2.4) (Sherwood and
Frost, 1992)

G(ρ) = B(ρ∗ − 1) + 1 (2.4)

This model only has one parameter B.
Subsequently, considering the influence of foam density on stress is also related to strain,

G(ρ) can also be expressed by a modified Freundlich model (Rahimidehgolan and Altenhof,
2023)

G(ρ, ε) = C(ρ)−D(ρ)εF (ρ) (2.5)

This model has three parameters. The parameters C, D and F are all density dependent.
Because Eqs. (2.4) and (2.5) are suboptimal for the PMI foam, a new density function shown

in Eq. (2.6) is constructed by fitting the compression stress-strain curves of the PMI foam in
the reference (Poxon, 2012

G(ρ∗, ε) = 1 + (ρ∗ − 1)
[
P (ρ∗) +Q(ρ∗) exp

( ε

R(ρ∗)

)]
(2.6)

which is an exponential function of relative density, where P , Q andR are all material parameters
and related to relative density.
Besides, the strain-rate function M(ε̇) mainly considers the influence of strain-rate, which

can be calculated by using the Seeger model (Hu et al., 1998), as shown as

M(ε̇) = 1 +K lg
ε̇

ε̇0
(2.7)

The parameters K in this model can be fitted by experimental stress-strain data for several
strain rates.
Because the influence of strain-rate on stress is also related to strain, thus the strain is coupled

with the strain-rate, and so K in Eq. (2.7) is no longer a constant, which can be rewritten as
(Jeong et al., 2012)

M(ε, ε̇) = 1 + (p+ qε) ln
ε̇

ε̇0
(2.8)

There are two parameters, p and q, in this model, which can be determined by data fitting.
In fact, Eq. (2.8) is also not well applicable to the PMI foam, so an improved strain-rate

function is constructed by fitting the compression stress-strain curves in references (Poxon, 2012)
and (Flores-Johnson et al., 2008), as seen as

M(ε, ε̇) = 1 + (i+ jεk) ln
ε̇

ε̇0
(2.9)

where i, j and k are all strain rate dependent parameters.
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3. Determination of constitutive model parameters and verification

3.1. Constitutive model parameters

3.1.1. Determination of shape function parameters

Here, ρ0 = 51 kg/m3, T0 = 20◦C and ε̇0 = 0.01 s−1 are chosen as the reference condition. As
shown in Fig. 1a, a polynomial fitting is used for the compressive stress-strain curve of the PMI
foam (Rohacell 51WF) obtained from reference (Poxon, 2012). In order to fit more accurately,
the least square method is used to fit a 9-order polynomial, i.e., the shape function f(ε) of Eq.
(2.2) (n = 9). The fitted curve and model parameters are respectively given in Figs. 1a and 1b,
with a R-Square (R2) of 0.998. Also, the fitting curve in Fig. 1a indicates that by selecting a
9th-order polynomial as the shape function f(ε) a very good fitting result can be obtained.

Fig. 1. (a) Fitting curve for the shape function f(ε) and (b) the obtained model parameters of f(ε)

3.1.2. Determination of temperature function parameters

The compressive stress-strain response of the PMI foam is sensitive to temperature. Keeping
the density ρ0 = 51 kg/m3 and strain-rate ε̇0 = 0.01 s−1 unchanged, the compressive stress-strain
curves (Rohacell 51WF) at −70◦C, −40◦C from (Poxon, 2012) and 40◦C (testing in this study)
were selected to fit the model parameters of the function H(T ). As seen in Fig. 2a, the PMI
foam specimens (100mm×100mm×50mm) are tested on a universal testing machine with an
environmental chamber (MTS-5T, MTS, USA) according to ASTM D1621 standard with the
same density 51 kg/m3 and loading rate 0.01 s−1 as these in (Poxon, 2012).
Figure 2b first presents the compressive stress-strain curves of the PMI foam at −70◦C,

−40◦C and 40◦C obtained from the experiment (solid lines), respectively. It shows that the PMI
foam will soften (decrease in stress) with an increase of temperature, and so the elastic modulus
and plateau stress will decrease accordingly. By fitting the experimental curves using function
terms of f(ε)H(T ), parameters of H(T ) are obtained, that is a = 0.016, b = 0.26 + 0.0016T ,
and c = 0.042. As shown in Fig. 2b, it indicates that the fitting curves at −70◦C, −40◦C and
40◦C are basically consistent with the experimental curves.
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Fig. 2. (a) Compression test of the PMI foam, (b) experimental curves from testing and fitting curves
with the temperature function H(T )

3.1.3. Determination of density function parameters

Similarly, the density of the PMI foam will also significantly affect its compressive mechanical
behavior. Keeping the temperature T0 = 20◦C and strain rate ε̇0 = 0.01 s−1 unchanged and
only changing the density ρ = 71, 110 and 200 kg/m3, the experimental stress-strain curves
(Rohacell 71WF, 110WF, 200WF) from (Poxon, 2012) are given in Figs. 3a-c, which (solid
lines) exhibit that the higher the density of foam, the greater the yield stress, the shorter
the yield plateau section, and the steeper the dense section. The linear function of relative
density (G1, Eq. (2.4)) and the modified Freundlich model (G2, Eq. (2.5)), as well as the newly
constructed density function (G3, Eq. (2.6)) are used to fit the compressive stress-strain curves
with different densities, and the fitted results are respectively given in Figs. 3a-c (dashed lines).
Figure 3a indicates that the fitting results of the function G1 to the stress-strain curve of a
low-density PMI foam ρ = 71 and 110 kg/m3 is relatively good, but is seriously deviated for a
high-density PMI foam (e.g., 200 kg/m3). That is, the linear function G1 is only applicable to
the low-density PMI foam. While, as shown in Figs. 3b and 3c, the G2 and G3 functions show
highly consistent fitting results for these three densities (71, 110 and 200 kg/m3), respectively.
The fitting errors, (σfit − σexp)/σexp, from these three density functions (G1, G2, G3), are

presented in Fig. 3d. It can be seen that the fitted results of the G2 and G3 functions show
smaller errors than the G1 function when ρ is 71 or 110 kg/m3 (the fitting error of the functionG1
at ρ = 200 kg/m3 is too large, so the error curve is absent in Fig. 3d). In addition, Fig. 3d
also indicates that the error curves obtained from the G2 and G3 functions basically coincide
with each other when ρ is 71 or 110 kg/m3. Moreover, when ρ is 200 kg/m3, the error from the
function G3 is slightly smaller that of the function G2. Therefore, for the function G3 (Eq. (2.6)),
the relationships between the model parameters and the relative density of the PMI foam are
then fitted, as shown as

P (ρ∗) = 2.68− 1.37ρ∗ + 0.37ρ∗2

Q(ρ∗) = 0.0094 − 0.011ρ∗ + 0.0031ρ∗2

R(ρ∗) = −0.0051 + 0.032ρ∗
(3.1)
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Fig. 3. Comparison between experimental curves and density function fitting curves of (a) G1, (b) G2
and (c) G3, (d) comparison of fitting errors for different density functions

3.1.4. Determination of strain-rate function parameters

Subsequently, the influence of the strain rate is considered, since the compressive mechan-
ical behavior of the PMI foam is also sensitive to it. Keeping ρ0 = 51 kg/m3 and T0 = 20◦C
unchanged, and just changing the strain-rate (ε̇ = 8.3 · 10−4 s−1, 9.1 and 100 s−1), the strain-
-rate functions, M1 Eq. (2.7), M2 Eq. (2.8) and M3 Eq. (2.9) are sequentially selected to fit
the experimental curves (Rohacell 51WF) obtained from (Flores-Johnson et al., 2008) and
(Poxon, 2012). Figures 4a-c present a comparison between the fitted curves and the experi-
mental curves, respectively, which show that the higher the strain-rate, the greater the yield
stress and the shorter the yield plateau section. Among them, Fig. 4a indicates that the Seeger
model M1 fits well with the curve when ε̇ = 8.3 · 10−4 s−1 (quasi-static loading). However,
when ε̇ = 9.1 and 100 s−1, the plateau section fitted by the function M1 is higher, while the
densification section is relatively lower. That is, the function M1 is not suitable for high strain-
rate situations. And as can be seen in Fig. 4b, M2 also performs well under the quasi-static
condition, and has improvements in the first half of the plateau section and the densification
section when compared to M1 function, but not sufficient. On the contrary, the function M3
can fit the experimental stress-strain curves well for these three strain rates, as can be seen in
Fig. 4c.

Especially, compared to M1 or M2, M3 shows superior fitting accuracy in the densification
section, as shown in Fig. 4d. Therefore, the relationships between the model parameters of the
function M3, Eq. (2.9), and the strain-rate are then obtained, as seen in Eqs. (3.2)
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i = 0.037 − 0.0024 ln ε̇
ε̇0
+ 6.11 · 10−5

(
ln

ε̇

ε̇0

)2

j = 217.89 − 40.34 ln ε̇
ε̇0
+ 1.82

(
ln

ε̇

ε̇0

)2

k = 55.61 − 8.22 ln ε̇
ε̇0
+ 0.32

(
ln

ε̇

ε̇0

)2

(3.2)

Fig. 4. Comparison between experimental curves and strain-rate function fitting curves of (a) M1,
(b) M2 and (c) M3, (d) comparison of fitting errors for different strain-rate functions

It can be seen from Figs. 2 and 4 that the effects of strain-rate and temperature on the
compression stress-strain curve of the PMI foam are opposite, which can be simply linked through
the time-temperature equivalence principle (Poxon, 2012). That is, the mechanical behavior of
the PMI foam at a certain strain-rate can be mapped to the response at a certain temperature.
For example, for the PMI foam, when ρ = 51 kg/m3, the mechanical behavior of T = 20◦C and
ε̇ = 100 s−1 can be mapped to each other, and the same is true for the mechanical behavior
of T = −70◦C and ε̇ = 0.001 s−1. Also, when ρ = 200 kg/m3, the state of T = 20◦C and
ε̇ = 1000 s−1, and the state of T = −70◦C and ε̇ = 0.001 s−1 can be mapped to each other too,
as can be referenced in the study carried by Poxon (2012).

3.2. Verification by experimental curves

The improved phenomenological constitutive model of the PMI foam based on the Sherwood-
Frost model is obtained in Section 3.1, in which the effects of temperature, density and strain-
rate on the compression stress-strain curves can be considered simultaneously. The stress-strain
curves from case 1 (ρ = 51 kg/m3, T = 80◦C, ε̇ = 0.01 s−1), case 2 (ρ = 110 kg/m3, T = 20◦C,
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ε̇ = 0.01 s−1) and case 3 (ρ = 51 kg/m3, T = 20◦C, ε̇ = 0.1 s−1) are obtained by compressive
testing (as seen in Fig. 2a), which are used to verify the H(T ), G3 and M3 functions in the
improved model. As shown in Fig. 5a-c, the experimental curves (solid lines) and the verified
curves (dashed lines) are quite consistent, and the error margins are −13.39%-+4.76% (case 1),
−9.94%-+9.52% (case 2), and −3.69%-+5.41% (case 3), respectively, which indicates that the
modified model can effectively predict the compressive stress-strain curves of the PMI foam.
Among them, in case 1, due to the temperature effect (T = 80◦C), the transition zone between
the plateau and densification section is becoming less apparent, resulting in slightly higher errors
compared to the other two. Moreover, compressive testing under ρ = 51 kg/m3, T = 120◦C and
ε̇ = 0.00167 s−1 (case 4) is also conducted to characterize the fitting effect of the model on the
coupling effect of strain-rate and temperature, as shown in Fig. 5d, indicating a relatively small
fitting error. However, under low strain-rates, the fitting results of the transition section from
the elastic stage to the plateau section (the curve knee) are poor and further improvement is
needed. At the same time, when the temperature reaches 120◦C, the transition zone between
the plateau and densification section is no longer obvious (Xing et al., 2024), so the fitting result
of this zone is also poor.

Fig. 5. Experiment and verification curves of (a) H(T ), (b) G3, (c) M3 and (d) H(T ) coupled with M3

3.3. Finite element (FE) calculation verification

Abaqus software is used to model the uniaxial compressive mechanical behavior of the PMI
foam (Rohacell 51WF). Figure 6a displays the FE model for compression specimens using ele-
ment C3D8R, where, a simple model consists of a cuboid foam (100mm×100mm×50mm, same
size as specimens in Fig. 2a) and two rigid compression surfaces with boundary and loading
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conditions. The PMI foam properties are input through an elastic-plastic model in the property
module. In the elastic term, the foam modulus of temperature effect T = 80◦C and strain rate
effect ε̇ = 0.1 s−1 are 44.68MPa and 69.09MPa, respectively, and the Possion ratio is 0.33. In the
plastic term, 0.013 and 0.011 are respectively selected as yield strains for the temperature effect
and strain rate effect, and the plastic strain and stress data generated by the improved model
(Eqs. (2.2) and (2.3) with parameters are obtained in Section 3.1 for the temperature effect, as
well as Eqs. (2.2), (2.9) and (3.2) for the strain rate effect) are used as the foam plastic property.
The reference points coupled with the rigid surfaces are established for the purpose of applying
loads and extracting the constraint reaction force, where the bottom one is constrained in all
directions, while the upper one only unconstrained in the z-direction, and the foam compression
process is simulated by moving it down. Moreover, universal contact (hard contact, penalty al-
gorithm) is used between the surfaces and the foam. By conducting mesh sensitivity analysis on
the model, an ideal mesh size of 2mm is obtained.

Fig. 6. Compressive simulation of the PMI foam (a) model with boundary and loading conditions, and
(b) stress field of z-direction during the compression

Fig. 7. Comparison curves of experimental, model prediction and simulation (a) temperature effect,
(b) stress-rate effect

The simulation results show that the stress concentration first occurs in the center of the
foam, as shown in Fig. 6b, which is consistent with the experimental results as given in Fig. 2a.
The calculation results of temperature and strain-rate effects obtained by converting the force
and displacement of the reference point are shown in Figs. 7a and 7b, respectively, which indi-
cate a good agreement with the experimental results. Therefore, experimental and simulation
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verifications prove that the improved model proposed in the present work can well predict the
mechanical response of a PMI foam during uniaxial compression when the effects of density,
temperature and strain rate are considered separately or simultaneously.

4. Conclusions

The constitutive model of the foam plays a decisive role in the design and failure analysis of foam
sandwich structures. There are few studies on the constitutive model of the PMI foam, and often
only a single variable is considered, such as density or temperature. In this work, a constitutive
model for the PMI foam has been proposed to describe the compressive mechanical behavior
simultaneously considering density, temperature and strain rate. Key conclusions drawn from
this study are summarized here:
• Based on the traditional Sherwood-Frost constitutive model and combined with the exper-
imental data of the PMI foam, a new improved constitutive model containing new function
terms of temperature, density, and strain rate for the PMI foam is proposed.
• The parameters of the temperature term, density term and strain-rate term in the new
model are successively obtained by fitting the compressive stress-strain curves under dif-
ferent temperatures, densities and strain-rates. The new model shows a higher accuracy
when comparing with the terms proposed in the previous studies.
• The new model is well verified by the compressive experimental data (error ranges,
−13.39%-+4.76% for case 1, −9.94%-+9.52% for case 2, and −3.69%-+5.41% for case 3)
and numerical simulation curves at different temperatures, densities and strain-rates, which
can successfully predict the compressive mechanical response of the PMI foam if the effects
of temperature, density and strain-rate are concurrently considered, and the error is within
an acceptable range.
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The concept of Urban Air Mobility (UAM) assumes that a significant part of road traffic
and services will be shifted to the airspace. The appearance of a large number of VTOLs
over urban agglomerations must be preceded by a set of ATM and risks analysis. In order
to support this process, a tool for aircraft traffic analysis in urban agglomerations has been
developed. In the article, the software is presented, where all crucial features and configura-
tion are shown. To prove its usability, a couple of simulations have been conducted. Finally,
the results of test simulations and their analysis are described.

Keywords: Urban Air Mobility, air traffic analysis, flight simulation, vertical take-off and
landing aircraft, unmanned aerial vehicles

1. Introduction

The growing complexity of advanced aviation systems brings new threats to safety and security
and poses several regulatory and technical challenges. As UAV traffic increases, it is important
to ensure the safe integration of UAV into an air traffic management system initially designed
to support manned aircraft (Thipphavong et al., 2018). The growing use of UAVs in urban
environment will increase the risks of potential collisions, various incidents and accidents that
can result in serious losses or injury. Since the use and applications of UAV are increasing and
diversifying, it is necessary to develop effective risk management practices, methodologies, and
processes in order to ensure the safety of operations. Identifying and understanding the risk
factors (Castro and Garcia, 2021; Ellis et al., 2020) is a key step in developing risk mitigation
and response measures for UAV operating in urban environments.
To verify various approaches, methods and air traffic rules to the UAM, a dedicated simu-

lation tool was developed. A virtual environment in which different scenarios could be tested
may be used to identify and mitigate some risks in the UAM. The goal of the UAM TAT is to
identify potential hazards and then determine which safety regulations and procedures applied
are most reliable and safe.
From among the research (European Aviation Safety Agency, 2015; Meincke et al., 2022) it

seems that a centralised method for controlling UAVmay not be efficient and it is needed to apply
a decentralised approach. Conducting various case studies, it is possible that not all methods
and regulations are scalable from general aviation. The UAM TAT allows one to simulate various
platforms with different range of autonomy, dynamic properties (e.g. velocity, turn radius, weight,
onboard sensors, ability to S&A). Consequently, the software and hardware onboard the UAVs
needs to be unified and integrated, which is a significant challenge to overcome in the future.
Conducting simulations by varying those parameters could result in defining the regulations
for national aviation authorities regarding the minimum requirements for UAVs to be approved
in the current U-Space. The developed tool is also capable of defining various methods of air
traffic rules such as queuing, prioritization and emergency situations. This feature could result
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in determining effective and safe methods of controlling the U-space. In the following paper, the
tool for traffic analysis and its features is presented, followed by some case studies.

2. Input data, modelling and simulation

Urban Air Mobility Traffic Analysis Tool is comprised of several modules which allow one to
run the full simulation and obtain the desired output:

• input data generation script,
• input data preprocessing module,
• simulation module,
• plot and output files generation module.

2.1. Input data generation

The goal of the input data generation script is to create an input file containing data about
each simulated VTOL based on parameters provided by the user which are presented in Tables 1
and 2. These parameters are stored as JSON-formatted text in population declaration files.

Table 1. Description of parameters used for invariant input data generation

Parameter name Description

familyName VTOL family name, it has no influence on their behavior during the
simulation

numberOfDrones Number of VTOLs of this family present in the simulation
failureRate Failure rate parameter, it influences the frequency of malfunctions

occurring in the simulation

VTOLs waypoints are generated by using population density data in the simulated region.
They are published by Statistics Poland as one-kilometer grids (GIS Support, 2022). The no-
fly zones for presented airspace are published by Polish Air Navigation Services Agency (2019,
2023). The user can introduce any To allow for testing new Urban Air Mobility traffic solutions,
it is possible to add user-defined zones to the simulation.
The first step of preparing simulation is generation of parameters for particular families of

VTOLs. The parameters shown in Table 1 such as familyName and failureRate are directly
assigned to each VTOL from the family, whereas numberOfDrones is the number of VTOLs that
should have their data generated. Parameters shown in Table 2 are randomly generated for each
VTOL. For parameters containing a probability density function described by user-provided
weights the program uses this data to randomly draw their values. Four types of routes were
implemented in the program. The generated waypoints are ensured not to lie inside a no-fly
zone.

2.1.1. Point-to-point

Based on the population density, the program generates take off and landing waypoints. It
is the simplest type of route, comprising of two waypoints only. This type represents e.g. taxi
routes.

2.1.2. Hub-to-point

VTOL takes off and lands in one of the hubs and flies via waypoints. This implementation
simulates courier deliveries – parcels are picked up from large hubs and then delivered to cus-
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Table 2. Description of parameters used for randomized input data generation

Parameter name Description

autonomyLevel Two-row matrix containing VTOL autonomy levels and correspond-
ing weights. The autonomy level of a particular VTOL is drawn
according to this probability density function

size Vector containing lower and upper bounds of VTOL size. The size
of a particular VTOL is drawn using a uniform distribution with
these parameters applied

safetyZone Vector containing lower and upper bounds of VTOL safety zone
size. The size of a particular safety zone is drawn using a uniform
distribution with these parameters applied

velocity Vector containing lower and upper bounds of VTOL cruise speed.
The speed of a particular VTOL is drawn using a uniform distribu-
tion with these parameters applied

range Vector containing lower and upper bounds of VTOL range. The
range of a particular VTOL is drawn using a uniform distribution
with these parameters applied

altitude Vector containing lower and upper bounds of VTOL cruise altitude.
The cruise altitude of a particular VTOL is drawn using a uniform
distribution with these parameters applied

departureTimes Two-row matrix containing departure hours and corresponding
Distribution weights. The departure time of a particular VTOL is drawn accord-

ing to this probability density function
routeType VTOL route type: “point-to-point”, “hub-to-point”, “hub-to-point-

to-point-to-hub” or “loitering”
hubsList Matrix containing geographic coordinates of VTOL hubs and

weights corresponding to them

tomers. Deliveries statistics were estimated, based on a parcel locker used by a leading Polish
parcel delivery company – InPost. It was estimated that:

• 32% of VTOLs would fly to between 1 and 2 waypoints,
• 44% of VTOLs would fly to between 3 and 4 waypoints,
• 23% of VTOLs would fly to between 5 and 8 waypoints.

The number of waypoints is drawn from aWeibull distribution whose probability density function
is described as follows:

f(x;λ, k) =
k

λ

(x
λ

)k−1
e−(x/λ)

k

(2.1)

The Weibull distribution parameters allowing for satisfying the estimated number of deliv-
eries were calculated to be: λ = 3.31506 and k = 1.88177. The mean number of delivered parcels
per VTOL for these parameters is 3.41.
After summing up the total number of waypoints for a given VTOL family, the program

draws the waypoints locations based on the population density distribution. Then, one of the
waypoints is chosen as the first point of the route. The next step is to pick the following waypoints
as the ones closest to the first point. Moreover, the closest hub is selected as the takeoff location.
It ensures optimal distribution of the “parcels” in the hubs. The last step is to apply a travelling
salesman algorithm to the waypoints in order to determine their optimal order.
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2.1.3. Hub-to-point-to-point-to-hub

In this type of route the VTOL takes off in one of the predetermined hubs, flies to two points
and ends its flight in one of the hubs (possibly the first one). This type of route simulates food
deliveries from restaurants to clients.

2.1.4. Loitering

This type of route simulates the flight of VTOLs which are used to fly in specific areas (e.g.
for recreational or inspection purposes). They move chaotically over a limited area, take off and
ending their flight in the same spot. The waypoints are drawn taking into account the VTOL
range.

2.2. Input data preprocessing

Since the input data contains only the main waypoints, it is necessary to determine a path
which the VTOL should follow in order to avoid entering the no-fly zones and take into account
the limited-fly zones.

2.2.1. No-fly zones

If a route leg crosses a no-fly zone, the program determines intermediate waypoints in such a
way that flying through this zone is avoided. For this purpose, the A* algorithm (Hart et al.,
1968) is used.

2.2.2. Limited-fly zones

The limited-fly zone, as opposed to the no-fly zone, is not entirely inaccessible for VTOLs.
The VTOL can fly in the zone if its departure or destination point is located there. The inter-
mediate waypoints are determined in such a way that the time of the VTOL presence in the
zone is minimized.

2.3. Simulation module

The VTOL is modelled as a point particle with 3 degrees of freedom. In order to determine
its position and velocity in consecutive steps of the simulation, the following equation of motion
is used

rki+1 = r
k
i + v

k∆t (2.2)

where: r – VTOL position vector, v – VTOL velocity vector, k – VTOL number, i – time step
number, ∆t – time step.
A constant time step is used in the simulation (usually set as ∆t = 1 s). Components of the

velocity vector are determined based on the direction from the VTOL position in the current
time step to the next waypoint position and the cruise speed of the VTOL

vk =
wk − rki
‖wk − rki ‖

V k (2.3)

where: wk – next waypoint position, V k – cruise speed.
One of the most crucial functionality is the detection of collisions between the VTOLs and

violations of safety zones (Żugaj et al., 2016). The safety zones were implemented to help analyze
cases in which it might be desirable to ensure a specific separation distance between the VTOLs.
In the case of VTOLs collision, which are modelled as spheres in this part of the program, it is
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checked whether the distance between the centers of the spheres is smaller than the sum of their
radii (which is a half of their size). Safety zone violation is checked in the same way, however the
safety zones are generally larger. The program simulates drone malfunctions (GPS loss, bad data
transmission, subsystems failure) based on a preassigned failure rate (Jankowski et al., 2024).
Three types of malfunctions were implemented:

• free fall,
• autonomy level drop,
• loitering.

As part of the program settings, the user has the ability to input probability levels for the
occurrence of each type of malfunction. It is important to note that a VTOL with the “0” level
of autonomy cannot experience a malfunction causing it to drop its autonomy level or start
loitering.

2.3.1. Free fall

If the drone experiences the free fall, its horizontal velocity is zeroed. Its vertical velocity is
calculated based on a predefined ratio of the free-fall to cruising velocity.

2.3.2. Autonomy level drop

After detecting an autonomy level drop, it is reduced by 1, and if it falls to 0, the VTOL
takes off loitering.

2.3.3. Loitering

In the case of the loitering malfunction, the program determines the loitering route waypoints
based on the current VTOL position, its range and the distance that it flew up to this moment.

2.4. Output data generation

The program is able to generate several types of output files which help analyzing the sim-
ulation results.

2.4.1. Animation

The first type of output file is an animation which visually presents the air traffic over the
simulated region (see Fig. 1). The generated map presents the VTOLs that were airborne at
the particular point in time. Different colors allow one to distinguish VTOLs with different
autonomy levels. The no-fly and limited-fly zones are marked with red and yellow polygons,
respectively. Moreover, the animation shows the current local simulation time and the number
of airborne VTOLs.

2.4.2. Heat maps

Another type of output files are heat maps. They present the traffic density over a partic-
ular region. Before starting the simulation, the whole region is divided into bins. During the
simulation, the number of VTOLs present in the bins at the particular time steps is summed
up. It allows one to quickly evaluate where the most dense traffic occurs. Moreover, heat maps
presenting the number of collisions generated, as well as the number of collision avoidance ma-
noeuvres.
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Fig. 1. Animation screenshot

2.4.3. Number of airborne VTOLs

In order to show the daily distribution of traffic, the program generates a plot of the number
of airborne VTOLs as a function of time. The plot shows how the number of airborne VTOLs
changes during a day, taking into account the division between the autonomy levels.

2.4.4. Collisions histogram

The next type of plot is the collisions histogram. The plot presents the number of collisions
as a function of time.

2.4.5. Simulation report

The last type of output file is the simulation report which is the only output stored as a
text file. It stores the most important metrics about the performed simulation. The file contains
information such as: simulation start time, local simulation time at its beginning, simulation
time duration, total number of VTOLs in the simulation, table containing the number of VTOLs
present in the simulation divided based on the autonomy level, total number of collided VTOLs,
total number of collision avoidance manoeuvres.
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3. Case study

This Section covers several examples examined using UAM TAT. This case study investigates
the influence of presence of no-fly zones and limited-fly zones over the area of Warsaw (Poland)
on the traffic density and collision probability. The three presented cases use the same input
data in terms of VTOL flight distribution and only differ in airspace configuration.

3.1. Input data

Four VTOL families were taken into account in the case study, i.e.: recreational drones, air
taxis, parcel delivery and food delivery.
The recreational drone family consists of 100 VTOLs, all of which have the lowest autonomy

level (0). Their route type is “loitering” with origins distributed according to the population
density in Warsaw. The assumed departure times distribution is presented in Fig. 2a.
The taxi family consists of 20000 VTOLs, all with the highest autonomy level (4). They

fly “point-to-point” route type with departure and destination points distributed according to
population density. Departure times are distributed according to daily road traffic distribution
(see Fig. 2b, source Warsaw Metropolitan Roads Administration, 2923).

Fig. 2. (a) Recreational VTOLs family departure times distribution. (b) Air taxi family departure times
distribution

The parcel delivery family consists of 45365 VTOLs with various autonomy levels (between
1 and 3). They fly “hub-to-point” route type with a 3.41 average number of stops distributed
according to population density. Departure hubs were associated with the major parcel delivery
hubs in the Warsaw area. The distribution of departures per delivery hub was determined based
on the market share of the particular delivery company (InPost S.A., 2023; Laast Mile Experts,
2022). Parcel delivery departure times were assumed to be uniformly distributed between 07:00
and 22:00.
The food delivery family consists of 7706 VTOLs with various autonomy levels (between 1

and 3). They fly “hub-to-point-to-point-to-hub” route type with two stops. The second stops
(associated with the delivery point) were distributed according to population density, while
the first ones (associated with pick-up points) were randomly selected in the vicinity of the
delivery point. Departure hubs were associated with the major shopping centres in Warsaw (as
a suitable area for housing large VTOL maintenance facilities). The nearest hub is selected for
departure. The daily distribution of food deliveries was taken from (Stava, 2023). The cruise
altitude is randomly selected for each VTOL with the exception of recreational drones for which
the altitude varies during the flight. All three simulations cover a period of 24 hours and the
simulation time step was 1 second.
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3.2. Results

Figures 3 and 4a present the heat maps of airborne VTOLs for three simulations (i.e. no
airspace restrictions, no-fly zones, no-fly zones and limited-fly zones cases, respectively). The
heat maps are expressed in drones per hectare which must be understood as the number of
VTOLs visible over an area of one hectare for one day over a period of one day (i.e. 1 drone/ha
means that over an area of one hectare there was one drone visible continuously for the duration
of the entire day). VTOL hubs are clearly visible, as well as natural corridors of increased air
traffic appearing after the introduction of airspace limitations.

Fig. 3. Heat map of airborne VTOLs: (a) case 1, no airspace restrictions, (b) case 2, no-fly zones (red)

Fig. 4. (a) Heat map of airborne VTOL – case 3, no-fly zones (red) and limited-fly zones (yellow).
(b) Heat map of VTOL collision avoidance manoeuvres – case 3, no-fly zones (red) and limited-fly

zones (yellow)
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Figure 4b presents the heat map of VTOLs collision avoidance manoeuvres for the third case
(with most airspace restrictions). It should be noted that although there is a visible increase in
the number of events in the flight corridors, almost all events occur at the hubs where VTOLs
take off and land.
Figure 5 presents daily airborne VTOLs distribution for each autonomy level (only one graph,

corresponding to case 3, is presented as the differences between cases were insignificant).

Fig. 5. Number of airborne VTOLs as a function of time – case 3, no-fly zones and limited-fly zones

Figure 6 presents the daily distribution of collisions and avoidance manoeuvres (only one
graph, corresponding to case 3, is presented as the differences between cases were insignificant).
Table 3 summarises the results in terms of the number of collisions and avoidance manoeu-

vres. Counter-intuitively, it seems that the number of events does not increase with airspace
restrictions but this effect is just dwarfed by the number of events in the vicinity of hubs.

Table 3. Number of collisions and collision avoidance manoeuvres for each simulation case

Case
Number of Number of collision
collisions avoidance manoeuvres

No airspace restrictions 897 738825
No-fly zones 865 716675
No-fly zones and limited-fly zones 832 748061

4. Conclusion and further research

The following paper demonstrates a tool dedicated for Urban Air Mobility simulation. It allows
one to implement various families of VTOLs and different air traffic rules. Its modularity makes
it easy to add new parameters or constraints. It is possible to extend and develop deeper the
dynamics of the drones, their inertia and internal features that could impact their interactions,
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Fig. 6. Collision and collision avoidance manoeuvre histograms – case 3, no-fly zones and limited-fly
zones

as well as to expand air traffic management such as to include optimisation of cruising altitude
assignment. The presented system features provide a complete tool for simulation that could
be used e.g. for national civil aviation authorities and U-Space users to define and estimate the
capacity of the given airspace. Secondly, the tool could be used to define VTOLs requirements
that have to be met so they are allowed to the traffic. Finally, various rules and methods for
ATM could be tested and compared to provide the safest solution.
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This study delves into analysis of dynamics and experimentation concerning a double-span
multi-support shaft system in micro gas turbines. Critical speed analysis was conducted,
accompanied by numerical solutions providing insights into the natural frequency. Addition-
ally, an unbalanced response and vibration amplitude of the shaft were calculated, serving as
crucial inputs for dynamic balancing considerations. The study also examined the influence
of stiffness coefficient variations in bearings on the unbalance response. Dynamic balancing
experiments of the motor rotor and the compressor-turbine rotor were conducted separately.
Then a vibration experiment for the double-span multi-support shaft was executed at an
experimental speed of 60000 r/min. The research revealed that rotors could be regarded as
rigid bodies throughout the operational speed range. This study holds significant engineering
implications and a practical application value.
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1. Introduction

1.1. Background

The industrialization process is increasingly constrained by resource and environmental lim-
itations, as the high consumption and emission levels associated with industrial development
are no longer sustainable. Consequently, environmental and energy concerns are gaining promi-
nence. The utilization of reliable and stable high-end energy and power equipment emerges as a
viable solution to address issues related to energy shortages and environmental pollution.
A significant portion of primary energy, approximately 66.4%, is directly dissipated into

environment as thermal energy (Vishwanathan et al., 2018). Notably, there exists a substantial
amount of medium and low thermal energy that remains underutilized, highlighting the potential
for energy recovery in micro gas turbines. Globally, the capacity of micro gas turbines ranges from
25 kW to 250 kW. Through combined generation of electricity and heat, these turbines achieve
an impressive efficiency rate of 80%. Micro gas turbines offer various advantages, including
a minimal number of rotating parts, compact design, small size and weight, as well as ease of
assembly and maintenance (Wołowicz et al., 2021; Villarroel-Schneider et al., 2019). Particularly
noteworthy are their low levels of pollutant emissions and noise, rendering micro gas turbines
suitable for deployment in diverse facilities.
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The adoption of advanced technologies, such as high-speed permanent magnet synchronous
motors, flexible couplings, and elastic foil bearings, characterizes micro gas turbines. Leveraging
the characteristics of high-speed and direct drive, these micro gas turbines efficiently recover
energy and generate electricity (Bo et al., 2018). Figure 1 illustrates the working principle of the
system (Singh et al., 2022).

Fig. 1. The working principle of the micro gas turbine system

Ansaldo Energia (Ramaglia et al., 2018) and Capstone (Othman and Boosroh, 2016) have
produced micro gas turbines within the 30-200 kW power range, employing a double-span shaft
with multi-supports. However, specific structural parameters and design schemes for the shaft
system remain undisclosed. The pivotal technology of the high-speed shaft system, supported
by oil-free lubrication bearings, significantly influences the performance of micro gas turbines,
encompassing aspects like the high-speed coupling and compatibility of the bearing-shaft system.
The high speed of the micro gas turbine, large pressure ratio, high efficiency, and high power
density face constraints imposed by various factors. Ensuring the stable and reliable operation
of the shaft system amid continuous speed improvements remains an ongoing and in-depth
exploration.
The overarching objective of the industry is to maximize the operational speed of the high-

speed double-span multi-support shaft system. However, achieving high rotation speed neces-
sitates the shaft system to traverse multiple critical speeds during operation, rendering the
amplitude limitation of the high-speed shaft system more challenging.

1.2. Research status

In the realm of high-speed, direct-drive energy machinery, the shaft system typically adopts
a series structure. Power machinery with low-rated operating speeds, such as large steam tur-
bine generators operating at 3000 r/min, commonly employs the typical series structure for the
shaft system. Couplings are utilized to connect high and low-pressure rotors (permanent magnet
rotors and generator rotors). The shaft system is supported by multiple bearings and encounters
multiple critical speeds during operation. Under high-speed conditions, the personalized char-
acteristics of shaft systems with varying speeds and powers render the structure of high-speed
shaft systems non-universal. Notably, the amplitude limitation of the shaft system at critical
speeds is particularly significant.
In the double-span shaft of the micro gas turbine, the motor rotor and turbine/compressor

rotor are treated as rigid body rotors, respectively. A flexible coupling is employed to connect
these two rotors. The critical speed of the flexible coupling plays a pivotal role in the overall
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performance of the shaft system. Koo et al. (2015) conducted analysis of the vibration of a shaft
supported by elastic foil bearings with a diaphragm coupling. Schmid and Pradeto (1994) studied
the rotor dynamic characteristics of a high-speed motor-compressor supported by electromag-
netic bearings connected via a diaphragm coupling, highlighting the diaphragm coupling role in
providing a significant margin between the maximum operating speed and the critical bending
frequency. Lorenzen et al. (1989) compared the dynamic characteristics of shaft systems con-
nected by different couplings and found that the diaphragm coupling offered a margin between
the critical speed and operating speed. The structure of the diaphragm coupling is depicted in
Fig. 2.

Fig. 2. Structure of the diaphragm coupling

While the aforementioned studies have delved into the dynamics of double-span multi-
-support shaft systems, they predominantly fall within the realm of the qualitative analysis. Em-
phasis has been placed on identifying reasonable critical speeds; however, there is a noticeable
absence of detailed reports on the dynamic response of high-speed double-span multi-support
shaft systems in micro gas turbines. Given the challenges posed by the high operating speed
and the low stiffness-damping characteristics of gas bearings, successfully navigating the critical
speed is a yet-to-be-resolved issue. Furthermore, insufficient attention has been devoted to elu-
cidating strategies for traversing the first bending critical speed of the diaphragm coupling and
judiciously establishing the margin between the critical speed and operational speed.

The selection of the micro gas turbine shaft system structure is multifaceted, contingent
upon varying power levels and structural parameters. Following the proposal of the high-speed
shaft system structure, uncertainties persist regarding the ability of elastic foil bearings to damp
vibrations and the dynamic behavior of the shaft system under high-speed conditions. Beyond
theoretical analysis, validation hinges on operational experiments involving the shaft system.
Unfortunately, there is a paucity of related experiments for different diaphragm coupling and
double-span shaft structures. Heshmat et al. (2014) presented an 8 kW turbine generator sup-
ported by elastic foil gas bearings connected via a diaphragm coupling. Walton et al. (2012)
conducted operational experiments on two motors connected by a diaphragm coupling, and
Heshmat and Walton (2016) experimented with a motor-flywheel supported by elastic foil gas
bearings connected with a diaphragm coupling. Andrés et al. (2015) incorporated the diaphragm
coupling in a rotor-bearing test device, yet instability was observed during the experiment at
the speed range of 26000 r/min to 27000 r/min. These mixed experimental outcomes underscore
the significance of experimental verification for the structure of high-speed double-span shaft
systems. However, these experiments fall short of providing structure parameters and optimal
dynamic characteristics for the flexible coupling, bearing, and shaft – essential for the effective
operation of the shaft system. Due to the personalized structural characteristics and the scarcity
of practical examples, there is a pressing need for both dynamic analysis and experimental ver-
ification of high-speed double-span shaft systems. The primary challenge lies in the complexity
of the structure and the actual operation in high-speed shaft systems.
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This study addresses this gap by conducting comprehensive dynamics analysis and an ex-
periment of the double-span multi-support shaft system in a micro gas turbine. Firstly, critical
speed analysis was performed in Section 2, accompanied by the provision of numerical solutions
for natural frequencies. Secondly, the unbalance response and vibration amplitude of the shaft
were calculated in Section 3, providing insights for dynamic balancing. The influence of stiffness
coefficients of bearings on the unbalance response of the shaft system was analyzed, enabling the
selection of appropriate bearing parameters for the shaft system based on the results. Thirdly, in
Section 4, a balance experiment was conducted, then a vibration experiment of the double-span
multi-support shaft was executed at an experimental speed of 60000 r/min, and the experimental
results were employed to verify the analysis outcomes. The research methodology and results
hold substantial engineering significance and a practical application value.

2. Analysis of critical speed and modal shape

2.1. Structure of the double-span multi-support shaft system

In the dynamics analysis of high-speed shaft systems, the conventional approach often in-
volves considering two single-span rotors as rigid body modes, ensuring a sufficient margin across
the operating speed range (Guan et al., 2020). Adhering to these principles, the motor rotor in
this study was designed with an approximately symmetrical structure, supported by two bear-
ings. The mass distribution and moment of inertia of the motor rotor exhibit good uniformity
and symmetry.
This study is grounded in practical engineering applications, specifically focusing on mi-

cro gas turbines. It provides a comprehensive understanding of the dynamics response of the
shaft system, taking into account factors such as functional characteristics, power, rated speed,
combination rotor structure, and load distribution of bearings (Kim et al., 2023). The chosen
shaft system structure is the double-span shaft, where the motor rotor is connected to the
compressor-turbine rotor through a flexible coupling. Regarding support methods, there is flex-
ibility in selecting either three or four bearings (Zywica and Baginski, 2019). The structure of
the double-span multi-support shaft system for the micro gas turbine is illustrated in Fig. 3.

Fig. 3. Structure of the double-span multi-support shaft system

2.2. Theoretical model

In ensuring the stable operation of the shaft system under high-speed conditions, it is im-
perative to consider the vibration amplitude of the shaft, a parameter closely tied to both the
natural frequency and the unbalance response of the shaft.
To delve into the vibration amplitude of the shaft system, the essential step involves deter-

mining the natural frequency. This necessitates analysis of the critical speed and modal charac-
teristics of the shaft system (Zheng et al., 2020).
Considering the diaphragms at the left and right ends of the diaphragm coupling as identical

elastic components (Heshmat et al., 2018), the displacement relationship between the left and
right connection ends of the diaphragm coupling is illustrated in Fig. 4. In this depiction, the
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shafts represent rotors at both ends and the rod of the coupling. Taking the left end as an
example, node i represents the node at the end of the rotor, and node j represents the node at
the end of the coupling rod. The lateral displacement of these two nodes is identical, whereas
the angular displacement differs. The radial direction is rigid, and the lateral displacements of
the nodes are expressed as ui and vi.

Fig. 4. Displacement relationship at the connection end of the diaphragm coupling

The column vector at the left end of the diaphragm coupling can be mathematically expressed
as follows (Feng et al., 2021)

qc = [un1, vn1, βn1, αn1, ui, vi, βi, αi, βj , αj , un2, vn2, βn2, αn2]T (2.1)

The mechanical performance of the diaphragm coupling is characterized, as shown in Fig. 5.

Fig. 5. Mechanical performance of the diaphragm coupling (Feng et al., 2015)

The equation of motion of the shaft system was assembled by the matrix of the shaft and
coupling qc as follows

Mq̈+ΩGq̇+Kq = Q(t) (2.2)

where the mass matrixM includes the shaft element matrixMe; and the disk mass and moment
of inertia matrixMd; the gyroscopic matrixG includes the gyroscopic matrix of the diskGd and
the gyroscopic matrix of the shaft Ge; the stiffness matrix K includes the stiffness matrix of the
shaft element Ke and the stiffness matrix of the bearing Kb; the column vector q is composed
of variables from each node. Ω is the rotational speed.

2.3. Analysis of critical speed and modal shape

In the case of a 30 kW micro gas turbine, operating in the electric motor mode, the startup
phase extends from the initial stage to the self-sustaining speed or ignition speed within the
range of 0-60000 r/min. Beyond the self-sustaining speed, the micro gas turbine automatically
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transitions to the generator mode, where it outputs power externally, specifically at the rated
operation speed of 96000 r/min. Structure parameters of the double-span multi-support shaft
system are presented in Table 1.

Table 1. Structure parameters of the shaft system (30 kW, 96000 r/min)

Parameter Value

Length of shaft system [mm] 440
Length of motor rotor [mm] 230
Diameter of motor rotor [mm] 32
Length of compressor-turbine rotor [mm] 180
Diameter of compressor-turbine rotor [mm] 32
Bearing support span of motor rotor [mm] 180
Bearing support span of compressor-turbine [mm] 40

To analyze the critical speed of this double-span multi-support shaft system, the calculation
model, depicted in Fig. 6, was established by the finite element method. For the critical speed
analysis, the right end term of Eq. (2.2) was set to zero, and the characteristic equation was
solved. This process was executed using a MATLAB programme, yielding numerical solutions
for the natural frequency, which are presented in Table 2.

Fig. 6. Schematic diagram of the double-span multi-support shaft system model

Table 2. Natural frequencies of double-span multi-support shaft systems

No.
Natural Rotation

Vibration modes
frequency [Hz] speed [r/min]

a 319 19140 Rigid body translation of compressor-turbine rotor
b 337 20220 Rigid body translation of compressor-turbine rotor
c 392 23520 Rigid body translation of motor rotor
d 395 23700 Rigid body translation of motor rotor
e 427 25620 First-order bending of diaphragm coupling
f 496 29760 First-order bending of diaphragm coupling
g 768 46080 Conical vibration of compressor-turbine rotor
h 817 49020 Conical vibration of compressor-turbine rotor
i 1166 69960 Rigid body conical vibration of motor rotor
j 1217 73020 Rigid body conical vibration of motor rotor
k 3326 199560 First-order bending of compressor-turbine rotor
l 3796 227760 First-order bending of compressor-turbine rotor
m 3865 231900 First-order bending of motor rotor
n 4277 256620 First-order bending of motor rotor
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The modal shapes of the shaft are illustrated in Fig. 7. The vibration modes corresponding
to the rigid body are depicted in Fig. 7a to Fig. 7d and Fig. 7g to Fig. 7j. Figures 7e and 7f
represent the first-order bending vibration mode of the diaphragm coupling. The first-order
bending vibration modes of the motor rotor and the compressor-turbine rotor are captured
in Fig. 7k to Fig. 7n. Notably, the diaphragm coupling effectively isolates bending vibrations,
allowing the vibrations of the rotors to exhibit corresponding independence.

Fig. 7. Vibration mode of the double-span combined rotor shaft system

Figure 7 shows modal shapes of the double-span shaft system at the critical speed. The
rigid body vibration mode of the shaft describes the rigid shape of both rotors and a flexible
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deformation of the diaphragm coupling. The flexible vibration mode of the shaft is that when
the rotor bends.
In the rigid vibration mode, the critical speeds of forward precession were 20220, 23700,

49020, and 73020 r/min, while the critical speeds of backward precession were 19140, 23520,
46080 and 69960 r/min. Within the rated speed range of 96000 r/min, only rigid vibration modes
of the two rotors existed. The first-order bending critical speeds of the diaphragm coupling were
25620 and 29760 r/min, significantly distant from the rated speed of 96000 r/min. The first-order
bending critical speeds of the rotors were 199560, 227760, 231900, and 256620 r/min, exceeding
one times the rated speed. The rated speed and the bending critical speed provided ample
distance, ensuring a sufficient safety margin for the dynamical performance of the shaft.
As depicted in Fig. 7, it is evident that in the low-frequency rigid body mode of the shaft,

one rotor exhibits significant vibration while the other rotor experiences minimal vibration. One
rotor demonstrates a rigid body vibration mode, encompassing translation and conical vibration.
All modes within the rated speed range are rigid body vibrations, indicating that the operation
of the shaft is unaffected by rigid body vibration modes. However, caution should be exercised
to avoid bending vibration modes. The high-frequency bending modes include the first-order
bending modes of the two rotors, with the bending region primarily appearing at positions of
the permanent magnet and bearings.
The first-order bending critical speed of the shaft was higher than the rated speed. Rotors

were regarded as rigid bodies throughout the operation speed range. The shaft had the sufficient
safety margin between the rated speed and the bending critical speed.

3. Analysis of unbalance responses

3.1. Unbalance response calculation

In addition to the resonant natural frequency derived from the preceding analysis, the pri-
mary cause of vibration amplitude is the inertial centrifugal force resulting from the unbalanced
mass of the rotor. This centrifugal force is directly proportional to the square of the angular
speed, making the unbalance response particularly prominent in high-speed systems. The anal-
ysis of unbalance response primarily concentrates on examining the sensitivity of the rotor to
unbalance at different positions. By calculating the unbalanced response, predictions regarding
the vibration amplitude and frequency of the rotor during operation were made. Measures were
then implemented to restrict the excessive vibration amplitude.
Given the high operating speed of the system under study, there is a stringent requirement

for dynamic balance accuracy. The permissible residual unbalance is calculated as

Ue = 1000
mG

ω
(3.1)

where Ue is the permissible residual unbalance [g·mm], m is the rotor mass [kg], G is the the
numerical value of the selected balance quality grade [mm/s], ω is the angular velocity of the
service speed [rad/s].
The selected balance quality grade is G1. The calculated maximum unbalance of the rotor is

0.263 g·mm. Leveraging the geometric and vibration characteristics of the double-span composite
rotor system, unbalance values were applied at various locations, including the left end of the
rotor, the center position of the permanent magnet, the thrust disk, and the center position of
the disk, as depicted in Fig. 9. Observation points 1 to 3 were strategically chosen to align with
the locations of three bearings in Fig. 6. Figures 8 to 11 display the amplitudes at observation
points under different unbalance excitations, offering a comprehensive view of the vibration
characteristics of the shaft system.
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Figure 8 illustrates the response to unbalance excitation at the left end of the double-span
composite rotor. Within the rated speed range of 1600Hz, the peak frequencies of shaft vibration
were approximately 506Hz and 1222Hz, aligning with the frequencies of rigid body vibration.
These frequencies also corresponded to the natural frequencies of 496Hz and 1217Hz obtained in
the modal analysis. This unbalance excitation mainly induced vibration at observation points 1
and 2, while observation point 3 exhibited almost no vibration response.

Fig. 8. Results of unbalance responses (unbalance excitation at the left end)

In Fig. 9, the unbalance excitation at the center of the permanent magnet is displayed. Within
the rated speed range, the peak frequencies of rotor system vibration were approximately 400Hz,
506Hz, and 1222Hz, corresponding to the natural frequencies of 395Hz, 496Hz, and 1217Hz in
the rotor modal analysis. Similar to Fig. 8, this unbalance excitation primarily caused vibration
at observation points 1 and 2, with minimal impact on observation point 3. Comparing Fig. 8
and Fig. 9, it is evident that the unbalance excitation applied to the left end had little effect on
the unbalance response at the right bearing. The amplitude of the unbalance vibration at the
right bearing is considerably smaller than that at the left bearings, suggesting effective isolation
by the diaphragm coupling.

Fig. 9. Results of unbalance responses (unbalance excitation at the center of permanent magnet)

Figure 10 depicts the unbalance response to the excitation of the thrust plate. The peak
vibration frequencies at observation points 1 and 2 correspond to the rigid body vibration of
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the rotor. The peak frequency of vibration at observation point 3 was 300Hz, aligning with
the natural frequency of the rigid body vibration of 319Hz obtained from modal analysis. The
amplitude at observation point 3 was the highest in Fig. 10.

Fig. 10. Results of unbalance responses (unbalance excitation at the thrust disk)

In Fig. 11, the unbalance response to the excitation of the disk is shown, with the curve rep-
resenting the response corresponding to the vibration frequency. The peak vibration frequencies
at observation points 1 to 3 were consistent with those in Fig. 10. Comparing Fig. 10 and Fig. 11,
it is apparent that when the unbalance was located at the right end, the vibration frequency
and mode at each observation point were the same, and the amplitude at the right bearing
was maximum. Thus, the vibration frequency and amplitude were related to the position of the
unbalance excitation and the observation point.

Fig. 11. Results of unbalance responses (unbalance excitation at the disk)

According to the results in Fig. 9, the unbalance response of the vibration amplitude was
35µm at the left end of the rotor. In other cases, the maximum unbalance response did not ex-
ceed 15µm, and most amplitudes were smaller than this value. Based on the theory of vibration
analysis, the unbalance response at the same position is directly proportional to the unbal-
ance excitation. Therefore, the unbalance response of the shaft was obtained by calculating the
response at one position based on this proportional relationship.
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Examining the trend of the above curves, it is apparent that within the rated speed range
of 1600Hz, the vibration amplitude near the peak frequency was larger than that at the rated
speed. During the acceleration process, it is advisable to minimize prolonged stays at these
frequency points.

3.2. Influence of bearing stiffness

In order to constrain the vibration amplitude of the shaft, various measures were imple-
mented, including modifying the support span and adjusting the bearing stiffness. This study
conducted analysis on the influence of both the bearing support span and the bearing stiffness
coefficient on the system dynamics.

The bearing stiffness coefficient was varied within the range of 5e4 to 5e8N/m, encompassing
the stiffness coefficient values of various elastic foil bearings. The unbalance response of the
double-span shaft was calculated under different bearing stiffness conditions, as shown in Fig. 12.
The unbalance excitation was at the center of the permanent magnet. The bearing stiffness
coefficients were chosen as 5e4N/m, 5e6N/m and 5e8N/m.

Fig. 12. Comparison of unbalance response under different bearing stiffness: (a) observation point 2,
(b) observation point 3

Figure 12a depicts the unbalance response at observation point 2. The bearing stiffness had an
impact on the unbalanced response. The maximum vibration amplitude approximately occured
at the frequency of 400Hz, when the bearing stiffness was 5e6N/m. The frequency range from
1000Hz to 1600Hz corresponded to the rigid body vibration. As the bearing stiffness increased,
the vibration amplitude increased first and then decreased. In addition to the unbalance response,
the selection of bearing stiffness needs to consider the stability of the shaft system.

In Fig. 12b, the unbalance response at observation point 3 is shown. At around 400Hz, the
maximum vibration amplitude corresponded to the frequency of 400Hz with the bearing stiffness
of 5e6N/m. Comparing observation points 2 and 3, the unbalance response at observation point 3
was much smaller than that at observation point 2. Therefore, it cpuld be observed that the
diaphragm coupling effectively isolated the impact of the unbalance excitation of the permanent
magnet on the compressor-turbine rotor.

The insights gained from the analysis of rotor and bearing parameters hold significant im-
portance, allowing the shaft system to select appropriate structural parameters based on the
analysis results.
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4. Mechanical experimental study of the shaft system

4.1. Dynamic balancing experiment

The dynamic balancing machine was depicted in Fig. 13. When the machine operates, rota-
tion speed is measured by a photoelectric sensor. The driving power of the motor is 1.1 kW, and
the maximum operation speed is 2800 r/min. The support parts are made of a non-magnetic
material, which has no effect on the permanent magnet of the shaft.

Fig. 13. Dynamic balancing experiment: (a) dynamic balancing machine, (b) motor rotor
and compressor-turbine rotor

The dynamic balancing experiment of the shaft was conducted in this machine. The motor
rotor and the compressor-turbine rotor were balanced separately in the rigid state because the
diaphragm coupling could effectively isolate the unbalance response of the motor rotor and the
compressor-turbine rotor.
According to the standard of ISO 1940 (2003), dynamic balancing results of the motor rotor

and compressor-turbine rotor were obtained. Numerical values of the selected balance quality
grade were G1.

4.2. High-speed dynamic experiment on the shaft system

The double-span multi-support shaft system in the micro gas turbine is illustrated in Fig. 14.
The rated power of the micro gas turbine was 30 kW, and the rated speed was 96000 r/min. The
shaft was propelled by a high-speed permanent magnet synchronous motor, and the operating
speed was controlled within the range of 0-60000 r/min. This speed range encompassed the entire
operational spectrum of the micro gas turbine, starting from 0 and reaching the self-sustaining
speed or ignition speed. The experimental setup is depicted in Fig. 14.

Fig. 14. Experimental device for the high-speed shaft with double spans and multiple supports:
(a) double-span multi-support shaft, (b) experimental setup for the shaft
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The double-span multi-support shaft was driven by the permanent magnet synchronous
motor in the experimental device. The maximum experimental operating speed of the double-
span multi-support shaft reached 60000 r/min. The vibration displacement of the shaft was
measured by using eddy current displacement sensors.
Results of the vibration displacement for the double-span multi-support shaft at the experi-

mental speed of 60000 r/min are presented in Fig. 15. In Fig. 15a, displacement amplitudes along
the time history in vertical and horizontal directions are depicted, ranging from around 40µm.
The data of the vibration displacement was processed by the Fourier transform. Figure 15b
illustrates the amplitude in the frequency domain, with the main frequency at 1000Hz corre-
sponding to the frequency caused by the rotor unbalance. The low-frequency at 248Hz aligns
with the rotor whirl frequency. Figure 15c shows the orbit of the shaft centerline at the speed of
60000 r/min. The experimental results validate capability of the shaft for vibration suppression
and show its dynamic behavior at high speeds. The experimental findings indicate that the shaft
operated effectively at the elevated speed of 60000 r/min.

Fig. 15. Experimental vibration displacement of the shaft: (a) time domain diagram of the vibration
displacement, (b) frequency of the vibration displacement, (c) shaft orbit diagram

5. Conclusion

This study conducted comprehensive dynamics analysis of the double-span multi-support shaft
system in a micro gas turbine, leading to the following conclusions:

Critical Speed Analysis: The critical speed analysis was performed, providing numerical so-
lutions for the natural frequency. The first-order bending critical speed of the shaft was
found to be higher than the rated speed, with rotors considered as rigid bodies throughout
the operational speed range. The shaft exhibited a sufficient safety margin between the
rated speed and the bending critical speed.

Unbalanced Response Analysis: Unbalanced response calculations were conducted to pre-
dict vibration amplitudes of the shaft. The maximum unbalance response, located at the
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left end of the rotor, was approximately 35µm. Within the rated speed range of 1600Hz,
vibration amplitudes near peak frequencies were larger than those at the rated speed,
providing valuable guidance for dynamic balance considerations.

Effect of Bearing Stiffness: The variation range of the bearing stiffness coefficient, selected
within the range of 5e4-5e8 N/m, had an effect on the unbalance response. The unbalance
response increased first and then decreased with an increase in the bearing stiffness. The
analysis provided insights for selecting appropriate bearing parameters for the shaft system.

Experimental Verification: Experimental results at the operational speed of 60000 r/min
demonstrated a vibration displacement for the double-span multi-support shaft around
40µm. The experimental findings closely aligned with the calculated results, confirming
the effectiveness of the vibration suppression and dynamic behavior of the shaft at high
speeds. In future experiments, the operational speed will be increased to 96000 r/min.
The nonlinear dynamic stability of the double-span multi-support shaft will be analyzed.
Furthermore, considering the unbalance response and bending vibration of the flexible
coupling, nonlinear dynamics of the double-span multi-support shaft will be complicated.

In summary, this study contributes valuable insights into the dynamic characteristics of the
double-span multi-support shaft system, offering practical guidance for design considerations,
dynamic balance, and operational performance in micro gas turbines.
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In order to solve the problems of nonlinearity, underactuation and insufficient lateral stabil-
ity of an active steering vehicle (ASV) in trajectory tracking tasks, a yaw feedback control
strategy based on differential flatness theory is proposed in this paper. Firstly, the vehicle
integrated monorail model is established, and the vehicle model is linearized by small angle
approximation. Secondly, a suitable flat output is found to convert a complex vehicle model
into a full drive system, and the flatness of the linear model is proved. Then, an equivalent
form of the vehicle model is constructed based on the flat output and its derivatives, and
a feedback controller based on the differential flat theory is designed to complete the tra-
jectory tracking control through active steering and longitudinal motion. Finally, an ASV
control simulation model is built in MATLAB/Simulink, and the simulation results show
the effectiveness of the proposed control strategy under different maneuvering conditions.

Keywords: differential flatness; trajectory tracking; feedback control; underactuated system;
lateral stability

1. Introduction

Active steering vehicles (ASVs) are poised to play a major role in the future of intelligent
transportation. They have the potential to improve vehicle stability, enhance traffic efficiency
and safety, and promote low-carbon transportation. With the integration of computer vision
technology, sensor intelligent perception technology, Internet of Things (IoT) technology, and
new control strategies (Ortiz et al., 2023; Sun et al., 2023; Luo et al., 2022), the vehicle yaw
control has made significant progress and has become a key research focus in modern land
transportation. ASV yaw control can automatically track reference trajectories under varying
speeds, complex road conditions, and uncertain disturbances, guaranteeing enhanced tracking
accuracy and lateral stability.
Importantly, the differential flatness approach can be widely applied in the transportation

sector, as shown in Fig. 1, which includes self-driving passenger cars, self-driving buses, intelligent
express delivery cars, port container driverless transport vehicles, and engineering transport
vehicles, among others.
In recent years, the intelligent vehicle trajectory tracking control has attracted attention of

researchers worldwidely. Most of these studies focus on tracking accuracy, lateral stability, and
control methods, yielding substantial results (Yu et al., 2021; Sun et al., 2024; Yang et al., 2021;
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Fig. 1. Possible application areas for the differential flatness approach

Sun et al., 2023). Wang and Sun (2023) designed a linear quadratic regulator combining feedfor-
ward and feedback, adopting a fuzzy control algorithm and cosine similarity updating mechanism
to quickly adjust weight values, thereby improving vehicle tracking accuracy and computational
efficiency. Rokonuzzaman (2021) developed a dynamic model predictive controller based on neu-
ral networks combined with the big data system of intelligent vehicles, enhancing the accuracy
of vehicle models, and tracking performance. Bai (2019) introduced a nonlinear model predic-
tive controller for mining vehicles, which effectively ensured stable and accurate tracking at
high longitudinal speeds. Mata (2019) proposed a tube-based robust model predictive control
method for vehicle path tracking, considering dynamic differences between the actual vehicle and
the mathematical model and strict constraints on control signals and lateral errors to ensure
tracking accuracy and driving comfort. Kang (2022) suggested an improved active disturbance
rejection control method, applying a new continuous nonlinear function to the extended state
observer, optimally allocating yaw moment to the four wheels to achieve differential control, en-
hancing tracking effect and anti-disturbance robustness. Guerrero (2023) designed a generalized
super-twisting algorithm controller to address the disturbance problem of underwater vehicles,
conducting stability analysis under different disturbances, with simulation results showing good
performance.
It is evident that considering both the lateral displacement and yaw angle response in tra-

jectory tracking research is crucial for improving vehicle tracking performance. However, many
studies overlook the underactuated characters of vehicle systems, with few focusing on underac-
tuated vehicle systems. Most research on underactuation are focused on the field of foot robots,
robotic arms, aircraft, and surface vehicles, etc. To achieve more accurate control of the lateral
displacement and yaw angle response, differential flatness theory and feedback control can be
applied to address the underactuated vehicle system problem.
Fliess (1995) introduced a system equivalent to a linear system through special feedback,

identified as a differentially flat system. Using crane motion planning as an example, it was
demonstrated that the input of a differentially flat system could be expressed through a combi-
nation of the output and its derivatives, which significantly reduced complex integral operations.
This illustrates those issues of uncontrollability, nonlinearity, and underactuation can be resolved
using the properties of differential flatness theory. Huang (2019) proposed an active disturbance
rejection control method based on differential flatness for nonlinear systems with periodic and
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aperiodic characteristics, identifying total system disturbances, selecting appropriate observers,
and employing the fruit fly optimization algorithm to determine controller parameters. The
effectiveness of the proposed method was validated through simulation. Elmi (2013) estab-
lished a three-degree-of-freedom vehicle model, designed a robust linear quadratic regulator,
and performed simulation analysis across a wide range of vehicle speeds and tire characteristics,
demonstrating that the proposed controller ensured robust stability under varying conditions.
Aschemann et al. (2008) combined differential flatness and sliding mode control to enhance error
dynamics stability for unmodeled aerodynamic mechanisms. Differential flatness theory can also
resolve system underactuation issues, as illustrated by Zhuang (2010) who applied differential
flatness to achieve optimal motion planning for non-axisymmetrical spacecraft.
This paper focuses on the yaw control strategy of single-input, multiple-output underactuated

vehicles in trajectory tracking tasks. The main contributions are summarized as follows:

• The differential flatness of an integrated monorail vehicle model is demonstrated, and the
assumed differential flatness output is validated.

• Based on the differential flatness and flat output, the equivalent system form is derived,
representing the system with the differential flat output and its derivatives, thus solving
the underactuation problem.

• A feedback controller based on differential flatness theory is designed, providing high con-
trol accuracy and robust performance.

The organizational structure of this paper is as follows: In Section 2, an integrated monorail
model of ASV is built, combining vehicle kinematics and dynamics. In Section 3, the validity
of the assumed flat output and the differential flatness of the system are proved. In Section 4,
the original system is transformed into an equivalent system represented by the differential
flat output and its derivatives, and a feedback controller based on differential flatness theory
is designed. In Section 5, simulations on ASV in Simulink demonstrate the superiority of the
proposed strategy. Section 6 concludes the paper.

2. Vehicle integrated monorail model

ASV is an underactuated integrated system with high complexity, strong nonlinearity, and uncer-
tainties. In trajectory tracking tasks, its dynamic model is characterized by numerous constraints
and high nonlinearity, making accurate modeling challenging (Wang et al., 2022). Therefore, in
this Section, the vehicle kinematics and dynamics are combined to establish an integrated mono-
rail model of an active steering vehicle.
To align with practical scenarios and facilitate subsequent research, the important character-

istics of the lateral and yaw direction of the vehicle are the focus of this research. The following
assumptions are made during the model establishment process:

• The influence of air resistance, tire changes, and the suspension system is ignored.

• Vertical, tumbling, and pitching movements are disregarded.

• The tire slip angle is small, and the tire lateral force is proportional to the slip angle.

• The road adhesion state and vehicle driving conditions are optimal.

• Active steering is applied to the front wheels of the vehicle.
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Fig. 2. Vehicle monorail model

Based on the assumptions above, a vehicle model, which is simplified to a monorail model,
by considering the similar motion and dynamic characteristics exhibited for both sides of the
vehicle, is established, as shown in Fig. 2.
In Fig. 2, XOY denotes the global coordinate system of the earth, xoy is the vehicle centroid

coordinate system, ye is the lateral deviation, φe is the deviation of yaw angle. The kinematic
model considering the lateral and yaw of the vehicle can be expressed as follows

∆Ẏ = vx sinφ+ vy cosφ φ̇ = w (2.1)

where vx and vy represent longitudinal velocity and transverse velocity, respectively, φ indicates
the vehicle yaw angle, w indicates the yaw angular speed of the vehicle.
According to Fig. 2, the dynamic model considering the lateral and yaw of the vehicle can

be expressed as follows

Fyf cos δf + Fyr = m(v̇y + vxφ̇) lfFyf cos δf − lrFyr = Iφ̈ (2.2)

where Fyf and Fyr, respectively, represent the lateral force of the road on the front and rear
wheels of the vehicle, lf and lr represent the distance from the center of the front and rear wheels
to the center of mass, respectively. δf represents the active steering angle of the vehicle, m rep-
resents vehicle mass, I represents the yaw moment of inertia of the vehicle.
Considering the lateral force generated by the interactions among the front and rear wheels

and the ground, combined with the assumptions made in the process of vehicle model building,
it can be considered that the lateral force is proportional to the side yaw angle, so the lateral
force and side yaw angle can be expressed as

Fyf = −Ckfβf Fyr = −Ckrβr
βf ≈ (vy + wlf − δfvx)/vx βr ≈ (vy − wlr)/vx

(2.3)

where Ckf and Ckr represent the lateral stiffness of the front and rear wheels, respectively, βf
and βr represent the front and rear wheel side angles.
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Generally, a small angle approximation is carried out for the vehicle under normal driving
conditions (Wang et al., 2014), namely: cos δf ≈ 1, sinφ ≈ φ, cosφ ≈ 1. Equations (2.1)–(2.3)
are combined to obtain the vehicle integrated monorail model equation

∆Ẏ = vxφ+ vy φ̇ = w

v̇y = −vxφ̇+ 2
[
Ckf (δfvx − wlf − vy) + Ckr(wlr − vy)

]
/vxm

ẇ = 2
[
lfCkf(δfvx − wlf − vy)− lrCkr(wlr − vy)

]
/vxI

(2.4)

In order to facilitate subsequent derivation and research, the vehicle model equation is sim-
plified, and the relevant parameter combinations are replaced by simple equivalent characters,
and the simplified vehicle model equation can be obtained

∆Ẏ = gφ+ vy φ̇ = w

v̇y = eh+ (avy + bw − g2w)/g ẇ = fh+ (cvy + dw)/g
(2.5)

where

a = −2(Ckf + Ckr)/m e = 2Ckf/m

b = 2(Ckrlr − Ckf lf )/m f = 2Ckf lf/I

c = 2(Ckrlr − Ckf lf )/I g = vx

d = −2(Ckrlr + Ckf lf )/I h = δf

Assuming x1 = ∆Y , x2 = vy, x3 = φ, x4 = w, and x =
[
x1 x2 x3 x4

]T is regarded
as the system state variable, h = δf as the control input, and y is defined as the output after
system operation, then the vehicle model equation above can be converted into the state space
equation

ẋ = A0x+B0h y = C0x x ∈ R4 (2.6)

where

A0 =




0 1 g 0
0 a/g 0 (b− g2)/g
0 0 0 1
0 c/g 0 d/g


 B0 =




0
e
0
f


 C0 =

[
1 0 0 0
0 0 1 0

]

3. Differential flat system construction and output

3.1. Differential flatness theory

For a system ẋ = κ1(x, h), κ1 represents a smooth continuous function, x ∈ Rn1 , h ∈ Rn2.
According to the property of differential flatness, a set of flat output P ∈ Rn2 can be found to
represent a combination of system state variables, control variables and their derivatives, and
both the system state variables and control variables can be represented by the flat output and its
derivatives (Menhour et al., 2014). The system can be regarded as a system based on differential
flatness theory.
The general form of a flat output is as follows

P = ξ(x, h, ḣ, ..., h(i)) (3.1)
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where ξ represents a smooth vector function.
The general form of the system state variable and control variable composed of the flat

output and its derivatives is as follows

x = ψx(P, Ṗ , ..., P
(i)) h = ψh(P, Ṗ , ..., P

(i)) x ∈ Rn1 h ∈ Rn2 P ∈ Rn2 (3.2)

where ψx, ψh both represent smooth vector functions.

3.2. Differential flatness output and flatness proof

If a linear system is controllable, it has differential flatness and can find the corresponding
flat output. The combination of the flat output of a controllable linear system, the inverse of
the Kalman controllability discriminant matrix and the system state variable can represent the
corresponding flat output (Sira-Ramirez et al., 2004; Xia et al., 2016). It can be described more
accurately by a linear system

ẋ = Ax+Bh y = Cx x ∈ Rn (3.3)

Based on the above system, a general form of the flat output can be found

P0 =
[
0 0 0 ... 1

] [
B AB A2B ... An−1B

]−1
x (3.4)

where matrices A0 and B0 are relatively fixed values derived from the model, the system state
variable x changes with the input value, so the flat output P0 mainly depends on the state
variable of the system.
For active steering vehicle system (2.6), according to the controllability discrimination the-

ory, its controllability matrix is shown in (3.5). By using data analysis software to calculate
rank(K0) = 4, that is: matrix K0 is in a state of full rank. Therefore, system (2.6) is judged to
be controllable. The matrix K0 looks like this

K0 =
[
B0 A0B0 A

2
0B0 A

3
0B0

]

=




0 e (ae+ bf)g−1 (ea2 + ebc+ fab + fbd)g−2 − fa
e (ae+ fb)g−1 − fg (ea2 + eb+ fab − bd)g−2 − ec− fa + d ∆24
0 f (ce+ df)g−1 (fd2 + fcb+ eac + ecd)g−2 − cf
f (ce+ df)g−1 (fd2 + bcf + ace+ cde)g−2 − cf ∆44





(3.5)

where

∆24 = −e(ca+ d)(g−1 − bg−3)− a(a2g−3 − c(g−1 − bg−3))
− f((a2g−2 − c+ bcg−2)(g − bg−1) + (a+ 1)dg−1 − (a+ 1)bdg−3)

∆44 = ce((bc + d2)g−3 − cg−1) + ae(a+ d)cg−3

− ef((a+ d)cg−3(1− bg−2)− (bcd+ d3)g−4 + cdg−2)

When an active steering vehicle performs a trajectory tracking task, its system outputs are
∆Y and φ, which are related to the value of matrix C0. It can be seen from (3.4) that the flat
output is not affected by matrix C0, and the differential flat system is relatively independent, so
the differential flat theory can be used here to analyze the system. In order to make the subse-
quent equations and derivations more concise, according to subsequent analysis and derivation,
ce2 + f2(g2 − b) + (d − a)ef is set to G and 0.001(ce − af) is set to u in advance, and u is set
as a constant which is not 0. Obviously, if P0 is valid, then uP0 can also be expressed as a set
of flat outputs, so the assumed flat outputs are

P = uP0 = 0.001u [ 0 0 0 1 ]K−10 x (3.6)
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After expansion

P = α1x1 + α2x2 + α3x3 + α4x4 (3.7)

where

α1 = 0.001 α2 = 0.001fg(bf2 − ce2 + aef − def)/(afG− ceG)
α3 = 0.001(bf − de)/(af − ce)
α4 = 0.001eg(ce2 − aef − bf2 + def)/(afG− ceG)

To get the differential flat output of the state variable, take the derivative of P

Ṗ = β1x1 + β2x2 + β3x3 + β4x4 + β5h

P̈ = η1x1 + η2x2 + η3x3 + η4x4 + η5h

P (3) = λ1x1 + λ2x2 + λ3x3 + λ4x4 + λ5h

(3.8)

where

β1 = β5 = 0 β3 = 0.001g

β2 = 0.001f2g2/G β4 = −0.001efg2/G
η1 = η3 = η5 = 0 λ1 = λ3 = λ5 = 0

η2 = 0.001fg(af − ce)/G λ2 = 0.001(af − ce)2/G
η4 = 0.001eg(ce − af)/G λ4 = 0.001(ce − af)(fg2 − bf + de)/G

From (3.7) we know that β5 = η5 = λ5 = 0, so the state variable x can be represented
by a combination of the flat output P and its derivatives Ṗ , P̈ , P (3), and by combining (3.6)
and (3.7), we get

x =




x1
x2
x3
x4


 =




γ1P + γ2Ṗ + γ3P̈ + γ4P (3)

µ1P + µ2Ṗ + µ3P̈ + µ4P (3)

σ1P + σ2Ṗ + σ3P̈ + σ4P (3)

τ1P + τ2Ṗ + τ3P̈ + τ4P (3)


 (3.9)

where

γ1 = 1000 γ3 = 1000e(ce − af)
γ2 = 1000(abf2 − cde2 + adef + bcef)/g γ4 = 0

σ1 = σ4 = 0 σ2 = 1000/g σ3 = 1000f/(ce − af)
µ1 = µ2 = 0 µ3 = 1000(fg2 − bf + de)/(afgG2 − cegG2)
µ4 = 1000e(ce − af)/G2

τ1 = τ2 = 0 τ3 = 1000/(gG2) τ4 = 1000f/(ceG2 − afG2)

Since the coefficients controlling the input amount h in Ṗ , P̈ , P (3) are all 0, the output
expression of h cannot be flat, so it is necessary to obtain a higher derivative. From system (2.6),
κ2(x, ẋ) = h can be obtained, and κ2 represents a smooth continuous function. At this time, the
fourth derivative of P is obtained

P (4) = ε1x1 + ε2x2 + ε3x3 + ε4x4 + ε5h (3.10)
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where

ε1 = ε3 = 0 ε2 = 0.001(ce − af)(ace− fa2 + cfg2 − bcf + ced)/(gG)
ε4 = 0.001(ce − af)(ed2 − abf + bce− bdf + afg2 − ceg2 + dfg2)/(gG)
ε5 = 0.001(ce − af)

From (3.10) we know that ε5 6= 0, so the control input h can be represented by the flat
output and its derivatives, and by combining (3.7), (3.8), (3.9) and (3.10), we can get

h =
(a+ d)P (3)

gGu
− bP̈

u
− (ad− bc)P̈

g2G2u
− P (4) (3.11)

It is proved by (3.5), (3.9) and (3.11) that the differential flatness of system (2.6) is established
and that the assumed output in (3.6) is indeed flat, that is, the state variables and control input
variables of the system can be represented by the flat output and its finite derivatives, and the
system has flatness.

4. Yaw feedback control strategy based on differential flatness theory

The equivalent system of (2.6) is established based on the differential flatness theory, assuming
χ = [ χ1 χ2 χ3 χ4 ]T and χ1 = P , χ2 = Ṗ , χ3 = P̈ , χ4 = P (3), the equivalent system can
be obtained as follows

χ̇ = A1χ+B1hp y = C1χ (4.1)

where

A1 =




0 1 0 0
0 0 1 0
0 0 0 1
0 0 (bc− ad− bg2G2)/(g2G2) (a+ d)/(gG)




B1 =




0
0
0

(af − ce)/1000


 C1 =

[
1 0 0 0

]

It can be assumed from (4.1) that κ3 = χ̇4 − 0.001(af − ce)h, so that the objective function
can be tracked by controlling the differential flat output function to solve the system underdrive
problem of ASV in trajectory tracking control.
In the feedback controller on the differential flatness (FCDF) control strategy, according to

the target state variable xp and the target control input variable hp obtained from the differential
flatness theory, the deviation system with z1 = x1−xp1, z2 = x2−xp2, z3 = x3−xp3, z4 = x4−xp4
as the state variable and hz = h− hp as the control input variable is constructed.

xp =




xp1
xp2
xp3
xp4


 =




κ4(χ1, χ2, χ3, χ4)
κ5(χ1, χ2, χ3, χ4)
κ6(χ1, χ2, χ3, χ4)
κ7(χ1, χ2, χ3, χ4)


 hp = κ8(χ1, χ2, χ3, χ4, χ̇4)

where κi (i = 4, 5, 6, 7, 8) is a smooth vector function.
Considering the deviation between the target value and the actual value of the state variable,

the deviation of each state variable is substituted into the expression of the system state variable,
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and the deviation expression of the vehicle system state variable can be obtained by combining
system (2.6)

ż1 = gz3 + z2 ż2 = (a/g)z2 + (b− g2)z4/g + ehz
ż3 = z4 ż4 = (c/g)z2 + (d/g)z4 + fhz

(4.2)

The forward Euler method is used for discretization

z1(k + 1) = z1(k) + T (gz3(k) + z2(k))

z2(k + 1) = z2(k) + T ((a/g)z2(k) + (b− g2)z4(k)/g + ehz(k))
z3(k + 1) = z3(k) + Tz4(k)

z4(k + 1) = z4(k) + T ((c/g)z2(k) + (d/g)z4(k) + fhz(k))

(4.3)

where T indicates the sampling time, which is 0.05 seconds in this numerical study, and k indi-
cates the sampling order.
Assuming z(k) = [ z1(k) z2(k) z3(k) z4(k) ]T, the new discrete time-varying deviation

system obtained by combining (4.2) and (4.3)

z(k + 1) = A2z(k) +B2hz(k) (4.4)

where

A2 =




1 T gT 0
0 1 + (a/g)T 0 (b− g2)T/g
0 0 1 T
0 (c/g)T 0 1 + (d/g)T


 B2 =




0
eT
0
fT




A state feedback controller hz(k) = R(k)z(k) can be designed to stabilize the control devia-
tion system approaching zero, then the corresponding system can be expressed as

z(k + 1) = [A2(k, k + 1) +B2(k, k + 1)R(k)] z(k) (4.5)

In the infinite time domain, the performance index of feedback control based on differential
flatness is designed as H, satisfying the following expression

H∞(k) =
∞∑

k=0

zT(k)Mz(k) +
∞∑

k=0

hTz (k)Nhz(k) (4.6)

whereM = diag (m1,m2,m3,m4), N = [n], both are weight matrices.
According to the Riccati algebraic equation, where Q is a positive definite solution of the

equation and satisfies the following expression

M+AT1QA1 −AT1QB1(N+BT1QB1)−1BT1QA1 −Q = 0 (4.7)

State feedback gain R satisfies the following expression

R = −(N+BT1QB1)BT1QA1 (4.8)

According to the vehicle monorail model, the reference active steering angle is δr =
arctan((lf + lr)(1 + ẏ2)3/2

/
|ÿ|), and the final control law of the vehicle actual active steering

angle under the FCDF control strategy is

δf = δr + hz(k) (4.9)
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Table 1. Vehicle parameters

Symbol Meaning Numerical value

m Vehicle mass 1280 kg
lf Distance from center of mass to center of front wheel 1.2 m
lr Distance from center of mass to center of rear wheel 1.26 m
Ckf Front wheel side stiffness 61000 N/rad
Ckr Rear wheel side stiffness 61000 N/rad
I Yaw moment of inertia 1630 kg·m2

5. Simulation and analysis

To verify the effectiveness of the yaw feedback control strategy based on differential flatness,
a vehicle model using differential flatness theory was established in MATLAB/Simulink. The
parameters of the test vehicle are shown in Table 1.

During the path tracking process, it is assumed that the longitudinal speed of the vehicle
is constant at vx = 50 km/h. In order to simulate the trajectory of a real road vehicle, the
curvature of the curve is usually between 0.005 and 0.0001 according to highway engineering
technical standards, so the smooth trajectory design helps the vehicle maintain a stable dynamic
response when it is tested. Lane change and overtaking condition tests were conducted. The track
reference value and yaw angle reference value for these conditions are shown in Figs. 3 and 4,
respectively.

Fig. 3. Reference track and reference yaw angle under lane change conditions

The designed FCDF controls the vehicle for active steering, ensuring that the actual driving
trajectory of the vehicle closely follows the reference trajectory. It also minimizes the deviation
between the vehicle yaw angle and the reference value, ensuring good tracking accuracy and
lateral stability. This Section demonstrates the superiority of the FCDF control strategy by
comparing and analyzing its tracking effect against the PID control strategy.
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Fig. 4. Reference track and reference yaw angle under overtaking conditions

5.1. Lane change condition test

The lane change condition test verifies the track tracking effect and lateral performance of the
vehicle under normal tracking and its response performance under external a random excitation.

Figure 5 shows the response curve of the trajectory tracking effect and lateral deviation.
Simulation results indicate that the maximum absolute lateral deviation under PID and FCDF
control is 0.1702m and 0.1006m, respectively. Compared to PID, the deviation amplitude under
FCDF control is smaller, within the range of (−0.1006, 0.0022) m. The linear section tracking
accuracy is higher with minimal lateral deviation in the curved section. The final deviation
convergence rate is 3.4 seconds faster than that for PID.

Fig. 5. Trajectory tracking effect and lateral deviation under lane change conditions
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Figure 6 shows the yaw angle and its deviation response curve. The maximum yaw angle devi-
ation under FCDF control is within 0.017 rad. The final deviation convergence rate is 1.3 seconds
faster than that for PID. The maximum yaw angle deviation for PID control exceeds 0.036 rad,
with noticeable oscillations. Figure 7 displays the active steering angle response. The maximum
absolute active steering angle for PID and FCDF control is 3.527◦ and 2.740◦, respectively. For
PID control, the steering angle oscillation is significant at curve-straight line junctions, poten-
tially causing vehicle instability, while for FCDF control, the steering angle oscillation is slight,
ensuring vehicle stability.

Fig. 6. Yaw angle response and deviation under lane changing conditions

Fig. 7. Active steering angle under lane change condition

For quantitative analysis, the average absolute deviation (ABD), root mean square deviation
(RSMDV), and maximum absolute deviation (MBD) were calculated and compared. Table 2
shows that ABD, RSMDV, and MBD are smaller for FCDF compared to PID, indicating better
vehicle tracking for FCDF control.
To simulate continuous disturbances during lane changes, a random excitation R1 is added

to the process of obtaining the reference trajectory. The random excitation time in the whole
simulation is 14 seconds

R1 = µr1 + σr1Zr1 (5.1)

where µr1 represents the mean and its value is 0, σr1 represents the standard deviation and
its value is 1, Zr1 represents independent and equally distributed random numbers and fol-
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Table 2. Comparison of vehicle tracking effects under lane change conditions

Evaluation parameter Control strategy ABD RSMDV MBD

Lateral displacement [m]
PID 0.0180 0.0411 0.1702
FCDF 0.0084 0.0240 0.1006

Yaw angle [rad]
PID 0.0031 0.0076 0.0366
FCDF 0.0010 0.0029 0.0169

lows the normal distribution N1(0, 1), the unit of R1 is meter, the sampling time is 0.01 seconds;
the frequency is 100Hz.
Figure 8 shows the trajectory tracking and yaw angle response under such conditions. It

can be seen that the interference will reduce the vehicle tracking accuracy, increase the yaw
angle response and reduce the lateral stability of the vehicle. Despite sustained oscillations and
deviations, FCDF control shows better convergence and smaller deviation amplitude compared
to PID, demonstrating better robustness against external disturbance.

Fig. 8. Trajectory tracking effect and yaw angle response obtained by external random excitation under
lane change condition

5.2. Overtaking condition test

This Section verifies the track tracking effect and lateral performance under normal tracking
and response performance under external random excitation during overtaking.
Figure 9 shows the trajectory tracking effect and lateral deviation. The maximum lateral

deviation for PID and FCDF control is 0.2835m and 0.1946m, respectively. FCDF control
maintains smaller deviation amplitudes within (−0.1946, 0.0052) m. The tracking accuracy is
higher in linear sections, with a minimal lateral deviation in curved sections, and the final
deviation convergence rate is 2.2 seconds faster than that for PID.
Figure 10 shows the yaw angle deviation response. The maximum yaw angle deviation for

FCDF control is within 0.033 rad, with a 3.1 seconds faster convergence to 0 than PID. The
maximum deviation for PID control exceeds 0.063 rad, with evident oscillations. Figure 11 shows
the active steering angle response. The maximum steering angle for PID and FCDF control is
5.815◦ and 4.335◦, respectively. For PID control, the oscillation amplitude is significant at curve-
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Fig. 9. Trajectory tracking effect and lateral deviation under overtaking conditions

-straight line junctions, risking instability. FCDF control maintains slight oscillations, ensuring
stability.

Fig. 10. Yaw angle response and deviation under overtaking conditions

Quantitative analysis (Table 3) of ABD, RSMDV, and MBD shows smaller values for FCDF,
indicating better tracking performance than PID. Figure 12 shows that FCDF control has a bet-
ter convergence and smaller deviation amplitude under external disturbances, demonstrating
superior robustness.
Considering the interference of external uncertainties in the system, a random excitation

R2 is added to the process of obtaining the reference trajectory to simulate the change of the
system due to continuous disturbance under overtaking conditions. The random excitation time
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Fig. 11. Active steering angle under overtaking condition

Table 3. Comparison of vehicle tracking effects under overtaking conditions

Evaluation parameter Control strategy ABD RSMDV MBD

Lateral displacement [m]
PID 0.0427 0.0798 0.2835
FCDF 0.0207 0.0525 0.1946

Yaw angle [rad]
PID 0.0071 0.0146 0.0636
FCDF 0.0023 0.0058 0.0328

in the whole simulation is 14 seconds

R2 = ur2 + σr2Zr2 (5.2)

where µr2 represents the mean and its value is 0, σr2 represents the standard deviation and its
value is 1, Zr2 represents independent and equally distributed random numbers and follows the
normal distribution N2(0, 1), the unit of R2 is meter, the sampling time is 0.01 seconds, the fre-
quency is 100Hz.
The effect of trajectory tracking and yaw angle response are shown in Fig. 12. It can be

seen that the interference will reduce the vehicle tracking accuracy, increase the yaw angle
response and reduce the lateral stability of the vehicle. Through intuitive comparative analysis,
it can be seen that although the trajectory tracking effect and yaw angle response under the
two controllers have sustained oscillation and deviation, the trajectory tracking effect and yaw
angle response under the control of FCDF have a better convergence, and the deviation change
amplitude is small, and both of them are closer to the reference value. Therefore, compared with
PID, FCDF has better robustness to external interference in the trajectory tracking effect and
yaw angle response.
According to the comparison of the time-domain response and steady-state response in the

simulation test of ASV under different working conditions, FCDF can solve the problem of
underdrive in trajectory tracking control better than PID.

5.3. Robustness analysis of FCDF

ASV controller performance is particularly important during path tracking, and ASV is
easy to lose stability at high speed. For this reason, the robustness of FCDF was analyzed for
different vehicle speeds and road conditions. The reference values corresponding to longitudinal
vehicle speeds of 30 km/h, 50 km/h and 90 km/h were Reference 1, Reference 2 and Reference 3,
respectively.
Figure 13 shows the comparison of ASV driving conditions at different speeds under lane

change conditions. Among them, Fig. 13a reflects the overall effect of ASV trajectory tracking
and the lateral deviation generated in the tracking process. Figure 13b reflects the actual yaw
response of the ASV and the deviation from the ideal yaw angle. It can be observed from the
simulation test results that ASV can maintain a good tracking effect in general, and FCDF
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Fig. 12. Trajectory tracking effect and yaw angle response obtained by the external random excitation
under the overtaking condition

has good control performance. For the 90 km/h speed test, the trajectory tracking effect and
yaw angle response both oscillate slightly during 3 s to 5 s, but their amplitude is small and can
converge to 0 quickly. Meanwhile, the lateral deviation and yaw angle deviation in the whole
period are kept within a reasonable range.

Fig. 13. The control effect of FCDF under different speed in the lane change condition: a) trajectory
tracking effect and lateral deviation, b) yaw angle response and deviation

Figure 14 shows the comparison of ASV driving conditions at different speeds under overtak-
ing condition. Among them, Fig. 14a reflects the overall effect of ASV trajectory tracking and
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the lateral deviation generated in the tracking process. Fig. 14b reflects the actual yaw response
of the ASV and the deviation from the ideal yaw angle. According to the simulation test results,
it can be found that a satisfactory tracking effect can be obtained at 30 km/h and 50 km/h,
and the transverse deviation and yaw angle deviation values decrease with a decrease of speed.
At 90 km/h, high speed and continuous sharp turns adversely affect the lateral stability of the
ASV, and the control performance of the FCDF deteriorates, leading to a decline in tracking
performance. Especially in the 2 s to 5 s period, the yaw angle oscillation is relatively sharp and
the amplitude is large, which may be caused by the side of the vehicle tire, resulting in the tire
state touching the nonlinear region.

Fig. 14. The control effect of FCDF under different speed in the overtaking condition:
a) trajectory tracking effect and lateral deviation, b) yaw angle response and deviation

By comparing the simulation results under different driving conditions and different speeds,
the ASV can achieve accurate trajectory tracking and good lateral stability at 30 km/h and
50 km/h speeds, and the control performance of FCDF has good advantages and robustness. As
the speed increases to more than 90 km/h, the ASV can achieve reasonable tracking effect in road
conditions without continuous sharp turns, while the tracking performance will deteriorate to
a certain extent in road conditions with continuous sharp turns. However, as long as the speed
is guaranteed to change within the range of 90 km/h, even if there are external disturbances
or internal uncertainties worse than the actual situation, the ASV can achieve a reasonable
tracking effect in road conditions without continuous sharp turns. The simulation results show
that the FCDF controller can still maintain good robustness and the control tracking lateral
deviation and yaw angle deviation are bounded, which further shows that the ASV system based
on differential flatness theory can effectively solve the underdrive problem.

6. Conclusion

In this paper, based on the active steering vehicle, the trajectory tracking problem of the
single-input multi-output vehicle monorail model with an active steering angle input but lateral
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displacement and yaw angle output is studied. Firstly, through derivation and application of
differential flatness theory, the original vehicle system is transformed into an equivalent form
containing only the flat output and its derivatives. Then, the FCDF control strategy is applied
to control the vehicle tracking and lateral stability, while dealing with external interference
of the system. Finally, the vehicle system was built in Simulink to conduct simulation tests
under lane change and overtaking conditions. The simulation results show that the proposed
method has certain advantages and is conducive to solving nonlinear and underdrive problems
of autonomous vehicles. But the differential flat control method is currently only validated in
simulation, and its implementation can be quite complex, requiring an accurate system model
and a deep understanding of the system dynamics, and may involve complex calculations. In
addition, for systems that do not satisfy differential flatness conditions, other types of control
strategies may need to be considered. Our future work will focus on applying the proposed
control method to a practical experimental platform.
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The shear stress constitutive equation of an anchorage interface element is established based
on a three-stage model, and the expressions for the interface shear stress and axial force
distribution evolution during the whole process of anchor drawing are derived theoretically.
The parameters of the interface model are given through anchor pull-out tests. Then, the load
transfer law and the bearing performance of the anchorage interface under different anchoring
agents are calculated and analyzed. The calculation method of the ultimate bearing capacity
of the anchorage interface is verified by supplementary tests, which can provide theoretical
guidance for the bolt support design.

Keywords: constitutive model, anchor pull-out test, law of load transfer, interface bearing
capacity

1. Introduction

The rockbolt support has been widely used in the roadway surrounding rock support engineering,
because it can fully mobilize the strength and self-stabilizing ability of the surrounding rock
(Zhao et al., 2021; Yi et al., 2020). In the engineering site, failure of the rockbolt support system
will lead to serious instability and damage of the surrounding rock. Therefore, the analysis and
evaluation of the bearing capacity of the rockbolt support system are of great significance for
improving the support effect and reducing the failure risk of the rockbolt support system (Fan
et al., 2021).
In order to explore the failure mechanism of the rockbolt support system, researchers have

conducted a large number of laboratory experiments and in situ tests. The research results show
that failure of the rockbolt support system is mainly caused by interface debonding or rockbolt
breaking (Li, 2010; Wang et al., 2023; Kilic et al., 2002). According to the results of rockbolt
pull-out tests under different pull-out loads, Høien et al. (2021) classified failure mechanisms
of the anchorage into three categories: debonding slip below the yield strength of the rockbolt,
debonding slip between the yield load and ultimate load, and rockbolt breaking under the
ultimate load; Liu et al. (2021) studied the failure mechanism of the anchorage interface through
laboratory rockbolt pull-out tests, then divided the failure mode of the anchorage interface into
the shear slip mode and shear expansion slip mode. Cao et al. (2014) found that the failure mode
of the rockbolt system is closely related to the contact performance of the anchorage interface and
the actual stress state of the material. Researches show that a high-quality anchorage interface
bonding performance is an important part of the bolt support design. It is of great significance
to improve the bearing capacity of the anchorage interface to ensure long-term effectiveness of
the rockbolt support.
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In order to further explore the relationship between mechanical parameters of the anchor-
age interface and anchorage bearing capacity, Kilic et al. (2002) conducted a series of laboratory
tests on a grouting rockbolt, and put forward some empirical formulas for calculating the bearing
capacity of the rockbolt. Holý (2017) used sandstone as an anchor matrix to carry out an anchor
tensile test, and it was found that interfacial shear friction and surrounding rock properties had
obvious influence on anchorage performance. Yahia et al. (1998) carried out a large number of
tensile tests of rockbolts under different anchorage conditions, and found that the mechanical
properties of anchoring agents affected the bearing capacity of the anchorage. A large number of
experimental studies show that (Huang et al., 2019; Wu et al., 2019; Du et al., 2021) the bond
strength of the anchorage interface determines the critical shear stress when the anchorage inter-
face is destroyed, and its deformation characteristics determine the load transfer mode and the
distribution law of interfacial shear stress on the anchorage interface. Therefore, the shear stress-
slip displacement relationship of the anchorage interface is the basis for studying deformation
characteristics of the anchorage interface. A reasonable interface shear-slip model can effectively
explain the interface load transfer and damage mechanism. The bond-slip models commonly
used in the existing research to characterize the shear stress-shear displacement relationship of
the anchorage interface are bilinear model (Cai et al., 2004), trilinear model (Ma et al., 2016;
Nie et al., 2019; Chen et al., 2021) and nonlinear model (Nemcik et al., 2014). According to the
existing bond-slip model, many scholars have studied it by analytical and numerical methods
(Chen et al., 2020; Chen and Li, 2022; Yue et al., 2022), which reveals the evolution law of shear
stress distribution at the anchorage interface and provides a reference for the study of bearing
capacity of the anchorage interface.
In summary, the bonding performance of the anchorage interface directly affects the bearing

capacity of the anchorage, and the research on the influence rules of interface model parameters
on the bonding performance of the anchorage interface still needs to be improved. Therefore, this
paper deduces the load transfer law of the anchorage interface through theoretical derivation,
carries out anchor rod pull-out tests under different anchoring conditions of anchoring agents,
tests and analyzes the constitutive model parameters of the anchorage interface, and conducts
in-depth research on the bearing capacity of the anchorage interface.

2. Analysis of load transfer laws at the anchorage interface

2.1. Three-stage interface element constitutive model and parameters

As shown in Fig. 1, the three-stage constitutive model divides the debonding failure process of
the anchorage interface element into three stages: I – elastic stage: shear stress increases linearly
with shear displacement. τds is the peak shear strength of the anchorage interface element in the
elastic stage, and δds is the corresponding shear displacement; II – bond damage stage: shear stress
decreases linearly with shear displacement. τ ss is the residual shear strength of the anchorage
interface element, which is also the shear strength at the onset of slip; δss is the corresponding
shear displacement at the onset of slip; III – frictional slip stage: in this stage, friction plays the
dominant role, and the shear stress remains constant. In the figure, kss represents the elastic shear
stiffness characterizing the evolution of shear stress with shear displacement in the elastic stage
of the interface element kss = τds /δ

d
s .

As shown in Fig. 1, the constitutive equation for evolution of shear stress damage in the
anchorage interface element characterized by the three-stage constitutive model is

τs =






KOAδs δs ¬ δds
τds +KAB(δs − δds ) δds ¬ δs ¬ δss
τ ss δss ¬ δs ¬ δfs

(2.1)

where KOA = kss = τds /δ
d
s , KAB = (τ

d
s − τ ss )/(δds − δss).
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Fig. 1. Three-stage constitutive model and parameters

2.2. Load transfer equation for anchorage interface elements

As shown in Fig. 2a, to facilitate the analysis of load transfer laws at the anchorage interface,
the shear interaction between the anchor rod and the rock mass is simplified into a spring contact
model, with the side of the anchor rod connected to the rock mass through tangential line springs,
the stiffness of which corresponds to the elastic shear stiffness of the anchorage interface.

Fig. 2. Load transfer analysis diagram of the anchorage interface (1 – rock mass; 2 – anchor rod;
3 – anchor rod-rock mass coupling interface; 4 – free section of anchor rod; 5 – anchored section of
anchor rod; 6 – anchored front end; 7 – anchored tail end): (a) simplified model of the anchorage

interface, (b) anchorage interface element

Take an interface element at a distance of x from the anchored front end in the anchorage
section. As shown in Fig. 2b, analyze the element using the load transfer method to determine
the force equilibrium equations. The force equilibrium equations are

dP (x) = −2πrbτ(x) dx
dδ(x)
dx
= − 1

πr2bEb
P (x) (2.2)

where P (x) is the axial force of the anchor rod at a distance x from the anchored front end,
τ(x) is the shear stress, δ(x) is the shear displacement, rb is the radius of the anchor rod, Eb is
the elastic modulus of the anchor rod.
Substituting Eq. (2.2)1 into Eq. (2.2)2, the basic load transfer equation for the interface

element is obtained

d2δ(x)
dx2

=
2

rbEb
τ(x) (2.3)
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Substituting Eq. (2.2)2 into Eq. (2.1), the differential equation for load transfer during the
debonding failure process of the anchorage interface element is obtained

d2δ(x)
dx2

=






α2δ(x) 0 ¬ δ(x) ¬ δds

−β2δ(x) +
2
(
τds −KABδds

)

rbEb
δds ¬ δ(x) ¬ δss

2τ ss
rbEb

δss ¬ δ(x)

(2.4)

where α2 = (2KOA)/(rbEb), β2 = −(2KAB)/(rbEb).

2.3. Calculation formulas for shear stress and axial force distribution
at the anchorage interface

Under the action of axial tensile load, the anchorage interface element will sequentially expe-
rience elastic, bond damage, and frictional slip stages. As shown in Fig. 3, the anchorage interface
is composed of anchorage interface elements. Therefore, the state of the anchorage interface is
determined by the stages in which all interface elements are located. When the anchorage inter-
face elements are in different stages, the anchorage interface will have a situation where parts
of the elastic segment, bond damage segment, and frictional slip segment coexist.

Fig. 3. Schematic diagram of the anchorage interface and interface element relationship

Depending on the state of the anchorage interface elements, the anchorage interface may exist
in a full-length elastic stage, elastic-damage stage, full-length damage stage, elastic-damage-slip
stage, damage-slip stage, or full-length slip stage. By using the boundary conditions of different
stages, combined with Eqs. (2.2)1 and (2.2)2, by solving the load transfer differential equation
as shown in Eq. (2.4), it is possible to theoretically calculate the evolution formulas for the
distribution of shear stress and axial force along the anchorage interface at different anchorage
lengths, as listed in Table 1.

3. Anchor rod pull-out tests

3.1. Preparation of anchorage specimens and test scheme

The evolution law of stress distribution at the anchorage interface is closely related to the
parameters of the interface element constitutive model. To determine the model parameters of
the anchorage interface and to explore the influence of different anchoring agents on the support
effect of the anchor rod, three groups of anchor rod pull-out tests were designed. The tests
used large cylindrical specimens made of C40 concrete with a diameter of dr = 300mm and
a length of lr = 600mm to simulate the anchoring matrix. During preparation of the anchoring
matrix, a pipe with an outer diameter of da = 30mm was inserted into the center of the
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Table 1. Formulas for shear stress and axial force distribution at the anchorage interface in
different stages

Anchorage Boundary Distribution formulas of interfacial shear
interface stage conditions stress and rockbolt axial force

Full-length
elastic stage

P (x)|x=0 = P0
P (x)|x=L = 0

τ(x) = αP0 cosh[α(L−x)]2πrb sinh(αL)
0 ¬ x ¬ L

P (x) = P0 sinh[α(L−x)]sinh(αL) 0 ¬ x ¬ L
Elastic-
-damage
stage

Pe(x)|x=L = 0
τe(x)|x=ld = τ

d
s

τd(x)|x=ld = τ
d
s

Pd(x)|x=ld
= Pe(x)|x=ld

τ(x) =





τds cos[β(ld − x)]
−βτ

d
s

α
tanh[α(L − ld)] sin[β(ld − x)]

0 ¬ x ¬ ld
τds cosh[α(L−x)]
cosh[α(L−ld)]

ld ¬ x ¬ L

P (x) =






2πrbτds
{ tanh[α(L−ld)] cos[β(ld−x)]

α

+ sin[β(ld−x)]
β

}
0 ¬ x ¬ ld

2πrbτ
d
s sinh[α(L−x)]

α cosh[α(L−ld)]
ld ¬ x ¬ L

Full-length
damage stage

P (x)|x=0 = P0
P (x)|x=L = 0

τ(x) = βP0 cos[β(L−x)]2πrb sin(βL)
0 ¬ x ¬ L

P (x) = P0 sin[β(L−x)]sin(βL) 0 ¬ x ¬ L
Elastic-
-damage-
-slip stage

τe(x)|x=ld+lf = τ
d
s

Pe(x)|x=L = 0
τd(x)|x=ld+lf = τ

d
s

τd(x)|x=lf = τ
s
s

Pd(x)|x=ld+lf

= Pe(x)|x=ld+lf

τ(x) =





τss 0 ¬ x ¬ lf
τss sin[β(ld+lf−x)]−τ

d
s sin[β(lf−x)]

sin(βld)

lf ¬ x ¬ lf + ld
τds cosh[α(L−x)]
cosh[α(L−ld−lf )]

lf + ld ¬ x ¬ L

P (x) =






2πrbτds
{ sin(βld)

β
+ tanh[α(L−ld−lf )] cos(βld)

α

}

+2πrbτss (lf − x) 0 ¬ x ¬ lf
2πrbτds

{ tanh[α(L−ld−lf )] cos[β(ld+lf−x)]
α

+ sin[β(ld+lf−x)]
β

}
lf ¬ x ¬ lf + ld

2πrbτ
d
s sinh[α(L−x)]

α cosh[α(L−ld−lf )]
lf + ld ¬ x ¬ L

Damage-
-slip stage

Pd(x)|x=L = 0
τd(x)|x=lf = τ

s
s

Pf (x)|x=lf

= Pd(x)|x=lf
δf (x)|x=lf = δ

s
s

τ(x) =

{
τss 0 ¬ x ¬ lf
τss cos[β(L−x)]
cos[β(L−lf)]

lf ¬ x ¬ L

P (x) =

{
2πrbτss

{
lf − x+ tan[β(L−lf)]β

}
0 ¬ x ¬ lf

2πrbτ
s
s sin[β(L−x)]

β cos[β(L−lf)]
lf ¬ x ¬ L

Full-length
slip stage

– τ(x) = τss 0 < x < L
P (x) = P0 − 2πrbτssx 0 ¬ x ¬ L

Note: ld is the length of the bond damage segment, lf is the length of the slip segment.

anchoring matrix preparation mold to prefabricate the anchoring borehole. The anchor rod used
for anchoring was a left-handed thread steel anchor rod with a model number of MG400 and an
equivalent diameter of db = 20mm. The elastic modulus of the anchor rod was Eb = 200GPa,
the yield load Py = 150 kN, and the breaking load Pf = 210 kN.
Three different types of anchoring agents were selected for the tests: resin anchoring agent,

cement grout with a water-cement ratio of 0.45:1, and cement mortar with a water-cement-
sand ratio of 0.45:1:1. The designed length of the anchorage section is la = 200mm, and the
calculation formula for the required volume of anchoring agent is

V =
π

4
la(d2a − d2b) (3.1)

According to Eq. (3.1), the volume of anchoring agent required for an anchorage length of
200 mm is calculated to be V = 78.5 cm3. After injecting the anchoring material, the anchor
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rods are inserted for anchoring, and the tests are conducted after 7 days of curing. Figure 4
shows the three groups of anchoring samples prepared in the laboratory.

Fig. 4. Diagram of three groups of anchorage specimens prepared in the laboratory

Fig. 5. The RTR-3122 full-scale anchorage performance tester

The anchor rod pull-out tests are conducted on the self-developed RTR-3122 model full-
scale anchor rod anchorage performance testing machine (as shown in Fig. 5). Before the test,
an anchorage pull-out device is installed on the anchorage performance testing machine. One
end of the anchorage specimen is blocked by a rigid load-bearing plate and suspended behind
the stop plate of the testing machine. The stop plate serves to fix the anchorage specimen and
also prevents wedge failure of the rock mass during the pull-out process. The loading end applies
a displacement loading by clamping the free end of the anchor rod with the wedge-shaped clamp
of the testing machine. An LVDT (linear variable differential transformer) fixed frame is installed
at a measuring point 200mm away from the rock mass stop plate on the free section of the anchor
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rod. The spring probe of the LVDT displacement sensor is placed at the stop plate to record
the relative displacement between the anchor rod measuring point and the rock mass, as shown
in Fig. 6.

Fig. 6. Schematic diagram of the anchor rod pull-out tests

3.2. Mechanical characteristic curves of the anchorage interface and constitutive model
parameters

The tests obtained the axial tensile load-displacement curves of short anchor rods under the
action of different anchoring agents (P -δs0 curves), as shown in Fig. 7. The peak tensile loads
of the anchor rods under the three test conditions are all less than the yield load of the anchor
rod, indicating that the anchor rods were pulled out in the elastic stage.

Fig. 7. Anchorage pull-out load-displacement curves

Since the LVDT displacement meter is fixed between the anchor rod and the testing machine
stop plate, the measured displacement δs0 is the displacement of the anchor rod measuring point
relative to the stop plate, which includes both the elastic deformation of the free section of the
anchor rod and the relative displacement between the anchor rod and the rock mass. Subtracting
the elastic deformation of the free section of the anchor rod from δs0 allows us to obtain the
relative displacement between the anchor rod and the rock mass, i.e., the shear displacement of
the anchor rod-rock mass coupling interface. The calculation formula is

δs = δs0 −
4Plb
πd2bEb

(3.2)

where lb represents the length of the free section of the anchor rod.
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Since the anchorage section length designed in the test is relatively short, it can be assumed
that the shear stress at the anchorage interface is uniformly distributed. Based on the anchor rod
pull-out load-displacement curve, the calculation formula for the shear stress τs at the anchor
rod-rock mass coupling interface is

τs =
P

πdbla
(3.3)

where la represents the length of the anchorage section.
Since the anchor rod does not yield during short anchorage pull-out, the test curve can be

considered as the mechanical characteristic curve of a single anchorage interface element. Based
on the shear stress-shear displacement relationship curve, the interface model parameters shown
in Fig. 1 can be calibrated, where the calculation formulas for τds and τ

s
s are as follows

τds =
Pmax
πdbla

τ ss =
Pres
πdbla

(3.4)

where Pmax is the peak tensile load in the elastic stage of axial stretching of the anchor rod,
Pres is the residual tensile load in the axial stretching of the anchor rod.
The shear stress-shear displacement relationship curves of the anchor rod-rock mass coupling

interface, calculated under different anchoring agent conditions according to Eqs. (3.2) to (3.3),
are shown in Fig. 8. The constitutive model parameters of the anchorage interface element under
the action of different anchoring agents are calculated and obtained, as listed in Table 2.

Fig. 8. Anchorage interface mechanical characteristic curves: (a) resin anchoring agent, (b) cement
paste, (c) cement mortar

From Fig. 8, it can be seen that different anchoring agents have a significant impact on the
mechanical parameters characterizing the bonding performance of the anchorage interface. Under
the action of different anchoring agents, the ranking of the peak shear strength of the anchorage
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Table 2. Trilinear bond-slip constitutive model parameters under different anchorage agent
conditions

Anchoring agent types τds [MPa] δds [mm] τ ss [MPa] δss [mm] kss [MPa/mm]

Resin anchoring agent 8.5 0.14 0.8 1.3 60.7
Cement paste 5.7 2.22 1.6 8.77 2.6
Cement mortar 7.1 0.16 2.8 6.74 44.4

interface is: resin anchoring agent > cement mortar > cement paste; the ranking of the residual
shear strength of the anchorage interface is: cement mortar > cement paste > resin anchoring
agent; the ranking of the residual shear displacement of the anchorage interface is: cement paste
> cement mortar > resin anchoring agent; the elastic shear stiffness of the anchorage interface
varies greatly, with the highest reaching 60.7MPa/mm and the lowest being 2.6MPa/mm, and
the ranking is: resin anchoring agent > cement mortar > cement paste. Comparing Fig. 8b and
Fig. 8c, it can be seen that when cement is used as the anchoring agent, adding sand particles
to the anchoring agent can increase the peak shear strength, residual shear strength, and elastic
shear stiffness of the anchorage interface, but at the same time, it reduces the initial sliding
displacement of the anchorage interface.

3.3. Load transfer laws of the anchorage interface under the action
of different anchoring agents

Assuming the anchorage length L = 600mm, based on the constitutive model parameters
of the anchorage interface element shown in Fig. 8, and using the evolution formulas for the
distribution of shear stress and axial force at the anchorage interface listed in Table 1, theoretical
calculations can be made to obtain the distribution and evolution process of the shear stress
and axial force during the entire process of interface debonding failure under different anchoring
agent conditions, as shown in Fig. 9.
Since the anchor rod itself has a certain bearing limit, when the theoretical calculated axial

force exceeds the breaking load of the anchor rod, the anchor rod will break. The breaking load
Pb of the anchor rod used in the test is 210 kN. From Fig. 9, it can be seen that when the
anchorage length is 600mm, the anchor body under the conditions of resin anchoring agent and
cement mortar anchoring will experience anchor rod breakage failure, while under the condition
of cement grout anchoring, the anchor body will experience interface debonding slip failure.
Observing the distribution of interface shear stress when the axial force equals the breaking load
of the anchor rod in Figs. 9a and 9e, it is shown that the anchor rod will break in the elastic-
damage stage of the anchorage interface. At that moment, the degree of damage to the anchorage
interface is relatively low, indicating that the anchorage support effect is greatly influenced by
the strength limit of the anchor rod at this time. Observing Figs. 9a, 9c, and 9e, it can be seen
from the distribution pattern of shear stress in different sections of the anchorage interface that
the greater the elastic shear stiffness kss of the interface, the more obvious the decay of the shear
stress and axial force in the elastic section of the interface along the anchorage length, and the
smaller the axial force of the anchor rod when the interface begins to damage.

4. Analysis of the bearing performance of the anchorage interface

4.1. Theoretical analysis of the ultimate bearing capacity
of the anchorage interface

Based on the theoretical analysis mentioned above, with the known breaking load of the
anchor rod, the ultimate anchorage force of the anchorage interface can be calculated theoreti-
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Fig. 9. Distribution curves of the shear stress and axial force under different anchorage agent conditions
with anchorage length of 600mm: (a)–(b) resin anchoring agent, (c)–(d) cement paste, (e)–(f) cement

mortar

cally. According to the constitutive model parameters of the anchorage interface calibrated with
different test data as shown in Fig. 8, using the aforementioned theoretical calculation method,
the curve of the interface ultimate anchorage force changing with the anchorage length under
different anchoring agent conditions can be calculated, as shown in Fig. 10. It can be seen from
the figure that the relationship between the ultimate anchorage force of the anchorage interface
and the anchorage length is related to the interface model parameters. Under the condition of
resin anchoring agent, the ultimate anchorage force tends to approach a certain fixed value as the
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anchorage length increases. Under the conditions of cement grout and cement mortar anchoring,
the ultimate anchorage force increases approximately linearly with the anchorage length.

Fig. 10. Variation curves of interfacial ultimate anchorage force with anchorage length

At the same anchorage length, the interface ultimate anchorage force is generally smaller
under the condition of cement grout anchoring; when the anchorage length is less than 420mm,
the interface ultimate anchorage force under the condition of resin anchoring agent is greater
than that of cement mortar and cement grout anchoring at the same anchorage length. When the
anchorage length is greater than 420mm, the interface ultimate anchorage force with cement
mortar is greater than that with resin anchoring agent at the same anchorage length. This
indicates that when the anchorage length is relatively small, the magnitude of the interface
ultimate anchorage force is determined by the bonding strength, and the greater the peak shear
strength, the greater the interface ultimate anchorage force. However, when the anchorage length
is relatively large, the contribution of residual stage friction to improving the interface bearing
capacity increases, and at this time, the greater the residual shear strength, the greater the
interface ultimate anchorage force.

4.2. Experimental verification of the ultimate bearing capacity
of the anchorage interface

To verify the accuracy of the theoretical calculation results of the ultimate anchorage force
of the anchorage interface, cement grout with a water-cement ratio of 0.45:1m was used as the
anchoring agent. The anchor rod pull-out test scheme shown in Fig. 6 was adopted to conduct
anchor rod tensile tests on anchor bodies with anchorage lengths of 300mm, 400mm, 500mm,
and 600mm. The tensile load-displacement curves obtained from the test are shown in Fig. 11.
The experimental and theoretical values of the ultimate anchorage force at different anchorage
lengths, as well as the theoretical deviation rates, are listed in Table 3. The deviation rates are
relatively small, indicating a high degree of conformity between the experimental and theoretical
values. When the anchorage length is 500mm and 600mm, the anchor rod yields during the
tensile process, and the experimental value of the interface ultimate anchorage force is less than
the theoretically calculated value, with a theoretical deviation rate reaching 3.0%. This indicates
that the yield strengthening of the anchor rod will lead to reduction in the bearing capacity of
the anchorage interface.
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Fig. 11. Load-displacement curves with different anchorage lengths under the cement paste anchorage
condition

Table 3. Experimental and theoretical values of the interfacial ultimate anchorage force

Anchorage Experimental Theoretical Deviation rate
length L [mm] values [kN] values [kN] of theoretical values [%]

300 108 107 −0.9
400 144 141 −2.1
500 170 175 2.9
600 201 207 3.0

5. Conclusions

(1) Based on the three-stage model, a constitutive equation for the evolution of shear stress
damage in the anchorage interface element was established, and theoretical derivations
were obtained for the expressions of shear stress and axial force distribution evolution at
the anchorage interface during the entire process of anchor rod pull-out.

(2) Anchor rod pull-out tests were conducted to provide a method for calibrating the in-
terface model parameters. Different anchoring agents have a significant impact on the
interface model parameters. Compared with cement grout and cement mortar, applying
the resin anchoring agent, the interface peak shear strength is larger, but the initial slip
displacement and friction force during the slip stage are the smallest.

(3) The load transfer laws and bearing performance of the anchorage interface under the
action of different anchoring agents were calculated and analyzed. Since the anchor rod has
a certain bearing limit, when the theoretical calculated axial force exceeds the breaking
load of the anchor rod, the anchor rod will fail by breaking. Therefore, the theoretical
calculation and analysis method can predict the mode of anchorage failure. The greater
the elastic shear stiffness of the anchorage interface, the more obvious the decay of shear
stress and axial force in the elastic section of the interface along the anchorage length, and
the smaller the axial force of the anchor rod when the interface begins to damage.

(4) The ultimate anchorage force of the interface at different anchorage lengths can be obtained
through theoretical calculations. The test validation results show that the error between the
experimental and theoretical value of the interface ultimate anchorage force is within 3%.
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However, the yield strengthening of the anchor rod will reduce the anchorage bearing
capacity, and the error of the theoretical calculation value will increase.
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The standing-wave vibration drill-string in a sonic drill is prone to fatigue damage. Com-
monly used alloy materials for drill-strings include S135, 4145H and G105, but the material
sensitivity coefficient is large when the fatigue strength is high. To choose an appropriate
drill-pipe material and improve the drill-string service life, this paper analyzes the cumula-
tive fatigue damage of three types of material drill-strings with variable length. The results
indicate that for short drill-strings with high-frequency vibrations, the material constant
has a greater effect on fatigue damage. However, for long drill-strings with low-frequency
vibrations, the fatigue limit has a greater impact on fatigue damage.

Keywords: sonic oscillators, sonic drilling, cumulative fatigue damage, standing wave vibra-
tion, material parameters

Nomenclature

c – damping coefficient
di, do – inner and outer diameter of drill string, respectively
f(x, t) – distributed load
k – number of additional drill pipes
kmax – total number of additional drill pipes within fatigue damage zone
l – length of drill string
lb – length of drill string without fatigue damage
l0 – maximum drill string length before entering standing wave vibration
m – material constant
me – static moment of sonic vibrator
mH ,mG,mS – material constant of 4145H, G105, S135, respectively
nk – number of cycles under stress level σ−1k
u(x, t) – displacement response of drill string
xf – distance from any point on drill string to drill bit
D – cumulative fatigue damage
DH ,DG,DS – fatigue damage of 4145H, G105, S135, respectively
E – elastic modulus
NC , Nk – total number of cycles under stress level σ−1 and σ−1k, respectively
RHG, RSG – damage ratio at maximum damage point of 4145H and G105; S135 and G105,
respectively

S – cross-sectional area of drill string
V – rate of penetration (ROP)
∆l – length of single drill pipe
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ζ – damping ratio

ρ – density
ε(x, t), σ(x, t) – dynamic strain and stress, respectively
σb – tensile strength

σ−1 – symmetrical cyclic fatigue limit stress
σ−1k – stress level

ϕi – phase angle
ωi – i-th order natural angular frequency

1. Introduction

In the context of geological and oil drilling operations, a drill tool is subjected to tension,
bending, torsion, impact, and hydraulic pressure in the wellbore. These complex stress conditions
are a primary cause of fatigue failure in drill strings (Albdiry and Almensory, 2016). Research
has shown that over 50% of drill-string failures are caused by fatigue (Moradi and Ranjbar,
2009). Constant axial, torsional, and internal pressure loads do not cause fatigue, but they can
exacerbate fatigue under the influence of cyclic stress (Asgharzadeh et al., 2019). Drill strings
fatigue damage is a major concern for researchers worldwide.
Recently, sonic (or ultrasonic) vibration technology has rapidly developed and been applied

in the field of drilling. Sonic (ultrasonic) drilling is an efficient drilling method that utilises
resonant waves in a drill string to generate higher speeds in the drill bit, thereby achieving
high-speed drilling. It has the advantages of high drilling speed, high fidelity of rock samples,
and low environmental pollution and is widely used in fields such as engineering exploration
and infrastructure construction. However, the standing wave resonance in drill strings can cause
extreme dynamic stresses at specific locations within the drill string, which can lead to fatigue
failure or even fracture of the drill string, increasing drilling costs (Zamani et al., 2016).
Fatigue failure is the process of fatigue damage accumulation reaching a critical value. Numer-

ous theoretical models have been developed to describe the development of cumulative damage
(Benkabouche et al., 2015). In engineering applications, the Miner cumulative fatigue dam-
age theory is notable for its simplicity and practical utility. It often aligns well with experimental
results and is adept at predicting the average fatigue life of engineering structures under random
loads (Sun et al., 2014). This theory is widely applied in predicting the fatigue life of various
mechanical components in engineering, such as aircraft engines, skin, and hydraulic tubes and
other components (Baek et al., 2008; Chen et al., 2014; Jiao et al., 2018). Rao et al. (2001)
reported that the Palmgren–Miner law is the most used theory for predicting the fatigue life in
blades subjected to variable stress amplitudes. Zhao et al. (2018) employed the rainflow-counting
method to analyze continuous bending stress history in whirl responses, and evaluated the cu-
mulative fatigue damage using Miner’s rule. Additionally, Zhu et al. (2012) indicated that the
Palmgren–Miner rule provides a better lifetime prediction under simple loading conditions, as
compared to other methods. Bu et al. (2023) theoretically investigated the fatigue damage in
sonic drilling caused by inertial excitation, and conducted a fatigue damage theory for deep-hole
sonic drilling by using Miner’s cumulative fatigue damage rule.
Research on fatigue experiments has mainly focused on fatigue damage analyzes of mate-

rial samples. The metal magnetic memory method can be employed to quantitatively assess
material damage based on the characteristics of metal magnetic memory changes during stress
or fatigue of different materials. Many studies have been conducted on the processes of tensile
fatigue and rotary-bending fatigue (Li et al., 2013, 2016). Lin et al. (2015) conducted fatigue
performance tests on commonly used API standard S135 and G105 materials by employing
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a PQ-6 rotary-bending fatigue-testing machine. By utilizing the Basquin model and mathemat-
ical statistics theory, Lin obtained the S-N curves for these materials. Wang et al. (2016) using
the same method as Lin et al. (2015), obtained the S-N curves for 4145H, 4145H is international
standard drilling tool steel certified by the American Iron and Steel Institute (AISI). Further-
more, it was found that the frequency of ultrasonic testing did not impact the fatigue life in
tests of asymmetric cyclic loads with constant- and variable-amplitude loads (Mayer et al., 2013;
Fitzka and Mayer, 2016). Experimental studies on material fatigue damage have only focused on
a specific load. However, during sonic drilling, as the borehole extends, the excitation frequency
decreases, and the location of the maximum dynamic stress changes. Therefore, the dynamic
stress experienced by each point in the drill string is different, and each point in the drill string
is subjected to varying amplitude loads (Bu et al., 2015). Therefore, fatigue damage analysis
and research on resonant drill strings in sonic drilling should not only focus on the material itself
but also be combined with the actual working conditions.
In our previous research, we developed a theory on fatigue damage of sonic drill strings,

which theoretically proved the primary role of resonant order stress in causing fatigue damage,
and our findings suggested that selecting materials with a high fatigue limit and low material
constant (index of σ-N curve) can reduce the damage of drill strings (Bu et al., 2023). However,
the influence of materials on the fatigue life was not theoretically analyzed and the fatigue life of
different materials under the same stress cycle was not evaluated; thus, whether a larger fatigue
limit leads to a longer fatigue life is still unknown. Compared to G105 materials, S135 materials
have a higher fatigue limit and a higher material constant, which is more sensitive to the stress
cycle. The material constant and fatigue limit of 4145H material are both between S135 and
G105. Therefore, during construction, both the fatigue limit and the material constant should
be considered. For shallow sonic drills using piezoelectric ceramics or giant magnetostrictive
materials as exciters (Bu et al., 2022) or ultrasonic knives used in the medical field, the excitation
frequency is high (up to 20–100 kHz). In such cases, considering the impact of material constants
on the fatigue life is crucial.
This study compares the fatigue damage of S135, 4145H and G105 drill strings, which are

commonly used in drilling projects, by applying the Miner cumulative fatigue damage rule com-
bined with the standing-wave vibration characteristics of sonic drilling. Furthermore, the fatigue
damage of three types of drill strings having the same length is analyzed, and the application
range of the three materials is determined. This study is important for guiding engineering prac-
tices on choosing appropriate drill pipe materials, reducing drilling accidents and enhance the
service life of sonic drill strings.

2. Methodology

2.1. Stress analysis of sonic drill string

In sonic drilling, a sonic vibrator is installed at the top of the drill to induce vibrations in
the drill string. This vibrator is isolated using air springs, ensuring it does not participate to the
resonance of the drill string (Xiao et al., 2020). According to our previous work (Bu et al., 2023),
the differential equation to describe the longitudinal vibration of a sonic drill string is

ρS
∂2u

∂t2
+ c

∂u

∂t
− ES∂

2u

∂x2
= f(x, t) (2.1)

where ρ is the material density, S is the cross-sectional area of the drill string, c is the damping
coefficient, E is the elastic modulus, and f(x, t) = meω

2 sin(ωt)δ(x), δ(x) is the Dirac delta
function,

∫ l
0 f(x, t) dx = meω

2 sin(ωt), me is the static moment of the sonic vibrator.
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The boundary condition is expressed as

∂u(0, t)
∂x

=
∂u(l, t)
∂x

= 0 (2.2)

The vibration differential equation and boundary conditions of the sonic drill string are
obtained by applying Eqs. (2.1) and (2.2), and the steady-state solution of the forced vibration
displacement response of the drill string is obtained by using the separated variable method
(Sun et al., 2017)

u(x, t) =
2meω2

ρSl

∞∑

i=0

sinω t − ϕi√
(ω2i − ω2)2 + (2ζiωiω)2

cos
iπx

l
(2.3)

where ωi = (iπ/l)
√
(E/ρ) (i = 1, 2, 3, ...) is the natural angular frequency, ϕi =

arc tan((2ζiωiω)/(ω2i − ω2)) is the phase angle, and ζi is the mode shape damping ratio (it
is usually assumed that the damping ratio of each mode is the same; therefore, ζi = ζ). When
the excitation angular frequency ω approaches ωi, the phase angle ϕi approaches π/2.
Then, the stress expression can be obtained as follows

σ(x, t) = Eε(x, t) = E
∂u(x, t)
∂x

= −2πEmeω
2

ρSl2

∞∑

i=0

i sinωt− ϕi√
(ω2i − ω2)2 + (2ζiωiω)2

sin
iπx

l
(2.4)

The material parameters of S135, 4145H and G105 drill pipes are listed in Table 1.

Table 1. Material parameters of drill pipes (Lin et al., 2015; Wang et al., 2016)

Drill pipe Fatigue limit Tensile strength Material Density Elastic modulus
material σ−1 [MPa] σb [MPa] constant m ρ [kg/m3] E [Pa]

S135 527.37 1000 16.53 7850 2.06e11
4145H 482.89 1100 12.81 7850 2.06e11
G105 435.62 793 9.77 7850 2.06e11

The technical parameters of the sonic vibrator and drill pipe are presented in Table 2.

Table 2. Technical parameters of the sonic vibrator and drill pipe (Sun et al., 2017; Bu et al.,
2023)

Total static moment Drill-string inner/outer Drill-string cross-sectional
of sonic vibrator me diameter di/do area S

0.126 kg ·m 92.46/114.3 mm 3.547e-3 m2

Table 1 indicates that the three materials have the same density and elastic modulus. Then,
according to Eq. (2.4), the dynamic stress produced by standing wave vibration is the same
for drill strings having the same length. We can determine the relationship between the max-
imum dynamic stress amplitude of the first-order resonant sonic drill string and its length by
substituting the technical parameters listed in Table 2 into Eq. (2.4), as shown in Fig. 1.
Figure 1 illustrates that as the length of the drill string increases, its maximum dynamic

stress amplitude gradually decreases, and the peak dynamic stress of the first-order resonance is
always located in the middle of the drill string. Fatigue damage occurs when the dynamic stress
amplitude of the drill string exceeds the fatigue limit. Due to the highest fatigue limit of the
S135 material, the S135 drill pipe enters the non-damage zone earliest with the extension of
the drill string.
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Fig. 1. Maximum stress amplitude of sonic drill strings having different lengths. The black dashed line
represents the dynamic stress amplitude at each point of the 12.8m drill string, and the blue dashed

line represents the dynamic stress amplitude at each point of the 20m drill string

2.2. Cumulative fatigue damage of the sonic drill string

When the influence of various dynamic stresses in the drill string on the fatigue life is
analyzed, the fatigue damage of the drill string can be considered caused by the resonant dynamic
stress. According to Miner’s cumulative fatigue damage theory, D =

∑
(nk/Nk), where nk is the

number of cycles under the stress level σ−1k (k = 1, 2, 3, ...), Nk is the total number of cycles
that the test piece can withstand under the stress level σ−1k, and the fatigue damage expression
for the drill string (Bu et al., 2023) can be obtained as

D =
πmrm+1

2NC(σ−1)m
(√E

ρ

)2m+1(me
S

)m 1
V ζm

kmax∑

k=1

[ ∆l
(l0 + k∆l)2m+1

sinm
( πxf
l0 + k∆l

)]
(2.5)

where V is the rate of penetration (ROP), σ−1 is the symmetrical cyclic fatigue limit, NC is the
total number of cycles under the stress level σ−1, m is the material constant, xf is the distance
from any point on the drill string to the drill bit, l0 is the maximum length of the drill string
before entering the standing wave vibration, ∆l is the length of a single drill pipe, k is the
number of additional drill pipes, and kmax is the total number of additional drill pipes within
the fatigue damage zone, which is affected by the excitation frequency and the material fatigue
limit.

As shown in Table 1, the S135, 4145H and G105 materials have the same elastic modulus
and density. Therefore, based on Eq. (2.5), the factors affecting the damage between the two
materials are the material fatigue limit and the material constant. The two parameters have
opposite effects on the fatigue damage, with a high fatigue limit resulting in low fatigue damage,
and a high material constant resulting in high fatigue damage. Table 1 reveals that the S135
material has the highest fatigue limit and highest material constant; so, the S135 material is most
sensitive to stress cycles. Therefore, drill-string materials should be selected for more specific
operating conditions to obtain a longer fatigue life.
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3. Results and discussion

According to the foregoing analysis, the total cumulative fatigue damage during the drilling
process was obtained based on the stress cycle times and fatigue life of the drill string at different
stress levels. In this Section, the cumulative fatigue damage of the drill string for all materials
listed in Table 1 are compared by setting continuous drilling conditions under different excitation
frequencies. Additionally, the damage ratios of the fixed-length drill string oscillator are analyzed
at different frequencies to explore the effects of the material fatigue limit and material constants
on damage.

3.1. Fatigue damage comparison of variable-length sonic drilling

In sonic drilling, the extension of the drill string leads to a continuous change in force
distribution. The static moment of the sonic vibrator and geometric parameters of the drill string
are shown in Table 2, and the working conditions (damping ratio ζ = 0.025 and ROP = 15m/h)
are set. Based on setting the length of a single drill pipe to ∆l = 0.1m (equivalent to the
continuous extension of the drill string), the fatigue damages of S135, 4145H and G105 drill
strings due to the standing wave resonance at initial excitation frequencies of 180 and 206Hz
are calculated.
When the initial excitation frequency is 180Hz, the sonic standing wave begins at a drill

string length of 14.2m. Figure 2 shows the cumulative fatigue damages of the S135, 4145H
and G105 drill strings as the drilling proceeded until no further fatigue damage occurred.

Fig. 2. At the initial excitation frequency of 180 Hz, the starting length of the sonic standing wave is
14.2m; drilling is performed to the point where fatigue damage no longer occurs, and the cumulative
fatigue damages at various points of S135, 4145H and G105 drill strings are shown (drilling conditions:

ζ = 0.025, ∆l = 0.1m, and ROP = 15m/h)

Figure 2 shows that the S135 drill pipe, which has the highest fatigue limit, has lowest
damage at all points; the G105 drill pipe, which has the lowest fatigue limit, has highest damage
at all points; the fatigue limit and the fatigue damage of 4145H drill pipe are both between G105
and S135.
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This result supports the idea that the higher the material fatigue limit, the lower the fatigue
damage and the longer the lifespan. When the maximum dynamic stress amplitude of the drill
string reaches the fatigue limits of S135, 4145H and G105, respectively, the specific excitation
frequencies determined by Eq. (2.4) are 171.9 Hz, 164.5 Hz and 156.2 Hz, respectively. Notably,
if the initial excitation frequency is lower than 156.2 Hz, the maximum dynamic stresses of these
three materials are less than the fatigue limits, and none of them will experience fatigue damage.
Therefore, these three materials can be selected.
In the case of long drill string at low frequencies, materials with a high fatigue limit exhibit

low fatigue damage. However, for shallow sonic standing-wave drilling or drilling with a shorter
drill string, the drilling string has a higher excitation frequency and undergoes more stress cycles
per unit time. According to the data in Table 1, S135 material with the highest fatigue limit has
the same highest material constant and is most sensitive to dynamic stress cycling. Therefore, the
use of S135 for high-frequency short drill strings requires further investigation.
The starting length of the sonic standing wave is 12.4m when the initial excitation frequency

increases to 206Hz. Drilling is performed to the point where fatigue damage no longer occurs,
and the cumulative fatigue damages of the S135, 4145H and G105 drill strings are shown in
Fig. 3.

Fig. 3. At the initial excitation frequency of 206Hz, the starting length of the sonic standing wave is
12.4m; drilling is performed to the point where fatigue damage no longer occurs, and the cumulative
fatigue damages at various points of S135, 4145H and G105 drill strings are shown (drilling conditions:

ζ = 0.025, ∆l = 0.1m, and ROP = 15m/h)

As shown in Fig. 3, the maximum damage points of these three materials are near the
distance from the drill bit of half the starting length of the sonic standing wave. The maximum
cumulative fatigue damage of S135 is the highest, while the maximum cumulative fatigue damage
of G105 is the lowest, and the maximum cumulative fatigue damage of 4145H is between G105
and S135. This result is inconsistent with the conclusion drawn from Fig. 2. If the starting length
of the sonic standing wave decreases and the standing-wave excitation frequency increases, the
fatigue damage to the S135 drill string becomes greater, potentially leading to its failure. This is
because fatigue damage is not only related to the fatigue limit but also significantly influenced
by the material constant. The higher-frequency excitation causes the dynamic stresses in the
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symmetric cycle in the drill string to change faster, and the S135 material has the highest
constant and is most sensitive to stress changes; therefore, the maximum damage is highest in
these three materials.
A comparison of the two types of special cases presented in Figs. 2 and 3 reveal that when

drilling with a low-frequency and long drill string, the greater the fatigue limit, the smaller is the
fatigue damage; when drilling with high-frequency short drill strings, the smaller the material
coefficient, the smaller is the fatigue damage. This also indicates that under different excitation
frequencies, the fatigue limit and material constant have different dominant effects on the fatigue
life of the drill strings. Therefore, it is not feasible to evaluate the cumulative fatigue damage
of the drill string based on a single parameter only, and a combination of fatigue limits and
material constants needs to be considered.

3.2. Effect of standing wave oscillator length on the fatigue damage ratio
of two materials

In contrast to the special case analysis of the standing-wave vibration drill string previously
described, a more general case is discussed. The theory of cumulative fatigue damage means that
when the dynamic stress is below the fatigue limit of the material, damage will no longer occur
(Miner, 1945). According to our previous study, the excitation frequency and dynamic stress
gradually decrease when the length of the drill string varies from short to long (Bu et al., 2023).
The formula for calculating the length of drill-string for which the standing wave resonance no
longer causes fatigue damage is

lb =

√
πrme
ζσ−1S

√
E

ρ
(3.1)

The lengths of the three drill strings without fatigue damage are obtained as 14.9m, 15.6m
and 16.4m by substituting the material parameters of S135, 4145H and G105 presented in
Table 1 into Eq. (3.1). Therefore, the analysis should be performed when the length of the
drill-string oscillator is less than 14.9m.
A fixed length of the drill string oscillator is set to analyze the fatigue damage of the three

materials. To compare the extent of damage to the three materials more intuitively, the material
parameters of S135, 4145H and G105 are introduced into Eq. (2.5), and the fatigue damage of the
three materials can be obtained as DS , DH and DG; therefore, taking DG as the denominator,
DS and DH as the numerators, the damage ratios can be obtained as

DS
DG
=
(πrmeE
ζρSl2

sin
(πxf

l

))mS−mG (σ−1G)mG
(σ−1S)mS

DH
DG
=
(πrmeE
ζρSl2

sin
(πxf

l

))mH−mG (σ−1G)mG
(σ−1H)mH

(3.2)

where subscripts S, H and G represent the S135, 4145H and G105 materials, respectively. When
sin(πxf/l) = 1, the damage ratios at the maximum damage point of drill strings are obtained as

RSG =
DS max
DGmax

=
(πrmeE
ζρSl2

)mS−mG (σ−1G)mG
(σ−1S)mS

RHG =
DHmax
DGmax

=
(πrmeE
ζρSl2

)mH−mG (σ−1G)mG
(σ−1H)mH

(3.3)

For the three materials under the same working conditions, all the parameters in Eqs. (3.3)1
and (3.3)2 are the same, except for the material constant,m, and the fatigue limit, σ−1, with only
one variable, l. Therefore, the damage ratios are a function of the drill-string oscillator length, l.
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The functional relationship between the fatigue damage ratio at the maximum damage points of
the three drill strings and the oscillator length can be obtained by substituting the parameters
in Table 2 into Eqs. (3.3)1 and (3.3)2, as shown in Fig. 4.

Fig. 4. Relationship between the length of the drill-string standing-wave oscillator and the maximum
fatigue ratios; the damping ratio is set to 0.025

Figure 4 depicts that as the oscillator length increases, the damage ratio RSG (red curve)
decreases more sharply than RHG (blue curve). Because the materials fatigue limit and material
constant are fixed values, when the oscillator length l increases, 1/l2 becomes smaller, and the
damage ratios RSG and RHG are proportional to (1/l2)mS−mG and (1/l2)mH−mG , respectively.
Meanwhile mS −mG > mH −mG > 1, thus RSG decreases more sharply than RHG.
As the oscillator length varies, the relationship between the maximum fatigue damage of

these three materials also changes. According to Eqs. (3.3)1 and (3.3)2, when DSmax = DHmax,
the damage ratio RSG = RHG = 1.2, l = 12.81m. Define l ¬ 12.81m as the region 1○ (shown in
Fig. 4) where RSG ­ RHG > 1 (i.e. DGmax < DHmax ¬ DSmax). When RSG = 1 or RHG = 1,
l = 12.98m or l = 13.19m; with l = 12.98m and l = 13.19m as regions boundaries, define
regions 2○ 12.81m < l ¬ 12.98m, 3○ 12.98m < l ¬ 13.19m, and 4○ 13.19m < l < 14.90m. The
relationships between the maximum fatigue damage of materials in all four regions 1○, 2○, 3○
and 4○ can be summarized as

1○ : DGmax < DHmax ¬ DS max l ¬ 12.81m
2○ : DGmax ¬ DSmax < DHmax 12.81m < l ¬ 12.98m
2○ : DSmax < DGmax ¬ DHmax 12.98m < l ¬ 13.19m
4○ : DSmax < DHmax < DGmax 13.19m < l < 14.90m

(3.4)

From Eq. (3.4), it can be seen that the G105 oscillator experiences the lowest damage when
the oscillator length is less than 12.98m. Therefore, for a shallow high-frequency sonic drilling
under piezoelectric ceramic or giant magnetostrictive excitation, materials with low material
constants should be selected to reduce their sensitivity to stress changes and fatigue damage.
However, the S135 oscillator experiences the lowest damage when the oscillator length is greater
than 12.98m. Therefore, for long drill strings with a low-frequency excitation, materials with
a high fatigue limit should be selected to extend the fatigue life of the drill string.



174 S. He et al.

The best case for selecting drill string materials is when the material has both a high fatigue
limit and a small material constant, such that the standing-wave vibration drill string can
have a high fatigue life in both high- and low-frequency operating ranges. However, the cost
of these materials must be considered in engineering applications. In the case of commonly
used alloy materials, simultaneously satisfying these two conditions is challenging. Therefore, an
appropriate drill pipe material must be selected depending on different construction conditions.

4. Conclusions

Based on the Miner cumulative fatigue damage theory combined with the characteristics of
a standing-wave vibration sonic drill string under variable frequency and amplitude dynamic
stress, the fatigue damage of S135, 4145H and G105 materials commonly used in drilling con-
struction is compared, and the following conclusions are drawn.
When the impact of materials on damage is examined, analyzing only a single material

parameter is not sufficient. The fatigue limit and material constant must be comprehensively
considered, and the length of the drill string and the excitation frequency influence the material
selection. As the drill-string length increases, the frequency of the standing wave excitation
decreases, the effect of the material constant on the fatigue damage gradually diminishes, and
the impact of the fatigue limit on fatigue damage increases. For high-frequency short drill strings
(oscillators), drill pipes with low material constants should be selected to reduce drill-string
fatigue damage. For low-frequency long drill strings (oscillators), drill pipes with a high fatigue
limit should be selected to reduce fatigue damage. This conclusion provides a practical value
and theoretical guidance for selection of drill pipe materials in production.
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This paper presents the shape deformation of a thin plate coupled to piezoelectric actuators
and sensors analyzed using the finite element method (FEM). The coupling effects between
electric and mechanical properties of the piezoelectric material draw attention to potential
applications, such as actuators, sensors, etc. The proposed method is analyzed and evalu-
ated, and its effectiveness is proven. Firstly, a rectangular piezoelectric actuator with three
symmetrically bonded sensors is used. Secondly, it is applied to control the swimming pool
diving board. Combination of FEM and LQR active control algorithms through numerical
simulation results shows changing shape and position of the piezoelectric patch which makes
premises for an experiment and production.

Keywords: piezoelectric actuator, piezoelectric sensor, thin plate theory, coupling effect, Fi-
nite Element Method (FEM), LQR

1. Introduction

In recent years, many studies about the behavior of piezoelectric structures have been researched
and investigated. It is a key standout among them that piezo materials with some advantages
such as the quick response, low energy consumption, and high linearity, have been studied and
developed for a decade (Uchino, 2010; Lumentut and Howard, 2014; Bhalla et al., 2017; Wei
et al., 2018; Chen et al., 2020). The piezoelectric device is interesting in structure engineering,
applying shape control, reducing noise and controuing stability of structures (Uchino, 1986;
Wang and Shen, 1998; Adriaens et al., 2000; Chen etal, 2016; Chen et al., 2018; Reddy, 1999).
For example, Saravanos and Heyliger (1999) covered important information about theories, an-
alytical approaches, computational models, and numerical solutions for analyzing laminates and
structures in piezoelectric actuator or sensor systems. Jafferis et al. (2016) used multilayer lam-
inated piezoelectric bending actuators in the design and manufacturing to achieve optimum
efficiency and power density. Moreover, Bailey and Hubbard (1985) presented that vibration
of a cantilever beam was controlled by an adaptative law using a PFDV film as the actuator.
A two-dimensional piezoelectric material bonded on the surface with a simply supported plate
were revealed by Dimitriadis et al. (1991). Benjeddou et al. (2000) described the shear actua-
tion mechanism, which offerred several promising features for the use of piezoelectric ceramics.
Luo and Tong developed a finite element model to analyze and simulate twisting and bending
shape control using an orthotropic piezoelectric actuator (Luo and Tong, 2006). Huang and Sun
(2006) used piezoelectricity in an actuator to control dynamic adaption with an anisotropic elas-
tic structure. Additionally, the effect of piezoelectric arrays symmetrically attached to opposite
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plate surfaces in continuous operation of a composite structure was evaluated by Dimitriadis et
al. (1991), Crawley and Luis (1987). Phung-Van et al. (2013) proposed the cell-based smoothed
discrete shear gap approach (CS-FEM-DSG3) to improve static vibration of a fan and introduced
a dynamic control model for composite plates integrated into piezoelectric sensors and actuators.
Furthermore, Hoa et al. (2018) used the cell-based smoothed discrete shear gap method for evalu-
ating free and static vibration of laminated composite shells. Moretti and Silva (2019) presented
the use of the Topology optimization method (TOM) in designing a bi-material piezoelectric
actuator (BPEA), which was capable of eliminating vibration with the active velocity feedback
control (AVFC). By reading velocity state variables in the time domain, the AVFC shows its in-
fluence on the system structural damping. This study uses Newmark’s time-integration method
to yield dynamic response results for the rectangular four-noded finite element (FE) analysis
(this method uses physical and adjoint systems because the coupling formula is extremely im-
portant in sensitivity analysis). The authors use the gradient-based optimization method when
applying a mechanical load instantaneously to minimize the displacement energy output, which
is determined at a predefined BPA’s DOF (degree of freedom). Cao et al. (2020) used the classical
laminated plate theory and the Fourier transformation to analyze and control actively vibration
of thin-constrained composite plates and damping characteristics with dual piezoelectric layers.
The study results about natural frequencies and losses of a damped composite plate bound with
two piezoelectric layers were found through 3D electric potential equations. Trojanowski and
Wiciak (2020) presented numerical simulation results (using ANSYS software) of the influence
of sensor-actuator size on the plate performance. Two piezoelectric actuators were placed on a
steel plate: one to stimulate the plate and one (a standard actuator or a sensor-actuator with
different shapes and sizes) to reduce plate vibrations. The results of numerical analysis show
agreement with the objective function: the minimum value of the sum of the displacement vec-
tors of n nodes. Karegar et al. (2021) presented the dynamic analysis of a concrete frame with
a smart layer under earthquake load conditions. The article evaluated the influence of external
voltage, plate thickness, boundary conditions, geometric parameters of the frame, and damping
of the structure on the seismic displacement of the frame. The authors used the Grey Wolf (GW)
optimization algorithm and hyperbolic shear deformation (HSD) theory to model the flat frame
and Hamilton’s principle to derive the governing equation of the frame. Based on that relation-
ship, the numerical methods of differential quadrature and Newark’s one were used to study this
concrete frame response. Gohery et al. (2022) developed a Levi-type analytical solution proce-
dure to describe the static and dynamic deformation response of smart laminated rectangular
composite plates supported under the influence of inclined piezoelectric actuators with some ex-
citation frequency. Latrache and Menasri (2022) used piezoelectric actuators and sensor pads to
actively control vibration of the classical laminated plate with embedded piezoelectric patches.
The authors built a coupled finite element (FE) model with mechanical and electrical degrees of
freedom based on the first-order shear deformation (FSD) theory and Hamilton’s principle. At
the same time, based on the independent mode space control techniques, the authors designed
the Linear Quadratic Regulator (LQR) controller to limit the system vibration. Her and Chen
(2022) proposed a theoretical model predicting the vibration response of a laminate composite
(LC) plate to control the shape and suppress vibrations through piezoelectric actuators. The an-
alytical solution to that vibration response was derived using the composite mechanics and plate
theory. Numerical simulation results using the finite element method (FEM) through ANSYS
software were very well compared with the proposed model.

In this article, the shape deformation of the plate bonded to piezoelectric actuators and sen-
sors is investigated by the FEM. Based on the Kirchhoff plate model, a finite element analysis
has been evolved for the analysis of smart composite structures with a piezoelectric material.
Two cases are implemented to prove the effectiveness of the proposed method in improving the
reliability of the model algorithm. The tasks are done as follows. Firstly, a rectangular piezo-
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electric actuator with symmetrically bonded three sensors is considered. In the second case, the
piezoactuator of the injector is implemented and controlled by the diving board in diving sports.
The simulated results verify the behavior of plate drive modules with changes in the piezo patch
position and composite plate fiber direction. The article also analyzes and compares classical
control strategies (constant amplitude and constant velocity feedback). Classical techniques have
the advantages of avoiding the necessity of digital control, reducing time delays, and providing
stability. A major limitation of the LQR is that all states must be measured when generating
control.

2. Structure modeling

As mentioned in (Reddy, 1999), the assumptions are considered as follows: (1) the piezoelec-
tric layers are perfectly bonded to each other, (2) the behavior of linear elastic materials is
a disadvantage of the presented formula, (3) based on the Kirchhoff hypothesis (thin plate),
the horizontal normal remains straight after deforming and rotating, ensuring that it is always
perpendicular to the mid-surface.

Fig. 1. A laminated finite element coordinate system with the integrated piezoelectric material (left)
and the fiber direction in local and global coordinate systems (right)

Based on the Kirchhoff hypothesis, the displacement fields in u, v and w variables can be
obtained as follows (Reddy, 1999)

u = −z ∂w
∂x

v = −z ∂w
∂y

w = w(x, y) (2.1)

where Oxyz is the Descartes coordinate system, located at the mid-surface. Additionally, u and
v are displacements of the x and y-axes, while the transverse displacement w follows (or aka
deflection) in the z-axis

ε = [εx, εy, γxy] = −z
[
∂2w

∂x2
,
∂2w

∂y2
,
∂2w

∂x∂y

]T
(2.2)

The relation between the plane stress σ and strain ε of the isotropic material is denoted by

σ = Dε (2.3)

where

σ = [σx, σx, τxy]T D =
Ep
1− v2



1 v 0
v 1 0
0 0 (1− v)/2


 (2.4)

and σ, ε, ν, Ep are stress, strain field, Poisson’s ratio, and Young’s modulus, respectively.
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The composite material panels are made of many consecutive layers in which the direction of
the fiber or basic direction is different. The relationship between stress and strain in the global
system is as follows


σx
σy
τxy


 = Q′



εx
εy
γxy






Q′11 Q′12 Q′16
Q′12 Q′22 Q′26
Q′16 Q′26 Q′66






εx
εy
γxy


 (2.5)

where

Q;11= Q11 cos4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ +Q22 sin4 θ

Q′12 = (Q11 +Q22 − 4Q66) sin2 θ cos2 θ +Q12 sin4 θ cos4 θ
Q′22 = Q11 sin

4 θ + 2(Q12 + 2Q66) sin2 θ cos2 θ +Q22 cos4 θ

Q′16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ + (Q12 −Q22 + 2Q66) sin3 θ cos θ
Q′26 = (Q11 −Q12 − 2Q66) sin3 θ cos θ + (Q12 −Q22 + 2Q66) sin θ cos3 θ
Q′66 = (Q11 +Q12 − 2Q12 − 2Q66) sin2 θ cos2 θ +Q66(sin4 θ + cos4 θ)

(2.6)

In fact, Q′ is a complete matrix indicating that the shear strain γxy in the (x, y) plane is
associated with the normal strain εx, εy. This behavior is called the shear strain and shear
strain long form.
Similarly


εx
εy
τxy


 = S′



σx
σy
τxy






S′11 S′12 S′16
S′12 S′22 S′26
S′16 S′26 S′66






σx
σy
τxy


 (2.7)

Layer softness composition S′ = {S′ij} with i, j = 1, 2

S′ = T−1ε ST (2.8)

where

S′11 = S11 cos
4 θ + S22 sin4 θ + 2(S12 + 2S66) cos2 θ sin2 θ

S′12 = S12(cos
4 θ + sin4 θ) + (S11 + S22 − S66) cos2 θ sin2 θ

S′16 = (S11 − S12 − 2S66) sin θ cos3 θ + (S12 − S22 + 2S66) sin3 θ cos θ
S′22 = S11 sin

4 θ + S22 cos4 θ + (2S12 + S66) sin2 θ cos2 θ

S′26 = (2S11 − 2S12 − S66) cos θ sin3 θ + (2S12 + S66 − 2S22) cos3 θ sin θ
S′66 = S66(cos

4 θ + sin4 θ) + 2(S11 + S22 − 4S12 − S66) sin2 θ cos2 θ

(2.9)

with

S11 =
1
E1

S12 = −
ν12
E2

S21 = −
ν21
E2

S22 =
1
E2

S66 =
1
G12

S16 = S26 = S61 = S62 = 0
(2.10)

where E1, E2, ν12, ν21, G12 are Young’s elastic modulus, Poisson’s coefficients, and the corre-
sponding in-plane shear elastic modulus (Fig. 1, right).
Based on the original plate theory in the finite element analysis, considering a four-node

rectangular plate bending element is developed (Bailey and Hubbard, 1985). Figure 2 shows the
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Fig. 2. 3-DOF (degrees of freedom) of the rectangular element per node

DOF (degrees of freedom) number of each node of the element: w displacement in the z direction,
θx = ∂w/∂x rotation around the x-axis, and θy = ∂w/∂y rotation around the y-axis.

Based on the Pascal triangle law, the interpolation function is selected. The displacement w
at an arbitrary point in the element is as follows

w(xi, yi) = c1 + c2xi + c3yi + c4x2i + c5yixi + c6y
2
i + c7x

3
i

+ c8x2i yi + c8xiy
2
i + c10y

3
i + c11x

3
i yi + c12xiy

3
i

(2.11)

where (i = 1, 2, 3, 4)

x1 = x4 = −a x2 = x3 = a y1 = y2 = −b y3 = y4 = b (2.12)

The transverse displacement field w is expressed by w = PTc, where

P = [1, x, y, x2, xy, y2, x3, x2y, xy2, y3, x3y, xy3]T

c = [c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12]
(2.13)

In the rectangular element, the node displacement field vector di is expressed by

di = [w1, θx1, θy1, w2, θx2, θy2, w3, θx3, θy3, w4, θx4, θy4]T (2.14)

where

wi = w
∣∣∣
xi,yi

θxi =
∂w

∂y

∣∣∣∣∣
xi,yi

θyi = −
∂w

∂x

∣∣∣∣∣
xi,yi

(2.15)

And the displacement field can be expressed as follows

d = HLTX−1di i = 1, . . . , n (2.16)

where
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H =



1 0 0
0 −z 0
0 0 −z


 L =



0 0 0 2 0 0 6x 2y 0 0 6xy 0
0 0 0 0 0 2 0 0 2x 6y 0 6xy
0 0 0 0 2 0 0 4x 4y 0 6x2 6y2




(2.17)

X =




1 x1 y1 x21 x1y1 y21 x31 x21y1 x1y
2
1 y31 x31y1 x1y

3
1

1 0 1 0 x1 2y1 0 x21 2x1y1 3y21 x31 3x1y21
0 −1 0 −2x1 −y1 0 −3x21 −2x1y1 −y21 0 −3x21y1 −y31
1 x2 y2 x22 x2y2 y22 x32 x22y2 x2y

2
2 y32 x32y2 x2y

3
2

1 0 1 0 x2 2y2 0 x22 2x2y2 3y22 x32 3x2y22
0 −1 0 −2x2 −y2 0 −3x22 −2x2y2 −y22 0 −3x22y2 −y32
1 x3 y3 x23 x3y3 y23 x33 x23y3 x3y

2
3 y33 x33y3 x3y

3
3

1 0 1 0 x3 2y3 0 x23 2x3y3 3y23 x33 3x3y23
0 −1 0 −2x3 −y3 0 −3x23 −2x3y3 −y23 0 −3x23y3 −y33
1 x4 y4 x24 x4y4 y24 x34 x24y4 x4y

2
4 y34 x34y4 x4y

3
4

1 0 1 0 x4 2y4 0 x24 2x4y4 3y24 x34 3x4y24
0 −1 0 −2x4 −y4 0 −3x24 −2x4y4 −y24 0 −3x24y4 −y34




3. Piezoelectric constitutive equations

The linear constitutive relations of piezoelectric materials are given as follows

σ = CEε− eTE D = eε+ ξsE (3.1)

In the matrix form
[
σ

D

]
=

[
CE −eT
e ςs

] [
ε

E

]
(3.2)

where σ, D, ε, E, CE, e, ςS are the stress field, electric flux vector, strain field, electric field
vector, elastic constant matrix, piezoelectric coupling constant matrix, and electric coefficient
matrix, respectively.
Applying voltage to the element seems similar to applying heat to a bimetallic strip. The

voltage Φa across the bender element forces the bottom layer to expand, as illustrated in Fig. 3a,
while the top layer is contracted.
As a result of these physical phenomena, there is a significant curvature, implying a substan-

tial deflection at the tip while the other end is clamped. Due to the reciprocity effect, the sensor
deformation generates a charge across the electrode, collected as a voltage Φs through another
sensor surface. The equation expresses the applied/perceived electric potential via the actuator
or sensor element (Lopes et al., 2000)

φz =
(z − 0.5hp

h

)
φ (3.3)

where h, φ and z(za, zs) are the thicknesses, maximum electric potentials at the external surfaces
of the corresponding piezoelectric elements. The variables z(za, zs) can be obtained as follows

hp
2
¬ za ¬

hp
2
+ ha − hp

2
­ zs ­ −

hp
2
− hs (3.4)

The assumption for the electric field E remains constant regardless of the thickness of actu-
ator and sensor parts, and the gradient operators are recast as follows

E = − gradφ = −∂φz
dz
= −Bz ϕ = −φ

h
(3.5)
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Fig. 3. (a) Curvature of the plate caused by mid-layer and contraction of both sides. (b) A control
diagram for the laminate plate with integrated piezoelectric sensors and actuators

However, for implementation of an experiment in this article, the electric field E is assumed

E =



0
0
E3


 with Bz =



0
0
1
h


 (3.6)

where h is the thickness of the piezoelectricity material.
With linear piezoelectric materials, the elastic coefficient matrix, piezoelectric stress coeffi-

cient matrix, and dielectric coefficient matrix are given by

CE =



C11 C12 0
C21 C22 0
0 0 C33


 e =



0 0 0
0 0 0
e31 e31 0


 ξs =



ξ11 0 0
0 ξ11 0
0 0 ξ11


 (3.7)

4. The governing equations and finite element formulation

A two-dimensional piezoelectric problem in the domain Ω bounded by Γ is considered to be
carried out. The governing equations and boundary conditions for linear piezoelectric materials
are introduced as follows (Saravanos and Keyliger, 1999)

σij,i + fj = ρüj εij =
1
2
(ui,j + uj,i) Di,j = 0 Ei = −φ,i (4.1)

By integrating with the boundary conditions

σijnj = ti on Γσ ui = ui on Γu

φ = φ on Γφ Dini = −q on Γq
(4.2)

where σij and εij denote the stress and strain tensors, respectively. fj is the body force density,
uj is the mechanical displacement vector, and ρ is the mass density. The electric displacement
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vector is Di, the electric field vector is Ei, and the scalar electric potential field is ϕ. Summing
the kinetic energy, strain energy, dielectric energy, and potential energy of external fields yields
the general functional L. The disadvantage of the governing equations of piezoelectric structures
is to use the Hamilton principle, written as follows (Lopes etal, 2000; Phung-Van et al., 2013)

I =
t2∫

t1

L dt =
t2∫

t1

[δ(T − U +We −Wm) + δW ] dt (4.3)

where t1 and t2 are two random instants. L, T , U and We are the general energy functional,
kinetic energy, potential energy, and the work done by electrical forces, respectively. The vari-
able W is the mechanical force, being negligible for piezoelectric material. The total potential
energy U and kinetic energy T of the composite structure are described as follows

U =
1
2

∫
εTσ dV T =

1
2

∫
ρḋTḋ dV (4.4)

where ḋ is the differentiation of d with respect to time, d is the nodal displacement field, and
dV is defined by

dV = dVa + dVp + dVs (4.5)

Herein, the subscripts a, p and s denote the actuator, plate, and sensor parts, respectively, and
dVa, dVp and dVs are given by

dVp =

hp/2∫

−hp/2

b∫

−b

a∫

−a

dx dy dz dVa =

hp/2+ha∫

hp/2

b∫

−b

a∫

−a

dx dy dz

dVs =

−hp/2∫

−hp/2−hs

b∫

−b

a∫

−a

dx dy dz

(4.6)

The We work of electrical forces and the variable W for mechanical forces is illustrated by

We =
1
2

∫

V

ETD dV W =
∫

V

qTfb dV +
∫

A

qTfA dA+
∫

A

φσq dA (4.7)

Substituting equation (3.1) into equation (4.4) and equation (4.7)1, we obtain the following

U =
1
2

∫

V

εTCEε dV − 1
2

∫

V

εTeTE dV We =
1
2

∫

V

ETeε dV +
1
2

∫

V

ETξSE dV (4.8)

From equations (4.7) substituted to equation (4.3) one arrives at

t2∫

t1

δqTk [M
e
qqq̈k +K

e
qqqk +K

e
qϕϕ− f ] + δϕ[Keϕqqk +Keϕϕ]ϕ+Qa] dt = 0 (4.9)

where

Meqq = ρ
∫

V

X−TLMH
THLTMX

−1 dV Keqq = X
−T
∫

V

z2LTKDLKX
−1 dV

Keqϕ = [K
e
ϕq]
T = −X−T

∫

V

zLTKe
TBz dV Keϕϕ = −

∫

V

Bzξ
SBz dV

f =
∫

V

fb dV +
∫

A

fA dA Qa =
∫

A

σq dA

(4.10)
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Allowing arbitrary variations of dk and ϕ, from (4.9), we have two equilibrium equations for
k-th element in generalized coordinates that are now obtained as follows

Meddd̈k +K
e
dddk +K

e
φφφ− f = 0 Kedddk +K

e
φφφ+Q = 0 (4.11)

5. Dynamic control

From equation (4.11), the structure system can be rearranged as follows

Mddd̈+Kddd+Kdφφ− f = 0 Kφdd+Kφφφ+Q = 0

Mddd̈+ (Kdd +Kdφ +K
−1
φφ +Kφd)d+Kdφφ = f + (K

−1
φφ +Kφd)Q

(5.1)

The resultant control gain is

ϕa = Gdϕs +Gνϕ
′
s (5.2)

where Gv and Gd are the velocity and displacement feedback control gains.
The modeling equaton of the system is found as follows

Mḋ+ (C + CR)ḋ+K∗d = F (5.3)

where

K∗ = Kuu +Gd[Kuφ]s[K
−1
φφ ]s[Kφu]s C = Gv[Kuφ]a[K

−1
φφ ]s[Kφu]s

CR = αM + βKuu
(5.4)

Fig. 4. The control structure of the composite plate by PZT

6. Numerical results

6.1. The first case

Using numerical techniques, the displacement comparison in the first case verifies the pro-
posed method effectiveness. To do this work, the characteristics of piezoelectric material and
simply supported (SSSS) of rectangular plates are presented in Table 1 and Fig. 5, respectively.
The SSSS boundary conditions are symmetrically bonded with the matching architecture of
the piezoelectric actuators and sensors. Furthermore, the effect of piezoelectric patches on the
structure static behavior has been investigated.
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6.1.1. With steel plate

Table 1. Properties of the steel plate and piezoelectric material

Properties
Piezoelectric material Steel
sensor actuator plate

Young’s modulus E [GPa] 2 69 207
Density ρ [kg/m3] 1780 7700 7870
Poisson ratio ν 0.3 0.3 0.29
Thickness h [m] 0.205 · 10−3 0.254 · 10−3 1 · 10−3
Piezodielectric ζs [F/m] 1.06 · 1010 1.6 · 108 –
Piezoelectric strain e [C/m2] 0.046 −12.5 –
Capacitance C [F] 5.2 · 109 6.3 · 107 –
Geometry Lx × Ly [m] 0.1× 0.1 0.1× 0.1 0.6× 0.4

Fig. 5. Piezoelectric actuators and sensors test configuration

The mesh grid (24 × 16) in the first test is shown in Fig. 6.
Table 2 presents the position of sensors and actuators.

Table 2. Piezoelectric element positions in the x and y dimensions

Properties
Actuators and sensors
1 2 3

x 0.25 0.15 0.35
y 0.05 0.25 0.25

Considering the first section, where the position is the plane y = 0.2, the displacement graph
is shown in Fig. 7.
The total plate displacement amplitude results using the proposed method when a static

voltage is applied to the actuator with the magnitude of Φa = [−1, 1, 1], are shown in Fig. 8.
Table 3 also compares the sensor-generated electric potential results obtained by Abreu et

al. (2004) and from the proposed method.
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Fig. 6. Mesh grid (24× 16) and position of actuators and sensors

Fig. 7. The displacement graph at the plane x = x/2 (left) and y = y/2 (right)

Fig. 8. The total displacement amplitude of the plate
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Table 3. The electric potential from sensors

Actuators Electric potential V
Err [V]and Exact solution

Present
Abreu et al.

sensors Abreu et al. (2004) (2004)

1 +0.0139 +0.0154 +0.0162 0.0015
2 −0.0139 −0.0154 −0.0162 0.0015
3 −0.0139 −0.0154 −0.0162 0.0015

Compared to the exact solution, the errors in Table 3 are small: Err = 0.0015V, the relative
error is about 10% for actuators and sensors. It is declared that the proposed method can be
accurately applied to simulate the bending effect (displacement field) in the plate.
As mentioned above, the displacement of the plate is a result of supplying the static voltage

to the transmission system. The plate is controlled using the closed loop algorithm to reduce
the displacement. The results are illustrated in Fig. 9. The Z-direction displacement in the
noncontrollable sensor is bigger than in the controllable one.

Fig. 9. The total displacement amplitude of the plate: (a) without control, (b) with control

Let us continue to develop the problem with the above material parameters. Apply an evenly
distributed load P = −10N, place the piezoelectric plate at the center, and control with the
input voltages to 10V, 20V, 50V, 100V and 200V, and get the results shown in Fig. 10.

Fig. 10. The displacement graph at the plane y/2

The plate displacement decreases over time when other values are kept constant and the
voltage is gradually increased. Combined with active control of the plate, the amplitudes of
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vibrations decrease progressively over time, and the speed of extinguishing the vibrations is
faster than without control. The obtained results are shown in Figs. 11 and 12.

Fig. 11. The displacement graph at the plane y/2

Fig. 12. Comparison of the displacement of the composite plate with control and without control

6.1.2. Changing the composite layers for the plate

The material is a carbon/epoxy composite with a stacking sequence [0/90] s. The properties
are listed in Table 4. This composite laminate plate has length a = 0.38m, width b = 0.3m,
thickness tp = 1.5876mm. The PZT G-1195 piezoelectric actuator has Young’s modulus
Epe = 63GPa, Poisson’s ratio vpe = 0.3, density ρpe = 7600 kg/m3, piezoelectric constant
ζs = 1.9 · 10−10V/m, and thickness tpe = 0.15876mm (Dileep et al., 2017). Through parametric
research, the influence of the actuator size and position on the composite plate deflection and
deformation shape when activated by the surface-bonded piezoelectric actuator is evaluated.
As shown in Fig. 13, the plate displacement generated relative to PZT decreases linearly as

the number of layers increases.
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Table 4. Properties of carbon/epoxy material

Longitudinal Transverse Shear modulus Poisson’s ratio
module E1 [GPa] modulus E2 [GPa] G12 [GPa] ν12 ν21

108 10.3 7.13 0.28 0.28

Fig. 13. The total displacement amplitude of the plate with 2-layer (left), 4-layer (between), and
8-layer (right)

When changing the fiber direction of an 8-layer plate, in the case of the [75,−75] s plate
arrangement, the best ability to resist displacement caused by the PZT plates is shown in
Fig. 14.

Fig. 14. The total displacement amplitude of the 8-layer composite plate with the fiber direction
[30, 60] s (left) and [75,−75] s (right)

Fig. 15. Mesh model of the composite plate and the positions of 3 PZT patches

The actuators are placed at various locations to study their capability of controlling the plate
deflection shape. In this case, the piezoelectric actuators are surface bonded at the plate central,
right, and top regions, respectively, as shown in Fig. 15. Those are three typical positions chosen
arbitrarily to demonstrate the effect of actuator position on the deflection.
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Table 5. Piezoelectric element central positions in x and y dimensions

Properties
Actuators and sensors
1 2 3

x 0.2 0.35 0.2
y 0.3 0.3 0.55

Fig. 16. Displacement of the composite plate with the PZT patch positioned at the center (left),
x-axis (between), and y-axis (right)

Table 6. Comparison of the maximum displacement of the composite plate induced by PZT
patches at three different positions

Positions W [mm]

1 −0.2358
2 −0.0849
3 −0.0691

Fig. 17. The displacement graph at the plane x/2

When the position of the PZT piece on the composite plate changes, the displacement also
changes. The PZT pieces placed closer to the boundary edges will gradually decrease the dis-
placements.

If the composite panel is rectangular, PZT panels placed near the edge along the width
direction will have smaller displacements than PZT panels placed at the edge along the length
of the panel.

Based on Fig. 17, the torque generated deforms the composite panel where the PZT panel
is placed and in the opposite direction in the surrounding area.
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6.2. The second case

In this simulation, the proposed algorithm is investigated to control the diving board in
diving sports. This article aims to show that the diving board can be safe in the case of overload
and help improve athletes’ performance before touching the swimming pool surface. The physical
parameters of the diving board are 2.5m×0.4×0.01m for the composite 4-layers [75◦/ − 75◦/
−75◦/75◦] and [30◦/60◦/60◦/30◦] (shown as Fig. 18). The control diagram is shown in Fig. 3b.

Fig. 18. The model of the diving board (desired scenario)

With diving board composite 4-layers [75◦/ − 75◦/ − 75◦/75◦] and [30◦/60◦/60◦/30◦], the
piezoelectric ceramic (PZT 1V) is stuck in the diving board, as seen in Fig. 19.

Fig. 19. The position of PZT: scenario 1 (left) and scenario 2 (right)

Fig. 20. The displacement (with m unit) of the diving board in non-controllable
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The simulation results are found from two scenarios displayed in Figs. 21 and 22 with the
composite 4-layers [75◦/− 75◦/− 75◦/75◦] and [30◦/60◦/60◦/30◦].

Fig. 21. The displacement of a controlled diving board for scenario 1: fiber direction [75,−75] s (left),
fiber direction [30, 60] s (right)

Fig. 22. The displacement of a controlled diving board in scenario 2: fiber direction [75,−75] s (left),
fiber direction [30, 60] s (right)

Table 7. Piezoelectric element positions in x and y dimensions

Direction of Maximum displacement [m]
fibers Non-controllable Scenario 1 Scenario 2

[75◦/− 75◦/− 75◦/75◦] 0.8 0.0606 0.0223
[30◦/60◦/60◦/30◦] 0.8 0.0424 0.0424

The control method backs the diving board approximately to the initial position. Therefore,
the displacement of the z-axis of the diving board is narrowed down. Although the displacement
of scenario 2 is less than that of scenario 1, the shape of the diving board after controlling
scenario 1 is nearly close to the desired scenario. The input voltage controls the desired displace-
ment; therefore, an athlete performs well when turning on the thrust assist bar.

7. Conclusion

• In this article, the deformed shape of the plate bonded to piezoelectric actuators and
sensors is investigated by the finite element method (FEM). Based on the Kirchhoff plate
model, the FE (finite element) formula was developed for smart composite structures with
piezoelectric materials. The modeling technique combining FEM and LQR algorithms
was proposed. By analyzing and evaluating the results obtained from the two cases, the
effectiveness of computation and application was presented.
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• In the first case, a rectangular piezoelectric actuator with symmetrically bonded three
sensors is considered. The results are analyzed, errors estimated and compared with other
methods and reliable analytical solutions.
• In the second case, the piezoactuator of the injector is considered. From the obtained re-
sults, it can be said that the deformed shape of piezoactuators can be computed accurately
by FEM. Furthermore, the obtained results also showed that the displacement at the cen-
ter of the piezoactuator in the injector has a linear relation with the voltage level. These
results help the understanding the coupling effects of mechanical and electric properties of
piezoelectric actuators and sensors for applications. Besides, the results present the per-
formance of active control LQR and behavior of the actuator modules of the injector in a
common system. The convergence rate of the energy norm versus the degree of freedom is
reliable.
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EXPLORATION OF FREQUENCY CHARACTERISTICS OF BALL BEARING
WITH UNEVEN LOAD BEARING EFFECT CAUSED BY WEAR FAILURE
OF MULTIPLE ROLLING BODIES UNDER STARVED LUBRICATION
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Pointed at the problem of increased wear of rolling bodies (RBs) in a bearing under starved
lubrication as well as abnormal vibration and increased noise of the bearing after occurence
of wear fault, a fault dynamics model was proposed to simulate the interaction between
components by quantifying the degree of rolling bodies wear. The results indicated that the
bearing exhibited an uneven load bearing effect after the wear fault. The fractional multiple
of the rotation frequency of the cage could be used as the basis for monitoring wear fault
of rolling bodies. The research provides a reference for the diagnosis of wear fault in rolling
bodies.

Keywords: starved lubrication, dynamic model, wear, bearing, frequency

1. Introduction

Ball bearings play an important role in modern industrial fields and are also a key link in the
health monitoring and diagnosis of mechanical systems. The importance of their health status to
the entire system cannot be ignored (Cao et al., 2019; Visnadi and de Castro, 2019). Lubrication
is an important factor affecting the performance of ball bearings during operation. In many cases,
such as deterioration or reduction of the lubricant caused by extreme working conditions such
as aircraft engines, the lubrication state of the bearing will transition to starved lubrication.
The contact roughness between RBs and raceways will increase, and friction between internal
components of will increase, thereby accelerating bearing wear. The levels of vibration and noise
of the system are greatly grown, shortening the service life of the equipment (Wang et al., 2018;
Wen et al., 2023). Therefore, for ensuring healthy and stable operation of the system, it is crucial
to obtain accurate wear characteristics of RBs for the bearing condition monitoring.
The dynamic model is an important method to obtain various fault characteristics of bear-

ings, it clarifies the fault mechanism, and establishes the mapping relationship between the fault
excitation and characteristic frequency. Jiang et al. (2019) explored vibration mutation caused by
contact force changes, Bai et al. (2021) explored the trend of outer ring fault frequency changes
using temperature field thermal deformation theory, and for the study of RB fault, Zhang et
al. (2021) established a dynamic model of the outer ring – RB composite faults to obtain fault
characteristics. Cheng et al. (2019) set a local defect on the surface of RB and obtained the
relationship between the geometric shape of the defect and deformation, the occurrence of lo-
cal defect on RB significantly increased vibration of the bearing system. However, a wear fault
cannot directly trigger impact forces like surface defects, so the local fault dynamics modeling
method cannot be directly applied, but should be studied based on changes in size or spheri-
cal roundness. The above research clearly has low applicability. In addition, when conducting
research on bearing dynamics, in order to reduce computational complexity, the bearings are
generally considered to be in dry friction or a fully lubricated state (Liu et al., 2020).



198 Z.-T. Huo et al.

However, in actual use of bearings, it is almost impossible to achieve ideal lubrication con-
ditions, and due to the influence of extreme working conditions, most bearings are in a state of
starved lubrication (Maruyama and Saitoh, 2015). Bian et al. (2021) considered the influence of
insufficient lubrication conditions on the bearing performance, and showed that when the lubri-
cant oil supply was insufficient, the bearing was in the starved lubrication state, and the bearing
bearing capacity of the oil film was reduced, which easily led to bearing wear. Regarding friction
and wear behavior of RBs, Shi et al. (2022) developed a friction dynamics analysis model, which
can be used to evaluate the lubrication and wear status of bearings, becoming the theoretical
basis for establishing a friction lubrication model in this paper. Tu (2021) developed a dynamic
model for sliding of cylindrical roller bearings. The most direct consequence of RB wear is a
decrease in ball diameter. Regarding the difference in ball diameter, Bai et al. (2019) established
a dynamic model suitable for full ceramic ball bearing considering RB size errors. Shi and Bai
(2020) pointed out that the non-uniform loading situation varies with the diameter tolerance and
arrangement of the RB, and the characteristic frequency of the RB raceway contact shifts from
fc to f ′c, 2f

′
c and 3f

′
c. By relying on the idea of ball diameter difference, this paper evaluates the

phenomenon of uniform wear of RBs, and provides valuable materials for the study of dynamic
models of RB wear.
From the above analysis, it can be seen that it is necessary to establish a dynamic model with

RBs wear fault considering starved lubrication and obtain the corresponding vibration response
of the fault. Therefore, the difference in ball diameter to simulate RBs wear fault was used in this
paper, and based on the theory of friction-lubrication, the frequency characteristics of RBs wear
fault under starved lubrication was obtained. The research results provide a sufficient reference
for bearing wear fault monitoring in practical situations.

2. Establishment of the dynamic model for RB wear fault under starved
lubrication

As shown in Fig. 1, OiYiZi represents the center of mass coordinate system of the inner ring,
and OjYjZj represents the center of mass coordinate system of the j-th RB. The RB revolves
around the outer ring axis at an angular velocity of ωmj , while the cage rotates around the outer
ring axis at ωc. φj is the azimuth angle of the j-th RB in the coordinate system OiYiZi, and
ψj is the azimuth angle of the j-th RB in the coordinate system OY Z.

Fig. 1. Schematic of the rolling bearing
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The azimuth ψj of the j-th RB can be expressed as

ψj = ωmjt+ θj +
2π(j − 1)

Nb
(2.1)

The diameter of the RB decreases after wear, and its load-bearing performance changes. Dj is
the diameter of the RB, therefore, the relationship between φj and ψj is

ψj = ϕj + arccos
R2o +R

2
i −Dj(Ro −Ri) + 0.5D2j − e2

2RoRi +Dj(Ro −Ri)− 0.5D2j
(2.2)

where e is the eccentricity.
The deformation and force relationship between the RB and the raceway are as follows

δj =
[
y cosϕj + z sinϕj −

1
2
λ− (Dj −Db)

]

+
(2.3)

where “+” indicates that the equation takes only positive values. The contact force can be
expressed as

Qij = Kβ
√
δ3j Qoj = Kβ

√
δ3j +mrRmω

2
mj (2.4)

where K is the equivalent contact stiffness (Wang et al., 2022); β is the switching function, it
takes 1 when δj ­ 0, otherwise it is 0.
Set the bearing area to cover the lower 1/3 symmetrical part of the bearing, as shown in

Fig. 2. Due to wear on the RB, there is a difference between the actual ball diameter and the
nominal diameter of the RB. Therefore, when the RB comes into contact with both the inner
and outer rings, it is considered a load-bearing RB.

Fig. 2. Schematic of the bearing bearing area

When there is wear on the RB, that is, when there is a difference in the ball diameter of the
RB, the ball diameter of the RB satisfies

Dj = Dn +Ajδ (2.5)

where Aj is the diameter coefficient corresponding to the j-th RB, and δ is the amplitude of the
diameter difference.
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When the j-th RB passes through the bearing area and Djlim is given, the critical value for
determining whether the RB is loaded can be obtained

Dj lim =
e2 +R2o −R2i − 2eRo(ψj − ψe)

Ro +Ri − e(ψj − ψe)
(2.6)

where ψe is the eccentricity angle of the inner ring, when Dj ­ Dj lim, the j-th RB bears the
load.

2.1. The traction force between RB and raceway under starved lubrication

When the RB and raceway are in the starved condition, due to the existence of micro-asperity
contact friction between the two surfaces, the force relationship between the two contact surfaces
will be affected, and one will need to calculate the oil film thickness and traction force under
the starved condition, as shown in Fig. 3.

Fig. 3. Schematic of the contact surface between the RB and the raceway

The oil film thickness and traction force under the starved condition are calculated as

hc = 3.672RyW−0.045κ
0.18
U0.663κ

0.025
G0.502κ

0.064

· (1 + 0.025σ1.248V 0.119W−0.133U−0.884G−0.977κ0.081)(1− 0.573e−0.74κ)
(2.7)

and

(hc)starved = (1− 1.561χ0.849κ−0.214)hc χ = 1− ṁs
ṁf

(2.8)

where hc is the film thickness in fully EHL, (hc)starved is the film thickness in the state of starved
lubrication, W is the dimensionless load, U is the dimensionless speed, G is the dimensionless
material number, and V denotes the dimensionless hardness number, κ is the ellipticity coef-
ficient, χ denotes the degree of starvation, ṁs and ṁf is the lubricant mass flow rate under
starved conditions and fully EHL conditions, respectively.
The asperity contact ratio La−starved of the micro-convex body between the RB and the

raceway is calculated as

La−starved = 10W−0.083U0.143G0.314 ln
(
1 + (1− χ)−7.326σ4.689V 0.509W−0.501U−2.9G−2.87

)

(2.9)

After quantifying the asperity contact ratio, the pressure distribution between the RB-raceway
can be further determined

Pa = Pmax
La−starved
100

Ph = Pmax
(
1− La−starved

100

)
(2.10)
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where Pmax is the maximum contact pressure between the RB and the raceway contact surface,
Pa is the contact pressure borne by the micro-asperity body, Ph is the contact pressure borne
by the oil film.
Therefore, the traction force between the RB and the raceway can be calculated as

τ(x′, y′) = min
[η(x′, y′)∆V
(hc)starved ′

, ΛPh
]
+ fcPa

Fi/oj =
x

τ(x′, y′) dx′ dy′
(2.11)

where τ(x′, y′) is the oil film shear stress, η(x′, y′) is the lubricant viscosity, ∆V is the sliding
velocity between the RB and the raceway, Λ is the ultimate shear stress coefficient, and fc denotes
the roughness friction coefficient.

2.1.1. Establishment of bearing motion model

According to the Hertz theory and the geometric model of the bearing in Fig. 1, motion of
the inner ring can be described as

Wy −
Nb∑

i=1

(Qij cosϕj − Fij sinϕj)−mi
d2y

dt2
= c

dy

dt

Wz −
Nb∑

i=1

(Qij sinϕj + Fij cosϕj)−mi
d2z

dt2
= c

dz

dt

(2.12)

where c is damping.
Motion of the RB can be described as

Fij − Foj −Qcj −mrg cosψj −mrRm
dωmj
dt
= 0

(Fij + Foj)Rr −mrRmω2mjRr −mrR2r
dωrj
dt
= 0

(2.13)

where ωmj is the circumferential angular velocity of the j-th RB

ωmj =
dϕj
dt

(2.14)

Motion of the cage can be described as

Rm

Nb∑

i=1

Qcj − Jc
dωc
dt
= 0 (2.15)

where Jc is the moment of inertia of the cage.

3. Numerical simulation

The 6304 deep groove ball bearing is taken as an example for the study, and the parameters
of the bearing and the performance parameters of the lubricant are shown in Table 1. The
operating temperature is 40◦C, radial load W = 100N, inner ring speed ωi = 4000 r/min.
When the bearing area is uniformly loaded, the number of loaded RBs N = Nb/3, and the

number of RBs in the bearing studied in this paper is Nb = 7. Based on Fig. 2, it can be seen
that the number of loaded RBs in the bearing area varies between 2 and 3 without considering
the difference in ball diameter. This paper introduces wear in three RBs, assuming the radii of
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Table 1. Main parameters of rolling bearing

Parameters Value Parameters Value

Outer raceway radius Ro [mm] 22.77 Raceway surface roughness σ1 [µm] 0.028
Inner raceway radius Ri [mm] 13.24 Surface roughness of ball σ2 [µm] 0.042
Bearing pitch circle radius Rm [mm] 18 Material cypress pine ratio v 0.3
RB radius Rr [mm] 4.76 Density of lubricant ρ [Kg/m3] 826
Number of RBs Nb 7 Lubricant in viscosity η0 [Pa·s] 0.04
Radial clearance ε [mm] 10e-5 Ultimate shear stress coefficient Λ 0.0434

the three worn RBs are 4.71mm, 4.71mm and 4.70mm, respectively. The analysis of the sliding
effect and force is based on the worn RB. Using a fixed time step (∆t = 5 ·1e-4), the fourth-order
Runge-Kutta algorithm in Matlab is incorporated to solve differential equation systems.
The above analysis indicates that there may be 1-3 load-bearing RBs in the bearing area, as

shown in Fig. 4. Figure 4 shows the situation of different numbers of load-bearing RBs or worn
RBs in the bearing area, where the worn RBs are represented by dashed lines. The solid line
represents healthy RBs.

Fig. 4. Different bearing conditions

Numerical simulation methods are used to solve the model, as shown in Fig. 5. In Fig. 5a, the
RB enters the contact zone when the azimuth angle is around φj = 300◦, and it can be observed
that the oil film thickness between the RB and the raceway decreases with an increase of the
starved lubrication degree. The reason for this phenomenon is that the supply of the lubricant
is insufficient, and the rotating pair cannot stimulate enough lubricant to form an oil film. In
the load area, due to the effect of gravity and load, the oil film is compressed, and thickness of
the oil film is much lower than that in the non loaded area.
An increase in the degree of starved lubrication leads to an increase in friction between the

RB-raceway, which drives the RB to rotate around the center of the bearing at an increased rate,
i.e., the rotational speed of the RB and cage increases with the increase in the degree of starved
lubrication, as shown in Figs. 5b and 5c. In Fig. 5b, the dashed line represents the rotational
speed of the RB experiencing wear failure, which is lower than the healthy RB under the same
lubrication conditions. Figure 5d shows the RB-raceway slip velocity, in the contact zone the RB
is subjected to the radial load, so the slip velocity decreases rapidly. In addition it can be clearly
observed that the slip rate decreases rapidly with an increase of the starved degree within one
week of RB rotation.
Figure 6a shows the contact forces between the RBs and the raceway of the ball bearing

without considering wear of the RBs, and the contact forces of each RB in the load zone are
almost equal. Figures 6b-6d show the bearing capacity of each RB under the initial condition
χ = 0. Figure 6b corresponds to Fig. 4a, where the contact force of RBs 1, 2 and 7 is significantly
lower than that of other RBs, exhibiting a significant uneven bearing effect. The 6th and 3rd RBs
adjacent to the 7th and 2nd RBs have the highest contact force. This is because the diameter of
the 1st, 2nd and 7th RBs is small, and according to the Hertz theory, the Hertz force generated
is small. Therefore, the contact force is distributed to the 6th and 3rd RBs. Figures 6c and 6d
are consistent with this description principle, where the RB with smaller diameter bears less
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Fig. 5. Related calculation results: (a) the influence of starved lubrication on oil film thickness,
(b) revolution speed of RB, (c) cage speed, (d) sliding speed of RB to raceway

pressure, while the adjacent RBs have a greater contact force, resulting in a significant uneven
bearing effect.
Figure 7 shows variation of rhe contact force between each RB and the raceway at different

χ values of 0, 0.1, 0.2 and 0.3. Figure 7 more intuitively reflects that the contact force of RBs 1,
2 and 7 is significantly lower than the others. And the 1st RB is adjacent to both the 7th and
2nd RBs, so a portion of the contact force from the 7th and 2nd RBs is shared on the 1st RB.
In addition, as the degree of starved lubrication increases, the thickness of the oil film inside the
bearing decreases, the contact stiffness K increases, resulting in an overall upward trend in the
contact force (Wang et al., 2022).
Equation (3.1) provides the calculation method for the friction torque between the RB and

the raceway. Figure 8 shows variation of the friction torque for different degrees of starved
lubrication. The curves A, B, C and D represent the depleted oil conditions at χ = 0, 0.1, 0.2
and 0.3, respectively. After the wear of the RBs, as the degree of starved lubrication increases,
the friction torque increases. In addition, changes in the friction torque can affect the degree of
bearing sliding. According to Tu et al. (2021), the more sufficient friction between the RB and
the raceway, the greater the driving force provided for the RB and the cage, thereby suppressing
bearing sliding. With an increase of χ, that is an increase of the friction torque, the slip effect
is reduced, verifying a decrease in slip velocity, which is consistent with Tu’s research results.
Meanwhile, this also confirms the conclusion in Fig. 5 that the sliding effect is suppressed as the
degree of starved lubrication increases after the wear of the RB

Mf ,average = AVERAGE
[ Nb∑

j=1

(FjRj + FoRo)
]

(3.1)
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Fig. 6. The bearing capacity of each RB under the initial lubrication state

Fig. 7. The bearing capacity of each RB under different degrees of starved lubrication

The spectrum of Fig. 9 was obtained by solving the differential equation.Nfr is the rotational
frequency, where nfcA,B,C,D correspond to the rotational frequency and doubling frequency of the
cage under four lubrication states, while fbwA,B,C,D correspond to the characteristic frequencies
of RB wear faults. According to Shi’s research (Shi et al., 2019), when uneven load bearing
effects occur inside the bearing, a fractional multiple of the cage frequency fc, fcw = 3fc/N ,
appears in the spectrum. The above formula provides the characteristic frequency when there is
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Fig. 8. Friction torque between the RB and raceways under different degrees of starved lubrication

Fig. 9. Vibration spectrum of bearing dynamics model simulation: (a) A, (b) B, (c) C, (d) D

only one loaded RB in the bearing area, and when there is 2, 3, . . . , N/3 in the bearing area, the
corresponding characteristic frequencies are 2fcw, 3fcw, . . . , Nfcw/3. For the bearings selected in
this article, there are 7 RBs, and there may be 1,2,3 loaded RBs simultaneously in the bearing
area. When the worn RBs enter the bearing area, there are 2 loaded RBs in that area, and the
corresponding characteristic frequency in the spectrum is 2fcw. After the worn RB leaves the
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bearing area, there are three loaded RBs in that area. At this time, 3fcw > fc, and the load-
bearing characteristics of bearings after RB wear will appear as fc and its harmonic components.
As the degree of starved lubrication, the friction torque between the RB and the raceway

increases, and the sliding effect is suppressed. This is manifested by an increase in the rotational
frequency fc and its harmonic component nfc of the cage, but still lower than the theoretical
value in ideal conditions. The spectrum shows an increase in fcA, fcB, fcC and fcD, corresponding
to an increase in the RB wear frequency fbwA, fbwB, fbwC and fbwD, as shown in Fig. 9 and
Table 2.

Table 2. Characteristic frequencies at different degrees of starved lubrication

Item χ = 0 χ = 0.1 χ = 0.2 χ = 0.3 Change rate

fc [Hz] 23.83 23.95 24.19 24.32 1.9%
fcw [Hz] 20.19 20.38 20.80 20.92 3.5%

4. Experimental study

For verifying the correctness of the model proposed in this paper and detect the bearing vibration
characteristics of RB wear fault under starved lubrication, an experimental setup as shown in
Fig. 10 was established in this Section. In Fig. 10, the speed was controlled by a speed controller,
and the motor output speed was from 0 to 5000 r/min. The vibration signal was obtained by a
contact type acceleration sensor arranged on the bearing seat and further processed by a data
collector, with a sampling frequency of 5000Hz. The selected bearings were consistent with those
in the simulation in the previous Section. Through special customization and procurement, the
RB had a radius of 4.70mm, the radius of the two RBs is 4.71, while the other RBs had the
radius of 4.76mm. This paper designed three sets of experiments P , Q and R. By manually
adding or removing lubricants, the lubricants in the bearing cavity during the three sets of
experiments were 0%, 33% and 75% of the cavity volume, respectively, to simulate changes in
the degrees of starved lubrication.

Fig. 10. Experimental testing system

Set the motor output speed to 4000 r/min, collect vibration data after the speed stabilizes,
and perform Fourier transform on the vibration signal to obtain the spectrum of the right bearing
as shown in Fig. 11. In the spectrum, it is clear to see changes in the characteristic frequencies
fcwP,Q,R of RB wear caused by changes in lubricant supply, while the rotational frequency fr and
its harmonic components related to input speed remain unchanged. In the P , Q and R tests,
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the corresponding RB wear characteristic frequencies were 10.02Hz, 10.24Hz and 10.78 Hz,
respectively. The corresponding double wear characteristic frequencies are approximately in the
range of 20Hz-22Hz, which is consistent with the simulation results. The corresponding cage
rotation frequency and its harmonic components were also excited. However, due to frequency
modulation and mutual influence, the amplitude of the first harmonic frequency fcP,Q,R of the
cage rotation was relatively low, which may be submerged in background noise in practice.
However, the RB wear characteristic frequencies still vary significantly.

Fig. 11. Frequency curve of experimental data

Compared with simulation, it is difficult to accurately simulate the increase and decrease of
lubricants. However, this experiment still verified the hypothesis that the characteristic frequency
changed with the degrees of starved lubrication, and quantified the characteristics of RB wear
fault under different degrees of starved lubrication, proving the correctness of the theoretical
model and calculation.

5. Conclusion

This paper quantified the wear failure of ball bearings under starved lubrication based on the
idea of ball diameter difference of RBs, and the mechanism of fault characteristics was analyzed
by contact-friction theory. The main conclusions are as follows:

(1) RB wear failure is the cause of an uneven bearing load. Specifically, the contact force
between the worn RB and the ring is small, while the adjacent healthy RBs experience a
greater contact force.

(2) Deterioration of lubrication conditions will exacerbate the wear failure of RB. Specifically,
as the degrees of starved lubrication increases, the same RB will experience greater contact
and friction forces, leading to wear faults quickly radiating to healthy RBs.

(3) At the same lubrication level, the worn RB speed is slightly lower than healthy RBs.
Specifically, due to wear of RB, it experiences a lower contact force and lower frictional
driving force than healthy RB, resulting in a decrease in orbital speed.

(4) The fractional multiple of the rotation frequency of the cage can be used as an indicator
for monitoring the RB wear fault. Specifically, considering the total number of RBs, the
number of RBs loaded within the load zone, and the number of RBs experiencing wear
and tear fault, relevant frequency components can be found in the spectrum.
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(5) A change in the lubrication state will have an impact on the characteristic frequency of
wear fault. In the actual monitoring of the ball bearing wear fault, lubrication conditions
should be fully considered to effectively distinguish characteristic frequencies and ensure
the accuracy of fault monitoring.

In the future, we will focus on the temperature rise phenomenon caused by bearing oper-
ation heating, fully consider the influence of temperature rise on lubrication conditions, radial
clearance, and component dimensions, and incorporate the wear phenomenon of raceways into
our research. We will establish a more detailed, comprehensive, and applicable bearing wear
dynamic model to improve the theory of bearing fault dynamics.
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