
W
AR

SA
W

  2
02

4,
   

Q
UA

RT
ER

LY
,  

  V
O

LU
M

E 
 6

2,
   

 IN
DE

X 
 3

65
23

8,
  

IS
SN

  1
42

9-
29

55

JJOURNAL OF THEORETICAL

AND APPLIED MECHANICS

6262
/4/2024

POLISH SOCIETY OF THEORETICAL AND APPLIED MECHANICS



POLISH SOCIETY OF THEORETICAL AND APPLIED MECHANICS

JOURNAL OF THEORETICAL

AND APPLIED MECHANICS

No. 4 • Vol. 62
Quarterly

eISSN: 2543-6308

ISSN: 1429-2955

WARSAW, November 2024



JOURNAL OF THEORETICAL AND APPLIED MECHANICS
(until 1997 Mechanika Teoretyczna i Stosowana, ISSN 0079-3701)

Beginning with Vol. 45, No. 1, 2007, Journal of Theoretical and Applied Mechanics (JTAM) has been
selected for coverage in Thomson Reuters products and custom information services. Now it is indexed
and abstracted in the following:

• Science Citation Index Expanded (also known as SciSearch R○)
• Journal Citation Reports/Science Edition

Advisory Board

MICHAŁ KLEIBER (Poland) – Chairman
Jorge A.C. Ambrosió (Portugal) ✶ Angel Baltov (Bulgaria)

✶ Romesh C. Batra (USA) ✶ Alain Combescure (France)
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The article describes an experiment of the movement of a butterfly wing model in glycerin to
obtain a relationship between rotation functions and aerodynamic forces. Measurements were
taken during the movement of an artificial wing, modelled on a real one, in a dense viscous
medium with proportional reduction of the movement frequency. Reducing the frequency, i.e.
slowing down the wing, makes the observation easier and produces more reliable results. The
tests started with the movement observed in the living butterfly and then, in each subsequent
step, the angles of inclination were modified in such a way as to describe it in terms of
simple functions, without losing their physical properties, i.e. due to aerodynamic forces.
According to the literature, the insect flight can be divided into three phases of stroke in
flapping flight. In each, aerodynamic forces are generated or aerodynamic drag is minimised.
The experimental tests were filmed, and the pressure differences were measured. Based on
the data analysis, the functions of wing inclination angles in time for the characteristic flight
moments – acceleration, hover, and take-off – were specified.

Keywords: flapping flight, butterfly flight, experimental mechanics, verification of numerical
calculations

1. Introduction

In literature, the flight of living organisms is often discussed, but there appears a varied phe-
nomenon making its individual aspects still not well understood (Shyy et al., 2007). The aim of
this article is to understand deformations of a butterfly wing and their impact on aerodynamic
forces. One of the first significant publications that attempted to explain the key issues related
to aerodynamics of flapping insect wings was a series of six articles by Ellington (1984). The
article (Reade and Jankauski, 2020) is an example of a paper devoted to the issue of butterfly
wing kinematics and aerodynamics. Its authors describe wing motion using two vectors (for the
front and rear wing). The description did not cover wing deformations or insect in-flight position,
as in most studies. Fry et al. (2005) present insect flight research results (on the example of a
Drosophila Melanogaster fruit fly). The authors distinguish three flapping wing motion phases
– beat, break-off and rotation, while noting that the wing motion in each insect is a species
feature. The article (Steppan, 2000) presents a series of studies of displacements as well as forces
and torques acting on the wings of Idea leuconoe butterfly in flapping flight. The analysis dis-
cussed in (Piechna, 1997) indicates that the lift force in a fly is generated mainly in the course
of downwards wing motion, and the thrust during upwards wing motion. Furthermore, in but-
terflies, the wings meet in the upper position first at the front, followed by the other parts of the
wing, from front to back – generating something called the “pumping effect”. The wings start
spreading from the front with the largest driving force generated at that moment. This produces
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an increase in thrust by up to 40%. It should be noted that butterflies are classified as insects
with a low beat frequency, large area and span of the wings (Sun and Bhushan, 2012). Based
on the analysis of source literature data, the authors of (Sun and Bhushan, 2012) state that a
butterfly flying forwards always flaps, while combining flapping with gliding to improve flight
efficiency. Experimental studies of vortex structures generated by the wings of a Papilio Ulysses
were also reviewed in (Hu et al., 2009). The authors of (Okamoto et al., 2009; Hu and Wang,
2010) discuss the gliding flight. Senda et al. (2012) calculate the aerodynamic force by applying
a model composed of numerous rigid elements, and compare the results with a force measured
in the course of the experiment. A two-dimensional analysis of flexible wing flow is presented
in (Bluman and Kang, 2017), where the authors attempt to show that wing flexibility leads to
an increase in its lift force. Biej-Bijenko (1976) considers butterflies as belonging to a group
of functionally double-winged insects, since during flight, the rear pair remains connected with
the front pair and they work together as a single surface. Essentially, the information required
for this work is that the wings consist of venation that acts as the structure while membranes
stretch in between. Such veins are also arranged in an irregular pattern (not along, not across,
sometimes almost radially) (Ha et al., 2011).
In order for the research described in this article to be carried out, the investigation and cal-

culations constituting the introduction herein were previously performed: Numerical calculations
of the flow around the rigid wing have been carried out, which was necessary (Kunicka-Kowalska
et al., 2022b) to start the research. Then, by increasingly complicating the modelling, the model
became more realistic by taking into account the flexibility of the wing structure (Kunicka-
Kowalska and Sibilski, 2018; Kunicka-Kowalska et al., 2022a). The mechanical properties of this
butterfly wings were studied in (Landowski et al., 2010) and taken from the literature (Sun
and Bhushan, 2012). The input data for calculations were obtained from an experiment with
a live Attacus Atlas insect (Kunicka-Kowalska and Sibilski, 2018). Numerical calculations were
performed in the commercial Ansys Fluent software, the algorithms of which are based on the
Navier-Stokes equation. In order to validate the deformation and experimentally demonstrate
the influence of the modification of the wing rotation on pressure differences of the medium
resulting in aerodynamic forces, the tests described in this article were carried out.

2. Materials and methods

Because the frequency of flapping in the air is high and makes experimental work and observation
impossible, it was decided to use technical glycerin as the medium. It is a thick and colourless
liquid. It was assumed that deformations are caused by propulsive forces of the medium in which
the object is moving, so to obtain the same deformations, these forces had to be compared.

εp = εg − Frp = Frg (2.1)

where: εp – deformation in the air, εg – deformation in the glycerin, Frp – resistance force in the
air, Frg – resistance force in the glycerin.
Following the above reasoning, the frequency that would give analogous deformations was

determined by the formula

C
ρpv
2
p

2
S = C

ρgv
2
g

2
S (2.2)

where: ρp – air density, ρg – glycerin density, vp – object velocity in the air, vg – object velocity
in the glycerin, S – area of projected object on a plane perpendicular to the velocity vector.
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Since in both cases the object is the same and the frequency is directly proportional to the
velocity, the equation can be reduced to a simple proportion

vg
vp
=

√
ρp
ρg
=
fg
fp
→ fg =

√
ρp
ρg
fp → fg =

√
0.00119
1.26

5.48 = 0.168 Hz (2.3)

where: fp – frequency in the air, fg – frequency in the glycerin.
Based on previous research (Kunicka-Kowalska et al., 2022b), the flutter frequency was set

to 5.48Hz. This means that in one minute, the wing will beat 10.08 times, and one stroke will
take about 5.95 s. This is a speed suitable for observing deformations, so glycerin is the right
medium for this experiment. It can also be easily concluded that with the application of water,
this speed would be higher

vw
vp
=
√
ρp
ρw
=
fw
fp
→ fw =

√
ρp
ρg
fp → fg =

√
0.00119
1
5.48 = 0.189 Hz (2.4)

where: fw – frequency in water.
Thus, it can be seen that in one minute, the wing will perform 11.34 strokes in water while

maintaining the same deformations. However, the Reynolds number, which depends on the fluid
viscosity and the remaining dimensionless numbers, was also important for the experiment.
Table 1 shows the dimensionless numbers for the flapping wing in water and glycerin while
maintaining the deformations observed in the air. The biggest difference is in the Reynolds
number. The use of glycerin instead of water allows for any orientation of the wing in space and
easier interpretation of the pressure reading in the liquid, which indicates the initial direction and
returns of the fluid velocity vector at the wing surface. The authors of the article [19] demonstrate
the relationship between the Strouhal number and aerodynamic forces in a flapping flight. In
the case in question, however, the movement lasts a short time: the pressure is measured during
one stroke. In this situation and with high fluid viscosity, which in turn significantly affects the
Reynolds number, the fluid dynamics is reduced and, consequently, the velocity has a limit at
zero. This means that regardless of the time instant, the dimensionless Strouhal number will tend
to infinity. This allows for a qualitative comparison of pressures and a quantitative comparison
of deformations as a simplification to solid mechanics. Table 1 contains dimensionless numbers
for continuous motion at the same wing speed.

Table 1. Dimensionless number for the flapping wing in water and glycerin while maintaining
the deformations observed in the air

Dimensionless number Value in water Value in glycerine

Reynolds number, Re 6.6715 0.0057
Non-dimensional frequency, k 1.0000 1.0000
Strouhal number, St 0.5000 0.5000

To obtain deformations similar to those in nature and to correctly conduct the experiment,
it was necessary to choose the right material. The most important properties of the material
sought were:

• high flexibility,
• no or negligible hygroscopicity – constant parameters after immersion in glycerin,
• isotropy (different flexibility is to be obtained by varying the thickness of the model),
• ease of processing and forming.

It was decided that the best solution would be to use silicone. Young’s modulus of moulding
silicone is 0.0015 GPa. From the formula for theoretical Young’s modulus, the thickness that
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should be kept so the elasticity constant Ec does not change was calculated (Kunicka-Kowalska„
2020). The model was made in two stages: the veins system and membrane. First, a container
was prepared and raised on one side to a given height. There is a fluid level mark in the container.
Blue moulding silicone was poured into the prepared container. Thanks to the prepared form,
a variable thickness of the initial element was obtained. After concentration, the silicone was
deformed, a vein template was applied (Kunicka-Kowalska et al., 2022a) and the lines were cut
manually. Next, the container was prepared again (this time by setting it horizontally), and a
line pattern was placed on the bottom. A thin layer of transparent moulding silicone was then
poured over it. After obtaining a uniform thickness of the layer, the blue trough was arranged
according to the diagram at the bottom of the container. After binding, the whole was deformed,
and the wing was cut along the contour, applying the template again. Through this procedure,
a uniform material was obtained (with the same properties), with no gluing, which made it
possible to avoid the additional stiffness of the adhesive. In addition, the veining is highlighted
in blue. The wing membrane remained transparent allowing the phenomena to be seen on the
other side of the wing surface. Therefore, it was possible to create a real model characterized by
the same susceptibility to deformation as the real wing. Additionally, the model made it possible
to observe the phenomena in front and behind it due to its transparency. The difference between
the real wing and the model was visible in the thickness of the element, which was a necessary
simplification to obtain the same deformations. The wing was seated with a sleeve, with the
mount in the air, not in the liquid. It was not possible to fully immerse the arm because the
servomotors could not be submerged – their sealing would be insufficient under the high pressure
of the column of a thick liquid (real model see Fig. 1).

Fig. 1. Photo of the actual model

The next step was to model the changes in inclination angles of the artificial wing. The wing
kinematics is described in the control program as rotations around the axis: roll around axis X,
yaw around axis Y , pitch around axis Z (see Fig. 2). To realize the movement physically as
rotation around axes passing through one point, three servomotors were used. Each is responsible
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Fig. 2. The adopted coordinate system

Fig. 3. The wing model control mechanism

for rotation around a different axis. One was located on the axis of rotation and the other two
rotated the hoops (see Fig. 3). This solution enabled the implementation of trading at a point.
It is possible to tilt the entire arm to temporarily remove the model from the liquid. The whole
structure is attached to the plate on which the liquid container is placed (Fig. 4). The places
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where the pressure difference is measured are marked with red arrows in Fig. 4. The rotation of
the servomotors around the axis was programmed based on the Arduino IDE software.

Fig. 4. View of the experimental stand

A single stroke cycle of the wing was initiated by pressing the trigger button. Repetition
of the cycle required another button pressing. As the system was located in a very dense and
viscous liquid, the influence of gravity on the behaviour of the liquid could be neglected, and
thus the wing could be arranged in the liquid in any (from a pragmatic point of view) position.
The adopted coordinate system was marked directly on the container and is visible on the
recording. The centre of the coordinate system is the same as in the previous numerical analysis
(Kunicka-Kowalska et al., 2022a).
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3. Results

The wing deflection was measured as the angle of deviation of the plane of the deformed wing
from its original position for the same time instants. The wing deflection observed in the original
movement (experimental data) was 18 degrees. This shows a significant convergence of the
observation of a living object with numerical calculations (19 degrees) and an experiment with
the real model (17 degrees). This stage was a form of verification of the correctness of both the
calculations and the silicone model itself. After observation and visual analysis, the test stand
was expanded by adding a differential pressure sensor (BD Sensors DPT 200 XMD, Warszawa,
Poland). The sensor (accuracy: 0.075% of the range) registered the pressure difference in front
of and behind the wing in the case of thrust measurement, and above and below the wing in the
case of lift measurement. The sensor was placed in the immediate vicinity of the tested object,
and a high viscosity of the fluid was a guarantee of moderate diffusion of the phenomenon. All
validation measurements, as well as measurements of movement and pressure for subsequent
modifications, were recorded with a camera.

Fig. 5. Modification of wing rotation as a function of time, version A
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During the experiment, a number of modifications to the rotational movement of the wing
were then introduced. The modifications were introduced to demonstrate how changing rotation
at a specific stage of stroke affects the pressure differential. These modifications were introduced
by moving the plot points in the Stirling program (approximation software). The algorithm
then adjusted the course of polynomial curve, thus correcting the original motion. The most
important modifications are listed below:

• modification A – increasing the angle of attack during the climb phase: the potential benefit
should be an increase in the lift by obtaining greater dynamics of the leading edge vortex
(LEV);
• modification B – reduction of the angle of attack when the wings move backwards: the
expected effect would be an increase in the thrust as a result of increasing the wing area
during push-back;
• modification AB – combination of modifications A and B, i.e. a simultaneous increase of
the angle of attack during the climb phase and a decrease when the wings move backwards:
in this case, it was expected to obtain both increased lift and thrust;
• modification C – modification of experimental data by adjusting the function to the liter-
ature data (Shyy et al., 2007): the aim was verification;
• modification CB – combination of modification B (reduction of the angle of attack when
the wings move backwards) in the first part of the graph, and modification of C (Shyy et
al., 2007) in the final part of the function.

For example, the modification of rotation in version A with time is shown in Fig. 5. The
orange points show the primary kinematics of the butterfly wing. The measurement of the actual
wing rotation was made based on photos from a high-speed camera, the data includes 912 points
during one wing stroke (Kunicka-Kowalska, 2020).

4. Discussion

The mathematical description of the wing rotation was implemented in the program controlling
the servomotors via Arduino. The obtained results of the pressure difference change over the
cycle and are shown in the graphs (Figs. 6 and 7). Table 2 shows the total pressure difference in
the cycle. Positive values show positive strength. Due to the high frequency of the wing impact,
the total pressure difference in the cycle can be considered as a single impulse. However, this
value as a function of time shows the influence of particular phases of wing movement (and
therefore also their modification) on the final effect in the form of aerodynamic forces.

Table 2. Total pressure difference in the cycle for various modifications pressure difference
[mbar]

Pressure
difference Tsst Mod A Mod B Mod AB Mod C Mod CB
[mbar]

Thrust −0.651 −0.083 0.069 −0.045 −0.093 −0.148
Lift 0.022 0.108 0.138 2.14 0.075 −0.033
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Fig. 6. Pressure difference in front of and behind the wing during one stroke for individual modifications
(thrust) [mbar]

5. Conclusions

According to the previous research (Kunicka-Kowalska et al., 2022b), the thrust is generated by
the shape of this wing itself, but it is small. The research has shown that only increasing the
wing angle of attack produces thrust. Moreover, increasing the stroke amplitude does not have
a positive effect on the increasing thrust. However, the initially large angle of attack increases
the thrust in the wing descent phase. This has a direct impact on the increasing of pumping
effect (creating an air cushion under the wing), but also increases the frontal area when raising
the wing. Thus, the original position of the wing at rest is of great importance.

The most important conclusion regarding the measured pressures that influence the lift is
that increasing the angle of attack while raising the wing increases the LEV energy and thus
increases the lift. In the second phase of movement, the mentioned angle of attack influences
the use of resulting air cushion to generate the lift force. Based on the analyses, it was found
that AB modification contributes to a significant increase in the lift while reducing the thrust –
it can be used as a temporary, very energy-consuming procedure. Modification C, on the other
hand, is the closest to hovering. CB modification does not bring the expected physical effects.
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Fig. 7. Pressure difference above and below the wing during one stroke for individual modifications (lift)
[mbar]
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This study aims to provide a theoretical basis for engineering construction in alpine frozen
soil area, simplify the soil medium of the site in alpine permafrost region to saturated
permafrost, and expand the elastic foundation and saturated ground foundation to better
reflect the dynamic response problem of permafrost site in alpine region. Based on the theory
of solid porous media with pores, a physical model of dynamic response of saturated frozen
soil foundation with underlying bedrock under vertical harmonic load is established, and
the effects of temperature, porosity, cementation parameters, load frequency and contact
parameters on the dynamic response are analyzed.

Keywords: soil medium, saturated frozen soil foundation, dynamic response

1. Introduction

China is the third largest frozen soil country in the world. Frozen soil is mainly distributed in
China’s western high-altitude and cold regions. With the implementation of the national western
development strategy and the “One Belt, One Road” strategy, there are many infrastructure
projects under construction which are proposed to be implemented in the western high-altitude
and high-cold areas. Because the soil layer in the western high altitude and cold area is frozen
chiefly soil, the mechanical properties of frozen soil are very different from those of unfrozen soil.
Therefore, in order to ensure stability as well as safety of engineering buildings in the permafrost
region, the research on the dynamic response of permafrost needs to be carried out urgently.
Since the first study of single-phase elastic half-space dynamics by Lamb (1904) in 1904,

more and more scholars (Ai et al., 2018; Liang et al., 2020) have gradually improved the the-
oretical study of the dynamic response of single-phase elastic foundations. However, it is not
practical to analyze the soil by simply assuming it to be single-phase elastic, and when the
single-phase soil is filled with water, it becomes two-phase saturated soil. Biot (1956; 1962) was
the first to study the dynamic response of saturated soil foundation, and put forward the fluctu-
ation equation of saturated soil. Based on Biot’s theory, Zhou et al. (2013) obtained numerical
solutions for the displacement and stress integrals of soil particles and pore water in saturated
soils when simple harmonic loads were applied to the surface of the saturated soil foundation.
Xu et al. (2009) further considered the layered nature of the soil, and used the transfer matrix
method and Hankel transform to study the dynamic response of a layered saturated soil foun-
dation when a horizontal simple harmonic load was applied to the surface of the foundation,
and found that the layered nature of the soil had a significant effect on the dynamic response
of the foundation. Liu et al. (2022) investigated the dynamic response of a layered transverse
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isotropic saturated land base under two-dimensional moving loads under permeable and imper-
meable conditions on the surface using Fourier series expansion and dual variable and position
methods. However, soils in nature are usually unsaturated soils, which consist of three phases:
gas phase, liquid phase and soil particle phase, and the influence of gas phase in unsaturated soils
on the dynamic response should not be neglected. Considering the coupling effect of the three
phases of unsaturated soils, Xu (2010) and Xu et al. (2011) obtained the fluctuation equation
of unsaturated soils by using Bishop’s effective stress equation combined with the V-G model
of capillary pressure function, and investigated the dynamic response of unsaturated semi-space
surfaces under arbitrary loading. Shi et al. (2021; 2022) investigated the dynamic response of
semi-space unsaturated soil foundations under simple harmonic loads under different boundary
conditions by utilizing the Fourier transform. Ma et al. (2023a) developed a layered foundation
model and analyzed and discussed the dynamic response of three types of layered unsaturated
foundations, homogeneous soil, hard interbedded and soft interbedded, under moving loads us-
ing coordinate transformations and the transfer and reflection matrix method. Ma et al. (2023b)
investigated the dynamic response of different types of loads on transversely isotropic multi-
layered unsaturated and ground foundations in a three-dimensional column coordinate system
using the Laplace-Hankel transform.
The above studies on the foundation dynamic response mostly regard foundation soil as

single-phase elastic soil, two-phase saturated soil and three-phase unsaturated soil, but in the
high-latitude and high-altitude region of western China, the site soil medium is mostly per-
mafrost, and many projects in the western region involve permafrost, and the dynamic response
of the permafrost is very different from that of the unfrozen soil due to the existence of the ice
phase. Therefore, on the basis of the above research, this paper simplifies the frozen soil into sat-
urated frozen soil, establishes the two-dimensional saturated frozen soil foundation power control
equation under a simple harmonic load based on the theory of porous solid porous medium, and
obtains the answer to the question of the power response of saturated frozen soil foundation
in the frequency domain by using the Fourier integral transform, the principle of Helmholtz
vector decomposition and combining with the boundary conditions. The effects of tempera-
ture, porosity, cementation parameters, and loading frequency on the dynamic response of a
two-dimensional saturated frozen soil foundation are analyzed and discussed through numerical
examples.

2. Mechanical model and governing equations

2.1. Mechanical model

Considering a saturated frozen soil foundation with finite thickness, the surface action has a
vertical strip harmonic load, as shown in Fig. 1, where H is the layer thickness, q0 is the linear
load acting on the surface of the foundation, l is the half of the linear load length, q is the load
amplitude, q = q0/(2π), and ω is the circular frequency of the load vibration. Assuming that
the surface is permeable and the bottom bedrock is impermeable, the coordinate axis shown in
the diagram is established, and the coordinate origin is placed on the surface of the foundation,
that is, the surface of the foundation z = 0.

2.2. Governing equations

According to the definition of Zhou and Lai (2011), ice is formed in pores and coexists with
liquid water in thepores. Therefore, saturated frozen soil can be regarded as a three-phase porous
medium composed of soil particle phase, pore liquid water phase, and pore ice phase, that is,
solid phase, liquid phase, and ice phase. The volume fraction of each phase is expressed as follows
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Fig. 1. A schematic diagram of the harmonic load acting on a two-dimensional saturated frozen soil
foundation

φS = 1− φ φF = φSr φI = φ(1 − Sr) (2.1)

where Sr denotes the saturation level of pore liquid water, φ denotes the porosity of porous
media; the subscripts S, F and I denote the volume fraction of soil particles, pore liquid water,
and pore ice in saturated frozen soil, respectively.
Under a harmonic load, the stress and displacement of each phase in saturated frozen soil

can be expressed as follows

G(x, z, t) = G(x, z)∗eiωt (2.2)

where i is an imaginary unit, ω is the frequency of load circle; for the convenience of represen-
tation, the superscript ∗ in the following text is omitted.
The governing equation for saturated frozen soil can be derived based on the theory presented

by Leclaire et al. (1994, 1995) and further developed by Carcione et al. (2000, 2003), Carcione
and Seriani (2001)

ρ11ü
S + ρ12üF + ρ13üI = R11∇(∇ · uS) +R12∇(∇ · uF ) +R13∇(∇ · uI)
− µ11∇×∇× uS − µ13∇×∇× uI − (b12 + b13)u̇S + b12u̇F + b13u̇I

ρ12ü
S + ρ22üF + ρ23üI = R12∇(∇ · uS) +R22∇(∇ · uF ) +R23∇(∇ · uI)
+ b12u̇S − (b12 + b23)u̇F + b23u̇I

ρ13ü
S + ρ23üF + ρ33üI = R13∇(∇ · uS) +R23∇(∇ · uF ) +R33∇(∇ · uI)
− µ13∇×∇× uS − µ33∇×∇× uI + b13u̇S + b23u̇F − (b13 + b23)u̇I

(2.3)

where ρij (i = 1, 2, 3; j = 1, 2, 3) denote the coupling inertia coefficients between each phase;
uS , uF and uI denote the displacement vectors of soil particles, pore liquid water, and pore
ice in the saturated frozen soil medium, respectively. b12, b23 and b13 are viscosity parameters;
Rij (i = 1, 2, 3; j = 1, 2, 3) and µ11, µ13, µ33 are stiffness parameters. The coefficients of ρij , Rij,
µ11, µ13, µ33, b12, b23, b13, etc. are detailed in Qiu et al. (2018) literature. The symbols (·), (··)
denote the first and second derivatives with respect to time, respectively; ∇2 is the Laplacian
operator in a Cartesian coordinate system.
The stress-strain relationship in the saturated permafrost medium is as follows

σSij = (K1θS + C12θF + C13θI)δij + 2µ11d
S
ij + µ13d

I
ij

σF = C12θS +K2θF + C23θI

σIij = (C13θS + C23θF +K3θI)δij + 2µ33d
I
ij + µ13d

S
ij

(2.4)
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and

C12 = (1− c1)φSφFKav C13 = (1− c1)(1− c3)φSφIKav
C23 = (1− c3)φIφFKav
K1 = [(1− c1)φS ]2Kav +Ksm K2 = φ2FKav K3 = [(1− c3)φI ]2Kav +Kim
θS = uSi,i θF = uFi,i θI = uIi,i

dSij = ε
S
ij −
1
3
θSδij dIij = ε

I
ij −
1
3
θIδij εSij =

1
2
(uSi,j + u

S
j,i)

εIij =
1
2
(uIi,j + u

I
j,i)

(2.5)

where σSij, σ
F , σIij denote the stress components acting on the solid phase, liquid phase, and ice

phase, respectively; K1, K2 and K3 are bulk moduli of elasticity; C12, C13 and C23 are the bulk
modulus between the three phases. δij is the Kronecker symbol; εaij , d

a
ij and θa denote the body

strain, bias strain, and strain of the a (a = S,F, I) phase, respectively. The coefficients of c1, c3,
Kav , Kim, Ksm, etc. are detailed in Qiu et al. (2018).
According to Zhou (2020), among the parameters involved in the governing equations of

saturated frozen soil, porosity, and ice content are considered to be significant factors that
influence the characteristics of the soil. Leclaire et al. (1994) used the normal distribution of
pores to describe the ice content and considered that at a certain temperature, when the pore is
less than a certain scale, the water in the pore will not freeze, and the water in the pore larger
than this pore diameter will freeze completely. Therefore, the relationship between temperature
and pore ice content is calculated as follows

φF = (1− φS)A
r0/ ln(T0/Tk0)∫

0

exp
[
−(r − rav)

2

2∆r2
]
dr (2.6)

By normalizing the Gaussian probability function from r = 0 →∞, the expression of unfrozen
water content used in this paper can be expressed as follows

φF = (1− φS)
erf (ζ) + erf (η)
1 + erf (η)

ζ =
r0/ ln(T0/Tk0)√

2∆r
− η η =

rav√
2∆r

(2.7)

where rav is the average pore radius; ∆r is the standard deviation of pore radius; r0 = 0.228 nm,
Tk0 = T +T0, Tk0, T0, T all indicate temperature, Tk0, T0 in Kelvin, T0 = 273.15 K, T in Celsius.
The parameters η, ζ are explained in detail in Carcione and Seriani (2001).
Substituting Eq. (2.2) into Eqs. (2.3), we can get the following

a11u
S + a12uF + a13uI = R11∇(∇ · uS) +R12∇(∇ · uF ) +R13∇(∇ · uI)
− µ11∇×∇× uS − µ13∇×∇× uI

a12u
S + a22uF + a23uI = R12∇(∇ · uS) +R22∇(∇ · uF ) +R23∇(∇ · uI)

a13u
S + a23uF + a33uI = R13∇(∇ · uS) +R23∇(∇ · uF ) +R33∇(∇ · uI)
− µ13∇×∇× uS − µ33∇×∇× uI

(2.8)

where a11 = −ρ11ω2 + (b12 + b13)iω, a12 = −ρ12ω2 − b12iω, a13 = −ρ13ω2 − b13iω,
a22 = −ρ22ω2 + (b12 + b23)iω, a23 = −ρ23ω2 − b23iω, a33 = −ρ33ω2 + (b13 + b23)iω.
The displacement vector of each phase can be expressed by the Helmholtz vector decompo-

sition theorem as

ua = ∇ϕa +∇× ψa ∇ · ψa = 0 a = S,F, I (2.9)

where ϕa and ψa are the three-phase medium scalar and vector potential functions, respectively.



Dynamic response of saturated frozen soil foundation... 671

Substituting Eq. (2.9) into Eqs. (2.8), we can get

a11ϕS + a12ϕF + a13ϕI = R11∇2ϕS +R12∇2ϕF +R13∇2ϕI
a12ϕS + a22ϕF + a23ϕI = R12∇2ϕS +R22∇2ϕF +R23∇2ϕI
a13ϕS + a23ϕF + a33ϕI = R13∇2ϕS +R23∇2ϕF +R33∇2ϕI

(2.10)

a11ψS + a12ψF + a13ψI = µ11∇2ψS + µ13∇2ψI
a12ψS + a22ψF + a23ψI = 0 a13ψS + a23ψF + a33ψI = µ13∇2ψS + µ33∇2ψI

(2.11)

3. The solution of the potential function

The above governing equations can be transformed into ordinary differential equations, which
are easy to solve by the Fourier transform of the horizontal coordinate x. The Fourier transform
of the function f(x, z) is as follows

f̃(ξ, z) =
∞∫

−∞

f(x, z)e−iξx dx (3.1)

where ξ is the Fourier transform parameter, the superscript (̃·) denotes the Fourier transform of
the space coordinate x.
The Fourier transform of Eqs. (2.10) can be obtained

R11
d2ϕ̃S
dz2
+A11ϕ̃S +R12

d2ϕ̃F
dz2
+A12ϕ̃F +R13

d2ϕ̃I
dz2
+A13ϕ̃I = 0

R12
d2ϕ̃S
dz2
+A12ϕ̃S +R22

d2

ϕ̃F
dz2 +A22ϕ̃F +R23

d2ϕ̃I
dz2
+A23ϕ̃I = 0

R13
d2ϕ̃S
dz2
+A13ϕ̃S +R23

d2ϕ̃F
dz2
+A23ϕ̃F +R33

d2ϕ̃I
dz2
+A33ϕ̃I = 0

(3.2)

where A11 = −a11 − ξ2R11, A12 = −a12 − ξ2R12, A13 = −a13 − ξ2R13, A22 = −a22 − ξ2R22,
A23 = −a23 − ξ2R23, A33 = −a33 − ξ2R33.
The solution of Eqs. (3.2) is assumed as follows

[ϕ̃S , ϕ̃F , ϕ̃I ]T = [cS , cF , cI ]T exp(λz) (3.3)

By substituting Eq. (3.3) into Eqs. (3.2), we obtain the following system of linear equations


λ2R13 +A13 λ2R12 +A12 λ2R11 +A11
λ2R23 +A23 λ2R22 +A22 λ2R12 +A12
λ2R33 +A33 λ2R23 +A23 λ2R13 +A13






cI

cF

cS


 = 0 (3.4)

When the coefficient matrix determinant is zero, Eq. (3.4) has a non-zero solution, that is

β1λ
6 + β2λ4 + β3λ2 + β4 = 0 (3.5)

where

β1 = −R11R22R33 +R11R223 +R212R33 − 2R12R13R23 +R213R22
β2 = −A11R22R33 +A11R223 + 2A12R12R33 − 2A12R13R23 − 2A13R12R23 + 2A13R13R22
−A22R11R33 +A22R213 + 2A23R11R23 − 2A23R12R13 −A33R11R22 +A33R212

β3 = −A11A22R33 + 2A11A23R22 −A11A33R22 +A212R33 − 2A12A13R23 − 2A12A23R13
+ 2A12A33R12 +A213R22 + 2A13A22R13 − 2A13A23R12 −A22A33R11 +A223R11

β4 = −A11A22A33 +A11A223 +A212A33 − 2A12A13A23 +A213A22
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The roots of Eq. (2.5), denoted as ±λn (n = 1, 2, 3), can be obtained by solving the following
equation

λn =
√
dn(Re[λn] ­ 0 n = 1, 2, 3 (3.6)

where dn are determined by the equation β1d3n + β2d
2
n + β3dn + β4 = 0.

The general solution of the system of Eqs. (3.2) can be obtained as

ϕ̃S =
3∑

n=1

(Dne−λnz + Eneλnz) ϕ̃F =
3∑

n=1

δFpn(Dne
−λnz + Eneλnz)

ϕ̃I =
3∑

n=1

δIpn(Dne
−λnz + Eneλnz)

(3.7)

where Di and Ei (i = 1, 2, 3) are undetermined coefficients

δFpn=
(R11R23−R12R13)d2n+(A11R23−A12R13−A13R12+A23R11)dn+A11A23−A12A13
(−R12R23+R13R22)d2n+(−A12R23+A13R22+A22R13−A23R12)dn−A12A23+A13A22

δIpn=
(−R11R22+R212)d2n+(−A11R22+2A12R12−A22R11)dn−A11A22+A212

(−R12R23+R13R22)d2n+(−A12R23+A13R22+A22R13−A23R12)dn−A12A23+A13A22

The Fourier transform of Eqs. (2.11) can be obtained

µ11
d2ψ̃S
dz2
+B11ψ̃S +B12ψ̃F + µ13

d2ψ̃I
dz2
+B13ψ̃I = 0

B21ψ̃S +B22ψ̃F +B23ψ̃I = 0

µ13
d2ψ̃S
dz2
+B31ψ̃S +B32ψ̃F + µ33

d2ψ̃I
dz2
+B33ψ̃I = 0

(3.8)

where B11 = −a11 − ξ2µ11, B12 = −a12, B13 = −a13 − ξ2µ13, B21 = a12, B22 = a22, B23 = a23,
B31 = −a13 − ξ2µ13, B32 = −a23, B33 = −a33 − ξ2µ33.
The solution of Eqs. (3.8) is assumed as follows

[ψ̃S , ψ̃F , ψ̃I ]T = [hS , hF , hI ]T exp(rz) (3.9)

Substituting Eq. (3.9) into Eqs. (3.8), the linear equations are obtained



µ13r

2 +B13 B12 µ11r
2 +B11

B23 B22 B21
µ33r

2 +B33 B32 µ13r
2 +B31






hI

hF

hS


 = 0 (3.10)

When the coefficient matrix determinant is zero, Eq. (9.10) has a non-zero solution, that is

β5r
4 + β6r2 + β7 = 0 (3.11)

where

β5 = −µ11µ33B22 + µ213B22
β6 = −µ11B22B33 + µ11B23B32 − µ13B12B23 + µ13B13B22 − µ13B21B32 + µ13B22B31
− µ33B11B22 + µ33B12B21

β7 = −B11B22B33 +B11B23B32 +B12B21B33 −B12B23B31 −B13B21B32 +B13B22B31
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The roots of Eq. (3.11), denoted as ±rn (n = 1, 2), can be obtained by solving the following
equation

rn =
√
tn(Re[rn] ­ 0 n = 1, 2 (3.12)

where tn are determined from the equation β5t2n + β6tn + β7 = 0.
The general solution of the system of Eqs. (3.8) can be obtained as

ψ̃S =
2∑

n=1

(Mne−rnz +Nnernz) ψ̃F =
2∑

n=1

δFsn(Mne
−rnz +Nnernz)

ψ̃I =
2∑

n=1

δIsn(Mne
−rnz +Nnernz)

(3.13)

where M1, M2, N1 and N2 are undetermined coefficients

δFsn =
(µ11tn +B11)B23 −B21(µ13tn +B13)
−B23B12 +B22µ13tn +B13)

δIsn =
(−µ11tn +B11)B22 −B12B21
−B23B12 +B22(µ13tn +B13)

4. Solution of the dynamic response of the saturated frozen soil foundation

4.1. Dynamic response of the foundation

The displacement component in the right angle coordinate system can be expressed by the
potential functions ϕ and ψ

ux =
∂ϕ

∂x
− ∂ψ

∂z
uz =

∂ϕ

∂z
+
∂ψ

∂x
(4.1)

Combining Eqs. (2.5) with Eq. (4.1), then substituting into Eqs. (2.4), the constitutive equation
for the saturated frozen soil medium are be obtained as follows

σSzz =
(
K1 −

2µ11
3

)
∇2ϕ̃S + C12∇2ϕ̃F +

(
C13 −

µ13
3

)
∇2ϕ̃I + 2µ11

(∂2ϕ̃S
∂z2
+
∂2ψ̃S
∂x∂z

)

+ µ13
(∂2ϕ̃I
∂z2
+
∂2ψ̃I
∂x∂z

)

σSxz = µ11
(
2
∂2ϕ̃S
∂x∂z

+
∂2ψ̃S
∂x2
− ∂2ψ̃S

∂z2

)
+
1
2
µ13
(
2
∂2ϕ̃I
∂x∂z

+
∂2ψ̃I
∂x2
− ∂2ψ̃I

∂z2

)

σF = C12∇2ϕ̃S +K2∇2ϕ̃F + C23∇2ϕ̃I

σIzz =
(
C13 −

µ13
3

)
∇2ϕ̃S + C23∇2ϕ̃F +

(
K3 −

2µ33
3

)
∇2ϕ̃I + µ13

(∂2ϕ̃S
∂z2
+
∂2ψ̃S
∂x∂z

)

+ 2µ33
(∂2ϕ̃I
∂z2
+
∂2ψ̃I
∂x∂z

)

σIxz = µ33
(
2
∂2ϕ̃I
∂x∂z

+
∂2ψ̃I
∂x2
− ∂2ψ̃I

∂z2

)
+
1
2
µ13
(
2
∂2ϕ̃S
∂x∂z

+
∂2ψ̃S
∂x2
− ∂2ψ̃S

∂z2

)

(4.2)

Substituting Eqs. (3.7) and (3.13) into Eqs. (4.1) and (4.2) and combining the relationship
between the parameters by Qiu et al. (2018), the expressions of displacement and stress of each
phase in the saturated frozen soil medium in the Fourier transform domain can be obtained
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ũSx = iξ
3∑

n=1

(Dne−λnz + Eneλnz) +
2∑

n=1

rn(Mne−rnz −Nnernz)

ũSz =
3∑

n=1

−λn(Dne−λnz − Eneλnz) + iξ
2∑

n=1

(Mne−rnz +Nnernz)

ũFz =
3∑

n=1

−λnδFpn(Dne−λnz − Eneλnz) + iξ
2∑

n=1

δFsn(Mne
−rnz +Nnernz)

ũIx = iξ
3∑

n=1

δIpn(Dne
−λnz + Eneλnz) +

2∑

n=1

rnδ
I
sn(Mne

−rnz −Nnernz)

ũIz =
3∑

n=1

−λnδIpn(Dne−λnz − Eneλnz) + iξ
2∑

n=1

δIsn(Mne
−rnz +Nnernz)

(4.3)

and

σ̃Sxz = iξ
3∑

n=1

−λn(2µ11 + µ13δIpn)(Dne−λnz − Eneλnz)

−
2∑

n=1

(r2n + ξ
2)
(
µ11 +

1
2
µ13δ

I
sn]
)
(Mne−rnz +Nnernz)

σ̃Szz =
3∑

n=1

χn(Dne−λnz + Eneλnz)− iξ
2∑

n=1

rn(2µ11 + µ13δIsn)(Mne
−rnz −Nnernz)

σ̃Fzz =
3∑

n=1

(R12 +R22δFpn +R23δ
I
pn)(λ

2
n − ξ2)(Dne−λnz + Eneλnz)

σ̃Ixz = iξ
3∑

n=1

−λn(2µ33δIpn + µ13)(Dne−λnz − Eneλnz)

−
2∑

n=1

(r2n + ξ
2)
(
µ33δ

I
sn +
1
2
µ13
)
(Mne−rnz +Nnernz)

σ̃Izz =
3∑

n=1

αn(Dne−λnz + Eneλnz)− iξ
2∑

n=1

rn(µ13 + 2µ33δIsn)(Mne
−rnz −Nnernz)

(4.4)

where for n = 1, 2, 3

χn = [(R11 − 2µ11) +R12δFpn + (R13 − µ13)δIpn](λ2n − ξ2) + (2µ11 + µ13δIpn)λ2n
αn = [(R13 − µ13) +R23δFpn + (R33 − 2µ33)δIpn](λ2n − ξ2) + (µ13 + 2µ33δIpn)λ2n

4.2. Boundary conditions and solution

Considering the boundary condition that the surface of foundation (z = 0) is permeable and
subjected to a vertical harmonic load at −l < x < l, and the bottom surface of bedrock (z = H)
is fixed and impermeable, we get:
— at z = 0

σ̃Szz + σ̃
F
zz + σ̃

I
zz = q0

sin ξl
ξl

σ̃Sxz + σ̃
I
xz = 0 σ̃Fzz = 0

ũSz = ũ
I
z ũSx = ũ

I
x

(4.5)

— at z = H

ũSx = 0 ũSz = 0 ũFz = 0 ũIx = 0 ũIz = 0 (4.6)
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By substituting Eqs. (4.3) and (4.4) into Eqs. (4.5) and (4.6) boundary conditions, we obtain
the following

Jx = f (4.7)

where J is a 10× 10 matrix, and

x = [D1,D2,D3,M1,M2, E1, E2, E3, N1, N2]T f =
[
q0
sin(ξl)
ξl

, 0, 0, 0, 0, 0, 0, 0, 0, 0
]T

By solving Eq. (4.7), x can be obtained. Combined with Eqs. (4.3) and (4.5), the stress and
displacement of the saturated frozen soil foundation in the wavenumber domain can be found.

5. Numerical examples

In this Section, the effect of temperature T , porosity φ, cementation parameter ̟, load fre-
quency f , and contact parameter ε on the dynamic response is studied by numerical calculation
when the boundary condition is permeable at the surface of the foundation and subjected to the
vertical harmonic load, and the bottom is fixed and impermeable.
This paper chooses a collection of physical and mechanical parameters pertaining to the

saturated frozen soil foundation, as illustrated in Table 1 (Qiu et al., 2018). Take the load
amplitude q = 1kPa, saturated frozen soil thickness H = 20m, distribution length l = 1m. The
closed-form solution of the inverse Fourier transform is challenging to obtain due to the intricate
nature of the integrand function. Therefore, this paper employs the Fast Fourier Transform
(FFT) method to perform the inverse Fourier transform. The wave number is discretized into
1024 points. The vertical and horizontal displacement examples in this paper take the calculation
results at the surface of the foundation (z = 0)

Table 1. Physical and mechanical parameters of the saturated frozen soil foundation

Material parameters
Hydrodynamic Density Density Density Bulk Bulk Bulk
Viscosity of soil of of modulus of modulus of modulus of
coefficient particle liquid particles soil particles liquid ice particle

ηF ρs ρF ρI KS KF KI
[Kg/(m s)] [Kg/m3] [Kg/m3] [Kg/m3] [GPa] [GPa] [GPa]

1.8 · 10−3 2580 1000 920 20.9 2.25 8.58

Material parameters
Shear Shear Reference value of Reference value of

modulus of modulus of soil skeleton ice permeability
soil particle ice particle permeability coeff. coefficient
µS [GPa] µI [GPa] κs0 [m2] κi0 [m2]

6.85 3.32 1.0 · 10−11 5.0 · 10−5

5.1. Verification

To verify the accuracy of the numerical calculations in this paper, the model is validated by
degrading the Lamb problem in which the seismic source is located on the surface of a semi-
-infinite, single-phase homogeneous medium, and the results are compared with those of Yuan
(1999) under the same conditions. A saturated permafrost foundation is degraded to an elastic
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foundation when saturation Sr → 0 and porosity φ → 0. Taking ω = 0.01 rad/s, Poisson’s
ratio ν = 0.3, soil particle density Sr = 1884 kg/m3, and modulus of elasticity E = 1 · 107 Pa,
Fig. 2 shows the variation of positive stress with depth under the load edge at the surface of
the foundation where the bar load is applied. It can be seen that the vertical positive stresses
in this paper are in good agreement with the results given by Yuan.

Fig. 2. The normal stress under the edge of the load when the strip load acts on the surface of the
foundation

5.2. Effect of temperature

Changes in temperature cause changes in the composition of ice and liquid phases in satu-
rated frozen soil, which in turn cause changes in the bearing capacity of the soil particle phase.
Figures 3a and 3b show the effect curves of varying temperatures on the displacement of foun-
dation under the condition of overburdened soil thickness H = 20m, porosity φ = 0.3, Poisson’s
ratio ν = 0.3, frequency f = 1Hz, and contact parameter ε = 0.5. As depicted in Figs. 3a

Fig. 3. Variation curves of the vertical and horizontal displacement of the foundation surface
with temperature

and 3b, it becomes apparent that as the temperature rises, there is a noticeable escalation in
both the magnitude of vertical and horizontal surface displacements. Furthermore, this increase
in temperature leads to a gradual augmentation of the displacement amplitudes. This is because
as the temperature increases, the ice particle content in the pore space gradually decreases, and
the interaction with the soil particle skeleton gradually weakens so that the load borne by the



Dynamic response of saturated frozen soil foundation... 677

ice phase of the pore space decreases and the load borne by the soil particle phase increases,
which finally makes the vertical displacement and horizontal displacement increase.

5.3. Effect of porosity

The ratio of the volume of connected pores in the unit body to the volume of unit body
is the porosity, which is consistent with the actual geotechnical material, and the porosity is
taken to be in the range of φ = 0.05-0.50. The other parameters in the numerical calculation
are selected as follows: H = 20m, T = −0.5◦C, ν = 0.3, f = 1Hz, ε = 0.5, φ taken as
0.1, 0.2, 0.3, 0.4, respectively. Figures 4a and 4b give the displacement curves of the saturated
frozen soil foundation when the porosity is changed. From Figs. 4a and 4b, it is evident that
variations in porosity exert a pronounced influence on both vertical and horizontal displacements
of the foundation. Moreover, the displacements demonstrate an escalating trend with increasing
porosity. This phenomenon can be attributed to the increase in porosity, which refers to the
volume of interconnected pores within the unit body. As porosity increases, the volume of ice
particles within the pores remains constant. Consequently, the supporting effect of ice particles
on the soil particle framework gradually weakens. This causes an augmentation in the load carried
by the soil particle framework, leading to a subsequent increase in the overall soil displacement.

Fig. 4. Variation curves of the vertical and horizontal displacement of the foundation surface
with porosity

5.4. Effect of cementation parameters

Imitating the relationship between modulus-porosity-Poisson’s ratio of the two-phase
medium and ignoring the effect of porosity on Poisson’s ratio of the skeleton, Luo (1999) and
Liu et al. (2015) believed that the cementation parameters can be taken as

̟ =
1 + ν
2(1 − 2ν) (5.1)

where ̟ denotes the level of overall cementation within the skeleton, ranging from 0.5 to infinity.
A higher value of ̟ signifies a lower degree of cementation between particles, indicating a
decreased bonding strength within the soil particle skeleton. ν denotes Poisson’s ratio of the soil
particle skeleton.
The range of Poisson’s ratio considered in this study is ν = 0.100 to 0.498, within which

the cementation parameters exhibit an increasing trend with higher values of Poisson’s ratio.
Considering the overburdened thickness H = 20m, temperature T = −0.5◦C, porosity φ = 0.3,
load frequency f = 1Hz, and contact parameter ε = 0.5, Figs. 5a and 5b present the curves of
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displacement along the surface when Poisson’s ratio ν gradually increases from 0.1 to 0.4, re-
spectively. From these figures, it is evident that changes in Poisson’s ratio, which corresponds to
variations in the cementation parameter, have a significant impact on the amplitude of vertical
and horizontal displacements of the ground surface. As Poisson’s ratio increases (indicating an in-
crease in the cementation parameter), both the vertical and horizontal displacements experience
amplified amplitudes with the magnitude of displacement amplification gradually intensifying.
This law can be explained as follows: an increase in the cementation parameters corresponds
to a decrease in the degree of cementation between soil particles in saturated frozen soil and
ice particles within the pores. This, in turn, results in a decrease in the skeleton modulus and
softening of the soil. As a consequence, there is an increase in displacement observed.

Fig. 5. Variation curves of the vertical and horizontal displacement of the foundation surface
with cementation parameters

5.5. Effect of load frequency

Figures 6a and 6b analyze the influence of load frequency on the surface displacement of
foundation. The following parameters are employed in the numerical calculations: overburden
soil thickness H = 20m, temperature T = −0.5◦C, Poisson’s ratio ν = 0.3, porosity φ = 0.3,
contact parameter ε = 0.5. The load frequencies considered are 1Hz, 10Hz, 20Hz, and 30Hz.
From the observations made in Figs. 6a and 6b, it is apparent that as the load frequency increases,
both the amplitude of vertical displacement and horizontal displacement of the ground surface
also increase. This indicates that with an increase of load frequency, the load borne by the pore
water and pore ice phases decreases, and the load borne by the soil particle phase increases.

5.6. Effect of contact parameters

The contact parameter ε characterizes the support of ice in the pore space on the skeleton
of soil particles, and its value ranges from 0 to 1. When ε = 1, the ice has the smallest support
to the soil particle skeleton, and the ice is suspended in the pores; when ε = 0, the ice has
the largest support to the soil particle skeleton. The contact parameter affects the dynamic
response of saturated permafrost foundation by influencing the bulk modulus Ksm and shear
modulus µsm of the soil particles skeleton, which in turn affects the stiffness parameter. The
relationship between the contact parameters and the volume and shear modulus of the skeletal
mold of the soil particles is described in detail in Qiu et al. (2018). Figures 7a and 7b display the
influence of contact parameters on the vertical and horizontal displacements of the surface under
specific conditions: overlying soil layer thickness H = 20m, Poisson’s ratio ν = 0.3, temperature
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Fig. 6. Variation curves of the vertical and horizontal displacement of the foundation surface
with load frequency

Fig. 7. Variation curves of the vertical and horizontal displacement of the foundation surface
with contact parameters

T = −0.5◦C, porosity φ = 0.3, load frequency f = 1Hz, and contact parameters ε = 0.3, 0.5,
and 0.7. From Figs. 7a and 7b, it can be observed that an increase in the contact parameters
leads to amplification in both the vertical and horizontal displacement amplitudes of the surface.
This phenomenon can be attributed to the enlargement of pores between the ice particles and
soil particle skeleton as the contact parameters increase. Consequently, there is a reduction in
the friction force and an increase in the relative displacement between the ice and solid phases
within the pores.

6. Conclusions

Based on the porous theory of porous solid medium, this paper establishes the governing equa-
tion of the two-dimensional dynamic response problem of a saturated frozen soil medium. Using
the Fourier transform and boundary conditions, the solutions of the corresponding forces and
displacements in the frequency domain of the saturated frozen soil foundation under the un-
derlying bedrock under a harmonic load are obtained. Finally, the FFT method obtains the
numerical results, and the influence of various parameters on the dynamic response of saturated
frozen soil is analyzed in detail. The following conclusions are obtained:
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• The amplitudes of vertical and horizontal displacements on the surface of saturated frozen
soil foundations exhibit an increasing trend with elevated temperatures, porosity levels,
cementation parameters, load frequencies, and contact parameters.
• The variations in porosity and cementation parameters within a saturated frozen soil
foundation have a notable impact on the amplitude of both vertical and horizontal dis-
placements.
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This paper presents a new method for determining the S-N curve for a low probability of
failure, e.g., 5%. To apply this method, only eight fatigue tests are needed, which is fewer
than standard methods require. This could be achieved because the standard deviation,
which is necessary for estimating the normal distribution of fatigue life, was derived from
the distribution of logarithm of the yield strength. The tensile tests necessary to get the yield
strength are relatively simple and cost-effective. Verification of the method was performed
for fatigue tests on S355J2+C structural steel, 1.4301 and 1.4404 stainless steels, medium
carbon steel C45 and AW 6063 & AW 2017A aluminium alloys. The results showed that the
proposed method gave fatigue strength for 5% failure probability with a more reliable fatigue
life than the S-N curve estimated according to ASTM E-739-10, 2015. Considering that the
proposed method is conservative and low-cost, it can be used in engineering practice.

Keywords: S-N curve, high-cycle fatigue, probability of failure, normal distribution, scatter
of fatigue tests

Nomenclature

Fp – F -distribution value with desired confidence interval p for n1 = 2 and n2 = k − 2
N – number of cycles
KASTM – confidence band acc. ASTM standard
Sa, Su, Sy – stress amplitude, ultimate tensile stress, yield stress, respectively
b, binv – intercept coefficient of S-N curve for relationship log(Sa)∼ log(N) and log(N)∼ log(Sa),
respectively

fX , fY – normal distribution of base and inverted function
g(x), h(x) – base and inverted function
k – number of observed data
m,minv – slope coefficient of S-N curve for relationship log(Sa) ∼ log(N) and log(N) ∼ log(Sa),
respectively

σ – standard deviation of fatigue life for small number of specimens
σN , σR, σS – standard deviation of fatigue life, yield stress and fatigue strength, respectively

Indexes: i – i-th number of sample, (·) – mean value, (̂·) – estimated value.

1. Introduction

In the design of a new machine the fatigue strength of the entire service life must be known.
For this purpose, the stress-number of cycles curve (S-N curve), referring to a maximum 5%
probability of failure, can be used (PN-EN 13749, 2011). Fatigue tests necessary for getting
S-N curves are time-consuming, need specialised equipment and skilled personnel. For example,
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to obtain 105 cycles at a load frequency of 30Hz, a test takes 56 minutes. However, to obtain
106 cycles, the test will take over 9 hours. The time of sample preparation, installation in the
machine holder, setting of research parameters, etc. is not included. The costs of performing
fatigue testing were calculated by Shen, 1994 to be from 500 up to 1000 dollars per specimen.
Therefore, developing fatigue characteristics is very costly. For this reason, normative documents
specify a minimum number of specimens necessary to determine reliable fatigue characteristics
ASTM E-739-10, 2015. Unfortunately, still a significant number of samples is required. According
to the standard ASTM E-739-10, 2015, 12-24 samples for reliability and design purposes and
6-12 for preliminary and exploratory tests are required.
Several analytical methods for determining S-N curves, based on tensile testing, have been

developed to reduce the number of specimens needed while maintaining the reliability of the char-
acteristics. These methods assume that S-N curves can be achieved by correlation with tensile
test parameters, such as yield strength, tensile strength, or hardness (Lee et al., 2005). Verifica-
tion of these methods can be found in papers by Strzelecki and Sempruch (2016). According to
the verification results, the fatigue life prediction error can be as high as 263%. This is because
the estimation of the “fatigue limit” is done by multiplying the tensile strength or hardness
by a factor appropriate for the material and assuming a constant slope factor of the regression
line. “Fatigue limit” derived from tensile tests can exhibit a large scatter, as shown in Pang et
al. (2014). Also, the slope coefficient has a large variation according to Goedel et al. (2018).
Analytical-experimental methods have been developed, e.g., Goedel et al. (2018), Strzelecki and
Sempruch (2016) to improve the accuracy of S-N curves. In these methods, some parameters
must be additionally determined experimentally, e.g., “fatigue limit” can be determined by the
Locati method. However, these methods still give a large error of up to 50% (Strzelecki et al.,
2015).
Another approach to the formulation of S-N curves is represented by methods based on

statistical analysis of fatigue life test results. These methods utilise the relationship between the
number of samples used to create an S-N curve and the level of failure probability predicted by
the curve. Gope (1999) considering the number of specimens at each stress level, determined
the failure probability level and confidence level of the S-N curve. He estimated that for a 10%
probability of failure and a 90% confidence level, 10 samples are required. Lewis and Sadhasivini
(2004) proposed 7 samples for a two-parameter Weibull distribution for 5% probability and a
95% confidence level at each stress level. Later, Gope (2012) estimated the minimum number of
samples for S-N curve estimation as 13 samples. Soh Fotsing et al. (2010) suggested 7 samples
for a 50% failure probability. As seen, there is no consensus on a guideline specifying the number
of samples for a given level of damage probability. For this reason, many methods have been
proposed to improve the estimation of the S-N curve from the reliability point of view.
One of these propositions is the backward statistical inference method presented in Xie et al.

(2014). The method assumes that the standard deviation is constant for each stress amplitude
and that the curves of the probability density function of fatigue life at each i-th stress level are
the same. An improvement of the backward statistical inference method has been proposed by Li
et al. (2020) using the modified distribution coefficients. Both methods, original and improved,
require as many as 15 specimens to establish a fatigue curve. Bai et al. (2019) presented a
new method with the similar assumption that the curves of the fatigue life probability density
function at each i-th stress level were the same. An additional assumption was that the coefficient
of variation had to be also the same for each stress level. This method gives similar results to the
backward statistical inference method, and the improved backward statistical inference method.
Liu and Sun (2020) assumed that a linear regression distribution could be obtained using non-
-invasive polynomial chaos. Their study plan required 16 specimens. Zu et al. (2020) proposed a
α-S-N method based on uncertainty theory. This method gives better results than the standard
ISO-12107 (2012) but still requires at least 15 specimens. In many research studies, at least three
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S-N curves must be estimated for the tested material, like in multiaxial fatigue, which gives over
45 specimens.
All P-S-N methods presented above use statistical methods to improve probability calcula-

tions. In this respect, the work by Strzelecki (2021) stands out, which describes a method of
increasing the accuracy of fatigue characteristics by using tensile test data. In that study, the S-
N curve for the relationship log(Sa) ∼ log(N) was estimated. However, in normative documents
(e.g. ASTM E-739-10, 2015) the inverse relation log(N) ∼ log(Sa) is required, as the number
of cycles N varies depending on the stress amplitude Sa. Therefore, the use of the relationship
log(Sa) ∼ log(N) should be considered formally incorrect.
The goal of this work is to create a new method for determining P-S-N fatigue characteristics

with a low failure probability (e.g. 5%). This was done using a small number of fatigue tests
and an additional series of monotonic tensile tests. The deficiency of the earlier proposal by
Strzelecki (2021) was corrected in such a way that the S-N median curve was determined based
on fatigue tests of a limited number of samples, and the standard deviation of fatigue life was
replaced by the value from the tensile test σR. A value of fatigue life standard deviation σN was
obtained by the inverse of the yield stress distribution.

2. Proposed method

The S-N curve can be described using the Basquin equation, as proposed by ASTM E-739-10
(2015)

log(Sai) = m log(Ni) + b (2.1)

The least squares method is recommended for estimating the S-N curve parameters ASTM E-
739-10 (2015). The resulting estimated curve follows a normal distribution and is expressed
as

f(log(Sai)) =
1√
2πσ2S

exp
( [log(Sai)− (m log(Ni) + b)]2

σ2S

)
(2.2)

The experimental results of the yield stress determination can also be expressed by the normal
distribution function (Fig. 1)

f(log(Sy)) =
1√
2πσ2R

exp
( [log(Syi)− log(Sy)]2

σ2R

)
(2.3)

The proposed method assumes that the S-N curve for 50% probability of failure is estimated for
a small number of specimens, e.g. 8 (Eq. (2.2)), and the standard deviation is taken from the
distribution of yield strength (Eq. (2.3)). Such a distribution was written below and was named
P-S-N (Fig. 1)

f(log(Sai)) =
1√
2πσ2R

exp
( [log(Sai)− (m log(Ni) + b)]2

σ2R

)
(2.4)

Because, the number of cycles N is a dependent variable, so Eq. (2.1) must be given by an
inverse function. The inverse of function (2.1) is as follows

log(Ni) =
1
m
[log(Sai)− b] log(Ni) = minv log(Sai) + binv (2.5)
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Let us assume that the base function is g(x) and the inverted function can be denoted as h(y).
If g(x) is monotonic and differentiable, one can get a distribution for the inverted function. It
must be calculated distribution acc. to the following equation, Walpole et al. (2012)

fY (y) = fX(h(y))
∣∣∣dx(y)
dy

∣∣∣ (2.6)

Calculating the inverse distribution according to Eq. (2.6) and assuming linear regression ac-
cording to Eq. (2.1), the following equation is obtained

fY (y) = −
1
m
fX
(y − b

m

)
(2.7)

where: fY – normal distribution of the inverted function, fX – normal distribution of the base
function.
After substituting Eq. (2.7) into Eq. (2.4), the resulting equation is as follows

f(log(Ni)) =
1

minv
√
2πσ2R

exp
( [log(Ni)− (minv log(Sai) + binv)]2

m2invσ
2
R

)
(2.8)

The following substitution can be made in Eq. (2.8)

σN = minvσR (2.9)

Then, Eq. (2.8) has the following form (Fig. 1)

f(log(Ni)) =
1√
2πσ2N

exp
( [log(Ni)− (minv log(Sai) + binv)]2

σ2N

)
(2.10)

Fig. 1. Scheme of an S-N curve obtained by the proposed method
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3. Method proposed in ASTM standard

According to standard ASTM E-739-10 (2015), the confidence band of median S-N curve can be
estimated for desired probability. It is assumed that the logarithm of cycles N is a dependent
variable and the logarithm of stress amplitude Sa is independent. For this statement, Eq. (2.5)
is valid. The following equation is proposed for estimating the P-S-N curve

log(N) = m̂inv log(Sa) + b̂inv ±KASTM (3.1)

where

KASTM =
√
2Fpσ

√√√√1
k
+

[log(Sa)− log(Sa)]2∑k
i=1[log(Sai)− log(Sa)]2

(3.2)

where: Fp – F -distribution value with the desired confidence interval p for n1 = 2 and n2 = k−2,
k – number of observed data, σ – standard deviation for a small number of specimens.
The positive value of KASTM in Eq. (3.1) is for the upper confidence band, and the negative

value is for the lower confidence band. Because the value of stress amplitude Sa in Eq. (3.2) is
substituted for each level of the load, KASTM must be calculated for each stress level separately,
Lee et al. (2005). A line regression is provided through the estimated values of KASTM. Scheme
of the ASTM method was presented in Fig. 2.

Fig. 2. Scheme of an S-N curve obtained by the ASTM method

4. Verification of the proposed method

The use of the proposed method requires knowledge of histograms and distributions of the
yield strength. The tensile tests were performed by Instron 8874 testing machine for S355J2+C
(Strzelecki, 2018), 1.4301 (Strzelecki, 2021), 1.4404 (Skibicki et al., 2014) amd AW 6063 T6
(Strzelecki and Wachowski, 2022). The histograms and distributions of yield strength were pre-
sented in Figs. 3c-6c and Table 1. The Shapiro-Wilk test of normality was performed for those
data. The hypothesis of normality of the data can be rejected if p-value is higher than 0.1 acc.
to R Core Team (2023). Whereas the tensile test for C45 and AW 2017A T4 was performed by
Instron 8501. Unfortunately, the histograms of yield strength for C45 and AW 2017A T4 are
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Fig. 3. S-N curves for S355J2+C steel for (a) 9 specimens and (b) 32 specimens, (c) histogram of the
yield strength with normal distribution and (d) S-N curves on one diagram for 32 specimens and

9 specimens with standard deviation from the tensile test

Fig. 4. S-N curves for 1.4301 steel for (a) 9 specimens and (b) 32 specimens, (c) histogram of the yield
strength with normal distribution and (d) S-N curves on one diagram for 32 specimens and 9 specimens

with standard deviation from the tensile test
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Fig. 5. S-N curves for 1.4404 steel for (a) 8 specimens and (b) 18 specimens, (c) histogram of the yield
strength with normal distribution and (d) S-N curves on one diagram for 18 specimens and 8 specimens

with standard deviation from the tensile test

Fig. 6. S-S-N curves for AW 6063 T6 steel for (a) 9 specimens and (b) 32 specimens, (c) histogram of
the yield strength with normal distribution and (d) S-N curves on one diagram for 32 specimens and

9 specimens with standard deviation from the tensile test
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Table 1. Value of parameters for the distribution acc. to Eq. (2.3)

Material
Speci-

log(Sy) σR
Shapiro-Wilk Shapiro-Wilk

mens No. statistic W p-value

1 2 3 4 5 6
S355J2+C (Strzelecki, 2018) 15 2.871 0.030 0.977 0.08
1.4301 (Strzelecki, 2021) 20 2.748 0.023 0.886 0.02
1.4404 (Skibicki et al., 2014) 21 2.603 0.014 0.915 0.07
C45 (Ligaj and Szala, 2013) – 2.633 0.045 – –
AW 6063 (Strzelecki

20 2.302 0.021 0.884 0.02
and Wachowski, 2022)
AW 2017A (Ligaj and

– 2.499 0.028 – –
Szala, 2013)

Fig. 7. S-N curves for C45 steel for (a) 8 specimens and (b) 15 specimens, (c) and (d) S-N curves on one
diagram for 15 specimens and 8 specimens with standard deviation from the tensile test

not presented, because only the value of standard deviation is known from the literature. All
calculations were made in R software ver. 4.3.1 (R Core Team, 2023).
The proposed method was verified for six structural materials, four steels: S355J2+C

(Strzelecki, 2018), 1.4301 (Strzelecki, 2021), 1.4404 (Skibicki et al., 2014), C45 (Ligaj and
Szala, 2013), and two aluminium alloys: AW 6063 T6 (Strzelecki and Wachowski, 2022) and
AW 2017A T4 (Ligaj and Szala, 2013). Fatigue tests were performed by rotating the bending
machine for S355J2+C, 1.4301 and AW 6063 T6. Loads were applied with 28.5 Hz frequencies
for S355J2+C and 50Hz frequency for 1.4301 and AW 6063. The fatigue test of stainless steel
1.4404 was performed by fatigue machine Instron 8874. Instron 8501 was used to test the rest
two materials: C45, AW 2017A T4. Axial loading was applied with a stress ratio R = 1. Test
results are presented in Figs. 3b-8b.
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Fig. 8. S-N curves for AW 2017A T4 for (a) 9 specimens and (b) 16 specimens, (c) and (d) S-N curves
on one diagram for 16 specimens and 9 specimens with standard deviation from the tensile test

Table 2. Value of parameters for the estimated S-N curves

Material
Type
of load

Para-
meter

Standard
method

Method with
Proposed
method

A Bsmall no.
of specimens

1 2 3 4 5 6 7 8
S355J2+C
(Strzelecki,
2018)

Rotating
bending

minv −9.917 −9.922 −9.922
binv 31.325 31.300 31.300 36.32% 48.18%
σN 0.1748 0.2745 0.3373

1.4301
(Strzelecki,
2021)

Rotating
bending

minv −9.190 −10.041 −10.041
binv 29.595 31.795 31.795 −83.42% 15.04%
σN 0.2135 0.1164 0.2513

1.4404
(Skibicki et
al., 2014)

Axial
minv −20.952 −22.890 −22.890
binv 57.594 62.501 62.501 8.79% 59.19%
σN 0.1587 0.1740 0.3889

C45 (Ligaj
and Szala,
2013)

Axial
minv −9.526 −9.256 −9.256
binv 28.326 27.595 27.595 −41.88% 58.58%
σN 0.1738 0.1225 0.4196

AW 6063∗
Rotating
bending

minv −7.108 −7.176 −7.176
binv 20.664 20.735 20.735 −33.70% −30.89%
σN 0.2051 0.1534 0.1567

AW 2017A
(Ligaj and
Szala, 2013)

Axial
minv −8.288 −7.691 −7.691
binv 24.375 22.918 22.918 −50.72% 10.63%
σN 0.1985 0.1317 0.2221

A – Difference standard method – small no. of specimens E = (σN5 − σN4)/σN5
B – Difference standard method – proposed method E = (σN6 − σN4)/σN6
∗ (Strzelecki and Wachowski, 2022)
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The estimated parameters for Eq. (2.5) are shown in Table 2. The least squares method
was used to determine the parameters for median S-N curves. The S-N curves obtained acc.
to ASTM E-739-10 (2015) were named “standard method”. In column 4, the parameters for
“standard method” for reliability and design purposes were placed. That case involved testing
at least 15 specimens for each material. In column 5, the parameters for preliminary tests were
placed. In that case a small number, namely 8-9 specimens, were tested. Such values were chosen,
because they are in the middle range of preliminary tests according to ASTM E-739-10 (2015).
Additionally, standard ISO-12107 (2003) requires a minimum of eight specimens for exploratory
testing.
As seen, there are little differences between the “standard method” for reliability and design

purposes versus preliminary tests. The biggest differences are for standard deviation σN . The
parameters for the proposed method, where the standard deviation was calculated according to
Eq. (2.9), are shown in the 6th column of Table 2. In the 7th and 8th columns, differences between
the standard method, method with a small number of specimens and the proposed method are
presented. In all cases, the proposed method gets higher values of standard deviation than the
small number of specimens method. This means that the method is conservative, except for
material AW6063. However, the proposed method got higher values of standard deviation than
the method with a small number of specimens.

5. Discussion

It can be seen in Figs. 3d-6d and Figs. 7c-8c that the S-N found by the proposed method is
shifted and has a different angle compared to the S-N curve acc. to the standard method for all
materials. This is expressed in different values of parameters minv and binv, as shown in Table 2.
However, these differences are little and are expected according to widely scattered fatigue tests
results. Dispersion of the fatigue test results is caused by microstructural inhomogeneity in
material properties, geometry of specimen, differences in the surface roughness, test conditions,
environment, and personal aspects (skill of laboratory technicians).
The influence of surface roughness was investigated by Nanninga and White (2009). They

found a little difference in the fatigue life for roughness line in the transverse and longitudi-
nal direction. However, they stated that “while it is probably not statistically significant, some
polished transverse specimens exhibited fatigue lives that were higher than those of the lon-
gitudinal specimens”. Additionally, Kurek et al. (2017) found that the type of load causes a
different value of standard deviation. They stated that the lower scatter of the fatigue test is for
tension-compression than for repeated bending. Another factor of the scatter of test results is
an error of the applied load, which was analysed in the paper by Strzelecki (2018). It was found
that the applied load could cause up to 46% of standard deviation. Gope (2012) found that the
error of estimation fatigue life for salt solution was around half smaller than that for air condi-
tion. Standard deviation for different types of materials was tested by Wormsen et al. (2015).
Standard deviation for the same type of material AISI 8630 M, but from different suppliers, have
values 0.133, 0.188, 0.126, 0.186 and 0.106 for the axial load with asymmetry of cycles R = −1.
Taking these factors into account, it is impossible to estimate the exact value of standard

deviation of the fatigue life. It can only be stated that it is from 0.1 to 0.25, see Wormsen et al.
(2015). Values in this range, namely 0.159 to 0.214, were estimated while analysing materials,
Table 2. So, the scatter of fatigue tests can be estimated only from experimental results.
It is worth the notice, that the relation of hardness, tensile strength or yield strength has

been used to develop analytical methods for many years (e.g. presented in Pang et al. (2014)).
However, the authors have not found such correlations for the scatter of fatigue life. The test
results presented above show good correlations of standard deviation for the yield strength
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with fatigue life. Despite of different damage mechanisms in these tests, in both cases, they are
dominated by the elastic strain. So, it can be assumed that the standard deviation can be the
same, which has been proven for the presented materials.

6. Conclusion

Upon analysing the obtained results for standard deviation using the standard method, it be-
comes clear that the standard deviation for rotary bending was higher than that for axial loading.
For stainless steels (1.4301 and 1.4404) differences of the standard deviations were significant and
equaled 26%. However, those differences for aluminium alloy (AW 6063 T6 and AW 2017A T4)
were little and equaled 3%. For most cases, the standard deviation for a small number of speci-
mens was smaller than the standard deviation σN from the standard method. An exception was
S355J2+C steel.
The proposed method of determination of the P-S-N curve has a lower value fatigue life than

the ASTM method. An overestimated fatigue life was obtained by the ASTM method (except for
S355J2+C). The proposed method gives underestimated values (except for aluminium alloys).
Thus, the proposed method can be used by engineers.
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The nonlinear hysteresis characteristics of magnetorheological dampers lead to low fitting
accuracy and poor practicality of their inverse models. Hence, to improve the accuracy of
an inverse model generated with BP neural network, this research presents a novel opti-
mization approach called Beluga Whale Optimization. The prediction accuracy of current
is enhanced by the optimized inverse model. Under the enhanced inverse model, a variable
universe fuzzy PID control is created. Based on the research outcomes, it has been shown
that the introduction of control contributes to noteworthy improvements in the suspension
performance metrics, both in terms of time and frequency domains.
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1. Introduction

The suspension of a vehicle plays a crucial role in minimizing the effects of road vibrations and
ensuring stability of the vehicle body (Tseng and Hrovat, 2015). The passive suspension cannot
satisfy the needs for complex operating conditions due to its simple structure and fixed param-
eters, so the intelligent suspension (active suspension, semi-active suspension) has emerged as a
hot topic of research (Na et al., 2022; Krzyzynski and Maciejewski, 2019). The active suspen-
sion mostly uses the target forces generated by the actuator to cut down vibration. Semi-active
suspension has gained considerable attention as an alternative to address the challenges of com-
plexity, exorbitant costs, and excessive energy consumption associated with active suspensions
(Liu et al., 2022).
Magnetorheological dampers (MRD) are widely employed intelligent devices for damping

vibrations in various fields. They were first introduced into the suspension system by Lou et al.
(1994), which has aroused the attention of researchers. MRD is a device that uses the magne-
torheological effect to control the damping force. MRD offers fast responsiveness, wide control
range and low energy consumption, but it also has a powerful hysteresis and nonlinearity. Design-
ing a semi-active suspension control has made it crucial to develop a highly precise MRD model.
Consequently, establishing this model has emerged as one of the utmost essential objectives
(Mai et al., 2020; Dong et al., 2010). The range of mechanical models has been presented by the
researchers (Chen, 2022), including the Bingham model, the Bouc-wen model, and others. The
frequent utilization of the Bouc-Wen model (Tang et al., 2020; Gong and Hen, 2020) has been
observed to describe the properties of MRD. Boada et al. (2018) and Maciejewski et al. (2019)
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developed an inverse model to output the control current. Zhang and Zhao (2017) has built the
inverse model with the BP neural network (BPNN), which output a fairly accurate predicted
currents but still had some defects. Ma et al. (2021) obtained a higher accurate system with
the Elman neural network compared to BPNN. BWO, a bio-inspired optimization technique
created by Zhong et al. (2022), is applied to tackle challenging engineering and optimization
issues. In this paper, the BPNN is optimized to provide a more accurate inverse model thanks
to the benefit that the BWO can ensure the algorithm converge globally.

Effective and reasonable control algorithm is another crucial role of the intelligent suspension
system for vibration reduction. Successful implementations have been carried out for vibration
control of vehicles using control methods such as skyhook control and PID control (Papaioannou
et al., 2021; Shin et al., 2016), but semi-active control still faces a huge challenge for the nonlinear
characteristics of MRD. The issue at hand has garnered heightened interest in the implementa-
tion of nonlinear control techniques, namely fuzzy control, sliding model control, H∞ control,
and neural network control in MRD semi-active suspension systems. This approach aims to
address and mitigate the aforementioned challenge (Al Aela et al., 2022). Morales et al. (2018)
proposed a variable damping control strategy for a semi-active suspension system to improve
smoothness of the vehicle ride. As well as compared to other control methods, fuzzy control
as an intelligent control can handle many problems that cannot be accurately mathematically
modeled in complex systems. Trikande et al. (2018) set up a quarter suspension system with
fuzzy acceleration and velocity of the suspension. According to the experimental results, it has
been shown that the incorporation of fuzzy control significantly improves the stability and ride
comfort of the suspension system. In this study, in the realm of active suspension systems, Na
et al. (2020) introduced an innovative and dynamic approach to regulate control strategies. This
scheme effectively ensures vehicle stability in the presence of suspension parameter uncertainties
and time delays. Despite the fuzzy control has small overshoot, good robustness and strong
adaptability, there is inevitable steady-state control error. Henceforth, merging the concept of
fuzzy control with other control approaches becomes imperative in order to obtain optimal con-
trol with utmost stability and precision. A fuzzy control strategy for the active suspension in
vehicles was introduced by Wang et al. (2015). The proposal garnered significant attention as it
addresses the issue of balancing control precision and speed, while also confronting the impact
of uncertain control parameters. According to the work of Muthalif et al. (2017), a semi-active
suspension system model was created with integrating fuzzy PID control, where the objective
was to enhance control performance by applying fuzzy logic to manipulate the input variables,
including body speed and acceleration. Fuzzy PID control not only tackles the issue of steady-
state error in control systems, but also provides adaptive adjustment of PID control parameters.
Although these aforementioned techniques greatly enhance the precision and adaptability of sus-
pension control, they primarily focus on addressing the uncertainty inherent within their own
parameters. As such, they fail to incorporate external excitations and are unable to proactively
pre-adjust control parameters to promptly react to variations in external stimuli. In an effort
to improve control precision of the fuzzy controller, Pang et al. (2018) put forward a variable
universe fuzzy T-S with a semi-active suspension system, whereas Zhang et al. (2024) designed
variable universe fuzzy PID (VUF-PID) for a continuous damping semi-active suspension. The
conventional fuzzy PID technique is unable to scale owing to variation of the initial theoreti-
cal domain error, causing the system control accuracy decline. The VUF-PID strategy has the
advantages of the conventional fuzzy PID, and meanwhile, the utilization rate of fuzzy rules is
largely enhanced by adjusting theoretical domain factor, which enhances the system accuracy.
The major contribution of this work is a new inverse model of MRD, which estimates the current
required to make the desired force exerted by MRD. Prior studies have suggested that the use
of fuzzy PID in the suspension system offers considerable robustness. In this study, the notion
of variable domains is incorporated into the realm of fuzzy control. By modifying the control
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domain, both the controller input and output can be flexibly tailored, thereby enhancing the
system adaptability and the performance of the suspension.
Structural organization of the paper is a follows: Section 2 describes the semi-active sus-

pension and MRD dynamic model, Section 3 focuses on design of the MRD inverse model and
system controller, Section 4 performs an experimental simulation of the developed controller,
and Section 5 provides a summary of the entire work accomplished.

2. Dynamic modeling

2.1. Semi-active suspension system

The vertical force and vibration are the main factors affecting the vehicle suspension system,
and the single suspension system mainly responds to vertical motion of the vehicle, so it can
fulfill the requirement of the research. This paper focuses on the two-degrees of freedom semi-
-active suspension system of a quarter vehicle model, which is shown as a simplified model in
Fig. 1.

Fig. 1. Modeling of a semi-active suspension with MRD

The differential equations for semi-active suspension motion can be derived based on New-
ton’s law of motion and Lagrange’s law

msẍs + cs(ẋs − ẋu) + ks(xs − xu) + f = 0
muẍu − cs(ẋs − ẋu)− ks(xs − xu) + ku(xu − xr)− f = 0

(2.1)

In Eqs. (2.1), ms and mu are body mass and wheels mass, ks is the suspension stiffness, xs refers
to the absolute displacement of vehicle body, cs is the damping coefficient, xr is the road surface
excitation, kt is the tire stiffness, xu is the absolute displacement of the wheel, f stands for the
damping force. The parameter values for the quarter semi-active suspension are shown Table 1.

Table 1. Parameter values of the quarter semi-active suspension

Parameter Value Unit

ms 345 kg
mu 40.5 kg
ks 17 kN/m
ku 192 kN/m
cs 1500 Ns/m
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To facilitate the design of the controller, the state is definined as

x1 = xs − xu x2 = ẋs x3 = xu − xr x4 = ẋu (2.2)

The state-space equation is acquired form Eqs. (2.1) and (2.2) as follows

ẋ = Ax+Bf +Cẋu (2.3)

where

A =




0 −1 0 −1
− ks
ms

− cs
ms

0
cs
ms

0 0 0 1
ks
mu

cs
mu

− ku
mu

− cs
mu




B =




0
1
ms
0

− 1
mu




C =




0
0
−1
0




2.2. Dynamic model of a magnetorheological damper

According to the modified Bouc-Wen model, this paper investigates MRD. Its structure
includes a damping element, elastic element and hysteresis operator, as show in Fig. 2.

Fig. 2. Modified Bouc-wen model

The function expression is

f = c1ẏ + k1(x− x0) y =
1
c0
+ c1[δz + c0ẋ+ k0(x− y)]

z = −γ|ẋ− ẏ|z|z|n−1 − ψ(ẋ− ẏ)|z|n +G(ẋ− ẏ)
(2.4)

where c1 and δ can be expressed as

c1 = c1a + c1bi δ = δa + δbi (2.5)

In equations (2.4) and (2.5), x denotes the displacement of the spring, x0 stands for the initial
value, y is the internal displacement, c0 represents viscous damping factor at a high speed, z is an
evolutionary variable, k0 stands for the stiffness coefficient, k1 expresses the stiffness coefficient
of the accumulator, c1 represents the viscous damping factor at a low speed, δ indicates the scale
factor of hysteresis operator, γ, ψ, n, G represent the adjustment coefficient.

3. Control system design

A novel control technique is developed utilizing the semi-active suspension of MRD. This tech-
nique incorporates the VUF-PID control model and the inverse model of MRD, which has been
created using BPNN optimized with BWO, as depicted in Fig. 3.
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Fig. 3. Control schematic diagram

3.1. An inverse model of the magnetorheological damper

3.1.1. An inverse model based on BPNN

The BPNN is employed in constructing the inverse model of MRD, as depicted in Fig. 4. This
figure also illustrates the correlation between the current and the damping force, as represented
by the mapping relationship. Damping forces are obtained from the Modified Bouc-Wen model
of magnetorheological dampers, the control current from random white noise, displacement of
MRD data from suspension dynamic travel. 2000 sets of data were collected in total, with 1500
sets designated for network training and the remaining 500 sets reserved for testing purposes.

Fig. 4. Inverse model identification scheme of the MRD with BPNN

The neural network used in this study consists of three layers, namely the input layer, the
hidden layer, and the output layer. It is composed of a total of seven input nodes, while the
hidden layer comprises twelve nodes, and finally, a single output node. The inputs chosen for
the neural network include the damping force, velocity, and displacement of MRD at time t
and t − 1, along with the control current at time t − 1. The neural network output represents
the current at time t.

3.1.2. Optimization of inverse models

During training, BPNN is likely to generate local optimum. In order to obtain more accurate
current signals, this paper focuses on optimizing BPNN with the Beluga Whale Optimization
(GWO). BWO, a bio-inspired optimization technique is applied to tackle challenging engineering
and optimization issues. BPNN is most sensitive to weights and thresholds in initialization
parameters. In the process of optimizing BPNN, BWO is equivalent to constantly updating the
weights and thresholds and calculating the global optimum through multiple iterations. Figure 5
expresses the flow chart of the algorithm.
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Fig. 5. The flow chart of BP neural network optimized by BWO

The main focus of this program lies in acquiring knowledge from the exploration and ex-
ploitation phases, as well as adopting behavioral traits observed in whales. In the BWO method,
with the help of a balancing factor Bf , B0 is randomly varied between (0, 1) at each iteration. It
allows conversion from exploration to exploitation. T and Tmax denote the current and maximum
number of iterations, respectively. The balance factor Bf can be expressed as

Bf = B0
(
1− T

2Tmax

)
(3.1)

When the Bf exceeds 0.5, the exploration phase commences, whereas when Bf falls below 0.5,
it is the start of exploitation phase.

I) Exploration phase

Now, it is about to mimic beluga whales’ swimming style. Depending on the odd and even
numbers of positions, different positions are updated. Here is the mathematical model

xT+1i,j =

{
xTr,Pj + (x

T
r,P1
− xTi,Pj)(1 + r1) sin(2πr2) for j = even

xTr,Pj + (x
T
r,P1
− xTi,Pj)(1 + r1) cos(2πr2) for j = odd

(3.2)

where xT+1i,j represents the i-th beluga whale in the j-th dimension, T denotes current iteration,
r denotes randomly selected beluga whale. r1 and r2 indicate random numbers that range from
0 to 1, sin(2πr2) and cos(2πr2) denote mirrored beluga whales with their fins facing water.
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II) Exploitation phase

The idea of this stage comes from the feeding behavior of beluga whales, which share in-
formation between themselves and their neighboring partners, so that the position of the best
individual and other individuals can be updated. Introducing the Lévy flight strategy of preda-
tion, which is mathematically represented as

xT+1i = r3xTbest − r4xTi + C1LF (xTr − xTi ) (3.3)

where xTi stands for the i-th beluga whale’s current position, x
T
r stands for random beluga

whale’s current positions, the optimal position for beluga whales is xTbest, r3 and r4 indicate
random numbers that range from 0 to 1, C1 stands for the random jump strength used to
gauge the Lévy flight intensity and represented by equation (3.4)1, LF represents the Lévy flight
function, calculated from equation (3.4)2

C1 = 2r4
(1− T
Tmax

)
LF = 0.05

uσ

|v|1/ζ (3.4)

where u and v represent normally distributed random variables, while ζ represents a constant
with a default value of 1.5σ, which is represented as

σ =
( Γ (1 + β) sin(πζ/2)
Γ [(1 + β)/2]ζ2(ζ−1)/2

)1/ζ
(3.5)

III) Whale fall

Belugas face threats from orcas, polar bears and humans as they migrate and forage. The
majority of belugas demonstrate their intelligence by evading these threats through effective
communication. Nonetheless, some belugas unfortunately perish, sinking to depths of the ocean
floor. This occurrence is referred to as a “whale fall”.
In each iteration, to imitate the behavior of a whale fall, we simulate slight variations in the

groups by selecting a likelihood of the whale fall from the individual. The beluga whales in ques-
tion have either repositioned themselves or been subjected to expulsion and have subsequently
descended into depths of the ocean. To establish the revised position, the utilization of beluga
whale locations and the magnitude of their stride during falls is imperative. It guarantees the
population size remain unaltered. The mathematical representation of the model is as follows

xT+1i = r5xTi − r6x+ r7xstep (3.6)

where r5, r6 and r7 indicate a random numbers that range from 0 to 1, xstep indicates the step
size for the whale fall, and xstep can be expressed as

xstep = (ub − lb) exp
(
−C2

T

Tmax

)
(3.7)

where ub represents the maximum limit of the variable, while lb represents the minimum limit
of the variable lower boundary. C2 is expressed as

C2 = 2Wfn (3.8)

where C2 denotes the step factor, Wf can be expressed as

Wf = 0.1− 0.05
T

Tmax
(3.9)

As beluga whales progressively approach their source of sustenance, the level of risk associated
with them diminishes throughout the optimization process. The evident proof arises from a drop
in the likelihood of the whale fall, plunging from 0.1 in the initial iteration to 0.05 in the final
iteration.



702 L. Jia et al.

3.2. Control design of the suspension system

3.2.1. VUF-PID theory

The fuzzy PID controller integrates a variable universe controller known as VUF-PID. To
enhance its performance, the fuzzy PID controller applies the expansion factor to incorporate
the variable domain concept. The number of fuzzy rules at the local level is adjusted by this
effect while overcoming the restricted accuracy caused by the limited count of fuzzy control rules
found in the parameterization of the PID control problem. As shown in Fig. 6, the concept of
fuzzy variable universe is aimed at changing the size of basic fuzzy variable set as the system
error changes during the control process, thus ensuring dynamic adaptation for the optimized
performance. In Fig. 6, x stands for input variables of the control system, µ represents the
membership degree function, α(x) indicates the expansion factor of the input variable domain,
e denotes the input initial domain.

Fig. 6. Schematic diagram of universe transformation

3.2.2. Fuzzy PID controller

Figure 7 depicts the flow chart of fuzzy PID control, which builds upon the foundational PID
control system through incorporation of fuzzy theory. This integration allows for the enhance-
ment and improvement of the basic PID control approach. This paper adopts the two-input,
three-output form of fuzzy control, controller inputs are error e and change rate of error ec. The
error e is calculated as a difference between vertical acceleration of the vehicle ẍs, and the set
value r(t) = 0, ∆Kp, ∆Ki and ∆Kd as the controller output. The input and output variables are
grouped into seven levels, denoted as NB, NM, NS, ZE, PS, PM, PB. All domains have a range
of (−6, 6) configured. The triangle function is employed for the membership functions of input
and output. Fuzzy inference rules are established based on the suspension system characteristics,
displayed in Table 2.

Fig. 7. Fuzzy-PID controller scheme
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Table 2. Fuzzy rule table

NB NM NS ZE PS PM PB

NB PB/NB/PS PB/NB/NS PM/NM/NB PM/NM/NB PS/NS/NB ZE/ZE/NM ZE/ZE/PS
NM PB/NB/PS PB/NB/NS PM/NM/NB PM/NS/NM PS/NS/NM ZE/ZE/NS NS/ZE/ZE
NS PM/NM/ZE PM/NM/NS PM/NS/NM PS/NS/NM ZE/ZE/NS NS/PS/NS NS/PS/ZE
ZE PM/NM/ZE PM/NM/NS PS/NS/NS ZE/ZE/NS NS/PS/NS NM/PM/NS NM/PM/ZE
PS PS/NM/ZE PS/NS/ZE ZE/ZE/ZE NS/PS/ZE NS/PS/ZE NM/PM/ZE PM/PB/ZE
PM PS/ZE/PB ZE/ZE/NS NS/PS/PS NM/PS/PS NM/PM/PS NM/PB/PS NB/PB/PB
PB ZE/ZE/PB ZE/ZE/PM NM/PS/PM NM/PM/PM NM/PM/PS NB/PB/PS NB/PB/PB

Based on the control principle of fuzzy PID, the formula for adjusting the parameters of PID
is presented below

Kp = Kp0 +∆Kp Ki = Ki0 +∆Ki Kd = Kd0 +∆Kd (3.10)

3.2.3. VUF-PID controller

In variable universe fuzzy control, the expansion factor directly determines the precise control
effect and overall control performance. The universe formula for the scaling factor is as follows

Xe = [−αe, αe] Y = [−βu, βu] (3.11)

where α, β can be regarded as the scaling factors for input and output, e, u represent the original
input and output universe, Xe, Y denote the resultant input and output universe.
The present investigation utilizes the VUF-PID function (Zeng et al., 2020), as depicted

in Fig. 8. The scaling coefficients primarily derived from functional models are produced via
functions parameterized by the error and its rate of change. The scaling factors change in the
form of exponent

α(x) = 1− λe−kx2 β(t) = KI
n∑

i=1

Pi

t∫

0

ei(τ) dτ + β(0) (3.12)

In Eq. (3.12), 9 < λ < 1, k > 0, the value of k reflects changing speed of universe of the
controller, λ reflects accuracy of the controller, KI , Pi are constants, β(0) is the initial value,
ei(τ) is the error vector, τ is the adjustment parameter.
The domain of the input variable is

Xe(e) = [−α(x)e, α(x)e] Xe(ec) = [−α(x)ec, α(x)ec] (3.13)

Based on the characteristics of MRD semi-active suspension, taking into account the influence
of parameters λ and k in the scaling factor, based on experience and after multiple experiments,
the value of λ is 0.6 and k is 0.5, then

α(e) = 1− 0.6e−0.5e2 α(ec) = 1− 0.6e−0.5ec2 (3.14)

The variation of integral coefficient Ki tends to opposite direction to the variation of the system
deviation, whereas the variation of the output variables Kp and Kd are consistent with variation
of the system deviation. The following are the scaling factors for Kp, Ki and Kd

β(Kp) = 3|e| β(Ki) =
1

|e|+ 0.9 β(Kd) = 3|e| (3.15)
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The changed output variables Y (Kp), Y (Kp) and Y (Kd) domains can be expressed as

Y (Kp) = [−β(Kp)Kp, β(Kp)Kp] Y (Ki) = [−β(Ki)Ki, β(Ki)Ki]
Y (Kd) = [−β(Kd)Kd, β(Kd)Kd]

(3.16)

The fuzzy tuning relation is defined by Θ, the output of the fuzzy control is

∆Kp = Θ[β(Kp)Θ(α(x)e, α(x)ec)] ∆Ki = Θ[β(Ki)Θ(α(x)e, α(x)ec)]

∆Kd = Θ[β(Kd)Θ(α(x)e, α(x)ec)]
(3.17)

In summary, the output of the controller is

f(k) = (∆Kp +Kp0)e(k) + (∆Ki +Ki0)
k∫

0

e(k) dk + (∆Kd +Kd0)
de(k)
dk

(3.18)

Fig. 8. Variable universe fuzzy PID control system

4. Simulation analysis

4.1. Performance of MRD

According to Eqs. (2.4) and (2.5), the model of MRD is established. Table 3 displays the
research parameters for the Bouc-Wen phenomenon model (Sosthene et al., 2018). The dis-
placement follows a sinusoidal pattern with 10mm amplitude and 2Hz frequency, while the
current ranges from 0A, 1A, 2A to 3A. Figure 9 illustrates the property of MRD divided into
three portions for description, which included the force-time curve, force-displacement curve and
force-velocity curve.
To assess the efficacy of the BWO, comparison and analysis of the prediction results of the

inverse model built by BPNN before and after optimization are made. Figure 10a illustrates
the original current and predictive control current with BPNN and BWO-BPNN, in Fig. 10b,
a comparison is displayed between the control current of the BPNN and the BWO-BPNN,
highlighting the errors. Based on the comparison of prediction results and errors provided by
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Table 3. Bouc-Wen model parameters (Sosthene et al., 2018)

Parameter Value Parameter Value

C0 [Ns/m] 997 k1 [–] 134
C1a [Ns/(mA)] 8186 x0 [–] 0.115
C1b [Ns/(mA)] 2725 ψ [m2] 70000
δa [N/m] 0 G [–] 300
δb [N/m] 1723 γ [1/m2] 70000
k0 [–] 1072 n [–] 2

Fig. 9. Performance of MRD with different applied currents: (a) force versus time curve, (b) force versus
displacement curve, (c) force versus velocity curve

Fig. 10, it is seen that BWO-BPNN has a superior fitting results of the control current predicted
to original current sample than that of BPNN. Moreover, the root mean square (RMS) value
of BWO-BPNN prediction error is smaller than that of BPNN, with RMS value of 0.0025621
and BPNN of 0.006093. In addition, the BWO-BPNN fitting error is reduced by 57.97%, which
demonstrates the superior performance of the inverse model by BWO-BPNN.

4.2. Performance of the system controller

With the aim at thoroughly assessing the effectiveness of this controller, two types of road
excitation random and sinusoidal are introduced.
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Fig. 10. The predicted values of the current using the BWO-BP and BPNN: (a) current,
(b) current error

4.2.1. Random road

The random road is created by white noise. The model expression is

q̇t = −2πfminqt + 2πn0
√
Gq(n0)Wt (4.1)

where q̇t is the impact strength, fmin is the time frequency, n0 denotes the spatial frequency,
Gq(n0) stands for the road unevenness coefficient, v is the travel speed,Wt expresses the Gaussian
white noise. In this simulation: v = 40m/s, Gq(n0) = 64 · 10−6m/s, n0 = 0.1m−1.
Figure 11 interprets variation of the suspension performance under a random surface. In this

investigation, a comparison is made between four distinct suspension systems, namely passive
suspension, fuzzy control, fuzzy PID control, and VUF-PID control. Performance in the time
and frequency domain is analyzed to evaluate their respective effectiveness. Figures 11a,b rep-
resent body vertical acceleration, by making use of VUF-PID. The body vertical acceleration
is effectively reduced, improving riding comfort. Figures 11c,d indicate the suspension dynamic
displacement, VUF-PID control reduces its value to avoid the breakdown phenomenon. The
stability of the vehicle is ensured by VUF-PID control, as demonstrated in Figs. 11e,f, which
depicts the dynamic load on the wheel. According to the frequency domain results, the VUF-PID
controller has the best results in the low frequency range of 0-20Hz.
Table 4 displays RMS values of the suspension performance index for various control meth-

ods employed on the random road surface. Compared to the passive suspension, the vehicle
body experiences a decrease in vertical acceleration by 15.85%, 36.21%, and 41.29%, while the
suspension deflects dynamically by 5.57%, 33.44%, and 37.70%, respectively. Additionally, the
dynamic load on the wheel witnesses a reduction of 4.01%, 35.02%, and 40.46% correspondingly.

Table 4. Simulation results under the random road

Performance indicators
Control method body vertical suspension dynamic wheel dynamic

acceleration [m/s2] travel [m] load [N]

Passive 0.322836 0.008760 183.2071
Fuzzy 0.271669 0.008272 175.8765
Fuzzy-PID 0.205912 0.005831 119.0387
VUF-PID 0.189534 0.005458 109.0793
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Fig. 11. Performance indexes of different control under the random road suspension system: (a) body
vertical acceleration (time domain), (b) body vertical acceleration (frequency domain), (c) suspension
dynamic travel (time domain), (d) suspension dynamic travel (frequency domain), (e) wheel dynamic

load (time domain), (f) wheel dynamic load (frequency domain)

4.2.2. Sinusoidal road

The second road model is adopted: a sinusoidal road surface. A sinusoidal road signal is a
common road excitation for suspension vibration analysis. Its is model expression is

xr = ξ sin(ωx) (4.2)

where ξ [m] represents the road displacement, ω [rad/s] represents the angular frequency. In this
simulation, the road displacement is 0.02m and the angular frequency is 4π rad/s.
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Figure 12 shows the variation of suspension performance index under the sinusoidal road
signal. The performance measures of the suspension system are enhanced when comparing it
to the passive suspension through implementations of fuzzy control, fuzzy PID control, and
VUF-PID control.

Fig. 12. Performance indexes of different control under the sinusoidal road suspension system: (a) body
vertical acceleration (time domain), (b) body vertical acceleration (frequency domain), (c) suspension
dynamic travel (time domain), (d) suspension dynamic travel (frequency domain), (e) wheel dynamic

load (time domain), (f) wheel dynamic load (frequency domain)

Table 5 shows the RMS values of the suspension performance index across different control
strategies when subjected to a sinusoidal road surface. In comparison to the passive suspension,
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the vehicle body experiences a reduction in vertical acceleration by 11.46%, 22.12%, and 39.90%,
while the suspension dynamic deflection decreases by 1.88%, 3.67%, and 7.04% correspondingly.
Additionally, there is a consecutive decrease in the dynamic load observed for the wheel by
10.47%, 19.39%, and 29.28%.

Table 5. Simulation results under the sinusoidal road

Performance indicators
Control method body vertical suspension dynamic wheel dynamic

acceleration [m/s2] travel [m] load [N]

Passive 0.845642 0.018207 344.8268
Fuzzy 0.748745 0.017864 308.722
Fuzzy-PID 0.658616 0.017539 277.9482
VUF-PID 0.508267 0.016926 243.8728

5. Conclusions

In this study, a functional VUF-PID control is developed with a quarter magnetorheological
semi-active suspension system. In the semi-active suspension control system with MRD, the
damping effect depends not only on the control algorithm of the system, but also on the precise
mechanical model of MRD.

• The modified Bouc-Wen model of MRD is created, and the relationship between the damp-
ing force and displacement as well as velocity under different control currents is analyzed,
which shows accurate characteristics of MRD. By using the BWO-BPNN to create an
inverse model of the MRD, the fitting error has decreased by 57.97%, and the output
prediction current has been more accurate compared with the BPNN.
• In this study, a functional VUF-PID control is developed with a quarter magnetorheological
semi-active suspension system. With the additional control methods stated in this research,
the performance indices of the suspension improved under different conditions (random
road, sinusoidal road). The controller is better suited and more efficient.
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We investigate the period-doubling phenomenon in aperiodically forced asymmetric Duffing
oscillator. We use the known steady-state asymptotic solution – the amplitude-frequency
implicit function – and known criterion for the existence of period-doubling, also in an
implicit form. Working in the framework of differential properties of implicit functions, we
derive analytical formulas for the birth of period-doubled solutions.

Keywords: Duffing equation, period-doubling, implicit functions

1. Introduction and motivation

A period-doubling cascade of bifurcations is a typical route to chaos in nonlinear dynamical
systems. We shall study this phenomenon in Duffing-type oscillator equations.
In this work, we study period-doubling in a forced asymmetric Duffing oscillator governed

by the non-dimensional equation

ÿ + 2ζẏ + γy3 = F0 + F cos(Ωt) (1.1)

which has a single equilibrium position and a corresponding one-well potential (Kovacic and
Brennan, 2011), where ζ, γ, F0, F are parameters and Ω is the angular frequency of the periodic
force.
The period-doubling scenario in dynamical system (1.1) was investigated by Szemplińska-

-Stupnicka in a series of groundbreaking papers (Szemplińska-Stupnicka and Bajkowski, 1986;
Szemplińska-Stupnicka, 1987, 1988), see also (Kovacic and Brennan, 2011) for a review and
further results, and (Xu and Luo, 2020) for another approach to period-doubling in a similar
system.
The main idea introduced in (Szemplińska-Stupnicka and Bajkowski, 1986) consists of per-

turbing the main steady-state (approximate) asymptotic solution of Eq. (1.1), a 1 : 1 resonance
y0(t)

y(t) = y0(t) +B cos
(
1
2Ωt+ ϕ

)

y0(t) = A0 +A1 cos(Ωt+ θ)
(1.2)

The perturbed solution y(t) is substituted into Eq. (1.1), and the condition B 6= 0 is de-
manded. In papers (Kovacic and Brennan, 2011; Szemplińska-Stupnicka and Bajkowski, 1986;
Szemplińska-Stupnicka, 1987, 1988) several conditions guaranteeing the formation and stability
of solution (1.2) were found and used to study the period-doubling phenomenon.
For example, these authors were able to find intervals (Ω1, Ω2) in which solution (1.2)2

destabilized via the formation of period-doubled solution (1.2)1 (Kovacic and Brennan, 2011.
They also demonstrated that a cascade of period doubling leading to chaos was formed (Kovacic
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and Brennan, 2011; Szemplińska-Stupnicka and Bajkowski, 1986; Szemplińska-Stupnicka, 1987,
1988).
Our motivation is fueled by the observation that steady-state solution (1.2)2 as well as

period-doubling conditions found in (Kovacic and Brennan, 2011; Szemplińska-Stupnicka and
Bajkowski, 1986; Szemplińska-Stupnicka, 1987, 1988) are in the form of some implicit func-
tions. Therefore, it should be possible, within the framework of differential properties of implicit
functions (Fikhtengolt’s, 1965; Kyzioł ad Okniński, 2022), to obtain new results concerning the
period-doubling mechanism.
The aim of the present work is thus to apply this formalism to implicit functions de-

rived in (Kovacic and Brennan, 2011; Szemplińska-Stupnicka and Bajkowski, 1986; Szemplińska-
-Stupnicka, 1987, 1988).
The paper is organized as follows. In Section 2, a steady-state solution of Eq. (1.1) of form

(1.2)2 is reviewed and a period-doubling condition derived in (Kovacic and Brennan, 2011;
Szemplińska-Stupnicka and Bajkowski, 1986; Szemplińska-Stupnicka, 1987, 1988) is described in
Section 3. In Section 4, we derive new results concerning period-doubling applying the formalism
of differential properties of implicit functions, and in Section 5 we verify our results. In Section 6,
we summarize our findings.

2. The main resonance: steady-state solution

The steady-state solution of Eq. (1.1) of form (1.3)2, describing the 1 : 1 resonance, was computed
in (Szemplińska-Stupnicka and Bajkowski, 1986; Jordan and Smith, 1999, Kovacic and Brennan,
2011). Proceeding as in (Kyzioł and Okniński, 2023), we get two implicit equations for A0, A1
and Ω

A21

(
3γA20 +

3
4
γA21 −Ω2

)2
+ 4Ω2ζ2A21 = F

2

γA30 +
3
2
γA0A

2
1 − F0 = 0

(2.1)

Computing A21 from Eq. (2.1)2 for A0 6= 0 and substituting into (2.1)1, we obtain finally one
implicit equation for A0, Ω (Kovacic and Brennan, 2011; Kyzioł and Okniński, 2023)

f(A0, Ω, γ, ζ, F0, F ) =
9∑

k=0

ckA
k
0 = 0 (2.2)

where the coefficients ck are given in Table 1 (cf. Eq. (8.3.12) in (Kovacic and Brennan, 2011).

Table 1. Coefficients ck of polynomial (2.2)

c0 = −F 30 c5 = 4γΩ2(Ω2 + 4ζ2)
c1 = 4Ω2F 20 c6 = −15γ2F0
c2 = −4F0Ω4 − 16ζ2Ω2F0 c7 = −20Ω2γ2
c3 = −9γF 20 + 6γF 2 c8 = 0
c4 = 16Ω2γF0 c9 = 25γ3

We can also obtain an implicit equation for A1, Ω as in (Kyzioł and Okniński, 2023). Solving
Eq.(2.1)2 for A0 (there is only one real root) and substituting to (2.1)1, we get

g(A1, Ω, γ, ζ, F, F0) = A21
(
3γA20 +

3
4
γA21 −Ω2

)2
+ 4Ω2ζ2A21 − F 2 = 0 (2.3)
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where A0 and Y are defined as

A0 = −
A21
2Y
+ Y Y = 3

√√√√
√
1
8
A61 +

1
4γ2

F 20 +
1
2γ
F0 (2.4)

3. Birth of period-doubling

The stability of the steady-state solution y0(t) = A0+A1 cos(Ωt+ θ) is studied via substitution
into Eq. (1.1): y = y0 + u(t), with u(t) small. This substitution leads to (linear) Hill’s equation
for u(t) (Kovacic and Brennan, 2011; Szemplińska-Stupnicka and Bajkowski, 1986)

L̂u ≡ ü+ 2ζu̇+ [σ0 + σ1 cos(Ωt+ θ) + σ2 cos(2(Ωt+ θ))]u = 0

σ0 = 3γA20 +
3
2
γA21 σ1 = 6γA0A1 σ2 =

3
2
γA21

(3.1)

provided that higher powers of u are neglected.
To study destabilization of the 1 : 1 resonance via the period-doubling scenario, one puts

into Eq. (3.1)

u(t) = B cos
(1
2
Ωt+ ϕ

)
(3.2)

obtaining, after a harmonic balance method is used, a simple necessary condition for the onset
of period-doubling (a condition for non-zero B)

h(A0, A1, Ω; γ, ζ) ≡
(
σ0 −

1
4
Ω2
)2
+ ζ2Ω2 − 1

4
σ21 = 0 (3.3)

see Eq. (8.5.5) in (Kovacic and Brennan, 2011) or Eq. (4d) in (Szemplińska-Stupnicka and
Bajkowski, 1986).
Equation (3.3) can be simplified. We compute A21 from Eq. (2.1)2 for A0 6= 0 and substitute

it into Eq. (3.3), obtaining a simplified condition for the birth of period-doubling

k(A0, Ω; γ, ζ, F0) = 10γ2A60 − γΩ2A40 − 2γF0A30
+
( 1
16
Ω4 + ζ2Ω2

)
A20 −

1
2
F0Ω

2A0 + F 20 = 0
(3.4)

4. Differential condition for period-doubling

We are going to show that there is a differential condition that permits a further insight into
the nature of the birth of period doubling.
We consider a quite obvious differential condition for the birth of period-doubling. More

precisely, we investigate when equations (2.2), (3.4) have a common (real) root (A0, Ω). Equation
(2.2) guarantees that an isolated point of implicit function (3.4) lies in the 1 : 1 resonance
amplitude-frequency curve (2.2) – a double solution of Eqs. (2.2), (3.4). This corresponds to a
birth of instability of the 1 : 1 resonance with the creation of period-doubled solution (3.2), i.e.
to a birth of period-doubling.
Accordingly, we consider the following equations

f(A0, Ω; γ, ζ, F0, F ) = 0 k(A0, Ω; γ, ζ, F0) = 0

∂k(A0, Ω, γ, ζ, F0)
∂A0

= 0
∂k(A0, Ω, γ, ζ, F0)

∂Ω
= 0

(4.1)
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where Eq. (4.1)1, equivalent to (2.2), is the steady-state condition for the 1 : 1 resonance, Eq.
(4.1)2 is period-doubling condition (3.4) and equations (4.1)3,4 mean that implicit function (3.4)
has a singular point. We show below that this singular point is an isolated point of (3.4).
Acceptable solutions of Eqs. (4.1), i.e Ω > 0, A0 > 0, γ > 0, F > 0 are

Ω∗ = c1ζ A0∗ = c2
F0
ζ2

γ∗ = c3
ζ6

F 20
F∗ = c4F0 (4.2)

and

c1 = 2
√
2
√√
2 + 1 ∼= 4.395 c2 =

3
4

(
1− 1
2

√
2
) ∼= 0.220

c3 =
32
27
(7
√
2 + 10) ∼= 23.585 c4 =

3
8

√
2
√
16
√
2 + 73 ∼= 5.186

(4.3)

where ζ > 0, F0 > 0 are free parameters. These solutions have been computed using Maple from
Scientific WorkPlace 4.0. Finally, we compute A21∗ from Eqs. (2.1)2, (4.2) and (4.3) and check
that inequality A21∗ > 0 is fulfilled for F0 > 0 since (3/2)γA0∗A

2
1∗ = F0 − γ∗A30∗ = (3/4)F0 > 0.

Now we demonstrate that solution (4.2) and (4.3) corresponds to an isolated point. The
determinant of the Hessian matrix, computed for the function k(A0, Ω, ζ, γ, F0t) at singular
point (4.2) and(4.3), is positive

det




∂2k(A0, Ω)
∂Ω2

∂2k(A0, Ω
∂Ω∂A0

∂2k(A0, Ω)
∂A0∂Ω

∂2k(A0, Ω)
∂A20


 = (36

√
2 + 18)ζ2F 20 > 0 (4.4)

and this means that this is an isolated point (Fikhtengolt’s, 1965).
For example, if we choose γ = 0.1 and F0 = 0.02 then we compute from Eqs. (4.2) and (4.3)

other parameters of the isolated point, ζ∗, F∗, as well as Ω∗, A0∗, and A1∗ from Eq. (2.1)2, listed
in Table 2.

Table 2. Variables and parameters computed from Eqs. (4.2) and (4.3), γ = 0.1, F0 = 0.02

ζ∗ γ F0 F∗ Ω∗ A0∗ A1∗

0.109204 0.1 0.02 0.103721 0.479923 0.368403 0.521001

And indeed, if we solve Eqs. (4.1)1,2 for this set of parameters, we obtain a double solution
(A0∗, Ω∗) = (0.368403, 0.479923), see also Fig. 1, where the singular point (A0∗, Ω∗) – an isolated
point of implicit function (3.4) – is shown as a red dot.
For ζ > ζ∗ solutions of Eq. (4.1)2 are complex, for ζ = ζ∗ there is a real isolated point (a

double root of Eqs. (4.1)) lying in curve (4.1)1 – a red dot in Fig. 1, and for decreasing values
of ζ curves (4.1)2 are growing blue ovals. More exactly, in Fig. 1 we have γ = 0.1,F0 = 0.02,
F = 0.103721 while ζ = 0.109204 (singular – isolated point), 0.109, 0.108, 0.105, 0.100.
Note that for decreasing ζ implicit function (4.1)1, describing the 1 : 1 resonance changes

only slightly while implicit function (4.1)2, destabilization condition of the resonance, changes
significantly.

5. Numerical verification

It follows from Section 4 that for γ = 0.1, F0 = 0.02, F = 0.103721, destabilization of the 1 : 1
resonance occurs for ζ ¬ ζ∗ = 0.109204. Therefore, we have computed bifurcation diagrams
solving Eq. (1.1) for γ = 0.1, F0 = 0.02, F = 0.103721, and ζ ≈ 0.109204 looking for an onset
of period-doubling. And indeed, the 1 : 1 resonance becomes unstable for ζ ∼= 0.1105.
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Fig. 1. Implicit functions: (4.1)1 (green), (4.1)2 (blue), isolated point (red); γ = 0.1, F0 = 0.02,
F = 0.103721 and ζ = 0.109204 (singular), 0.109, 0.108, 0.105, 0.100

Fig. 2. Bifurcation diagrams: y against Ω, γ = 0.1, F0 = 0.02, F = 0.103721 and ζ = 0.1105, 0.0621,
0.0562, 0.0550 in diagrams 1, 2, 3, 4, respectively; 1 : 1 (green) and period-doubled (blue) resonances
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Numerical solutions of y(t) from Eq. (1.1) (bifurcation diagrams) were computed running
DYNAMICS (Nusse and York, 1998) and Wolfram Mathematica 12.1 (Wolfram, 2020) in the
interval Ω ∈ (0.43, 0.70) for γ = 0.1, F0 = 0.02, F = 0.103721 and ζ = 0.1105, 0.0621, 0.0562,
0.0550, see Fig. 2. The initial conditions were y(0) = 0, ẏ(0) = 0.
We note that destabilization of the 1 : 1 resonance with the formation of 1 : 2 solution (1.2)

(as well as other resonances) appears at Ω = 0.47 . . . in a good agreement with the analytical
value Ω∗ = 0.479923 in Table 2.
Moreover, we have computed numerical values of parameter ζ at which the first and subse-

quent period-doubling bifurcations occur, see Table 3. More precisely, we have been computing
bifurcation diagrams for decreasing values of ζ until the period-doubled solution was visible in
the corresponding bifurcation diagram (see, for example, diagram 1 in Fig. 2). The first period-
-doubling takes place at ζ1 = 0.1105334 in good agreement with analytical value ζ∗ = 0.109204,
see Table 2. We have also computed ratios (ζi−1− ζi−2)/(ζi− ζi−1) which converge quite well to
the Feigenbaum constant δ = 4.6692011609 . . . (Feigenbaum, 1978).

Table 3. Period-doubling bifurcations, γ = 0.1, F0 = 0.02, F = 0.103721

i period 2i Ωi ζi
ζi−1 − ζi−2
ζi − ζi−1

1 21 0.477000 0.1105334 –
2 22 0.473200 0.0622045 –
3 23 0.474200 0.0562256 8.083
4 24 0.474550 0.0550668 5.160
5 25 0.474515 0.0548240 4.772
6 26 0.474515 0.0547719 4.660

6. Summary

Based on the known amplitude-frequency steady-state equation for 1 : 1 resonance (2.2) and
period-doubling condition (3.4), we have computed a two-parameter family of solutions of Eqs.
(4.1) – see Eqs. (4.2) and(4.3). Equations (4.1)2, 3, 4 guarantee that these solutions are singular
points of period-doubling condition (3.4) while Eq. (4.1)1, equivalent to Eq. (2.2), entails that
solutions of equations (4.1) fulfill also the 1 : 1 resonance condition.
We have demonstrated that these singular points are isolated points (cf. Eq. (4.4)) which

due to Eq. (4.1)1 lie in the amplitude-frequency curves of the 1 : 1 resonance as in Fig. 1. The
emergence of an isolated point, a double real root of Eqs. (4.1), corresponds thus to the onset
of period-doubling.
Furthermore, we have obtained a good agreement between analytical value ζ = ζ∗ =

0.109204, Table 2, and numerical value ζ = ζ1 = 0.1105334 for the onset of period-doubling,
Table 3. Moreover, the first period-doubling occurs for Ω1 = 0.477000 in agreement with ana-
lytical value Ω∗ = 0.479923.
It is possible to control destabilization of the 1 : 1 resonance by decreasing ζ, ζ < ζ∗.

Indeed, it follows from Fig. 2 and Table 3 that upon decreasing ζ, we observe a build-up of
the Feigenbaum cascade of period-doubling, leading to chaos. We note that all period-doubling
occur for Ω ∈ (0.47, 0.48), and this suggests that in the case of higher period-doubling there is
a similar mechanism at work.
We hope, that our approach can be applied to other non-linear dynamical systems – period-

ically forced nonlinear ordinary differential equations.
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A. Computational details

Nonlinear polynomial equations (4.1) were solved using the computational engine Maple 4.0 from
Scientific WorkPlace 4.0. Figure 1 was plotted with the computational engine MuPAD 4.0 from
Scientific WorkPlace 5.5. Bifurcation diagrams in Fig. 2 were computed by integrating numer-
ically Eq. (1.1) running DYNAMICS (Nusse and York, 1998) and Wolfram Mathematica 12.1
(Wolfram, 2020).
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Current life prediction methods of Electromechanical equipment bearings have issues of low
accuracy and lack of stability. To address these problems, firstly, indicators based on life
degradation characteristics of bearings are selected. Then, a deep neural network-based life
prediction model is constructed. Finally, the K-nearest neighbor algorithm is introduced
to correct the deviation of the deep neural network prediction model, and a hybrid life
prediction model is designed. Results show that effectiveness of the designed model was
better, which was of great practical significance for detecting bearing failures in advance,
reducing equipment losses and improving equipment reliability.

Keywords: bearings, deep neural network, K-nearest neighbor algorithm, deviation, life pre-
diction model

1. Introduction

In recent years, electromechanical equipment plays a vital role in the modern industrial produc-
tion. And one of the most common problems in equipment failure is life prediction of bearings.
As an important part of electromechanical equipment, accurate prediction of the state of bear-
ings is critical for normal operation and maintenance of the equipment. Traditional bearing
life prediction methods mainly rely on empirical models and mathematical statistical methods,
which can provide reliable prediction results in some cases, but have certain limitations in com-
plex working conditions and variable environments (Zhang et al., 2023). Deep Neural Network
(DNN) is a multi-layer neuron based artificial intelligence model that can automatically extract
features and perform complex pattern recognition by learning a large amount of data. It has
powerful nonlinear modeling capability and high adaptivity, and is proper for processing high
dimensional, nonlinear and large-scale data (Abdou, 2022). The K-Nearest Neighbors (KNN) al-
gorithm, on the other hand, is a machine learning method that makes predictions by calculating
the distances between samples and using information from the nearest neighbor samples. The
algorithm is simple and effective, and has a good ability to handle small samples and nonlinear
problems (Hatem, 2022). In this context, DNN and KNN are fused to design a DNN-KNN-based
bearing life prediction model. Firstly, the indexes are selected with characteristics of bearing life
degradation, then the remaining life prediction model is constructed by DNN, and finally KNN
is introduced to correct the deviation of the model to improve the accuracy and stability of
the prediction. The research is composed of five parts. The first section is the background of
bearing life prediction. The second section is a review of the current research status of bearing
life prediction. The third section is the construction of a bearing life prediction model, which
includes three sections: index selection, model construction, and model optimization. The fourth
part is the experimental outcome of the model, in which the first and the second sections are
the performance and application effect analysis of the designed algorithm. The fifth section is
the summary of the whole paper and shortcomings of the study.
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2. Literature review

With the increasing importance of electromechanical equipment in the industrial production and
life, bearing, as a core component of electromechanical equipment, its life prediction is of great
significance for the operational stability and economic benefits of the equipment. In the field
of bearing life prediction of electromechanical equipment, many scholars and researchers have
proposed various methods and models to solve this problem. Nistane (2024) designed a rolling
bearing remaining life optimization prediction model based on integrated optimization health
indicators and hybrid machine learning algorithms to understand the degree of deterioration of
rolling element bearings at any time. The model preprocesses the original signal data through
wavelet transform and optimizes features using machine learning techniques. The results show
that the prediction error of the model is low. Li and Wang (2024) designed a method that inte-
grates time series window features and first prediction time recognition to predict the remaining
life of rolling bearings using limited data. The method uses a multi-step rolling prediction strat-
egy based on the first prediction time degradation factor to reveal the future degradation trend
of bearings, and the results show a prediction error as low as 8.06%. Fei et al. (2024) have
designed a life prediction method based on convolutional deep neural networks to improve the
accuracy of turbocharger bearing life prediction. The method uses convolutional neural networks
to extract feature convolutional layers and uses deep neural networks to regress and model the
bearing life. The results show that this method has high efficiency and accuracy. Mao et al.
(2019) designed a gated recurrent unit neural network for prediction of bearing life by providing
sufficient feature representation and adaptive extraction for the bearing life prediction, and the
findings indicated that the model had a high generalization ability and accuracy. To provide
sufficient feature representation and adaptive extraction for bearing life prediction, Mao et al.
(2019) designed a remaining life prediction method based on deep feature characterization and
migration learning, which was divided into two phases to characterize the faults and correct the
features to complete the prediction, and the outcomes expressed that the method had a better
numerical stability and prediction accuracy. Sun et al. (2021) designed a method with vibration
signal detection to predict the life of conventional low-voltage circuit breakers, which combined
the designed signal processing method to extract effective vibration segments that characterized
mechanical properties of the contact system to construct a model, and the findings illustrated
that the method had a high average fit. Rezamand and other scholars determined the effect of
operating conditions on the dynamics of bearing failure to achieve a hybrid prediction based on
real-time monitoring and data acquisition and a vibration signal prediction method which used
vibration signals to identify fault dynamics of the life of bearing prediction. A hybrid prediction
method based on real-time monitoring and data acquisition and a vibration signal prediction
was designed to identify the failure dynamics through vibration signals and Bayesian algorithm,
which was shown to have a high prediction accuracy (Rezamand et al., 2021).

To address the issue of non-existence of interpretability in bearing life prediction, Ding and
other researchers designed a dynamic structure and adaptive notation method, which modeled
the health indexes of multiple signals and tracked the real-time degradation of the machine by
using dynamic coupling terms. The findings denoted that the method had better generalization
ability and lower prediction error (Ding et al., 2021). To solve the uncertainty of a recurrent
neural network in predicting bearing life, Wang and other scholars designed a long and short-
term memory network model based on residual convolution, which quantified the inaccuracy of
prediction results by constructing an appropriate output layer obeying the normal distribution,
and the findings denoted that the model could effectively predict the bearing life (Wang et al.,
2022). Rezamand et al. (2020) to accurately estimate the prediction of bearing life, designed a
comprehensive prediction method based on the signal processing and adaptive Bayesian algo-
rithm, which was based on feature extraction and feature selection. It detected, dynamics of
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various faults through feature extraction, feature selection and signal denoising and predicted
them by using the adaptive Bayesian algorithm, and the results showed that the method had a
high prediction accuracy (Rezamand et al., 2020). In order to achieve accurate prediction of re-
maining lifespan, Wu et al. (2024) designed a residual lifespan prediction model based on wavelet
enhanced dual tree residual network. The model decomposed time series through wavelet trans-
form and predicted remaining lifespan by concatenating dual tree features. The results showed
that the prediction effect of that method was good (Wu et al., 2024). Li et al. (2023) researchers
designed a deep adversarial network-based residual service life prediction method for partial
sensor failure to achieve a good electromechanical health assessment, which extracted general-
ized sensor invariant features through adversarial learning to make a full use of the information
from different sensors, and the findings indicated that the method had a high robustness. Yang
et al. (2024) designed a dynamic spatiotemporal graph driven bearing remaining life predic-
tion method based on graph data expansion to maintain normal operation of the machine. The
method captured hidden information using short-time Fourier transform and predicted through
a graph embedding module based on an autoencoder. The results showed that the prediction
performance of that method was high (Yang et al., 2024).
In summary, many scholars have made significant contributions in the field of bearing life pre-

diction for electromechanical equipment, however, there are still some limitations of these meth-
ods, such as limited universality, missing comparative analysis and insufficient interpretability.
Therefore, the study is based on life degradation characteristics of bearings for indicator selec-
tion, followed by constructing a life prediction model using DNN. At the same time, to correct
the error of the DNN prediction model, the K nearest neighbor algorithm is introduced and a
hybrid life prediction model is designed to improve the model performance of measurement and
generalization ability.

3. Construction of the bearing life prediction model for electromechanical
equipment by integrating DNN and KNN

This Section focuses on the construction of the fusion bearing life prediction model. The first
section is selection of feature indicators, the second section is construction of the DNN-based
model, and the third section is introduction of KNN to optimize the model.

3.1. Selection of characteristic indicators for bearing life degradation of electromechanical
equipment

As a key component of electromechanical equipment, the performance degradation of bear-
ings will seriously affect the operation safety and stability of the whole equipment. In order to
effectively monitor the performance status of bearings during operation and predict their life, it
is crucial to extract characteristic quantities that can reflect the performance degradation indi-
cators of bearings (Cao et al., 2023). Therefore, one needs to select the life degradation index
of the bearing. In actual working conditions, there are many nonlinear factors that affect the
construction performance of health indicators for rolling bearings. Traditional indicator extrac-
tion methods are prone to losing the state information on rolling bearings, and therefore cannot
extract true and effective state features from complex signals. Research is being carried out on
introducing deep learning models to extract state indicators of bearings. The index extraction
process is shown in Fig. 1.
In the operation of electromechanical equipment, the rolling bearing as a key support com-

ponent. During its long time operation, due to the influence of various factors, there may be
faults or an abnormal operation state. At that time, the vibration signal will be manifested out
of the bearing running state corresponding to the characteristic quantity. These characteristics
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Fig. 1. Extraction process of bearing life degradation indicators

include time-domain features such as the mean value, peak value, RMS, craggyness, etc., as
well as frequency-domain features such as center frequency, average energy, spectral partition-
ing and summation. In the study, the peak value, RMS, magnitude and spectral partition sum
are selected as degradation characteristics of the bearing. Among them, the peak value is the
maximum magnitude of the vibration signal, which can reflect the vibration intensity of the
bearing, and its calculation method is expressed as

XP = max |xi| (3.1)

In Eq. (3.1), XP represents the peak value, and xi represents the input eigenvector, where
i = 1, 2, . . . , N . The RMS value of the vibration signal can reflect the vibration energy of the
bearing, and is calculated as

XR =

√√√√ 1
N

n∑

i=1

x2i (3.2)

In Eq. (3.2), XR indicates the RMS of the vibration signal, and N indicates the total amount of
data in the sample. Sharpness of the vibration signal reflects the vibration frequency distribution
of the bearing, and its calculation method is

XK =
1
N

1
X4R

N∑

i=1

(|xi − x|)4 (3.3)

In Eq. (3.3), XK represents the craggy index, and x represents the average value of the input
eigenvectors. Spectral partitioning and summation is to divide the vibration signal spectrum
into several intervals and calculate the sum of spectral energy in each interval, which can reflect
the spectral distribution of the bearing vibration signal, and its calculation method is

XF =
Nηv/V∑

k=[V+Nη(r−1)]/V

S(r) (3.4)
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In Eq. (3.4), XF denotes the value of the sum of spectral partitions, which is a one-dimensional
vector containing M elements, Nη denotes length of the signal spectrum, r means the amount
of spectral lines in each spectrum, and m = 1, 2, . . . ,M . In the next step, data preprocessing is
performed on the acquired feature parameters to raise the learning efficiency of the network and
to prevent the occurrence of the gradient vanishing problem. That is, the data are standardized
and normalized, and the calculation method is indicated by

o′ =
o− u
σ

o′′ = round
( o′ − omin
omax − omin

)
(3.5)

In Eq. (3.5), o denotes the collected data, o′ denotes the normalized data, umeans the mean value
of all the data, σ refers to the standard deviation of all the data, o′′ denotes the normalized data,
which is dimensionless with the range of [0, 1], omin denotes the rounding function, omin means
the minimum value of the data, and omax expresses the maximum value of the data. In summary,
the peak value, RMS, craggyness and spectral partition summation can effectively reflect the
performance degradation state, so they are selected as the degradation characterization indexes
of the bearings.

3.2. DNN-based bearing life prediction model construction

With continuous growth of artificial intelligence technology, deep learning algorithms, as
powerful tools, they have shown great potential in the field of bearing life prediction for elec-
tromechanical equipment (Bhosle and Musande, 2023). The study chooses DNN model to per-
form bearings life prediction based on the characteristic indicators of bearing life degradation.
DNN consists of multiple layers of neurons, each with connections to adjacent layers, and can
be used to handle complex nonlinear problems. It has been widely used in fields such as image
and speech recognition, natural language processing, and recommendation systems. The DNN
model architecture is shown in Fig. 2.

Fig. 2. DNN model architecture

The network structure of DNN is a typical deep learning model, which is composed of an
inputting layer, multiple hidden layers and an outputting layer. The inputting layer is responsible
for receiving m-dimensional input data and passing it to the next layer by linear transformation
through an activation function. Repeating this process until the outputting layer is reached,
the final outputting is obtained. The number of network layers of a DNN can vary depending
on the application scenario, and some complex models can even reach 20 layers or more. This
multi-layer structure can better capture complex features of the data and thus predict results
more accurately. When training bearings using DNNs, the study first initializes all parameters
by a random normal distribution, then uses the ReLu function in the middle layer of the network
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and the Sigmoid function in the last layer to better match the normalized data. In terms of the
loss function, an expression is shown as

FM =
1
N

N∑

i=1

(yie − yip)2 (3.6)

In Eq. (3.6), FM represents the loss function, yie represents the experimental value, and y
i
p rep-

resents the predicted value. The next step is to use the Adam function for optimization and
train the DNN using the learning rate decay mechanism. The Adam optimizer is an optimiza-
tion algorithm with an adaptive learning rate, which combines the advantages of momentum
gradient descent and adaptive learning rate, and can adjust the learning rate of each parameter
with the first-order and second-order moment estimation of the gradient, so as to optimize the
model parameters effectively. When training the DNN, due to complexity of the network struc-
ture and uncertainty of the data, one needs to optimize the model performance by adjusting the
learning rate, and the learning rate decay mechanism is able to raise the generalization ability
and stability of the DNN model by gradually decreasing the learning rate, which is computed as

lr = lr(min) + [lr(max)− lr(min)]e−
itr
d (3.7)

In Eq. (3.7), lr represents the learning rate. lr(max) and lr(min) mean the maximum and the
minimum values of the learning rate, respectively. itr refers to the amount of iterations, and
d represents the decay rate of the learning rate. After setting the parameters, the degradation
characteristics are used as inputs to obtain the degradation trend of the bearing, and finally
the remaining life of the bearing can be calculated by obtaining the moment of bearing failure
according to the failure threshold, which is shown as

tr = {t′ − t|t′ > t,Z(t)} (3.8)

Fig. 3. DNN based bearing life prediction process

In Eq. (3.8), tr represents the remaining life of bearing, t′ represents the moment of failure,
t represents the current operating moment of the bearing, and Z(t) represents all historical
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operating conditions of the bearing up to the current moment. The bearing life prediction process
based on the DNN is shown in Fig. 3.
Firstly, the data preprocessing is performed to normalize life vibration signals of the original

bearings and label them with health indicators, as well as the ash content training and testing
sets. Then a DNN model is built, hyperparameters initialized, and the processed data input
into the DNN model. Finally, based on the loss value, the weights, biases, and other parameters
of each convolutional layer in the network are updated and optimized to achieve the optimal
model, thereby obtaining the bearing health index construction model.

3.3. An improved bearing life prediction model based on DNN-KNN

Although the bearing life prediction model for electromechanical equipment has been built
on the basis of DNN, the DNN cannot accurately describe all structural details of the complex
mapping function, which leads to a certain deviation of the prediction output from the real data
and is prone to local optimal solutions. And the KNN is a local model, which is good at dealing
with nonlinear decision boundary and multi-classification problems (Althubaiti et al., 2022).
Therefore, it is studied to combine the DNN and KNN into a DNN-KNN model to correct the
deviation value in prediction and raise the effectiveness of the model. The bearing life prediction
process based on the DNN-KNN model is shown in Fig. 4.

Fig. 4. Bearing life prediction based on DNN-KNN model

For bearing life prediction, the original vibration signals need to be input, and the feature
parameters of the signals are extracted from them, which include frequency-domain features,
time-domain features, and time-frequency-domain features. For any bearing, it is difficult for a
single DNN model to describe the relationship between all feature parameters and bearing life.
Therefore, the study first clusters multiple DNN models expressioned in a vector form

DNNm =




DNN1
DNN2
...

DNNm




(3.9)

In Eq. (3.9), DNNm represents the set of m DNN models. Multiplying the input feature vectors
with the clustering results of multiple DNN models, ome is able to obtain a set of vectors of the
output predicted values, which is calculated as
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xi ×DNNm =




P i1
...
P ij
...
P im




(3.10)

In Eq. (3.10), P iM represents the first i m predicted value. At this point, the average of predicted
values is generally calculated as the final result, and the calculation is denoted by

P =
1
m

∑

j=1,m

P ij (3.11)

In Eq. (3.11), P denotes the average prediction value. But the results calculated in this way ignore
the prediction bias of each DNN model. Therefore, the study introduces a KNN algorithm by
which the test data are predicted, which usually predicts the values of new input samples by
analyzing the training samples. Specifically, the KNN algorithm selects a number of training
samples to generate the nearest-neighbor dataset, and the KNN algorithm clusters the scatter
points as shown in Fig. 5.

Fig. 5. KNN algorithm clustering a scatter plot

In Fig. 5, the KNN algorithm is able to find the nearest neighbors by calculating the distance
between sample points and using the information from these neighbors to classify or regressively
predict new data points. The algorithm has advantages of simplicity, being easy to understand
and implement, and is suitable for small datasets and sample imbalance. The training dataset is
first set to be T = {(x1, y1), (x2, y2), . . . , (xn, yn)}, where each sample contains an input feature
vector x and a corresponding output prediction y. The set expression is shown as

YK = {yi : i = 1, 2, . . . , k} (3.12)

In Eq. (3.12), YK denotes the nearest-neighbor dataset, and i expresses the i-th sample. In the
next step, the predicted values of test samples can be calculated from these similar training
samples with the fokkowing expression

YPV =
∑k
i=1wixi∑k
i=1wi

i = 1, 2, . . . , k (3.13)

In Eq. (3.13), YPV means the test value of the test sample, and wi indicates the weights of
the approximation sample. These weights can be determined based on the similarity with the



Bearing life prediction model for electromechanical equipment... 729

test sample, and the inverse of the distance is usually used as the weight. The next step is to
calculate the input prediction value from the test value of the test sample, which is worked out
and expressed by

P (x) =
1
k

∑

j∈Nk(x)

y(xj) (3.14)

In Eq. (3.14), P (x) denotes the predicted value of the input feature vector x, Nk(x) denotes the
set of k data similar to the feature vector x, and y(xj) denotes the true value corresponding to
the data xj. The next step is to calculate the similarity between the predicted values of the test
and training samples by using Pearson’s correlation coefficient to correct the bias between the
two, and the expression of Pearson’s correlation coefficient is shown as

R(α, β) =
∑
i(αi − α)(βi − β)

√∑
i(αi − α)2

√∑
i(βi − β)2

(3.15)

In Eq. (3.15), R denotes the Pearson correlation coefficient, and α and β denote the two eigen-
vectors. The correction for bias is calculated from the equation

P ′(x) = P (x) +
1
k

∑

j∈Nk(xi)

[y(xj)− P (x)] (3.16)

In Eq. (2.16), P ′(x) denotes the real value, and y(xj) − P (x) denotes the deviation of the
predicted value. At this point, the improvement of bearing life prediction on the basis of DNN
is completed.

4. Analysis of the results of the DNN-KNN-based bearing life prediction model
for electromechanical equipment

This Section focuses on the research findings of the designed fusion bearing life prediction model,
with the first section analyzing the performance of the designed model and the second section
analyzing the effectiveness of the designed model in practical applications.

4.1. Performance analysis of the bearing life prediction model based on DNN-KNN

To verify the performance of the designed DNN-KNN-based bearing life prediction model
for electromechanical equipment, the study sets the size of convolution kernel to 5× 5, sets the
learning rate to 0.0001, and the iteration times to 200. At the same time, let the number of
hidden layers in the network be 8, with the number of neurons in each layer being 300, 2001,
150, 100, 80, 50, 30, 1, and the last layer being the output layer. Since each input data outputs
a predicted lifespan value, the output layer contains 1 neuron. Firstly, the accuracy and loss of
the designed model are calculated and compared with the DNN, Support Vector Machines, and
Decision Tree algorithms. The results are shown in Fig. 6.
From Fig. 6a, the accuracy of all four algorithms tended to increase as the amount of itera-

tions increased. Among them, the accuracy of the designed DNN-KNN algorithm is 0.96 when
it tends to level off, the accuracy of the DNN algorithm is 0.90 when it tends to stabilize, the
accuracy of the SVM algorithm is 0.87 when it reaches stability, and the accuracy of the DT
algorithm is 0.81 when it tends to stabilize. From Fig. 6b, the loss value of the four algorithms
had a tendency to decrease gradually, and the four algorithms reached the maximum amount of
iterations. The loss values when the four algorithms reached the max amount of iterations are
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Fig. 6. Accuracy and loss of different models

0.23, 0.29, 0.32, and 0.35, respectively. The above outcomes denoted that the designed DNN-
KNN algorithm has a high prediction accuracy and good convergence performance. In the next
step, the acquired dataset is divided into six types of test sets, and the errors of different models
are calculated separately. The outcomes are expressed in Table 1.

Table 1. Errors of different models

DNN-KNN DNN SVM DT

Test set 1 14.16 12.56 27.51 17.55
Test set 2 21.69 29.54 22.32 23.47
Test set 3 16.33 20.21 18.18 20.06
Test set 4 0.93 10.43 6.09 15.49
Test set 5 24.25 10.59 18.02 26.87
Test set 6 14.62 21.12 26.13 28.32
Average error 15.33 17.41 19.71 21.96

From Table 1, the average error of the designed DNN-KNN based life prediction model is
15.33%, the average error of the DNN-based model is 17.41%, and the average errors of the
two prediction models, SVM and DT, are 19.71% and 21.96%, respectively. The error of the
research-designed life prediction model based on the DNN-KNN is significantly lower than that
of the other algorithms. The findings further demonstrated the high prediction accuracy of the
designed model and also prove its reliability. Finally, the recall and F1 value are introduced to
assess the comprehensive effectiveness of the designed algorithm and compared with the other
four algorithms. The results are shown in Fig. 7.

In Fig. 7a, the recall of all four models tends to increase and level off as the iteration times
increased. Among them, the recall of the designed DNN-KNN model is 97% when it reaches
plateau, and the recall of the three models, DNN, SVM, and DT, are 93%, 88%, and 85% when
they plateau, respectively. From Fig. 7b, the F1-score of all four models gradually increased
as the iteration times increased. When the maximum amount of iterations was reached, the
F1-score of DNN-KNN, DNN, SVM, and DT were 0.93, 0.80, 0.78, and 0.72, respectively. It can
be found that the recall and F1-score of the designed DNN-KNN model are significantly higher
than those of the other models, indicating that it possesses a better comprehensive performance,
and meanwhile, proving that it has a good generalization ability.
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Fig. 7. Recall rates and F1-score of different algorithms

4.2. Analysis of the effect of practical application of the life prediction model based
on DNN-KNN

To assess the performance of the designed DNN-KNN-based life prediction model for bear-
ings in electromechanical equipment in practical applications, the study firstly selects the test
bearings, and then calculates the residual life of the bearings using the DNN-KNN-based and
DNN-based life prediction model, respectively. The scatter plots of the predicted life are shown
in Fig. 8.

Fig. 8. Scatter plots of the residual life of test bearings based on different algorithms

In Fig. 8, among the two bearing residual life prediction models, the remaining life prediction
value of the DNN-KNN-based model is obviously closer to the real life value, indicating that
the prediction accuracy of the designed model is higher. In the next step of the study, six test
bearings are selected, and the feature indexes are selected by different methods. The curves of
the average value of degradation feature indexes obtained by each algorithm are compared with
the cycle, and the findings are indicated in Fig. 9.
In Fig. 9, the values of degradation feature indicators extracted by both algorithms are

between 0 and 1, which is conducive to determining the range of the indicator failure threshold.
However, the curve of the mean feature data extracted by the DNN-KNN-based residual life
prediction model is obviously smoother and less fluctuating, which proves that it has better
stability and reliability in extracting feature indicators. This implies that the DNN-KNN-based
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Fig. 9. The curve of the average value of degradation characteristic indicators changing with the cycle

model can more accurately capture the bearing degradation trend and provides more reliable life
prediction results. The next step of the study introduces robustness and correlation to further
evidence the effectiveness of the designed remaining life prediction model, and, at the same time,
compares the results with those of the DNN-based residual life prediction model, which are given
in Table 2.

Table 2. Comparison of robustness and correlation between different models

Testing bearings
DNN-KNN DNN

Robustness Correlation Robustness Correlation

Bearing 1 0.98 0.98 0.97 0.95
Bearing 2 0.98 0.99 0.98 0.96
Bearing 3 0.99 0.98 0.96 0.97
Bearing 4 0.98 0.98 0.98 0.98
Bearing 5 0.99 0.99 0.97 0.90
Bearing 6 0.99 0.99 0.92 0.94

From Table 2, among the six test bearings, the average robustness and average correlation
of the DNN-KNN-based remaining life prediction model are 0.985 and 0.985, respectively, and
the mean values of the robustness and correlation of the DNN-based remaining life prediction
model are 0.963 and 0.95, respectively. The above findings indicated that the DNN-KNN-based
remaining life prediction model performs better in terms of robustness and correlation. Finally,
the study introduces the mean absolute error (MAE), mean square error (MSE), and RMS
error to evaluate the prediction results, and compares the results with those of the DNN-based
prediction model and the SVM-based prediction model. The results are shown in Fig. 10.
In Fig. 10, the MAE, MSE and RMS error of the SVM-based remaining life prediction model

are 0.036, 0.071 and 0.039, respectively, and the values of the three indicators of the DNN-based
remaining life prediction model are 0.024, 0.073 and 0.043, respectively, whereas the values of
the three indicators of the designed DNN-KNN-based remaining life prediction model are 0.019,
0.066 and 0.025, respectively. It can be found that the three indicators of the designed model
are significantly lower than the other models, which further proves that the prediction accuracy
of the designed model is higher. The indicator values are 0.019, 0.066, and 0.025, respectively.
To further verify the superiority of the DNN-KNN based electromechanical equipment bearing
life prediction model, the average absolute percentage error and maximum absolute error were
introduced to calculate the two indicator values of the design method and compared with the
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Fig. 10. Indicator values for different models

two indicator values of the latest methods in (Nistane, 2024; Li and Wang, 2024; Fei et al., 2024;
Yang et al., 2024). The results are shown in Table 3.

Table 3. Comparison of average absolute percentage error and maximum absolute error of five
methods

Model
Maximum absolute Maximum absolute

error percent error

Nistane (2024) 0.0967 0.1223
Li and Wang (2024) 0.1046 0.0955
Fei et al. (2024) 0.0953 0.0837
Yang et al. (2024) 0.0988 0.0846
DNN-KNN 0.0920 0.0732

From Table 3, it can be seen that the maximum absolute error and average absolute percent-
age error of the designed DNN-KNN model are 0.0920 and 0.0732, respectively. Their maximum
absolute errors are 0.0047, 0.0079, 0.0033, and 0.0068 lower than those in (Nistane, 2024; Li and
Wang, 2024; Fei et al., 2024; Yang et al., 2024), respectively. Its average absolute percentage
errors are 0.0491, 0.0223, 0.0105, and 0.0114 lower than the other four methods, respectively. It
can be found that the prediction error of DNN-KNN is smaller than in other methods, which
proves that it can effectively improve the accuracy of predicting the remaining life of bearings.

5. Conclusion

In the field of engineering, accurate remaining life prediction of bearings in electromechanical
equipment is of crucial significance for the reliability analysis and maintenance of the equip-
ment. The traditional prediction methods are often difficult to meet the accuracy and real-time
demands in the complex engineering environment. Therefore, the study firstly carries out se-
lection of indicators of bearing degradation, then introduces DNN, constructs a remaining life
prediction model based on these indicators, and finally introduces KNN to correct the deviation
of the DNN model, and designs a DNN-KNN residual life prediction model. The results show
that in the accuracy and loss calculation, the accuracy of the four algorithms when reaching
the maximum number of iterations is 0.96, 0.90, 0.97, and 0.81, respectively, which means that
the prediction accuracy of the designed algorithms is high. In the error calculation of different
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models, the average errors of the four models are 15.33%, 17.41%, 19.71% and 21.96%, respec-
tively, which further proves that the prediction accuracy of the proposed models is high and
demonstrates their reliability. In the recall and F1 value calculations of different models, the
designed DNN-KNN-based lifetime prediction model has a recall and F1 value of 97% and 0.93,
respectively, which are significantly higher than in the other models, proving that it has a better
overall performance, and also proving that it has a better generalization ability. The above find-
ings prove the effectiveness of the designed life prediction model based on DNN-KNN, but the
study still has some shortcomings when making predictions. A large number of historical data
of bearings are used, which may have a certain impact in terms of computational efficiency, and
the subsequent will continue to be improved in this aspect.
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Squeeze film dampers (SFDs) are damping devices that have been widely used in rotating
machines. SFDs can effectively suppress rotor vibration and reduce transmitted forces. This
study established a dynamic characteristic model of the SFD considering inertia force and
developed the finite element model of the rotor-SFD system by combining fluid mechanics
and rotor dynamics. Furthermore, the influence of SFD structural parameters on cavitation,
pressure distribution, stiffness, and damping coefficient of the SFD was investigated. The
impact of the SFD clearance on the transient dynamic characteristics of the rotor-SFD
system was also analyzed.

Keywords: squeeze film damper, inertial effect, rotordynamic

1. Introduction

Squeeze film dampers (SFDs) are widely utilized in aero-engines, gas turbines, steam turbines,
etc., owing to their advantages of low cost, simple structure, and outstanding vibration atten-
uation effect. However, given the inherently nonlinear behavior of an SFD, a poorly designed
damper could exacerbate rotor vibrations, significantly influencing the engine operation.
The SFD dynamic characteristics have been extensively investigated via both theoretical

and experimental approaches. Gehannin et al. (2016) proposed an air ingestion model for SFDs
based on the Rayleigh–Plesset equation and investigated the influence of vapor cavitation and
air ingestion on the SFD damping characteristics. San Andrés et al. (1992) presented an inno-
vative approach for analyzing the dynamic force response of an SFD considering the dynamic
flow interaction between the squeeze film lands and the feeding groove. Their model could calcu-
late the corrected values for damping and inertia force coefficients, highlighting the significance
of groove volume and the fluid compressibility effect on the dynamic force response of SFDs.
Moreover, Zhou et al. (2020) developed a three-dimensional model of an SFD considering air
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ingestion employing the transient step-size solution method and dynamic mesh technology. They
performed model validation through bidirectional excitation experiments. Additionally, they in-
vestigated the effects of whirl frequency and eccentricity on air ingestion. Gheller et al. (2022)
developed a model for SFDs considering both cavitation and inertial forces. Using the finite
difference method, they discretized the Rayleigh equation, including the effect of inertial forces,
and studied the influence of different boundary conditions on the SFD damping characteristics.
Fan et al. (2017) developed a cavitation model for SFDs using the Elrod algorithm and Gum-
bel’s cavitation boundary condition, and performed comparisons with commonly used cavitation
models. They investigated the influence of fluid inertia effects on the SFD cavitation behavior.
Hamzehlouia and Behdinan (2019) used the momentum approximation and perturbation meth-
ods to analytically determine the pressure distribution, velocity distribution, and oil film force
of SFDs considering lubricant inertia. They developed and experimentally validated a model for
SFDs considering lubricant inertia. Drapatow et al. (2021) discretized the Navier-Stokes equa-
tions considering the local and convective inertia terms using the finite volume method, and they
solved for the pressure and oil film reaction of SFDs. Moreover, they investigated the influence
of inertial forces on SFD dynamic characteristics under high-temperature and high-speed condi-
tions. Zhou et al. (2023) developed a computational fluid dynamics model for a sealed end SFD
considering the effects of fluid inertia. They investigated the influence of eccentricity and whirl
frequency on stiffness and damping coefficients of an SFD. San Andrés (2014) experimentally
determined the dynamic forced response of an SFD with a simplified configuration, where the
feedholes were completely eliminated. The measurement results exposed the restricted suitabil-
ity of classical formulas and distinctly underscored the necessity of employing a more advanced
model to precisely forecast the dynamic forced response of practical SFDs.

Chen et al. (2017) investigated the relationship between rigid body translation and preces-
sion for a rigid rotor-SFD system with nonsymmetric stiffness supports. They considered two
cases: precession motion non-resonance and internal resonance when the translation motion was
primarily resonant. To establish an optimization model for SFDs, Gupta et al. (2023) combined
the response surface methodology and analysis of variance. The model considered the influence
of journal precession, pressure of oil inlet, and oil-gas mixture ratio on the damping effect of the
damper. They optimized SFDs for high-speed rotor systems. Younan et al. (2010) investigated
the relationship between viscosity and temperature of the lubricating oil, corrected density and
viscosity of the lubricating oil, and presented the effect of air pockets. El-Saeidy and Sticher
(2010) derived the equation of motion of a system considering nonlinear supports based on
the Lagrange equation and investigated dynamic characteristics of elastic support-rotor systems
under unbalanced forces. Zapomél et al. (2019) proposed a control equation for oil film pres-
sure distribution, solved the equation of motion of a rotor based on the Runge-Kutta method,
and revealed nonlinear characteristics stemming from damping. El-Shafei (2002) established a
steady-state precession model of the SFD and calculated the pressure distribution of the SFD
without seals on both ends.

The traditional SFD models have neglected the influence of fluid inertia forces by assuming
that the fluid inertia is completely dominated by viscous forces (Re = 0), and the Reynolds
equation has been used to represent the SFD pressure distribution. However, in applications
involving high-speed turbomachinery and low-viscosity lubricants, the extrusion Reynolds num-
ber in SFDs can exceed one, and thus, the influence of lubricant inertia cannot be neglected
(Hamzehlouia and Behdinan, 2019). Although the oil supply system significantly impacts the
damping characteristics of SFDs, research on it has been relatively limited. To date, direct
research on the influence of SFD clearance, oil inlet parameters, and SFD width on dynamic
characteristics of rotors has been lacking. Indeed, most of the aforementioned studies have fo-
cused on individual research on SFDs. Hence, this study establishes a numerical model of SFD
considering both inertial forces and cavitation. The influence of SFD clearance on cavitation
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and damping characteristics are investigated. Moreover, a rotor system model considering SFD
is established, and the influence of SFD clearance on the rotor-SFD system is analyzed.

2. Establishment and validation of the dynamic model

2.1. Establishment and validation of the numerical model for a SFD considering inertia

For a rotor system with a SFD, the damping properties of the oil film are crucial. Bearing
1 utilizes a combination of an elastic supporting structure comprising an SFD, a squirrel cage,
and a rolling bearing, while bearing 2 adopts a rigid supporting structure with a ball bearing.
Figure 1 displays a schematic of the SFD.

Fig. 1. Schematic of the SFD

To consider the oil film inertia, the axial pressure distribution equation is obtained based on
the energy approximations by Crandall and El-Shafei (1991) as follows
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where p is the oil film pressure, ρ is the lubricant density, h is the oil film thickness, µ is the
lubricant viscosity, patm is the atmospheric pressure, and h = c − e cos θ. Additionally, e is the
journal eccentricity, and θ is measured from the positive r-axis of the precessing coordinate
system.
The short bearing theory hypothesis is available when no hermetic seals are present at both

the ends, and the pressure at both the ends is similar to the external pressure. Due to the
squeezing effect, the pressure in the central region of the damper is considerably higher than
that at the ends, while the tangential pressure gradient is low
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By integrating equation (2.2)2 over the circumferential and axial directions, the radial force Fr
and tangential force Ft of the oil film are obtained

Fr = −
L/2∫

L/2

θ2∫

θ1

(p cos θ)R dθ dz Ft = −
L/2∫

L/2

θ2∫

θ1

(p sin θ)R dθ dz (2.3)

where R is the SFD housing radius.
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The expressions for the equivalent stiffness and equivalent damping coefficients of the SFD
are as follows

K = −Fr
e

C = − Ft
eΩ

(2.4)

The above equations only exemplify the relationship between SFD damping characteristics and
the oil film forces. To characterize the influence of inertia forces on vibration reduction charac-
teristics of an SFD, the following dimensionless parameters are given (El-Shafei, 1991)

fr = −Crrε′ − Crtεψ′ −Re
(
Mrradε

′′ +Mrnon
ε′2

ε
+Mrtanεψ′′ −Mrcenεψ′2

)

ft = −Ctrε′ − Cttεψ′ −Re
(
Mtradε

′′ +Mtnon
ε′2

ε
+Mttanεψ′′ −Mtcenεψ′2

) (2.5)

where Cij and Mij are the stiffness and inertia coefficients of the oil film force, respectively.
(·′) = d/dτ , τ = ωt, and ε = e/C.
The radial oil film force Fr and tangential oil film force Ft are as follows (El-Shafei, 1991)

Fr =
µΩRL3

c2
fr Ft =

µΩRL3

c2
ft (2.6)

Based on the reference (El-Shafei, 1995), the expressions for Cij and Mij are presented in
Tables 1 and 2, respectively.

Table 1. Damping coefficient Cij

Damping coefficient of oil film Cij

Crr =
π(1 + 2ε2)
2(1− ε2)5/2 Crt =

2ε
(1− ε2)2

Ctr =
2ε

(1− ε2)2 Ctt =
π

2(1 − ε2)3/2

Table 2. Inertial force coefficient Mij

Inertia coefficient of oil film Mij

Mrrad =
π

10ε2
[(1− ε2)−1/2 − 1] Mtcen = −

27
70ε

[
2 +
1
ε
ln
(1− ε
1 + ε

)]

Mtrad = −
1
10ε

[
2 +
1
ε
ln
(1− ε
1 + ε

)]
Mrnon =

17π
70ε2

[
2− 2− 3ε2
(1− 3ε2)3/2

]

Mrtan = −
1
10ε

[
2 +
1
ε
ln
(1− ε
1 + ε

)]
Mtnon =

17
70ε

[
2 +
2
ε
ln
(1− ε
1 + ε

)
+
2
1− ε2

]

Mttan =
π

10ε2
[1− (1− ε2)1/2] Mrcor = −

1
70ε

[
20 +

27
ε
ln
(1− ε
1 + ε

)
+
31
1− ε2

]

Mren =
π

70ε2
[
27− 27− 17ε

2

(1− ε2)1/2
]

Mtcor =
π

10ε2
[
−27
7
− (1− ε2)1/2) + 17

7
2− ε2
(1− ε2)1/2

]

Next, Cij and Mij are substituted into equations (2.5) and (2.6). Then, the expression for
the oil film forces considering the influence of the inertia force is

Fr =
µΩrεL3

c2
(−Crt +ReMrcen) Ft =

µΩrεL3

c2
(Ctt +ReMtcen) (2.7)
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The numerical simulation results are validated based on the experimental data from the
reference (Zhang, 2018). Table 3 lists the SFD structural parameters.

Table 3. SFD structural parameters

Diameter Clearance Width Eccentricity Frequency Ω
R [mm] C [mm] L [mm] e Ω

43 0.1 18 0.2 80

Table 4 illustrates the comparison between the numerical simulation and experimental results
of the SFD. Since the error is less than 5%, the numerical simulation method proposed in this
study is considered to be reliable.

Table 4. Comparison between the numerical simulation and experimental results

Coefficient Experimental Numerical simulation Error

Damping [Ns/m] 844 875 3.7%
Stiffness [N/m] 46000 44000 4.3%

2.2. Establishment and validation of the Finite Element model for the rotor system

A finite element model is established for a rotor with an SFD based on the high-pressure
rotor of an aviation engine. In this model, the shaft length is 800 mm, the maximum diameter of
the shaft is 88mm, the disk diameter is 160mm, and the shaft weight is 33 kg. Figure 2 depicts
the specific structure of the model. Bearing 1 is a combined elastic support comprising a ball
bearing, a squirrel-cage-type elastic support, and an SFD. The stiffness of the elastic support
is 5 · 106 N/m. Bearing 2 is a rigid support constituting a roller bearing, with a stiffness of
1 · 108N/m. Table 5 presents dimensions of each section of the rotor shaft.

Fig. 2. Specific structure of the rotor-SFD system

Table 5. Dimensions of each section of the rotor shaft [mm]

No.
1 2 3 4 5 6 7 8 9 10 11 12 13

D 25.4 45.5 48 64 76 88 160 86 70 62 57 52 46.5
L 4.5 40 40.5 66 84 158.5 16 170 119 35.5 17 4 45

The Newmark β method is adopted to solve the governing equations of the rotor system
(Wang et al., 2022), which can be written as follows

M q̈+ (G+C)q̇+Kq = Q (2.8)

whereM is the mass matrix, G is the gyro moment matrix, C is the damping matrix, K is the
stiffness matrix, and Q is the unbalanced excitation vector.



742 Z. Yang et al.

The damping matrix can be represented using Rayleigh damping

C = αM+ βK (2.9)

where α and β are damping coefficients which are related to the modal damping ratio ξ of the
structure.
Subsequently, modal dynamic experiments are conducted on the Jeffcott rotor in mounted

states to validate the numerical method. Figure 3 exhibits the experimental setup of the mounted
modal dynamic testing of the rotor. Figure 4 presents the nodal division for modal dynamic
testing of the rotor. The rotor is divided into 13 nodes: node 7 is the pickup point, while the
remaining nodes are excitation points.

Fig. 3. Experimental setup of the mounted modal dynamic testing

Fig. 4. Nodal division for modal dynamic testing of the Jeffcott rotor

Figure 5 displays the exponential form of transfer function curves for the mounted modal
tests. Table 6 illustrates the comparison between the experimental and numerical simulation re-
sults for the mounted modal states. Since the mismatch is less than 5%, the numerical simulation
results are reliable.

Table 6. Comparison between the experimental and numerical simulation results for the
mounted modal state [Hz]

Order Experiment Numerical simulation Error

1st 252 256 1.5%
2nd 1078 1067 1%
3rd 2585 2679 3.6%

Figure 6 depicts the transient experimental setup of the rotor-SFD system. In the system,
acceleration sensors are installed at the front and rear bearing positions of the rotor system,
while eddy current sensors are placed at the front end, disk, and rear end of the rotor shaft. The
system accelerates to 9000 rpm with an acceleration rate of 4.5 rad·s2.
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Fig. 5. Exponential form of transfer function curves for the mounted modal test: (a) transfer function
curves for the mounted modal tests, (b) phase change, (c) correlation

Fig. 6. Transient experimental of the rotor-SFD system

Figure 7 presents the comparison between the experimental and numerical simulation results
of the transient acceleration response of the elastic support. The figure shows that compared to
the experimental results, the simulation results are smoother with less fluctuations, lower accel-
eration values, and with an overall error of less than 20%. The simulated results are considered
reliable as the experimental environment is unpredictable and complex.



744 Z. Yang et al.

Fig. 7. Transient acceleration response of the rotor system

3. SFD dynamic characteristics

3.1. Cavitation

To investigate the influence of the oil film clearance on cavitation in the SFD, clearances of
0.08, 0.1, 0.12, 0.14, 0.16, 0.18 and 0.2mm are selected, while the other structural parameters
are kept constant.
Figure 8 exhibits the gas phase volume fraction range of the SFDs with different clearances.

When the SFD clearance is increased from 0.08mm to 0.12mm, both the extent of cavitation
and the gas volume fraction decrease. After the SFD clearance exceeds 0.14mm, the extent
of cavitation and the gas volume fraction gradually increase with the clearance. Cavitation
includes two phenomena: liquid phase vaporization and air ingestion. Moreover, Figure 9 shows
that the pressure distribution amplitude of the SFD decreases with increasing SFD clearance.
When the SFD clearance is less than 0.14mm, the pressure distribution amplitude of the SFD
rapidly decreases, leading to a smaller range of liquid saturation vapor pressure and, thereby,
to reduction of the extent of cavitation. However, when the SFD clearance exceeds 0.14mm,
the rate at which the pressure distribution amplitude of the SFD decreases slows down, and the
occurrence of air ingestion becomes more prevalent with increasing SFD clearance, resulting in
an increase of the extent of cavitation.

3.2. Damping characteristics

To investigate the effect of SFD clearance on the damping characteristics, different SFD
clearances are selected: 0.08, 0.1, 0.12, 0.14, 0.16, 0.18 and 0.2mm. The other SFD parameters
are kept constant.
Figure 9 depicts the oil film pressure obtained through numerical simulations. In the axial

direction, the amplitude of the positive pressure zone in the damper pressure distribution is
high in the middle and low at both the ends. The amplitude of the negative pressure zone also
exhibits the same pattern. Due to the presence of the oil supply hole, the pressure distribution
exhibits fluctuations, and the waveform of the positive pressure zone is not completely smooth.
Furthermore, the magnitude of pressure distribution decreases with increasing SFD clearance.
When the SFD clearance is less than 0.14mm, the magnitude of the pressure distribution rapidly
decreases; when the SFD clearance exceeds 0.14mm, the rate of decrease slows down. As the
SFD clearance grows, the range of the positive pressure exhibits gradual transitions from 120◦-
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Fig. 8. Gas phase volume fraction range of SFDs with different clearances: (a) c = 0.08mm,
(b) c = 0.1mm, (c) c = 0.12mm, (d) c = 0.14mm, (e) c = 0.16mm, (f) c = 0.18mm, (g) c = 0.2mm

240◦ in the circumferential direction to 180◦-360◦, i.e., and the range of the positive pressure
area expands.

Figure 10 presents the SFD stiffness and damping coefficients. Both coefficients decrease with
increasing SFD clearance. When the clearance is less than 0.14mm, the pressure distribution
amplitude rapidly decreases, leading to a quick reduction in the SFD stiffness and damping
coefficients. When the clearance exceeds 0.14mm, the reduction rate of the pressure distribution
amplitude and the stiffness and damping coefficients slow down.
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Fig. 9. SFD pressure distribution: (a) c = 0.08mm, (b) c = 0.1mm, (c) c = 0.12mm, (d) c = 0.14mm,
(e) c = 0.16mm, (f) c = 0.18mm, (g) c = 0.2mm
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Fig. 10. (a) Stiffness and (b) damping coefficients

4. Dynamical characteristics of the rotor system

To investigate the influence of SFD clearance on the transient response of the rotor-SFD system,
different clearances are selected: 0.05, 0.08, 0.1, 0.12, 0.14, 0.15, 0.16, 0.18 and 0.2mm. The other
damper parameters are kept constant. Figure 11 shows the transient responses of the elastic
support of the rotor-SFD system under different clearances.

Fig. 11. Transient responses of the elastic support of the rotor-SFD system: (a) acceleration,
(b) displacement

The figure depicts the acceleration and displacement response curves of the elastic support
during the acceleration process of the rotor-SFD system from 0 rpm to 9000 rpm. The vibration
amplitude of the rotor system increases with the SFD clearance. When the SFD clearance is
less than 0.14mm, the damping coefficient rapidly decreases, leading to a quick reduction in
the vibration amplitude of the rotor system. Subsequently, the reduction rate of the vibration
amplitude slows down. When the SFD clearance exceeds 0.16mm, the rate of increase of the vi-
bration amplitude accelerates. However, asynchronous displacement and acceleration amplitudes
are observed.

5. Conclusions

This study established an SFD dynamic model considering both cavitation and fluid inertia,
and analyzed the influence of SFD clearance on SFD cavitation and vibration reduction charac-
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teristics. Moreover, a finite element model of the rotor-SFD system considering SFD damping
characteristics was established. The influence of the SFD clearance on the transient response
of the rotor-SFD system was studied. The accuracy of the dynamic model was experimentally
verified. The following conclusions were obtained:

• The mismatch between the experimental and numerical simulation results was less
than 5%, indicating that the numerical simulation method for the SFD and the finite
element model of the rotor-SFD system proposed herein are reliable.
• When the SFD clearance was increased from 0.08mm to 0.12mm, both the extent of
cavitation and the gas volume fraction decreased. As the SFD clearance exceeded 0.14mm,
the extent of cavitation expanded and the gas volume fraction gradually increased.
• The pressure distribution magnitude and the SFD stiffness and damping coefficients de-
creased with increasing SFD clearance. Additionally, the vibration damping effect of the
SFD decreased.
• The vibration amplitude of the rotor system increased with the SFD clearance.

The proposed numerical simulation method of SFD allows for the study of the influence
of structural and operating parameters of dampers on their vibration reduction characteristics,
considering the effects of cavitation and inertia. Moreover, the finite element model of the rotor-
SFD system presented in this study enables investigation of the influence of structural and
operating parameters of the damper on the transient response of the rotor system. The proposed
method enables better selection of the structural and operating parameters of an SFD during
the design phase of the rotor system effectively reducing the vibration amplitude and improving
stability of the rotor system during operation.
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Underwater gliders are autonomous underwater vehicles that are widely used in oceanogra-
phy and coastal surveillance due to their low manufacturing costs and long operation time.
This paper addresses the development of a dynamical model of such vehicles which are iner-
tia propelled. The dynamical model is based upon the Boltzmann-Hamel equations modified
to variable mass and inertia systems. It yields dynamics in a body-fixed frame using non-
-inertial coordinates. The theoretical development of the vehicle dynamics based upon the
modified Boltzmann-Hamel equations is validated by the longitudinal dynamics model of
the underwater glider and its performance resulted from the mass change.

Keywords: underwater gliders, AUV, variable-mass systems, Boltzmann-Hamel equations

1. Introduction

An underwater glider is a type of autonomous underwater vehicle (AUV) that is characterized
by its specific way of propulsion. It changes its depth in water using different volume of the
liquid in ballast tanks or an external blader. The net buoyancy or mass change is the factor
that propels the glider forward. The greater the change from the equilibrium, the faster the
vehicle traverses the given distance. Additionally, it is equipped with a moveable internal mass
whose change of positions is used to enable vehicle turning. The vehicle thus characterizes
by low manufacturing costs and exhibits long operation time. It can traverse thousands of
kilometers during its mission as opposed to the range of a few kilometers by a typical vehicle with
thrusters. Due to its characteristics, this class of underwater vehicles excels in oceanographic
research (Rudnick, 2016), mostly in observation of oceanic fronts and water-mass properties,
e.g. salinity or temperature (Wagawa et al., 2020). It is also capable of long coastal surveillance
missions, where its excels other underwater vehicles. The inertia based propelled underwater
glider concept dates back to 1989, when Henry Stommel came up with an idea of a machine
that operates without any external propulsion drives (Stommel, 1989). Then, many solutions
came to life – starting from ALBAC (Kawaguchi et al., 1995), the first prototype of a glider
which could perform only one glide cycle. Next, three AUV’s that share a very similar design:
Slocum (Schofield et al., 2007), Seaglider (Eriksen, 2001) and Spray (Rudnick et al., 2016),
were designed and built. There are also hybrid gliders which combine the attributes of the
inertia based propelled glider and a non-inertially propelled one like Petrel (Wang et al., 2011),
Fölaga (Alvarez et al., 2009) or blended body vehicle Zray (Brodsky and Luby, 2013). A different
approach to the inertia based propelled system was adopted by Liquid Robotics, which developed
a two-part system – a wave glider made of a surface float and an underwater glider (Hine et al.,
2009).
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An inertia based propelled glider is a variable mass or buoyancy system that modifies its
depth using different volume of the liquid in ballast tanks or in the external blader. The net
buoyancy or mass change is the factor that propels the glider forward. The greater the change
from the equilibrium, the faster the vehicle traverses the given distance. Moveable mass that
may change its location inside the glider, is used to enable turning motions (Mahmoudian et
al., 2007). Hydrodynamic forces acting upon the glider are often calculated using the CFD
approach (Sun et al., 2021). They include lift, drag and the added mass calculations. However,
the underwater gliders move slowly, and the classical hydrodynamics is enough to determine
the forces and the Magnus effect is usually omitted due to its insignificance for slowly moving
objects.

The most popular method to model underwater vehicle dynamics is the one based on Euler-
-Newton, which was used by Graver (2005) and Sun et al. (2023) or the Lagrange equations (Cruz,
2011) or fluid-multibody coupling (Wang et al., 2023). Usually, the Lagrange based dynamics
models use the Euler angles and they are equations in the body fixed frames identical to the flight
dynamics models (Fossen, 1994). The dynamics model derivation based upon the Boltzmann-
-Hamel equations, which we present in the paper, is one of the most recent approaches that can
be used to handle the variable mass system and be convenient for the controller design for the
glider. The Boltzmann-Hamel equations were originally formulated for constant mass systems
in non-inertial coordinates, often referred to as quasi-velocities, see e.g. (Neimark and Fufaev,
1972). Contrary to popular approaches like the Lagrange equations method, they are free of
multipliers for constraints, which are incorporated into the equations of motion instead of being
an additional algebraic relation (Müller, 2021). They enable handling nonholonomic systems
due to arbitrary selection of quasi-velocities that may satisfy the nonholonomic constraints.
There are a few examples of using the Boltzmann-Hamel equations approach to modelling and
control of multibody systems, see e.g. (Jarzębowska, 2012). However, in the paper (Jarzębowska
and Cichowski, 2018) the underwater vehicle dynamics is developed under some design and
performance constraints that limit its usability, i.e. centers of masses are assumed to be in one
axis and the change of position of the center of masses of ballast tanks are not taken into
consideration.

In this paper, the concentricity of the centers of masses of the vehicle components and
the center of buoyancy requirement was removed, and an additional parameter describing the
position of the mass center of the ballast tank was added. To confirm the improvement of
performance of the glider model with respect to performance of real gliders, simulation studies
are presented. A longitudinal model of the glider has been derived and tested. The glider motion
in the longitudinal plane is its typical motion, so it was selected for testing. A test that validates
the propelling efficiency was performed using an open-loop control algorithm. The glider moved
the so-called saw-tooth motion pattern, a traversal motion method that is typical for it in real-life
motion scenarios. The control inputs and outputs were inspected and proposals for upgrading
the performance through a targeted control strategy have been made. The contribution of this
paper is the development of the modified Boltzmann-Hamel equations that account for the
change of mass and inertia in the underwater vehicle. The model can have the constraints put
upon the mass change. Assumptions about specific locations of CB and CG were removed,
thus the dynamic model yields results closer to the reality. Based upon this framework, the
longitudinal glider model is developed and validated.

The paper is organized as follows. After Introduction, Section 2 reports the Boltzmann-Hamel
equations development for a constant mass system and presents their modification for variable
mass systems. Section 3 details the underwater glider physical and dynamical models. Section 4
validates the glider dynamics and demonstrates its performance in longitudinal motion. The
paper closes with conclusions, future research prospects and the list of references.
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2. Boltzmann-Hamel equations for constant and variable mass systems

Boltzmann-Hamel equations originally developed for constant mass systems proved to be more
efficient method of dynamics derivation for both holonomic and nonholonomic system models,
the ones like underwater gliders, than the most widely used approaches like Newton-Euler or
Lagrange equations. They are derived in quasi-velocities that represent velocities in a non-
inertial, usually body fixed, reference frame. Due to the derivation method of the Boltzmann-
-Hamel equations and arbitrary selection of the quasi-velocities, the constraint equations can be
taken as the quasi-velocities and, as such, incorporated into the system dynamics and reduce
the size of the resulting system dynamics. In this Section we briefly report the derivation of
the Boltzmann-Hamel equations. The detailed derivation and discussion of the equations can be
found in e.g. (Neimark and Fufaev, 1972). Herein, we recall the development of the form of the
equations as they were originally developed and we recall the concepts of quasi-velocities. These
are needed to develop dynamics of the underwater vehicle.
The main motivation to reach for the Boltzmann-Hammel modeling method is that it proved

to be effective in control applications for both unconstrained and constrained system models
(Jarzębowska, 2012).

2.1. Quasi-velocities and generalized coordinates

Quasi-velocities ωσ with σ equal to the number of states can be selected arbitrarily as a linear
or also as nonlinear combination of the generalized velocities q̇i as in (2.1). Usually, they are the
parameters associated with velocities in the body fixed frame, therefore they are referenced as
non-inertial velocities

ωσ = aσ,0(q) +
n∑

i=1

aσ,i(q)q̇i (2.1)

Quasi-coordinates are defined by their differentials as in (2.2). These terms are not integrable,
therefore the parameters πσ do not exist physically. If relations (2.2) can be integrated, then
they are generalized velocities, whose derivatives can also serve as quasi-velocities.

dπσ = aσ,0(q)dt +
n∑

i=1

aσ,i(q)dqi (2.2)

Usually, for selection of quasi-velocities we assume that aσ,0(q) = 0, so expression (2.1) can
be rewritten as (2.3)1. Assuming that relations (2.3)1 are invertible, the generalized velocities
can be presented as linear combinations of quasi-velocities (2.3)2. Based upon (2.2) and (2.3)2,
relation (2.3)3 can be written. Combining expressions (2.3)1,2, we can determine relations (2.4)
between the coefficients al,σ and bσ,j

ωσ =
n∑

i=1

aσ,i(q)q̇i q̇σ =
n∑

j=1

bσ,j(q)ωj δqσ =
n∑

j−1

bσ,j(q)δπj (2.3)

and
n∑

σ=1

al,σbσ,j = δl,j =

{
1 for l = j
0 for l 6= j (2.4)

In the case of the m nonholonomic constraint equations imposed upon a system, relations (2.3)
consist of m quasi-velocities identically satisfying the constraint equations, and the rest (n−m)
of quasi-velocities are selected arbitrarily, which is practically suitable to the considered system
modling.
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2.2. The Boltzmann-Hamel equations for constant mass systems

The Boltzmann-Hamel equations can be derived, roughly speaking, from Lagrange equa-
tions (2.5)1, where the generalized coordinates are replaced by quasi-velocities (2.1) and quasi-
-coordinates (2.2). The Lagrange equations, assuming independent δqσ (2.5)1 can be presented
as in (2.5)2

n∑

σ=1

[ d
dt

( ∂T
∂q̇σ

)
− ∂T

∂qσ
−Qσ

]
δqσ = 0

n∑

σ=1

d

dt

( ∂T
∂q̇σ

)
bσ,j −

n∑

σ=1

∂T

∂qσ
bσ,j =

n∑

σ=1

Qσbσ,j

(2.5)

After denoting the kinetic energy written in quasi-velocities as T ∗ and taking into account (2.3)2,
a relation between T ∗(ω, q, t) and T (q̇, q, t) can be derived as in (2.6)1. Relation (2.6)1 is then
used in transformations of the first term of (2.5)2. It yields (2.6)2

∂T ∗

∂ωj
=
n∑

σ=1

∂T

∂q̇σ

∂q̇σ
∂ωj
=
n∑

σ=1

∂T

∂q̇σ
bσ,j

n∑

σ=1

d

dt

( ∂T
∂q̇σ

)
bσ,j =

d

dt

n∑

σ=1

∂T

∂q̇σ
bσ,j −

n∑

σ=1

∂T

∂q̇σ

∂bσ,j
∂t
=

d

dt

(∂T ∗
∂ωj

)

+
n∑

σ=1

n∑

l=1

n∑

λ=1

n∑

α=1

∂T ∗

∂ωl
ωα
∂al,σ
∂qλ

bσ,jbλ,α

(2.6)

The derivative of T with respect to generalized coordinates can be expanded as in (2.7)1. It is
then used for transformation of the second term of (2.5)2 and it results in (2.7)2

∂T

∂qσ
=
∂T ∗

∂qσ
+
n∑

l=1

∂T ∗

∂ωl

∂ωl
∂qσ
=
∂T ∗

∂qσ
+
n∑

l=1

n∑

λ=1

n∑

α=1

∂T ∗

∂ωl

∂al,λ
∂qσ

bλ,αωα

n∑

σ=1

∂T

∂qσ
bσ,j =

∂T ∗

∂πj
+
n∑

σ=1

n∑

l=1

n∑

λ=1

n∑

α=1

∂T ∗

∂ωl

∂al,λ)

∂qσ
bλ,αωαbσ,j

(2.7)

The right hand side term in (2.5)2 is rewritten as (2.8)1, and Q∗j is the generalized force related to
quasi-velocity ωj. Relations (2.6)1, (2.7)1 and (2.8)1 when inserted into (2.5)2 result in equation
(2.8)2

Q∗j =
n∑

σ=1

Qσbσ,j

d

dt

(∂T ∗
∂ωj

)
− ∂T ∗

∂πj
+
n∑

α=1

n∑

l=1

∂T ∗

∂ωl
ωα

n∑

σ=1

n∑

λ=1

(∂al,σ
∂qλ
− ∂al,λ

∂qσ

)
bσ,jbλ,α = Q

∗
j

(2.8)

After introducing the so called Boltzmann-Hamel coefficients (2.9)1, equation (2.8)2 can be
presented as (2.9)2

γljα =
n∑

σ=1

n∑

λ=1

(∂al,σ
∂qλ
− ∂al,λ

∂qσ

)
bσ,jbλ,α

d

dt

(∂T ∗
∂ωj

)
− ∂T ∗

∂πj
+
n∑

α=1

n∑

l=1

γljα
∂T ∗

∂ωl
ωα = Q∗j

(2.9)

The third term of equation (2.9)2 can be further simplified, i.e. writing the Boltzmann-Hammel
coefficients into a matrix form (2.10)1 we can obtain a single sum as (2.10)2. Recalling that the
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quasi-velocity vector is (n × 1) dimensional, the final form of equation (2.9)2 can be presented
as n equations (2.10)3 referred to as the Boltzmann-Hamel equations

Γα =




γ11α γ21α · · · γn1α
γ12α γ22α · · · γn2α
...

...
...
. . .

γ1nα γ2nα · · · γnnα




G(ω) =
n∑

α=1

Γαωα

d

dt

(∂T ∗
∂ω

)
− ∂T ∗

∂π
+G(ω)

∂T ∗

∂ω
= Q∗

(2.10)

2.3. Boltzmann-Hamel equations for variable-mass systems

The original Boltzmann-Hamel equations cannot be directly applied to derive dynamical
models of variable mass and variable inertia systems. Therefore, some modifications are needed.
The kinetic energy of the system written in quasi-velocities depends on the form of the inertia
matrixM (2.11). It is time dependent or may also depend upon other parameters, e.g. velocity,
if mass or inertia are prescribed to change according to some constraint equations. It impacts
the form of equations (2.10)3.
In this Section, we present a modification of the Boltzmann-Hamel equations to encompass

the mass and inertia changes. The main idea is to explicitly account for the change of mass
of water in the vehicle water tanks and motion the movable mass. The need of doing so is to
obtain an explicit exposition of these terms in the system dynamical equations. This in turn is
essential for a design of the control system. In this paper, we design a feedforward controller
only to regulate mass of water in the water tank, however, the future work aims at the design of
feedback control for both the regulation of water amount and for movable mass motion. Control
of the movable mass is essential for performing maneuvers by the vehicle. Concluding then, the
dynamic underwater vehicle model which we present herein will be transformed into a dynamic
control model with the control inputs being the change of mass of water in the water tank and
the positions of the movable mass.
To develop the variable inertia dynamics, we assume a modified form of the inertia matrix

that includes explicitly a time derivative of the M in (2.11)

d

dt

(∂T ∗
∂ω

)
=M(ω̇) + Ṁω (2.11)

Thus the variable mass and inertia Boltzmann-Hamel equations can be written in a compact
form

M(ω̇) + Ṁω − ∂T ∗

∂π
+G(ω)

∂T ∗

∂ω
= Q∗ (2.12)

Equation (2.12) is applied to develop dynamical equations of the longitudinal motion for the
underwater vehicle model.

3. Dynamics model of the underwater glider

To validate dynamics of the variable inertia system (2.13), this Section presents development of
a longitudinal model of the underwater glider to confirm its saw-tooth motion pattern and tests
through simulations the inertia based propelling efficiency using an open-loop controller. The
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longitudinal motion is a dominant one in real gliders so it can be taken for model validation.
The glider saw-tooth motion pattern is a traversal method which is typical in real-life scenarios.
The control inputs and outputs were inspected and propositions for upgrading the performance
through a targeted control strategy have been made.

In this paper, we adopt the assumption about the design of a typical underwater glider. In
contrary to (Jarzębowska and Cichowski, 2018), an assumption about concentricity of centers of
masses of the vehicle components and the center of buoyancy were removed, and an additional
parameter describing the position of the mass center of the ballast tank was added. The under-
water glider is assumed to be composed of two main components: a hull and a ballast tank. The
buoyancy center (CB) of the hull is the same as the CB of the whole system, but its mass center
(CM) does not coincide with the center of mass of the vehicle. The other mentioned components
are treated as point masses

M = mh +mtank (3.1)

The movable mass is not present in our model, since it is installed for the space maneuvers of the
glider. Also, the second general assumption is that we do not assume that all vehicle components
are located along the vehicle longitudinal axis, i.e. they can be displaced from x axis; see Fig. 1.
Additionally, the location of the CM of the ballast tank changes according to the change of
mass of the liquid rested in it. One more assumption enables positioning the CM of the vehicle
below its CB, thus increasing its stability. All these assumptions make our glider model close to
real designs of such kind of vehicles.

Fig. 1. A glider model and its components

Calculations which we present are performed in two reference frames: inertial and the body
frame. The z and e3 axes point downward instead of upward, as it is traditionally assumed in
many works. The change was done to emphasize that the glider moves below the water surface.
The glider model is presented in Fig. 1 and the data representing its parameters are shown in
Table 1.

To describe the glider longitudinal motion, a state vector consists of 3 quasi-velocities and
2 generalized velocities (3.2)3 and (3.2)4. The quasi-velocities are the linear velocities along the
body axis e1, e3, and Q refers for the pitch angle. Notice, that Q is the generalized velocity
adopted as the quasi-velocity. The generalized velocities are derivatives of the position coor-
dinates along inertia axes x and z (3.2)2. Equations (3.2)5 and (3.2)6 present transformations
between the quasi-velocities and generalized velocities
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Table 1. Glider data

Parameter Significance

mh = 26.9 kg mass of the hull
zCB,tank = 0m z position of CM of ballast tank with respect to

CB of the glider
xCB,h = 0m x position of CM of hull with respect to

CB of the glider
zCB,h = 0.1m z position of CM of hull with respect to

CB of the glider
g = 9.81m/s2 acceleration due to gravity
v = 0.0274m3 volume of glider
ρ = 1023.6 kg/m3 density of seawater
KD0 = 7.19 kg/m hydrodynamic constant impacting linear velocity U
KD = 386.29 kg/(m·rad2) hydrodynamic constant associated with square of α

impacting linear velocity U
Kα = 440.99 kg/(m·rad) hydrodynamic constant associated with α

impacting linear velocity W
KM = 65.84 kg/rad hydrodynamic constant associated with α impacting

angular velocity Q
KQ = 205.64 kg·s/rad2 hydrodynamic constant associated with angular

velocity Q impacting Q
ICM,h = 5.919 kg·m2 moment of inertia of hull

ωv =

[
U
W

]
q̇v =

[
ẋCB
żCB

]

ωT =
[
ωTv Q ẋTCB,tank

]
q̇Tv =

[
q̇Tv θ̇ ẋTCB,tank

]

ωv =

[
U
W

]
=

[
cos θ − sin θ
sin θ cos θ

] [
ẋCB
żCB

]
= Λvq̇v Q = θ̇

(3.2)

The model of the glider was created with the use of the Boltzmann-Hamel equations for variable
inertia (2.12). Due to the change of mass in the ballast tank, the mass M and the position of
the CM of the whole glider with respect to its CB rCB,CM is depicted by (3.3)1 and the inertia
matrix M of the system are both time-dependent. The moment of inertia (3.3)2 includes the
moment of inertia of the hull ICM,h, masses of the ballast tank mtank and hull mh as well as
the positions of the CM of the hull rCB,h and of the ballast tank rCB,tank (3.3)3 with respect to
the CB of the glider. They are all time-dependent. Therefore, inertia matrix of the glider (3.3)4
depends not only on the position changes of the mass centers, but also on the change of mass
in the ballast tank

rCB,CM =

[
xCB,CM
zCB,CM

]

I = ICM,h + ntankrTCB,tankrCB,tank +mhr
T
CB,hrCB,h

rCB,tank =

[
xCB,tank
zCB,tank

]

T =
1
2
ωT




M 0 MzCB,CM mtank
0 M −MxCB,CM 0

MzCB,CM −MxCB,CM I mtankzCB,tank
mtank 0 mtankzCB,tank mtank


ω =

1
2
ωTMω

(3.3)
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Three external forces act upon the glider model (3.4)1. They are gravity (3.4)2, buoyancy (3.4)3
and hydrodynamic forces (3.4)4. The hydrodynamic forces account only for a normalized drag
and lift. The added mass effect and the Magnus effect are excluded from the calculations. The
Magnus effect is irrelevant due to small velocity of the glider. The added mass effect is assumed
to be constant for a specific pitch angle. The hydrodynamic forces are transformed to the body-
fixed frame from the non-inertial wind frame using the attack angle α (3.5)1 and the total
velocity of the vehicle V0 (3.5)2

Fext = FG,CB + FB,CB + FH,CB

FG,CB =




cos θ − sin θ
sin θ cos θ

zCB,CM cos θ xCB,CM sin θ
0 0




[
0
Mg

]

FB,CB =

[
12×2 02×2
02×2 02×2

] [
Λ
02×2

] [
0
−ρvg

]

FH,CB =




cosα − sinα 0 0
sinα cosα 0 0
0 0 1 0
0 0 0 0







−KD0 −KD(α2)
−Kαα

−KMα−KQQ
0


V
2
0

(3.4)

and

α = arctan 2(W,U) V0 =
√
U2 +W 2 (3.5)

4. Simulation of the saw-tooth motion of the underwater glider

The so called saw-tooth motion is a typical motion of an inertia-propelled underwater vehicle.
In this Section we develop the longitudinal dynamics model of the vehicle and validate its
performance. Specifically, the model validates the self-propelling capabilities of the vehicle due
to the change of its mass and inertia. The underwater vehicle increases its net weight when it is
close to the surface and reduces it at the maximum desired depth. The cycle repeats throughout
the entire operation. The bigger the net weight change, the faster the vehicle moves. The mass
change is achieved through changes of the mass or volume of the liquid in the ballast tank. The
process occurs near the surface or at the maximum depth only, therefore the inertia propelled
glider is much more energy efficient than the one equipped with other propulsion means like
thrusters, which need a constant influx of energy to keep floating and moving forward.
During the simulation studies, an open-loop control algorithm was used to execute forward

motion by the saw-tooth pattern. Using the open-loop control, we get an insight into the glider
dynamics with respect to the future feedback control design. In the simulation study, there was
one control input, i.e. the mass change in the ballast tank. The mass of water in the tank changes
between 0.56 kg and 2.2 kg as seen in Fig. 2a. The resulting saw-tooth motion is shown in Fig. 2b.
The kind of periodicity of the saw-tooth motion pattern depends on how fast is the change of
water amount in the water tanks. Initial values for quasi-velocities were set to U0 = 0.5m/s and
W0 = 0.25m/s.
The underwater glider controlled by the control input function shown in Fig. 2a is able to

achieve approximately constant velocity. The small velocity deviations came from the net weight
change process at the surface or the maximum depth and a slight difference of the absolute value
of the net weight during sinking and surfacing. The traversal distance in the x direction in time
is shown in Fig. 3a, while depth in time is in Fig. 3b.
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Fig. 2. (a) Control input time history for saw-tooth motion – mass change in the front ballast tank.
(b) Saw-tooth trajectory pattern of the underwater glider

Fig. 3. (a) The traversal distance in the x direction in time covered by the glider. (b) The vertical
distance in the z direction in time covered by the glider

The angle in the longitudinal motion that changed in time was the pitch angle. The changes
of the pitch angle in time are presented in Fig. 4. The pitch angle initial value is set to be equal
to π/8.

Fig. 4. The changes of the underwater glider pitch angle in time
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5. Conclusion and perspective

The problem of modeling of the underwater glider dynamics is addressed in the paper with the
aid of the Boltzmann-Hamel equations modified to encompass variable mass and inertia of the
system. The modified Boltzmann-Hamel equations can serve for modeling of a system with any
desired change of mass in water tanks and any motion of a movable mass that enables vehicle
turning maneuvers.
In our modeling approach, the constraints that are assumed as in many references, i.e.

concentricity of mass centers of the glider body components and the buoyancy center, and
no influence of the change of mass on the location of the mass center of the ballast tank were
relaxed.
The advantages of the modified modeling approach may serve both for modeling of con-

strained variable mass underwater vehicles, including constraints on the mass change, and for
simplifing control applications like moving along desired trajectories or controling the mass
change required for some maneuvers.
The presented dynamics model still requires some extensions, specifically as it is intended

to be used for control applications. For example, it would need more precise calculation of
hydrodynamic forces acting upon the vehicle. Future research aims at calculating the forces
using the CFD method to get results closer to real ones than simplified outcomes in form of
constant values for a specific attack angle what is often assumed in many references.
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This paper is devoted to the study of the influence of random variation of model parameters
of a beam with viscoelastic layers on probabilistic characteristics of its natural frequencies
and dimensionless damping coefficients. The relationships between the model parameters and
the dynamic characteristics of the beam were approximated by quartic polynomials based
on the results of calculations using FEM, where beam finite elements were used, taking
into account lamination of the beam. The nonlinear eigenproblem was solved using the
continuation method. The calculation results for an example laminated beam are presented.

Keywords: viscoelasticity, probabilistic characteristics, dynamic characteristics, layered
beam, fractional Zener model

1. Introduction

Correct determination of basic dynamic characteristics of structures is one of the important
engineering problems. However, uncertainties or variability of model parameters may have a
significant impact on obtained results. Therefore, research on the influence of random variability
of model parameters on probabilistic characteristics of natural vibration frequencies and dimen-
sionless damping coefficients seems justified. This paper presents results of research conducted
for a beam with layers of a viscoelastic material described by the fractional Zener model. The
basic numerical tool used in this type of analysis is the Stochastic Finite Element Method –
SFEM (Arregui-Mena et al., 2016; Kamiński, 2013; Stefanou, 2009). To determine the proba-
bilistic characteristics, it was necessary to perform a number of deterministic calculations for
variable parameters of the beam model. The Finite Element Method was applied to these calcu-
lations, using the layered beam finite element proposed by Lewandowski and Baum (2015). This
type of finite element was also used in the studies by Łasecka-Plura (2023). The dynamic char-
acteristics of the beam were obtained by solving a nonlinear generalized eigenproblem, for which
the continuation method described by Pawlak and Lewandowski (2013) was used. Research on
the influence of variability of model parameters on the dynamic characteristics of plates resting
on viscoelastic supports was carried out by Kamiński et al. (2023).

2. Finite element formulation

The dynamic analysis of the beam with viscoelastic layers was performed based on the Finite El-
ement Method (FEM), using beam finite elements, but taking into account the layered structure

1Paper presented during PCM-CMM 2023, Cracow, Poland
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of the beam. The finite element of the layered beam was formulated in the frequency domain.
The following assumptions were made in this formulation: each viscoelastic layer is located be-
tween two elastic layers, all layers are perfectly glued to each other, the material of each layer
is isotropic and homogeneous, the Euler-Bernoulli beam theory was used for elastic layers and
the Timoshenko beam theory for viscoelastic layers. The corresponding layers of adjacent finite
elements must have the same thickness, and damping in elastic layers is neglected. The assump-
tions made in this way lead to the formulation of kinematic relations for the finite element of a
laminated beam, which are described in detail in the paper by Lewandowski and Baum (2015).
The fractional Zener model was chosen to describe the viscoelastic material. This model

describes the actual behavior of a viscoelastic material very well, requiring only four material
parameters. The constitutive equation of this model is as follows

σ(x, t) + ταDαt σ(x, t) = E0ε(x, t) + E∞τ
αDαt ε(x, t) (2.1)

This equation employs commonly used notations, namely σ(x, t) and ε(x, t) are functions of
stress and strain, respectively, and τ is the relaxation time. The symbols E0 and E∞ indicate
the relaxed and non-relaxed elastic modules, respectively. The fractional derivative of order α is
marked with the symbol Dαt (·). In the presented research, the definition of the Riemann-Louville
fractional derivative was used.
After some mathematical operations, the following matrix equation of beam motion in the

frequency domain can be written (Lewandowski and Baum, 2015)

[s2M+K+Kv(s)]q(s) = p(s) (2.2)

where s is the Laplace variable, wherein q(s) and p(s) are the Laplace transforms of the nodal
displacement vector and the external force vector, respectively. The symbols M, K and Kv(s)
denote, respectively, the mass matrix, the stiffness matrix and the so-called viscoelastic matrix,
the elements of which are functions of the variable s.

3. Dynamic characteristics of the beam with viscoelastic layers

The natural frequencies and dimensionless damping coefficients of the beam with viscoelastic
layers are calculated based on the solution of the nonlinear eigenproblem, which is obtained by
assuming a zero vector of the external forces in Eq. (2.2)

[s2M+K+Kv(s)]q(s) = 0 (3.1)

This eigenproblem can be solved by the continuation method (Pawlak and Lewandowski, 2013).
Since the obtained eigenvalues are complex numbers, they can be written as

si = µi + iηi (3.2)

The natural frequencies and dimensionless damping coefficients can be calculated accordingly

ω2i = µ
2
i + η

2
i γi = −

µi
ωi

(3.3)

4. Influence of model parameters variation on dynamic characteristics of
a layered beam

The main goal of the analyzes was to examine the impact of variability of specific parameters of
the beam model on its dynamic characteristics. The analyzed characteristics are natural frequen-
cies of the beam and dimensionless damping coefficients. In order to determine the relationship
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between a specific model parameter and the appropriate dynamic characteristic of the beam, a
polynomial approximation using the least squares method was used based on the results of FEM
calculations, i.e. a finite number of deterministic results. Quartic polynomials were adopted as
approximating functions.
Inference on the influence of variability of model parameters on the natural frequencies and

dimensionless damping coefficients of the laminated beam was made on the basis of the following
probabilistic characteristics: expected value, standard deviation, coefficient of variation, skewness
and kurtosis.
Calculations of probabilistic characteristics are, by their nature, complex tasks, which is

why approximate methods are generally used in these tasks. In the conducted research, the
calculation of probabilistic characteristics was carried out using three computational methods,
and consistency of the obtained results was compared. The methods used were semi-analytical
method – SAM (based on symbolic calculation procedures in the Maple program), stochastic
perturbation technique – SPT (tenth order) and Monte-Carlo simulation – MCS (number of
trials is 105).

5. Numerical example

This paper presents results of sample calculations performed for a beam consisting of five layers:
three elastic and two viscoelastic. The model of such a beam is shown in Fig. 1.

Fig. 1. Model of an examplary layered beam

The total length of the beam is 20 cm. The lower and upper elastic layers have the same
thickness, which is he1 = he3 = 0.001m, while the thickness of the middle elastic layer is
he3 = 0.004m. The remaining parameters of the elastic layers are as follows: Young’s modulus
Ee = 70.3GPa, Poisson’s ratio νe = 0.3, density ρe = 2690 kg/m3. The parameters of both
viscoelastic layers are the same and their values are as follows: layer thickness hv1 = hv2 =
0.002m, density ρe = 1600 kg/m3, relaxed elastic modulus E0 = 1.5MPa, non-relaxed elastic
modulus E∞ = 70MPa, Poisson’s ratio – νv = 0.5, relaxation time τ = 1.4 · 10−5 s, parameter
describing the order of derivative fractional α = 0.8. The viscoelastic material parameters were
taken from the literature (Galucio et al., 2004) and describe the polymer 3M ISD112.
The analysis of the influence of variability of the parameters of the layered beam model on

the probabilistic characteristics of its natural vibration frequency and dimensionless damping
coefficients was performed for four parameters: thickness of the elastic layer he3, thickness of the
viscoelastic layer hv2, relaxation time τ and the parameter describing the order of the fractional
derivative α. These parameters were treated as random variables with a Gaussian probability
distribution, for which the coefficient of variation was assumed to have values ranging from 0.025
to 0.25.
As previously mentioned, the calculations were performed using three different methods:

semi-analytical, perturbation technique and Monte-Carlo simulation. Figure 2 shows the results
obtained using these methods. As can be seen, the graphs of the expected value, coefficient
of variation, skewness and kurtosis of the first natural vibration frequency depending on the
coefficient of variation of the parameter α obtained by these three methods show high agreement.
As a part of the research, a summary of the probabilistic characteristics obtained for the

model parameters was made for the coefficient of variation varying within the assumed range
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Fig. 2. Validation of methods for calculating probabilistic characteristics: expected value E(ω1),
coefficient of variation CoV (ω1), skewness β(ω1), kurtosis κ(ω1) (SAM – semi-analytical method,

SPT – stochastic perturbation technique, MCS – Monte Carlo simulation)

and is shown in Fig. 3. The main observation is that in the case of the first natural frequency, an
increase in the variability of the parameter α has by far the greatest impact on the probabilistic
characteristics. However, it should be emphasized that even in this case, the coefficient of vari-
ation of the first natural frequency ω1 is significantly smaller than the corresponding coefficient
of variation of this parameter. The impact of the variability of the remaining parameters on the
probabilistic characteristics of ω1 is significantly smaller.

Fig. 3. Comparison of probabilistic characteristics of ω1: expected value E(ω1), coefficient of
variation CoV (ω1), skewness β(ω1), kurtosis κ(ω1) for variable coefficient of variation (CoV) of beam

model parameters (results obtained by a semi-analytical method)

6. Conclusions

The calculation results presented in the previous Section allow the following conclusions to be
formulated:

• Analogous analyzes as in the case of natural frequencies were performed for dimensionless
damping coefficients. The results of these studies will be presented in the extended version
of the article.
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• Comparison of the results obtained from the semi-analytical method, stochastic pertur-
bation technique and Monte-Carlo simulation shows that all these methods generally give
similar results, but in some cases they may differ, so to be sure of the correctness of the
solution, it is worth using at least two of them in parallel.
• An increase in the variability of the viscoelastic material model parameter α has by far
the greatest impact on the probabilistic characteristics of natural vibration.
• Only selected research results are presented, the scope of which was much wider. In the
remaining analyses, the conclusions presented above were confirmed.
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A non-watertight Ahmed body is adopted to examine the influence of geometrical defects
on the aerodynamic drag. The Ahmed body, a standard automotive test model, is widely
used in wind tunnel experiments to study vehicle aerodynamics. However, in real-world
applications, vehicles often exhibit deviations from the ideal geometry due to manufacturing
tolerances, wear, and other factors. The aim of this study is to quantify the impact of such
geometrical defects on the aerodynamic drag. The research employs the lattice Boltzmann
method (LBM) software to analyze the flow field around the Ahmed body with and without
the introduction of geometrical defects. These defects are modeled as small holes in the
shape of the body. The simulations are performed under the varying location and size of the
holes to explore the aerodynamics phenomena. The results indicate that the location and
size of geometrical defects can significantly alter the aerodynamic drag of the Ahmed body.
The holes located at the rear of the Ahmed body rarely effect the aerodynamic drag. The
holes at the top or bottom are found to have the most pronounced effect. The study also
reveals that the influence of defects varies with their size, with large areas leading to more
substantial changes in the aerodynamic drag. The results demonstrate that non-watertight
geometry with small defects can be used to produce a reasonable drag coefficient compared
to the results of watertight geometry.

Keywords: Ahmed body, non-watertight geometry, aerodynamic drag

1. Introduction

The Ahmed body is a highly recognized testing apparatus in automotive aerodynamics. It serves
as a simplified yet representative model of a passenger car for studying aerodynamic drag and
flow characteristics. It was originally designed by Ahmed et al. (1984). The Ahmed body exhibits
a distinct shape that closely resembles the fundamental contours of a real-world car. Its front
section is flat and connected with the rectangle body by a curved surface. The most notable
feature of the Ahmed body is its truncated rear end, which is characterized by a slant angle that
can be adjusted to simulate different rear geometries of cars.
Many scholars and researchers conducted wind tunnel experiments on the Ahmed body

with different rear slant angles. Ahmed et al. (1984) measured the drag coefficient and pressure
distribution for different rear slant angles from 0◦ to 40◦, showing complex flow phenomena at
the rear. Bayraktar et al. (2001) conducted experiments with different Reynolds numbers in the
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range of 2.2M to 13.2M for models with different rear slant angles of 0◦, 12.5◦ and 25◦ and
yaw angles between −15◦ to 15◦, and compared their effects on the force and flow field of the
model. Lienhart and Becker (2003) provided supplementary statistical data on average velocity
distribution, average pressure distribution, and turbulent high-order quantities for their model
experiments with rear slant angles of 25◦ and 35◦. Strachan et al. (2007) compared the effects
of static and moving ground on the drag coefficient and flow field of the model with a rear slant
angle of 0◦ to 40◦.
In addition to the above mentioned and many other experimental studies (ERCOFTAC,

2023), plenty of numerical simulations (Han, 1989; Gilliéron and Chometon, 1999; Keating et
al., 2008; Holman et al., 2012) including LBM (Keating et al., 2008; Fares, 2006; Kotapati et al.,
2009) were conducted for further exploration of the Ahmed body.
Han (1989), Gilliéron and Chometon (1999), Keating et al. (2008), Holman et al. (2012)

comprehensively replicated the distinct drag coefficient characteristics of the Ahmed body in
details. From 0◦ to approximately 9◦, the drag coefficient of the Ahmed body decreases as the
slant angle increases. Then it increases with an increase of the slant angle, and the drag coef-
ficient reaches the highest value when it reaches 30◦. When the slant angle is greater than 30◦,
the wake changes greatly, resulting in a sudden drop in the drag coefficient. In numerous nu-
merical simulations, the Ahmed body serves as a simplified model for verification. Nonetheless,
literature and technical reports rarely discuss real-world geometric imperfections in numerical
studies. Perhaps, required by many numerical methods, the geometry had to be watertight. Any
geometric imperfections or defects are corrected in advance. The aerodynamics of non-watertight
geometry with geometrical defects was rarely explored in the past.
It is worth noting that the aerodynamic feature of non-watertight geometry also plays a cru-

cial role in automotive design. Unlike simple geometries, say, sphere or cylinder, most geometries
of the vehicle have many components. The assembly errors are common, and will make many
small cracks or holes in the surface. Some of these defects are solely computational, but some
are really generated in the manufacturing process. At present, almost all cracks and holes that
prevent the geometry from being watertight are repaired or fixed in the preprocessing phase,
regardless of whether they are real or computational.
In this article, we delve into the drag coefficient of the non-watertight Ahmed body. To

assess its sensitivity, we introduce various types of openings into the surface of the standard
Ahmed body, adjusting their sizes and locations. Our objective is to discern the key factor that
significantly impacts the drag coefficient and identify which imperfections have a minimal effect.
By analyzing the simulation results, we aim to determine the primary influence on the drag
coefficient.
To achieve our goal, it is imperative to employ a CFD solver capable of handling non-

-watertight geometries. Therefore, we opt for TF-Lattice, a CFD software that utilizes the Lattice
Boltzmann Method (LBM) (Qian et al., 1992; Chen and Doolen, 1998; Jacob et al., 2018). The
grid system in TF-Lattice provides a flexible framework to represent non-watertight surfaces. A
concise overview of TF-Lattice, along with its validation, is provided in the Appendix for further
reference.

2. Geometric model

2.1. Standard Ahmed body with different rear slant angles

Reproduce the baseline results and validate the software.
Ahead of the non-watertight geometry, the standard Ahmed bodies with different rear slant

angles are simulated by TF-Lattice to reproduce the baseline results achieved in the previous
research to ensure the consistency and reliability of the software. By validating the software
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against these established benchmarks (Ahmed et al., 1984; Keating et al., 2008; Hinterberger
et al., 2004), we aim to provide confidence of the software accuracy, robustness, and ability to
perform as expected. A sketch of the Ahmed body (Hinterberger et al., 2004) is shown in Fig. 1,
which exhibits different vortices, separation, and reattachment phenomena at different rear slant
angles. The length of the model is L = 1.044m, the widthW = 0.389m, the height H = 0.288m,
and the ground clearance is 0.05m. There are four cylindrical support rods with a diameter of
0.03m located between the bottom of the model and the ground. The simulation results of the
drag coefficient and flow state will be present at four slant angles of 0◦, 12.5◦, 25◦ and 35◦.

Fig. 1. Sketch of the Ahmed body

2.2. Non-watertight Ahmed body of 0◦ slant angle

To investigate the effect of geometrical defects on the drag coefficient, we introduced open-
ings at various locations in the standard Ahmed body with a 0◦ slant angle, specifically in its
upper surface, lower surface, lateral surface, and rear surface. We perform a series of numerical
simulations, varying the area and distribution of the openings, with a particular emphasis on the
lower surface. This focus is based on the recognition that the chassis section is the most intri-
cate component of a vehicle and is where geometrical defects are most likely to occur. Therefore,
our case studies concentrate on examining various configurations of the openings in the lower
surface. The specific opening locations and corresponding parameters are shown in Table 1, and
3D views of various opening situations are shown in Fig. 2.

Table 1. Setup for the non-watertight Ahmed bodies

Case Hole location
Area ratio

(hole area/face area)

1 None –
2 Top 10%
3 Lateral 10%
4 Rear 10%
5 Bottom 10%
6 Bottom 5%
7 Bottom 1%× 5
8 Bottom 1%

3. Computational settings

The computational domain is established as shown in Fig. 3. The total length of the computa-
tional domain is 10L, where L represents length of the Ahmed body. The inlet of computational
domain is located at 2L in front of the Ahmed body, and the outlet is located at 7L behind the
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Fig. 2. Illustrations of the non-watertight Ahmed bodies (slant angle= 0◦)

Ahmed body. The rear wake area is long enough to ensure that the wake is fully developed. The
total domain width is 8W , the height of computational domain is 9H, and the blockage ratio of
the whole model is 1.4%, which is a common blockage ratio in a wind tunnel.
Boundary conditions are exhibited in Table 2. The Reynolds number of the flow, which is

about 4 × 105, is estimated with the incoming flow velocity of 20m/s, air viscosity and the
height H of the Ahmed body.

Table 2. Boundary conditions

Boundary name Boundary condition

Outlet Uniform velocity inlet of 20m/s
Inlet Far field

Spanwise and upper faces Symmetry
Ground Fixed no-slip wall

Ahmed body Fixed no-slip wall
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Fig. 3. Illustration of the simulation domain

A multilayer grid is generated to ensure that near wall areas are discretized with a fine grid
size, and the outer areas are discretized with a relatively coarse grid size to save computation
resources. Specifically, the computational domain is divided into six layers. The coarsest grid size
among these layers is 0.0768m, and is located at the outer areas of the computational domain.
The finest grid distributes around the surface of the Ahmed body, its size is 0.0024m. The total
grid volume is about 11 million. Figure 4 shows the grid of the computational domain in Y = 0.

Fig. 4. Grid of the computational domain in Y = 0: (a) grid of the domain in Y = 0 slice, (b) multilayer
grid around the Ahmed body in Y = 0 slice

The simulations were conducted on a 128-core CPU (AMD EPYC 7H12 64-Core Proces-
sor x2). The initial flow field is set as a uniform flow with a constant velocity and density,
except for a box area enclosing the Ahmed body. In the small box around the Ahmed body, the
initial flow is set to zero velocity to avoid the transient oscillation inside the Ahmed body. The
calculated physical duration is 1 s (the fluid sweeps about 10 body lengths).

4. Results and discussion

4.1. Standard Ahmed body with different rear slant angles

4.1.1. Velocity distribution and pressure distribution

Figure 5 and 6 show the average velocity field, pressure distribution and streamlines of the
central section of the model with different rear slant angles Y = 0 in the period of 0.75 s-1.0 s, and
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Fig. 5. Time averaged velocity field in Y = 0 slice

Fig. 6. Pressure coefficient and streamline in Y = 0 slice
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Fig. 7 shows the iso-surfaces with the total pressure of 0. The velocity and pressure distributions
from the head of the model to the rear slant are basically the same in the four simulations. Under
the condition of the rear slant angle of 0◦, our simulation results show that the rear presents
a relatively stable wake vortex far away from the rear part. The flow at a slant angle of 12.5◦

is similar to the experimental results (Ahmed, et al. 1984) and simulation results (Keating et
al., 2008): the airflow remains attached at the top corner, and only separates at the end of the
rear; the wake vortex at the rear becomes smaller than that of the 0◦ slant angle. The pressure
decreases in a small area near the top corner. As the slant angle increases to 25◦, experiments
(Bayraktar et al., 2001) and other simulation results (Keogh et al., 2016) show that the airflow
separates at the top and then reattaches the surface at about 1/2 way down the slant. A large
area of low pressure appears near the top corner of the model. When the slant angle is 35◦, the
simulation results show that the air flow at the top of the model is cleanly separated, and the
wake vortex is far away from the rear.

Fig. 7. Zero total pressure contour

4.1.2. Drag coefficient

According to the experimental findings reported by Ahmed et al. (1984), it is evident that
under identical conditions, the drag coefficient exhibits a distinct trend with respect to the rear
slant angle of the Ahmed body. Specifically, as the slant angle increases from a smaller value, the
drag coefficient also increases, exhibiting a positive correlation up to a threshold of 30◦. However,
once the slant angle surpasses this critical point of 30◦, the drag coefficient undergoes a sharp
decline, plummeting to a significantly lower value. This indicates a significant drop in the drag
resistance as the slant angle exceeds 30◦. Table 3 lists the drag coefficients of the Ahmed body
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with different slant angles obtained by TF-Lattice, PowerFLOW v4.0 (Kotapati et al., 2009)
and the experiment conducted by Ahmed et al. (1984). These data are also plotted in Fig. 8
for comparison. We can find that the trend of the drag coefficient obtained by TF-Lattice with
the slant angle is consistent with the experiment and former simulation, and the error to the
experimental results is within 5%.

Table 3. Drag coefficient of Ahmed bodies

Slant angle 0◦ 12.5◦ 25◦ 35◦

TF-Lattice CD 0.247 0.238 0.271 0.249
Ahmed et al. (1984) CD 0.250 0.230 0.285 0.260
PowerFLOW CD – 0.237 0.316 0.278

Fig. 8. Drag coefficient of Ahmed bodies with different slant angles

4.2. Non-watertight Ahmed body of 0◦ rear slant angle

This Section focuses on exploring the aerodynamics of a non-watertight Ahmed body with
the aim of identifying the most significant factor that influences its drag coefficient.

4.2.1. Pressure distribution

When simulating the aerodynamics of a non-watertight Ahmed body, a significant alteration
is observed in the pressure distribution within the structure. This change in pressure distribution
is a notable consequence of the opening in the surface. Figure 9 shows the average pressure
distribution and streamline of the Y = 0 slice of the Ahmed body in the 0.75 s-1.0 s time periods.
The first row in Fig. 9 shows that the internal pressure keeps constant during the simulation
for the watertight Ahmed body. It can be seen from the figures that the streamlines enter the
interior of the model from the opening. Different opening location leads to different flow patterns
inside the model. As the opening exists, the internal pressure drops, even the area ratios of the
opening decrease to 1%, the pressure also drops dramatically. In fact, the pressure balance to
the adjacent outer flow pressure will establish through the openings.
Besides the pressure drop inside the Ahmed body, the uniformity of the pressure field is

obviously different from each other. As the base line simulation, the interior of watertight Ahmed
body is very uniform in terms of pressure distribution. We can also find that in the rear 10%
and bottom 1% cases the pressure is also uniformm despite the pressure decrease is different in
each case. In the other cases, pressure distribution becomes nonuniform. In fact, the pressure
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Fig. 9. Pressure coefficient and the streamline in Y = 0 slice

distribution is highly dependent on the flow patterns inside the Ahmed body. With large area
ratios, the flow passage is large and vortex shedding is strong at the openings. Therefore, the flow
patterns become strong and energetic. These phenomena are also reflected in the drag coefficient
curves.
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4.2.2. Drag coefficient

The pressure distribution inside the Ahmed body will influence the drag coefficient. However,
the pressure decrease in the interior is almost irrelevant to the changes of the drag coefficient.

Figure 10 shows the temporal variation curve of the drag coefficient under various geometry
configurations (two figures in vertical is a group, the upper one exhibits the complete curve
from 0 -1.0 s, and the lower one plots the enlarged curve from 0.75 s-1.0 s). To compare the drag
coefficients, the range of the vertical axis is set to be of the same scale. The drag coefficient of
the watertight Ahmed body fluctuates around the mean value at the beginning of simulation,
and after the flow field stabilizes, the variation of the drag coefficient is only ±0.02.

Fig. 10. Evolution of the drag coefficient with time
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It worth to note two cases in Fig. 10, rear 10% and bottom 1%, in which the drag coefficient
is almost unchanged compared to the base simulation. The pressure decrease in the bottom 1%
case is even strongest among the others. In addition, the pressure is uniform inside the Ahmed
body for these two cases.
In fact, the uniform pressure decrease inside the geometry will not result in changes in the

drag coefficient. Since the pressure is balanced at the opening, and the integral of aerodynamic
force in internal surface is identical to the integral in the outer surface of the opening. As
illustrated in Fig. 11, the pressure force exerted on the geometry can be calculated as follows

Fp =
∫

Ωex

−np dS +
∫

Ωin

np dS (4.1)

Considering the pressure balance at the opening area and Gauss formula, we have

0 =
∫

Ωo,in

−nop dS +
∫

Ωo,ex

nop dS

0 =
∫

Ωin

−np dS +
∫

Ωo,in

−nop dS
(4.2)

Therefore

Fp =
∫

Ωex

np dS +
∫

Ωo,ex

nop dS (4.3)

It means the pressure force exerted on the non-watertight geometry is identical to the pressure
force exerted on the watertight geometry if the external flow is identical. Since the friction
force generally is small and the opening area could be small too, we neglect the friction force
in this discussion. Accordingly, the discussion for the pressure force is extended to the total
aerodynamic force hereafter.

Fig. 11. The surface of the non-watertight model

How small the opening area ratio needs to be is dependent on its specific location in the
surface. As four cases with the 10% opening area ratio demonstrate, 10% is small enough when
the opening locates at the rear part of the Ahmed body. It is because that the flow at the rear
is slow and with moderate pressure variation. Although the opening area seems large, the flow
keeps almost quiescent inside the Ahmed body. On the contrary, the other three openings locate
at top, bottom and side, where the stream is very strong. Consequently, the massive flow passes
through the opening, disturbs the internal pressure distribution and external main flow, and
leads to a change in the drag coefficient.
Figure 12 compares the average drag coefficient (0.5 -1.0 s) under various geometrical defects,

and the specific values are listed in Table 4. In the case of the same opening area, the bottom
opening has the most obvious effect. And when the area at the bottom is smaller, the drag
coefficient is lower. With the 5% area ratio at the bottom, if the opening area are scattered
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Fig. 12. Drag coefficient of different non-watertight models

Table 4. Drag coefficient of different cases

Case Base Top 10% Lateral 10% Rear 10%

CD 0.247 0.278 0.291 0.247

Case
Bottom

10% 10% 1% × 5 1%

CD 0.302 0.278 0.269 0.248

(bottom 1%× 5) at the bottom, the drag coefficient will be lower than that of a single opening
(bottom 5%).
Based on the previous discussion, it can be concluded that the increase of the drag coefficient

of the Ahmed body is inversely correlated to the uniformity of pressure distribution within it.
Specifically, when the pressure distribution inside the Ahmed body is more uniform, the drag
coefficient experiences lesser variations. Conversely, as the internal flow disturbance increases
and the pressure distribution becomes more uneven, the drag coefficient rises significantly. This
phenomenon underscores the importance of optimizing the pressure distribution and minimizing
flow disturbances within the Ahmed body to achieve lower drag coefficients.

5. Conclusion

This study first validated the TF Lattice’s capability in simulating the drag coefficient of the
standard Ahmed body through comparison with the established experimental data. For slant
angles of 0◦, 12.5◦, 25◦ and 35◦, the simulation results of TF Lattice are in good agreement with
the literature results. Especially, it is almost identical to the experimental results when the back
angle is 0◦.
After that, to examine the influence of geometric defects on the drag coefficient, non-

-watertight Ahmed bodies were created by introducing square holes into the standard Ahmed
body with a rear slant angle of 0◦, which were then used in further case study simulations.
Based on the simulation results, the geometrical defects have great influence on the drag

coefficient. The influence path is identified as follows: Initially, defects or openings in the Ahmed
body create a connection between its exterior and interior, allowing for pressure equilibration at
these openings. Consequently, this leads to a reduction in the internal pressure. It is important
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to note that a uniform decrease in pressure does not alter the drag coefficient. It is only when
the opening is significant or the external flow stream is intense so non-uniformities arise in the
pressure field, ultimately causing a rise in the drag coefficient.
These phenomena imply that the location of the opening is an important factor that deter-

mines how crucial is the opening area effect on the drag coefficient. In general, the larger the
opening area is, the greater change of the drag coefficient will be. Meanwhile, provided that the
opening area is enough small, the non-watertight geometry can reproduce the drag coefficient
derived by watertight geometry.
Non-watertight geometry is natural and ubiquitous in engineering. In the past, most CFD

simulations need preprocessing to enclose the geometry which is time consuming and expensive.
The results and discussion in this study show another promising way which directly solves flow
problems on non-watertight geometry, and which deserves more attention and further investi-
gation.

Appendix

A.1. Flow solver

We employed a newly emerging lattice Boltzmann method (LBM) based software, TF-Lattice
V1.0, as the flow solver in this study. LBM is very suitable for solving unsteady problems, such as
high Reynolds number flows. Commercial CFD software based on LBM, including PowerFLOW
(Dassault) and Ultra Fluid X (Altair), has become an important tool in the automobile industry.
The TF-Lattice is another LBM based CFD software developed by Tenfeng Technology in China.
It utilizes a multi-layer Cartesian grid to discretize the space, and a cutting cell technique to
handle an arbitrary curved surface. Therefore, the TF-Lattice is capable of simulating on a non-
-watertight geometry with various kinds of geometric defects, such as punctures, small cracks,
overlapping surfaces, etc., and can be used directly in simulation. This feature is a perfect match
for our researches.

A.2. Lattice-Boltzmann method

For the sake of completeness, the numerical method in TF-Lattice is briefly introduced. LBM
is an explicit mesoscopic method that simulates the fluid motion by imitating particle stream and
collision. The evolution equation of the lattice Boltzmann method is actually a special discrete
form of the kinetic equation in a specific velocity space (He and Luo, 1997)

fi(x+ ci dt, t+∆t)− fi(x, t) = −
1
τ
[fi(x, t)− f eqi (x, t)] (A.1)

where f is the velocity distribution function which depends on location x, time t and particle
discrete velocity ci. The subscript i represents a group of discrete velocity directions. Common
discrete velocity models include D2Q7, D2Q9, D3Q15, and D3Q19 (Qian et al., 1992). The
D3Q19 discrete velocity model is employed in TF-Lattice.
The right-hand side of Eq. (A.1) is solved by a collision model called Hybrid Recursive

Regularization (Jacob et al., 2018). This model combines the standard BGK (Bhatnaga et al.,
1954) single relaxation, regularization procedure and a distribution function reconstructed from
finite difference scheme together. This model can effectively suppress non-hydrodynamic modes
generated by LBM in high Reynolds number flows (Jacob et al., 2018; Malaspinas, 2015). In
TF-Lattice, the hybrid part of HRR is replaced by a reconstructed distribution function invented
by Tenfong Technology. For more information about the LBM, please refer to the special articles
(Qian et al., 1992; Chen and Doolen, 1998; Jacob et al., 2018) and references therein.
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A.3. Validation

The software, TF-Lattice, was validated by many test cases. Most of the following testing
results are excerpted from the internal technical report of TF-Lattice software.

A.3.1. Laminar flow past sphere

Fig. 13. Configuration of the flow past sphere

Table 5. Drag coefficient of the sphere at different Reynolds numbers

Re
TF- Schiller and Johnson and Nagata Sheard

Average Error
-Lattice Naumann (1933) Patel (1999) et al. (2016) et al. (2005)

50 1.5774 1.5381 1.58 1.54 1.59 1.5620 0.99%
100 1.0918 1.0917 1.09 1.07 1.09 1.0854 0.58%
200 0.7915 0.8056 0.78 0.76 0.77 0.7789 1.62%

A.3.2. Laminar flow past sphere

Fig. 14. Configuration of a flow past cylinder
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Table 6. Drag coefficient of the cylinder at different Reynolds numbers

Drag Reynolds number
coefficient 20 40 60 80 100

Takami & Keller 2.00 1.54 1.32 – –
S.C.R. Dennis 2.05 1.52 – – 1.06
Nieuwstadt & Keller 2.05 1.55 – – –
M. Nishioka 1.94 1.47 1.31 – –
R. Franke – – 1.35 1.35 –
J. Park 2.01 1.51 1.39 1.35 1.33
TF-Lattice 2.09 1.57 1.36 1.32 1.29

A.3.3. Flow past sphere at Re = 10000

Fig. 15. Average velocity profiles of the fluid flow past a sphere (Re = 10000) at varying distances from
the sphere rear: x = 0.6D, 0.83D, 1.17D, 1.6D, 2.0D, 2.5D
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Table 7. Drag coefficient of the cylinder at Reynolds number 10000

Reference example Method CD Lr/D

Achenbach Experiment 0.4 –
Ozgoren Experiment – 1.4
Rodriguez DNS 0.402 1.657
Yun LES 0.393 1.364
Const. & Squires LES, DES 0.393, 0.397 1.55, 1.48
Robertson DES 0.393 –
Stiebler LES (LBM-MRT) 0.443 –
Eitel-Amor LES (LBM-MRT) 0.392 1.788
Geier ILES (LBM-Cum.) 0.430 –
TF-Lattice ILES (LBM-iHRR) 0.397 1.539

A.3.4. DrivAer tests

DrivAer (Heft et al., 2012) is a hybrid model, combining features from both the Audi A4 and
BMW 3 Series. This model was designed to advance numerical calculations and experimental
methods in vehicle aerodynamics. TF-Lattice uses 8 layers and a total of 22 million grid points
to simulate the Notchback and Estateback cases.

Fig. 16. Instantaneous flow field of the Notchback case (NSwMwWwGS, Heft et al., 2012). The upper
figure presents the velocity magnitude field, the lower figure presents the pressure flied

Fig. 17. Instantaneous flow field of the Estateback case (ESwMwWwGS, Heft et al., 2012). The upper
figure presents the velocity magnitude field, the lower figure presents the pressure flied

In addition to the exhibited test cases, TF-Lattice has conducted a large number of tests to
validate and verify its accuracy and reliability.
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Table 8. Drag coefficient of DrivAer

CD TF-Lattice Experiment Error

NSwMwWwGS 0.2386 0.246 3.0%
ESwMwWwGS 0.2939 0.292 0.7%
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The article presents a fast algorithm for target hit probability calculation in real time for the
use in modern fire control systems (FCS). The idea behind this algorithm is to calculate the
hit probability using the information about the projectile motion and the estimated motion
of the tracked target. The first part of the article describes the analytical solution to the
problem of hit probability calculation. The results obtained from the analytical method are
then compared with a simulation method developed specifically for the analytical method
verification. This comparison led to the conclusion that the presented analytical method is
suitable for the use in modern FCS.

Keywords: exterior ballistics, equations of motion, projectile trajectory

1. Introduction

The analysis of requirements posed by modern fire control systems showed the need to design
and implement an algorithm that enables the target hit probability calculation in real time. This
is a big challenge considering the complexity of algorithms required to calculate such probabil-
ity. Those will include: processing of data coming from sensors (radars, cameras, lidars etc.),
estimating motion parameters of the target, calculating the trajectory of the projectile. In the
literature, one can find different approaches to hit probability definitions and calculation meth-
ods. In (Kang et al., 2016), the hit probability prediction for the anti-aircraft artillery is based
on errors of muzzle velocity and the cant error related to the fire power. Liu and Shi (2022) pre-
sented a method that extended the notion of hit probability to calculstion of different damage
levels by incorporating the Bayesian inference method. Different approaches to artillery effec-
tiveness are discussed in Katsev (2018), where authors defined it as a function of dependent
and independent errors related to weapon-target interaction and how much would be artillery
shell lethality. They showed an “offline” method to estimate effectiveness based on number of
rounds, variations of random errors, dispersion errors, target lethal area. A similar approach
was presented in (Obradović et al., 2023), where authors also included errors in meteorological
conditions preparation. Our innovative method proposes an analytical solution for real time
calculation of hit probabilities based on both the projectile motion model and estimated param-
eters of the tracked motion. In order to verify the correctness of the algorithm, we also prepared
an application that enabled simulation of the projectile flight and target movement, taking into
account possible disturbances that might occur, such as: dispersion of the initial velocity of the
projectile, deviations of projectile parameters from nominal values, cannon barrel jerk, etc.
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2. Analytical method for target hit probability calculation

The analytical method for target hit probability calculations essentially boils down to four main
steps (assuming that coordinates of the hit point and time to hit thit are already calculated):
1. Calculate how the perturbations of initial conditions of differential equations describing
projectile motion propagate along its trajectory. In order to do that, one needs to solve
variational equation (2.15) which is presented in Subsection 2.1. The system of equations
describing projectile motion, Jacobi matrix for the system (which is necessary to solve the
variational equation) and a numerical method (Runge-Kutta) for solving the system of
differential equations is presented in Subsection 2.2.

2. Having the solution for the variational equation and the covariance matrix with initial
variances for the system of equations, one can apply a rule of error propagation in order
to find the covariance matrix at a specified time – Eq. (2.23).

3. The last element needed for hit probability calculation is the covariance matrix related to
the target motion parameters. The initial covariance matrix is based on the Kalman filter
output for the chosen motion model of the target. The value of the covariance matrix at
time thit is calculated, as in the previous point, by applying the rule of error propagation
– Eq. (2.24).

4. Having covariance matrices for the projectile and the target, calculate the hit probability
using the Monte Carlo method described in Subsection 2.3.

The steps briefly listed above are described in more details in the following subsections.

2.1. Variational equation and error propagation

The variational equation describes how the disturbances of the initial conditions of the system
will evolve along its trajectory1. There are several mathematical models commonly used to
describe the motion of a projectile: the point-mass trajectory model (McCoy, 1999, the rigid body
trajectory model (Baranowski, 2013a), the modified point mass trajectory model (Baranowski,
2013a).
Given any system of equations ẏ(t) = F(y(t), t) with the initial conditions y(t0), one can

easily generate a trajectory using numerical methods for iterative solution of ordinary differential
equations (e.g. Runge-Kutta method). Te main goal in this part will be to determine how the
solution of a system of equations behaves when a small disturbance δ is introduced into the
vector of initial conditions y(t0).
Let

d
dt
y(t) = F(y(t), t) (2.1)

be a system of n-th order differential equations with an initial condition y(t0) = y0 and a
solution Φt(y0, t0), i.e. (Parker and Chua, 1989)

Φ̇t(t0,y0) = F(Φt(t0,y0), t) Φt0(t0,y0) = y0 (2.2)

Moreover, let

δ = Φt0(t0,y0)−Φt0(t0,y0 + δ) (2.3)

be a disturbance of the initial conditions of the system and

∆Φt(t0,y0) = Φt(t0,y0)−Φt(t0,y0 + δ) (2.4)

1A problem often used when studying the stability of dynamical systems (Jordan and Smith, 2007)
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be a result of the disturbance propagation after time t. Using the Taylor series expansion with
the simultaneous omission of terms of higher orders (thus only the linear terms of the expansion
are taken into account), one can write (2.4) as a function of the original disturbance

Φt(t0,y0 + δ) = Φt(t0,y0) +
∂Φt(t0,y0)

∂y0
δ (2.5)

and thus

Φt(t0,y0 + δ)−Φt(t0,y0) =
∂Φt(t0,y0)

∂y0
δ. (2.6)

Using definitions (2.3) and (2.4)

∆Φt(t0,y0) =
∂Φt(t0,y0)

∂y0
∆Φt0(t0,y0) (2.7)

Resulting equation (2.7) is called the variational equation. In order to investigate the propagation
of disturbances, it is necessary to find a part of the equation

∂Φt(t0,y0)
∂y0

≡ ∇y0Φt(t0,y0) (2.8)

By integrating equation (??) an integral equation will be obtained

Φt(t0,y0) = Φt0(t0,y0) +
t∫

t0

F(Φτ (τ0,y0), τ) dτ (2.9)

Differentiating with respect to initial values y0, we obtained

∇y0Φt(t0,y0) =
∂Φt0(t0,y0)

∂ y0
+
t∫

t0

∂F(Φτ (τ0,y0), τ)
∂ y0

dτ (2.10)

Using the chain rule, and bearing in mind that

∂Φt0(t0,y0)
∂y0

= In (2.11)

we obtained

∇y0 Φt(t0,y0) = In +
t∫

t0

∂F(Φτ (τ0,y0), τ)
∂Φτ (t0,y0)

∂Φτ (t0,y0)
∂ y0

dτ (2.12)

By introducing the following notation

K(t) = ∇y0Φt(t0,y0) J(t) =
∂F(Φt(t0,y0), t)
∂Φt(t0,y0)

(2.13)

and then returning to the differential form of Eq. (2.12), we finally got

d
dt
(∇y0Φt(t0,y0)) =

∂F(Φt(t0,y0), t)
∂Φt(t0,y0)

∂Φt(t0,y0)
∂ y0

(2.14)

then

K̇(t) = J(t)K(t) K(t0) = In (2.15)

here J(t) is a Jacobi matrix for the system of differential equations (2.3) at time t.
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2.2. Error propagation for the M-model

The considerations presented in the previous subsection will be used to investigate the prop-
agation of disturbances in the initial conditions for the explicit form of the modified point
mass trajectory model, in (Baranowski, 2016b) called the M-model. This model is equivalent to
the MPMTM model presented in (McCoy, 1999) and (STANG 4355, 2009) as demonstrated in
(Baranowski et al., 2016b)

ẋ = vx + wx ẏ = vy + wy ḣ = vh + wh

ṗ =
ρv2

2Ix
SdCspinp̂ S =

πd2

4

v̇ = −ρv
2

2m
S

(
CD0 + ĈD2α

( 2mg
ρv2S

)2 Î2xp̂
2 cos2 γa

(1− Îxp̂2Ĉmag−f )2 + (Îxp̂ĈLα)2

)
− g sin γa

[
γ̇a

χ̇a cos γa

]
= −g

v

cos γa
(1− Îxp̂2Ĉmag−f )2 + (Îxp̂ĈLα)2

[
1− Îxp̂2Ĉmag−f

Îxp̂ĈLα

]

(2.16)

where: x = [x, y, h] – 3-dimensional position vector, v = [vx, vy, vh] – velocity of the projectile
with respect to the air, w = [wx, wy, wh] – wind velocity vector, p – angular velocity of the
spinning motion, ρ – air density, m – mass of the projectile, p̂ = pd/v - dimensionless coefficient,
S – cross-section area of the projectile, Cspin – spinning drag coefficient, Ix – moment of inertia
along the x axis, d – caliber, CD0 – zero-yaw drag coefficient, g – gravitational acceleration,
γa – the elevation angle of v measured from the horizontal direction, i.e. the air-path inclination
angle, χa – the azimuth angle of v, i.e. the air-path azimuth angle, Ĉmag−f – dimensionless
Magnus force coefficient, ĈLα – dimensionless linear lift force coefficient, ĈD2α – dimensionless
yaw drag coefficient. The dimensionless coefficients are defined as

ĈD2α =
CD2α
CMα

ĈLα =
CLα
CMα

Ĉmag−f =
Cmag−f
CMα

(2.17)

where CMα – overturning moment coefficient, CD2α – yaw drag coefficient, CLα – lift force coef-
ficient, Cmag−f – Magnus force coefficient.
In order to solve variational equation (2.15), it will be necessary to compute the Jacobi

matrix for the explicit form of the modified point mass trajectory model presented above

J =




∂F1
∂y1

. . .
∂F1
∂y7

...
. . .

...
∂F7
∂y1

. . .
∂F7
∂y7



. (2.18)

Using the Runge-Kutta method of the 4th order, one can find a solution Φt(y0, t0) of the system
of equations (2.16), which will then enable us to calculate the value of Jacobi matrix (2.18) at
each of the nodal points. The Runge-Kutta method is applied again to linear non-stationary
system (2.15) in order to propagate the Jacobi matrix along the solution Φt(y0, t0) (Randez,
1992)

kn1 = J
n−1 kn2 = JH

(
I+

h

2
kn1

)
kn3 = JH

(
I+

h

2
kn2

)
kn4 = J

n(I+ hkn3 )

Kn =
(
I+

h

6
[kn1 + 2(k

n
2 + k

3
3) + k

n
4 ]
)
Kn−1

(2.19)

where JH is the Jacobi matrix obtained as a result of interpolation between the nodal points
n− 1 and n, while the letter h is the integration step in the Runge-Kutta method.
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2.3. Probability of hitting the target with an artillery projectile

Let the initial condition of equations (2.16) be described by a normal distribution

y0 ∼ N (µy0,Σy0) (2.20)

where

µy0 = [µx0 , µy0 , µh0, µp0 , µv0 , µγa,0 , µχa,0]
T (2.21)

is a vector of averages of the initial values of the system, and

Σy0 =




σ2x 0 0 0 0 0 0
0 σ2y 0 0 0 0 0
0 0 σ2h 0 0 0 0
0 0 0 σ2v 0 0 0
0 0 0 0 σ2χa 0 0
0 0 0 0 0 σ2γa 0
0 0 0 0 0 0 σ2p




(2.22)

is a matrix containing the variances of the initial position of the system. By using the rule of error
propagation (Ochoa and Belongie, 2006), covariance matrix for the position of the considered
system after time t will be

Σy(thit) = K(thit)Σyt0K
T(thit) (2.23)

where thit is the time in which the projectile travels to the point where it meets the target.
The respective variances in (2.22) refer to: projectile position in three dimensional space, its

velocity, elevation and azimuth angles, rotational speed. At this point, it is necessary to discuss
some assumptions that were adopted when solving the problem for the selected model of the
projectile flight:

1. The physical parameters of the projectile, such as mass and caliber, are treated as constant
values.

2. The quantities used in Eq. (2.22) are described with the normal distribution where:
• the initial position will depend on the measuring device used to establish the initial
position;
• parameters of speed distribution and dispersion of the gun in the elevation and az-
imuth angle planes are provided by the manufacturer;
• the parameters of the distribution of the rotational speed of the projectile result
directly from the parameters of the distribution of its muzzle velocity.

The covariance matrix related to the position of the tracked target at the meeting point has yet
to be found. The value of this matrix will be calculated using the error propagation law

Σc(thit) = A(thit)Σc(t)A
T(thit) (2.24)

where A is the matrix of motion dynamics of the tracked target depending on the assumed
target motion hypothesis (constant velocity motion, constant acceleration motion, constant turn
motion etc.), Σc(t) is the covariance matrix related to the estimated (e.g. by the use of Kalman
filtering) target motion parameters at the current moment t for the selected motion hypothesis,
Σc(thit) is the covariance matrix after the time thit for the selected motion hypothesis. Having
the information about the target and projectile position in the area around the meeting point,
the next step will be to calculate the probability of projectile and target collision. To solve this
problem, the Monte Carlo method can be used, and the calculations are as follows:
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1. Finding vectors and eigenvalues for the covariance matrices Σy(thit) and Σc(thit) such that

Σy(thit) = VpDpV
T
p Σc(thit) = VcDcV

T
c (2.25)

where Dp and Dc are diagonal matrices containing eigenvalues of the covariance matrix
for the calculated projectile and target position respectively, Vp and Vc – matrices whose
columns contain the matrix eigenvectors for the calculated projectile position and target,
respectively.

2. Drawing two sets of points in the three-dimensional Cartesian space

Xc = [xc,yc,hc]Dc Xp = [xp,yp,hp]DpR R = VcVp (2.26)

where xc,yc,hc,xp,yp,hp are N -element column vectors drawn from a standardized nor-
mal distribution.

3. Calculate probability by summing the number of elements in both sets (Xc and Xp) that
are simultaneously in the target surrogate area, and then divide the result by N .

The probability of hitting the target, calculated according to the above algorithm, is determined
with a certain accuracy and strictly depends on the selection of the surrogate area referred to
in point 3 of the algorithm description.

3. Simulation method for finding the probability of hitting the target

The method of calculating the probability that will be presented in this s Section has been
prepared as a reference tool. The main reasons why this method cannot be used in a real time
calculations of the hit probability are:
• basing the algorithm on the assumption that the ideal trajectory of the tracked object is
known;
• very long simulation time, the performance of which is necessary to determine the target
hit probability.

This algorithm can be divided into two main parts, the first of which will be responsible for
simulating the projectile flight in the atmosphere, while the second will focus on simulating the
movement of the tracked target.
Projectile motion in the atmosphere will be described by a system of differential equations

(2.16)

d
dt
y(t) = Fp(t,y(t)) (3.1)

with rhe initial condition

y(t0) = y0 (3.2)

In real conditions, each quantity in vector (3.2) is burdened with a certain error, which will
be described for the purposes of simulation tests with a normal distribution. In the conducted
simulations, the vector of initial conditions will have the form

y(t0) = y0 +∆y0 (3.3)

where the respective elements of the vector ∆y0 are described with the use of normal distribution

∆y0
i ∼ N (µi, σ2i ) (3.4)
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It should also be remembered that not only the initial conditions affect the projectile trajectory.
The equations also use the projectile physical parameters (mass, diameter) denoted as q, which
are also burdened with a normally distributed error

qn = q+∆q ∆qj ∼ N (µj , σ2j ) (3.5)

The values of distribution parameters for each quantity depend on the type of ammunition
and are specified by the manufacturer. The flight trajectory simulations will be carried out in a
standard atmosphere – uncertainties related to determination of the meteorological situation will
be ignored. The reason for this approach is primarily the problem of obtaining appropriate data
that can be used to define the aforementioned uncertainties. However, it should be emphasized
that the prepared application allows one to take them into account as much as possible. The
second essential part of the probability calculation algorithm is related to the simulation of the
target movement being fought by the anti-aircraft system. In order to carry out simulation tests,
sets of test trajectories were prepared with the use of the route generator.
Each of the sets included two types of routes: ideal trajectory with successive target

positions generated with a selected frequency, treated at a later stage as a reference trajectory,
noisy trajectory with subsequent measurements of angular coordinates and distance to the
target – measurement errors and the frequency of measurements depends on the sensors used
in the anti-aircraft set (radar, optoelectronic head, etc.). After each simulation, it is checked
whether the projectile hits the tracked object with the given perturbations for the parameters
and the initial conditions of the differential equations describing the projectile motion. The
so-called standard NATO objectives being cuboids with dimensions:

• 12× 2.3× 2.3m represents fighter-type targets;
• 2× 0.5× 0.5m represents drone targets.

The application developed in the Matlab environment has the ability to simulate the de-
scribed situation for various types of targets and ammunition together with visualization of the
entire situation. This approach to calculating the probability is a very good verification tool,
but requires a lot of time and computing power.

4. Comparison of the results for algorithms calculating the target hit probability

In order to verify the correctness of the algorithm of the analytical method for calculating the
probability of hitting a tracked object with a single bullet, appropriate simulation tests were
carried out. The research included calculating the hit probability using the analytical and sim-
ulation method (considered as the reference method) for the following variants of air target
movement: stationary target, target approaching the artillery, moving with constant velocity
motion, target moving away from the artillery with constant velocity motion. During the simu-
lation tests, only uncomplicated types of target dynamics were considered – which are sufficient
to evaluate the probability calculation method, which does not depend on the type of target
movement. For all the cases described above, the centre of the coordinate system was assumed
at the point where the artillery is standing. The generated ideal trajectory of the target was
disturbed, for the purposes of research, with the following measurement errors:

• white noise has been added to the azimuth and elevation angles N ∼ (0, σa,e), where
σa,e = 0.3mrad;
• quantization error was added to the distance measurement ∆r = 2m.

The trajectory of the projectile fired towards the meeting point will be calculated using
the equations of the modified point mass trajectory model in its explicit form (see equations
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(2.16)). Propagation of disturbances of the initial conditions of differential equations around the
solution is performed according to the algorithm presented in Subsection 2.2, using Jacobian for
the explicit form of the modified point mass trajectory model. The initial conditions disturbances
used in the simulations have the following values:

• ∆x0,∆y0,∆h0 ∼ N (0, σx), where σx = 0.5m;
• ∆v0 ∼ N (0, σv), where σv = 1.5m/s;
• ∆χa,0 ∼ N (0, σχa), where σχa = 0.32mrad;
• ∆γa,0 ∼ N (0, σγa), where σgammaa = 0.32mrad;
• ∆p0 ∼ N (0, σp), where σp = 0 rad/s.

The above values of the initial conditions disturbance are used both in the analytical and refer-
ence methods for calculating the target hit probability.

4.1. Stationary target

The tests were carried out for different distances of the target from the firing position.
The paper presents exemplary calculation results for the target located on the border of the
effective range. In this case, it was assumed that the target is at point C = (xc, yc, hc) =
(−4000, 300, 700) relative to the starting point of the projectile, which is also the center of the
coordinate system. The target tracking process took 25 s, and the hit probability was calculated
at tp = 1, 3, 5, . . . , 19, 21 s. The results of simulation tests for the discussed case are included in
Table 1.

Table 1. The probability of hitting a stationary target calculated in subsequent moments of
simulation. PH1 – probability calculated using the reference method, PH2 – probability calculated
using the analytical method

t1 [s]
1 3 5 7 9 11 13 15 17 19 21

PH1 0.570 0.568 0.550 0.564 0.556 0.574 0.534 0.594 0.570 0.550 0.572
PH2 0.002 0.030 0.481 0.481 0.408 0.477 0.481 0.481 0.483 0.480 0.482

At this point, it is necessary to discuss the differences that occurred when calculating the
probability of an artillery projectile hitting the tracked target. The most distinct difference
occurred in the first second of the tracking process (probability values are highlighted in orange).
In Fig. 1a, one can see how the trace of the covariance matrix resulting from the operation of the
Ballistic Computing Module and related to the calculated future target position has changed.
Only after 3 s, the filter went into a steady state – the appropriate target dynamics was adjusted,
which increased the accuracy with which the target position was determined.
A stationary target close to the limit of the effective range of the tested type of artillery

ammunition is, contrary to intuition, a case for which the determination of the motion parameters
(and thus the prediction of the future location) is relatively difficult. From the point of view of
the FCS, the target moves completely randomly depending on the measurement errors of sensors
(in real conditions, often also on atmospheric conditions) - an examplary trajectory is shown in
Fig. 1.

4.2. Constant velocity motion – incoming target

The starting point of the trajectory of the tracked target is C0 = (x0, y0, h0) =
(−4500, 300, 700) m; the target is moving with a constant velocity Vc = [vx, vy, vh] =
[100, 0, 0] m/s. The movement of the target is simulated over the time ts = 22 s (the target
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Fig. 1. (a) Trace of the covariance matrix resulting from the operation of BCM and related to the
location of the tracked target (point C = (−4000, 300, 700)). The figure shows trace values for the

covariance matrix at selected moments in the tracking process. (b) The trajectory of a stationary point
recorded by the system after taking into account sensor measurement errors

trajectory is shown in Fig. 2b). The probabilities of hitting the target, calculated in the mo-
ments tp = 1, 3, 5, . . . , 19, 21 s are presented in Table 2. In the case of the analytical method,
the values of target hit probability increase over time. This is understandable given the trace
of the covariance matrix (Fig. 2a) related to the determination of the target location by the
chosen filtering method. Compared to the stationary target, the target dynamics was selected
by the system very quickly (less than 1 s), and because it was selected in accordance with the
actual target movement, errors in determining target motion parameters decreased shortly after
starting the tracking process.

Fig. 2. (a) Trace of the covariance matrix resulting from the operation of FCS and related to the
location of the tracked target (the target approaching the artillery gun with constant velocity motion).
The figure shows the trace values of the covariance matrix at selected moments in the tracking process.
(b) The trajectory of the target moving with the constant velocity motion model (the target is
approaching) recorded by the system after taking into account sensor measurement errors

The analytical method is sensitive to the information coming from the FCS, and more pre-
cisely, to the values of the covariance matrix related to the parameters of the target movement.
The stabilization of the tracking process with the Kalman filter causes that the set of random
points representing the position of the target around the meeting point, Eq. (2.25)2, is very
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Table 2. The probability of hitting a target moving with a constant velocity, calculated in
successive moments of the simulation. PH1 – probability calculated using the reference method,
PH2 – probability calculated using the analytical method

t1 [s]
1 3 5 7 9 11 13 15 17 19 21

PH1 0.418 0.628 0.670 0.686 0.706 0.768 0.798 0.862 0.912 0.910 0.894
PH2 0.638 0.682 0.737 0.710 0.775 0.842 0.881 0.914 0.948 0.989 0.996

concentrated around that point. Moreover, in the case of an approaching target, the projectile
trajectory to the meeting point, calculated in each subsequent iteration of the FCS, is shorter
than the previous one. Therefore, it can be expected that as a result of the propagation of
disturbances around the solution of the projectile motion equations, the obtained values of the
variance of the projectile motion parameters decrease with each subsequent iteration of the FCS.
This naturally translates into an increase in the value of the calculated probability.
Also in the case of the reference method, the values of the probability of hitting the target

increase in the following moments. The reasons are similar to those given for the analytical
method – approaching the target to the center of fire reduces the dispersion of projectiles around
the meeting point and, at the same time, the gun settings used in the simulation of the projectile
flight are determined by the FCS with a smaller error (resulting directly from the accuracy of
determining the movement parameters of the tracked target).
In the case under consideration, the discrepancies between both methods of calculating the

probabilities are greater. This indicates a slightly greater sensitivity of the analytical method
to the information on accuracy of determining the target location coming from the FCS. One
should also remember about a certain assumption that affects the probabilities between the two
methods - the reference method is based on the assumption that the real trajectory of the target
is known. On the other hand, in the analytical method, the location of the target is determined
only on the basis of the estimated parameters of the target movement from the FCS.

4.3. Constant velocity motion – receding target

The initial position of the trajectory of the tracked target is C0 = (x0, y0, h0) =
(500, 300, 700) m; the target moves with a constant velocity Vc = [vx, vy, vh] = [100, 0, 0] m/s
(Fig. 3b). The target movement is simulated for ts = 22 s. The probability of hitting the target,
calculated at times tp = 1, 3, 5, . . . , 19, 21 s, is presented in Table 3.

Table 3. The probability of hitting a target moving with a constant velocity, calculated in
successive moments of the simulation. PH1 – probability calculated using the reference method,
PH2 – probability calculated using the analytical method

t1 [s]
1 3 5 7 9 11 13 15 17 19 21

PH1 0.851 0.754 0.946 0.878 0.858 0.890 0.8680 0.830 0.798 0.816 0.824
PH2 1.000 1.000 1.000 0.998 0.982 0.966 0.9170 0.852 0.795 0.731 0.679

In this case, the probability calculated by the analytical method decreases as the target
moves away. As onr can see in Fig. 3a, the errors in determining the target motion parameters
in the first moments of the tracking process are very small (especially compared to the errors
occurring in the case of an approaching or stationary target). It is understandable, taking into
account the fact that measurement errors of the azimuth and elevation angles propagate with the
distance from the sensor. Fluctuations in the values of the probability determined with the use
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Fig. 3. (a) Trace of the covariance matrix resulting from the operation of FCS and related to the
location of the tracked target (the target moving away from the fire center with a constant velocity).
The figure shows the trace values of the covariance matrix at selected moments in the tracking process.
(b) The trajectory of the target moving with a constant velocity (the target moves away) recorded by

the system after taking into account sensor measurement error

of the reference method are caused by the sensitivity of the method to incorrectly determined
gun settings at a given moment.

5. Conclusions

The algorithm for analytical calculation of the probability was verified using a simulation tool
prepared in the Matlab environment based on the assumption that the real target trajectory
is known. Significant discrepancies between the results obtained from both methods are a di-
rect outcome of the filter bank implemented in the Fire Control System. As has been shown,
the algorithms produce very similar results when the Kalman filter matched to a given target
dynamics enters a steady state. Until this moment, the uncertainties in determining the target
location around the meeting point are too high. It should be emphasized, however, that the time
needed by the filter to reach the steady state is very short, up to 2 s.
The time of the filter transition to the steady state, unfortunately, cannot be predicted with

an efficient method – it depends on many factors: measurement errors of sensors used for detect-
ing objects, dynamics and motion parameters of the tracked target. An important factor in the
tracking process are maneuvers performed by the tracked target, weather conditions that may
have a negative impact on the correct operation of the sensors, e.g. the influence of rain on the
operation of the laser rangefinder, the influence of clouds on the operation of the videotracker.
The main advantage of the developed analytical method (apart from the aforementioned com-
patibility with the simulation tool) is its runtime. The time of one FCS iteration is 20ms. The
time allocated to the Ballistic Calculation Module is 14ms. In the case of using 6 anti-aircraft
guns, the maximum execution time of the probability calculation algorithm is 1ms.
The algorithm operation time was tested on a ballistic computer used in the Fire Control

System. Runtime of the algorithm is mainly influenced by three factors: chosen mathematical
model for projectile motion, number of steps in the integration method of differential equations
describing motion of a projectile, number of samples in the Monte Carlo simulation. It is obvious
that reducing the number of steps and samples will shorten the algorithm runtime, but will
negatively affect its accuracy. These values should be selected depending on the specification of
the hardware by which the calculations will be performed. The analytical method for calculating
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the hit probability can be used as a tool to support the operator decision making. Firing a shot
after reaching the appropriate hit probability level should reduce the amount of ammunition
needed to neutralize the target being tracked. Fewer projectiles will translate into increased
service life of both the barrel and the gas chamber of the anti-aircraft gun.
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This paper discusses the science of material effort from the historical viewpoint. Two gen-
eral scientific tools: the geometrical descriptive method of Mohr, and the energetic method
of Huber are compared and evaluated from the very beginning. Three appropriate stress
invariants are taken into account: stress intensity, stress triaxiality and stress shearness. Es-
pecially, much attention is devoted to explanation of the stress shearness invariant, which
aims at describing the Lode parameter in a more analytical manner. Two different tools of
finding a proper yield surface which contains the above mentioned three stress invariants
are discussed in the literature perspective. In particular, the three-parameter yield surface,
called the Burzyński-Pęcherski hypothesis is researched and explained from this new point
of view.
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1. Introduction and motivation

1.1. Huber’s science of material effort

In 1904, Tytus Huber established the science of material effort as a field of knowledge between
three-dimensional theory of elasticity and zero-dimensional (engineering) science of the strength
of materials. The science of effort was applied then to accomplish the most difficult thing – it was
to use the language and mathematical methods of the three-dimensional theory of elasticity to
determine the state of material effort by means of a single characteristic quantity called “effort”.
This quantity, measured as volumetric energy density [J/m3], was denoted by Huber with the
letter W (from the Polish word “wytężenie”).
Why did Huber decide to determine the effort state of a material by a single characteristic

scalar W (t,x)? Why did he choose such a simple measure of effort? Why did he not take, for
instance, three invariants of the stress tensor I1 = σii, J2 = (1/2)sijsij , J3 = (1/3)sijsjksji as
three measures of effort?
Huber assumed that the effort state of the material must be expressed by a single scalar

quantity, since the science of effort had been supposed to combine mathematical theory with

1The paper was presented at the XIIIth conference PLASTMET’2023, Łańcut Zamek, 7-10 October,
2023, in a session in honour of Prof. Ryszard B. Pęcherski organized by prof. Romana Śliwa and prof.
Katarzyna Kowalczyk-Gajewska
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engineering practice, and engineering practice at that time used a single critical quantity, which
was the “maximum strength”. In order to compare that integral, 0-dimensional quantity, mea-
sured at the level of the entire device, with the effortW (t,x) determined locally at the continuum
point level. Huber (1904) introduced the concept of critical energy density and denoted it with
the letter K [J/m3]. It no longer depended on a point in the material, as it had been defined
from measurements on a large sample. This was when the first mathematical expression of the
science of material effort arose

W (t,x) ¬ K (1.1)

It was spoken as a rule: the material effort must not exceed the strength of the material. The
engineers adopted this principle as a design principle to “effort yourself to endure” (in Polish:
wytężać tak, aby wytrzymywać). In his work, Huber develops three different definitions of the
measure of the material effort. To prove which ones are better, he compares the results with
experimental results and with the predictions resulting from Otto Mohr’s geometrical approach
(Mohr, 1882). At that time, geometrical methods were considered superior to analytical methods.
It must be remembered what was the dominant status of “methods of descriptive geometry”
in science and mechanics at that time. An analytical model that did not agree with Mohr’s
geometrical results was considered inferior or even conceptually wrong by early 20th-century
scholars. A dispute arose among theoreticians as to which of the approaches was the right one:
Huber’s or Mohr’s? In other words, which of the two research tools – geometrical or energetic – is
correct? A challenge arose among experimenters to prove experimentally which of the approaches
was valid? Stepan Timoshenko (1953) mentions and discusses the key experiments of the period
1900-1930, among them the Lode experiment (1926).

1.2. Mohr’s science of material strength

Mathematically, Mohr’s geometric approach was also innovative. It referred to the method
proposed by Clapeyron and Lame in 1832 and Stokes in 1845 to construct constitutive equations
only through principal values of the stress tensor and principal values of the strain tensor,
respectively. The most important thing in that method was to find the principal stresses σ1,
σ2, σ3 using the descriptive method (the so-called Mohr circle; Mohr, 1882). And then, in the
corresponding diagram, τ -σ making the so-called maximum envelopes of the circles (Fig. 1).
Let us emphasize, the geometrical method led Mohr to the hypothesis of marginal envelopes,

which does not belong to any of the three types of hypotheses – it is not the hypothesis of ex-
treme stresses, extreme deformations, or the hypothesis of extreme energies. It is a geometrical
hypothesis developed for the needs of bulk materials such as sand or grain. Perhaps, the envelope
hypothesis, so strongly related to the construction of Mohr’s circle, is some kind of “circling”
around a new analytic expression for effort. Therefore, when we begin to study Mohr’s hypothe-
sis, we should keep in mind Burzyński’s question “Are Mohr’s envelopes the complete content of
his hypothesis of material effort, or are they an illustration of some unknown hypothesis, being
a mere means of drawing, more or less successful?”
In 1900, Otto Mohr decided to introduce a new concept: the limit shear strength ktr, which

had a weak experimental reference (Mohr, 1900). This means that among the conceivable de-
formation states, in addition to the torsional state, there is a condition that shows similarity to
technological cutting. Mohr explains this limit state as an independent state, always occurring
in addition to tension, compression and torsion, being the fourth limit state – Mohr hypothesizes
that this state can be determined by shear stresses and that the maximum limit value of ktr
occurs in a cross-section in which the normal stress is equal to zero. Hence Mohr’s magnitude:
ktr he calls “shear strength” – but this is a concept difficult to grasp experimentally. Hence, this
notion is criticized by, for instance, A. Föppl in his monograph: Exercises in Technical Mechan-
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Fig. 1. Mohr’s envelope plot in the plane σ-τ (Mohr, 1906, Fig. 13)

ics, from 1907 (Föppl, 1907). The point is how to express it: ktr through the measurement-known
limits of kt, kc.

Undoubtedly, the starting point of Mohr’s reasoning was the Tresca hypothesis, which re-
ferred to the maximum shear stress and the parameter ks that determines it. It can also be
called a constant marginal shear stress hypothesis (Pełczyński, 1958). It is defined in the prin-
cipal axes as σTrescaeq,t = (σ1 − σ3)/2 ¬ ks where the stress σTrescaeq is the stress equivalent to
the shear test from which we obtain the value of ks. If we assume, as it is “done” by many
researchers, that ks = kt/2, then the Tresca stress equivalent to the uniaxial tensile test is the
equation σTrescaeq,r = σ1 − σ3 ¬ kr.
Then, in the Mohr plane τ -σ, one can draw the boundaries of the Mohr circles that have

radius (σ1 − σ3)/2, and this boundary is two lines parallel to σ. On the other hand, assuming
that kt = kc, then in the space of principal stresses, we can assign a prism with a symmetrical
hexagonal cross-section to the above condition.

As Huber mentions in his historical outline of the development of the effort hypotheses
(Technical Stereomechanics, p. 88, Huber, 1948), Mohr’s motivation was to consider a combined
shear in the slip plane τ and the internal friction forces proportional to the pressure force σ
in this cross-section. With this motivation in front of him, Mohr writes the effort condition as
σCMeq = τmax = τ + fσ ¬ ktr.
It is therefore an adaptation of the hypothesis of extreme internal friction developed by

Coulomb in 1776 known as the hypothesis slippage with friction ±τ+fσ ¬ ktr. It is a hypothesis
belonging to the group of hypotheses based on two constants: the coefficient of friction f and
the cohesive force ktr. It was developed by L. Navier (1837) and Ch. Duguet (1885); especially
for loose and porous media. Therefore, the critical state is reached as a result of the formation of
slip planes, which, thanks to the forces of internal friction and cohesion, are inclined in relation
to the main axes at angles slightly different from π/4 and for metals, according to Duguet, it is
about β = 10◦, which gives the coefficient of friction f = tanβ = 0.176 (Timoshenko, 1953).

Let us remember that other concepts of the material effort, such as Mohr’s or Burzyński’s,
have given up on the constancy of the f coefficient. In Coulomb’s hypothesis, the envelopes
of Mohr’s circles are instantaneous. Moving now from the constants f and ktr to the available
experimental data, we can see that at least two types of experiments are needed to determine
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them – for example, a uniaxial tensile test and a uniaxial compression test. Then we first write
the above condition as (Pełczyński, 1959)

σ1 − σ3
2
+
σ1 + σ3
2

n ¬ ktr (1.2)

We have gone here permanently, n = sin β and ktr = kt cosβ. In turn, these constants are easy
to express in terms of tensile and compressive limit constants kt and kc as

n =
kc − kt
kc + kt

ktr =
kckt
kc + kt

(1.3)

This means that we do not have to measure the angle of internal friction and the constant of
cohesion for metals, but it is enough to perform two uniaxial tests, compression and tensile.
When the limits of kt = kc are equal, the angle of internal friction disappears, and Coulomb’s
hypothesis comes down to Tresca’s hypothesis.
A fundamental feature of Mohr’s exertion model has gone down in the history of the problem,

namely that it does not take into account the mean (second) principal stress σ2 while Huber’s
hypothesis does. Further reconstructions of Mohr’s approach are provided in Dudda’s (2021)
paper.

1.3. Lode’s crucial experiment

It was Walther Lode who undertaken the question which hypothesis – Huber’s or Mohr’s –
is correct (Lode, 1926). Lode having only 11 probes (5 cast iron, 5 cooper and 1 nickel) in a
form of long thin-walled pipes, performed tests loaded simultaneously by internal pressure and
uni-axial tension or compression. Since, in that case, all three invariants σ1, σ2, σ3 were easy to
be determined, Lode was able to proof the influence of the second main stress σ2 on strength
limits. Denoting by µ (now the Lode parameter), some stress shearness losses he expressed second
principal stress as σ2 = 0.5(σ1 + σ3) + 0.5µ(σ1 − σ3). Knowing σ1, σ2, σ3 from the experimental
data, he defined the value of µ from (Lode, 1926, his Eq. 23)

µ =
2σ2 − σ1 − σ3

σ1 − σ3
with σ1 ­ σ2 ­ σ3 (1.4)

Therefore, when the state of pure shear is realized, the Lode parameter is to be zero, what
means that in that state the Tresca and Coulomb-Mohr criterions are best. But in a real state
of stresses, the prefect shearness is a lit bit loosed, therefore µ 6= 0. By a simple inspection
Lode finds that µ = −1 in the state of uniaxial tension or two-axial compression, and µ =
1 for uniaxial compression and double-tension. Next, hopefully, Lode having a possibility of
performing experiments with a fixed value of µ parameter (µ = −1,−0.5, 0, 0.97) was able to
made the draw a curve fexp = (σ1 − σ3)/σz where σz measured normal stress which has a
meaning the equivalent stress (Fig. 2).
The Lode diagram has a great generality – it is enough to replace σ2 by µ and to reorganize

any criterion to a requested form (σ1 − σ3)/σeq = f(µ) (see Fig. 2).
Lode, having experimental curve, was able to compare it with some theoretical curves based

on Tresca, Beltrami, Huber hypothesis as (Fig. 3)

fTresca =
σ1 − σ3
σTresca

= 1 = const

fBeltrami =
σ1 − σ3
σBeltrami

=

√
1

1 + 14(1 + µ)
2 − ν(1 + µ)

fHMH =
σ1 − σ3
σHMH

=
σ1 − σ3√

σ21 + σ
2
2 + σ

2
3 − σ1σ2 − σ2σ3 − σ3σ1

=
2√
3 + µ2

(1.5)
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Fig. 2. The Lode diagram showing the influence of stress shearness into a state of material effort. A
dimensionless pure shear factor µ, Eq. (1.4), gives a possibility to compare different materials like iron,
cooper, nickel. In above, fHMH = (σ1 − σ3)/σHMH = 2/

√
3 + µ2 and fBu = (σ1 − σ3)/σBu, where

σBu is determined by Eq. (1.7)

Fig. 3. The Lode diagram showing comparison of theoretical curves: Tresca’s, Beltrami’s (with Poisson’s
coefficient ν = 0.3), Huber’s, and two Burzyński’s

Nowadays, one can add the Burzyński curve

fBu =
σ1 − σ3
σBu

(1.6)

With the equivalent stress (Dudda, 2021)

σBu =
σ1 + σ2 + σ3
2κ

{
(κ − 1) +

√
(κ − 1)2 + 4κ

[
(1 + ν)

σ21 + σ
2
2 + σ

2
3

(σ1 + σ2 + σ3)2
− ν

]}
(1.7)

where the Burzyński coefficients are κ = kc/kt, ν = kckt/2k2s − 1.
From Fig. 2, it follows that the Huber hypothesis is better fitting with the experimental data

then the Tresca curve (compare Figs. 3 and 2). The Beltrami hypothesis is always wrong. The
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Burzyński curves can be calibrated using appropriate values of κ and ν. In Burzyński’s curve
we have the boundary condition fBu = κ for µ = 1.
Now, it is interesting to compare the Huber and Mohr hypotheses. The task is to demonstrate

that the equivalent Huber stress calculated according to the deformation energy is always smaller
than the equivalent stress calculated according to the Tresca hypothesis of the greatest shear
stresses. To do this, it is necessary to separate from the definition of σHMH , before the root, the
term σ1 − σ3 ≡ σTresca

σHMH =
1√
2
(σ1 − σ3)

√(σ1 − σ2
σ1 − σ3

)2
+
(σ2 − σ3
σ1 − σ3

)2
+ 1 (1.8)

And further, eliminating, as Burzyński does, the mean stress with the help of the Lode param-
eter µ

σ2 =
1 + µ
2

σ1 +
1− µ
2

σ3 (1.9)

We obtain

σHMH = σTresca

√
3 + µ2

4
(1.10)

from which one can see that since −1 < µ < 1 is even for µ = 0, σHMH/σTresca = 0.866. It
means, in practice that the HMH hypothesis is safer. But for materials with κ 6= 1 the Burzyński
is safer then HMH. For instance, for pure compression µ = 1, we obtain fBu = κ, which means
that κ changes the shape of limiting curve.
The above operation one can found in the monograph of Krzyś and Życzkowski (1962). This

result does not surprise Krzyś and Życzkowski, as they add that “the correctness of the statement
is immediately visible”. Therefore, safer hypotheses should be used. What is a valuable didactic
element of Krzyś and Życzkowski’s book is task number 14.7, in which the equivalent stresses
calculated from various hypotheses are compared. Let us also recall the outstanding students
of the Cracow School of the Material Effort. These are, among others: Jacek Skrzypek, Artur
Ganaczarski, Halina Egner, Błażej Skoczeń, Kinga Nalepka. It is worth remembering that the
geometric method of Mohr’s envelope is a part of the very classical approach, yet developed in
Hellenic and Medieval Mechanics, which mechanics, due to their tools, were called as “geometric
mechanics”. Also, the whole of Newtonian mechanics was expressed using geometric tools and
descriptive constructions. It was not until Euler and Lagrange that analytical mechanics were
introduced. Therefore, the dispute between Mohr and Huber was de facto a dispute over the
superiority of “geometric mechanics” over “analytical mechanics”. One of the formal obstacles
to the construction of Mohr’s circle is the lack of algebraic theorems corresponding to its graphic
constructions.
We should remember Burzyński’s question “Are Mohr’s envelopes the full content of his

effort hypothesis, or are they illustrations of some unknown hypothesis, which is a mere means
of drawing, more or less successful?” (Burzyński, 1929a). Or speaking in a more contemporary
language: which scientific tool energetic or geometrical is more correct.

2. The Tresca-Mohr geometrical approach – a critical review

2.1. Ultimate stresses approach

Let us note that the geometrical approach of Otto Mohr was based on “descriptive geometry
techniques”. Mohr used his representation of stresses σ1, σ2, σ3 by circles to devise the material
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effort hypothesis which can be adopted to various stress conditions. He assumed that it was the
maximum shearing stress (Mohr, 1906). Under such circumstances, it is necessary to consider
only the largest circle. Mohr called it the principal circle and suggested that such circles should
be constructed when experimenting for each stress condition in which the failure occurred. In
Fig. 4, the cast iron is tested to fracture in tension I, compression II and pure shear III, and
three principal circles I, II, III are depicted. If there is a sufficient number of such principal
circles, an envelope of these circles can be drawn. It can be assumed that for any stress condition
for which there is experimental data, the corresponding limiting principal circle will also touch
the envelope.

Fig. 4. Mohr limiting the yield surface as an envelope of principal circles: circle I with the radius kt
corresponds to uniaxial tension; circle II with the radius kc corresponds to uniaxial compression;
circle III with the radius ks corresponds to pure shear. For determination of Mohr’s plane, any unit
vector n · n = 1 must be taken, and two Mohr invariants are determined as follows: σ = σijnini,

τ2 = σikσkjninj − σ2

Note that one needs three cycles for a whole envelope. For example, when considering the
cast iron, Mohr suggested that an envelope be taken as the two outer tangents to circles I
and II. The limit strength in shear ks is then found by drawing circle III, which has its center
at O and is tangential to the envelope. It means, if kt and kc are values of ultimate strength
in tension and compression, one can find from Fig. 4. that the ultimate strength in shear is
ks = ktkc/(kt + kc), which agrees satisfactorily with the conical Drucker-Prager hypothesis
(Drucker and Prager, 1948). In other case (broken line), when ks is much greater than the
arithmetic mean, the envelope must be constructed as an elliptical or paraboloidal section of
a yield surface. For instance, in a case of St12T steel measured at temperature T = 20◦C,
ks = 340MPa (Dudda, 2020) but from ks = ktkc/(kt + kc) it follows that ks = 290MPa – which
means that the envelope cannot be a straight line. It is known from the literature (Kolupaev et
al., 2016; Nowak et al., 2014; Olifieruk et al., 2004; Skrzypek and Ganczarski, 2016; Dubey et al.,
2023) that measurement of ks with appropriate accuracy is a difficult task. In needs realization
of the state of pure shear where the principal stresses are σ3 = −σ1 and σ2 = 0. Especially,
making σ2 = 0 is difficult. It means that a state of “stress shearness” is responsible for partial
contribution of σ2 into the material effort concept.

2.2. Geometrization by von Mises

The first continuation of geometrical approach was October 1913, when Richard von Mises
(1913) wrote his paper on the foundations of modelling of plastic bodies. In that time, three-
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-dimensional continuum mechanics was already a well-established field of knowledge, but Mises
nevertheless decided to derive mathematical models “from the very beginning” in it, resulting in
a fairly complete framing of the mechanics of plasticity within the framework of a new “plastic
flow model” – today called the Mises flow model.
The question of “material effort” (German: die Anstrengungshypothesen) does not appear

in von Mises’s work, and only the “condition of plasticity” is discussed. At the beginning, Mises
showed how to construct octahedral invariants of the stress tensor, which, following Mohr, are
most often built in the principal axes, looking for the smallest and largest shear stress – Mises
denotes them by τ1, τ2, τ3, and defines accordingly

2τ1 = σ2 − σ3 2τ2 = σ3 − σ1 2τ3 = σ1 − σ2 (2.1)

Further, von Mises emphasizes that an important invariant is the sum of squares of the octahedral
stresses τ21 + τ

2
2 + τ

2
3 , which today is nothing more than 0.5σ

2
HMH . A key to Mises’s work, the

equation is expressed as

τ21 + τ
2
2 + τ

2
3 =
1
2
(σ21 + σ

2
2 + σ

2
3)−
1
2
(σ1σ2 + σ2σ3 + σ3σ1) (2.2)

which nowadays can be written as

τ21 + τ
2
2 + τ

2
3 =
1
2
σ2HMH (2.3)

It is an accidental result when both geometrical and energetic approaches lead to the same for-
mulae. Next, von Mises raises the question of experimental motivations. He found an assumption
that in the system of principal stresses, the sum of octahedral stresses at the point at which the
elastic limit is reached is equal to zero

τ1 + τ2 + τ3 = 0 (2.4)

Commenting on this condition, von Mises thanks Mohr, who was the first to analyse this con-
dition at the time of reaching the elastic limit ks

|τ1| ¬ ks |τ2| ¬ ks |τ3| ¬ ks (2.5)

Von Mises showed it in the figure – in the axes of octahedral stress (Fig. 5), as a cube – when
one cuts this cube with a plane, one gets a parallel hexagon in the cross-section.

Fig. 5. Mohr’s boundary surface in the form of an octahedral cube – interpretation of
von Mises (1913, Fig. 4)
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Then von Mises, in complete isolation from the energy methods and under the influence of
Mohr’s geometricism, proposed to modify the surfaces of elastic states in such a way as to break
away from Mohr’s previous condition and allow only the vertices of this diagram to come into
play. In this way, it will be possible to bypass the assumption of invalidity of the central principal
stress and, in addition, it will allow one to replace the diagram with a single simple solid without
edges, e.g. of the “circumscribed circle” type. Thus, in place of the cube (Eq. (2.5)), von Mises
proposed a cylinder as

τ21 + τ
2
2 + τ

2
3 = 2k

2
s or

1
2
σ2HMH = 2k

2
s or σ2HMH = 4k

2
s (2.6)

That is, taking into account that ks = kr/2, we have contemporary

σ2HMH − k2t = 0 (2.7)

And he added, “it is obvious that this condition is much simpler to describe analytically, because
there are no ambiguities in the corners”. In that time corners led to mathematical problems with
which Mises’s good friend [later wife] Hilda Geiringer had so much trouble (Geiringer and Prager,
1934).
Von Mises ignored the fact that condition (2.6) is physically ”wider” (more capacious) than

Mohr’s condition (2.5). Let us emphasize that the spirit of this physics-free geometrization of
Mohr’s condition is still prevalent in the literature today and is even highly respected. Despite
its apparent attractiveness, this approach should be considered a “wrong direction of research”,
leading astray determined by modern geometricism, which has dominated mechanics for years.
A generalization of Mises’s geometrical reasoning assumes that one can raise the corner

condition to any power, and then one has

|σ1 − σ2|m + |σ2 − σ3|m + |σ3 − σ1|m = mkms (2.8)

when m = 1 and m → ∞ we have the Tresca condition, m = 2 the von Mises condition, at
m < 1 we have a concave boundary surface. The cross-sections in the deviator plane are shown
in Fig. 6.

Fig. 6. Drawings of a generalized von Mises surface (Skrzypek, Ganczarski, 2015, p. 165), here ρ =
√
2J2

is a cylindrical coordinate in the Haigh–Westergaard diagram that differs from the intensity σi =
√
3J2
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It is worth mentioning that the effect of partial appearance σ2 within a yield function was
experimentally discovered by Lode (1926) in combined tension/compression and internal pres-
sure tests, which was a modernization that consequently omitting the role of σ2 and was still
consistent with the Mohr envelope concept. The second example was the Drucker two-parameter
modernization of Mohr’s condition, Drucker (1949)

√
J32 − cJ3 − 3k3s = 0 (2.9)

where J3 changes the role of equal weight for σ1, σ2, σ3 condition and provides a partial contri-
bution of σ2. Both models Eq. (2.8) and Eq. (2.9) have two unknown constants m, ks and c, ks,
respectively. They can be expressed on the base of the same experimental data kc and kt. For
instance, Hosford and Allen (1973) found that for bbc crystals the best fitted calibration was
m = 1.6 and Cazacu and Barlat (2004) for bbc polycrystals calculated that for kc/kt = 1/(1.28)
the coefficient c in Eq. (2.9) was equal to 0.92.

2.3. The geometrical stress shearness

Having defined the stress triaxiality (normalized first invariant I1), the stress intensity
(von Mises norm of the second invariant J2) is (Mises,1913)

η =
σm

σHMH
=

I1
3
√
3J2

σi =
√
2J2 = |σ| (2.10)

Now let us discuss the stress shearness concept treated to be a normalized third invariant of
the deviatoric stress tensor J3. The stress shearness is related with the old question discussed
between German scientist concerning the appearance (or not) of the second principal stress σ2
within some material effort hypothesis based on Tresca, Coulomb and, first of all, Mohr concepts
of the “maximum shearness”. It was shortly after The First World War, and after Guest work
(Gao et al. 2011), when in many experiments, the question of priority between the two concepts:
the maximum shearness and energy-based hypothesis, were researched and determined.
The general conclusion, achieved from Lode’s experiments, was that the definition of the

state of material effort as well as definition of yield surface are σ2 dependent. It means, that
σ2 cannot be omitted, like in the Mohr-Coulomb criterion, or cannot be completely taken as
in the energy-based Huber-Mises, but contribution of σ2 should be made in an intermediate
manner. It can be geometrically represented within the stress space when it is parametrized by
Heigh-Westergaard cylindrical coordinates h, r, θ, where h = I1/

√
3, r =

√
2J2, and θ is the

Lode angle within the range 0 ¬ θ ¬ π/3. The Lode angle is related with the normalized third
invariant ξ (Bai and Wierzbicki, 2010) as

ξ = cos(3θ) = cos
π(1− (θ)
2

=
3
√
3
2

J3√
J32

(2.11)

determined in the range −1 ¬ ξ ¬ 1 with values ξ = 0 at pure shear θ = 30◦, ξ = 1 at uniaxial
tension θ = 0◦, and ξ = −1 at uniaxial tension θ = 60◦. It works with the Lode parameter (Lou
et al., 2014)

µ =
3 tan(θ)−

√
3

tan(θ) +
√
3

(2.12)

and with the normalized Lode angle

θ = 1− 6
π
θ = 1− 2

π
arccos ξ (2.13)

within the range −1 ¬ θ ¬ 1.
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In general, a state of material effort should be a function of three parameters: stress triaxiality,
stress intensity and stress shearness. The same concerns the limit surface – being for instance a
yield surface, rupture surface, strength surface, etc. Any constructed yield surface can be defined
in the Bai-Wierzbicki space spanned on (η, σi, ξ) or (η, σHMH , ξ) parameters – such an approach
is developed in the papers by Yoon et al. (2014), Lou et al. (2020), Wierzbicki et al. (2005).

2.4. The Lode angle corrections

Generally, the limit surface, especially for pressure sensitive materials, are developed in the
three-dimensional space of main stresses σ1, σ2, σ3 in the co-called Heigh-Westergaard cylindrical
coordinates (h, r, θ). In this approach, as experimental results show, the important is shape of
the deviatoric cross-section, which is perpendicular to the hydrostatic axis (Prager and Hodge,
1954).
This fact led to the proposal of many different shape functions P(θ) that are only dependent

upon the Lode angle r = r0P(θ) (Podgórski, 1984, 1985) where the value of r0 = r(θ = 0). For
instance, the most known Gudehus surface for pressure-insensitive materials (Gudehus, 1973),
the shape function P(θ) takes a very simple form r2 = r20(1− ξ), where ξ = cos(3θ). In the Lade
and Duncan (1973) paper, the yield surface is based on one parameter shape function

P(θ) =
[
cos
(1
3
arccosαξ

)]−1
(2.14)

where α = const , satisfying the condition 0 ¬ α ¬ 1. In such an approach, the well-known
internal friction angle φ, appearing in the Coulomb-Mohr model |τn| + σn tanφ = c, can be
easily incorporated

P(θ) =
[
cos
(1
3
arccos ξ − φ

)]−1
(2.15)

It means that, in general, the shape function can be dependent on two arbitrary constantans

P(θ) = cos(30− φ)
[
cos
(1
3
arccosαξ − φ

)]−1
(2.16)

which is a generalization of research for large class of materials including metals, rocks,
concrete and soils (Lade and Duncan, 1973; Willam and Warnke, 1974; Podgórski, 1985). Here,
the angle φ has a simple physical interpretation of an internal friction angle.

2.5. Strength differential effect

Modelling of the material effort that takes into account the strength differential effect was
a subject matter of many pioneers and veterans like Coulomb, Tresca, Lame, Clapeyron, de St.
Venant, Navier. The first satisfying modification of the limit stresses hypotheses was proposed
in 1856 year by R.W. Rankine as (Yu, 2004)

σ1 ¬ kt and σ3 ¬ −kc (2.17)

where σ1, σ2, σ3 are three principal values of the stress tensor – ordered from tension to com-
pression. If κ = kc/kt = 1 then this effort hypothesis reduces to the historical Galileo one. In the
Heigh-Westergaard principal stress picture, the Rankine hypothesis is represented by six plains,
double parallel, that build a cube with size kc + kt located parallely to main axes – this model
is pressure insensitive, of course.
Another hypothesis for the strength differential, but pressure insensitive material was thought

as an extended Coulomb-Tresca by Otto Mohr in 1906 year (Mohr, 1906). He used his “geomet-
rical approach” known as “curve envelope” (germ. Anstalung kurve) where the material in a
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limit state undergoes slip due to maximal shear and, additionally, small cleavage due to presence
of “longitudal stress” governed by kc−kr difference. Analytically, the Mohr strength differential
hypothesis reads

(σ1 − σ3)2 + (ks − kt)(σ1 + σ3) = kckt (2.18)

In the Haigh-Westergaard principal stress picture this function forms a paraboloid moved to
infinity, which possesses symmetry in the pressure axes. The mximum positive (tension) stresses
in the Mohr paraboloid, located in the pressure axes, is obtained from the envelope with radius
a = 0.25(kc− kr) – in the case of kc = kr, the hypothesis turning into the classical Tresca-Guest
one τII = 0.5(σ1−σ3) = ks. Let us mention that the shear limit ks is defined from the beginning
as ks = 0.5k where k = kc = kt. The form of equation (2.18) implies that the limit on the pure
shear is now defined to be

ks =
1
2

√
kckt (2.19)

It means that having measured three limits kc, kt, ks and Mohr’s relation (2.19), one can check
correctives of hypothesis (2.18). Let us note, that Mohr’s hypothesis (2.5) belonging to the so-
-called shearing-dominated mode of limit behaviour was also developed by Coulomb, Guest and
others (Życzkowski, 1999; Hu et al., 2017). This approach prefers octahedral state of stresses
and τI , τII , τIII shearing stresses that naturally leads to a non-smooth yield surface with edges.
The edges are simple results of combination of non-continuous yield conditions, and the number
of edges is a simple consequence of the number of field function. The fundamental are the six
Tresca conditions

τI ¬ ∓ks τII ¬ ∓ks τIII ¬ ∓ks (2.20)

written for no ordered main stresses σ1, σ2, σ3. In this case, the number of edges (or pieces
of limit surface) is six (m = 6). Similarly, for the Rankine hypothesis there is m = 6. But in
the Galileo, Mariotte, and Ivliev hypothesis one has only three edges (m = 3), the Kolupaev
hypothesis nine edges (m = 9), the Sokolovsky – eighteen edges (m = 18) (Kolupaev et al.,
2016).

2.6. Pressure sensitiveness within the maximum shear stresses treatment

A similar conclusion concerning the two-parameter shape function can be obtained by a direct
analysis of the yield surfaces based examples on J3 invariant, for instance, for pressure-insensitive
I31/J3 = k (Lade and Duncan, 1973); J32 + cJ

2
3 − k6 = 0 (Drucker, 1949); J

3/2
2 − cJ3 − k3 = 0

(Cazacu and Barlat, 2004) as well as for pressure sensitive materials a(bI61 +27J
3
2 + cJ

2
3 )
1/6 = 0

(Gao et al., 2011); a[bI1+(J
3/2
2 − cJ3)1/3] = 0 (Yoon et al., 2014) and aI21 + bJ2+ cJ

2/3
3 − 1 = 0.

Going to show this, let note that for isotropic, pressure-insensitive materials the above limit
conditions can be written in terms of the second and third invariants as

f(J2, J3, k, c, n) =
√
J3n2 − cJn3 − k3n = 0 (2.21)

There are only three parameter (k, c, n) yield surfaces – for n = 1, one obtain the Cazacu and
Barlat (2004) condition, however, for n = 2 we have the condition of Drucker (Drucker,1973),
yet a more simple example J32 − k6 = 0 was considered by Reuss (1928). Let us observe that
for even exponents n = 2, 4, 6, . . . the yield condition predicts the same values of the yield
stress in compression and tension kc = kt. Differently, for odd exponents n = 1, 3, 5, . . . the yield
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condition provides different values of the yield stress, exhibiting the SD-effect. Next, reorganizing
Eq. (2.21), one obtains

f(J2, J3, k, c, n) =
√
J3n2

[
1− c

( J3√
J32

)n]
− k3n = (1

2
r
)3n
P ′(θ)− k3n = 0 (2.22)

where, now, the generalized shape function P ′(θ) = 1 − c1ξ3n, c1 = c(2
√
3/9)n. It is easy

to observe that condition, Eq. (2.22), has the same physical meaning as f = r − k = r0P(θ) −
k = 0 in the classical Coulomb-Mohr-like conditions, but the shape function P ′(θ) is only one-
parametrical, whereas P(θ) is two-parametrical.
There is in the literature unclearness concerning pressure sensitive materials. Namely, some

authors, like Mirone and Corallo (2010), take into account the expression I1J2/J3, which cannot
lead to simple splitting of distortional and volumetric effects. But in the case when such splitting
can be postulated, a yield function, written within the cylindrical (h, r, θ) coordinates has a form

f(I1, J2, J3) =
(1
2
r
)3n
P ′(θ)− k1hP ′′(η)− k3n2 = 0 (2.23)

Here P ′(θ) is interpreted as the circumferential shape function and P ′′(η) is longitudinal along the
hydrostatic axis σ1 = σ2 = σ2 shape function, depending on the stress triaxiality η = σm/σHMH
that change with h = I1/

√
3. In the simplest form this condition is a three-parametrical one.

However, when the invariant J2 is removed from considerations – like in I31/J3 − c = 0 – the
above form should be modified to:

f(I1, J3) = hP ′′(η)P ′′′(θ)− k = 0 (2.24)

where both shape functions are multiplied. The similar form of the yield surfaces for a pressure
sensitive material has been proposed by Barlat et al. (2003). In general, such a yield function
depends only on I1 and J2/ρ(θ), where ρ(θ)P−1 is the circumferential shape function – the
deviatoric sections in planes with constant I1 (or h) look similar but not necessarily coincide.
The deviatoric sections are circular when the shape function does not depend on the Lode angle.
Then ρ(θ) = 1. Since θ varies between −π/6 and π/6 a shape function should contain periodic
curves with the period 2π/3. Some application of the ρ(θ) shape function has been applied to
bone fracture mechanics by Pietruszczak et al. (1999) in the form

f = a1

√
3J2

ρ(θ)kc
+ a2

3J2
(ρ(θ)kc)2

− (a3 +
I1
kc

)
= 0 (2.25)

where a1, a2, a3 are dimensionless constants and kc is the yield strength in compression. This
model can be prolonged onto anisotropic geomaterials (Piertuszczak and Mróz, 2001).
Now the examples of pressure sensitive materials like pressure modified Tresca

|τn| = c−
1
3
ǫ(σ1 + σ2 + σ3) (2.26)

or pressure modified Coulomb-Mohr

|τn|+ σn tanφ = c−
1
2
ǫ(σ1 + σ2 + σ3) (2.27)

can be reformulated in terms of the shape function ρ(θ) ≡ P−1. For instance, the pressure
modified Coulomb-Mohr yield surface takes the following form (Barlat et al., 1991)

√
J2(3 cos θ −

√
3 sinφ sin θ − ǫI1 sinφ− 3c cos φ = 0 (2.28)

where ǫ is the pressure coefficient, φ is the friction angle and c is cohesion.
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It has, generally, been assumed that the state of the maximum stress shearness does not
need appearance of σ2 in the mechanical or thermal effort modeling. Numerous continua, like dry
sand, obeys the Tresca or Coulomb-Mohr conditions, in which failure does not need any previous
plastic or inelastic deformation. When the stress shearness dominates over the stress intensity
or stress triaxiality, the slip in the σ1-σ3 plane is independent of σ2. Bur in many crystalline
metals, when plastic flow occurs firstly, motion of dislocations on available slip planes within
each individual crystal possesses at least five independent slip systems which are required in each
grain if it is to undergo shape changes imposed by the crystals around it (Pęcherski, 1998). This
means that even if the macroscopic plastic deformation is apparently confined in σ1-σ3 plane
within a high proportion of individual grains, the plastic flow must be occurring on slip planes
inclined to this, i.e. in slip systems driven by the intermediate main stress σ2. It is therefore,
physically reasonable that all three principal stresses should appear in form of a limit surface:
proportional, yield, strength, fracture, and so on. But between the full appearance of σ2 and
the omitting of σ2 – there is an open domain with a different level of the stress shearness which
is represented via the Lode parameter. In another words, the passage from null-dependence to
full-dependence of σ2 within limit surface formulae can be realized continuously by using the
Lode parameter µ (or the Lode angle θ, the normalized Lode angle θ, the normalized third
invariant ξ).

2.7. An extension of the Mohr geometrical treatment of anisotropic materials

The Tresca and Coulomb-Mohr concept of maximum shear stresses can be applied also
to anisotropic materials like wood, stones, clays and polycrystalline metals. To describe plas-
tic anisotropy of rolled metal sheets, Hill (1948) developed an extension of the Mises-Hosford
isotropic condition, Eq. (2.2), to the anisotropy case – this solution was based on 6 unknown
coefficients. The rolling direction, the long transverse direction and short transverse direction
are three main directions where the unknown parameter should be calibrated by the experimen-
tal data – generally one can obtain three-time more data than for isotropic bodies. Up to 1948
year, several methods had been proposed (Baltov and Sawczuk, 1965; Życzkowski, 1981; Mróz,
1967). A review of different solutions can be found in the paper by Oana Cazacu and Barlat
(2004). They proposed, finally, to explore the technique of linear transformations σ′ij = Lijklσkl
and σ′′ij = Cijklσkl to define an anisotropic yield surface

|σ′1 − σ′′2 |m + |σ′2 − σ′′3 |m + |σ′3 − σ′′1 |m = kms (2.29)

that needs fourteen parameters to be calibrated (six Lijkl, six Cijkl and m, ks). For a pressure
sensitive material the above criterion was extended by (Kuroda and Kuwabara, 2002) as

(1− c)(|σ′1 − σ′′2 |m + |σ′2 − σ′′3 |m + |σ′3 − σ′′1 |m
)
+ cρ

(|σ1|m + |σ2|m + |σ3|m
)
= kms (2.30)

where one additional constant c appears, and ρ = 3m(2m−1+1)−1. The whole family of different
dedicated yield surfaces is coming from the above condition, but calibration of such great num-
bers of parameters needs many experimental data connected with crystal plasticity calculations
(Hu and Yoon, 2021).
From another point of view, the maximum shear approach cannot take into account the Lodge

parameter or Lode angle directly. Thus, a way by using J3 invariant is more promising. Cazacu
and Barlat (2004) proposed a manner of introducing anisotropy into J2 (6 parameters) and J3
(11 parameters) invariants. A quite similar approach was developed by Yoon et al. (2014) where
the concept of linear transformation was applied to all three invariants independently. It is the
first invariant I1∗, second invariant J ′2 and third invariant J ′′3 , which are based on the transformed
Cauchy stress tensor σ∗ = Hσ = h1σ1e1⊗ e1+h2σ2e2⊗ e2+h3σ3e3⊗ e3, σ′ = L′σ, σ′′ = L′′σ
and its deviator. The Yoon model needs to calibrate 3 + 6 + 6 = 15 unknown parameters of H,
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L′, L′′. Among these anisotropic parameters, eight of them are related with in-plane properties
while the other four parameters are used to describe the through-thickness behaviour of the
metal. Finally, the yield function for pressure sensitive anisotropic metals reads in the form of
(Yoon et al., 2014)

I∗1 +
3

√√
J ′2
3 − J ′′3 = 1 (2.31)

This yield function is able to describe: the stress triaxiality, the stress intensity and the stress
shearness (Lode parameter) effects within the scope of different anisotropy of metals (Nixon et
al., 2010).

3. Energy-based limit approach

3.1. Pioneering steps – Maxwell, Beltrami, Huber, Schleicher, Burzyński

Recall, that the “father” of energy-based approach is James Clerk Maxwell who in 1856, in
the letter to William Thomson, without introducing a concept of “distortional energy” as a part
of elastic strain energy, wrote that it was the best candidate to be a measure of material effort
(Maxwell, 1856; von Helmholtz, 1903; Pęcherski, 2008; Altenbach, 2010). Modern reconstruction
of Maxwell’s energy-based approach was worked out by Rychlewski (2011).
In the complete mathematical form, this energy-based approach was initiated by Beltrami

(1885) in the form W = Φ ¬ K, where Φ = [(1−2ν)/3E]I21 +[(1+ν)/3E]3J2 is some elastic de-
formation energy (volumetric density) describing a state of material effort, andK is critical value
of this energy. Beltrami firstly found how critical energy K depended on the uniaxial yield kt or
torsion ks (Becchi, 1994). This approach also opens a possibility of using many other experimen-
tal data like Vickers hardness, Charpy critical energy (fracture toughness), cohesiveness critical
energy, and so on (Orłowski et al., 2020, 2013).
Explicitly, the concept of “specific work of strain” Φ (internal energy, or specific work of

stress) as a measure of material effort (germ. Die Anstrengung) was developed by Huber (1904),
who was able to introduce a notion of “equivalent stress” (or reduced stress σeq). Also, he
proposed the first picture of a limiting surface within the space of three principal stresses (Huber,
1904, his Fig. 2). Next, by comparison of the Beltrami and de Saint Venant criterions, Huber
performed an exhausting discussion on the role of the Poisson ratio coefficient and its appearance
in energy-based hypothesis. Next, he found that the Maxwell-Helmholtz decomposition of strain
energy into purely volumetric and distortional parts Φ = Φν + Φf = [(1 − 2ν)/3E]I21 + [(1 +
ν)/3E]3J2 could be useful in further research, and discussed a case when volumetric energy Φν
was negligible. Finally, Huber proposed a new combined criterion: if p ­ 0 then Φ ¬ K and
p ¬ 0 then Φf ¬ Kf – this condition leads to an elliptical-cylindrical yield surface and nowadays
is called “the Beltrami-Huber combined condition”.

3.2. Combined Huber’s hypothesis

But presently and literally, when we go into the details of this reasoning, we have three
hypotheses to offer: Beltrami’s (ellipsoid), Huber’s (part ellipsoid, part cylinder), and Mises’s
(all cylinder) (Table 1).
In the case of Beltrami (1885) measure, both components of energy are always used. In the

case of the von Mises hypothesis, only the form energy is always used. In contrast, in the case of
Huber’s hypothesis, the energy form is used in the compressive stress region, and in the tensile
region, the sum of volumetric and distortional internal energy Φ = Φν + Φf is used. In Fig. 7,
the Beltrami, Huber, and Mises stress measures in the space of the principal axes of the stress
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Table 1. Primary diagram of energy based hypothesis

Beltrami (1885) Φ ¬ K always Fig. 7a

Huber (1904)
Φν + Φf ¬ K when σ1 + σ1 + σ3 > 0 Fig. 7b
Φf ¬ K when σ1 + σ1 + σ3 < 0

Mises (1913) Φf ¬ K always Figs. 7a,b

tensor, where the dominant is the hydrostatic axis on which the first invariant of the tensor, are
depicted. For a constant critical energyK, the areas determined by the condition f =W−K = 0
can be obtained. In the case of the Beltrami measure, it is an ellipsoid hooked at the centre of
the volume, in the case of von Mises, it is an infinite cylinder for extensions and compressions,
and in the case of the Huber measure, it is the Misesian cylinder in the compression part and
the Beltrami ellipsoid in the stretch part.

Fig. 7. Yield limits surfaces of (a) Beltrami (1884), (b) Huber (1904) and (a), (b) Mises (1913)

3.3. Revalorization of Huber’s Combined Hypothesis

It was in (Schleicher, 1926) that the combined concept of Huber’s effort measure was revalued
for the first time after twenty-two years (Fig. 7). Schleicher, speaking about the combined Huber
hypothesis, used two definitions of Huber’s reduced stress, which is denoted by an additional
H-index

σH =





√
2EΦ when I1 < 0

√
6GΦf when I1 > 0

(3.1)

Two years later, in 1928, it was criticised for the first time byWłodzimierz Burzyński (Burzyński,
1928). Huber’s combined hypothesis has number C2 in his classification. The disadvantage of
Huber’s combined hypothesis is precisely its heterogeneity – because the states of pure stretching,
two-way stretching and three-way stretching are described with full energy, and the states of
single, double and three-way compression are described by form energy. Only the shear state
satisfies both intervals. Burzyński, further wrote the boundary surface as shown in Fig. 8.
It shows that

ks =
kt√
2(1 + ν)

=
kc√
3

(3.2)

which means that the boundaries of kt and kc differ slightly. Using the Mohr envelope method,
Burzyński showed a drawing of Huber’s hypothesis (for ν = 1/4) in the τ -σ plane – which
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Fig. 8. Combined von Huber hypothesis (Burzyński, 1928), (µ is 1/ν, where ν is the Poisson coefficient)

nowadays is called “the Burzyński plane”. It is a drawing of a rotational ellipsoid (in the Beltrami
part) and a rotating cylinder (in the von Mises part) – the intersection of the two solids takes
place in the planes σ1+ σ2+ σ3 = 0. For ν = 0, the Mises cylinder ends in a sphere, for ν → 0.5
the von Huber hypothesis becomes the von Mises hypothesis. Burzyński marks the latter as C3
and considers it separately.

Fig. 9. Huber’s cylinder-ellipsoid in the Burzyński plane (Burzyński, 1928). The Lode parameter is
denoted here by letter a. By letters I, II, III, . . . , V II limit states kt, kc, ks, . . . , kccc are denoted

Recently, researchers such as Altenbach, Bolchoun, Kolupaev (2016) have proposed to include
Huber’s hypothesis in the group of combined hypotheses. Holm Altenbach emphasizes additional
advantages of Huber’s hypothesis over Beltrami and Mises.
Reassuming, the most frequently used in the literature model of the J2-plastic flow in fact

possesses four different theoretical fundaments: these are (a) distortional energy source (Maxwell,
1856; Beltrami, 1885; Huber, 1904; Hencky, 1925; Schleicher, 1926; Burzyński, 1928, 1929a,b;
Torre, 1947; Życzkowski, 1999), (b) von Mises norm of tensor – the second invariant of the stress
deviator (Mises, 1913; Reuss, 1930; Kłębowski, 1958), (c) the stress intensity as a mean shear
stress (Novozhilov, 1952), (d) the octahedral shear stress (Nadai, 1927; Zawadzki, 1954).
Only accidentally four different concepts have the same mathematical description. For in-

stance, for the Nadai circular cone one finds

f = τ−2oct −
2
9
(3C0σoct − C1) = 0 (3.3)

Coming from another line of reasoning (Nadai, 1927), where τoct, σoct are octahedral shear and
normal stresses and C0, C1 are limiting constants, it describes the same cone as the Drucker-
Prager f = I1 − 3a0 + 9a1(6J2)−2 = 0 (Drucker and Prager, 1948).
It is worth noting that the Helmholtz decomposition Φ = Φν+Φf also leads to decomposition

of critical energy into K = Kν +Kf . Beltrami (1885) would use the word “resilience” to denote
the work necessary to be done on a body to overcome its elastic forces. The volumetric (cubical)
resilience Kν is a measure of the work necessary to be expended in compression in order to
increase the density permanently. Distortional resilience Kf is the work required to be expended
in pure distortion in order to produce a permanent change of form in the element – it is some
limit that Φf can reach (Altenbach et al., 2014).
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3.4. Poisson coefficient dependent Schleicher’s hypothesis

After many years, the concept of energy-based hypothesis of material effort was undertaken
again by Schleicher (1926) who proposed to extend the Beltrami-Huber criterion Φ ¬ K to
pressure-sensitive materials: as a linear function of pressure σBH =

√
2EΦ =

√
2EK(1 − ǫp),

or a parabolic function of pressure σBH =
√
2EΦ =

√
2EK(1 − ǫ1p

2) – unfortunately, the
Poisson coefficient was present in those solutions. Some response on Schleicher’s paper was
Burzyński’s dissertation (see: Burzyński, 1928 – received to print December 13, 1927 in Lwów
[now Lviv, Ukraine]), as well as in the papers (Burzyński, 1929a,b). Probably, under strong
critics of Burzyński, F. Schleicher changed his measure of material effort and in the next paper,
published on 13th of April, 1928 (Schleicher, 1928) he replaced σBH with the total elastic strain
energy Φ by volumetric density of elastic distortion σH =

√
2EΦf =

√
2EKf(p). Working on

brittle materials like marble, limestone, sandstone, Schleicher, finally fitted the experimental data
to the cone in the σH − p coordinates plane, what, in fact, was the first application of a model
introduced by Drucker and Prager (1948). Note that the denotations: Beltrami-Huber σBH and
Huber σH are originally coming from Schleicher (Dudda, 2021).

3.5. Burzyński pressure-size function hypothesis

Next, Burzyński proposed a modification for pressure-sensitive materials where the Poisson
coefficient does not appear. Generally, he proposed a “size function” ην correcting the contribu-
tion of volumetric energy – contemporary, it is nothing else as introducing the stress triaxiality
effect into the energy-based approach. It is one of the main achievements of Burzyński, since he
solved a crucial question in such a way which does not disturb the scientific power of energy-based
approach (Altenbach, 2010). The “size function” ην in the hypothesis making the volumetric
energy “partially present”, if ην = 0 then the material is pressure-insensitive, if ην = 1 then the
material is fully pressure-sensitive.
Mathematically, the Burzyński hypothesis can be written as follows (Burzyński, 1928; Pęch-

erski, 2008; Pęcherski et al., 2014)

ηνΦν + Φf = K (3.4)

where a particular form of pressure dependency of the function ην was assumed as ην = ω+ δ/p
and ω, δ are unknown parameters. The core of Burzyński’s idea is to express three unknown
parameters ω, δ, K in terms of tripled of material limit constants kc, kt, ks which are known
from an experiment of uniaxial compression, tension and simple shear. The other forms of the
size function could also be considered in order to find another state of the material like brittle
and ductile failure or continuous damage. Then other experimental limits data can be used:
bi-axial compression and tension kcc, ktt; tri-axial compression and tension kccc, kttt, and so on
(Kordzikowski and Pęcherski, 2010).

3.6. The J3 effect within the energy-based framework

Let us discuss shortly the possibility of appearance of J3 invariant in the energy-based
approach. It is a well known fact that, for common materials, the invariant J3 (or the Lode
parameter) does not appear in the elastic strain energy expression. The fundamental example is
density of elastic strain energy for the so-called Hooke elastic material Φ = [(1−2ν)/3E]I21+[(1+
ν)/3E]3J2. If such energy is a starting point to develop any independent approach, nowadays
called an “energy-based” one, one can ask about a physical foundation of this. The rational
arguments for defending the generality of energy-based formulations of yield conditions are the
following.
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Firstly, one must recall that from thermodynamical point of view (Casey and Sullivan, 1985;
Enger et al., 2018; Banaś and Badur, 2017) the internal energy of deformable continua depends
on all intensive state parameters, not only on the elastic one. For instance, according to Taylor
and Quinney (1935), the plastic deformation is also partially involved in energy Φ. According to
the modern energy-based treatment, developed within the frame “strain energy density” (SED)
(Łagoda and Ogonowski, 2005) the internal energy can be a function even of different internal
fracture mechanisms and so on.
Secondly, papers concerning ductile failure and damage, e.g. (Bai and Wierzbicki, 2008)

state that the stress triaxiality and stress shearness take part gradually, starting from initial
yield surfaces completely based on classical elastic solutions. At a very low stress triaxiality
state, the stress shearness (Lode parameter) has an important influence on failure behaviour.
It means, that in the state of constant stress intensity, it is difficult to realize, and sophisticate
damage and failure models should incorporate not-complete state of three-dimensionality of the
stress state – this non-completeness, governed by the Lode parameter, is called here the stress
shearness.
Speaking in terms of mathematics, the reason for adding the Lode parameter is that multi-

ple stress state with different principal stress values can result in the same value of the stress
triaxiality. Thus the stress intensity and stress triaxiality alone cannot completely describe the
three-dimensional stress state and its effect on the fully developed state of damage and failure
(Gao et al., 2009, 2011). That means that the dimensionless invariants I1, J2, J3 should be ac-
counted in the models with plastic isotropic and kinematic hardening. On the other hand, Lou
and Yoon (2017) showed that the stress shearness (the Lode parameter) had only a marginal
effect on the macroscopic yield surface, whereas its influence on anisotropic damage is remark-
able. Therefore, in a model that describes the starting moment of plasticity influencing the stress
shearness can be neglected (Kowalczyk et al., 2003).
From the above reasoning it follows that there is a physically acceptable manner of intro-

ducing J3 into energy-based treatment. The examples can be found in Frąś et al. (2010, 2014),
Frąś and Pęcherski (2010), Nalepka and Pęcherski (2002, 2003).

3.7. The Burzyński-Pęcherski hypothesis taking into account the third invariant

Thus, Pęcherski and his co-workers proposed to introduce the stress shearness effect into
the energy-based approach and the Burzyński measure of material effort (Pęcherski et al., 2011;
Nowak et al., 2011). Trying to find the influence of the Lode parameter, he proposed to introduce
a some shape function ηf to made a partial (variable) contribution of the energy density of dis-
tortion. It means, that the extended material effort hypothesis in a case of variable energy, both
with the stress triaxiality effect (volumetric energy) and the stress shearness effect (distortional
energy) reads

η̌νΦν + η̌fΦf = K (3.5)

where η̌ν , η̌f denote the size function and the shape function, respectively. Using the definition
of Φν , Φf in terms of invariants I1, J2, condition Eq. (3.5) can be expressed in the following way
(Pęcherski et al., 2011)

ην(I1)(3I1)2 + ηf (J3)3J2 = K2 (3.6)

The shape function (or the Lode influence function) can now be proposed in a mathematical form
similar to P(θ) in the maximum shearness approach. Taking, for instance, the two parameter
Podgórski shape function (Podgórski, 1984)

ηf (J3) =
1

cos
(
π
6 − β

) cos
[1
3
arccos(α cos(3θ))− β

]
(3.7)
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and two parametrical size function

ην(I1) = ω +
3δ
I1

(3.8)

Fig. 10. The Burzyński-Pęcherski hypothesis (Pęcherski et al., 2011): (a) a view to the
Heigh-Westergaard cylindrical coordinates, (b) the perpendicular cross-section, (c) the

Burzyński-Pęcherski hypothesis on the q-p plane

Pęcherski et al. (2011) obtained a five parametrical (α, β, ω, δ,K) yield surface, Eq. (3.5).
The surface is paraboloidal and the cross-section parallel to the octahedral plane indicates that
the Lode angle dependence has a hexagonal character. These five unknown parameters are to be
expressed by five experimental data kt, kc, ks, kcc, ktt – the procedure of fitting the paraboloidal
yield surface, Eq. (3.6), has been made by using the Levenberg-Marquardt algorithm. Also
Frąś et al. (2010) and Frąś and Pęcherski (2010) discussed several criteria developed within the
energy-based approach in comparison with the Burzyński criterion.
The energy-like approach has some limitations (see Mucha et al., 2018; Mróz and Seweryn,

1998). Let us discus a most important one coming from the fact that elastic storage energy Φ
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not always is expressed in terms of J2 invariant. For instance, the elastic energy of the gum
metal is a function only of J3 and σm invariants (Kowalczyk-Gajewska et al., 2019).

3.8. The material anisotropy

Richard von Mises in June 1928 turned his point of view: from the Tresca-Mohr geometrical
envelope approach to the energy-based approach. His aim was to construct a yield surface for gen-
erally anisotropic crystals (Mises, 1928). His mathematical concept lies on replacing J2 = sijsji/2
invariant into a “weighted invariant” J ′2 = sijkijklskl/2 – then the anisotropic cylindrical surface
is described by a dimensionless function f = J ′2 − 1 = 0. By using many symmetry arguments,
von Mises was able to reduce the number of independent coefficients of the compliance ten-
sor kijkl to 15. It means that von Mises turn his τ2I + τ

2
II + τ

2
III − k2s = 0 argumentation, called

by him “die Guest-Mohrsche Bedingung”, into energy-based argumentation.
In Section 3, von Mises, recalled the pioneering Beltrami, Huber, Schleicher, Burzyński pa-

pers, in the context of separation of the strain energy density into volumetric and distortional
parts for anisotropic bodies. He proposed to start from 2Φ = σε = (sI+s)·(eI+e) decomposition
of both tensors into: axiators and deviators (Mises, 1928, p. 170).
Next, Reuss (1930) improved the von Mises idea finding a more effective method of trans-

forming the Cauchy stress tensor from Cartesian σ = σijei ⊗ ej , i, j = x, y, z into the principal
coordinates σ = σχeχ⊗eχ, χ = 1, 2, 3, where he reduced the number of independent coefficients
to be 3 plus 3 – Euler’s angles that describe the rotation matrix between the principal axes of
strain and stress. Few years later, Theodore Lehmann, proposed the yield surface of a generally
anisotropic material in the form of a polynomial (Lehmann, 1964)

f = k + kijsij + kijklsijskl + kijklmnsijsklsmn + . . . (3.9)

Here appears some analogy to the third anisotropic invariant J ′3. If it is possible to take into
account the anisotropy induced by kinematic hardening of an initially isotropic material, the
above polynomial can take a form (Baltov and Sawczuk, 1965)

f =
1
2
sijsij − sijαij +Aαijαkl(sij − αij)(skl − αkl) + . . . (3.10)

where αij describes traceless kinematic hardening. Additionally, let us note that the energy-based
approach can be also extended into initially anisotropic materials by the concept of spectral
decomposition. It is based on the Rychlewski idea introducing anisotropy between three prin-
cipal stresses and three principal strains by six single stress σα, α = 1, 2, 3, 4, 5, 6 (Rychlewski,
2011), determined by spectral decomposition of the compliance tensor. Ostrowska-Maciejewska
et al. (2012, 2013) introduced a new proposition of the limit surface for anisotropic materials
with asymmetry of limits, by introducing six influence functions ηα(σβ) = ηα(I1(β), J2(β), J3(β)),
α, β = 1, . . . , 6, into the energy density of elastic strain

η1Φ1(σ1) + . . .+ ηχΦχ(σχ)− 1 = 0 χ ¬ 6 (3.11)

This concept was applied in Szeptyński’s thesis (Szeptyński, 2017) who discussed misstatements
appearing in the final form of the failure criterion formulation and by Ostrowska-Maciejewska
in her articles (Ostrowska-Maciejewska et al., 2012, 2013) and (Kowalczyk-Gajewska and
Ostrowska-Maciejewska, 2005). Recently, the energy-based approach, developed within the
Burzyński framework, was extended for symmetric anisotropic materials by Moayyedian and
Kadkhodayan (2017, 2021) with different application to materials exhibiting bcc, fcc and hcp
crystalline structures. It prolongs the line of reasoning by Hebda and Pęcherski (2005) and Vadilo
et al. (2011).
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3.9. The week material anisotropy – four parametrical hypothesis

Some special, one-parametrical anisotropy, called by Burzyński λ-anisotropy, was developed
by Pęcherski et al. (2021). The original (Burzyński, 1928, p. 128) solution has the following form

1 + ν ′

3
σ′HMH

2 +
1
3
(1− 2ν ′)(I ′1)2 + (kc − kt)I ′1 − kckt = 0 (3.12)

where “prime”, similar like von Mises, means week-anisotropy modification

3J ′2 = σ
′
HMH

2 = 2(1 − λ)(σ2 − σ3)2 + 2λ(σ3 − σ1)2 + 2(1− λ)(σ1 − σ2)2

I ′1 = 3p
′ =

λσ1 + (1− λ)σ2 + λσ3
1 + λ

(3.13)

Here appears the “week anisotropic plasticity coefficient” ν ′ = (1/ϕ2)(kckt)/(2k2s ) − 1, which
governs the shape of limit surface (conical, cylindrical, paraboloidal, hyperbolical) also depends
on λ as ϕ2 = (2/3)(1 + λ). For identification of λ, Pęcherski et al. (2021) proposed to make a
biaxial tension test.

3.10. The week material anisotropy – many-parameter hypothesis

Similarly, starting from the energy-based arguments, Cazacu and Barlat (2004), keeping the
Mises-Reuss line of reasoning, proposed a simple paraboloidal yield surface

3J ′2 −
m

3
(I ′1)
2 − 1 = 0 (3.14)

where invariants J ′2, I
′
1 are typically calculated but for the transformed Cauchy stresses

σ′ij = Bijklσkl, where Bijkl are anisotropy constants and m is a constant responsible for pressure
sensitiveness. It is Burzyński’s proposal, Eq. (3.10), which cannot be applied to the case with
symmetry in compression and tension. For a material with transverse isotropy, like limestone,
the Bijkl reduces to only 5 independent components, for sn isotropic material Eq. (3.13)1 reduces
to the two-parameter yield surface 3J2 + (kc − kt)I1 − kckt = 0. This model needs six data to
be calibrated: compressive and tensile strengths along the transverse direction k‖t, k‖c, k⊥t, k⊥c
and ks‖, ks⊥ – the shear strength in the symmetry plane and the shear strength in the normal
transversal plane. In a general case, the Cazacu-Cristescu surface, Eq. (3.13)1 needs a more
sophisticated set of experimental data. But, in the paper by Kowalewski (1998), the practice
manner to calibrate 12 + 6 = 18 parameters of yield condition (3.13)1 for 18G2A low-alloy steel
was shown. This line of reasoning can be extended for cellular materials (Kordzikowski et al.
2005).

4. Further comments

Here we have presented the main substantive dispute that has been and still is going on between
Mohr’s geometrical approach and Huber’s energy approach. In this dispute, the key is the Lode
experiment, which showed that for most metals the Huber method is more justified and consistent
with the experimental data.
Nevertheless, as the literature shows, the geometrical approach is still preferred by the ma-

jority of researchers. The achievements of Mohr’s geometrical method are documented. This
method can be implemented into numerical calculations with some difficulties. As a result, it is
still valid and used.
It is also easy to see that the energetic approach was developed by Huber’s disciples, laying

the foundation for a scientific school called “the science of effort.” That is why so many Polish
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researchers can be found in the literature on the subject. In particular, we recall the achievements
of Professor Ryszard Pęcherski (IPPT PAN, Warsaw).
But it is Holm Altenbach (Altenbach, 2010) who, preferring the energy-based approach,

turns our attention on some, very emotional, scientific discussion in the triangle between William
Thomson, W. Rankine, and young J. Clerk Maxwell (see: Maxwell, 1856). It was really Maxwell,
who first underlined the role of distortional energy limit in fracture and plasticity. Therefore,
taking Maxwell as the original author of the concept of limit distortional energy, Altenbach
proposed to call it: “the Maxwell-Huber-Mises” hypothesis and to denote the equivalent stress
by σMHM . In the present paper, according to the great academic tradition and with engineering
experience we continue the use of “Huber-Mises-Hencky” hypothesis and σHMH denotation.
This story was discussed in 1924 at the I-st International Congress of Applied Mechanics in
Delft, and found a reflection in, perhaps the first, methodical elucidation of the mathematical
theory of plasticity given in 1927 by H. Mierzejewski (1928). Yet other historical remarks are
found in (Becchi, 1994; Altenbach, 2010; Rychlewski, 2011; Bruhns, 2014).
A historical review of the energy approach should begin with the work of Beltrami (1885).

It initiated the energetic approach to the hypotheses of exertion – in particular, its development
is marked by the following works:

• Beltrami (1885): Φ = σijεji = Φ(σij) = Φ(εij) ¬ K
• Huber (1904): Φ = Φν + Φf ¬ K or Φf ¬ K
• Mises (1914), Hencky (1924): Φf ¬ K
• Schleicher (1926): Φ = Φν(ν) + Φf (ν) ¬ Kf(p)
• Burzyński (1928): Φ = ηνΦν + Φf ¬ K, ην = ω + δ/p
• Zawadzki (1956): Φ = Φν + Φf + Φth ¬ K
• Pęcherski (2011): Φ = ηνΦν + ηfΦf ¬ K, ηf = 1 + α[1− e−β(1+cos(3θ)]

In the literature, the critical energy K is determined by the uniaxial tensile limit value
K =

√
2Ekt, 0.01 < K < 0.30MJ/m3=MPa. For example, for kt = 700MPa, E = 2.1GPa,

we have K = 0.23MJ/m3. This line of thought, which return us to the original Huber concept
expressed in Eq. (1.1), was recently re-evaluated by Nalepka and Pęcherski (2003). They pro-
posed to calculate the critical energy K from the first principles, even those based on quantum
thermodynamics. Nevertheless, in our opinion, the problem of experimental specification of the
value of K is still open, and must be developed in details. Some methods developed by Ładoga
and Ogonowski (2005) seem to be helpful.
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Österreichisches Ingenieur-Archiv, I, 4/5, 316-342
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This paper deals with the stability prediction of an ultralong drilling shaft lining structure
and how to mitigate its structural instability. Based on catastrophic characteristics of the
instability process, the catastrophe method and a cusp catastrophic model is applied in
analyzing the instability optimization measure. The process and mechanism of catastrophe
instability is analyzed, and its corresponding instability criterion is founded. A case study
and numerical results show that this optimization measure can increase its critical depth
by 45% and mitigate structural vertical instability, which provides a theoretical possibility
for the stability control technology of ultra long shaft lining structures.

Keywords: cusp catastrophic model, critical depth, instability criterion, drilling shaft lining
structure

1. Introduction

A shaft drilling method is a special construction method in coal and copper mine constructions
all over the world, which is also used in subways and municipal engineering (Liu and Meng, 2015;
Dorn and Kaledin, 2013; Hara et al., 2019). In drilling shaft lining structures (DSLS) during its
construction, buckling usually becomes a dominated failure pattern rather than damage due to
material strength, which is often related to deformation of the whole DSLS experiencing a sudden
and irreversible change when it reaches or exceeds the critical value. Any slight eccentricity or
lateral force can cause shaft lining to suddenly tilt and slip, resulting in vertical instability
of DSLS. Moreover, the longer the construction length of DSLS, the greater the possibility of
vertical instability of the structure. Stability characteristics of DSLS have become a problem in
shaft construction and seriously restricted its application in the deep coal mine shaft engineering.
Therefore, it is necessary to take measures to predict and suppress the vertical instability of DSLS
in ultra long coal mines and carry out corresponding theoretical research.
At present, many scholars have conducted numerous researches on stability characteristics

of shaft lining structures. Most of them regarded DSLS as a slender compression rod hinged
at both ends when it is sunk to the bottom of the well and before cementing and filling, and
analyzed stability of the structure based on the energy method (Wegner and Kurpisz, 2017;
Xing et al., 2023). Hong (1980) initially mentioned that there exists a structural instability with
DSLS and suggested adding counterweight water to control the instability. Niu et al. (2006)
believed that the counterweight water should be regarded as lateral pressure and established a
critical depth calculation method in constant cross-section DSLS. Cheng et al. (2008) used the
same mechanical background and proposed the critical depth of variable cross-section DSLS.
They all raised their instability criterion and critical depth based on the principle of minimum
potential energy. Their research results have been well verified and applied in shaft engineering
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at a depth of 600m. But the studies on predicting the vertical instability of ultra long DSLS
with a construction depth exceeding 600m and the mitigating instability optimization measure
is scare.
Furthermore, there are many studies concerning catastrophe theory and its application.

Catastrophe theory is a fundamental method of scientific research, which uses mathematical
models to explain various forms and structures of discontinuous catastrophe phenomena. It has
many successful application examples in many disciplines such as stability of elastic structures,
economy and natural science (Merli and Pavese, 2018; Karman and Pawlowski, 2019; Niu et al.,
2023). Especially in the field of civil engineering, catastrophe theory has helped to solve many
problems such as the critical buckling load of pile foundation, soil slope and etc. (Lei et al., 2022;
Xu and Ni, 2019). Liu et al. (2020, 2022) established a catastrophe model for the instability of
DSLS and analyzed its instability mechanics under THE traditional construction method. It can
be found that the studies on catastrophe theory and its catastrophic models can help one to
solve structural instability problems and have ideal application effects.
Motivated by this, this paper proposes a cusp catastrophic model based on catastrophe theory

to reveal the characteristic of an ultra long shaft structure instability phenomenon when using
instability optimization measures. Based on abrupt and irreversible characteristics during the
instability process, the catastrophe method and a cusp catastrophic model was applied. Firstly,
an instability optimization measure is proposed and a cusp catastrophe model is established.
Based on the catastrophe method and catastrophic model, the instability characteristics of ultra
long DSLS is analyzed. In the end, the critical depth affecting factors are discussed, and an
actual engineering verifies the effectiveness of the instability optimization measure.

2. Theoretical model

2.1. Instability optimization measures in ultra long drilling shaft lining

In general, the traditional construction of the shaft drilling method concludes three steps:
suspending and sinking the shaft, suspended and sunks to the bottom of the well but not yet
filled and cemented, and filled cemented the shaft. Figure 1a shows a schematic representation
and a scene diagram of the shaft construction during suspension and subsidence. When the last
prefabricated shaft segments finish its connection, the whole DSLS lands on the bedrock directly.
The moment when the shaft floats and sinks to the bottom and touches the bottom of the well
on the bedrock but not yet filled and cemented, the horizontal and vertical displacement at the
bottom of DSLS is limited and forms a bi-directional hinged support. At the same time the shaft
is controlled by guided wood for lateral displacement at the wellhead position. The two ends of
the entire DSLS are hinged and constrained. And geometric dimensions in the vertical direction
are significantly higher than those in the horizontal direction, thus forming a slender rod with
both ends hinged. At this moment, any slight eccentricity or lateral force during construction
may cause structural sloping or sliding, resulting in overall instability of DSLS.
To improve the overall structural stability of DSLS in the ultra long coal mine shaft engi-

neering, we propose the instability optimization measures of pre pouring cement slurry before
the shaft touches the bottom. Before the shaft is suspended and sinks to the bottom of the
well, cement mortar is injected into the well through a grouting pipe in advance. The speed of
suspension and sinking of the shaft is controlled by controlling the injection amount and speed of
counterweight water, so that the shaft is slowly embedded into the bottom of the well. 4-6 grout-
ing pipes are evenly arranged around the well, with diameters ranging from 50mm to 250mm
and a length equal to depth of the shaft. The grouting pipe gradually increases as the cement
mortar level rises and is removed from the top. Figure 1b shows a schematic representation and
a scene diagram of the instability optimization measure. Through applying this optimization
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measure, the bottom of the shaft is fixed. The constraint manner at the bottom is intervened
and optimized from hinged to fixed.

Fig. 1. Schematic representation and the scene diagram of the shaft drilling method: (a) traditional
construction measure, (b) instability optimization measure; 1 – gantry crane, 2 – drilling platform,
3 – main water pipe, 4 – guided wood at wellhead, 5 – mud, 6 – well holes, 7 – shaft segment, 8 – shaft
lining bottom, 9 – counterweight water, 10 – pumping pipe of cement slurry, 11 – cement slurry

2.2. Basic assumption and mechanical background

For convenience of the discussion, we assume that the inner diameter of the shaft remains
unchanged and the shaft material is described by a single specification. The counterweight
water level has not reached the wellhead position. Furthermore, we make the following basic
assumptions:

Assumption 1. The shaft material is linearly elastic and follows Hooke’s law.

Assumption 2. DSLS can be regarded as a slender rod with the bottom fixed and top hinged,
and its deflection curve equation satisfies y = δ[cos(3πx/2H) − cos(πx/2H)], where δ is
the maximum displacement of deflection curve, H is height of the shaft structure (Yang,
2019).

Assumption 3. DSLS obeys the theory of small deflection of structural stability (Ozbasaran,
2018). The rod has no initial defects or stresses. During buckling, the rod only undergoes
planar bending deformation, and the bending deformation is small.

The force acting on DSLS includes the self-weight of shaft Pc, the lateral pressure of mud on
the outer surface of shaft Pm, the lateral pressure of counterweight water on the inner surface
of shaft Pw, the reverse force on the top of shaft RB, and the reverse force on the bottom of the
shaft RA, which is shown in Fig. 2a.
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The lateral pressure caused by the mud unit length on the outer surface of shaft pm can be
expressed as pm = (1/4)πD2γm sinα. D is outer diameter of the shaft, γm is weight of mud,
α is inclination of the deflection curve. The force direction is along the normal direction of the
deflection curve. The lateral pressure caused by unit length counterweight water on the inner
surface of shaft pw can be expressed as pw = (π/4)d2γw sinα. d is inner diameter of the shaft, γw is
weight of water. Its force direction is also along the normal direction of the deflection curve. The
self-weight of the reinforced concrete shaft per unit length is pc = (π/4)(D2−d2)[γc(1−ρ)+γsρ].
γc and γs are weights of concrete and steel, ρ is the reinforcement ratio of the reinforced concrete
shaft. The direction is vertical downwards. Due to the absence of displacement at supports A
and B, the external force potential energy generated by RA and RB is 0. We will not discuss the
reverse force on the bottom of the shaft RA and the reverse force on the top of the shaft RB .
Based on Assumption 2 and the mechanics of background, the deformation deflection curve and
stability analysis calculation diagram of DSLS after using the instability optimization measure
can be obtained, as shown in Fig. 2b.

Fig. 2. Force and stability analysis of the shaft by using the instability optimization measure: (a) force
analysis of shaft, (b) schematic diagram of stability analysis

2.3. Total potential energy equation

The total potential energy Π of DSLS is the sum of strain energy U released by the vertical
bending deformation of the structure and external force potential energy V , expressed as

Π = U + V (2.1)

According to Assumption 3, DSLS obeys the theory of small deflection of structural stability. In

curvature equation 1/ρ = y′′/
√
(1 + y′2)3, compared to 1, y′2 can be ignored, the curvature can

be approximated by y′′. The in-plane bending moment can expressed as M = 1/ρ = y′′. Based
on the deflection curve equation in Assumption 2, the total strain energy of DSLS is

U =
H∫

0

M2

2EI
dx =

1
2

H∫

0

EIy′′
2
dx =

41EIπ4

32H3
δ2 (2.2)
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The external force potential energy V acting on the system is the total of external force po-
tential energy Vy caused by the vertical force P and external force potential energy Vx caused by
the horizontal force. Vy can be determined by Vy = −pλ, where λ is small deformation generated
by the system under vertical force p. According to Assumption 3, the small deformation satisfies
λ = ds − dx = y′2dx/4. On the other hand, the external force potential energy Vx caused by the
vertical force includes external force potential energy caused by horizontal component of mud
lateral pressure (Vm)x and external force potential energy caused by the horizontal component
of counterweight water pressure (Vw)x. So the external force potential energy can be expressed
as

V = Vy + Vx = −Pcλc − (Pm)yλm(Pw)yλw + (Vw)x + (Vm)x =
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By substituting formulas (2.2)-(2.4) into (2.1), we obtain the total potential energy function

Π =
[
−A1π
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128H2
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2.4. A cusp catastrophic model for DSLS

Do equivalent transformation on (2.5), if

A2 = −
A1π

5d2γw
128H2

+
π3D2γm
4

( 183π2
256H2

+
08
75

)

A3 =
41EIπ4

32H3
+
(1− 5
16π2

)
pc −

πd2γw
2
sin2

πHw
2H
sin2

πHw
H

A4 = Qm =
H∫

0

pm cosα dx = 0

(2.6)

Meanwhile, the dimensionless parameters x, m and n are introduced as x = 4
√
4A2δ, m =

A3/
√
A2, n = A4/ 4

√
4A2. The total potential energy function of DSLS can be expressed as

Π(x) =
1
4
x4 +

1
2
mx2 + nx (2.7)
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This equation has two control variables m and n, and one state variable x. According to Thom’s
classification theorems (Pacoste, 1993), DSLS conforms to the cusp catastrophe mathematical
model (Li et al., 2016).
Let the first derivative of the total potential function be zero

Π ′(x) = x3 +mx+ n = 0 (2.8)

The pints that satisfy equation (2.8) are critical points. But a critical point may not necessarily
be a stable point, it may make the system stable or unstable. Only the point where the potential
function takes a unique extremum is a stable point. So in order to make the structure stable, it
is necessary to simultaneously satisfy the equation

Π ′′(x) = 3x2 +m = 0 (2.9)

Combine equations (2.8) and (2.9) to obtain the bifurcation set equation

∆ = 4m3 + 27n2 = 0 (2.10)

The points that satisfy equation (2.10) form the singularity set S. The projection of singu-
larity set S in control variable plane C is called the bifurcation points set B. Figure 3 shows
the singularity set S, bifurcation point set B and equilibrium surfaceM of the cusp catastrophe
model (Saunders, 1980). The equilibrium surface M is made of all critical points that fulfill
equation (2.8). M is a well-known surface made up of the control variables m and n and the
state variables x.

Fig. 3. Diagram of the equilibrium surface and the bifurcation set of cusp catastrophe model

3. Analysis and discussion

3.1. Catastrophic instability analysis

As the total potential energy function of DSLS conforms to the cusp catastrophe model,
it will be analyzed by the cusp catastrophe model. In the cusp catastrophic model, the values
of control variables m and n directly determine the stable state of the shaft. It is only when
the equilibrium point crosses the bifurcation points set B when there is a possibility of vertical
instability. The bifurcation set equation composed of control variables is the key to determining
system instability (Saunders, 1980; Zhao et al., 2023). When ∆ > 0, the control variables (m,n)
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fall outside the bifurcation points set B, the system is located on the upper and lower leaves of
the equilibrium surface M , the system (here refers to ultralong DSLS) is in a stable equilibrium
state. When ∆ < 0, the control variables (m,n) fall within the bifurcation points set B, the
system is located in the middle of the equilibrium surface M , and ultra long DSLS is in an
unstable equilibrium state. When ∆ = 0, the control variables (m,n) fall on the boundary of
the bifurcation points set B, the ultralong DSLS is in a critical stable equilibrium state.
The vertical instability and failure of ultralong DSLS is an evolutionary process from grad-

ual to sudden changes. With a continuous connection of the shaft segment and the increasing
injection of counterweight water into the shaft, the shaft structure begins to accumulate elas-
tic potential energy. The total potential energy accumulated by the shaft structure maintains
a stable equilibrium with dynamics and uncertainty. When the elastic potential energy of the
shaft accumulates to a certain extent, the structure in a dynamic equilibrium state will induce
structural instability by certain conditions.

3.2. Design of critical depth for instability and instability criterion of ultra long DSLS

Observe equations (2.6), as A4 = 0, so n = 0 and

∆ = 4m3 = 4
( A3√
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)3
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128H2
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When ultra long DSLS is in a critical stable equilibrium state, then the ∆ = 0. From Eq. (3.1)
one can obtain the critical depth Hcr for instability of ultra long DSLS

Hcr = 3

√
41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin2 πHwH
(3.2)

When ultra long DSLS is in a stable equilibrium state, the ∆ > 0. From Eq. (3.1) one can find
that the construction height of ultra long DSLS should satisfy

H < 3

√
41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin2 πHwH
(3.3)

On the right-hand side of inequality (3.3) there is just the critical depth Hcr, so inequality
(3.3) can also be expressed as the relationship between construction height and critical depth
H < Hcr.
When ultra long DSLS is in an unstable equilibrium state, the ∆ < 0. From Eq. (3.1) one

can find that the construction height of ultra long DSLS should satisfy

H > 3

√
41EIπ4

(10π2 − 32)pc + 16πd2γw sin2 πHw2H sin2 πHwH
(3.4)

Simultaneously with Eq. (3.2), the instability conditions of ultra long DSLS can also be expressed
as the relationship between construction height and critical depth H > Hcr.
Thus, the following can be used to convey ultra long DSLS instability criterion when applying

the instability optimization measure

H < Hcr ultra long DSLS is stable

H = Hcr ultra long DSLS is in critical instability

H > Hcr ultra long DSLS is unstable

(3.5)
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3.3. Discussion of critical depth

In this part, a numerical study is conducted to investigate the influence effect of different factors
on the critical depth. It can be seen from Eq. (3.2) that the factors affecting the critical depth
include the shaft elastic modulus E, inertia moment I, inner diameter d, self-weight per unit
length pc and height of counterweight water Hw. But the shaft inertia moment is determined
by the inner and outer diameters, while the outer diameter is generally a fixed value of 8m or
more, so the moment of inertia is determined by the inner diameter. The actual influence factors
only contain E, d, pc and Hw. Among them, E, d, pc are the internal characteristics. Hw is the
external factor. The process leading to the instability of ultra long DSLS when applying the
instability optimization measure is a result of the combined action of its internal characteristics
and external factors.
In ultra long shaft engineering, these four influence factors have a certain range. As the shaft

segment is generally made of C35C̃80 concrete (Fang et al., 2023), E ranges from 31.5GPa to
38GPa. The outside diameter of the shaft is often greater than 8m. The thickness ranges from
500mm to 850mm according to the shaft strength requirement. So d ranges from 6.3m to 7m.
pc is related to the making method of the shaft segment. Generally, it is no less than 3 ·105 N/m.
Hw is required to meet the shaft suspension and anti-overturning standards. The minimum
and maximum heights of Hw is restricted. Usually, Hw will be greater than half of the shaft
construction height. Here we choose three shaft construction heights, 650m, 700m and 750m,
and calculate the critical depth for fifteen independent variables within their reasonable range.
The basic parameters are set to be D = 8m, d = 6.3m, pc = 3 · 105N/m, Hw = 380m. The
critical depth with different elastic modulus is shown in Fig. 4a. The calculation results under
three construction heights all show that the larger the elastic modulus, the greater the critical
depth. And the critical depths are all greater than the corresponding construction height, the
shaft is vertically stable. It illustrates that the use of high-strength materials is beneficial for
improving the vertical stability of ultra long DSLS.

Fig. 4. Critical depth with different elastic moduli (a) and inner diameter (b) for three
construction heights

Another investigation was devised to investigate the relationship between critical depth and
inner diameter. When taking E = 31.5GPa, other parameters are also set to be D = 8m,
pc = 3 · 105N/m, Hw = 380m. The critical depth with different inner diameters is shown
in Fig. 4b. The calculation results under three construction heights all show that the smaller
the inner diameter, the greater the critical depth. For the construction height of 650m, the
critical depth is greater than construction height and the shaft is vertically stable. But for the
construction height of 700m and 750m, the critical depth is not always greater than construction
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height and the structure may not necessarily be stable. Due to relatively fixed outer diameter in
ultralong DSLS, the size of inner diameter is closely related to thickness of the shaft. It illustrates
that using a smaller inner diameter or thicker shaft is more conducive to structural stability.
When construction height exceeds 700 meters, it is necessary to control its inner diameter or
thickness.

Another investigation was developed to explore the relationship between critical depth and
unit length self-weight. When taking D = 8m, d = 6.3m, E = 31.5GPa, Hw = 380m, the
critical depth with different unit length self-weight is shown in Fig. 5a. The calculation results
under three construction heights all show that the larger the inner diameter, the smaller the
critical depth. For the construction height of 650m, the critical depth is greater than construction
height and the structure is vertically stable. But for the construction height of 700m and 750m,
the critical depth is not always greater than construction height and the structure may not
necessarily be stable. It suggests that using a lightweight shaft material is more conducive to
structural stability. When construction height exceeds 700 meters, controlling its unit length
self-weight is critical.

Fig. 5. Critical depth with different self-weights per unit length (a) height of counterweight water (b) at
three construction heights

An additional study was carried out the to explore the relationship between critical depth and
counterweight water height. When taking D = 8m, d = 6.3m, E = 31.5GPa, p+c = 3·105 N/m,
the critical depth with different counterweight water heights is shown in Fig. 5b. The calculation
results under three construction heights all show that the critical depth basically increases with
the increase of counterweight water height, but there is a sudden change in the critical depth
when counterweight water height reaches about 425m. Critical depths for three counterweight
water heights are all greater than construction height and the structure is vertically stable. It
suggests that controlling counterweight water height within a reasonable range is favorable for
ultra long DSLS.

Multifactor sensitivity analysis (Wang et al., 2023) is a technique for assessing the effect of
several uncertain elements changing simultaneously in a process. It can help one to analyze the
effect of each factor on analytical indicators at various amplitudes, Figure 6 gives the calculation
results of sensitivity coefficients for four influencing factors on the critical depth. The results
reveal that factors described in order of the degree of influence are the inner diameter, elastic
modulus, unit length self-weight, and counterweight water height sequentially. And the order of
influencing factors forr three construction heights is exactly the same.
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Fig. 6. Multi factor sensitivity analysis

4. Validation

4.1. Engineering background

North air shaft of Taohutu coal mine is located in the central eastern part of the Maowusu
Desert in northeast China. The shaft is constructed by the drilling method, with a borehole
diameter of 9.4m, outer diameter of 8.1m, minimum inner diameter of 6.5m, total construc-
tion height of 751m. Based on the engineering geological and hydrogeological conditions of the
shaft passing through the strata, as well as the situation where the shaft will bear loads, it is
determined that the DSLS adopts a combination of reinforced concrete shaft structure, double-
layer inner and outer steel plates-reinforced concrete composite shaft structure. In the range of
elevation ±0 ∼ −396 and −747 ∼ −751, a reinforced concrete shaft structure is used. Between
−396 ∼ −747, a double-layer steel plate reinforced concrete composite shaft structure is used.
Concrete grade has a minimum strength of C40 and a maximum strength of C75.

4.2. Numerical validation

The parameters of shaft engineering are determined by calculation and normalization. The
calculated parameters for the shaft elastic modulus, inner diameter and unit length self-weight
are obtained by the ratio of cumulative sum of the product of each shaft section height and
elastic modulus, inner diameter, or unit length self-weight to the total length of the shaft. So
E = 39.48GPa, d = 6.8m, pc = 4.45 · 105 KN/m, Hw = 423.8m. Following substituting into for-
mula (3.2), the critical depth is 758m when using the instability optimization measure. Due to
the critical depth being greater than the total construction height, the shaft structure is stable.
Theoretically, the shaft will not experience vertical instability after implementing the instabil-
ity optimization measure. To further verify the effectiveness of instability optimization measure
comparatively, we calculate the critical depth under traditional construction techniques accord-
ing to literature in which the critical depth is also determined by cusp catastrophic model. It is
found that the critical depth is 522.7m, which is significantly smaller than the total construc-
tion height. So if traditional construction techniques are used, the shaft will experience vertical
instability. Table 1 lists the comparison calculation results between the instability optimization
measure and traditional techniques for Taohutu North air shaft.
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As shown in Table 1, the critical depth found by using instability optimization measure is
1.45 times greater than that of traditional construction techniques. The critical depth of instabil-
ity optimization measure increases by 45% compared to traditional construction techniques. It
validates that the instability optimization measure effectively mitigates the instability of DSLS
in Taohutu North air shaft.

Table 1. Comparison between instability optimization measure and traditional techniques for
Taohutu North air shaft

Instability optimization Traditional construction
measure techniques

Basis for critical depth calculation Equation (3.2) Liu et al. (2.20)
Critical depth calculation results 758m 522.7m
Instability criterion H < Hcr H > Hcr
Theoretical analysis conclusion stable unstable

5. Conclusion

By considering the characteristics of obvious suddenness and irreversible damage, the catastro-
phe method and cusp catastrophe model is employed to describe the instability process and
mechanism of ultralong DSLS when applying the instability optimization measures. The follow-
ing conclusions can be drawn from the numerical analysis:

• The cusp catastrophe model proposed in this paper can accurately describe the structural
buckling behavior of ultralong DSLS under the instability optimization measure. The bi-
furcation set equation composed of control variables helped one to analyze the stability
characteristics.
• The ultra long DSLS vertical instability and failure are the result of a gradual trend
toward abrupt changes. Quantitative calculation of the critical depth helps one to evaluate
stability of the shaft. Only when the critical depth reaches construction height, the shaft
is in a critical stable condition.
• The critical depth of this instability optimization measure is dependent on the material
properties and external factors. It decreases with increasing inner diameter and self-weight
per unit length, and rises with increasing elastic model and counterweight water height.
Lightweight and high-strength materials, as well as thick shaft structures are more popular
in utilizing the instability optimization measure.
• Adopting instability optimization measure can increase the critical depth by approximately
45% compared to the traditional construction method. This instability optimization mea-
sure can theoretically mitigate the structural instability of DSLS, and its feasibility would
be approved by more and more engineering.
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In order to explore the tribological behavior of slipper/eccentric cam tribopairs under differ-
ent lubrication conditions at power ends of water hydraulic radial piston pumps, friction-wear
tests were carried out. It is found that tribopairs under water-based lubrication exhibited
better friction-reducing performances than those under water lubrication alone. The average
steady-state friction coefficient under water-based lubrication was between 0.17 and 0.23.
HMn62-3-3-0.7/17-4PH tribopair using water-based lubrication exhibited the lowest wear
rate of 1.1 · 10−12mm3/N·m. The findings of this study offer a reference for the identifica-
tion of potential material pairs for slipper/eccentric cam tribopairs.

Keywords: water hydraulic radial piston pump, tribopair, friction-wear, HMn62-3-3-0.7,
water-based lubrication

1. Introduction

Water hydraulic radial piston pumps (WHRPPs) are widely used in various industrial applica-
tions, such as seawater desalination, descaling, and coal mining high hydraulic power (Cotter,
2000; Li et al., 2023, 2024; Zhao et al., 2017). WHRPPs use water or seawater both as a working
medium at the liquid ends and as a lubrication medium at the power ends for low-speed and
low-pressure applications (Zhang et al., 2017). For high-speed and high-pressure applications,
mineral oils are generally used as lubrication media at the power ends of WHRPPs separated by
dynamic seals. Damage or failure of dynamic seals results in emulsification of the lubricating oil,
which may lead to possible failure of the components, such as slipper/eccentric cam tribopairs
at the power ends of the WHRPPs. Significant advancements have been achieved in the design
and application of WHRPPs in recent years owing to creation of novel lubricating media that
combine exceptional anti-corrosion, anti-wear, and environmentally friendly properties. There-
fore, it is important to understand and predict tribological behavior of slipper/eccentric cam
tribopairs under different lubrication conditions at the power ends of WHRPPs.
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Many studies have been conducted to investigate tribological or lubricating behavior of
slipper/swashplate tribopairs in piston pumps under water or seawater lubrication conditions
(Nie et al., 2006; Yinshui et al., 2009; Ma et al., 2015; Liang et al., 2023; Nie et al., 2019; Yin
et al., 2023; Kou et al., 2022; Wu et al., 2018). Recently, Wei et al. (2019) conducted frictional
corrosion tests on PEEK/AISI 630 tribopairs on representative slipper/swashplate tribopairs in
water hydraulic axial piston pumps under dry, pure water, and seawater lubrication conditions.
Wu et al. (2020) conducted comparative studies on wear tests for three types of slipper materials,
1Cr18Ni9Ti, ZQSn10-1, and ZQAl10-4-4, and two types of swashplate materials, 38CrMoAl and
45 steel, under dry sliding conditions. Despite the inherent safety and environmental protection
of water and seawater lubrication, their applications for long-term and high-efficiency operations
are still limited owing to insufficient lubrication performance and low viscosity. Therefore, the
addition of functional additives to water-based lubricants, such as water-glycol hydraulic fluids,
to improve their tribological and anticorrosive behavior is one of the focal points of research.
Zhou et al. (2010) studied friction and wear behavior of a-CNx/SiC tribopairs in an ethylene
glycol (EG) aqueous solution and found that the concentration of 10 vol.% EG gave the lowest
friction coefficient of 0.019. Espinosa et al. (2014) showed that an ultra-low minimum friction
coefficient of 0.0001 could be obtained for a sapphire/AISI 316 L contact lubricated by a water
+1wt% solution of bis(2-hydroxyethylammonium) succinate.
Several studies have been conducted to develop a novel WHRPP in the field of underground

coal mining using environmentally friendly and anticorrosion lubrication (Li et al., 2023, 2024). In
this study, friction and wear tests were conducted using pin-on-disk specimens to represent slip-
per/eccentric cam tribopairs in a WHRPP under various lubrication conditions. Three Cu-based
slipper materials and four types of eccentric cam materials/coatings were used. The material
and lubrication dependencies were determined and analyzed based on the friction coefficients
and wear rates for different pin-on-disk tribopairs. The wear mechanisms of the three Cu-based
pin specimens sliding against the 42CrMo4 lower specimens with quench polish quench (QPQ)
coatings, which are specialized types of nitrocarburizing case hardening that increases corrosion
resistance, were characterized using scanning electron microscopy (SEM) and energy-dispersive
X-ray spectroscopy (EDS) analyses. The novel contribution of this study is the identification of
potential material pairs for application as slipper/eccentric cam tribopairs in water hydraulic
piston pumps under water-based lubrication.

2. Experiments

The effects of lubricants on the tribological behavior of slipper/eccentric cam tribopairs in the
WHRPPs were investigated by pin-on-disk wear tests using SRV IV friction tester shown in Fig. 1
(frequency= 50Hz, stroke= 1mm, test load= 100N, test duration= 1 h, and temperature=
50◦C). The pin-on-disc contact surfaces were wetted with 0.5mL lubricant before each test.
As shown in Fig. 2, the upper specimens were designed with a diameter of 9.3mm which

tapered to a diameter of 2mm at the contact surface, and a total height of 10mm. The diameter
and height of the lower specimens were 24.4mm and 7.9mm, respectively.
Three Cu-based materials were selected that were potentially suitable for slipper/eccentric

cam tribopairs, i.e., HMn62-3-3-0.7, QAL10-5-5 and ZCuPb15Sn8.
The lower specimens consisted of different steel: martensitic precipitation-hardening stainless

steel, 17-4PH, alloy steel, 42CrMo4; and nitriding steel 38CrMoAl. A QPQ coating was used to
increase the hardness and corrosion resistance of 42CrMo4 and 38CrMoAl lower specimens at a
low cost and with low part distortion. The 42CrMo4 lower specimen was also surface-treated with
15wt.% tungsten carbide (WC)-reinforced Ni-based coating to improve its wear and corrosion
resistance when subjected to water-based lubrication (Liu et al., 2001).
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Fig. 1. (a) Test chamber of SRV IV test apparatus; (b) schematic representation of SRV IV test
apparatus

Fig. 2. Representation of slipper/eccentric cam pin-on-disc tribopairs

3. Results and analysis

3.1. Coefficient of friction

The relationship between the friction coefficients and sliding time of HMn62-3-3-0.7 upper
specimens sliding against four types of lower specimens under different lubrication conditions:
distilled water, GL-5 85 W-90 oil, and 8 vol.% FF330 water-based lubrication, were determined
experimentally, as shown in Fig. 3. The friction coefficients for HMn62-3-3-0.7 sliding against the
four types of lower specimens under oil-lubricated conditions reached an approximately steady
state, with values in the range of 0.16-0.20. In the water-lubricated condition, the friction co-
efficients for HMn62-3-3-0.7 sliding against the lower specimens 17-4PH, 42CrMo4-QPQ, and
38CrMoAl-QPQ were in the range of 0.3-0.32, a factor of 1.6 times of those for the oil-lubricated
condition. A significant fluctuation in the friction coefficient for the HMn62-3-3-0.7/38CrMoAl-
-QPQ tribopair, with a peak value of approximately 0.80, indicated that severe wear may oc-
cur for each fluctuation. For a 8 vol.% FF330 water-based lubrication, the steady-state friction
coefficients for the HMn62-3-3-0.7 sliding against the four types of lower specimens were nearly
identical to those under the oil lubricating condition, except for a small amount of fluctuations
in the steady states.
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Fig. 3. Variation in friction coefficients of HMn62-3-3-0.7 upper specimens sliding against four types of
lower specimens under different lubricating conditions

Fig. 4. Variation in friction coefficients of QAL10-5-5 upper specimens sliding against four types of
lower specimens under different lubricating conditions

Figure 4 shows the relationship between friction coefficients and sliding time of QAL10-5-5
upper specimens sliding against the four types of lower specimens under three different lubri-
cation conditions. The trend of variation in friction coefficients for QAL10-5-5 upper specimens
under oil-lubricated conditions was comparable to that for HMn62-3-3-0.7 upper specimens,
which fluctuated greatly in the initial stage, then gradually increased, and finally reached an
approximate steady state. The friction coefficients for the oil-lubricated condition are in the
range of 0.14-0.17. For HMn62-3-3-0.7 tribopairs in the water-lubricated condition, the steady-
state friction coefficients are in the range of 0.35-0.41 for QAL10-5-5 upper specimens against
the four types of lower specimens, except for the occurrence of a peak fluctuation of a value of
0.537 for the QAL10-5-5/42CrMo4-QPQ. Numerous fluctuations in the steady-state friction co-
efficients were observed for the QAL10-5-5/17-4PH, QAL10-5-5/42CrMo4-QPQ, and QAL10-5-
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-5/42CrMo4-WC+Ni tribopairs under 8 vol.% FF330 lubrication. The 8 vol.% FF330 lubrication
provides good anti-wear behavior for the QAL10-5-5/38CrMoAl-QPQ tribopair, which gives a
steady state friction coefficient value of 0.22.
The ZCuPb15Sn8 upper specimens sliding against the four types of lower specimens under

water-lubricated conditions showed poor anti-wear behavior, and strong fluctuations occurred
during the test, as shown in Fig. 5. Fluctuations in the friction coefficient also occurred during the
tests of the 8 vol.% FF330 lubricated tribopairs, especially for the ZCuPb15Sn8/42CrMo4-QPQ
tribopair which showed strong fluctuations and a peak friction coefficient of 0.47. Oil lubrication
is the only method suitable for preventing the ZCuPb15Sn8 from wear for four types of eccentric
cam materials. The steady-state friction coefficients for the ZCuPb15Sn8 upper specimens under
oil-lubricated conditions are in the range of 0.16-0.21.

Fig. 5. Variation in friction coefficients of the ZCuPb15Sn8 upper specimens sliding against four types
of lower specimens under different lubricating conditions

3.2. Wear rate

The wear rate Ws [mm3/Nm] of the materials is given by Eq. (3.1), as proposed in previous
studies (Zhang et al., 2015; Yin et al., 2021)

Ws =
∆m

ρNL
(3.1)

where ρ denotes density of the worn material, N the normal load, L the total sliding distance,
and ∆m the wear weight. The weight analysis method based on ISO-14242/2 (2016) was used
to measure the wear weights of the upper and lower specimens.
The wear rate comparisons among different tribopairs are shown in Fig. 6. Figures 6a-6c show

the wear rates of the HMn62-3-3-0.7, QAL10-5-5, and ZCuPb15Sn8 upper specimens against the
four types of lower specimens under oil, water, and 8 vol.% FF380 lubrication, respectively. For
the HMn62-3-3-0.7 material, it can be confirmed that lubrication with 8 vol.% FF330 results
in lower wear rates for all four types of lower specimens, especially for 38CrMoAl-QPQ which
has a much smaller wear rate compared to oil and water lubrication. The QAL10-5-5/17-4PH
tribopair showed good anti-wear behavior with all three lubricants, as shown in Fig. 6b. Water
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lubrication led to substantially higher wear rates for the alloy steels with different coatings.
The 8 vol.% FF330 lubrication for the QAL10-5-5 material produced comparable wear rates
compared to the values for oil lubrication. Figure 6c shows that the ZCuPb15Sn8/42CrMo4-
-WC+Ni tribopair has the lowest wear rates for the three lubricants compared to the wear
rates for the ZCuPb15Sn8 upper specimens and the other three steel lower specimens. The
ZCuPb15Sn8/42CrMo4-QPQ tribopair exhibited inadequate resistance to wear when lubricated
with 8 vol.% FF330. This finding aligns with the friction-coefficient results shown in Fig. 5.
With the exception of the ZCuPb15Sn8/42CrMo4-QPQ tribopair, the 8 vol.% FF330 lubrication
results in lower wear rates for the other tribopairs compared to the values for oil and water
lubrication.

Fig. 6. Wear rate comparisons among different tribopairs: (a) HMn62-3-3-0.7, (b) QAL10-5-5,
(c) ZCuPb15Sn8, (d) three Cu-based materials

Figure 6d shows the wear rates of the three Cu-based materials sliding against the four
types of eccentric cam materials under 8 vol.% FF330 lubrication. The HMn62-3-3-0.7 material
seems to be a good choice for the fabrication of slippers, providing good anti-wear behavior
for all four types of lower specimens. Among the four types of lower specimens, the 42CrMo4
alloy steel treated with the spray-welded 15wt% WC-reinforced Ni-based coating appeared to
be the most suitable for making an eccentric cam, which had the lowest wear rates for all three
Cu-based upper specimens. The 42CrMo4 alloy steel treated with the QPQ coating should not
be used to make an eccentric cam, as it had the highest wear rates for all three Cu-based upper
specimens.
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3.3. SEM morphology analyses

SEM analyses were performed on the worn surfaces of the three Cu-based upper speci-
mens sliding against the 42CrMo4-QPQ lower specimens under oil, water and 8 vol.% FF380
lubrication to characterize the effect of 8 vol.% FF380 lubrication on the wear mechanism of
the tribopairs. Figures 7a to 7f show the worn surfaces of the HMn62-3-3-0.7/42CrMo4-QPQ
tribopairs under different lubrication conditions.

Fig. 7. Worn surfaces of HMn62-3-3-0.7 upper specimens sliding against 42CrMo4-QPQ lower specimens
under different lubricating conditions: (a) HMn62-3-3-0.7(oil), (b) 42CrMo4-QPQ(oil),
(c) HMn62-3-3-0.7(water), (d) 42CrMo4-QPQ(water), (e) HMn62-3-3-0.7(8vol.% FF330),

(f) 42CrMo4-QPQ(8vol.% FF330)
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Fig. 8. Worn surfaces of QAL10-5-5 upper specimens sliding against 42CrMo4-QPQ lower specimens
under different lubricating conditions: (a) QAL10-5-5(oil), (b) 42CrMo4-QPQ(oil),
(c) QAL10-5-5(water), (d) 42CrMo4-QPQ(water), (e) QAL10-5-5(8vol.% FF380),

(f) 42CrMo4-QPQ(8vol.% FF380)

As shown in Fig. 7a, wear pits and slight furrows appeared on the worn surface of the
HMn62-3-3-0.7 upper specimen when subjected to oil lubrication, which was caused by abrasive
wear on the counter surfaces between the HMn62-3-3-0.7 and 42CrMo4-QPQ specimens. There
were many grooves on the worn surface of the HMn62-3-3-0.7 upper specimen, indicating that
two-body abrasive wear occurred owing to the hard particles embedded in the counter surface
of the 42CrMo4-QPQ lower specimen, as shown in Fig. 7c. Plastic deformation occurred around
the grooves and oxidation was apparent in these grooves. A large amount of wear debris accumu-
lated on the worn surface of the 42CrMo4-QPQ lower specimen, as shown in Fig. 7d. Adhesive
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Fig. 9. Worn surfaces of ZCuPb15Sn8 upper specimens sliding against 42CrMo4-QPQ lower specimens
under different lubricating conditions: (a) ZCuPb15Sn8(oil), (b) 42CrMo4-QPQ(oil),
(c) ZCuPb15Sn8(water), (d) 42CrMo4-QPQ(water), (e) ZCuPb15Sn8(8vol.% FF380),

(f) 42CrMo4-QPQ(8vol.% FF380)

wear occurred on the worn surfaces of the HMn62-3-3-0.7 upper specimen and the 42CrMo4-
-QPQ lower specimen with 8 vol.% FF380 lubrication, as shown in Fig. 7e, which may result in
fluctuations in the friction coefficients of the HMn62-3-3-0.7/42CrMo4-QPQ tribopair.

Figures 8a to 8f show the worn surfaces of the QAL10-5-5 upper specimens sliding against
the 42CrMo4-QPQ lower specimens under oil, water, and 8 vol.% FF330 lubricating conditions.
Figure 8a shows that less wear occurred on the test surface of the QAL10-5-5 upper specimen
under oil lubrication. Figure 8c shows that severe adhesive wear occurred on the test surface
of the QAL10-5-5 upper specimen under water lubrication. As shown in Fig. 8e, scratches and
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oxidation occurred on the worn surfaces of the QAL10-5-5 upper specimen under 8 vol.% FF330
lubrication. A comparison of Fig. 8b, 8d and 8f shows that almost no adherent QAL10-5-5
materials were transferred to the counter surface of the 42CrMo4-QPQ lower specimen under
8 vol.% FF330 lubrication, and the largest amount of QAL10-5-5 debris accumulated on the
counter surface of 42CrMo4-QPQ lower specimen when lubricated with water.
The worn surfaces of the ZCuPb15Sn8/42CrMo4-QPQ tribopairs under oil, water and 8 vol.%

FF330 lubrication are given in Figs. 9a to 9f. A comparison of Figs. 9a, 9c and 9e shows that water
lubrication leads to the best anti-wear behavior, and the 8 vol.% FF330 lubrication provides the
worst anti-wear behavior for the ZCuPb15Sn8/42CrMo4-QPQ tribopairs, which shows a good
agreement with the wear-rate results for the ZCuPb15Sn8/42CrMo4-QPQ tribopair. Scratching
and adhesion occurred on the tested surface of the ZCuPb15Sn8 upper specimen, as shown
in Fig. 9e. Adherent ZCuPb15Sn8 materials were found on the counter surfaces of the lower
specimens under oil, water and 8 vol.% FF330 lubrication, as shown in Figs. 9b, 9d and 9f.

3.4. EDS analyses

EDS analyses, as shown in Figure 10, were performed on the worn areas of the 42CrMo4-QPQ
lower specimens sliding against HMn62-3-3-0.7, QAL10-5-5, and ZCuPb15Sn8 lower specimens
under 8 vol.% FF330 lubrication. The HMn62-3-3-0.7 debris transferred to the 42CrMo4-QPQ
lower specimen can be detected in Fig. 10a. The X-ray intensities of Cu and Zn for FF330
lubrication were much lower than those for water lubrication. In addition, Pb particles were
detected in the HMn62-3-3-0.7/42CrMo4-QPQ tribopair under water-lubricated conditions. As
shown in Fig. 10b, the QAL10-5-5 debris was transferred to the worn areas of the 42CrMo4-
-QPQ lower specimen, which contained Cu and Al particles. The X-ray intensities of Cu for the
water-lubricated condition are the largest, which is consistent with the wear rate results shown
in Fig. 6c. As shown in Fig. 10c, the debris in the worn areas contained Cu and Zn particles
transferred from the ZCuPb15Sn8 upper specimens for all three lubrications, with Pb particles
detected only for the water-lubricated condition. The X-ray intensities of Cu is highest for the
8 vol.% FF330 lubrication, which shows a good agreement with the wear-rate results given in
Fig. 6d.

4. Discussion

4.1. Material and surface treatment dependence of tribological behavior of tribopairs

Upon examination of the friction coefficient and wear rate data presented in Section 3, it is
evident that the upper specimens of HMn62-3-3-0.7 exhibit consistent steady-state friction coef-
ficients and comparatively modest wear rates across nearly all four lower specimen types tested
under the three lubrication conditions. Except for the QAL10-5-5/42CrMo4-WC+Ni tribopair
under water lubrication, the spray-welded 15wt% tungsten carbide (WC)-reinforced Ni-based
coatings show the lowest wear rates compared with the other tribopairs with different materi-
als, surface treatments and lubrication. The anti-wear behavior of the 38CrMoAl and 42CrMo4
lower specimens with QPQ coatings were worse than that of the 17-4PH and 42CrMo4-WC+Ni
lower specimens under the three lubrication conditions.

4.2. Effect of lubrication on the tribological behavior of tribopairs

The kinematic viscosity of the 8 vol.% FF330 water-based lubrication at the test temperature,
i.e. 50◦C, is significantly lower than that of the GL-5 85W-90 oil. The steady-state friction coef-
ficients for the three Cu-based upper specimens sliding against the four types of lower specimens
under 8 vol.% FF330 lubrication are close to the tribopairs under GL-5 85W-90 oil-lubricated
conditions, except for the presence of some fluctuations. Figure 10 shows that the wear rates
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Fig. 10. EDS analyses on worn areas among different tribopairs: (a) 42CrMo4-QPQ against
HMn62-3-3-0.7, (b) 42CrMo4-QPQ against QAL10-5-5, (c) 42CrMo4-QPQ against ZCuPb15Sn8

for all tribopairs under 8 vol.% FF330 lubrication are less than 55mm3/Nm, much lower than
those for the tribopairs under water lubrication. The result of this investigation can be explained
by previous studies (Matta et al., 2008; Zhang et al., 2020), which reported that the excellent
tribological performance was attributed to the tribochemical transformation of alcohols.

4.3. Effect of initial surface roughness and hardness on tribological behavior of tribopairs

Two surface treatment methods, i.e., the QPQ coating and spray-welded 15wt% tungsten
carbide (WC)-reinforced Ni-based coatings were used to improve the anti-corrosion behavior
of representative eccentric cam materials, i.e., 38CrMoAl and 42CrMo4. However, the initial
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surface roughness values of the 38CrMoAl and 42CrMo4 lower specimens coated using the quench
polishing method were much higher than those of the 42CrMo4 lower specimens coated using
the spray welding method. Previous studies have proved that the initial surface roughness values
have a significant effect on the “running-in” friction behavior of tribopairs in dry conditions.
However, the dominating effect of the initial surface roughness on the friction and wear behavior
has not been confirmed under lubricated condition. Dib et al. (2020) reported that no large
difference in friction coefficients and wear losses could be found for the AISI 304L stainless
steel/AISI 52100 alloy steel tribopairs at Ra = 0.034µm and Ra = 0.72µm when subjected
to oil lubrication. Meanwhile, the hardness values for the QPQ coated lower specimens, in the
range of 600HV to 650HV, are much lower than those for the 15wt%WC+Ni coated lower
specimens having about 950HV.Therefore, it is likely that the hardness may have an effect on
the tribological behavior of the coated specimens.

5. Conclusions

In this study, wear tests were performed using pin-on-disk specimens with different coatings
and lubrication conditions to evaluate the feasibility of applying water-based lubrication for
slipper/eccentric cam tribopairs in WHRPPs. The conclusions are as follows:
• The friction-reducing performance of all tribopairs is found to be superior when lubricated
with 8 vol.% FF330 water, which is closely consistent with the test results for friction
coefficients under oil lubrication. The steady-state friction coefficients, when lubricated
with 8 vol% FF330 water, exhibit mean values ranging from 0.17 to 0.23.
• In general, tribopairs under 8 vol.% FF330 water-based lubrication showed lower wear
rates than those under oil and water lubrication. The lowest wear rate was obtained,
i.e., 1.1 · 10−12mm3/N·m, for the HMn62-3-3-0.7 /17-4PH tribopair under 8 vol.% FF330
water-based lubrication.
• The most severe wear was observed on the worn surface of the QAL9-4-4 specimen under
water lubrication. Adhesive wear dominated the wear mechanism of QAL9-4-4 sliding
against the 42CrMo4-QPQ disc specimens under water lubrication.

This paper provides a concise overview of the impact of material, surface treatment method,
lubrication, initial surface roughness, and hardness on the tribological behavior of tribopairs in
WHRPPs. We suggest that the tribochemical mechanism of HMn62-3-3-0.7/WC-reinforced Ni-
based coated surfaces lubricated with water-ethylene glycol be accounted for in future studies.
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The diamond buckling restrained braced frame (DBRBF) structure is a novel form of an anti-
-lateral force support system. A design method for DBRBF structures suitable for various
structural types is proposed based on the equilibrium of normal forces in column joints.
Taking into account the impact of linear stiffness ratio between upper and lower buckling
restrained braced (BRB) elements on the unbalanced forces in column joints of DBRBF
sructures, a design method is presented to ensure the normal force balance before and
after BRB yield. Building upon this, the calculation method for determining the optimal
linear stiffness ratio of two types of BRB elements and the corresponding design method
are provided along with the deduced matching conditions for the two types of BRB designs.
Furthermore, the relationship between the energy dissipation capacity of BRB elements and
deformation of the primary structure under different seismic levels is examined, establishing
the condition under which BRB elements serve as the first line of defense prior to yielding
of the primary structure. Additionally, the conditions for energy dissipation and ductility
guarantee of BRB elements under rare earthquakes are specified. An equation is derived
for the length of the working section of BRB elements in DBRBF structures. The results
demonstrate that the DBRBF structure can effectively mitigate the adverse effects of BRB
elements on the columns through a well-designed approach, enabling realization of matched
product designs, and providing a theoretical reference for similar engineering design projects.

Keywords: diamond buckling restrained braced structure, linear stiffness ratio, energy dissi-
pation, design method

1. Introduction

BRB is a type of dissipative element that prevents buckling of the compression steel brace by
means of an external restraining mechanism (Yoshino and Karino, 1971; Wakabayashi et al.,
1973). It can effectively dissipate energy under both tension and compression. The research
has demonstrated that BRB energy dissipation can significantly reduce seismic damage to the
primary structure (Di Sarno and Manfredi, 2010). In the structural seismic design, BRBs can
enhance the lateral stiffness of the structure, similar to conventional supports, prior to yielding.
After yielding, they can undergo plastic deformation to dissipate energy and increase struc-
tural damping. Due to its dual functionality of the “bearing” and “energy dissipation”, BRB
has gained widespread recognition and application once it came out (e.g., Black et al., 2002;
Khampanit et al., 2014; among others).
According to the Chinese Seismic Design Code (GB50011-2010, 2010), the primary arrange-

ments for BRB supports include ∧-shaped, ∨-shaped, and paired single diagonal bar supports.
When the BRB is integrated with the frame structure, the support generates internal force that
is transferred through the gusset plate to the beam column joints, potentially causing plastic
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hinges. This is particularly evident when the axial force of the support is transferred to concrete
members with weak tension, resulting in a more intricate force distribution in the beam column
joint area. Altering the connection form or force transfer mode between the gusset plate and
the frame is currently a common solution (Benavent-Climent et al., 2015). Furthermore, lateral
deformation of the structure leads to compression or tension on the gusset plate due to deforma-
tion of the beam and column. This causes stress concentration on the gusset plate, which may
lead to premature failure and the subsequent withdrawal of the BRB from operation (Maheri
and Ghaffarzadeh, 2008). Simultaneously, the reaction of the gusset plate significantly impacts
the beam column joints in an adverse manner. Therefore, several innovative design methods
have been proposed to mitigate the negative effects of gusset plates on frame members (Berman
and Bruneau, 2009; Lin et al., 2014).
To address the issue of adverse interaction between the brace and structural members, Qu

et al. (2013, 2015) proposed a zigzag arrangement of BRBs in a reinforced concrete frame, with
the removal of reinforced concrete beams in the supporting span. Under lateral deformation,
the horizontal force components of adjacent BRBs axial forces counteract each other, effectively
mitigating or even eliminating the horizontal force components at the nodes. Additionally, Qu et
al. (2017) and Xie (2016) introduced a doubleK-shaped support layout (Fig. 1) as an alternative
solution. In this configuration, any two adjacent BRBs always exert opposing forces. At each
node, one BRB experiences tension while the other undergoes compression. The resulting normal
forces at the node offset each other, thereby reducing the normal unbalanced force and preventing
stress concentration in the node plate. Moreover, the BRB node is positioned away from potential
“plastic hinges” at the ends of reinforced concrete beams and columns. This ensures that the
plastic behavior of the main structural members does not adversely interact with the BRB joints,
thus avoiding any detrimental impact on the gusset plates.

Fig. 1. Reinforced concrete frames braced by BRBs in double-K configuration

In ANSI/AISC 341-02 (2002), a K-braced frame is defined as an OCBF (ordinary concentri-
cally braced frame) with a pair of diagonal braces connected to a single point within the clear
height of the column on one side. The definition in ANSI/AISC 341-10 (2010) evolves to de-
scribe a braced frame arrangement where the brace is connected to a column with no out of plane
brace. Based on these definitions, it is evident that the support structure depicted in Fig. 1 falls
under the category of K-bracing. However, the Chinese Seismic Design Code (GB50011-2010,
2010) and ANSI/AISC341-10 (2010) do not recommend the use of K-bracing arrangements for
supports. This recommendation also applies to the layout of BRBs due to the adverse effect of
the normal unbalanced force on the column caused by the support at the node, which accelerates
column failure (Sabelli et al., 2013). In the elastic stage of ordinary steel supports, the normal
stress at the beam and column nodes can be offset if the tension and compression members
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produce the same strain and stress. In this case, the support only generates an additional axial
force on the beam and column. However, as the transverse load and horizontal displacement
increase, the compression member will buckle and cease to function. At this point, the brace
will induce additional axial force and bending moment on the beam and column, resulting in
detrimental effects on the seismic performance of the main structural members.

However, in Japan, there is always the possibility of connecting braces within the uninter-
rupted span of the column. For instance, Japan proposed the employment of a minimal-intrusion
arm damper, which establishes a connection between the midspan of the beam and the upper
section of the column. When the damper is activated, it generates a normal shear force on the
column, and the magnitude of the detrimental shear force on the column relies on the normal
component force generated at the node during energy dissipation of the damper (Kurata et al.,
2016). Numerous scholars have conducted valuable investigations on similar matters as well.
For instance, Fan et al. (2021) examined the rhombic configuration of conventional steel braced
steel frame structures. In comparison to the configuration of ∧-shaped and singly inclined bars,
they discovered that the rhombic arrangement enhanced redundancy and ductility of the struc-
ture. Taking into consideration the adverse effects of unbalanced support forces on the frame
beams and columns, they proposed a performance-based seismic design approach for rhombic
grid braced frame structures. Qu et al. (2017) and (Xie, 2016) conducted an experimental study
on the damage mechanism, seismic performance, and mechanical performance of joints of RC
frames with double K shaped BRBs. This arrangement effectively enhances the lateral stiffness
of the structure and mitigates the shear force on the connection interface of concrete members
caused by the braces.

The DBRBF structural system is a novel type of lateral force-resistant BRB supporting
structure. It employs a configuration where four BRBs are arranged in a single-story and single-
-span layout, with their axes combined to form a diamond shape. This arrangement effectively
keeps the BRB nodes away from regions with high bending moments, thereby reducing the
adverse effects on structural members. Additionally, it enhances the redundancy and ductility of
the structure (Fig. 1). Geometrically, each pair of BRBs and columns forms a K-shaped node.
However, unlike the K-shaped layout, the diamond-shaped layout has a fixed node position at
the midpoint of the column. Consequently, the axial force distribution of the pull rod and the
compression rod cannot be adjusted by changing the node position. Nevertheless, the diamond-
-shaped layout facilitates the achievement of reasonable included angles between the BRBs,
beams, and columns, thus providing convenience during construction.

On the other hand, the performance of BRB support differs from that of conventional steel
support. BRB has the ability to bear yield due to its ability to continue functioning even af-
ter yielding, regardless of tension and compression. As the structure can be seen as a vertical
cantilever beam with shear and bending deformation, the structural displacement is a combi-
nation of shear and bending deformation. The upper part of the structure is deformed as ∆1,
while the lower part is deformed as ∆2. Whether the BRB layout is double K or diamond,
∆1 is not equal to ∆2 (Fig. 2). Therefore, based on the deformation coordination, the tensile
and compressive deformations of the two upper ∧-shaped BRBs are the same, denoted as δ1,
and the two lower ∨-shaped BRBs have the same deformation, denoted as δ2, but δ1 is not
equal to δ2. In other words, the deformation of BRB is symmetrical from the left to right and
from the top to bottom, resulting in a complex stress state of the column node and an unbal-
anced force of the column node. Thus, according to the Chinese Seismic Design Code (GB50011-
-2010, 2010) for steel structures, the normal unbalanced force caused by brace buckling should
not be considered for frame beams connected with ∧-shaped and ∨-shaped BRB braces, and
frame columns should not have K-shaped joints. Therefore, in order to eliminate the unbalanced
force of column joints caused by bracing in the DBRBF structural system and ensure safety of
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columns, solving the problem of column safety is the first and key issue in such a structural
design.

Fig. 2. Deformation of DBRBF structure depicted in a schematic manner

In this paper, the theoretical establishment of the design method for DBRBF is presented,
focusing on the geometric configuration characteristics. The adverse effects of the normal un-
balanced force of the node on the column are addressed, and the design method for matching
BRB products with the structural performance target needs is discussed. The constraints on a
BRB product design under different levels of a seismic action are explored, leading to valuable
conclusions that facilitate the design of DBRBF. These findings hold significant implications for
similar engineering applications.

2. Effect of the BRB linear stiffness ratio on the unbalanced force of DBRBF
column joints

Based on the inherent static characteristics of the DBRBF structural system, it exhibits both
symmetry and antisymmetry (Fig. 3). From the aforementioned analysis, it can be observed
that if the linear stiffness of the upper two BRB1 braces is equal, and the linear stiffness of the
lower two BRB2 braces is equal, the normal force at the beam node caused by the BRB under
horizontal seismic force will naturally equilibrate, effectively nullifying the normal forces at the
beam node and exerting no contribution to the column axial force. However, this is not the case
for the column joints. If the linear stiffness of BRB1 and BRB2 is equal, the axial forces of BRB1
and BRB2 will differ in the elastic stage due to the uneven deformation between the upper and
lower portions of the structure, resulting in an imbalance of the normal forces at the column
joints. It has been proven that conventional design methods, which assume equal BRB linear
stiffness in the same layer and span, lead to the same axial internal force values F1 for the upper
two BRB1 braces and the same axial internal force values F2 for the lower two BRB2 braces,
but F1 6= F2, indicating that the normal force caused by the BRB at the column node cannot be
balanced. Consequently, the conventional design method fails to eliminate the adverse effects of
unbalanced forces caused by the BRB at the node on the column. Therefore, finding a rational
design method that ensures column safety is crucial in the design of the DBRBF structural
system.
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Fig. 3. Equilibrium of internal forces structural model of DBRBF

This paper aims to utilize the approach of adjusting the linear stiffness ratio of BRB1 and
BRB2 in order to achieve equal axial internal forces among the four BRBs in the elastic stage.
The objective is to eliminate the unbalanced force at the column joint prior to BRB yielding.
Let K1 represent the linear stiffness of BRB1 and K2 represent the linear stiffness of BRB2 and
define the linear stiffness ratio Ki as K1/K2. To analyze the impact of changes in the linear
stiffness ratio on the unbalanced force at column joints caused by BRB internal forces, a frame
structure example is examined.
The structure is a single span reinforced concrete frame (DBRBF) shown in Fig. 2. The height

of each floor is H=3600mm, with column sections measuring 400mm×400mm. The beam span
is L = 4200mm, with a section of 200ṁm×400mm and C30 concrete. The linear stiffness of
BRB1, denoted as K1, varies according to different stiffness ratios. On the other hand, the linear
stiffness of BRB2, denoted as K2, is fixed. The section of BRB2 is fixed at 30mm×30mm, with
a vertical force of V = 200 kN. By conducting a static analysis of the structure, the variations of
BRB1 and BRB2 axial internal forces with respect to the linear stiffness ratio Ki are obtained
and shown in Fig. 4.

Fig. 4. A diagram of the relationship between the value of the BRB axial force and the linear
stiffness ratio Ki

The analysis findings indicate that in the case of a DBRBF structural system, the selection
of structural type design (such as storey height, span, section of structural members, material
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properties, etc.) greatly influences the internal forces of BRB1 and BRB2 when the linear stiffness
ratio Ki is changed. There exists a specific linear stiffness ratio (referred to as the optimal linear
stiffness ratio Kr) which ensures that the axial forces of BRB1 and BRB2 are equal. It has been
demonstrated that when Ki = Kr, the normal forces at the column nodes cancel each other
out, achieving a balance. The larger the deviation between the actual linear stiffness ratio Ki of
BRB1 and BRB2 and the optimal linear stiffness ratio Kr, the greater the difference in the axial
internal forces of BRB1 and BRB2, and the more significant the unbalanced force at the column
joints. If BRB1 and BRB2 have the same linear stiffness (Ki = 1), there may be a considerable
difference in the axial internal forces between them, and the unbalanced force caused by BRB1
and BRB2 at the column joints cannot be neglected.

3. Design method for the normal force balance of column joints

The working performance of BRB can be divided into two stages: the elastic stage and the yield
stage. In the elastic stage, when the linear stiffness ratio is Kr, four BRBs exhibit the same
bearing capacity F (F = F1 = F2). The normal forces at the beam and column joints caused by
BRB are in equilibrium. Determining the linear stiffness ratio Kr at this stage is a challenging
task for engineers. As the lateral deformation of the structure increases, BRBs transition into
the yield stage, this is the second stage. Since the linear stiffness of BRB1 and BRB2 may
differ in the first stage, ensuring that all four BRBs have the same yield bearing capacity and
yield simultaneously is also a problem faced by engineers. The next step involves analyzing the
two-stage design method of the DBRBF structure separately.

3.1. Normal force balance condition of the column node before BRB yielding

The preceding analysis demonstrates that the DBRBF structural system, with its distinctive
geometric characteristics of BRB arrangement and structural deformation properties, can effec-
tively mitigate the unbalanced forces at column joints by adjusting the stiffness ratio of BRB1
and BRB2. Consequently, the equilibrium condition of normal forces at the column node during
the initial stage can be expressed as

K1 = KrK2 (3.1)

At its current stage, the BRB is in the elastic phase and exhibits similar working performance
to regular supports. The single degree of freedom system of the DBRBF is analyzed using
the force method for static analysis. Due to symmetry and antisymmetry of the structure, it
is sufficient to analyze only half of the structure, as depicted in Fig. 5. The BRB axes have
length of LB, and BRB1 and BRB2 have axial tension and compression stiffness values of EA1
and EA2, respectively. The linear stiffness values are K1 = EA1/LB and K2 = EA2/LB for
BRB1 and BRB2, respectively. The bending stiffness of the beam and column are E1I1 and E2I2,
respectively. The beam has a span of L, the structural storey height is H, and α represents the
included angle between the BRB and the column. Under the horizontal force V , let X1 and X2
be the axial forces generated by BRB1 and BRB2, respectively, and X3 be the reaction force at
the beam node. The mechanical equation can then be expressed as



δ11 δ12 δ13
δ21 δ22 δ23
δ31 δ32 δ33






X1
X2
X3


+



∆1p
∆2p
∆3p


 = 0 (3.2)

One can get Eqs. (3.3) and (3.4) from Fig. 5, according to the Mohr integration method.
Due to the relatively small influence of the axial force on deformation of components, in order to
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Fig. 5. Structural calculation parameter model of DBRBF: (a) parameter model of the structure,
(b) semi structural mechanical model

facilitate calculation, the influence of the axial force on beam column deformation was ignored
when deriving the formula

δ11 =
H3 sin2 α
24E2I2

+
LH2 sin2 α
24E1I2

+

√
L2 +H2

2EA1
δ22 =

H3 sin2 α
24E2I2

+

√
L2 +H2

2EA2

δ33 =
L3

24E1I1
+
2L2H
24E2I2

δ12 = δ21 = 0

δ13 = δ31 = −
L2H sinα
24E1I1

− LH2 sinα
16E2I2

δ23 = δ32 = −
LH2 sinα
16E2I2

(3.3)

and

∆1p =
V H3 sinα
48E2I2

∆2p =
5V H3 sinα
48E2I2

∆3p = −
V LH2

4E2I2
(3.4)

Solve Eq. (3.2) to get

X1 = −
∆1pδ

2
23 −∆2pδ13δ23 +∆3pδ13δ22 −∆1pδ22δ33

δ22δ
2
13 + δ11δ

2
23 − δ11δ22δ33

X2 = −
∆2pδ

2
13 −∆1pδ13δ23 +∆3pδ13δ11 −∆2pδ11δ33

δ22δ213 + δ11δ
2
23 − δ11δ22δ33

X3 = −
∆1pδ13δ22 +∆2pδ11δ23 −∆3pδ11δ22

δ22δ213 + δ11δ
2
23 − δ11δ22δ33

(3.5)

To counteract the imbalanced forces at the joints, it is necessary to determine the internal
forces X1 = X2 for BRB1 and BRB2, which can be obtained from Eqs. (3.5)

∆1pδ
2
23 −∆2pδ13δ23 +∆3pδ13δ22 −∆1pδ22δ33
= −(∆2pδ213 −∆1pδ13δ23 +∆3pδ13δ11 −∆2pδ11δ33)

(3.6)

By substituting Eqs. (3.2) and (3.4) into Eq. (3.6), we can derive

1
EA1

(5 tanα
3E1I1

+
4

E2I2

)
− 1
EA2

(11 tanα
3E1I1

+
4

E2I2

)
= 0 (3.7)
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Hence, the optimal linear stiffness ratio for the single degree of freedom systems BRB1 and
BRB2 can be expressed as

Kr =
EA1/LB
EA2/LB

=
5E2I2 tanα+ 12E1I1
11E2I2 tanα+ 12E1I1

(3.8)

If the DBRBF structural system employs a steel or reinforced concrete beam and a column with
the same grade of concrete, the simplified equation can be denoted as

Kr =
K1
K2
=
5I2 tanα+ 12I1
11I2 tanα+ 12I1

(3.9)

In Eq. (3.9), tanα represents the ratio of the structural span to the storey height, denoted
as L/H. Equation (3.8) demonstrates that the optimal linear stiffness ratio of the DBRBF struc-
tural system BRB1 and BRB2 is determined by the inherent properties of the structure, relying
on its unique geometric characteristics and the bending stiffness of its structural members. This
ratio is unaffected by the horizontal force and is solely influenced by the three parameters: E1I1,
E2I2, and α. This characteristic facilitates the simplified calculation of the DBRBF structural
system analysis. Once the structural type selection is determined for a project, the optimal
stiffness ratio of BRB1 and BRB2 in DBRBF structures remains a fixed value. Under prede-
fined structural layout conditions, the bending stiffness of the beams and columns becomes the
decisive factor for modifying the optimal linear stiffness ratio Kr. This feature can be utilized
to develop programs that calculate the optimal linear stiffness ratio for multi-degree of freedom
systems and continuous beams.
The recommended range of the included angle α between the BRBs and the column, as

suggested by The Code for Seismic Design of Buildings (GB50011-2010, 2010), is 35◦-55◦. How-
ever, in this study, the included angle α is appropriately increased to 22.5◦-67.5◦ (π/8 3π/8).
From Fig. 6, it can be observed that for the DBRBF structure, under the same bending stiffness
ratio of the beam and column, the optimal linear stiffness ratio Kr decreases as the included
angle α increases. Conversely, when the geometric characteristics of the structural layout are

Fig. 6. Optimal linear stiffness ratio curve for different angles α

determined, with the same included angle α, the optimal linear stiffness ratio Kr increases with
an increase in the bending stiffness ratio of the beam to the column. In the engineering design
process, the structural system can be adjusted comprehensively based on the aforementioned
change rules. Considering the recommended range of the included angle α in the specification
and the requirement for strong columns and weak beams, the common range of the optimal lin-
ear stiffness ratio Kr in actual projects is 0.55-0.75. It has been demonstrated that although the
axial force values of the four BRBs can be equalized by adjusting the stiffness ratio, the stiffness
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of BRB1 and BRB2 are not equal due to the inherent properties of the DBRBF structure. Hence,
in addition to the usual equivalent design based on calculation parameters, the design of BRB
products also needs to consider matching the performance of BRB1 and BRB2 products. This
ensures that BRB1 and BRB2 can have the same yield bearing capacity and meet structural
deformation characteristics under different stiffness conditions.

3.2. Normal force balance conditions of column joints after BRB yielding

Due to inadequate capability of mainstream design software in China (e.g. YJK, PKPM)
to accurately simulate the mechanical behavior of BRBs and node domains, the design soft-
ware typically substitutes their mechanical behavior with two-force bars and achieves product
design through parameter equivalence. The key parameters of the product mainly encompass
axial stiffness, yield bearing capacity, yield displacement, and post-yield stiffness. Based on the
previous analysis, it is observed that, under the optimal linear stiffness ratio Kr, BRB1 and
BRB2 exhibit the same bearing capacity but different linear stiffness in the first stage of the
DBRBF structure. Consequently, the separate and arbitrary equivalence design of BRB1 and
BRB2 products is not viable. This approach may lead to mismatched mechanical behavior, such
as yield bearing capacity and yield displacement between BRB1 and BRB2 in the second stage,
resulting in unbalanced forces at the column joint. Therefore, in order to ensure that BRB1 and
BRB2 possess equivalent bearing capacity after yielding and yield simultaneously, it is imper-
ative to conduct performance matching design for major equivalent parameters, including the
yield force and yield displacement of BRB1 and BRB2 products.
The primary focus of this paper is to examine the design of performance matching for BRB1

and BRB2 products. To simplify the analysis, the mechanical behavior of the BRB is divided into
three parts: the energy dissipation section and two connection sections. The energy dissipation
section has a length of Le and a section area of Ae. The connection section has a length of Lj and
an equivalent section area of Aj , as illustrated in Fig. 7. The connection section comprises various
elements such as concrete components, gusset plates, core material elastic sections, and transition
sections. It has been demonstrated that the actual length, stiffness, and cross-sectional area of
BRB products differ from those of the two-force bar, but they exhibit equivalent performance
during operation.

Fig. 7. BRB axial series composition

LY100, LY160, LY195, LY225, Q235, Q345, Q390, etc. are commonly utilized materials in
the energy dissipation section of BRB (Buckling Restrained Brace) in Chinese projects. When
designing BRB products, designers have some flexibility in selecting different steel yield strengths
to determine the appropriate section area for the energy dissipation section and the individual
areas of each part in the connecting section. Subsequently, they can adjust the lengths of the
energy dissipation section and each part of the connecting section to achieve equivalence with
the design parameters of a two-bar system. This ensures the mechanical behavior equivalence.
Therefore, the design of a single BRB product results in various BRB products with different
core materials that are equivalent to the same two-bar parameters (Wu et al., 2021).
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The results depicted in Fig. 7 exhibit that the linear stiffness of BRB products can be
represented as

1
K
=
1
Ke
+
2
Kj

(3.10)

In Eq. (3.10), K represents the equivalent linear stiffness of the axis as calculated by BRB.
Ke and Kj , on the other hand, refer to the linear stiffness of the energy dissipation section and
the equivalent stiffness of the connection section, respectively

Kie =
EAie
Lie

Kij =
EAij
Lij

i = 1, 2 (3.11)

By substituting Eq. (3.11) and K = EA/LB into Eq. (3.10), we can derive the ratio of the core
section area to the core section length for both BRB1 and BRB2

A1e
L1e
=

1

LB − 2L1j A1A1j
A1

A2e
L2e
=

1

(LB − 2L2j A2A2j
A2 (3.12)

The BRB yield bearing capacity Fy is

Fy = σyAe = ηfyAe (3.13)

The parameter η represents the coefficient of super strength in the core energy dissipation section
of steel, which is incorporated to account for the Bauschinger effect (as shown in Table 1).

Table 1. The Bauschinger coefficient

Steel LY100 LY160 LY195 LY225 Q235 Q345 Q390
η 1.1 1.1 1.15 1.1 1.25 1.1 1.05

When both BRB1 and BRB2 exhibit an equal yield strength capacity Fy, then

Fy = η1f1yA1e = η2f2yA2e (3.14)

By substituting Eq. (3.14) into Eqs. (3.12), the equilibrium condition of the normal force in the
column node can be derived when the BRB reaches its yield point simultaneously

L1e
L2e
=

β

Kr

LB − 2L1j A1A1j
LB − 2L2j A2A2j

(3.15)

Let β represent the yield strength ratio of the energy dissipation section steel of BRB1 and
BRB2

β =
η2f2y
η1f1y

(3.16)

Utilizing the steel strength data provided in Table 1, the yield strength ratio β of the energy
dissipation section can be calculated using Eq. (3.16). The range of β has been demonstrated
to be between 0.27 and 3.72. By selecting different types of steel to adjust the linear stiffness
of both the core material energy dissipation section and the connecting section, it is possible to
ensure that the yield forces of BRB1 and BRB2 are equal. Moreover, there is ample flexibility
in terms of the matching space when different linear stiffness values are employed.
Equation (3.15) demonstrates that the design of the energy dissipation section of the core

material in BRB1 and BRB2 products is mutually constrained under the double constraints of
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maintaining the same optimal stiffness ratio in the first stage and the same yield force in the
second stage. The length and linear stiffness of the energy dissipation section in either BRB1 or
BRB2 product must correspond to the length and linear stiffness of the energy dissipation section
in the other product. Additionally, this matching relationship is influenced by the material
properties and the linear stiffness of the connection section selected for both products. When this
criterion is satisfied, BRB1 and BRB2 will have the same yield force and can yield simultaneously,
thereby achieving a balanced normal force at the column node after BRB yielding. In the project,
the design of BRB1 can be carried out initially based on the fundamental performance parameters
of both BRB1 and BRB2, followed by the design of BRB2 using the basic performance parameters
of BRB2 and Eq. (3.15). Conversely, BRB2 can be designed first, and then BRB1 can be designed
according to Eq. (3.15).

4. The BRB products are reasonably matched with the performance objectives
of the main structure

In the field of structural design, the storey displacement angle is a crucial performance indicator
for a structure. Its limit value is dependent on the type of structure and the performance level
of the structure. For structures of the same type, the inter-story displacement angle limit is a
fixed value. When compared to commonly used layout forms such as a single diagonal brace,
∧-shaped brace, and ∨-shaped brace, the diamond layout form BRB exhibits the minimum axial
deformation. During an earthquake, BRB functions as an energy dissipation member and should
enter the yielding energy dissipation state before the main structure, serving as the primary line
of defense against a seismic activity. Additionally, BRB must possess sufficient ductility safety
reserves, allowing it to operate without damage during rare earthquakes. In engineering design,
the performance parameters of BRB products are established based on the performance objec-
tives of the structure. The performance level at which BRB enters the yield energy dissipation
state is determined by the compatibility between the product performance parameters and the
performance objectives of the structure. This relationship directly impacts the rationality of
the design results. This paper proposes a method for rational matching of product performance
parameters and structure performance objectives, in accordance with the requirements of BRB
product performance parameters for main structure performance objectives.

4.1. BRB as the control condition of the first seismic fortification line of the structure

The calculation diagram for lateral deformation of the DBRBF structural system when
subjected to horizontal forces is shown in Fig. 8.
In Fig. 8, ∆ represents the horizontal displacement between floors in the frame structure,

while ∆1 and ∆2, respectively, denote the horizontal inter-story displacements of the upper and
lower halves of the structure. θ represents the angular displacement of the structure between
floors. When the structure experiences lateral deformation, the axial deformations δ1 and δ2 of
BRB1 and BRB2 can be calculated using

δ1 =
F

EA1
LB δ2 =

F

EA2
LB (4.1)

By taking into account the constraint of the optimal linear stiffness ratio, we can derive

δ1 =
1
Kr

δ2 (4.2)

The horizontal displacement between the top and bottom of the column ∆ can be defined
as the difference in the horizontal displacement between the upper half layer ∆1 and the lower
half layer ∆2. As θ is a small angle, so tan θ ≈ θ
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Fig. 8. Schematic of DBRBF structure deformation calculation

∆ = ∆1 +∆2 =
δ1
sinα

+
δ2
sinα

= H tan θ = Hθ (4.3)

By substituting L = H/2 cosα, Eq. (3.11), Eq. (4.1), and Eq. (4.2) into Eq. (4.3), we can derive

θ =
Kr + 1
sin 2α

A1e
A1

ε1e =
Kr + 1
Kr sin 2α

A2e
A2

ε2e (4.4)

Let ε1e, ε2e be the strain of the core material energy dissipation sections of BRB1 and BRB2,
respectively. Upon yielding of BRB, the strain ∨ of the energy dissipation section is obtained,
and the corresponding interlayer displacement angle of the DBRBF structure when BRB yields
is given by

θBy =
Kr + 1
sin 2α

A1e
A1

ε1ey =
Kr + 1
Kr sin 2α

A2e
A2

ε2ey (4.5)

To activate the energy dissipation of BRB before the main frame in the DBRBF struc-
ture, it is required that the inter-story displacement angle θBy is smaller than the inter-story
displacement angle θy when the structure reaches its yield point

θBy < θy (4.6)

4.2. BRB matching design under different performance levels

According to literature (Li et al., 2010), BRB can be categorized into three types in engineer-
ing applications based on different stages of energy dissipation: damper type, energy dissipation
type, and bearing type. The damper type BRB functions as a damper, dissipating energy during
frequent earthquakes. The energy dissipating BRB maintains elasticity and only offers stiffness
under frequent earthquakes, but yields to dissipate energy during fortification earthquakes or
rare earthquakes. The load-bearing BRB remains elastic at all levels and solely provides stiffness.
It has been demonstrated that the level at which BRB enters the energy dissipation state sig-
nificantly impacts the structural design. Therefore, the selection of material yield strength and
adjustment of the energy dissipation section length Le of BRB to align with the performance
target of the structure under varying levels of the seismic action is a crucial aspect in the design
of the DBRBF structural system. Currently, the availability of steel grades for BRB products is
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limited, making it important to determine the appropriate material yield strength and Le length
for achieving the desired working performance target.
As depicted in Fig. 7 above, the axial deformation of the Buckling-Restrained Brace (BRB)

is characterized by deformation of the energy dissipation section δe and deformation of the
connecting section δj

δ = δe + δj = εeLe + 2εjLj (4.7)

Let εe and εj denote the strain of the energy dissipation section and the connecting section,
respectively. A previous research (Cai et al., 2005) indicates that the ratio of the strain in the
connecting section to the total axial strain of the BRB is less than 6%. This is primarily due
to the requirement in BRB product design that the connecting section should remain elastic
even when the yield section of the BRB experiences strain strengthening or failure caused by
earthquakes at different levels. Consequently, the deformation of the connecting section can be
disregarded, and the strain in the energy dissipation section can be approximately considered
as the axial strain

δ1 = ε1eL1e δ2 = ε2eL2e (4.8)

The determination of the BRB deformation and structural displacement angle θ in any state
can be achieved by substituting Eqs. (4.8) and (4.2) into Eq. (4.3)

θ =
(1 +Kr)ε1eL1e

H sinα
=
(1 +Kr)ε2eL2e
KrH sinα

(4.9)

Definition λ represents the ratio of length of the energy dissipation section of the BRB to
overall length of its axis, denoted as λ = Le/LB . It is evident that λ is less than 1. Eq. (4.10) is
derived from Eq. (4.9)

θ =
(1 +Kr)ε1eλ1
sin 2α

=
(1 +Kr)ε2eλ2
Kr sin 2α

(4.10)

The response of BRB1 and BRB2 subjected to the specific horizontal seismic loading is
represented by

ε1e =
θi sin 2α
(1 +Kr)λ1

ε2e =
θiKr sin 2α
(1 +Kr)λ2

(4.11)

θi (i = 1, 2, 3), representing frequent earthquake, fortification earthquake, and rare earthquake,
respectively, refers to the angular displacement of the structural storey caused by earthquakes
of varying magnitudes. Equation (4.12) describes the conditions for yield energy dissipation of
BRB1 and BRB2 when subjected to a specific level of earthquake

ε1e =
θi sin 2α
(1 +Kr)λ1

­ ε1ey =
σ1y
E

ε2e =
θiKr sin 2α
(1 +Kr)λ2

¬ ε2ey =
σ2y
E

(4.12)

The lengths of the energy dissipation sections of BRB1 and BRB2 should satisfy the following
conditions when BRB yield energy is consumed at various levels of seismic activity

λ1 ¬ [λ1i] =
θiE sin 2α
(1 +Kr)σ1y

λ2 ¬ [λ2i] =
KrθiE sin 2α
(1 +Kr)σ2y

(4.13)

where [λ1i] and [λ2i] represent the permissible values for the respective lengths of the energy
dissipation sections under the influence of BRB1 and BRB2 earthquakes at different intensities.
They also denote the maximum lengths of the energy dissipation sections when BRB1 and BRB2
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reach the state of energy consumption during the occurrence of earthquakes of corresponding
intensities.
From Eq. (4.12), it has been demonstrated that an increase in the permissible value of the

energy dissipation section length leads to enhanced yield energy dissipation of the BRB under the
influence of earthquakes at corresponding levels. Conversely, a decrease in the permissible value
of the energy dissipation section length results in shorter energy dissipation section length, which
may lead to inadequate ductility reserve of the BRB during rare earthquake events, making it
highly susceptible to reaching the limit deformation and experiencing fracture failure. It is also
evident that the permissible percentage of BRB energy dissipation section length [λi] and the
material yield strength σy are dependent on the performance level target established for the
structure. Moreover, the optimal stiffness ratio Kr and the BRB are influenced by the column
angle α. Based on the above analysis, it can be concluded that the optimal linear stiffness
ratio Kr is associated with the bending stiffness E1I1, E2I2 and the included angle α of the
beam and column making it analogous to the allowable proportion of the energy dissipation
section [λi]. This value is solely determined by the four parameters σy, E1I1, E2I2 and α.
In the design of BRB, the proportion of energy dissipation section length should be as

large as possible. Too short energy dissipation section length will limit the energy consuming
capacity of BRB on the one hand, and deformation of the energy dissipation section will be
too large under a rare earthquake on the other hand. When the axial strain of BRB energy
dissipation section is less than 3%, BRB can maintain stable mechanical behavior. When the
axial strain exceeds 3%, the amplitude of friction on the compression side increases rapidly, and
the compression side of the hysteresis curve is prone to instability and buckling failure (Iwata
and Murai, 2006). Therefore, the reference (T/CECS817-2021, 2021) stipulates that the length
of the energy dissipation section shall not be less than 60% of the total length of the BRB,
and the axial strain of the energy dissipation section under the design displacement shall not
exceed 3%. As the limit value of structural displacement angle under the action of a fortification
earthquake is not clearly specified in the Chinese Code for Seismic Design of Buildings (GB50011-
-2010, 2010), designers often pay more attention to structural deformation characteristics under
frequent and rare earthquakes. Taking the reinforced concrete frame structure as an example,
the yield energy dissipation of BRB1 and BRB2 under frequent earthquakes and their ductility
requirements under rare earthquakes are discussed below.

Fig. 9. Curve of [λ] for different angles α

In Fig. 9, the fixed E1I1/E2I2 = 1.0 DBRBF concrete frame structure is shown under
frequent earthquakes (θ1 = 1/550). The allowable values for the energy dissipation section
percentages of phase BRB1 and BRB2, denoted as [λ11] and [λ21], are displayed in the figure. It
can be observed that when other conditions are held constant and the included angle between
the BRB and the column is α = π/4, both BRB1 and BRB2 are most likely to experience yield
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energy dissipation during frequent earthquakes. Under the same included angle condition, BRB1
exhibits a higher likelihood of yielding and dissipating energy compared to BRB2 when utilizing
steel with the same yield point in the energy dissipation section.
Figure 10 illustrates the permissible values of length ratios [λ11] and [λ21] for the energy

dissipation sections of BRB1 and BRB2 in frequent earthquakes at the optimal angle of α = π/4.
As λ is always less than 1, it can be inferred that the energy consumption requirements of
frequent earthquakes are naturally fulfilled when λ > 1. It is evident from Fig. 10 that only
LY100 steel satisfies the yield energy consumption performance target for BRB1 and BRB2 under
frequent earthquakes. Furthermore, the figure indicates that in the design of BRB1 and BRB2
products, choosing steel with a lower yield point for the energy dissipation section facilitates
easier yielding and energy consumption in frequent earthquakes. Conversely, higher yield point
steel poses challenges in achieving the BRB energy consumption target in frequent earthquakes,
with potential difficulty in meeting the requirements stated in document (T/CECS817-2021,
2021). As a result, low yield point steel should be preferred in the product design. Additionally,
under the same yield strength of steel, a higher bending stiffness ratio E1I1/E2I2 between the
beam and column leads to a greater proportion of energy dissipation section length for BRB1
and a smaller limit value of [λ11]. Consequently, this unfavorably impacts energy consumption
of BRB1 in frequent earthquakes. Conversely, BRB2 exhibits the opposite trend. Thus, when
selecting the structure, a comprehensive consideration of these factors is necessary.

Fig. 10. Curve of [λ] for different yield strengths of steel

The analysis above is based on the performance target of frequent earthquakes. Likewise,
when determining the design for the DBRBF structure type selection under the influence of forti-
fication earthquakes and rare earthquakes, the allowable values [λ1i] and [λ2i] for the proportion
of the BRB1 and BRB2 energy dissipation sections lengths can be obtained by substituting
the displacement angle limit value under the corresponding level earthquake into Eq. (4.13).
This allows for selection of appropriate steel to achieve the desired yield energy consumption
during the fortification earthquake or rare earthquake stage. It has been demonstrated that
the DBRBF structural system initiates the yield energy dissipation of the BRB at a specific
performance target level. The design of the energy dissipation section is crucial. By considering
the structural performance target, geometric characteristics of the structure, and the bending
stiffness of the beam and column, the selection of suitable steel should be made to ensure the
desired performance of the BRB1 and BRB2 products.

4.3. BRB ductility guarantee conditions

The BRB should have a sufficient safety reserve of ductility during rare earthquakes, and
also provide enough ductility allowance under the maximum limit of structural elastoplastic
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deformation. The previous analysis has shown that length of the energy dissipation section in a
diamond-shaped layout for BRBs is shorter compared to the traditional layout. However, a too
short energy dissipation section during rare earthquakes can result in a insufficient safety reserve
for ductility and potential fracture failure. According to FEMA450 regulation (FEMA450, 2000),
the design deformation of BRB products should be determined as 1.5 times the maximum
interlayer design deformation. In this study, the axial strain, Eq. (4.14) of the energy dissipation
section should not exceed 3% to ensure the ductility of the BRB, as stated in Eq. (4.11)

ε1e =
1.5θ3 sin 2α
(1 +Kr)λ1

¬ 3% ε2e =
1.5θ3Kr sin 2α
(1 +Kr)λ2

¬ 3% (4.14)

Further

λ1 ­ [ξ1] =
50θ3 sin 2α
1 +Kr

λ2 ¬ [ξ2] =
50θ3Kr sin 2α
1 +Kr

(4.15)

According to Eq. (4.15), the minimum limit proportion of energy dissipation sections BRB1
and BRB2, denoted as [ξ1] and [ξ2], respectively, is required to meet the ductility requirements in
rare earthquakes. The formula shows that the minimum value of the energy dissipation section
proportion is only influenced by three parameters E1I1, E2I2 and α. This dependency is due
to Kr being related solely to these three parameters, and not affected by the yield strength of
steel used in the energy dissipation section. This differs from the starting condition of BRB yield
energy dissipation. The main reason is that the axial strain of the energy dissipation section is set
as 3% under rare earthquake conditions. Essentially, the minimum limit of the length proportion
of the energy dissipation section is determined by the type of structure, with the minimum length
of the BRB energy dissipation section meeting the ductility requirement under rare earthquake
action being fixed.
The change curve of the minimum limit [ξ1] and [ξ2] of the proportion of energy dissipation

section length of BRB1 and BRB2 in the DBRBF reinforced concrete frame structure is shown
in Fig. 11 for rare earthquakes θ3 = 1/50. It can be observed from Fig. 11 that when the included
angle between the BRB and column is α = π/4, the proportion of BRB1 or BRB2 to the energy
dissipation section under a rare earthquake action has the most stringent minimum limit λ.
In terms of the proportion of energy dissipation section length under the same included angle,

Fig. 11. Curve of [ξ] for different angles α

BRB1 has higher requirements than BRB2. Comparing the proportion of energy dissipation
section in frequent earthquakes, it can be seen from the maximum limit of λ that the proportion
of BRB energy dissipation section under frequent earthquakes has a greater allowable value,
indicating a stricter minimum length limit of the energy dissipation section length under the
rare earthquake action. This is mainly because the BRB enters the yield energy dissipation state
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earlier under rare earthquakes, leading to greater plastic deformation and requiring longer length
of the energy dissipation section to ensure ductility.
The previous analysis demonstrates that BRB1 and BRB2 products should be designed

to both absorb and dissipate energy during corresponding-level earthquakes. They should also
ensure that no fractures occur during rare earthquakes, while maintaining a certain level of
ductility safety reserve. Therefore, based on the aforementioned analysis, it can be concluded
that Eq. (4.16) determines the range of percentage for the energy dissipation sections of BRB1
and BRB2 in DBRBF structures

[ξ1] ¬ λ1 ¬ [λ1] [ξ2] ¬ λ1 ¬ [λ1] (4.16)

After comparing the calculation formulas on each side of the inequality, it has been demonstrated
that the left-hand side of Eqs. (4.16) is a constant value for the given structural type, while the
right-hand side is influenced by factors such as material properties, structural selection, and
performance objectives. Among these factors, the strength of the core material has a significant
impact. As the strength of the core material increases, the calculated value on the right-hand
side of Eqs. (4.16) gradually decreases, sometimes even becoming smaller than the left-hand side.
As shown in Figs. 10 and 11, BRB starts to consume energy during frequent earthquakes. In the
case of DBRBF reinforced frame structures, when LY100 steel is used as the core material, Eqs.
(4.16) can be satisfied under any conditions. However, when high-strength steel Q390 is utilized,
neither BRB1 nor BRB2 can meet the requirements of Eqs. (4.16). This is primarily due to the
limitations imposed by λ in completing the product design, making it impossible to achieve en-
ergy dissipation during frequent earthquakes while ensuring the ductility safety reserve demand
of BRB under rare earthquakes. Thus, it is evident that Eqs. (4.16) is not universally applicable,
indicating that BRB1 and BRB2 can only fulfill either the energy dissipation condition or the
ductility guarantee condition. The interplay between the performance of BRB1 and BRB2 leads
to a more complex process of core material matching and selection during product design.
The project adopts the DBRBF structural design method, which involves selecting the ap-

propriate structure and calculating the optimal stiffness ratio of BRB1 and BRB2. After com-
pleting the structural analysis, the performance parameters of BRB1 and BRB2 products are
obtained. The product design is then carried out based on the requirements of these perfor-
mance parameters. When designing BRB1 and BRB2 products, several conditions need to be
considered, including product stiffness matching, post yield strength, deformation matching, as
well as startup energy consumption and ductility guarantee conditions, which act as the primary
control factors. If the BRB product design fails to meet the performance target requirements, it
is necessary to re-optimize the structural design.
The above design methods can be applied to various types of structures, including steel

structures, reinforced concrete frame structures with seismic walls, slab column seismic walls,
frame core tubes, tubes in tubes, and other structural forms.

5. Conclusion

By adjusting the stiffness ratio of BRB1 and BRB2, the adverse effects of brace arrangement on
columns can be eliminated, thus achieving a normal force balance of column joints in the elastic
stage in the design of the DBRBF structure.
In the design process of BRB1 and BRB2 products, achieving a normal force balance at any

level stage of column joints relies on parameter matching between the two products, in addition
to the conventional design method of BRB product parameter equivalence.
Compared to the traditional BRB layout, the diamond layout exhibits reduced axial defor-

mation and strain in the energy dissipation section of the BRB. Therefore, it is not suitable for
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initiating energy consumption. In a determined structural system, the utilization of a lower steel
yield point in the energy dissipation section enables the BRB to achieve yield energy dissipation
at an earlier stage, thereby serving as a more effective first line of defense before the main frame
yields.
The relationship between length of the BRB energy dissipation section and structure type,

structure selection, and material properties determine the maximum proportion. By controlling
the length proportion of the energy dissipation section during product design, the desired yield
energy consumption can be achieved under different levels of earthquakes. Additionally, the
design should meet the ductility safety reserve requirements during rare earthquakes.
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