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In this work, we employ the multiple scale method to introduce a novel analytical solu-
tion for an extended four-degrees-of-freedom dynamical sgem modeled on a swinging At-
wood machine. We provide a methodology for obtaining the asgpnptotic solution up to the
second-order approximation for both the swinging and modied swinging Atwood machine,
demonstrating its solvability through the multiple scale approach. Subsequently, we present
a comparative analysis of time histories between numericaand analytical solutions. These
analytical solutions are of particular signi cance in applied mechanics, given their practical
applications in parametric dynamical models grounded in tre pendulum concept.

Keywords: analytical solutions, asymptotic solutions, swinging Atwood machine, multiple
scale method

1. Introduction

Analytical solutions nd extensive applications across physics, engineering, and mathematics.
Their versatility allows for simulating a wide range of systems, from elementary pendulums
to intricate electromagnetic elds. Furthermore, these sdutions prove invaluable in validating
numerical methods, o ering a reliable benchmark for preci® comparison and assessment.

Drawing from the existing body of literature on variable-length pendulums (Yakubu et al.,
2022), it becomes apparent that the modeling and analysis oparametric dynamical models
for such pendulums can be intricate and demanding. The apptiations of such pendulums in
mechanical and mechatronic systems provide a compelling ntiwation for undertaking research
in this area, and they have a strong presence in both theoretial and practical engineering
applications.

The multiple scale approach is a widely utilized technique 6ér nding analytical solutions
of dynamical systems, as evidenced by various authors in théollowing references: Abadyet al.
(2022), Abohameret al. (2023a,b), Awrejcewiczet al. (2022), Starostaet al. (2017), Mana an
and Allahverdiyeva (2022). A recent publication by Prokopenya (2021) tackled the problem of
nding solutions to the equations of motion of swinging Atwood machine, a system comprised
of two equal masses that oscillate and are in a state of dynamiequilibrium. The author derived
the system di erential equations of motion and computed them in the form of a power series
with a small parameter.

Obtaining an analytical solution for novel 4-degrees of fredom (4-DOF) modi ed swinging
Atwood machine (SAM) holds immense signi cance. This is primarily due to its ability to provide
fast, stable, and precise solutions that can be readily undstood and explicitly expressed due to
its parameter dependencies (Mana an and Allahverdiyeva, #22; Seadawy and Mana an, 2018;
Starosta et al., 2017).

To explore the potentially intricate dynamics of a variable-length pendulum in a range of
engineering and mechatronic systems, we introduce a novel-BOF variable-length pendulum
model. This pendulum is analytically solved, and a comparaive analysis is performed to identify
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correlative features between analytical and numerical saltions, thus verifying the accuracy of
the computational model. The primary objective of this analysis is to uncover the system internal
structure by identifying all the existing resonances. The analytical solution presented allows for
the resolution of resonance issues by making appropriate @gstments to the forcing term when
the model is applied in engineering and mechatronic systemsThis ensures that the pendulum
operates optimally in various practical applications.

In this paper, we utilized the multiple scale method, which dlowed us to derive an asymptotic
solution up to the second-order approximation of the SAM. The objective was to gain insight
into applying the same technique for analytically solving the novel modi ed SAM with 4-DOF-.
Accordingly, we applied the same multiple scale method and drived the analytical solution for
the modi ed SAM.

Before delving into procedures for nding solutions, the man assumptions are presented in
Section 1.1. This approach ensures that the reader has a cleanderstanding of the underlying
assumptions that are used in developing the analytical soltion. Furthermore, by establishing
the key assumptions upfront, the subsequent steps in the sotion- nding process are grounded
in a well-de ned set of criteria. Therefore, by clearly stating the main assumptions at the outset,
we can ensure that the subsequent analysis is rigorous, traparent, and logically consistent.

1.1. Main assumptions

To approximate the solution to the di erential equation, a s eries expansion based on powers
of a small parameter is employed (Awrejcewiczt al., 2022). Each term in the series represents
a distinct time or length scale (Abohamer et al., 2023b; Awrejcewiczet al., 2022). In order to
streamline the resulting equations, the higher-order terns associated with the small parameter
are neglected.

The precision of a multiple scale solution relies on the smaparameter size and the number
of terms incorporated in the series expansion. Generally, anore accurate solution is achieved
when more terms are added in the expansion (Awrejcewicet al., 2022; Nayfeh, 2005). However,
it is important to acknowledge that despite the potential for increased accuracy with more terms,
the complexity of the equations often requires limiting Taylor's series expansion to the inceptive
terms only.

Considering the assumptions mentioned earlier, we have négrted the impact of frictional
forces in the model equations. To make the system suitable foinvestigation, we transformed
the equations of motion into a dimensionless form to make it slvable using multiple scales. In
doing so, we introduced speci ¢ dimensionless terms. Furtarmore, we 0 set the time-dependent
variables x(t) and (t) in the SAM model, and x1(t) and 4(t) in the modi ed SAM model by
an independent variable designated by .

2. The swinging Atwood machine

The SAM is a classical mechanics concept that can aid in commhending the variable-length
pendulum. In this particular system, the pendulum body oscilates within a two-dimensional
plane, displaying a diverse range of dynamic behavior whileemaining disconnected from another
mass known as the counterweight (EImandouh, 2016; Prokopemn 2017; Tu llaro, 1985). In the
initial approach, the two bodies are linked by an unyielding weightless string suspended on two
pulleys devoid of friction (Tu llaro, 1994), as demonstrated in Fig. l1a.

The behavior of the SAM can be described by employing conceptof circular motion, cen-
tripetal force, and energy conservation. The tension in thestring creates the centripetal force
which enables the pendulum, massn, to move horizontally to follow a circular trajectory, and
the counterweight of massM to move vertically, solely in uenced by the force of gravity only
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Fig. 1. (a) The initial physical model of the 2-DOF SAM: M { counterweight, m { pendulum body;
(b) the proposed original Modi ed SAM

(Elmandouh, 2016; Tu llaro et al., 1988). By analyzing motion of this system, various phys-
ical phenomena can be explored, such as conservation of arlgu momentum and the impact
of centripetal force on object motion. Due to the pendulum reactive centrifugal force oppos-
ing the weight of the counterweight massM , the dynamic response of the system can exhibit
characteristics such as singularity or non-singularity, ©iaos or quasi-periodicity, boundedness or
unboundedness, and even discontinuity (Casasayaset al., 1990; Tu llaro, 1986; Nunes et al.,
1995; Pujol et al., 2010; Yehia, 2006).

2.1. Equations of motion

The system being examined possesses two degrees of freeddtinst, by utilizing the La-
grangian L, one can deduce the equation of motion (Elmandouh, 2016) fof and U, which
respectively denote the kinetic and potential energy. The guations of motion for the SAM as
described by Prokopenya (2021), Elmandouh (2016), Tu llaro et al. (1988), Tu llaro (1994),
Casasayaset al. (1990), Nuneset al. (1995), Pujol et al. (2010), Yehia (2006), Tu llaro (1985)
are presented below.

Upon considering the initial state-space variable, we obswe that the two ordinary di erential
equations (ODEs) encompass the dynamics along the two indegndent degrees of freedom, i.e.,
" (t) and I(t)

eL_d ot eL_d et (2.1)

@ dt @ @l d @ '
Based on the presented model illustrated in Fig. 1a, we expwss the following

T= %M 12(t) + %m[l_z(t)+ 12(t)" 2(1)] U= Mgl(t) mgl(t)cos' (t) (2.2)

where M is the non-swinging massm { pendulum mass as it swings,l(t) { distance from the
pivot point to the center of the swinging pendulum body.
We determine the LagrangianasL = T U, i.e.

L = %M 12(t) + %m[l_z(t)+ 12(t)' 2(t)] Mgl(t) + mgl(t)cos' (t) (2.3)

Given that the Hamiltonian H = T + U is de ned in terms of the canonical momentap

and p , we obtain the following
2 2
H=_ P, P
2(M + m)  2ml2(t)

where:py = (M + m)Kt), p = ml2(t)"_(t).

+ Mgl(t) mglcos' (t) (2.4)
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The equations governing dynamical behavior in the state-spce variables' and | can be
obtained based on the aforementioned assumptions

[(t)e(t)+2Lt)' (t)+ gsin' (t)=0

mi(t)'_2(t) Mg+ mgcos' (t)=(M + m)i(t) (25)
Taking into account the mass ratio ,, = M=m, then Eq. (2.5), becomes

(m+DN) IO+ g m cos (1)]=0 (2.6)

In order to nd the solution of the systems using the MSM method, the following parameters
are employed

g !2 3 !2 !2

!2:— !2:—2 1= + 4 4

27 4Tz ( +1)!12°  +1 +1

_ 2 _ |£ _E _ 22

2T +D12 5T 3+ ° MRS T

(2.7)

2 _ 1 _ 2

S—W 6 = 1 T T 1= 2

_!z 2 _ 2

Z—E 3—H 4 = —

Moreover, we employed the Taylor series to incorporate an aditional approximation. In particu-
lar, we considered only the rst term of Taylor's expansion, resulting in the following expression

sin (1) = () % cos (t)=1 @ (2.8)

By utilizing the parameters speci ed in Egs. (2.7) and (2.8), Egs. (2.5) are transformed into
their nal dimensionless form, which can be expressed as fldws

1+ 2X()+ 3 ()2+ aa()+ sx()L)+ 6L )2+ 7x()L)?+%x()=0
1 () 2 ()P ax()+ 4 )x()+ *()+ sx()*()=0

where represents the dimensionless timex( ) and ( ) are dimensionless forms of(t) and ' (t),
respectively.! 1 is rst associated with _( ), then s introduced into both x( ) and ( ) as a
way to partially linearize the nonlinear terms ensuring that they appear in the equation where
they should be. This e ectively helps in decoupling the lefthand side of the approximate solution
using the multiple scale method.

(2.9)

2.2. The multiple scale approach technique

In this Section, we apply the multiple scale approach to obtén asymptotic solutions for
the equations mentioned in Egs. (2.9). In accordance with tle multiple scale technique, we
examine the dynamics of the systems under consideration whiin a close range around their static
equilibrium position (Abohamer et al., 2023a; Awrejcewiczet al., 2022). In order to characterize
the amplitudes of oscillations within this region, we introduce a small parameter denoted as
0<"<< 1, which allows us to establish the following relationship

Xx()=" (") ()=" (" (2.10)

This enabled us to consider the following approximations
—_— n2 —_— ||1 _n 1
;=

—un 1 —n — u0
2 = ) 3="§ 5= ""%

o (2.11)
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where " is a parameter used for bookkeeping, having no impact on thea@nputation and not
appearing in the nal approximate solution. Its purpose is to ensure that all other terms from
the original equations are included in the solution processWe assume that" is small enough to
avoid computational errors.

In accordance with the multiple scale approach, the time-dpendent variable x( ), and
( ) can be considered as a power series of

X X
x()= " "Mk o 0+ O(Y) ()=" " w0 )+ O (212)
k=1 k=1

where , = "" (n=0;1) with ( being the fastest and ; being the slowest.

To convert the derivatives with respectto to the new time scales ,,, the following operators
are employed

4_0,.,0 &_4d . @
d

"2 2.1
@ @ a2- @ "% @@ o) (2.13)

It is worth noting that these operators neglect terms of O("2) and higher orders. To obtain the
partial di erential equation (PDE) groups corresponding t o di erent powers of ", we substitute
equations (2.10)-(2.13) into the dimensionless form of garning equations (2.9). This procedure
leads to derivation of the preceding four linear PDEs. Basedon the perturbation parameter "
the splitting method is employed for obtaining these PDEs (Awrejcewicz et al., 2022). These
equations are the orders of' and "?:

| rst-order equations (coe cient 1 at  "1)

@él , 1=0 %+ 11=0 (2.14)
0 0

| second-order equations (coe cient 2 at "?)

2
e1+ 2 2t 3f+e41@—;+ 511%3 eg—;
@1 L@
e i *25.6." @F O (@29
e @1 @1@1 @1 i e @1 @2:0
12 217 %G Y 9,0, T2 @0 Y@ @2

where ; and ; represent the solution of the rst-order approximations of the time-dependent

variables x( ) and 1( ), respectively. Also, , and ; are the solution of the second-order ap-
proximations of the time-dependent variablesx( ) and 1( ). Meanwhile, and will represent

the respective general solutions of the time-dependent vaables.

The solutions to Egs. (2.15) are required to be solved in a spé ¢ order. Notably, the solutions
obtained from the rst group hold signi cant importance. Th erefore, our initial emphasis lies in
acquiring the general solutions to Eq. (2.14). The resultig established solutions are presented
as follows

1=€' 2°By( 1) +e ' 2°By( q) 1=e'10Bg( 1) +e '10By( ) (2.16)
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Consequently, by substituting solutions (2.16) into the second group of PDEs (2.15), we obtain
the following second-order solutions withB; and B; being ; dependent, wherei = 1;2

) 22 6Bo(1)B2( 1) 2 3Ba( 1)B2( 1)+ er , 1 5B1( 1)Ba( e o1t 2)
B 2

5 1+2 >
e 10] 2 6By( 1) 3Ba( 1)?] . 1€4Bao( 1)e 10 187B1( 1)Bo( 1)2%€ 0@ 1+ 2)
21 221+ 2) (1 201+ 2) 41+ 2)
L 1 sBa( DB et ol 2 1esBy( 1)2Bq( 1)e' 0@ 2) +CT 2.17)
1 22 41 2)
_ 9B 3o ol 2] 2&B,( )By( 1)+ 14 2B1( 1)B2( 1)]
8?7 2021+ 2)
L 2&B1( 1) 20 N éolr [ 2&B,( 1)B1( 1) 14 2B2( 1)B1( 1)] L CT
(2 1+ 2) 221 2)

where CT represents the conjugates of the preceding terms.

2.3. Modulation equations

The modulation equations are a group of four rst-order ODESs that describe the modulation
of amplitudes and phases, since the procedures for solvindiém are complemented by initial
conditions.

Secular terms in Egs. (2.18) appear when the previous solutihs are substituted into second-
-order Egs (2.17). These terms act as conditions for solvalify, which must be eliminated to
obtain the modulation equations.

In order to eliminate the secular terms from the equations, ve use a method that involves
introducing new, unknown complex value functions that are ce ned in Eq. (2.19). These func-
tions are then substituted into the secular terms. Cancelirg them e ectively allows us to obtain
the modulation equations. This, in turn, enables us to arrive at the nal asymptotic solution.
These secular terms in > and  follow

2s= 2 ZB1( 1)B2( 1)e7( 1)B2( 1) 2i 2%
1 (2.18)
. @B( 1)
25 =3%Bo( 1)°B2( 1) 2i1 @
1
and
1 : 1 :

Bk = Eak( )e' k gk = Eak( )e 'k k=1;2 (2.19)

where the order ; and a represent the phases and amplitude of the solutions and , respec-
tively, for j = 1;2.

Once we removed the secular terms from , and », we arrived at the ensuing modulation
equations

2ax( )2 7 3ax( )? 2

a()=0  a()=0 <()= 25 2()= Tt (@220

Once we reconstituted the modulation equations for nonresmant cases and took into account
established equations (2.20), we obtained the nal asympttic solution up to the second-order
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approximations, with a; and ; being dependent on 1 for i = 1;2. The resulting solution is as
follows

_ @ )*( 1% 6+ 3) 21+al()cos(2 + 1( )

2 3
L )2(3 £ e)cos[2(1 + 2( )] sar( Jax( )sin[ (1+ 20+ 1( )+ 20)]
87 23 2(1+2 2)
sar( Jax( )sin[ (1 2)  1( )+ 20)]
2(1 2 9)
1 7a1( Jag( )?cos[ (2 1+ )+ 1()+2 2 ) 1 a@()sin(1 + 2())
1 7a1( )ag( )?cos[ (21 2)  1()+2 2()]
16(1  2)
= ay( )cos(1 + o )+ 1a1( Jax( ) 15 42 22)((;0j[( 12) 2) 1)+ 20)]
1a1( )ax( )(1s+ 4 2cos[ (a+ 2+ a()+ 2(), 3 2a()sin(2 1())
2,21+ 2 i3
2az( )3cos[3(1 + 2( )]
32 f
2.4. Comparison between analytical and numerical solution s using time histories

To compare the dimensionless form of equations of motion (8) with second-order asymptotic
solution (2.21), we present a time history based on the data povided in Egs. (2.22).

In Figs. 2a,b, we depict the time histories for two degrees offreedom of the dynamical
system, namely, x( ) and 1( ), respectively. It is noteworthy that both the analytical a nd
numerical solutions demonstrate satisfactory accuracy othe obtained approximation. Hence,
even a simpli ed model of the dynamical system can be e cienty solved analytically using the
presented approach.

1 =0:0025 ,=1:01 3=0:06 4 =0:014

5 =0:06 6 =0:01 ;=0:05 1=1:0 (222
»=0:1667 3 = 0:0005 4=0:01 5 = 0:005

x( ) =0:04 x()=0 ()=0:01 ()=0

The obtained solutions are then compared by plotting them intime history plots. The masses
of pendulums and length of the string greatly in uence the simulation results. Furthermore, these
results can be utilized to gain more insights into energy transfers, tension in the string, and other
critical characteristics of the system.

2.4.1. Compliance error

To ensure solution dependability and precision, time histaies of compliance errors in the re-
sults are presented. This not only aids potential computaton optimization but also contributes
to advancing numerical methods. These histories, integragd with the results, enhance visual-
ization of discrepancies in individual time intervals. Additionally, Ehe Root Mean Square Error
Q?MSE) and Mean Absolute Error (MAE) are computed using #:1 [Num; Apr;i)?]=n and

L [Num; Apr;jl=n, respectively. Here,Num is the numerical solution, Apr is the approx-
imate solution, and N is the number of observations. These metrics provide additnal tools
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(a) — Analytical (b) — Analytical
0.04 ---Numerical ] 0.010 ---Numerical ]
g LD ST
= 1 ﬁ i <
0 | 'I : 0 f I \ ‘ ’ I \
-0.02 U U i -0.005 u
-0.04Hf - Vo -0.010
0 20 40 60 80 - 100 0 20 40 60 80 - 100
(c) (d)
0.02 .. 0.0004
2 :
g 5]

¢

Lt =
AL

a(
o
>
>
—
P—
—

v -0.0002
RMSE: 0.00844126 v u u RMSE: 0.000152463
~0.02 |- MAE: 0.00662222 -0.0004 |- MAE: 0.000111975
0 20 40 60 80 100 0 20 40 60 80 100

Time Time

Fig. 2. (a) Comparison between the analytical (in blue, Eqg. 2.9);) and numerical (in red, Eq. (2.21);)
solution using the parameters given in Egs. (2.22). (b) Comprison between analytical ( ( ) in green,
Eq. (2.9)2) and numerical ( in red, Eq. (2.21),) solution using the parameters presented in Egs. (2.22).
(c) Compliance error for x( ) with RMSE = 0 :00844126 and MAE = 000662222. (d) Compliance error
for () with RMSE =0 :000152463 and MAE = 0000111975

for a thorough assessment of solution accuracy, o ering a nt@ comprehensive understanding of
overall performance.

Figures 2c and 2d depict the deviation between numerical andipproximate solutions along
the x-axis (representing time). The y-axis shows the compliance error at each point. Peaks or
shifts in error plots signify notable deviations between stutions, while a declining trend suggests
convergence of the numerical solution. Oscillations in thecompliance errors indicate sensitivity
to parameters and initial conditions. RMSE and MAE values are very small, a rming improved
performance of the method and appropriateness of the datase

Moving forward to the next Section, we show a more advanced vsion of the variable-length
pendulum with 4-DOF. The process used to obtain the solutiors for this system closely mirrors
the one employed earlier, encompassing all the fundamentadssumptions and culminating in
generating and comparing the results in time history plots.

3. The original modi cation of SAM

We introduce a novel and innovative modi cation to the SAM mo del based on the work presented
in (Yakubu et al., 2022). This modi ed version demonstrates potentially richer dynamics, as
depicted in Fig. 1b. To achieve this, we have added a second 8pg pendulum to the non-swinging
massM , on the opposite end. The two pendulums, with masses ofm, and m,, are connected
by a suspension con guration with a sti ness k and a damperc. Point 0, is free to rotate and
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subject to oscillation in the (X;Y ) plane, while point 0; is xed, allowing for the variability of
length |, and the double pendulum con gurations. The distance ofl,0 is measured between the
two pendulums, andl, denotes the extension caused by the spring between them. Thariginal
Modi ed SAM model can be applied to various scenarios, inclaing wave variability, suspension
systems, elastic robotic links, and load-lifting equipmer such as cranesXg = fgsin(!t + )isa
time function that represents the periodic kinematic excitation. The displacement is measured
from the origin of the coordinate systemO speci cally in the direction of the x-axis. Here,fg is
the excitation force,! and represent the angular frequency and phase shift of the exaition,
respectively, while s denotes the distance in theX direction from the point O to the xed support
point Oj.

3.1. Equations of motion

The equation of motion for the 4-DOF MSAM model is derived in (Yakubu et al., 2022)
using Newton's second law and the Lagrangian mechanics. Theystem equations of motion,
when friction in pulley bearing is neglected, are

1 .
b= —"——[Tycos(> '1) (M+mysin' )Xo+ ml(ll‘_§+ gcos' 1) Mg]
mi;+ M
_ 1
~ 2mimy(my + M)

+sin(' 2 2 1) sin' o]+ gg+2mimy[MIg’ fcos( 2 ' 1)+ (my+ M)(Ig+ l20)' 3]

f fMmTolcos(2( 2 ' 1))]  1gMmymaf Xg[2cos( 2 ' 1)

2miTo(my+ mo+ M)

. _ TasinC 2 "1) my2ly' 3+ Xpcos' 1+ gsin' 1) (3.1)

[ ]
1
malq

n
[ MT2sin(2(' 2 "1)) Mgma@sin( 2 ' 1))

1
~ 2(m3+ Mmg)(I2 + )

+sin(' 2 2 1)+sin' ] MmiXg[2sin( 2 '1) cos( o 2 1)+cos' o]
0

*2

2Mmly' 2sin( 2 1) 4myls' p(mg+ M)

whereT, =(cle + kly) and 14, I, ' 1, ' 2 aret dependent variables.

Besides the assumptions outlined in Section 1.1, it is wortmoting that the length |1 exhibits
motion opposite to that of |,. Thus, to transform the system to a solvable form using the mdtiple
scale method, we introduce dimensionless parameters preged in Appendix A.1 to adhere to
the system investigational process.

X1( ), Xx2( ), 1( )and o ) are dimensionless forms ofy(t), Io(t), ' 1(t) and ' »(t), respec-
tively. ! 1 is rst associated with _( ), then is introduced into both x1( ) and () for the
same reasons stated in Section 2.1. Additionally, we employhe following approximation based
on the Taylor series. In this approximation, we retain only the rst term of Taylor's expansion,
which can be expressed as follows

sin j(t)= (t) i)~ ig))3 cos i =1 i) i(zt))z

sinf2Civa (1) (N =20 142 (1) (V)] cosf2( v (t) (=1 (3.2)
sin( i+ (1) i) = () () cos( i« (t) i(1))=1

sin( i+ (1) 2i() = i (t) 2i() cos( i+t (t) 2i(t) =1

Using the parameters in Appendix A.1, then the nal dimensionless form of Eqgs. (3.1) can
be written as it is presented in Appendix A.2.
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3.2. The multiple scale method

Our analysis concentrates on a small region near the systemtatic equilibrium. To charac-
terize the amplitudes of the oscillations within this region, we use a small parameter, denoted

byOo<"<< 1
xi()="( ") X2()=" (") (3.3)
(=" (1) )= (1) |

By assuming a small area around the system static equilibrim position and the amplitude
of oscillations within that area, as is consistent with the MSM, we can make the following
approximations (Abohamer et al., 2023a; Awrejcewiczet al., 2022)

b= "% F = "Fe Cl = "el G2 = "GZ |0= "bo

1= "2e 2= "%ey 3= "es 4= " tey 6= "€6

9=" Teg A="K by = "8 by = "B G="16

Gi=" 16, 2="% 3= "% 5=" 16 7="% (3.4)
8= "% 0= "% 1= "%8 y="¢ C2="6&

3="9 2= " 18 h=" th 1= "9 6=" 1%

o=" 18 10=" '8 =" %

In line with the methodology of the multiple scale approach, the time-dependent variables
x1( ), X2( ), 1( ) and »( ) can be considered as power series bf

xR X2
x1( )= " o; 1)+ O xa( )= "xox( 0; 1)+ O("%)
‘;(‘21 ';(‘21 (3.5)
10)=" "% k(0 1)+ O("%) 20)=" "8 k(o 1)+ O
k=1 k=1

It is worth emphasizing that these operators exclude terms 0O("?2) and higher orders. To derive
the PDE groups associated with di erent powers of ", we substitute Egs. (3.3)-(3.5) into the
dimensionless form of governing equations (A.2) in Appendi. This process involves a splitting
method based on the perturbation parameter" (Awrejcewicz et al., 2022). Then, we derive the
preceding 8 linear PDEs, each corresponding to a speci ¢ o of " and "2:

| rst-order equations (coe cient 1 at  "1)

o o @i 11009

| second-order equations (coe cient 2 at "?) (refer to Appendix A.3) where 1, 1, 1, 1
represent the solutions of the rst-order approximations of the time-dependent variablesx( ),
x2( ), 1( ), 2(), respectively. Also, »,, 2, 2, 2 are the solutions of the second-order ap-
proximations of the time-dependent variablesxi( ), X2( ), 1( ), 2( ). Meanwhile, the general
solutions of the time-dependent variables will be represaied by , , , and , respectively.

The solutions to obtained Egs. (a.3) in Appendix, which can ke solved in a particular se-
guence, emphasize the importance of the solutions in the rscategory. Thus, our primary focus
is on obtaining the general solutions to Eqgs. (3.6). The soltions obtained are as follows

@+I

-
-4 1—0

'|'W2 1=0

1:0 2
0

1=eVoB(1)+e WOB( ) 1=€' °By( 1)+e °By( 1)

) ) | . 3.7)
1=e"“°Bg(1)+e "4 °B3( 1) 1=€ 4 °By(1)+e "“°By( 1)
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As a result, by substituting solutions (3.7) into the second group of PDEs (A.3) in Appendix,
we derive the 2-order solutions as ,, », » and », where B; and B; depend on 4, i takes
values of 1 :::;4.

3.3. Modulation equations

The modulation equations constitute a set of eight rst-order ODEs describing the amplitude
and phase modulation. These equations necessitate initiatonditions for the e ective solution,
which complement the solving procedures.

Secular terms, as observed in Egs. (3.8), emerge when insierg the previously derived so-
lutions into the second-order equations (refer to Egs. (A.3 in Appendix). While serving as
solvability conditions, these secular terms must be elimimted to obtain the modulation equa-
tions.

To eliminate the secular terms (see Egs. (3.8)), we employ a ethod introducing new
complex-valued functions, de ned in Egs. (3.9). Substituting these functions into the secular
terms eliminates them, allowing derivation of the modulation equations. The nal asymptotic
solution is then obtained through these equations. The sedar terms in ,, 2, > and , are
expressed as

2s= 2 2egBy( 1)Bs( 1)B3( 1) 2iw@?@(1 )
2s= BB2( 1) BBa( 1)+2 4°GBy( 1)Ba( 1)Ba( 1) Zi%
+2 4G1By( 1)Ba( 1)Ba( 1) ieBa( 1) i%Ba( 1) i%Ba( 1) (3.8)
25 = 3%B3( 1)%B3( 1) 2l 4@2)(11)
2s= 2 7%0Bs( 1)Ba( )B3( 1) 3%Ba( 1)°Ba( 1) 2 4@23(1 !
and
B = %aj( )l i (1) B = %aj( e it (3.9)
where ; and g represent the phases and amplitude of the solutions, , ,and , respectively.
Forj=1;23;4.

After eliminating the secular terms from 5, », 2 and », the modulation equations are
obtained as

2 2
a()=0  a()=0 ()= e
2
s0= B ()= JaO@r o+ 9 a()=0 (3.10)
2( )= 42+ 2by+ Fas( )AG+ o)) ()= 2 v 3l )
4

After reconstituting the modulation equations for nonresonant cases and considering the equa-
tions established in Eq. (3.7), the nal asymptotic solution up to the second-order approximation
for , , and ,with a and ; being dependent on ;, wherei =1;2;3;4, have been obtained.

3.4. Comparison between analytical and numerical solution s using time histories

For comparison, the dimensionless form of the equations of otion (see Egs. (A.1) and (A.2)
in Appendix) and the asymptotic solution up to the second-order approximation are shown in
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Fig. 3. (&) Comparison between analytical (in blue) and numeical (in red) solutions using the
parameters presented in Eqg. (3.11). (b) Comparison betweemanalytical (in green) and numerical (in

red) solutions using the parameters presented in Eqg. (3.11)c) Compliance error for x1( ) with
RMSE = 0:187473 and MAE = 0:140302. (d) Compliance error forx,( ) with RMSE =0 :0693299 and
MAE = 0 :0543544. (e) Comparison between analytical (in blue) and nmerical (in red) solutions using
the parameters presented in Eq. (3.11). (f) Comparison betwen analytical (in green) and numerical (in

red) solutions using the parameters presented in Eq. (3.11)g) Compliance error for 1( ) with

RMSE = 0:000639732 and MAE = Q000528905. (h) Compliance error for »( ) with
RMSE = 0:00157617 and MAE = (00012515
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the time history using the data in below. All initial conditi ons, except forx,(0) = »(0) =0:1,
are set to zero

A=05 ct=Cc= 1= 3= 3=0:01 5= 3=0:0001 4=1:61
ls= »=0:002 6= 7= 10= 11=0:0002 g = 0:0004

12 = 0:00004 5 = 0:005 9= 14= 4=0:00005 2 =0:001
4=0:003 5 = 0:00008 7=0:0012 h=1p=1 (3.11)
g = 0:008 9 = 0:00009 o = 0:00002 ¢ = 0:00008

9 = 0:000021 I =10 13 = 0:00015 1=0:15

2 =0:464 b =2:11 b; =1:63 G=0:38 G1=0:1

F=0:81 14=1:72 1=0:05 3=1:15 w=0:25

Figure 3a, 3b, 3e and 3f represent the time history forxy( ), X2( ), 1( ) and o ), re-
spectively. As we can observe, both the analytical and numecal solutions indicate the accuracy
of the system equation. Figure 3c, 3d, 3g and 3h depicts the d#ation between the numeri-
cal and approximate solutions forxi( ), X2( ), 1( ) and »( ), respectively. The compliance
error for the modi ed SAM follows the same trend as that of the SAM. Therefore, it aligns
with the presumption stated in Section 2.4.1. It becomes ewent that the 4-DOF system can
be e ectively solved analytically by employing the multipl e scale approach. However, it comes
with a drawback in that it o ers an approximate solution, and its accuracy depends on the
number of time scales used. As a result, it becomes crucial taentify particular traits be-
tween the analytical and numerical solutions to compare then accurately and guarantee their
correctness.

4. Conclusions

This publication focuses on the modeling and analysis chatinges posed by variable-length pen-
dulums, with a particular emphasis on the 4-DOF system. The dtainment of an analytical
solution not only validates the model but also contributes to improved e ciency, accuracy, and
theoretical advancements. These analytical solutions see as crucial tools for the investigation
of dynamical systems, nding applications across diverse genti ¢ and engineering elds. Fur-
thermore, the study identi es promising directions for fut ure research, urging exploration into
steady-state solutions and conducting thorough stability analyses.

The publication highlights the practical applications of t he analyzed models, revealing their
potential in studying dynamic entities like robots and load-lifting devices. For instance, the
study suggests examining a system comprising three invertependulums to represent di erent
segments of the human body or analyzing the dynamics of loadifting devices such as cranes.
This approach extends the utility of the ndings, o ering in sights into a broader applicability of
the studied parametric dynamical models. Notably, the potential application of these insights in
the eld of energy harvesting is also underscored, adding a ithension of practical signi cance
to the theoretical advancements presented in the publicatn.

A. Appendix

A.1. Dimensionless parameters for the modi ed SAM
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A.2. The nal dimensionless form of the modi ed SAM equation s of motion
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A.3.

Second-order equations of the modi ed SAM
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The unsteady creep curve of rocks is antisymmetric to the dyamic surface subsidence curve
of coal mining. Accordingly, a four-parameter unsteady crep model of rock was established
using an analogous reasoning method from the perspective phenomenology, and a simple
method for determining the model parameters was proposed. fie test curves of four di erent
types of rocks were in good agreement with the theoretical awes of the model. In particular,
the accelerated creep test curves with nonlinear charactéstics were consistent with the
theoretical curves of the model, verifying the rationality and accuracy of the model.

Keywords: rock mechanics, creep model, antisymmetric, unsteady crge damage

1. Introduction

The creep behavior of rocks is a key factor a ecting the safgt and long-term stability of a
structure (Wei et al.,, 2019). When the external load is less than the long-term sength of the
rock, the creep that occurs in the rock is steady, which incldles instantaneous strain, attenuation,
and constant velocity creep stages. This type of creep can baescribed using classic creep models
(the Burgers, Bingham, and Nishihara models) (Songet al., 2023). Theoretical and practical
engineering applications of these creep models have been livestablished. When the external
load is greater than the long-term strength of the rock, unseady creep occurs in the rock, which
includes instantaneous strain, attenuation creep, constat-velocity creep, and accelerated creep
stages (Jinet al., 2024). The establishment of an unsteady creep model for ak is an important
and di cult task in rock mechanics (Taheri et al., 2020).

Existing creep models can be divided into the following catgories: empirical creep model
(Zhang et al., 2013; Zivaljevic and Tomanovic, 2022), component combiation creep model (Zhao
et al.,, 2019; Zhanget al., 2011) and improved component combination creep model ba&sl on
nonlinear rheology theory (Zhang and Wang, 2020; Yanget al.,, 2014), creep damage theory
(Yang et al., 2015; Song and Li, 2022) and fractional order theory (Zhowet al., 2011; Liu et al.,
2021). Empirical creep models establish mathematical exmssions for strain and time through
curve tting based on existing creep test data. The creep eqations of such models are simple in
form, with high precision and few parameters. However, owig to the unclear physical meaning
of parameters and the short creep test time compared with theactual creep process of rock mass,
the creep characteristics of the rock re ected by this modelare quite di erent from the actual
rock mass; therefore, it is only suitable for describing thecreep process of specic rocks under
speci ¢ test conditions. However, it has rarely been appli€l to the study of creep characteristics in
rock engineering. The component-combination creep modelambines elastic, plastic, and viscous
components through di erent forms of series and parallel canections to obtain a combination
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model that can describe rock elasticity, viscosity, viscokasticity, and viscoplasticity. The physical
meaning of these model parameters is clear, and the creep eation can be derived easily. The
component-combination creep model is more widely applicdle than the empirical creep model
because of its variable combination forms. However, becaesthe model parameters of this type
of creep model are constant, this model can only describe thsteady creep of rock and cannot
describe unsteady creep. Therefore, this model is not suitde for analyzing the actual creep
failure in rock mass engineering (Discenzat al., 2020).

The improved component-combination creep model re ects nalinear characteristics of the
accelerated creep process of rocks by concatenating nondiar damage bodies based on the
component-combination model or by replacing the nonlinearcreep model parameters with the
component-combination creep model parameters, thereby émblishing a mechanical model that
can describe the unsteady creep process of rocks. Comparedtiwthe empirical creep model and
component combination creep model, this type of model has kban greatly improved in theory
and practice; however, it still has the following two shortcomings. (1) The creep equation is
too complicated. In the process of constructing the unsteag rock creep model, four di erent
equations are often used to describe the instantaneous stira stage, attenuated creep stage,
constant velocity creep stage, and accelerated creep stage segments (such as using elastic ele-
ments to describe the instantaneous strain, Kelvin bodies® describe the attenuated creep stage,
viscous bodies to describe the constant-velocity creep sgg, and time-dependent deteriorated
viscoplastic bodies to describe the accelerated creep sty Then, according to the superpaosition
principle, these four equations are superimposed to estaish a mechanical model that can de-
scribe the unsteady creep process of rocks. Although the plsycal meaning and function of each
part of the improved creep model established by this method ee clear, and the constitutive and
creep equations are easy to deduce, the form of the nal creepquation is too long and compli-
cated because of the large number of functions, which is notanducive to numerical simulation
analysis and practical engineering applications. In additon, the four equations are independent
of each other and there is no uni ed equation to describe the asteady creep process in rocks.
(2) The creep model has several parameters. The improved oegp model improves the accuracy
of the model by introducing undetermined parameters, but atthe same time, introducing new
model parameters increases the di culty of parameter detemination. Moreover, owing to the
complexity of the improved creep model, the creep equation @antains many undetermined pa-
rameters, usually more than 7 (Yanet al.,, 2020). Such many creep parameters are di cult to
determine accurately based on limited test data. Therefore although the improved component
combination creep model can describe the unsteady creep press of an indoor rock test well,
owing to the limitation of the number of parameters, itis di cult to e ectively analyze the creep
mechanical properties of actual engineering rock masses.

In summary, to facilitate nite element software programmi ng and actual creep failure pro-
cess analysis of rock mass, it is urgent to establish a mechial model of rock creep with fewer
parameters and a uni ed creep function, which should be ablgo describe instantaneous strain,
attenuated creep, constant velocity creep, and accelerate creep characteristics of rock simul-
taneously. In view of this, this study establishes a rock unteady creep model with four model
parameters only by an analogy reasoning method from the pepective of phenomenology, and
provides a method to determine the model parameters, which pvides a reference for the study
of rock creep characteristics.

2. Four-parameter unsteady creep model

Many on-site monitoring data and theoretical studies have siown that the subsidence process
of a certain point of the surface caused by coal mining is compsed of three parts: the initial
subsidence stage, the rapid subsidence stage and the decaybsidence stage, and it is approxi-
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mately an \S" shaped curve with time, as shown in the red curvein Fig. 1. While the typical
unsteady creep curve of rock is approximately an inverse \S'turve, as shown by the blue curve
in Fig. 1. Therefore, the dynamic surface subsidence curvextibits an antisymmetric relation-
ship with the unsteady creep curve. Therefore, the surface yhamic subsidence function is rst
determined, and then the inverse function of the surface dyamic subsidence function is ob-
tained by considering"(t) = t as the symmetry axis, which can yield a uni ed functional form
describing the unsteady creep process of rocks. According tthe basic mathematical theory, the
functions represented by the red and blue curves are inverskinctions of each other. Therefore,
if the surface dynamic subsidence function is determined adhits inverse function is obtained,
the unsteady creep function of the rock can be established.

ek et)y=t *
Ve

Surface dynamic subsidence curve

Unsteady creep curve

0

1
Fig. 1. Demonstration of the unsteady creep curve

The analysis indicates that the key to establishing a mechaital model that can re ect the
unsteady creep process of rocks is to determine an \S" type fuction that can describe the surface
dynamic subsidence law with time. Based on the classic Knotl time model (Hejmanowski, 2015),
an improved Knothe time model was established by proposing ew model assumptions (Zhang

et al., 2020) that could accurately describe the surface dynamisubsidence process caused by

coal mining. The model function is expressed as follows
W (t) = Wo[1l exp( Ct")] (2.2)

where W (t) is the surface dynamic subsidenceW, is the nal surface subsidenceC is the time
in uence coe cient related to the mechanical properties of the overlying strata, t is time, and
n is the model order.

The surface dynamic subsidence curves for di erent model atersn are shown in Fig. 2.

From Fig. 2, under dierent n conditions, the surface dynamic subsidence curves are all

of \S" type, which is antisymmetric with the unsteady creep curves of rocks. Therefore, the
unsteady creep models of rocks can be established by detemmmg the inverse function of (2.1).
In Eq. (2.1), time t is the independent variable andW (t) is the dependent variable; its inverse
function expression is obtained as follows
h 1 W (t) i1
t= ZiIn 1 !
C Wo
In Eq. (2.2), W (1) is the independent variable and timet is the dependent variable. In the creep
function, the independent variable is time t and the dependent variable is strain". Therefore,
the function expression of the unsteady creep model of the 1k can be obtained by analogous
reasoning as follows

2.2)
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In Eq. (2.1), Wy is the nal surface subsidence, which is the maximum value ofhe independent
variable W (t), then Wy in Eqg. (2.3), and is the maximum value at time t, that is, the time
when the rock undergoes creep failure. Paramete€ in Eqg. (2.1) is the time in uence coe cient
related to mechanical properties of the overlying strata. This parameter is related to the physical
and mechanical properties of the strata and time, and is expessed as viscosity in the rock creep
model. Simultaneously, because the creep characteristiosf the rock are closely related to the
stress level , = =1=C can be set, and Eq. (2.3) can be further expressed as

"= —In1 — (2.4)
ts

(2.3)

where s the viscosity coe cient of the rock and t; is the time when the rock undergoes creep
failure.

The creep model function established by Eq. (2.4) represestthe variation in the creep strain
with time and does not include the instantaneous strain stag in the unsteady creep process of
rocks. Therefore, to re ect the entire creep process, it is Bcessary to add an instantaneous strain
that is only related to the stress level but independent of time based on Eq. (2.4), which can
be represented by an elastic element. Based on the above amals, a four-parameter unsteady
creep mechanics model is established, as shown in Fig. 3.

o M {3 o

E n,n

Fig. 3. Four-parameter unsteady rock creep model

According to the stress-strain relationship of the series ad parallel connections, the unsteady
creep equation of the rock is obtained as follows
h t i1
=—+ —In1 — " 25
E t (2.5)

where E is the elastic modulus of the elastic element.



Study on a concise and uni ed unstable creep model for rocks

481

We derived Eq. (2.5) and obtained the creep velocity and acderation as follows
1 1 h t e
0= —In1 —
n t t ts

oo 1 21h1 n

in (i) (2.6)

t n
In 1 — —In1 —
(ty  1)2 n n L ts

According to Eqg. (2.6), the creep rate is always greater thanzero, indicating that the creep
strain gradually increases with time, which is consistent wth the actual situation. The critical
moment for rock creep acceleration to be 0i§1 exp[(1=n) 1]gt;, and when the creep time
does not reach this critical value, the creep accelerationsi always less than 0, indicating that
the rock creep rate gradually decreases during this stage. Y\en the creep time is between this
critical value and the time when the rock undergoes creep féire, the creep acceleration is
always greater than 0, indicating that the rock rate gradually increases with time at this stage.
Therefore, the moment when the creep acceleration is 0 is nainly the moment when the rock
creep rate is minimum, but also the starting point of the accderated creep stage. The above
analysis indicates that the four parameter rock non-staticmary creep model cannot strictly meet
the creep deformation laws of the entire rock process, espiatly the creep rate characteristics
during the constant velocity creep process. However, the gtstant velocity creep does not mean
that the creep rate remains strictly unchanged, but the ampltude of change is relatively small
(Wang et al., 2018). Therefore, the four parameter rock unsteady creepnodel is reasonable and
feasible for re ecting the complete creep process of rocks.

3. Model parameters determination

From Eq. (2.5), the creep equation contains only four model prametersk, , t¢, n, which greatly
reduces the number of parameters compared to other complexreep models and is bene cial
for practical engineering applications. The creep curves fothe rocks at di erent stress levels are
shown in Fig. 4. At low stress levels, there was no acceleratiecreep stage in the creep curve;
however, an accelerated creep process occurred at mediumdahigh stress levels. Moreover, the
creep failure time at a high stress was signi cantly shorterthan that at a medium stress. Based
on the characteristics of rock creep curves under di erent gess states, as shown in Fig. 4, a
simple and feasible method for determining creep model paraeters was proposed.

Determination of elastic modulus E

The instantaneous elastic strain"¢ is generated during rock loading and can be described
by an elastic element. Based on the elastic constitutive reltionship, the elastic modulusE is
determined as

E=— (3.1)
e
Determination of  t;

Without considering the in uence of the rock occurrence eniwronment, the creep failure time
of rocks is only a function of stress; thereforef; = f ( ). As shown in Fig. 4, the creep failure
time decreases with an increase in the stress level. Accortlj to the Kachanov material creep
damage rate theory (Kachanov, 1992), the time at which the rak undergoes creep failure can
be determined using the following equation

dD
=k ——
dt 1 D
where dD=dt is the damage rate,D is the damage variable,k, are rock material constants.

(3.2)
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Fig. 4. Creep curves of rocks under di erent stress levels

Assuming that the damage variable is equal to one when the rdcundergoes creep failure,
the expression for the rock failure time obtained from Eq. (32) is

1

T (3.3)

ts

Through the unsteady creep test curve of rock under di erentstress levels, the material constants
k, can be determined, and then the functional relationship betveen rock creep failure time
and stress level can be obtained.

Determination of , N

The corresponding time for the rock to enter the acceleratedcreep stage from the constant-
-velocity creep stage in Fig. 4 isty, and the corresponding strain is",. Because the creep
acceleration of rock is zero when the creep velocity reachéds minimum value

h 1
ta= 1 exp - 1 t (3.4)

The expression forn obtained from Equation (3.4) is

h a1 1
n= 1+In 1 - (3.5)
f
Whent = ty, " = "4 according to Eq. (2.4), there is
h t i1
"= —+ —In1 2 ° (3.6)

AT E ts
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The expression for obtained from Eq. (3.6) is
= ("2 ") " In1 = (3.7)

In summary, all four parameters of the unsteady creep model othe rock were determined.
Meanwhile, the creep model parameters can also be obtainechtough curve tting based on
rock creep experimental data.

4. Model validation

The rationality and accuracy of the four-parameter rock ungeady creep model established in this
study were veri ed by referring to the uniaxial compression creep test results for four di erent

types of rock. The creep model parameters of the four types afock under di erent stress levels
were obtained by curve tting of experimental data. A comparison between the theoretical curve
of the four-parameter rock unsteady creep model and the testesults is shown in Figs. 5-8.

Table 1. Model parameters of di erent types of rocks

E ta "a ts
Rock MPal|[GPa]| [n] o 3| " | [ePan] | | ©
Schist (Sterpi 34.30| 7.49 [169.2| 5.38 |3.22| 1:67 10 ° [338.4] 6.12 3.99
and Gioda, 2009) | 39.40| 7.91 | 98.5| 5.72 |2.60| 259 10 4 |214.3] 10 ° | ™
Changshan salt rock| 14.41|40.14|538.0] 0.49 |4.36/7:21 10 1| 1030| 9.56 44.32
(Cao et al.,, 2020) | 14.72|33.38/215.5| 0.58 |3.831:26 10 3| 401 | 10 57| "™
Qiaohou salt rock 7.77 | 2.69 [114.8] 1.18 [2.20] 0.76 273 | 1.71 0.26
(Zhong & Ma, 1987)| 11.3 | 1.71 | 86.4| 1.70 |1.75| 0.14 248 | 10 8 |
52.82|28.40| 8.5 | 2.27 |5.42|1:23 10 14[15.30
Sandy shale rock | 55.37|28.69| 4.6 | 2.32 |5.11|1:21 10 3| 8.34|1.69 15.30
(Zhong & Ma, 1987)| 56.64 | 27.23| 3.2 | 2.37 |4.37|1:46 10 11| 596 10 |~
58.31|27.50| 1.9 | 2.45 |4.32| 9:7 10 12 | 3.56

As can be seen from the comparison results in Figs. 5-8, the dio-parameter rock unsteady
creep model can not only describe the instantaneous straintage, attenuation creep stage, and
constant velocity creep stage of dierent types of rocks uner di erent stress levels but also
re ects the accelerated creep stage with particularly obvbus nonlinear characteristics, and its
rationality has been veri ed. The theoretical curve of the model is in good agreement with
the test results, indicating that the model can accurately predict the creep strain trends of
di erent types of rocks under di erent stress levels over time, e ectively design support forms,
and determine the support construction time. In addition, Eq. (2.4) shows that the model can
describe the unsteady creep process of rocks in a simple andited expression, overcoming
the shortcomings of complex creep equations and numerous rdel parameters in component
combination models, which are more conducive to engineergnapplications.

To further verify the accuracy of the four-parameter rock unsteady creep model, the relative
standard deviation between the test and theoretical creep alues for the four types of rocks was
calculated without considering the error of the test data. The calculation formula is shown in
Eq. (4.1) (Zhao et al., 2020). The calculation results show that the relative standard deviations
between the test and theoretical values of schist under strgs levels of 34.3 MPa and 39.4 MPa are
0.83% and 0.55%, respectively, which are basically negligie. The relative standard deviations
between the test values and theoretical values of Changshasalt rock under stress levels of
14.41 MPa and 14.72 MPa are 2.87% and 1.55%, respectively. €hrelative standard deviations
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between the test values and model theoretical values of Qidmu salt rock under stress levels
of 14.41 MPa and 14.72 MPa are 4.83% and 4.94%, respectiveljjhe error of Qiaohou salt rock
is slightly larger than that of Changshan salt rock, but it is still within the allowable range.
The relative standard deviations between the test and theoetical values of sandy shale at stress
levels of 52.82, 55.37, 56.64 and 58.31 MPa are 1.15%, 1.0504880%, and 0.82%, respectively.
The relative standard deviations of sandy shale at the four gess levels were small. The above
calculations indicate that the relative standard deviation between the creep test values and the
theoretical values of the four types of rocks was less than 5%Error analysis further con rmed
the accuracy of the four-parameter rock unsteady creep mode

f=m (4.1)
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where m is the standard deviation, f is the relative standard deviation, and are the test and
theoretical values. "; is the strain on the rock during the creep failure. N is the number of
samples.

5. Model parameter analysis

The rock unstable creep model established in this paper onlgontains four model parameters,
which has the advantage of few parameters and high accuracyhis Section discusses the local
in uence of the four model parameters on the rock unstable ceep curve.
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5.1. The inuence of E

Assuming =60MPa, =2:0 10 2GPah, t; = 15h, n = 4, according to Eq, (2.5), the
unsteady creep curves of the rocks corresponding to di erenelastic modulus E were obtained,
as shown in Fig. 9.
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Fig. 9. In uence of E on the creep curve

Figure 9 shows that a change inE does not aect the shape of the model creep curve
and creep strain, but only a ects the instantaneous elasticstrain. With an increase in E, the
instantaneous strain at the same time gradually decreasedn addition, Fig. 9 shows that, under
the sameE value increment, the reduction in instantaneous strain gralually decreases; that is,
according to the order from bottom to top, the model creep cuwve becomes increasingly sparse
from dense. This indicates that when the value ofE is small, a change in its value signi cantly
in uences the instantaneous elastic strain of the model. Havever, when the value ofE was large,
a change in its value had little in uence on the instantaneouws elastic strain.

5.2. The in uence of

Assuming =60MPa, E =30GPa, t; = 15h, n = 4, according to Eqg. (2.5), the unsteady
creep curves of the rocks corresponding to di erent visco$y coe cients were obtained, as
shown in Fig. 10.

Figure 10 shows that a change in has little e ect on the shape of the model creep curve;
however, with an increase in , the creep stress variable at the same time gradually increses.
In addition, Fig. 10 shows that, under the same value increment, the creep strain increment
simultaneously gradually decreases; that is, according tadhe order from bottom to top, the
model creep curve becomes increasingly dense from sparsehig indicates that when the value
of is small, a change in its value signi cantly in uences the creep strain of the model. However,
when the value of was large, the change in its value had little in uence on the ceep strain.

5.3. The inuence of ¢

Assuming =60MPa, E =30GPa, =2:0 10 '2GPah, n = 4, according to Eq. (2.5),
the unsteady creep curves of the rocks corresponding to dieent t; were obtained, as shown in
Fig. 11.
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Figure 11 shows that a change int; has signi cantly e ect on the shape of the model
creep curve. The smaller the value ofts, the steeper the creep curve, and the faster the rate
of increase in creep strain. In addition,t; represents the time when the rock undergoes creep
failure, therefore, the smallert; , the shorter the time for the rock to undergo creep failure.

5.4. The inuence of n

Assuming =60MPa, =2:0 10 2GPah, E =30GPa, t; = 15h, according to Eq. (2.5),
the unsteady creep curves of rocks corresponding to di erenmodel orders n were obtained, as
shown in Fig. 12.

As shown in Fig. 12, n has a signi cant in uence on the shape of the creep curve of te
model. As n increases, the creep strain simultaneously increases naméarly; that is, according
to the order from bottom to top, the creep curve becomes incrasingly sparse. Simultaneously,
as the creep rate at the same time increased, the charactetiss of accelerated creep became
increasingly obvious, and the starting point of accelerate creep appeared earlier.
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6. Conclusions

Based on the antisymmetric relationship between the surfae dynamic subsidence curve of coal
mining and the unsteady creep curve of rocks, a rock unsteadgreep model with four model

parameters was established from the perspective of phenomelogy using analogical reasoning.
A simple and feasible method for determining the model parareters is provided based on the
characteristics of the rock creep curve.

The rationality and accuracy of the four-parameter unsteady creep model were veri ed based
on the compression creep data of four di erent rocks at di erent stress levels. The model not
only describes the instantaneous strain stage, attenuatio creep stage, and constant velocity
creep stage of rocks at di erent stress levels, but also re ets the accelerated creep stage with
particularly obvious nonlinear characteristics.

The unsteady creep strain of the rocks increases with an inemases in the viscosity coe cient
and model order. Under the same increment in the viscosity ce cient, the creep strain increment
at the same time gradually decreases, whereas under the sanmcrement in the model order,
the creep strain increment at the same time gradually increaes.
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A new mining dynamic cable con guration device has been degined with adjustable cable
curvature, full-range guiding restriction, and an anti-dr agging warning function to improve
the intelligence level and multi-scenario applicability. The digital model of the dynamic cable
con guration device is constructed, and a theoretical forrrula for interactions between its
structure parameters, assembly parameters, and the cabligpwork state is deduced. Strength
analysis and topology optimization reconstruction of the dde plate of the dynamic cable
con guration device are carried out by using Ansys. The intdligent cable retractable device
has been successfully applied in engineering. These reselaresults can provide a theoretical
basis for cooperative regulation and intelligent upgradirg of both mining dynamic cable
con guration devices and intelligent cable retractable devices.

Keywords: mechanical engineering, dynamic cable con guration devie, mathematic model,
topology optimization

1. Introduction

Mining electric shovels are indispensable equipment for kge-scale open-pit mines in stripping
operations (Topno et al., 2021; Wanget al., 2023). Their workload accounts for more than 50% of
the total workload. Due to the requirements of high-power ard continuous excavation, electric
shovels often operate with high-voltage electricity (6000/-10000V) delivered by cables as a
real-time power source. The reliability of the cable power spply directly a ects the e ciency of
excavation and mining operations (Zhao, 2023). Currently,electric shovels mainly use intelligent
cable retractable devices to wind and unwind high-voltage ables during stripping operations in
large-scale open-pit mines. Given the weight and bending @ius of mining high-voltage cables,
as well as frequent operation of the cable winding equipmenta dynamic cable con guration
device is typically used to assist coordinated take-up and @ake-down by the reel (Hanet al.,
2012; Amnuanpol, 2019).

The rationality, intelligence, and lightweight level of th e structural design of the dynamic
cable con guration device are crucial for ensuring reliabé cabling work as an important compo-
nent of an intelligent cable retractable device. However, here are several issues in the current
application process of mining dynamic cable con guration cevices on the market. (1) The dy-
namic cable con guration device lacks accuracy in followig the reel assembly, which leads to
cable accumulation or disorder (in Fig. 1a), resulting in ureven cable arrangement and heat
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buildup, which reduces the capacity and service life of the ables. (2) Unreasonable design pa-
rameters of the dynamic cable con guration device can causeear, bending, or even breakage of
cables while also reducing precision in screw drive (in Figlb) (Kevac et al., 2017). (3) There is
a lack of e ective warning devices; therefore, the cables a susceptible to scraping and pressing
by rocks and coal in unstructured pavement environments fomd in open-pit mines. Addition-
ally, an excessive force from a large reel can lead to safetyahards such as cable breakage and
leakage (Sunet al., 2022). Therefore, it is essential to investigate how stratural and assembly
parameters in uence stability within the dynamic cable con guration devices to enhance their
applicability across various scenarios while prolonging lieir service life.

(a) (b)

Fig. 1. Application statu: (a) cable accumulation or confusion, (b) local deformation of the screw

Wang (2022) used Ansys to analyze how di erent positions of gide wheels a ect the strength
of the dynamic cable con guration device during sailing and towing conditions. The results
showed that the maximum force and deformation occurred wherthe guide wheels were in mid-
dle positions under both conditions, providing insights into strength analysis and veri cation for
similar types of dynamic cable con guration devices. Kevacet al. (2017) introduced dynamic
variables such as winding/unwinding radius and cable lengh, considering their impact on the
dynamic response of cable winding/unwinding systems, and e@ned a general form for math-
ematical models of cable winding/unwinding systems. In thesame year, Kevac and Filipovic
(2017) conducted a comprehensive analysis and charactestion of nonlinear and pulsating phe-
nomena associated with the radial multi-layer winding proess on winches, extending its appli-
cability to studying rope winding processes in complex systms. These research studies establish
a fundamental framework for structural design and paramete optimization of dynamic cable
con guration devices under challenging mining conditions Concurrently, topology optimization
based on the variable density approach, which utilizes stran energy as the objective function
and volume as the constraint function, has gradually emergé as a pivotal technique for auto-
mated design across diverse industries such as automotivenechanical, and aerospace sectors
since its introduction by Bends e and Kikuchi (1988). Notably, this approach is extensively em-
ployed in lightweight design of structures, o ering an e ective means for weight reduction and
reconstruction design of cable winders (Zhanget al., 2007).

Therefore, to address the aforementioned issues, this stydnitially proposes the design of a
novel mining dynamic cable con guration device featuring aljustable cable curvature, full-range
guiding restriction, and an anti-dragging warning function, aimed to enhance the quality and
stability of cabling operations. Subsequently, a mathemaical model is established to examine
the e ects of cable arrangement structure and assembly panaeters on the device performance,
thereby providing a reliable parameter in uence law for the structural design and assembly
position determination of the device. Finally, based on stength analysis results of the device
side plate, the topology optimization module Ansys is emplged to reconstruct the side plates
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in e ort to reduce the in uence of device quality on the stabi lity of the screw and the improve
unit mass-bearing capacity under various working conditions.

2. Dynamic cable con guration device

The intelligent cable retractable device is positioned at he front of the intelligent cable re-
tractable vehicle, which consists of the frame assembly, et assembly, power system, transmission
system, dynamic cable con guration device, etc. Power is tansmitted to the reel and recipro-
cating screw-screw pair through the transmission device. Tis enables it to work in conjunction
with the chassis system to realize safe and stable operatiofor functions such as \active ca-
ble winding, passive cable discharging and in situ cable widing and discharging”, as shown in
Fig. 2. One end of the dynamic cable con guration device is phced on the guiding rod by means
of a guiding wheel set, and the other end is connected to the mprocating screw through the
screw pair. It serves as a key device for the intelligent calel retractable device to realize an even
arrangement and stable unwinding of the cables.

Electric  Alarm Control Reel Power Reciprocating Frame Guide
Signal system  system system assembly system screw assembly device
recetver Ball screw Special
pair support device
Lighting
system
ClliSSIS Warning
system device
Intelligent cable Intelligent cable Dynamic cable
retractable vehicle retractable device configuration device

Fig. 2. Intelligent cable retractable device

2.1. Dynamic cable con guration device structure

The dynamic cable con guration device consists of three pats: the guide device, special sup-
port device and warning device, as shown in Fig. 3. Among themthe guide device works through

Guide device

Warning device

Special support
device

Fig. 3. Dynamic cable con guration device

synergistic cooperation of each roller to provide full-rarmge cable guidance; the special support
device has characteristics of strong loading-impact resiance, compatibility with multiple types

of cables, and good alignment characteristics, which can edize stable arrangement of cables in
the process of winding and releasing. By monitoring cable tesion, the warning device can switch
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between three working states of the cabling work { warning ard emergency shutdown { while
providing anti-dragging warnings to prevent cable bendingor breaking due to overstretching.
Additionally, the dynamic cable con guration device is xe d on the reciprocating screw pair
for left-right translation and automatic reversing. The mechanical structure transmission mode
of the reciprocating screw-screw pair ensures uniform cablarrangement and improves cabling
work stability.

The dynamic cable con guration device possesses characistics of anti-dragging warning
and adjustable cable bending radius. With the addition of a @ntrol system, it can achieve
intelligent monitoring and warning of the state of the dynamic cable con guration device, as
well as adaptive adjustment of the bending radius. This featre allows for excellent adaptability
to the intelligent cable retractable device, and is highly sgni cant for construction of intelligent
mines.

2.2. Guide device

The guide device is divided into a front guide device and a reaguide device, which are
composed of lateral rollers and transverse rollers. The laral and transverse rollers are in the
same plane. During the cable movement process, they can playrole in guiding and protecting
the full range of the cable. Each roller consists of a smoothailer and rolling bearings. By
cooperating with each roller, the friction coe cient can be reduced to minimize cable wear, as
shown in Fig. 4.

(a) (b)
Transverse roller
Rolling bearing
Rolling bearing
Lateral roller
Lateral roller

Transverse roller
Idler wheel

Fig. 4. Guide device: (a) front guide device, (b) rear guide @vice

By setting up a rotating arm structure, the rear guide device can adjust its angle according
to the maximum bending coe cient of di erent cable speci ca tions, and then adjust the bending
radius of the input cable to adapt to di erent types of cables.

2.3. Special support device

The special support device comprises a front support rollerassembly and a rear support
roller assembly, which can realize the uniform arrangemenbf cables during cable installation
operation. Moreover, the special support device exhibits obust loading-impact resistance and
compatibility with various cable types while ensuring predse alignment. Consequently, it can
accommodate diverse cable-supporting needs e ectively. \ithstanding up to 10 meters of the
cable (weighing 6.9 kg/m), its exceptional stability guarantees compliance with overall sti ness
and strength requirements, as depicted in Fig. 5.

2.4. Warning device

The warning device consists of the upper and lower stroke swgh, rocker, and torsion spring.
Through cooperation of the torsion spring with the rocker, the upper and lower stroke switch can
be triggered, allowing for feedback on the state signal of te dynamic cable con guration device
to be sent back to the controller. This enables obtaining inbrmation about cable tautness state
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Back support roller assembly

Hight voltage cable
Front support roller assembly

Fig. 5. Special support device

Upper Limited  High voltage
stroke switch  axis pin cable

Rocker

Torsion Rear guide
spring wheel

Rocker Emergency shutdown
Warning state

Lower stroke switch Working state

Fig. 6. Warning device

in order to regulate three working states of the cabling work warning and emergency shutdown,
as shown in Fig. 6.

Working state: the contact between the cable and the rocker tiggers the action of the
lower stroke switch, and the dynamic cable con guration device runs normally;

Warning state: the cable is lifted by resistance and separad from the rocker, but the
upper and lower stroke switch are not triggered. At this time, the cable is subjected to a
large tension, but not more than the maximum permissible tersion, and the system gives
a warning;

Emergency shutdown: the resistance of the cable continuestincrease, and the cable lifts
to contact the upper rocker, triggering the upper stroke swich. At this point, the tension
of the cable is greater than the maximum permissible tensionand the system stops in
emergency to protect the cable from excessive tension damag

3. Characteristics of parameter interaction

The structure parameters, assembly parameters, and perfonance indicators of the dynamic
cable con guration device are interconnected. Studying the interaction law of each parameter is
a prerequisite for optimizing and transforming the dynamic cable con guration device.

3.1. Design parameters of the dynamic cable con guration de vice

Figure 7 shows a schematic diagram of the movement principl®f the dynamic cable con-
guration device when the intelligent cable retractable device is used for a high-voltage cable
retracting and releasing work. In Fig. 7, 1 is the angle between the suspended cable and hori-
zontal direction, which can be set according to operating coditions; » is the angle between the
horizontal direction and connecting line (between the reelcenter and the lower roller center of
the special support device); 3 is the angle between the connecting line (between the centeuf
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the reel and lower roller center of the special support devie) and tangent line (between the reel
and lower roller of the special support device); 4 is the angle between horizontal direction and
connecting line (between the lower roller center of the speal support device and guide device
roller center); ; is the angle between the cable of segme#iB and segmentBC; » is the angle
between the cable of segmenAB and suspended cable; ; is the angle between the vertical
direction and resultant force on the lower roller of the guide device; » is the angle between the
vertical direction and resultant force on the lower roller of the special support device.

F Fs F F3
Fg F
C ‘47]’: 4Br214‘2
G Go
C
B b |
3 c
A ¢ ) a3 % R;
a 3 a B ‘
g 0
hy ha hs ag A} b1
« 1 ”l
Physical model Mathematic model

Fig. 7. Working model of the intelligent cable retractable device

Based on the geometric relationship in Fig. 7, when the dynarit cable con guration device is
used to arrange a cable, an expression between the structupmrameters, assembly parameters,
and position parameters of each segment of the cable can be talned

ai . Ry
> = arctan E 3 = arcsin qzi
a2+ 12 (3.1)
a
4 = arctan — 5= 3 2
b
and
1= 1t 4 2= 4t 5 (3-2)
and
-1 _ - 2 _
1= 5 > 1 2= 5 5 4 (3.3)

where a; and b; are the vertical and horizontal distances between the loweroller center of the
special support device and the center of the reela and b are the vertical and horizontal distances
between the lower roller center of the special support devie and the lower roller center of the
guide device,R; (i = 1;2;3;:::) is the radius when winding i-layers of the cable on the reel,
R1 is equal to the reel radius,r is the radius of the roller of the dynamic cable con guration
device.

When the number of cable layers on the reel changes, the exmsion forR; is as follows

Ri= R+ (i 1)d (3.4)

whered is the diameter of the high-voltage cable.
The cable of segmentsAB and BC are approximately arranged in a straight line, when a
pre-tightening force is applied by the intelligent cable rdractable device. Therefore, the cable
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bending radius can be determined from the length and angle parameters of thecable in
segmentsAB and BC

Ri r a 2 2
IBC = tan : IAB = sin . IAC = IAB + IBC 2IBC|AB COS »
(3.5)
_ lac
2sin

wherelag and Igc are the lengths of the cable in segment&AB and BC.

At the same time, the warning state of the warning device depads on the structure pa-
rameters a and b. When 4 = 1, the lower stroke switch is disconnected and the warning is
activated.

The structure parameters and assembly parameters of the dyamic cable con guration device
are designed as listed in Table 1.

Table 1. Structure parameters of the cable arrangement device

| Parameter | Value | Parameter | Value |

ai [mm] 193 1[] 60
by [mm] | 1163.5| d[mm] 65
a [mm] 240.5 | dy [mm] 40
b [mm] 423 g [m/s?] 9.8
R1 [mm] 534 r [mm] 325

Substituting the parameter values from Table 1 into Eqg. (3.1) to (3.5) onr can obtain.

Table 2. Position parameters of cable arrangement device

| Parameters| i=1 | i=2 | i=3 |
211 9.42 9.42 9.42
2] 25.16 | 28.71 | 32.37
all 29.62 29.62 29.62
1[1] 149.62 149.62 149.62
2] 166.13 | 169.67 | 173.33
11 4481 | 4481 | 44.81
2] 22.68 24.45 26.28
[mm] | 4972410| 6404040| 9441800

From Table 2, it can be observed that during the operation of the dynamic cable con g-

uration device,

3

2> and » will vary with the number of cable layers arranged on the ree)

primarily a ecting the working environment of the lower rol ler of the special support device.
Simultaneously, a bending radius 15 times greater than the thmeter of the cable is required for
proper functioning. Based on the data in Table 2, increasingthe number of cable layers proves
to be advantageous in enhancing the high-voltage cables wking environment.

3.2. Mechanical characteristics of the dynamic cable con g uration device

The force analysis of the guide device roller and the speciaupport roller is shown in Fig. 7,
when the cable is arranged on the reel. The equilibrium equabns of the two rollers are obtained

Gs
tan 1

(3.6)

F1=2Fs (:os?l Fo=2Fs (:os?2 Fs=
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and
Fs= Gy + Fycos 1 Fe= Fisin FO= F2+ F¢ (3.7)

and
q

Fs= G+ Fycos o Fs= Fssin 5 F = F32+ FA? (38)

whereF1 and F, are the resultant forces acting on the guide device roller ad the special support
roller, F4 and F3 are the vertical and horizontal components of the forceF on the reciprocating
screw, Fs and Fg are the vertical and horizontal components of the forceF ®on the guiding rod,
m is mass of the dynamic cable con guration deviceFs is the tensile force on the cableGs is
the gravity force acting on the suspended cableG, = G; = mg=2.

The contact length between the reciprocating screw and the @ew pair is much smaller than
the length of the reciprocating screw, so the force on the raprocating screw can be simpli ed to
the concentrated force. Additionally, since the length of the reciprocating screw is much larger
than its section diameter, we can neglect the e ect of the shar force on bending deformation
(Tang et al., 2022). Based on the plane assumption that the cross-secoi perpendicular to the
axis remains perpendicular to the de ection curve after debrmation, a force analytical model
for the reciprocating screw is established with the axis of he screw before deformation as the
x-axis, the vertical direction as the y-axis, and the longitudinal symmetry plane of the screw as

the xy plane, as shown in Fig. 8.

do
Saf|e—
?JT el I
F
Fph /Z/ F e
. B
D @L_l Y B T
| T m dx ki
L

Fig. 8. Force analytical model for the reciprocating screw

Using the static equilibrium equation, the support constraints at the ends D and E of the
reciprocating screw are obtained
F(L 2 Fz
= —= Fe = — 3.9
: =T (3.9
where L is the length of the reciprocating screw,z is the x-axis coordinate value of the screw

pair, which varies within the e ective length | of the reciprocating screw.
The bending moment equation for any point of the reciprocatng screw is obtained in seg-

ments

Fo

8
3 yx for 0= x-2z

M (x) = s Ez (3.10)
- T(L X) for z-x-L

Due to small deformation of the reciprocating screw, a di erential equation for the de ection
curve of the reciprocating screw is established (Gere and Tmoshenko, 1984)

d?! M
o2 B (3.11)



Design and optimization of dynamic cable con guration devge... 499

where| = d$=64 is the cross-section moment of inertia of the screw relate to the centroid
axis, d; is the diameter of the reciprocating screw,! is the displacement of the centroid of the
cross-section with coordinatesx along the y-direction, which is the de ection, E is the elastic
modulus of the reciprocating screw, 210 GPa.

The substitution of Eqg. (3.10) into Eq. (3.11) yields

8
3 MX3+C1X+D1 for 0-x-z
Ell (x) = 6L (3.12)
> Fz, I:ZX3+CX+D for z-x-1L
2 6L 2 2

According to the continuity condition, when x = z, the rst derivative of the de ection with
respect to the de ection at the segmental point correspondsto equality. From the boundary
conditions, forx =0or x =L, ! =0, we obtain

8
Fx[2L2z + z(x?+ z%) L (x?+32%)]
% 6LE] for 0~ x-z

0= 3 Fz[2L%x+ x(x*+ 2% L(2%+3%?)] R (313)

6LEI

By using Egs. (3.8) and (3.13), a sensitivity expression foiscrew de ection to the mass change
of the dynamic cable con guration device is obtained

mg
d' ' m gm 5 + Fzcos »
S= anT = h 5 i (3.14)
' 2 T3+ Fycos , +(Fasin p)?

Based on the measured valuesnf = 30kg and G = 690 N), the data in Tables 1 and 2 are
substituted into Eq. (3.14) to obtain S = 0:48, which means that the mass of the dynamic
cable con guration device is reduced by 20%, and the maximunscrew de ection is reduced by
9.6%.

At the same time, the number of retracted cable meters is diretly proportional to the
tension Fg on the cable, when the intelligent cable retractable deviceretracts the cable in situ.
An increase ofFs will change the load-bearing state of the dynamic cable conguration device. In
order to comprehensively describe its state under di erentloads, we de ne the mass utilization
coe cient as the load borne by the unit mass. When this coe ci ent exceeds a certain limit value,
it indicates that the dynamic cable con guration device is in an overloaded working state. When
it is lower than a certain limit value (at this time 4= ), it indicates that the dynamic cable
con guration device is in a warning working state. Under conditions satisfying strength and
sti ness, a higher mass utilization coe cient implies greater utilization per unit mass, making
for a more economical and reasonable structure of the dynaricable con guration device

i
P= o (3.15)
where P is the mass utilization coe cient, F; is the load of the dynamic cable con guration
device. The expression forF; is obtained

q
Ff = (Fpcos 1+ Fpcos 5)2+(Fisin 1+ Fysin )2 (3.16)

By substituting the values from Tables 1 and 2 into Egs. (3.6) (3.15), and (3.16), it can be
concluded that the mass utilization coe cient of the dynami c cable con guration device is
16.58 N/kg, when the intelligent cable retractable device @erates in conjunction with the chassis.



500

Z. Li etal

4. Strength analysis of side plates of the dynamic cable con guration device

High-voltage cables used in open-pit mines have a high massepunit length. In order to ensure
that the dynamic cable con guration device has su cient loa d-bearing capacity under design
loads and to guarantee safety and reliability of its structure. Ansys is utilized for static simulation
of the side plates of the dynamic cable con guration device lased on the 3D model created by
Solidworks in this Section (Nie et al., 2011).

The side plates of the dynamic cable con guration device aremade of Q235B steel with
a Young's modulus of 206GPa, Poisson's coe cient of 0.3, a yald strength of 250 MPa and a
tensile strength of 460 MPa. The thickness of the side platets 5mm. The vertical upward load is
set at 2000 N, and the vertical downward load is set at 700 N. Tl speci c distribution is shown
in Fig. 9.

Fixed constraint

Load

Load

Fixed constraint

Fig. 9. Schematic of side plates loading

The side plate of the dynamic cable con guration device was stically analyzed to obtain the
corresponding stress and strain cloud diagrams, as shown iRig. 10. Among them, the weight
of the side plate is 5.268 kg, and the maximum stress is 30.82MPa, which is much smaller than
the permissible stress of the material and meets both strerth and sti ness requirements.

(a) (b)

Type: equivalent (Von-Mises) stress Total deformation

Unit: MPa Unit: mm
30.824 0.01195
27.399 0.01062
23.975 0.00929
20.550 0.00796
17.125 0.00664
13.700 0.00531
10.275 0.00398
6.8501 0.00265
3.4252 0.00132
0.0003 0.00000

Fig. 10. Stress analysis of the side plates: (a) stress, (b}rsin
The safety coe cients are calculated according to
N = L] 4.1)

where N is the safety coe cient, [ ] is the permissible stress, is the maximum working stress.
According to Eqg. (4.1), N = 8:11, the side plates are designed to meet strength requiremen
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5. Topology optimization and reconstruction

The accuracy of the reciprocating screw is a ected by its stiness in cabling work. If the de-
formation is too large, it will a ect the precision of the screw and the screw pair, resulting in
uneven wear, noise, vibration, and reduced lifespan. The gihtweight design of the dynamic ca-
ble con guration device is an important method to improve both the precision of cabling work
and the mass utilization coe cient of the dynamic cable con guration device. This design also
enhances operational e ciency and reduces production co&t In this Section, the topological

reconstruction of the side plates for the dynamic cable conguration device is performed based
on Ansys.

5.1. Optimization program

Topological optimization can identify the optimal materia | distribution scheme within the
optimization space of a homogeneous material (Songt al., 2017). In this Section, the objective
of topology optimization is to minimize strain energy for the overall structure of the side plate,
while ensuring that the volume of the optimized side plate das not exceed 40% of its original
volume. The mathematical representation of topological opimization is as follows (Radhi et al.,
2021)

min: C(x)= %UTKU

NN 0
s.t. ViXi=V; F=KU; Xpin o Xj=1(@(=1;:::;n)
i=1

(5.1)

where U, K and F are the displacement vector, global stiness matrix and loal vector, re-
spectively, for the n element domain. The rst constraint is a volume constraint to be below a
certain value V . The second constraint represent the equilibrium condition, from which U is
calculated. Here, a valueX in of 0.001 was found to be suitable for our simulations.

5.2.  Analysis of optimization results

The optimization analysis converges after 24 iterations, ad the topology optimization results
are shown in Fig. 11.

B: Structural optimization

Topology density

Delete (0.0~0.4)
Boundary (0.4~0.6)
Hold (0.6~1.0)

Fig. 11. Topology optimization results
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The side plates have been reconstructed based on the topolp@ptimization results, weighing
2.227 kg as depicted in Fig. 12a. By applying the same constiats and loading conditions as the
original model for static analysis, the maximum stress is masured at 31.624 MPa with a safety
coe cient of 7.9, as shown in Fig. 12b.

(a) (b) Type: equivalent (Von-Mises) stress
Unit: MPa
31.624
28.750
25.875
23.001
20.126
17.252
14.377
11.503
8.6282
5.7537
2.8792

0.00475

Fig. 12. Reconstructed side plates: (a) side plate model, (pbstress diagram

After reconstruction, the stress on the side plate is much laer than the material yield
strength, and the design still has a signi cant redundancy. Therefore, in the second reconstruc-
tion, the thickness of the side plate is reduced to 3mm. The wight of the side plate after this
second reconstruction is 1.670 kg. By applying identical cestraints and loading conditions as
in the original model for static analysis, we measured a maxnum stress of 37.722 MPa with a
safety coe cient of 6.62, as shown in Fig. 13.

Type: equivalent (Von-Mises) stress

Unit: MPa
37.772
33.576
29.380
25.185
20.989
16.793
12.597
8.4016
4.2059
0.010146

Fig. 13. Stress diagram of the side plates after second recsinuction

5.3. Comparative analysis

As shown in Table 3 and 4, when the thickness of the side platesi taken as 5mm, the
weight of the side plate decreases by 57.7% to 2.227 kg, whitbe maximum stress is reduced
to 31.624 MPa. Additionally, the mass of the dynamic cable ca guration device decreases by
20.3% to 23.918 kg. When the thickness of the side plate is reded to 3 mm, its weight decreases
by 68.3% down to 1.670 kg and the maximum stress becomes 37ZVWPa. Meanwhile, the mass
of the dynamic cable con guration device decreases by 24.0% 22.804 kg.

To ensure the precision of cabling work and extend equipmentervice life while reducing
operational costs, the weight reduction achieved with a sadty coe cient that meets requirements
makes the side plate weighing only 1.670kg better t for lighweight design speci cations. The
mass utilization coe cient for the dynamic cable con gurat ion device reaches 21.83 N/kg when
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Table 3. Comparative advantage

\ \ Deformation \ Equivalent (von Mises) stress
Total deformation Type: equivalent (von Mises) stress
Unit: mm Unit: MPa
0.01195 30.824
0.01062 27.399
Origi- 0.00929 23.975
nal 0.00796 20.550
side 0.00664 17.125
lat 0.00531 13.700
plate 0.00398 10.275
0.00265 6.8501
0.00132 3.4252
0.00000 0.0003
Total deformation Type: equivalent (von Mises) stress
Unit: mm Unit: MPa
0.01265 31.624
Obti 0.01125 .28.750
P 0.00984 H ;g-gg?
mized |L_o.00s14 2012
side 0.00703 —17.252
plate 0.00563 —14.377
(5 mm)| [—0.00422 | 11.503
0.00281 [ 86282
: 5.8737
0.00141 l 5 8799
0.00000 0.004758
Total deformation Type: equivalent (von Mises) stress
Unit: mm Unit: MPa,
0.01555 37.772
. 0.01382 33.576
O_pt'- 0.01209 29.380
mized || 14 01037 25.185
side 0.00864 20.989
plate 0.00691 16.793
(3 mmy) 000518 12.597
0.00346 8.4016
0.00173 4.2059
0.00000 0.010146
Table 4. Data analysis
Weight | Maximum Safe
Structural element 9 . v
[kg] stress [MPa] | coe cient
Original side plate 5.268 30.824 8.11
Optimized side plate (5mm) | 2.227 31.624 7.9
Optimized side plate (3mm) | 1.670 37.772 6.62

the intelligent cable retractable device works in conjuncion with the chassis. This design concept
has already been adopted and successfully implemented inrige-scale open-pit mine engineering

applications, such as showed in Fig. 14.
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Fig. 14. (a) Intelligent cable retractable vehicle, (b) dynamic cable con guration device

6. Conclusions

This study has developed a novel mining dynamic cable con gtation device for mining enter-

prises, which was designed and optimized based on both the rtteematical model of the device
and the topological optimization results obtained from Ansys. The engineered application of
this mining dynamic cable con guration device has been sucessfully implemented in a large
open-pit mine. During the research process, we have drawn #hfollowing conclusions.

The dynamic cable con guration device is equipped with an adustable cable bending de-
gree, full-range guiding limit and an anti-dragging warning function, e ectively preventing
high-voltage cables from being ripped o or bent. This grealy enhances multi-scenario
application capability of the intelligent cable retractab le vehicle.

The mathematical expressions and interaction laws of pararmaters such as cable bending
radius and utilization coe cient of the dynamic cable con g uration device are theoretically
derived, providing a theoretical basis for structural desgn of this device, determination of
assembly positions, and performance optimization.

After optimization, the weight of the side plate of the dynamic cable con guration device
decreased by 68.3%, and the weight of the device decreased By¢.0%. The maximum
de ection of the reciprocating screw was reduced by 11.52%Through actual engineering
applications, it has been observed that stability in dischaging cables of the device has
been signi cantly enhanced.
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During cyclic loadings, metal alloys can undergo cyclic platicity, for example, at notches.
The Chaboche kinematic hardening model provides a versatil and realistic description
of the material stress-strain behaviour under multiaxial cyclic loadings. In this work, the
global properties, extracted from stabilized cycles of stain-controlled tests and from a force-
-controlled test, are employed to calculate the parameters Alternatively, the Bouc-Wen
model can provide a reliable representation of nonlinear hgteretic phenomena, and the clas-
sic nonlinear least squares approach is employed to tune itsonstants. The performances of
the two proposed techniques are compared, and a nal discugsn is provided.

Keywords: cyclic-plasticity, hysteretic behaviour, Chaboche kinematic hardening model,
Bouc-Wen model

1. Introduction

The presence of notches in mechanical components can enhanthe plastic behaviour, in partic-
ular, under cyclic loadings, thus an accurate description 6the constitutive behaviour of metal
alloys is crucial for structural analysis. For example, in Bertini et al., 2017; Santuset al.,
2023b) the use of a cyclic plastic constitutive law was motiated by the fact that, assuming
purely elastic behaviour, the presence of a severe V-notchombined with a high fatigue load
ratio R (R = min = max), resulted in very high and not meaningful values of stress mar the
notch. The Chaboche kinematic hardening (CKH) model (Chabahe, 1986) is a powerful and
recognized model to describe the cyclic plastic behaviourfanetals. Given that it is a kinematic
model, it accounts for the Bauschinger e ect, which generdly occurs during the cyclic plastic
behaviour of materials. This latter statement, together with the necessity to consider the plastic
behaviour of the material near the notches, justi es the widespread use of this model in fatigue
analyses such as in (Karolczuket al., 2019; Hosseini and Sei, 2020; Santugt al., 2022). The
CKH model is also implemented in Ansys nite element (FE) software.

Since its rst introduction, the Chaboche model has undergme several proposals of modi -
cation. Chaboche himself (Chaboche, 1991) suggested a maddition to improve the ratcheting
prediction, which was subsequently validated by other resarchers (Sha qul and Tasnim, 2000).
Some changes to the classical CKH model were also proposed (@afalias et al., 2008), where the
parameters of backstress components were assumed varialdering cyclic-loading to improve
the ratcheting rate prediction. Despite all the modi catio ns of the Chaboche hardening rule,
the computation of Chaboche parameters is a challenging tds even considering the classical
formulation of this model. Typically, only stabilized cycl es extracted from strain-controlled tests
(SCTs) on plain specimens can be used to calculate the pararters, but force-controlled tests
(FCT) can also be used as in (Koo and Lee, 2007; Mahmoudit al., 2011). Di erent techniques
can be employed to obtain the Chaboche parameters such as getic algorithms (Badnava et al.,
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2012; Dvosek et al., 2023), particle-swarm optimization (Li et al., 2018) and gradient-based op-
timization algorithm (Chaparro et al., 2008). The latter algorithms typically demand substantial
computational resources.

Alternatively, the Bouc-Wen (B-W) model (Bouc, 1967; Wen, 1976) is widely employed to
describe the hysteretic behaviour of mechanical systems sh as piezo-actuated devices (Caét
al., 2023) or wire rope isolators (Neri and Holzbauer, 2023). ¥rious optimization algorithms
can be again employed to obtain B-W parameters such as the Lenberg-Marquardt algorithm
(Ni et al., 1998), multi-objective optimization algorithms (Ortiz et al., 2013) or particle-swarm
optimization (Charalampakis and Dimou, 2010).

In this research, a novel and physics-based algorithm to calilate the CKH model parameters
was employed. The global properties of stabilized cycles ahe SCTs, such as the gradient at
extreme points of the cycles (EPOC), the hysteresis area (HA the stress range (SR), the average
stress (AS), the average plastic strain (APS) and the plastt strain range (PSR) were employed
to compute the parameters. To provide an accurate descriptin of the transient during the FCT,
the experimental ratcheting rate was also employed during étermination of the parameters.
The Bouc-Wen model was also used to replicate the cyclic-pkic behaviour considering the
nonlinear hysteretic nature of cyclic plastic phenomena. Kwever, the search of the parameters
required a di erent strategy due to di erent nature of model equations.

Section 2 is dedicated to show the experimental data and, in &ction 3, the utilized procedure
to calculate the CKH parameters is explained along with the orresponding obtained results. In
Section 4, the Bouc-Wen model is introduced and the correspuading results to model the cyclic
plastic behaviour are shown. Finally, in Section 5, a discusion with a comparison between the
two engaged algorithms is provided.

2. Materials

The alloy investigated in this research is 42CrMo4 quenchednd tempered steel. All tests were
performed on plain specimens (i.e. without notches) and undr uniaxial loading. The mean values
of the yield strength and of the ultimate strength, obtained by a standard tensile test, were equal
to Sy =500 MPa and Sy = 700 MPa, respectively. Three SCTs and one FCT were employedo

calculate the CKH parameters. Two SCTs were performed atR- = 1, which means that the
minimum imposed total axial strain and the maximum imposed total axial strain were opposite,
while one was performed atR+- 6 1. The FCT was conducted atR = 0:66, and R indicates

the ratio between the minimum and the maximum imposed axial $ress. The SCTs conducted at
R+ = 1 are shown in Fig. 1, Cycle I C) and Cycle Il (C;, ) indicate the stabilized cycles and
"p represents the axial plastic strain. The useful quantitiesextracted from the stabilised cycles
are also shown in Fig. 1, and their corresponding numerical alues are reported in Table 1.

Table 1. Global properties extracted from C, and C,

"p A d=d,
] [MPa] | [mJ/mm 3] | [GPa]

o 1.43% | 1030 12.0 5.81

C, | 0.50% | 918 3.61 20.2

The useful quantities extracted from the FCT in order to apply the procedure are shown in
Fig. 2. The ratcheting rate in Fig. 2b presents an initial lin ear trend, which is used to calculate the
Chaboche parameters. It is important to remark that the CKH m odel is not able to reproduce a
variable (increasing) ratcheting rate, unless combining he CKH model with damage mechanics
models.
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Fig. 1. Strain-controlled tests performed atR- = 1, the transient cycles are indicated in grey, while
the stabilized cycles are marked in red as (a)C, and (b) C,,
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Fig. 2. (a) Few cycles of the force-controlled test involvedin the research with signi cant quantities
highlighted; (b) experimental maximum plastic strain per cycle of the force-controlled test employed in
this research

From Fig. 2a some useful quantities need to be de ned as the pktic strain amplitude (PSA)
per cycle and the plastic strain rate per cycle, which are fomalized as

nmax + "Mmax
noa — p,N +1 pr nmin nor — nmax nmax 2 1
pN T T 5 PN pN = "piN+1pN (2.1)

These two quantities " £, and " [ are not generally constant. However, FE simulations by
involving the Chaboche model showed that, after the initial cycles, a constant ratcheting rate can
be obtained as described in (Kreethiet al., 2017; Zhanget al., 2020). Given these latter ndings,

the two quantities of Eqgs. (2.1) can be assumed constant in ater to describe the ratcheting rate,

and they can be substituted with " g and " {D in which there is no dependence on the number

of cyclesN.

3. Computation of the CKH parameters

For a plain specimen loaded uniaxially, and employing the CKH4 model, the dependence between

the axial stress and the backstress components can be described by Egs. (3.1n these



510

C. Santuset al.

equations | is the elastic limit (to be calculated), is a coe cient equal to 1 during positive
loading ramps, and to 1 during negative loading ramps and is the total backstress obtained
by the sum of backstress components

= L+ = i di=Cdp i ijd"pi 3.1)

The third of Egs. (3.1) describes a di erential equation which governs the dynamics of the back-
stress components.C; and ; are the CKH model parameters to be tuned. In this work, the
classical CKH model with three backstress components was thrated, and the fourth back-
stress was eventually added to improve the prediction of sthilized cycles of the SCTs near the
elastic limit zones. The qualitative trends of the three badkstress components, according to our
procedure and for an ideal plastic strain controlled test wth R+, = 0:1, are reported in Fig. 3.
The rst backstress has the most rapid dynamics (Fig. 3a), while the second backstress has much
slower dynamics than that of the rst one (Fig. 3b). Finally, the third backstress was assumed
with a linear trend as shown in Fig. 3c that is just obtained by imposing 3 = 0. It is important

to highlight that the rst backstress leads to a nonzero value of the HA of the stabilized cycle,
while the second backstress leads to an almost null value ohe HA of the stabilized cycle, which
can be approximated as null in the following analysis. The maimum and the minimum values
of the rst and second backstress components, as concerns ghstabilized cycles, are opposite as
highlighted in Figs. 3b and 3c. On the contrary, a nonzero mea stress remains for the linear
backstress component, despite the loading cycling.

(a) (b)

(c)
Xl |X1max. stab' = | lein, sfabl ‘XZma.r, stab‘ = | XQ min, stab

X3 Xo

leaz, stab
/ X?maz, stab
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€p €p 3.014 &
Xomin, stab
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Fig. 3. Trends of the three backstress components for ideallpstic SCT at R+, =0:1: (a) rst backstress
component (fast), (b) second backstress component (slow)ral (c) third backstress component (stable)

Ep,m,0 :Xg'()/CB

The CKH parameters to be determined wereCy, 1, C;, 2, C3, 30 and , and the
procedure to calculate them was presented in (Santust al.,, 2023a) and is brie y recalled here.
Using the average point of the stabilized cycles extractedrbm the SCTs, the parametersC;
and 3.0 were determined by combiningC, and Cycle IlI (Cy;; ), which indicates the stabilized
cycle of the strain-controlled test (SCT) performed at R+ 6 1. Equations (3.2) provide a 2 2
linear system which relates the AS 1, = ( max+ min)=2 and the APS" . = (" pimax + " p;min )=2
of the stabilized cycles, which are also the experimental iputs. When the experimental SCT
performed at R- 6 1 is almost fully relaxed, the obtained value of C3 is much lower than the
values of C; and C,

30+t C3"pmi = mi 30F C3"pmii = mu (3.2)

Once the parametersCz and 3.0 were calculated, Egs. (3.3)-(3.5) were employed to calcuta
the other parameters, except for ,, which was calculated using the FCT. The experimental
inputs of Egs. (3.3)-(3.5) were all extracted from the stablized cycles of the SCTs performed
at R = 1 (C, and Cy; ). Assuming the inequality given by »>" 1, which is meaningful
considering the low value of » and which was employed in all the following equations, Egs..3)
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can be obtained to model the gradient at the EPOC in the "o plane. In Egs. (3.3), the
PSR " p=("pmax "pmin)and the gradient at the EPOC, d =d" , calculated at S22, are the
experimental inputs, and the nonlinear system can be solvedo obtain the expressions forCy
and C, depending on 1

C; 1 tanh 12“' +Cy= c3+d—

- (3.3)
Ci 1 tanh(% +Cy= Ca+ d

The expressions to calculate the values of the elastic limiffor C, and C;, were obtained as
functions depending on 1 only, as shown in Eqgs. (3.4). In these latter equations, the BR and
the SR = ( max min ) are, in turn, the experimental inputs. The expressions of |
and . obtained from Egs. (3.4) should lead to the same value cons@ting that the elastic
limit is obviously a unique material property. Given that th is assumption is not satis ed, in
general, an averaged function was dened as| =( 1 + L )=2

C " C,+C
= Sgnn 2w 2% Cau
2 1 2 2 ’ (3.4)
- Gt e G2t Cs, o '
e > > pill

The last property to be considered during the determination of the parameters is the HA of
the stabilized cycle, which is described forC; and Cj; , by A4 and A'°d, respectively. It is
important to highlight that Egs. (3.2)-(3.5) were obtained in (Santus et al., 2023a) by supposing
plastic SCTs, but they were extended to total SCTs without any loss of generality

APt =2 v e2 S 2% gapn Lo w
1 1
" 3.5
mod — n C1 " Cl 1 p;ll ( )
A” =2 L p:ll +2 — p:ll 2—2tanhT
1

Three error functions, all depending on ; only, were then de ned:
An error function to quantify the di erence between the valu es obtained by the expression

of |, and those obtained by the expression of |
L;l L;l
L

A relative error function about the HA of C,

_ A{nod AI
[ A
A relative error function about the HA of Cj,

n = L?Od Au
A

The three introduced error functions were then included into a global error function, which is
presented in

(=@ ) 2+ (&+ &) (3.6)
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The weight parameter can balance between the importance of considering the relate error
of the HA and the error about the cycle amplitude. The parameter is considered in the range
[0; 1]. The searched value of ; was just found by minimizing the global error function presented
in Eq. (3.6). A qualitative trend of the global error function ( 1), obtained with = 0:5, is
shown in Fig. 4. Once the value of ; was obtained, the parametersC;, C, and | were then
easily numerically calculated by following the expressiorproposed in Egs. (3.3)-(3.5). The last
parameter to be calculated was » by involving the FCT. Considering the CKH model with only
two nonlinear backstress components, the relationship beteen the AS, the PSA per cycle and
the plastic strain rate per cycle for a FCT on a plain specimenis provided by

_ X ¢ysinh( " §=2)

= —— (3.7)
™ i sinh(;" 3)
ks
E
B
S
)
S~
N
Fig. 4. An example of the trend of the global error function ( ;) with =0:5
Considering that, generally, ;" | 1 for each backstress component giving a small plastic

strain increment per cycle, Eg. (3.7) can be simpli ed into Eq. (3.8). This latter equation can
be easily inverted, and the value of , can thus be obtained
X2 Ci

SO — (3.8)

Mo sinh( ;" 3)

When the third linear backstress is also considered, the marmum value of this backstress com-
ponent evolves cycle per cycle according to

= PG g (3.9)
This latter equation highlights that the only achievable equilibrium, when the third linear back-
stress component is considered, occurs fot | =0, i.e. for a plastic shakedown. According to
this latter statement, the quantities " S and " [\ cannot be considered constant. The rela-
tionships shown by Egs. (3.2), which were used for SCTs, arelso valid to describe the average
point of the stabilized cycle of a FCT as remarked in (Santus,Grossi et al., 2023). Therefore,
the relationship to describe the APS of the stabilized cyclecan be obtained by inverting Egs.
(3.2), thus obtaining

"om = — 30 < 30 (3.10)

This equation highlights that the APS of the stabilized cycle of a FCT is relatively high for low
values of Cz, thus it is reached after a quite big number of cycles. Theradre, the PSA per cycle
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and the plastic strain rate per cycle can be considered conant without any loss of accuracy,
and Eqg. (3.8) can be nally employed to obtain the value of . In Fig. 5, some of the obtained
results are reported, more speci cally, in Fig. 5a, the blueline predicts the mean points of the
stabilized cycles as described in Egs. (3.2), and in Fig. 5lji erences between the experimental
stabilized cyclesC, and C;, and the corresponding modelled cycles are shown.

(2) (b) 600~ — Experimental
5 1 e . £ / — I
& g i =
= =, 350 4
= 250
S 0 © C//
AT I
0 — 0
Om =X3.0 + CBEp,m
-250 or
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p

€
Fig. 5. (a) Average points of the stabilized cycles of the SCT, (b) small di erences between

experimental and reproducedC, and C,; cycles by using the proposed procedure with three backstraes
components

The ratcheting rate was also modelled, and the obtained redts are reported in Fig. 6. The
comparison between the experimental and the modelled ratakting rates is reported in Fig. 6a.
Clearly, this latter comparison was carried out in the region where the ratcheting rate could be
considered constant according to Fig. 2. In Fig. 6b, a compdson between the experimental and
the modelled FCT is shown in the same ratcheting cycle range.
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Fig. 6. (a) Di erences between experimental and modelled ré&cheting rates in the constant ratcheting
rate region and (b) di erences among experimental and moddéd fully reproduced cycles of the
force-controlled test in the same constant ratcheting regon

The fourth backstress, with an imposed high value of 4, thus quickly saturating, was added
to improve the prediction of the stabilized cycles of the SCTs near the elastic limit region. The
searched ratio betweenC4 and 4 was aimed at minimizing the further error function described

by
2 (3.11)
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A graphical and qualitative explanation of the error functi on described by this latter equation
is provided in Fig. 7a. The superimposition of the fourth badstress, with a high value of 4,
modi es Egs. (3.4). In fact, the elastic limit can be modelled as ? = | Cy= 4, where
9 is the updated (and lower) value of the elastic limit provided that | is the value of the
elastic limit previously obtained with the CKH model with th ree backstress components. The
updated expression of the elastic limit can be then substitted into Eqgs. (3.5) leading to a clear
decrease in the value of the modelled HA. Finally, the compasons between the experimental
and simulated stabilized cycles, considering the fourth bekstress component and forC,, Cy

and Cy, , are reported in Fig. 7b. The numerical values of the obtaind CKH parameters are
shown in Table 2.
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Fig. 7. (a) Inaccuracy of the simulated stabilized cycle, whch can be corrected by introducing the
fourth backstress component, (b) di erences among experirantal and modelledC,, C;, and Cy
considering the additional fourth backstress component

Table 2. Obtained parameters for the CKH model with four backstress omponents

L C1 1 Co 2 Cs 3 3.0 Cy 4
[MPa | [MPa] | [{l | [MPa] | [{I | [MPa] | [{] | [MPa] | [MPa] | [{]
[ 240 | 69200 426 | 2840 | 4.63| 2670 | 0 | 486 | 38200 5000 |

4. Use of the Bouc-Wen model to describe the cyclic-plastic b ehaviour

The B-W model is widely used to describe the hysteretic behawur of mechanical systems, and

its general form is described as
Y = Yz(Z + Yl) Y1 = kix + kp sgn (X)X2 + k?,X3 Yo = (o
4.1
z=x +x [ + sgnx)sgn(2)z" “y

In these equations, the variablex and its derivative with respect to time x are the input variables,
while Y is the output variable. It is important to highlight, by cons idering the last expression
of Egs. (4.1), that the time variable could be simpli ed, thu s leading to a not time-dependent
expression. However, the time variable de nes the sequenaa the loading, i.e. the change of sign
of the input variable x, but the velocity of change of this variable does not a ect the output of
the problem. As a consequence, in all performed searches dig Bouc-Wen model parameters
presented below, the time was never involved. In the last eqation of Egs. (4.1), the term X
was added with respect to the original formulation of the mocel, as in (Neri and Holzabuer,
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2023). This added term aims to reproduce the possible asymnry between the two EPOC.
In this research, the input variables were the axial plastic strain ", and its dierential d"p,
while the output variable Y represented the axial stress. The parameters of the B-W mode
were calculated by the Levenberg-Marquardt algorithm. This algorithm combines the steepest-
-descent and the Newton-Raphson methods, thus obtaining tw di erent types of behaviour:
far from possible singularities, the algorithm tends to entance Newton-Raphson to improve

the convergence rate, while, in order to improve its robustress, it tends to the steepest-descent

algorithm near eventual singularities to improve its robustness. This latter characteristic can then
balance between the aim of convergence and the robustness tive singularities. The Levenberg-
-Marquardt algorithm is fully implemented in the MATLAB sof tware, which is widely employed
in optimization problems. The results of this algorithm are presented in Fig. 8. The parameters
were rstly calibrated by C; and validated by C,, (Fig. 8a) and vice versa (Fig. 8b). The
parameters were also calculated for the FCT, as shown in Fig9. The obtained B-W parameters
are reported in Table 3.
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— . S X
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= 350 =, 350
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Fig. 8. Di erences among experimental and simulatedC, and C;; by involving the B-W model:
() C, employed to calculate the constants of the B-W model andC,, utilized to validate the obtained
constants, (b) C;, employed to calculate the constants of the B-W model andC, utilized to validate the
obtained constants. This latter approach introduces highe errors
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Fig. 9. Comparison between the experimental and the prediatd force-controlled test by using the
Bouc-Wen model
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Table 3. Calculated constants of the B-W model

Extracted ki ko ks
from [MPa] | [MPal "] | [MPal "] : [MPa] [MPa] | [MPa] | [MPa]
C 28.7 14.8 137 0.860| 0:139 0.738 0 0
Ci 40.6 37.7 348 0.681| 1.12 0 0 0
Force-
-controlled | 15.5 0.068 0.036 1.290| 0:026| 0| 0.479 0 0
test

After critically considering the obtained values of the B-W parameters reported in Table 3, it
can be observed that this model collapses for all the invesgiated cases into equations (4.2), given
that from the optimization algorithm it was found out that k, = kz3 = ¢ =0, Oandn 1.
A null value of k; was identi ed only when the optimization was carried out on C;; , while it
was considerably not null in the other cases. According to Eq. (4.2), the output variable Y was
obtained by the sum of z and Y1, which resemble nonlinear and linear backstress componesit
respectively. Therefore, under these circumstances, the 8V model collapsed into the CKH
model with two backstress components in which one was nonligar and the other was linear. In
addition to this, the term  + sgn(x) sgn (z), which is the equivalent of of in the CKH model,
varies during the loading due to the sign ofx and sign ofz, while in the CKH model remains
constant during the loadings

Y=2z+Y;
dz = dx

Y]_: k]_X Y2:1

(4.2)

[ + sgn(dx)sgn(2)]z

5. Conclusions

In this research, the cyclic-plastic behaviour of plain speimens made of 42CrMo4 (Q+T) was
analyzed with the Chaboche kinematic hardening model and,dr a comparative purpose, also
with the Bouc-Wen model. The main ndings of this research are reported below:

The employed novel procedure to identify the Chaboche kineratic hardening model pa-
rameters is based on the global properties, such as the gragtit at the EPOC, the HA, the
AS, the SR, the PSR and the APS of the stabilized cycles obtaiad from the SCTs and on
the ratcheting rate obtained from the FCT.

The parameters of the Chaboche kinematic hardening model wh three backstress compo-
nents were tuned, and the fourth backstress was eventually@ded to improve the prediction
accuracy near the elastic limit regions. The procedure allewed one to obtain a good pre-
diction accuracy as highlighted in Fig. 5 for the Chaboche malel with three backstress
components, in Fig. 6 for the ratcheting rate and in Fig. 7 for the Chaboche model with
four backstress components. In this latter gure, C,;; was used as an independent validator
given that it was only employed to calculate the values ofCz and 3.0. The utilized pro-
cedure makes use only of explicit formulas, and it avoids thaise of complex optimization
algorithms.

Given that cyclic plasticity introduces a hysteretic phenomenon, the Bouc-Wen model was
also engaged to reproduce the cyclic-plastic behaviour ohe investigated steel. The Bouc-
-Wen parameters were tuned byC, and validated by C,; and vice versa. For comparison,
the parameters were also calculated from the FCT. In Fig. 8, i is shown that the Bouc-
-Wen model can accurately reproduce the stabilized cycle &m which the parameters were
obtained, but a lack of accuracy was observed when they werengloyed to reproduce
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the stabilized cycle of the SCT not accounted for calibration. More precisely, the model if
calibrated by C, and validated by C;, , see Fig. 8a, provided a better prediction accuracy
than in, vice versa, Fig. 8b. This latter behaviour can be expained just considering that
the strain range of C; was wider than that of C;, .

By observing the obtained numerical results for the Bouc-Wa parameters reported in
Table 3, it can be noted that this model collapsed for the investigated data into some-
thing very similar to the Chaboche kinematic hardening mode with nonlinear and lin-
ear backstress components. It is reasonable to obtaik, = ki = 0, given that these
two parameters can change the sign of concavity of the quanty Y during the ten-
sile loading phase or during the compressive loading phasegs shown in (Neri and
Holzbauer, 2023). This mentioned change of concavity makeao sense if contextualized
for cyclic-plastic phenomena where the concavity has a posve sign during the entire
compressive loading phase, and it has a negative sign durinthe entire tensile loading
phase. It is also reasonable to obtain a low value of, if compared to the obtained
value of , given that generally there is not an evident asymmetry between the two
EPOC in the cyclic plastic behaviour. However, rather than the Chaboche, the Bouc-
-Wen model misses the equivalent of the term |, which allows one to model the elastic
limit stress of the material.

The Bouc-Wen model did not provide an accurate description 6the ratcheting rate even if
the model parameters search were optimized in a force-conttled test, as shown in Fig. 9.
As explained in (Santuset al., 2023a), the relationship between the SR and the PSA per
cycle " g in a force-controlled test is equal to the relationship between the SR and the
PSA for a stabilized cycle obtained from a SCT test (Egs. (3.4). During determination
of the Chaboche model parameters, according to our proceder the SCTs are primarily
employed to calculate the parameters and then the FCT is empyed to calculate just
the value of , of the slightly nonlinear backstress component. Followingthis approach,
when calculating the value of »,, the relationship between the SR and the PSA per cycle
is generally satis ed due to the previous tuning of the back#ress with the most rapid
dynamics. Reconsidering the equivalent CKH model, if only aslightly nonlinear backstress
component is employed, Eg. (3.8) can be used to calculate thealue of », but Egs. (3.4)
cannot be satis ed in general, since another nonlinear backtress component is required to
provide an accurate reproduction of the FCT.
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The problem of computation time in numerical calculations of aerodynamics has been studied
by many research centres. In this work, a feed forward arti dal neural network (FF-ANN)
was used to determine the dependence of lift and drag coe ciats on the angle of attack for
NACA four-digit families. A panel method was used to generae the data needed to train
the FF-ANNs. Optimisation using a genetic algorithm and a neural metamodel resulted
in a non-standard NACA aerofoil for which the optimal angle of attack was determined
with a maximum L=D ratio. The optimisation results were validated using the nite volume
method.

Keywords: Arti cial Neural Network (ANN), NACA airfoil, optimizatio  n, surrogate model,
model reduction

List of designations

{ angle of attack
Ci; Cq4 { lift and drag coe cient, respectively
K { lift-to-drag ratio, L=D ratio
m { maximum camber in tenths of chord
p { position of the maximum camber along chord in tenths of chod
R { regression
R2 { coe cient of determination
t { maximum airfoil thickness in tenths of chord
Xu;XL:Yu:;YL {coordinates of point for upper (U) and lower (L) edge of airfoil
Vi;Ye { thickness and camber coordinates, respectively
{ angle of inclination of tangent to chamber of airfoil at point
May { Mach number of undisturbed ow

1. State of the art

The use of arti cial intelligence in engineering is becomig increasingly popular. The main

task of arti cial intelligence research is to construct machines and computer programs capable
of performing selected functions of the mind and human sense not amenable to numerical

algorithmization. Such problems are sometimes called Al-amplete and include decision-making
in the absence of all data. This paper uses Al to predict behawr of a system for intermediate

values not present in the results of nhumerical simulations.
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The applications of Arti cial Neural Networks (ANNSs) is bec oming increasingly popular,
especially in areas that require time-consuming numericalcalculations. One such an area is
aerodynamic analysis. Costly wind tunnel tests or time-cosuming CFD (computational uid
dynamics) analyses are required to determine aerodynamicharacteristics of aerofoils. In this
paper, the authors propose an alternative approach by repleing hard calculations (like CFD)
with ANNs. The objective of this work was to demonstrate that this approach could enable
rapid analysis of aerofoils and determine their aerodynant characteristics without the need to
perform numerical analyses for each aerofoil in a selectecirhily of NACA aerofoils.

The problem of computation time for numerical calculations of aerodynamics has been stud-
ied by many research centres all over the world, demonstratig its complexity and the need for
novel solutions. A variety of methods have been used to redwethe running time of algorithms.
For example, Proper Orthogonal Decomposition (POD) (Berkooz et al., 1992) is a method that
reduces complexity of numerical simulations, such as CFD. Ypically, it is used in CFD analyses
(including turbulence analyses) to replace the Navier-Sties equations with models that are sim-
pler to solve. This method has been used by Bakewell and Lumye(1967), among others. Various
methods based on machine learning tied to CFD are used to redie computation time (San and
Maulik, 2018), usually combined with neural networks. However, an ANN requires a large volume
of training data and thus signi cant computational time. Th is problem was presented by Fukami
et al. (2021). Buterweck and G2uch (2014) used ANNs to analyse the ect of Mach number on
the prediction of turbine blade degradation. Prediction of aerodynamic characteristics using an
arti cial neural network for a wind turbine was performed by Verma and Baloni (2021). Sekaret
al. (2010) presents an approach based on analysis of data proded with a CFD solver to predict
the incompressible laminar ow eld around aerofoils. The approach was based on a combina-
tion of a deep convolutional neural network (CNN) and a deep nultilayer perceptron (MLP).
Aramendia et al. (2019) used ANNSs to predict the aerodynamic e ciency of Gurney aps. A
CFD-based drag coe cient analysis was also carried out in (Mquerat and Hachem, 2020), where
a set of random geometries based on Bezier curves was prepat to train the neural network.
Pressure distributions were calculated for several represitative cases. In addition, a lift and
drag coe cient was predicted based on CFD approximation calculations (Kharal and Saleem,
2012). Kharal and Saleem (2012) described an aerofoil usirigzier curves, developed their aero-
dynamic characteristics and then proceeded with FF-ANN training. The inverted ANNs were
then used to determine aerofoil geometry for a given drag coeient. Similarly, inverted ANNs
were used in (Sunet al., 2015), where geometry of the aerofoil was described as sk in Fig. 1.
The pressure distribution on the aerofoil and then on the wirg was determined by the proposed
ANN algorithm. Thirumalainambi and Bardina (2003) also analysed the optimal ANN structure
for predicting aerodynamic coe cients of an aircratft.

7 ZXXup
Zup
arg AZrg
Tle Xup Bre Z7E
X X
Zlo X=1
ZXXlo

Fig. 1. Airfoil geometry (Sobieczky, 1999)

A frequently used method for optimising aerodynamics is geatic algorithms. Porta Ko et al.
(2023) describes the process of optimising kinked aerofsilusing the NSGA-II (Non-dominated
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Sorting Genetic Algorithm). Optimisation to minimise the a erodynamic forces generated was
carried out in (Khan et al., 2022) where solar panels were studied.

The most common method used in computer uid mechanics is the nite volume method
(FVM) used for CFD analyses, which takes place in conjunctim with ANNs. One example of
less commonly used methods would be a combination of the voek method and a neural network
(Sessaregeet al., 2020).

The use of surrogate models is relatively infrequently usedn practice due to errors arising
from the surrogate model approximations. The main purpose bthe article is to demonstrate that
it is possible to prepare a surrogate model based on Al or, mar precisely, SSN. The accuracy
of such a model should be su cient and the optimization results should be no worse than the
available solutions.

2. NACA four-digit family

In this work, an arti cial neural network was used to determi ne the dependence of lift and drag
coe cients on the angle of attack for NACA four-digit aerofo ils. First, the data was generated
from an open database of aerodynamic diagrams to train the ANl. The data generation was
described by Drela (1989).

An asymmetric NACA four-digit aerofoil (NACA { National Adv isory Committee for Aero-
nautics, NACAmpt) is de ned by three parameters: m, p, t. Equations (2.1) and (2.2) were used
to describe the aerofoil geometry mathematically, based orthe work [12]

Xy =X yrsin Yu = Yo+ Yr COS -
XL = X+ ygsin YL = Yc YicOS '
and
_ t. P 2 3 4
Y= g8 X ax  agx+ax®  asx’)
= arctan %
8 m , (2.2)
E?(pr x?) for 0-x-p
Ye = 2 m 2
W[(l 2p) +2px  X4] for p=-x-1

where:a; = 0:2969,a, = 0:1260,a3 = 0:3516,a4 = 0:2843,a5 = 0:1015 { coe cients de ned by
NACA.

In the remainder of this work, only asymmetrical aerofoils were analysed. The database of
aerodynamic coe cients acting on the aerofoil was determired with reference to (Oliveira, 2021),
where after a simple parameterisation of the code, the liftC; and drag Cq4 versus the angle of
attack was calculated by Xfoil. Xfoil is a panel-based software thaenables analysis of aerofoils
and wings operating at low Reynolds numbers.

3. Arti cial neural network

This paper uses a feed-forward arti cial neural network (FF-ANN). The input (training) pa-
rameters for the NACA aerofoil number were:m;p 2 h2;8, t 2 h8;24i, as well as angles of
attack  within 24 . The output (training) data was determined using the Xfoil s oftware; the
lift and drag coe cients corresponding to the cases in the input database. The Reynolds number
Re =5:7 10° and Mach number May = 0:1439 were set as constant values. This corresponded
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to velocity of 49.39 m/s for an average aerodynamic chord ofdngth 1.738 m. The database con-
taining the characteristics of 441 pro les was needed to trén the arti cial neural network. Due
to the lack of availability of such a large database of NACA faur-digit pro les, it was decided to
use Xfoil to prepare it.

As a result of numerical analyses, it was decided to developeparate ANNs (trained in
parallel) for the prediction of lift and drag coe cients for selected angles of attack from the
range 24 with an increment of =2 .

The MATLAB Neural Network Toolbox was used as the ANN environment. The ANNs were
trained using the SCG (Scaled Conjugate Gradient) backpropgation algorithm. The objective
of the training was to minimise the mean squared error (MSE) & the data t. The ANN archi-
tecture was optimised, where the mean absolute error (MAE) vas the objective function. An
optimisation of the ANN structure using a genetic algorithm was done for two and three hidden
layers. A feed-forward ANN (3-65-8-1) was chosen as the optial ANN structure. A diagram of
the ANN used is shown in Fig. 2. The optimisation was run until MAE was no greater than 3%.
During the ANN optimisation, the size of the ANN was not increased beyond 500 neurons to
prevent \learning by heart".

Fig. 2. Scheme of the used arti cial neural network, where:w { weights, b { bias

Figure 3 shows the regression results for the ANNs used, traed for the zero angle of attack
and the predicted values of the drag coe cient C4. A high regression coe cient of R = 0:9858
was obtained for all the data.

A separate ANN was used for each angle of attack. This reducethe duration of the learning
process and increased the accuracy of the ANN learning. Thesérning time for all optimised
ANNSs was less than 130 seconds with an approximation error s than 1%. Figure 4 shows the
coe cient of lift C; and drag Cq4 predicted by the trained ANNs, as a function of the angle of
attack for the NACA 2412 aerofoil. The neural model achieveda high coe cient of determination
for both lift (0.9984) and drag coe cient prediction (0.991 1), compared to the data generated
with Xfoil. It also presents the lift and drag coe cients obt ained in experimental tests, based
on a NACA report (Abbott et al.,, 1945). For angles of attack from 10 to 16 , the analysis
performed with Xfoil and ANN were consistent with experimental tests. For larger angles, the
di erences were signi cant. This could be due to the choice & the Reynolds number in the
Xfoil software, as con rmed by the conclusions from (Gunel et al., 2016) or a tendency towards
numerical errors for angles of attack: > 8 (Saadet al., 2017). However, in order to determine
the aerofoil L=D ratio, the accuracy of the ANN was su cient, as usually the maximum L=D
ratio corresponds to an angle of attack in the range from 2to 8 .

In order to test the adopted research concept, the lift coe cient as a function of angle of
attack was calculated for a non-standard NACA four-digit aerofoil in Xfoil. This aerofoil was
not present in the ANN teaching database. This aerofoil was MCA model (2.4)(3.6)12, where
m=2:4,p=3:6 andt = 12 are shown in Fig. 5, which was numerically analysed usinghe
panel method. Comparative results for the Xfoil and ANN are shown in Fig. 6.
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Fig. 3. Regression of used ANN

For the NACA (2.4)(3.6)12 aerofoil, the coe cient of determ ination ( R?) of the lift coe cient
was 0.998. However, the ANN was not able to correctly predictthe distribution of the drag
coe cient for larger angles of attack (above 16 and below 10 ). For angles of attack between

10 and 16, the accuracy was higher, and the corresponding coe cient & determination was
0.9942, as shown in Fig. 7.

4, Optimization

In this work, an attempt at optimisation was made using the presented neural metamodel to
maximise the L=D ratio, K = C;=Cy. Both the lift and drag coe cients were determined using
ANNs. The default genetic algorithm (GA) in Matlab was used for optimisation, the working
principle of which was based on (Conret al., 1991). In the algorithm used, the decision variables
were parametersm, p and t, which described geometry of the aerofoil. Restrictive coditions
related to the span of the database that were used to teach théANN were imposed, assuming
that m = 2-6, p=2-6 and t = 12-24. The angle of attack was a discrete variable within 24
with an increment of 2 . The algorithm with the objective function determined the aerofoll
L=D ratio K for all angles of attack and returned its largest value, the corresponding angle
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Fig. 4. Predicted, computed and by Xfoil experimental lift (a) and drag (b) coe cients vs. the angle of
attack, and the coe cient of determination of lift (c) and dr ag (d) coe cients for NACA 2412

of attack and the values of the decision variables de ning the aerofoil geometries. The NACA
12(5.18)(4.18) aerofoil resulting from the optimisation is shown in Fig. 8.

According to the ANN, the maximum L=D ratio of the tested aerofoil corresponded to the
angle of attack =4 , and after optimisation it was K = 194:4 for the ANN and K = 197:4
for Xfoil. This provided the di erence of relative error of L=D ratio RE (K) = 1:53%. Figure 9
shows the relationshipRE (K) = f ( ). For angles of attack below = 12, the calculations
diverged.

Thinner aerofoils achieved higherL.=D ratios, so the algorithm naturally brought the aerofoll
thickness down to a lower limit t = 12. Due to simpli cations made for the drag coe cient
confounded in the Xfoil software, a comparative analysis ofthe prediction results from the
ANN, the Xfoil programme and the Ansys Fluent software were gplied.

For further numerical tests of the aerofoil after the optimisation process, a suitable geomet-
rical model of the aerofoil was developed, together with thecomputational domain in the Ansys
Workbench DesignModeler software (Fig. 10).





























































































































































































































































































































































































