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AN APPROXIMATE ANALYTICAL SOLUTION OF A 4-DOF
VARIABLE-LENGTH PENDULUM MODEL

Godiya Yakubu, Paweª Olejnik
Lodz University of Technology, Department of Automation, B iomechanics and Mechatronics, Šód¹, Poland
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In this work, we employ the multiple scale method to introduce a novel analytical solu-
tion for an extended four-degrees-of-freedom dynamical system modeled on a swinging At-
wood machine. We provide a methodology for obtaining the asymptotic solution up to the
second-order approximation for both the swinging and modi�ed swinging Atwood machine,
demonstrating its solvability through the multiple scale approach. Subsequently, we present
a comparative analysis of time histories between numericaland analytical solutions. These
analytical solutions are of particular signi�cance in applied mechanics, given their practical
applications in parametric dynamical models grounded in the pendulum concept.

Keywords: analytical solutions, asymptotic solutions, swinging Atwood machine, multiple
scale method

1. Introduction

Analytical solutions �nd extensive applications across physics, engineering, and mathematics.
Their versatility allows for simulating a wide range of systems, from elementary pendulums
to intricate electromagnetic �elds. Furthermore, these solutions prove invaluable in validating
numerical methods, o�ering a reliable benchmark for precise comparison and assessment.

Drawing from the existing body of literature on variable-length pendulums (Yakubu et al.,
2022), it becomes apparent that the modeling and analysis ofparametric dynamical models
for such pendulums can be intricate and demanding. The applications of such pendulums in
mechanical and mechatronic systems provide a compelling motivation for undertaking research
in this area, and they have a strong presence in both theoretical and practical engineering
applications.

The multiple scale approach is a widely utilized technique for �nding analytical solutions
of dynamical systems, as evidenced by various authors in thefollowing references: Abadyet al.
(2022), Abohamer et al. (2023a,b), Awrejcewiczet al. (2022), Starosta et al. (2017), Mana�an
and Allahverdiyeva (2022). A recent publication by Prokopenya (2021) tackled the problem of
�nding solutions to the equations of motion of swinging Atwood machine, a system comprised
of two equal masses that oscillate and are in a state of dynamic equilibrium. The author derived
the system di�erential equations of motion and computed them in the form of a power series
with a small parameter.

Obtaining an analytical solution for novel 4-degrees of freedom (4-DOF) modi�ed swinging
Atwood machine (SAM) holds immense signi�cance. This is primarily due to its ability to provide
fast, stable, and precise solutions that can be readily understood and explicitly expressed due to
its parameter dependencies (Mana�an and Allahverdiyeva, 2022; Seadawy and Mana�an, 2018;
Starosta et al., 2017).

To explore the potentially intricate dynamics of a variable-length pendulum in a range of
engineering and mechatronic systems, we introduce a novel 4-DOF variable-length pendulum
model. This pendulum is analytically solved, and a comparative analysis is performed to identify
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correlative features between analytical and numerical solutions, thus verifying the accuracy of
the computational model. The primary objective of this analysis is to uncover the system internal
structure by identifying all the existing resonances. The analytical solution presented allows for
the resolution of resonance issues by making appropriate adjustments to the forcing term when
the model is applied in engineering and mechatronic systems. This ensures that the pendulum
operates optimally in various practical applications.

In this paper, we utilized the multiple scale method, which allowed us to derive an asymptotic
solution up to the second-order approximation of the SAM. The objective was to gain insight
into applying the same technique for analytically solving the novel modi�ed SAM with 4-DOF.
Accordingly, we applied the same multiple scale method and derived the analytical solution for
the modi�ed SAM.

Before delving into procedures for �nding solutions, the main assumptions are presented in
Section 1.1. This approach ensures that the reader has a clear understanding of the underlying
assumptions that are used in developing the analytical solution. Furthermore, by establishing
the key assumptions upfront, the subsequent steps in the solution-�nding process are grounded
in a well-de�ned set of criteria. Therefore, by clearly stating the main assumptions at the outset,
we can ensure that the subsequent analysis is rigorous, transparent, and logically consistent.

1.1. Main assumptions

To approximate the solution to the di�erential equation, a s eries expansion based on powers
of a small parameter is employed (Awrejcewiczet al., 2022). Each term in the series represents
a distinct time or length scale (Abohamer et al., 2023b; Awrejcewiczet al., 2022). In order to
streamline the resulting equations, the higher-order terms associated with the small parameter
are neglected.

The precision of a multiple scale solution relies on the small parameter size and the number
of terms incorporated in the series expansion. Generally, amore accurate solution is achieved
when more terms are added in the expansion (Awrejcewiczet al., 2022; Nayfeh, 2005). However,
it is important to acknowledge that despite the potential for increased accuracy with more terms,
the complexity of the equations often requires limiting Taylor's series expansion to the inceptive
terms only.

Considering the assumptions mentioned earlier, we have neglected the impact of frictional
forces in the model equations. To make the system suitable for investigation, we transformed
the equations of motion into a dimensionless form to make it solvable using multiple scales. In
doing so, we introduced speci�c dimensionless terms. Furthermore, we o�set the time-dependent
variables x(t) and _� (t) in the SAM model, and x1(t) and _� 1(t) in the modi�ed SAM model by
an independent variable designated by� .

2. The swinging Atwood machine

The SAM is a classical mechanics concept that can aid in comprehending the variable-length
pendulum. In this particular system, the pendulum body oscillates within a two-dimensional
plane, displaying a diverse range of dynamic behavior whileremaining disconnected from another
mass known as the counterweight (Elmandouh, 2016; Prokopeny, 2017; Tu�llaro, 1985). In the
initial approach, the two bodies are linked by an unyielding weightless string suspended on two
pulleys devoid of friction (Tu�llaro, 1994), as demonstrat ed in Fig. 1a.

The behavior of the SAM can be described by employing concepts of circular motion, cen-
tripetal force, and energy conservation. The tension in thestring creates the centripetal force
which enables the pendulum, massm, to move horizontally to follow a circular trajectory, and
the counterweight of massM to move vertically, solely in
uenced by the force of gravity only
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Fig. 1. (a) The initial physical model of the 2-DOF SAM: M { counterweight, m { pendulum body;
(b) the proposed original Modi�ed SAM

(Elmandouh, 2016; Tu�llaro et al., 1988). By analyzing motion of this system, various phys-
ical phenomena can be explored, such as conservation of angular momentum and the impact
of centripetal force on object motion. Due to the pendulum reactive centrifugal force oppos-
ing the weight of the counterweight massM , the dynamic response of the system can exhibit
characteristics such as singularity or non-singularity, chaos or quasi-periodicity, boundedness or
unboundedness, and even discontinuity (Casasayaset al., 1990; Tu�llaro, 1986; Nunes et al.,
1995; Pujol et al., 2010; Yehia, 2006).

2.1. Equations of motion

The system being examined possesses two degrees of freedom.First, by utilizing the La-
grangian L , one can deduce the equation of motion (Elmandouh, 2016) forT and U, which
respectively denote the kinetic and potential energy. The equations of motion for the SAM as
described by Prokopenya (2021), Elmandouh (2016), Tu�llaro et al. (1988), Tu�llaro (1994),
Casasayaset al. (1990), Nuneset al. (1995), Pujol et al. (2010), Yehia (2006), Tu�llaro (1985)
are presented below.

Upon considering the initial state-space variable, we observe that the two ordinary di�erential
equations (ODEs) encompass the dynamics along the two independent degrees of freedom, i.e.,
' (t) and l(t)

@L
@'

=
d
dt

� @L
@_'

� @L
@l

=
d
dt

� @L

@_l

�
(2.1)

Based on the presented model illustrated in Fig. 1a, we express the following

T =
1
2

M _l2(t) +
1
2

m[_l2(t) + l2(t) _' 2(t)] U = Mgl (t) � mgl(t) cos' (t) (2.2)

where M is the non-swinging mass,m { pendulum mass as it swings,l (t) { distance from the
pivot point to the center of the swinging pendulum body.

We determine the Lagrangian asL = T � U, i.e.

L =
1
2

M _l2(t) +
1
2

m[_l2(t) + l2(t) _' 2(t)] � Mgl (t) + mgl(t) cos' (t) (2.3)

Given that the Hamiltonian H = T + U is de�ned in terms of the canonical momenta pl

and p' , we obtain the following

H =
p2

l

2(M + m)
+

p2
'

2ml 2(t)
+ Mgl (t) � mgl cos' (t) (2.4)

where: pl = ( M + m) _l (t), p' = ml 2(t) _' (t).
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The equations governing dynamical behavior in the state-space variables' and l can be
obtained based on the aforementioned assumptions

l(t) •' (t) + 2 _l (t) _' (t) + gsin ' (t) = 0

ml (t) _' 2(t) � Mg + mg cos' (t) = ( M + m)•l(t)
(2.5)

Taking into account the mass ratio � m = M=m, then Eq. (2.5)2 becomes

(� m + 1) •l (t) � l (t) _' 2(t) + g[� m � cos' (t)] = 0 (2.6)

In order to �nd the solution of the systems using the MSM method, the following parameters
are employed

! 2
2 =

g
l

! 2
4 =

! 2
2

! 2
1

� 1 =
� 3

(� + 1) ! 2
1

+
�! 2

4

� + 1
�

! 2
4

� + 1

� 2 =
� 2

(� + 1) ! 2
1

� 3 =
! 2

4

3(� + 1)
� 5 =

1
�

� 4 =
2� 2

(� + 1) ! 1

� 5 =
2�

(� + 1) ! 1
� 6 = �

�
� + 1

� 7 =
1

� + 1
� 1 = ! 2

4

� 2 =
! 2

4

6
� 3 =

2
! 1

� 4 =
2
�

(2.7)

Moreover, we employed the Taylor series to incorporate an additional approximation. In particu-
lar, we considered only the �rst term of Taylor's expansion, resulting in the following expression

sin � (t) = � (t) �
� 3(t)

6
cos� (t) = 1 �

� 2(t)
2

(2.8)

By utilizing the parameters speci�ed in Eqs. (2.7) and (2.8), Eqs. (2.5) are transformed into
their �nal dimensionless form, which can be expressed as follows

� 1 + � 2x(� ) + � 3� (� )2 + � 4 _� 1(� ) + � 5x(� ) _� (� ) + � 6 _� (� )2 + � 7x(� ) _� (� )2 + •x(� ) = 0

� 1� (� ) � � 2� (� )3 + � 3 _x(� ) + � 4 _� (� ) _x(� ) + •� (� ) + � 5x(� ) •� (� ) = 0
(2.9)

where� represents the dimensionless time,x(� ) and � (� ) are dimensionless forms ofl(t) and ' (t),
respectively. ! 1 is �rst associated with _� (� ), then � is introduced into both x(� ) and _� (� ) as a
way to partially linearize the nonlinear terms ensuring that they appear in the equation where
they should be. This e�ectively helps in decoupling the left-hand side of the approximate solution
using the multiple scale method.

2.2. The multiple scale approach technique

In this Section, we apply the multiple scale approach to obtain asymptotic solutions for
the equations mentioned in Eqs. (2.9). In accordance with the multiple scale technique, we
examine the dynamics of the systems under consideration within a close range around their static
equilibrium position (Abohamer et al., 2023a; Awrejcewiczet al., 2022). In order to characterize
the amplitudes of oscillations within this region, we introduce a small parameter denoted as
0 < " << 1, which allows us to establish the following relationship

x(� ) = "� (� : " ) � (� ) = "
 (� : " ) (2.10)

This enabled us to consider the following approximations

� 1 = "2e� 1 � 4 = "1e� 4 � 7 = " � 1e� 7

� 2 = " � 1 e� 2 � 3 = " e� 3 � 5 = "0e� 5
(2.11)
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where " is a parameter used for bookkeeping, having no impact on the computation and not
appearing in the �nal approximate solution. Its purpose is to ensure that all other terms from
the original equations are included in the solution process. We assume that" is small enough to
avoid computational errors.

In accordance with the multiple scale approach, the time-dependent variable x(� ), and
� (� ) can be considered as a power series of"

x(� ) =
2X

k=1

"kx ;k (� 0; � 1) + O("k ) � (� ) =
2X

k=1

"k � ;k (� 0; � 1) + O("k ) (2.12)

where � n = "n � (n = 0 ; 1) with � 0 being the fastest and� 1 being the slowest.
To convert the derivatives with respect to � to the new time scales� n , the following operators

are employed

d
d�

=
@

@�0
+ "

@
@�0

d2

d� 2 =
@2

@�20
+ 2"

@2

@�0@�1
+ O("2) (2.13)

It is worth noting that these operators neglect terms of O("2) and higher orders. To obtain the
partial di�erential equation (PDE) groups corresponding t o di�erent powers of " , we substitute
equations (2.10)-(2.13) into the dimensionless form of governing equations (2.9). This procedure
leads to derivation of the preceding four linear PDEs. Basedon the perturbation parameter " ,
the splitting method is employed for obtaining these PDEs (Awrejcewicz et al., 2022). These
equations are the orders of" and "2:
| �rst-order equations (coe�cient 1 at "1)

@2� 1

@�20
+ � 2� 1 = 0

@2
 1

@�20
+ � 1
 1 = 0 (2.14)

| second-order equations (coe�cient 2 at "2)

e� 1 + � 2� 2 + � 3
 2
1 + e� 4
 1

@
1
@�0

+ � 5� 1
 1
@
1
@�0

+ � 6

� @
1
@�0

� 2

+ e� 7� 1

� @
1
@�0

� 2
+ 2

@2� 1

@�0@�1
+

@2� 2

@�20
= 0

� 1
 2 � e� 2
 3
1 + e� 3

@�1
@�0

+ � 4
@�1
@�0

@
1
@�0

+ 2
@2
 1

@�0@�1
+ e� 5� 1

@2
 1

@�20
+

@2
 2

@�20
= 0

(2.15)

where � 1 and 
 1 represent the solution of the �rst-order approximations of the time-dependent
variables x(� ) and � 1(� ), respectively. Also, � 2 and 
 2 are the solution of the second-order ap-
proximations of the time-dependent variablesx(� ) and � 1(� ). Meanwhile, � and 
 will represent
the respective general solutions of the time-dependent variables.

The solutions to Eqs. (2.15) are required to be solved in a speci�c order. Notably, the solutions
obtained from the �rst group hold signi�cant importance. Th erefore, our initial emphasis lies in
acquiring the general solutions to Eq. (2.14). The resulting established solutions are presented
as follows

� 1 = e i � 2 � 0 B1(� 1) + e � i � 2 � 0 eB1(� 1) 
 1 = e i � 1 � 0 B3(� 1) + e � i � 1 � 0 eB3(� 1) (2.16)
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Consequently, by substituting solutions (2.16) into the second group of PDEs (2.15), we obtain
the following second-order solutions withB i and eB i being � 1 dependent, wherei = 1 ; 2

� 2 = �
� 2� 2

1 � 6B2(� 1) eB2(� 1) � 2� 3B2(� 1) eB2(� 1) + e� 1

� 2
2

+
i� 5B1(� 1)B2(� 1)ei � 0 (� 1+ � 2 )

� 1 + 2 � 2

�
e2i� 1 � 0 [� 2

1 � 6B2(� 1)2 � � 3B2(� 1)2]
(2� 1 � � 2)(2� 1 + � 2)

+
i� 1e� 4B2(� 1)ei � 1 � 0

(� 1 � � 2)( � 1 + � 2)
�

� 1e� 7B1(� 1)B2(� 1)2ei � 0(2� 1 + � 2 )

4(� 1 + � 2)

+
i� 5B2(� 1) eB1(� 1)ei � 0 (� 1 � � 2)

� 1 � 2� 2
�

� 1e� 7B2(� 1)2 eB1(� 1)ei � 0 (2� 1 � � 2 )

4(� 1 � � 2)
+ CT


 2 = �
e� 2B2(� 1)3e3i� 1 � 0

8� 2
1

�
ei � 0 (� 1+ � 2 ) [� 2

1
e� 5B1(� 1)B2(� 1) + � 1� 4� 2B1(� 1)B2(� 1)]

� 2(2� 1 + � 2)

+
i� 2

e� 3B1(� 1)ei � 2 � 0

(� 2 � � 1)( � 1 + � 2)
+

ei � 0 (� 1 � � 2 ) [� 2
1

e� 5B2(� 1) eB1(� 1) � � 1� 4� 2B2(� 1) eB1(� 1)]
� 2(2� 1 � � 2)

+ CT

(2.17)

where CT represents the conjugates of the preceding terms.

2.3. Modulation equations

The modulation equations are a group of four �rst-order ODEs that describe the modulation
of amplitudes and phases, since the procedures for solving them are complemented by initial
conditions.

Secular terms in Eqs. (2.18) appear when the previous solutions are substituted into second-
-order Eqs (2.17). These terms act as conditions for solvability, which must be eliminated to
obtain the modulation equations.

In order to eliminate the secular terms from the equations, we use a method that involves
introducing new, unknown complex value functions that are de�ned in Eq. (2.19). These func-
tions are then substituted into the secular terms. Canceling them e�ectively allows us to obtain
the modulation equations. This, in turn, enables us to arrive at the �nal asymptotic solution.
These secular terms in� 2 and 
 2 follow

� 2;s = � 2� 2
1B1(� 1)B2(� 1)e� 7(� 1) eB2(� 1) � 2i� 2

@B1(� 1)
@�1


 2;s = 3 e� 2B2(� 1)2 eB2(� 1) � 2i� 1
@B2(� 1)

@�1

(2.18)

and

Bk =
1
2

ak (� )ei  k eBk =
1
2

ak (� )e� i  k k = 1 ; 2 (2.19)

where the order  j and aj represent the phases and amplitude of the solutions� and 
 , respec-
tively, for j = 1 ; 2.

Once we removed the secular terms from� 2 and 
 2, we arrived at the ensuing modulation
equations

_a1(� ) = 0 _a2(� ) = 0 _ 1(� ) =
� 2

1a2(� )2� 7

4� 2

_ 2(� ) = �
3a2(� )2� 2

8� 1
(2.20)

Once we reconstituted the modulation equations for nonresonant cases and took into account
established equations (2.20), we obtained the �nal asymptotic solution up to the second-order
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approximations, with ai and  i being dependent on� 1 for i = 1 ; 2. The resulting solution is as
follows

� =
a2(� )2(� 12� 6 + � 3) � 2� 1

2� 2
2

+ a1(� ) cos(� 2� +  1(� ))

+
a2(� )2(� 3 � � 2

1 � 6) cos[2(� 1� +  2(� ))]
8� 2

1 � 2� 2
2

�
� 5a1(� )a2(� ) sin[� (� 1 + � 2) +  1(� ) +  2(� )]

2(� 1 + 2 � 2)

�
� 5a1(� )a2(� ) sin[� (� 1 � � 2) �  1(� ) +  2(� )]

2(� 1 � 2� 2)

�
� 1� 7a1(� )a2(� )2 cos[� (2� 1 + � 2) +  1(� ) + 2  2(� )]

16(� 1 + � 2)
�

� 1� 4a2(� ) sin(� 1� +  2(� ))
� 2

1 � � 2
2

�
� 1� 7a1(� )a2(� )2 cos[� (2� 1 � � 2) �  1(� ) + 2  2(� )]

16(� 1 � � 2)


 = a2(� ) cos(� 1� +  2(� )) +
� 1a1(� )a2(� )( � 1� 5 � � 4� 2) cos[� (� 1 � � 2) �  1(� ) +  2(� )]

2� 2(2� 1 � � 2)

�
� 1a1(� )a2(� )( � 1� 5 + � 4� 2) cos[� (� 1 + � 2) +  1(� ) +  2(� )]

2� 2(2� 1 + � 2)
+

� 3� 2a1(� ) sin(� 2�  1(� ))
� 2

1 � � 2
2

�
� 2a2(� )3 cos[3(� 1� +  2(� ))]

32� 2
1

(2.21)

2.4. Comparison between analytical and numerical solution s using time histories

To compare the dimensionless form of equations of motion (2.9) with second-order asymptotic
solution (2.21), we present a time history based on the data provided in Eqs. (2.22).

In Figs. 2a,b, we depict the time histories for two degrees offreedom of the dynamical
system, namely, x(� ) and � 1(� ), respectively. It is noteworthy that both the analytical a nd
numerical solutions demonstrate satisfactory accuracy ofthe obtained approximation. Hence,
even a simpli�ed model of the dynamical system can be e�ciently solved analytically using the
presented approach.

� 1 = 0 :0025 � 2 = 1 :01 � 3 = 0 :06 � 4 = 0 :014

� 5 = 0 :06 � 6 = 0 :01 � 7 = 0 :05 � 1 = 1 :0

� 2 = 0 :1667 � 3 = 0 :0005 � 4 = 0 :01 � 5 = 0 :005

x(� ) = 0 :04 _x(� ) = 0 � (� ) = 0 :01 _� (� ) = 0

(2.22)

The obtained solutions are then compared by plotting them intime history plots. The masses
of pendulums and length of the string greatly in
uence the simulation results. Furthermore, these
results can be utilized to gain more insights into energy transfers, tension in the string, and other
critical characteristics of the system.

2.4.1. Compliance error

To ensure solution dependability and precision, time histories of compliance errors in the re-
sults are presented. This not only aids potential computation optimization but also contributes
to advancing numerical methods. These histories, integrated with the results, enhance visual-
ization of discrepancies in individual time intervals. Additionally, the Root Mean Square Error
(RMSE) and Mean Absolute Error (MAE) are computed using

P N
n=1 [Num i � Apr i )2]=n and

P N
n=1 [jNum i � Apr i j]=n, respectively. Here,Num is the numerical solution, Apr is the approx-

imate solution, and N is the number of observations. These metrics provide additional tools
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Fig. 2. (a) Comparison between the analytical (in blue, Eq. (2.9)1) and numerical (in red, Eq. (2.21)1)
solution using the parameters given in Eqs. (2.22). (b) Comparison between analytical (� (� ) in green,

Eq. (2.9)2) and numerical (� in red, Eq. (2.21)2) solution using the parameters presented in Eqs. (2.22).
(c) Compliance error for x(� ) with RMSE = 0 :00844126 and MAE = 0:00662222. (d) Compliance error

for � (� ) with RMSE = 0 :000152463 and MAE = 0:000111975

for a thorough assessment of solution accuracy, o�ering a more comprehensive understanding of
overall performance.

Figures 2c and 2d depict the deviation between numerical andapproximate solutions along
the x-axis (representing time). The y-axis shows the compliance error at each point. Peaks or
shifts in error plots signify notable deviations between solutions, while a declining trend suggests
convergence of the numerical solution. Oscillations in thecompliance errors indicate sensitivity
to parameters and initial conditions. RMSE and MAE values are very small, a�rming improved
performance of the method and appropriateness of the dataset.

Moving forward to the next Section, we show a more advanced version of the variable-length
pendulum with 4-DOF. The process used to obtain the solutions for this system closely mirrors
the one employed earlier, encompassing all the fundamentalassumptions and culminating in
generating and comparing the results in time history plots.

3. The original modi�cation of SAM

We introduce a novel and innovative modi�cation to the SAM mo del based on the work presented
in (Yakubu et al., 2022). This modi�ed version demonstrates potentially richer dynamics, as
depicted in Fig. 1b. To achieve this, we have added a second spring pendulum to the non-swinging
massM , on the opposite end. The two pendulums, with masses ofm1 and m2, are connected
by a suspension con�guration with a sti�ness k and a damperc. Point 02 is free to rotate and
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subject to oscillation in the (X; Y ) plane, while point 01 is �xed, allowing for the variability of
length l1 and the double pendulum con�gurations. The distance ofl20 is measured between the
two pendulums, and l2 denotes the extension caused by the spring between them. Theoriginal
Modi�ed SAM model can be applied to various scenarios, including wave variability, suspension
systems, elastic robotic links, and load-lifting equipment such as cranes.X 0 = f 0 sin(!t + � ) is a
time function that represents the periodic kinematic excitation. The displacement is measured
from the origin of the coordinate systemO speci�cally in the direction of the x-axis. Here, f 0 is
the excitation force, ! and � represent the angular frequency and phase shift of the excitation,
respectively, while s denotes the distance in theX direction from the point O to the �xed support
point O1.

3.1. Equations of motion

The equation of motion for the 4-DOF MSAM model is derived in (Yakubu et al., 2022)
using Newton's second law and the Lagrangian mechanics. Thesystem equations of motion,
when friction in pulley bearing is neglected, are

•l1 =
1

m1 + M
[T2 cos(' 2 � ' 1) � (M + m1 sin ' 1) •X 0 + m1(l1 _' 2

1 + gcos' 1) � Mg]

•l2 =
1

2m1m2(m1 + M )

�
f Mm 1T2[cos(2(' 2 � ' 1))] � 1gMm 1m2f •X 0[2 cos(' 2 � ' 1)

+ sin( ' 2 � 2' 1) � sin ' 2] + gg + 2m1m2[Ml 1 _' 2
1 cos(' 2 � ' 1) + ( m1 + M )( l1 + l20) _' 2

2]

� 2m1T2(m1 + m2 + M )
�

•' 1 =
T2 sin(' 2 � ' 1) � m1(2_l1 _' 1 + •X 0 cos' 1 + gsin ' 1)

m1l1

•' 2 =
1

2(m2
1 + Mm 1)( l2 + l20)

n
[� MT2 sin(2(' 2 � ' 1)) � Mgm1(2 sin(' 2 � ' 1))

+ sin( ' 2 � 2' 1) + sin ' 2] � Mm 1 •X 0[2 sin(' 2 � ' 1) � cos(' 2 � 2' 1) + cos ' 2]

� 2Mm 1l1 _' 2
1 sin(' 2 � ' 1) � 4m1 _l2 _' 2(m1 + M )

o

(3.1)

where T2 = ( c_l2 + kl2) and l1, l2, ' 1, ' 2 are t dependent variables.
Besides the assumptions outlined in Section 1.1, it is worthnoting that the length l1 exhibits

motion opposite to that of l2. Thus, to transform the system to a solvable form using the multiple
scale method, we introduce dimensionless parameters presented in Appendix A.1 to adhere to
the system investigational process.

x1(� ), x2(� ), � 1(� ) and � 2(� ) are dimensionless forms ofl1(t), l2(t), ' 1(t) and ' 2(t), respec-
tively. ! 1 is �rst associated with _� 1(� ), then � is introduced into both x1(� ) and _� 1(� ) for the
same reasons stated in Section 2.1. Additionally, we employthe following approximation based
on the Taylor series. In this approximation, we retain only the �rst term of Taylor's expansion,
which can be expressed as follows

sin � i (t) = � i (t) �
(� i (t))3

6
cos� i = 1 �

(� i (t))2

2
sin[2(� i +1 (t) � � i (t))] = 2[ � i +1 (t) � � i (t)] cos[2(� i +1 (t) � � i (t))] = 1

sin(� i +1 (t) � � i (t)) = � i +1 (t) � � i (t) cos(� i +1 (t) � � i (t)) = 1

sin(� i +1 (t) � 2� i (t)) = � i +1 (t) � 2� i (t) cos(� i +1 (t) � 2� i (t)) = 1

(3.2)

Using the parameters in Appendix A.1, then the �nal dimensionless form of Eqs. (3.1) can
be written as it is presented in Appendix A.2.
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3.2. The multiple scale method

Our analysis concentrates on a small region near the system static equilibrium. To charac-
terize the amplitudes of the oscillations within this region, we use a small parameter, denoted
by 0 < " << 1

x1(� ) = "� (� : " ) x2(� ) = "� (� : " )

� 1(� ) = "
 (� : " ) � 2(� ) = "� (� : " )
(3.3)

By assuming a small area around the system static equilibrium position and the amplitude
of oscillations within that area, as is consistent with the MSM, we can make the following
approximations (Abohamer et al., 2023a; Awrejcewiczet al., 2022)

b = "eb F = " eF c1 = "ec1 G2 = " eG2 ! 0 = " e! 0

� 1 = "2e� 1 � 2 = "2e� 2 � 3 = " e� 3 � 4 = " � 1e� 4 � 6 = " e� 6

� 9 = " � 1e� 9 A = " eA b2 = "eb2 b3 = "eb3 G = " � 1 eG

G1 = " � 1 eG1 � 2 = " e� 2 � 3 = " e� 3 � 5 = " � 1e� 5 � 7 = " e� 7

� 8 = " e� 8 � 9 = " e� 9 � 1 = "2e� 1 y = " ey c2 = "ec2

� 3 = " e� 3 � 2 = " � 1 e� 2 h = " � 1h � 1 = " e� 1 � 6 = " � 1 e� 6

� 9 = " � 1 e� 9 � 10 = " � 1 e� 10 � 11 = " � 2 e� 11

(3.4)

In line with the methodology of the multiple scale approach, the time-dependent variables
x1(� ), x2(� ), � 1(� ) and � 2(� ) can be considered as power series of"

x1(� ) =
2X

k=1

"kx1;k (� 0; � 1) + O("k ) x2(� ) =
2X

k=1

"kx2;k (� 0; � 1) + O("k )

� 1(� ) =
2X

k=1

"k � 1;k (� 0; � 1) + O("k ) � 2(� ) =
2X

k=1

"k � 2;k (� 0; � 1) + O("k )

(3.5)

It is worth emphasizing that these operators exclude terms of O("2) and higher orders. To derive
the PDE groups associated with di�erent powers of " , we substitute Eqs. (3.3)-(3.5) into the
dimensionless form of governing equations (A.2) in Appendix. This process involves a splitting
method based on the perturbation parameter" (Awrejcewicz et al., 2022). Then, we derive the
preceding 8 linear PDEs, each corresponding to a speci�c order of " and "2:
| �rst-order equations (coe�cient 1 at "1)

@2� 1

@�20
+ w2� 1 = 0

@2� 1

@�20
+ � 1 = 0

@2
 1

@�20
+ ! 2

4
 1 = 0
@2� 1

@�20
+ � 2

4� 1 = 0 (3.6)

| second-order equations (coe�cient 2 at "2) (refer to Appendix A.3) where � 1, � 1, 
 1, � 1

represent the solutions of the �rst-order approximations of the time-dependent variablesx1(� ),
x2(� ), � 1(� ), � 2(� ), respectively. Also, � 2, � 2, 
 2, � 2 are the solutions of the second-order ap-
proximations of the time-dependent variablesx1(� ), x2(� ), � 1(� ), � 2(� ). Meanwhile, the general
solutions of the time-dependent variables will be represented by � , � , 
 , and � , respectively.

The solutions to obtained Eqs. (a.3) in Appendix, which can be solved in a particular se-
quence, emphasize the importance of the solutions in the �rst category. Thus, our primary focus
is on obtaining the general solutions to Eqs. (3.6). The solutions obtained are as follows

� 1 = e iw� 0 B1(� 1) + e � iw� 0 eB1(� 1) � 1 = e i � 0 B2(� 1) + e � i � 0 eB2(� 1)


 1 = e i ! 4 � 0 B3(� 1) + e � i ! 4 � 0 eB3(� 1) � 1 = e i � 4 � 0 B4(� 1) + e � i � 4 � 0 eB4(� 1)
(3.7)
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As a result, by substituting solutions (3.7) into the second group of PDEs (A.3) in Appendix,
we derive the 2-order solutions as� 2, � 2, 
 2 and � 2, where B i and eB i depend on � 1, i takes
values of 1; : : : ; 4.

3.3. Modulation equations

The modulation equations constitute a set of eight �rst-order ODEs describing the amplitude
and phase modulation. These equations necessitate initialconditions for the e�ective solution,
which complement the solving procedures.

Secular terms, as observed in Eqs. (3.8), emerge when inserting the previously derived so-
lutions into the second-order equations (refer to Eqs. (A.3) in Appendix). While serving as
solvability conditions, these secular terms must be eliminated to obtain the modulation equa-
tions.

To eliminate the secular terms (see Eqs. (3.8)), we employ a method introducing new
complex-valued functions, de�ned in Eqs. (3.9). Substituting these functions into the secular
terms eliminates them, allowing derivation of the modulation equations. The �nal asymptotic
solution is then obtained through these equations. The secular terms in � 2, � 2, 
 2 and � 2 are
expressed as

� 2;s = � 2! 2
4e� 9B1(� 1)B3(� 1) eB3(� 1) � 2iw

@B1(� 1)
@�1

� 2;s = � eb2B2(� 1) � eb3B2(� 1) + 2 � 42 eGB2(� 1)B4(� 1) eB4(� 1) � 2i
@B2(� 1)

@�1
+ 2 � 42 eG1B2(� 1)B4(� 1) eB4(� 1) � iec1B2(� 1) � ie� 7B2(� 1) � ie� 8B2(� 1)


 2;s = 3 e� 2B3(� 1)2 eB3(� 1) � 2i! 4
@B3(� 1)

@�1

� 2;s = � 2! 2
4

e� 10B3(� 1)B4(� 1) eB3(� 1) � 3e� 6B4(� 1)2 eB4(� 1) � 2i� 4
@B4(� 1)

@�1

(3.8)

and

B j =
1
2

aj (� )ei  j (� 1 ) eB j =
1
2

aj (� )e� i  j (� 1 ) (3.9)

where j and aj represent the phases and amplitude of the solutions� , � , 
 , and � , respectively.
For j = 1 ; 2; 3; 4.

After eliminating the secular terms from � 2, � 2, 
 2 and � 2, the modulation equations are
obtained as

_a1(� ) = 0 _a3(� ) = 0 _ 1(� ) =
! 2

4a3(� )2� 9

4w

_ 3(� ) = �
3a3(� )2� 2

8! 4
_a2(� ) = �

1
2

a2(� )(c1 + � 7 + � 8) _a4(� ) = 0

_ 2(� ) =
1
4

[2b2 + 2b3 + � 2
4a4(� )2(G + G1)] _ 4(� ) =

2! 2
4a3(� )2� 10 + 3a4(� )2� 6

8� 4

(3.10)

After reconstituting the modulation equations for nonresonant cases and considering the equa-
tions established in Eq. (3.7), the �nal asymptotic solution up to the second-order approximation
for � , � , 
 and � , with ai and  i being dependent on� 1, wherei = 1 ; 2; 3; 4, have been obtained.

3.4. Comparison between analytical and numerical solution s using time histories

For comparison, the dimensionless form of the equations of motion (see Eqs. (A.1) and (A.2)
in Appendix) and the asymptotic solution up to the second-order approximation are shown in
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Fig. 3. (a) Comparison between analytical (in blue) and numerical (in red) solutions using the
parameters presented in Eq. (3.11). (b) Comparison betweenanalytical (in green) and numerical (in

red) solutions using the parameters presented in Eq. (3.11). (c) Compliance error for x1(� ) with
RMSE = 0 :187473 and MAE = 0:140302. (d) Compliance error forx2(� ) with RMSE = 0 :0693299 and
MAE = 0 :0543544. (e) Comparison between analytical (in blue) and numerical (in red) solutions using
the parameters presented in Eq. (3.11). (f) Comparison between analytical (in green) and numerical (in

red) solutions using the parameters presented in Eq. (3.11). (g) Compliance error for � 1(� ) with
RMSE = 0 :000639732 and MAE = 0:000528905. (h) Compliance error for� 2(� ) with

RMSE = 0 :00157617 and MAE = 0:0012515
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the time history using the data in below. All initial conditi ons, except forx2(0) = � 2(0) = 0 :1,
are set to zero

A = 0 :5 c1 = c2 = � 1 = � 3 = � 3 = 0 :01 � 5 = � 3 = 0 :0001 � 4 = 1 :61

! 5 = � 2 = 0 :002 � 6 = � 7 = � 10 = � 11 = 0 :0002 � 8 = 0 :0004

� 12 = 0 :00004 � 5 = 0 :005 � 9 = � 14 = � 4 = 0 :00005 � 2 = 0 :001

� 4 = 0 :003 � 5 = 0 :00008 � 7 = 0 :0012 h = ! 0 = 1

� 8 = 0 :008 � 9 = 0 :00009 � 0 = 0 :00002 � 6 = 0 :00008

� 9 = 0 :000021 ! = 10 � 13 = 0 :00015 � 1 = 0 :15

� 2 = 0 :464 b2 = 2 :11 b3 = 1 :63 G = 0 :8 G1 = 0 :1

F = 0 :81 ! 4 = 1 :72 � 1 = 0 :05 � 3 = 1 :15 w = 0 :25

(3.11)

Figure 3a, 3b, 3e and 3f represent the time history forx1(� ), x2(� ), � 1(� ) and � 2(� ), re-
spectively. As we can observe, both the analytical and numerical solutions indicate the accuracy
of the system equation. Figure 3c, 3d, 3g and 3h depicts the deviation between the numeri-
cal and approximate solutions for x1(� ), x2(� ), � 1(� ) and � 2(� ), respectively. The compliance
error for the modi�ed SAM follows the same trend as that of the SAM. Therefore, it aligns
with the presumption stated in Section 2.4.1. It becomes evident that the 4-DOF system can
be e�ectively solved analytically by employing the multipl e scale approach. However, it comes
with a drawback in that it o�ers an approximate solution, and its accuracy depends on the
number of time scales used. As a result, it becomes crucial toidentify particular traits be-
tween the analytical and numerical solutions to compare them accurately and guarantee their
correctness.

4. Conclusions

This publication focuses on the modeling and analysis challenges posed by variable-length pen-
dulums, with a particular emphasis on the 4-DOF system. The attainment of an analytical
solution not only validates the model but also contributes to improved e�ciency, accuracy, and
theoretical advancements. These analytical solutions serve as crucial tools for the investigation
of dynamical systems, �nding applications across diverse scienti�c and engineering �elds. Fur-
thermore, the study identi�es promising directions for fut ure research, urging exploration into
steady-state solutions and conducting thorough stability analyses.

The publication highlights the practical applications of t he analyzed models, revealing their
potential in studying dynamic entities like robots and load-lifting devices. For instance, the
study suggests examining a system comprising three inverted pendulums to represent di�erent
segments of the human body or analyzing the dynamics of load-lifting devices such as cranes.
This approach extends the utility of the �ndings, o�ering in sights into a broader applicability of
the studied parametric dynamical models. Notably, the potential application of these insights in
the �eld of energy harvesting is also underscored, adding a dimension of practical signi�cance
to the theoretical advancements presented in the publication.

A. Appendix

A.1. Dimensionless parameters for the modi�ed SAM

A =
l20

l
G =

M
(m1 + M )

G1 =
m1

(m1 + M )
! 2

2 =
g
l

! 2
3 =

k
m1
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! 2
1 =

k
m1 + M

� 2 =
! 2

1! 1

G1
c1 =

c
(m1 + M )! 1

F =
f 0! 2

l! 2
1

c2 =
c

�! 1
b1 =

M
m1

b2 =
M
m2

b3 =
m1

m2
! 2

4 =
! 2

2

! 2
1

! 2
5 =

! 2
3

�! 2
1

� 1 = ! 2� + G! 2
4 �

! 2! 2
1! 2

4

� 2 � 2 = FG � 3 =
F ! 2! 2

1

� 2

� 4 =
F ! 2! 2

1

6� 2 � 5 =
! 2! 2

1! 2
4

2� 2 � 6 = ! 2! 1 � 7 =
! 2! 2

1

�

� 8 =
2! 2! 2

1

�
� 9 =

! 2! 2
1

� 2 � 0 = G� � 1 =
G� 3

! 2
1

+
5G! 2

4

2

� 2 =
G� 2

! 2
1

� 3 = FG! 0 � 4 =
G! 2

4

4
� 5 =

FG
12

� 6 =
2G�
! 1

� 7 = b2c1 � 8 = b3c1 � 9 =
2G� 2

! 1
� 1 =

F
3

+
5G! 2

4

2

� 2 =
! 2

4

6
� 3 =

2
! 1

� 4 =
1
�

� 1 =
G� 3

A! 2
1

+ 2G! 2
4

� 2 =
G� 2

A! 2
1

� 3 = G! 2
5 � 2

4 =
G� 3

A! 2
1

+ G! 2
4 � 5 =

hFG
4

� 6 =
G! 2

4

12
h = 1 � 7 = c2G � 8 =

2G� 2

A! 1
xi 9 =

2G�
A! 1

� 10 =
G�
A

� 11 =
G
A

� 12 =
2G
A

� 13 =
2G1

A
� 14 =

1
A

(A.1)

A.2. The �nal dimensionless form of the modi�ed SAM equation s of motion

� 1 � � 2 sin(!� ) � w2x1(� ) � ! 0x2(� ) � � 3 sin(!� )� 1(� ) + � 4 sin(!� )� 3
1(� ) + � 5� 2

2(� )

� c1 _x2(� ) � � 6� 1(� ) � � 7 _� 2
1(� ) � � 8x1(� ) _� 1(� ) � � 9x1(� ) _� 2

1(� ) � •x1(� ) = 0

� 1 � � 2 sin(!� ) + � 2x1(� ) � x2(� ) � b2x2(� ) � b2x2(� ) � b3x2(� ) + � 3 sin(!� )� 1(� )

� � 4� 2
2(� ) � � 5 sin(!� )� 3

2(� ) � c1 _x2(� ) � � 7 _x2(� ) � � 8 _x2(� ) + � 9 _� 1(� )

+ � 6x1(� ) _� 1(� ) + � 0 _� 2
1(� ) + Gx1(� ) _� 2

1(� ) +
1
2

AG(� ) _� 2
2(� ) + AG1(� ) _� 2

2(� )

+ G1x2(� ) _� 2
2(� ) � •x2(� ) = 0

F sin(!� ) � ! 2
4� 1 + ! 2

5x2(� )� 1(� ) + � 1� 3
1(� ) � � 1 sin(!� )� 2

1(� ) � ! 2
5x2(� )� 2(� )

� � 3 _x1(� ) � c2� 1(� ) _x2(� ) + c2� 2(� ) � _x2(� ) � 2� 4 _x1(� ) _� 1(� ) � � 4x1(� ) •� 1(� )

� •� 1(� ) = 0

� 1� 1(� ) + h� 2 sin(!� )� 1(� ) + � 2x1(� )� 1(� ) + � 3x1(� )� 1(� ) � � 2
4� 2(� ) � h� 2 sin(!� )� 2(� )

� � 2x1(� )� 2(� ) � � 3x2(� )� 2(� ) � � 5 sin(!� )� 2
2(� ) � � 6� 3

2(� ) + � 7� 1(� ) _x2(� )

� � 7� 2(� ) _x2(� ) + � 8� 1(� ) _� 2
2(� ) + � 9x1(� )� 1(� ) _� 2

2(� ) � � 8� 2(� ) _� 2
1(� )

� � 9x1(� )� 2(� ) _� 2
1(� ) + � 10� 1(� ) _� 2

1(� )� 11x1(� )� 1(� ) _� 2
1(� ) � � 10� 2(� ) _� 2

1(� )

� � 11x1(� )� 2(� ) _� 2
1(� ) + � 12 _x2(� ) _� 2

2(� ) + � 13 _x2(� ) _� 2
2(� ) � � 14x2(� ) •� 2(� ) � •� 2(� ) = 0

(A.2)
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A.3. Second-order equations of the modi�ed SAM

e� 1 � e� 2 sin(!� 0) � w2� 1 � ! 0� 1 � e� 3
 1 sin(!� 0) + e� 4
 3
1 sin(!� 0) + e� 5� 2

1 sin(!� 0) � ec1
@�1
@�0

� e� 6
@
1
@�0

� � 8� 1
@
1
@�0

� � 7

� @
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@�0

� 2
� e� 6� 1

� @
1
@�0

� 2
� 2

@2� 1

@�0@�1
�

@2� 2

@�20
= 0

e� 1 � e� 2 sin(!� 0) + e� 2� 1 � eb2� 1 � eb3� 1 � � 1 + e� 3
 1 sin(!� 0) � e� 4� 2
1 � e� 5� 3

1 sin(!� 0) � ec1
@�1
@�0

� e� 7
@�1
@�0

� e� 8
@�1
@�0

+ e� 9
@
1
@�0

+ � 6� 1
@
1
@�0

+ � 0
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1
@�0

� 2
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1
@�0

� 2
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1
2

eA eG
� @�1

@�0

� 2

+ eA eG1

� @�1
@�0

� 2
+ eG� 1

� @�1
@�0

� 2
+ eG1� 1

� @�1
@�0

� 2
� 2

@2� 1

@�0@�1
�

@2� 2

@�20
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eF sin(!� 0) + ! 2
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 1 � � 1
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1 sin(!� 0) + � 2
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1 � ! 2

4
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The unsteady creep curve of rocks is antisymmetric to the dynamic surface subsidence curve
of coal mining. Accordingly, a four-parameter unsteady creep model of rock was established
using an analogous reasoning method from the perspective ofphenomenology, and a simple
method for determining the model parameters was proposed. The test curves of four di�erent
types of rocks were in good agreement with the theoretical curves of the model. In particular,
the accelerated creep test curves with nonlinear characteristics were consistent with the
theoretical curves of the model, verifying the rationality and accuracy of the model.

Keywords: rock mechanics, creep model, antisymmetric, unsteady creep, damage

1. Introduction

The creep behavior of rocks is a key factor a�ecting the safety and long-term stability of a
structure (Wei et al., 2019). When the external load is less than the long-term strength of the
rock, the creep that occurs in the rock is steady, which includes instantaneous strain, attenuation,
and constant velocity creep stages. This type of creep can bedescribed using classic creep models
(the Burgers, Bingham, and Nishihara models) (Songet al., 2023). Theoretical and practical
engineering applications of these creep models have been well established. When the external
load is greater than the long-term strength of the rock, unsteady creep occurs in the rock, which
includes instantaneous strain, attenuation creep, constant-velocity creep, and accelerated creep
stages (Jinet al., 2024). The establishment of an unsteady creep model for rock is an important
and di�cult task in rock mechanics (Taheri et al., 2020).

Existing creep models can be divided into the following categories: empirical creep model
(Zhang et al., 2013; Zivaljevic and Tomanovic, 2022), component combination creep model (Zhao
et al., 2019; Zhanget al., 2011) and improved component combination creep model based on
nonlinear rheology theory (Zhang and Wang, 2020; Yanget al., 2014), creep damage theory
(Yang et al., 2015; Song and Li, 2022) and fractional order theory (Zhouet al., 2011; Liu et al.,
2021). Empirical creep models establish mathematical expressions for strain and time through
curve �tting based on existing creep test data. The creep equations of such models are simple in
form, with high precision and few parameters. However, owing to the unclear physical meaning
of parameters and the short creep test time compared with theactual creep process of rock mass,
the creep characteristics of the rock re
ected by this modelare quite di�erent from the actual
rock mass; therefore, it is only suitable for describing thecreep process of speci�c rocks under
speci�c test conditions. However, it has rarely been applied to the study of creep characteristics in
rock engineering. The component-combination creep model combines elastic, plastic, and viscous
components through di�erent forms of series and parallel connections to obtain a combination
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model that can describe rock elasticity, viscosity, viscoelasticity, and viscoplasticity. The physical
meaning of these model parameters is clear, and the creep equation can be derived easily. The
component-combination creep model is more widely applicable than the empirical creep model
because of its variable combination forms. However, because the model parameters of this type
of creep model are constant, this model can only describe thesteady creep of rock and cannot
describe unsteady creep. Therefore, this model is not suitable for analyzing the actual creep
failure in rock mass engineering (Discenzaet al., 2020).

The improved component-combination creep model re
ects nonlinear characteristics of the
accelerated creep process of rocks by concatenating nonlinear damage bodies based on the
component-combination model or by replacing the nonlinearcreep model parameters with the
component-combination creep model parameters, thereby establishing a mechanical model that
can describe the unsteady creep process of rocks. Compared with the empirical creep model and
component combination creep model, this type of model has been greatly improved in theory
and practice; however, it still has the following two shortcomings. (1) The creep equation is
too complicated. In the process of constructing the unsteady rock creep model, four di�erent
equations are often used to describe the instantaneous strain stage, attenuated creep stage,
constant velocity creep stage, and accelerated creep stagein segments (such as using elastic ele-
ments to describe the instantaneous strain, Kelvin bodies to describe the attenuated creep stage,
viscous bodies to describe the constant-velocity creep stage, and time-dependent deteriorated
viscoplastic bodies to describe the accelerated creep stage). Then, according to the superposition
principle, these four equations are superimposed to establish a mechanical model that can de-
scribe the unsteady creep process of rocks. Although the physical meaning and function of each
part of the improved creep model established by this method are clear, and the constitutive and
creep equations are easy to deduce, the form of the �nal creepequation is too long and compli-
cated because of the large number of functions, which is not conducive to numerical simulation
analysis and practical engineering applications. In addition, the four equations are independent
of each other and there is no uni�ed equation to describe the unsteady creep process in rocks.
(2) The creep model has several parameters. The improved creep model improves the accuracy
of the model by introducing undetermined parameters, but at the same time, introducing new
model parameters increases the di�culty of parameter determination. Moreover, owing to the
complexity of the improved creep model, the creep equation contains many undetermined pa-
rameters, usually more than 7 (Yan et al., 2020). Such many creep parameters are di�cult to
determine accurately based on limited test data. Therefore, although the improved component
combination creep model can describe the unsteady creep process of an indoor rock test well,
owing to the limitation of the number of parameters, it is di� cult to e�ectively analyze the creep
mechanical properties of actual engineering rock masses.

In summary, to facilitate �nite element software programmi ng and actual creep failure pro-
cess analysis of rock mass, it is urgent to establish a mechanical model of rock creep with fewer
parameters and a uni�ed creep function, which should be ableto describe instantaneous strain,
attenuated creep, constant velocity creep, and accelerated creep characteristics of rock simul-
taneously. In view of this, this study establishes a rock unsteady creep model with four model
parameters only by an analogy reasoning method from the perspective of phenomenology, and
provides a method to determine the model parameters, which provides a reference for the study
of rock creep characteristics.

2. Four-parameter unsteady creep model

Many on-site monitoring data and theoretical studies have shown that the subsidence process
of a certain point of the surface caused by coal mining is composed of three parts: the initial
subsidence stage, the rapid subsidence stage and the decay subsidence stage, and it is approxi-
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mately an \S" shaped curve with time, as shown in the red curvein Fig. 1. While the typical
unsteady creep curve of rock is approximately an inverse \S"curve, as shown by the blue curve
in Fig. 1. Therefore, the dynamic surface subsidence curve exhibits an antisymmetric relation-
ship with the unsteady creep curve. Therefore, the surface dynamic subsidence function is �rst
determined, and then the inverse function of the surface dynamic subsidence function is ob-
tained by considering "(t) = t as the symmetry axis, which can yield a uni�ed functional form
describing the unsteady creep process of rocks. According to the basic mathematical theory, the
functions represented by the red and blue curves are inversefunctions of each other. Therefore,
if the surface dynamic subsidence function is determined and its inverse function is obtained,
the unsteady creep function of the rock can be established.

Fig. 1. Demonstration of the unsteady creep curve

The analysis indicates that the key to establishing a mechanical model that can re
ect the
unsteady creep process of rocks is to determine an \S" type function that can describe the surface
dynamic subsidence law with time. Based on the classic Knothe time model (Hejmanowski, 2015),
an improved Knothe time model was established by proposing new model assumptions (Zhang
et al., 2020) that could accurately describe the surface dynamicsubsidence process caused by
coal mining. The model function is expressed as follows

W (t) = W0[1 � exp(� Ctn )] (2.1)

whereW (t) is the surface dynamic subsidence,W0 is the �nal surface subsidence,C is the time
in
uence coe�cient related to the mechanical properties of the overlying strata, t is time, and
n is the model order.

The surface dynamic subsidence curves for di�erent model orders n are shown in Fig. 2.
From Fig. 2, under di�erent n conditions, the surface dynamic subsidence curves are all

of \S" type, which is antisymmetric with the unsteady creep curves of rocks. Therefore, the
unsteady creep models of rocks can be established by determining the inverse function of (2.1).

In Eq. (2.1), time t is the independent variable andW (t) is the dependent variable; its inverse
function expression is obtained as follows

t =
h
�

1
C

ln
�
1 �

W (t)
W0

�i 1
n

(2.2)

In Eq. (2.2), W (t) is the independent variable and timet is the dependent variable. In the creep
function, the independent variable is time t and the dependent variable is strain" . Therefore,
the function expression of the unsteady creep model of the rock can be obtained by analogous
reasoning as follows
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Fig. 2. Surface dynamic subsidence curves

" =
h
�

1
C

ln
�
1 �

t
W0

�i 1
n

(2.3)

In Eq. (2.1), W0 is the �nal surface subsidence, which is the maximum value ofthe independent
variable W (t), then W0 in Eq. (2.3), and is the maximum value at time t, that is, the time
when the rock undergoes creep failure. ParameterC in Eq. (2.1) is the time in
uence coe�cient
related to mechanical properties of the overlying strata. This parameter is related to the physical
and mechanical properties of the strata and time, and is expressed as viscosity in the rock creep
model. Simultaneously, because the creep characteristicsof the rock are closely related to the
stress level� , �=� = 1=C can be set, and Eq. (2.3) can be further expressed as

" =
h
�

�
�

ln
�
1 �

t
t f

�i 1
n (2.4)

where � is the viscosity coe�cient of the rock and t f is the time when the rock undergoes creep
failure.

The creep model function established by Eq. (2.4) represents the variation in the creep strain
with time and does not include the instantaneous strain stage in the unsteady creep process of
rocks. Therefore, to re
ect the entire creep process, it is necessary to add an instantaneous strain
that is only related to the stress level but independent of time based on Eq. (2.4), which can
be represented by an elastic element. Based on the above analysis, a four-parameter unsteady
creep mechanics model is established, as shown in Fig. 3.

Fig. 3. Four-parameter unsteady rock creep model

According to the stress-strain relationship of the series and parallel connections, the unsteady
creep equation of the rock is obtained as follows

" =
�
E

+
h
�

�
�

ln
�
1 �

t
t f

�i 1
n (2.5)

where E is the elastic modulus of the elastic element.
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We derived Eq. (2.5) and obtained the creep velocity and acceleration as follows

"0 =
1
n

�
�

1
t f � t

h
�

�
�

ln
�
1 �

t
t f

�i 1� n
n

"00=
1
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�

� 2 1
n

h1 � n
n

� ln
�
1 �

t
t f

�ih
�

�
�

ln
�
1 �

t
t f

�i 1� 2n
n

) (2.6)

According to Eq. (2.6), the creep rate is always greater thanzero, indicating that the creep
strain gradually increases with time, which is consistent with the actual situation. The critical
moment for rock creep acceleration to be 0 isf 1 � exp[(1=n) � 1]gt f , and when the creep time
does not reach this critical value, the creep acceleration is always less than 0, indicating that
the rock creep rate gradually decreases during this stage. When the creep time is between this
critical value and the time when the rock undergoes creep failure, the creep acceleration is
always greater than 0, indicating that the rock rate gradually increases with time at this stage.
Therefore, the moment when the creep acceleration is 0 is notonly the moment when the rock
creep rate is minimum, but also the starting point of the accelerated creep stage. The above
analysis indicates that the four parameter rock non-stationary creep model cannot strictly meet
the creep deformation laws of the entire rock process, especially the creep rate characteristics
during the constant velocity creep process. However, the constant velocity creep does not mean
that the creep rate remains strictly unchanged, but the amplitude of change is relatively small
(Wang et al., 2018). Therefore, the four parameter rock unsteady creepmodel is reasonable and
feasible for re
ecting the complete creep process of rocks.

3. Model parameters determination

From Eq. (2.5), the creep equation contains only four model parametersE, � , t f , n, which greatly
reduces the number of parameters compared to other complex creep models and is bene�cial
for practical engineering applications. The creep curves of the rocks at di�erent stress levels are
shown in Fig. 4. At low stress levels, there was no accelerated creep stage in the creep curve;
however, an accelerated creep process occurred at medium and high stress levels. Moreover, the
creep failure time at a high stress was signi�cantly shorterthan that at a medium stress. Based
on the characteristics of rock creep curves under di�erent stress states, as shown in Fig. 4, a
simple and feasible method for determining creep model parameters was proposed.

Determination of elastic modulus E

The instantaneous elastic strain "e is generated during rock loading and can be described
by an elastic element. Based on the elastic constitutive relationship, the elastic modulus E is
determined as

E =
�
"e

(3.1)

Determination of t f

Without considering the in
uence of the rock occurrence environment, the creep failure time
of rocks is only a function of stress; therefore,t f = f (� ). As shown in Fig. 4, the creep failure
time decreases with an increase in the stress level. According to the Kachanov material creep
damage rate theory (Kachanov, 1992), the time at which the rock undergoes creep failure can
be determined using the following equation

dD
dt

= k
� �

1 � D

� �
(3.2)

where dD=dt is the damage rate,D is the damage variable,k, � are rock material constants.
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Fig. 4. Creep curves of rocks under di�erent stress levels

Assuming that the damage variable is equal to one when the rock undergoes creep failure,
the expression for the rock failure time obtained from Eq. (3.2) is

t f =
1

C(1 + � )� � (3.3)

Through the unsteady creep test curve of rock under di�erentstress levels, the material constants
k, � can be determined, and then the functional relationship between rock creep failure time
and stress level can be obtained.

Determination of � , n

The corresponding time for the rock to enter the acceleratedcreep stage from the constant-
-velocity creep stage in Fig. 4 ista, and the corresponding strain is "a. Because the creep
acceleration of rock is zero when the creep velocity reachesits minimum value

ta =
h
1 � exp

� 1
n

� 1
�i

t f (3.4)

The expression forn obtained from Equation (3.4) is

n =
h
1 + ln

�
1 �

ta

t f

�i � 1
(3.5)

When t = ta, " = "a according to Eq. (2.4), there is

"a =
�
E

+
h
�

�
�

ln
�
1 �

ta

t f

�i 1
n

(3.6)
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The expression for� obtained from Eq. (3.6) is

� = � ("a � "e)� n � ln
�
1 �

ta

t f

�
(3.7)

In summary, all four parameters of the unsteady creep model of the rock were determined.
Meanwhile, the creep model parameters can also be obtained through curve �tting based on
rock creep experimental data.

4. Model validation

The rationality and accuracy of the four-parameter rock unsteady creep model established in this
study were veri�ed by referring to the uniaxial compression creep test results for four di�erent
types of rock. The creep model parameters of the four types ofrock under di�erent stress levels
were obtained by curve �tting of experimental data. A compar ison between the theoretical curve
of the four-parameter rock unsteady creep model and the testresults is shown in Figs. 5-8.

Table 1. Model parameters of di�erent types of rocks

Rock
� E ta "a n

� t f C �
[MPa] [GPa] [h] [10� 3] [GPa h] [h]

Schist (Sterpi 34.30 7.49 169.2 5.38 3.22 1:67 � 10� 6 338.4 6.12
3.29

and Gioda, 2009) 39.40 7.91 98.5 5.72 2.60 2:59 � 10� 4 214.3 �10� 9

Changshan salt rock 14.41 40.14 538.0 0.49 4.36 7:21� 10� 11 1030 9.56
44.32

(Cao et al., 2020) 14.72 33.38 215.5 0.58 3.83 1:26� 10� 13 401 �10� 57

Qiaohou salt rock 7.77 2.69 114.8 1.18 2.20 0.76 273 1.71
0.26

(Zhong & Ma, 1987) 11.3 1.71 86.4 1.70 1.75 0.14 248 �10� 3

52.82 28.40 8.5 2.27 5.42 1:23� 10� 14 15.30
1.69
�10� 25 15.30

Sandy shale rock 55.37 28.69 4.6 2.32 5.11 1:21� 10� 13 8.34
(Zhong & Ma, 1987) 56.64 27.23 3.2 2.37 4.37 1:46� 10� 11 5.96

58.31 27.50 1.9 2.45 4.32 9:7 � 10� 12 3.56

As can be seen from the comparison results in Figs. 5-8, the four-parameter rock unsteady
creep model can not only describe the instantaneous strain stage, attenuation creep stage, and
constant velocity creep stage of di�erent types of rocks under di�erent stress levels but also
re
ects the accelerated creep stage with particularly obvious nonlinear characteristics, and its
rationality has been veri�ed. The theoretical curve of the model is in good agreement with
the test results, indicating that the model can accurately predict the creep strain trends of
di�erent types of rocks under di�erent stress levels over time, e�ectively design support forms,
and determine the support construction time. In addition, Eq. (2.4) shows that the model can
describe the unsteady creep process of rocks in a simple and uni�ed expression, overcoming
the shortcomings of complex creep equations and numerous model parameters in component
combination models, which are more conducive to engineering applications.

To further verify the accuracy of the four-parameter rock unsteady creep model, the relative
standard deviation between the test and theoretical creep values for the four types of rocks was
calculated without considering the error of the test data. The calculation formula is shown in
Eq. (4.1) (Zhao et al., 2020). The calculation results show that the relative standard deviations
between the test and theoretical values of schist under stress levels of 34.3 MPa and 39.4 MPa are
0.83% and 0.55%, respectively, which are basically negligible. The relative standard deviations
between the test values and theoretical values of Changshansalt rock under stress levels of
14.41 MPa and 14.72 MPa are 2.87% and 1.55%, respectively. The relative standard deviations
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Fig. 5. Comparison between test and theoretical curves for schist

Fig. 6. Comparison between the test and theoretical curves for the Changshan salt rock

between the test values and model theoretical values of Qiaohou salt rock under stress levels
of 14.41 MPa and 14.72 MPa are 4.83% and 4.94%, respectively.The error of Qiaohou salt rock
is slightly larger than that of Changshan salt rock, but it is still within the allowable range.
The relative standard deviations between the test and theoretical values of sandy shale at stress
levels of 52.82, 55.37, 56.64 and 58.31 MPa are 1.15%, 1.05%,0.80%, and 0.82%, respectively.
The relative standard deviations of sandy shale at the four stress levels were small. The above
calculations indicate that the relative standard deviation between the creep test values and the
theoretical values of the four types of rocks was less than 5%. Error analysis further con�rmed
the accuracy of the four-parameter rock unsteady creep model

m =

vu
u
t 1

N � 1

NX

i =1

("s � " l )2 f =
m
" f

(4.1)
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Fig. 7. Comparison between test and theoretical curves for Qiaohou salt rock

Fig. 8. Comparison between the test and theoretical curves for sandy shale rock

where m is the standard deviation, f is the relative standard deviation, and are the test and
theoretical values. " f is the strain on the rock during the creep failure. N is the number of
samples.

5. Model parameter analysis

The rock unstable creep model established in this paper onlycontains four model parameters,
which has the advantage of few parameters and high accuracy.This Section discusses the local
in
uence of the four model parameters on the rock unstable creep curve.
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5.1. The in
uence of E

Assuming � = 60 MPa, � = 2 :0 � 10� 12 GPa h, t f = 15 h, n = 4, according to Eq, (2.5), the
unsteady creep curves of the rocks corresponding to di�erent elastic modulus E were obtained,
as shown in Fig. 9.

Fig. 9. In
uence of E on the creep curve

Figure 9 shows that a change inE does not a�ect the shape of the model creep curve
and creep strain, but only a�ects the instantaneous elasticstrain. With an increase in E, the
instantaneous strain at the same time gradually decreases.In addition, Fig. 9 shows that, under
the sameE value increment, the reduction in instantaneous strain gradually decreases; that is,
according to the order from bottom to top, the model creep curve becomes increasingly sparse
from dense. This indicates that when the value ofE is small, a change in its value signi�cantly
in
uences the instantaneous elastic strain of the model. However, when the value ofE was large,
a change in its value had little in
uence on the instantaneous elastic strain.

5.2. The in
uence of �

Assuming � = 60 MPa, E = 30 GPa, t f = 15 h, n = 4, according to Eq. (2.5), the unsteady
creep curves of the rocks corresponding to di�erent viscosity coe�cients � were obtained, as
shown in Fig. 10.

Figure 10 shows that a change in� has little e�ect on the shape of the model creep curve;
however, with an increase in� , the creep stress variable at the same time gradually increases.
In addition, Fig. 10 shows that, under the same� value increment, the creep strain increment
simultaneously gradually decreases; that is, according tothe order from bottom to top, the
model creep curve becomes increasingly dense from sparse. This indicates that when the value
of � is small, a change in its value signi�cantly in
uences the creep strain of the model. However,
when the value of � was large, the change in its value had little in
uence on the creep strain.

5.3. The in
uence of t f

Assuming � = 60 MPa, E = 30 GPa, � = 2 :0 � 10� 12 GPa h, n = 4, according to Eq. (2.5),
the unsteady creep curves of the rocks corresponding to di�erent t f were obtained, as shown in
Fig. 11.
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Fig. 10. In
uence of � on the creep curve

Fig. 11. In
uence of t f on the creep curve

Figure 11 shows that a change int f has signi�cantly e�ect on the shape of the model
creep curve. The smaller the value oft f , the steeper the creep curve, and the faster the rate
of increase in creep strain. In addition, t f represents the time when the rock undergoes creep
failure, therefore, the smaller t f , the shorter the time for the rock to undergo creep failure.

5.4. The in
uence of n

Assuming � = 60 MPa, � = 2 :0 � 10� 12 GPah, E = 30 GPa, t f = 15 h, according to Eq. (2.5),
the unsteady creep curves of rocks corresponding to di�erent model orders n were obtained, as
shown in Fig. 12.

As shown in Fig. 12, n has a signi�cant in
uence on the shape of the creep curve of the
model. As n increases, the creep strain simultaneously increases nonlinearly; that is, according
to the order from bottom to top, the creep curve becomes increasingly sparse. Simultaneously,
as the creep rate at the same time increased, the characteristics of accelerated creep became
increasingly obvious, and the starting point of accelerated creep appeared earlier.
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Fig. 12. In
uence of n on the creep curve

6. Conclusions

Based on the antisymmetric relationship between the surface dynamic subsidence curve of coal
mining and the unsteady creep curve of rocks, a rock unsteadycreep model with four model
parameters was established from the perspective of phenomenology using analogical reasoning.
A simple and feasible method for determining the model parameters is provided based on the
characteristics of the rock creep curve.

The rationality and accuracy of the four-parameter unsteady creep model were veri�ed based
on the compression creep data of four di�erent rocks at di�erent stress levels. The model not
only describes the instantaneous strain stage, attenuation creep stage, and constant velocity
creep stage of rocks at di�erent stress levels, but also re
ects the accelerated creep stage with
particularly obvious nonlinear characteristics.

The unsteady creep strain of the rocks increases with an increases in the viscosity coe�cient
and model order. Under the same increment in the viscosity coe�cient, the creep strain increment
at the same time gradually decreases, whereas under the sameincrement in the model order,
the creep strain increment at the same time gradually increases.
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A new mining dynamic cable con�guration device has been designed with adjustable cable
curvature, full-range guiding restriction, and an anti-dr agging warning function to improve
the intelligence level and multi-scenario applicability. The digital model of the dynamic cable
con�guration device is constructed, and a theoretical formula for interactions between its
structure parameters, assembly parameters, and the cabling work state is deduced. Strength
analysis and topology optimization reconstruction of the side plate of the dynamic cable
con�guration device are carried out by using Ansys. The intelligent cable retractable device
has been successfully applied in engineering. These research results can provide a theoretical
basis for cooperative regulation and intelligent upgrading of both mining dynamic cable
con�guration devices and intelligent cable retractable devices.

Keywords: mechanical engineering, dynamic cable con�guration device, mathematic model,
topology optimization

1. Introduction

Mining electric shovels are indispensable equipment for large-scale open-pit mines in stripping
operations (Topno et al., 2021; Wanget al., 2023). Their workload accounts for more than 50% of
the total workload. Due to the requirements of high-power and continuous excavation, electric
shovels often operate with high-voltage electricity (6000V-10000 V) delivered by cables as a
real-time power source. The reliability of the cable power supply directly a�ects the e�ciency of
excavation and mining operations (Zhao, 2023). Currently,electric shovels mainly use intelligent
cable retractable devices to wind and unwind high-voltage cables during stripping operations in
large-scale open-pit mines. Given the weight and bending radius of mining high-voltage cables,
as well as frequent operation of the cable winding equipment, a dynamic cable con�guration
device is typically used to assist coordinated take-up and take-down by the reel (Han et al.,
2012; Amnuanpol, 2019).

The rationality, intelligence, and lightweight level of th e structural design of the dynamic
cable con�guration device are crucial for ensuring reliable cabling work as an important compo-
nent of an intelligent cable retractable device. However, there are several issues in the current
application process of mining dynamic cable con�guration devices on the market. (1) The dy-
namic cable con�guration device lacks accuracy in following the reel assembly, which leads to
cable accumulation or disorder (in Fig. 1a), resulting in uneven cable arrangement and heat
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buildup, which reduces the capacity and service life of the cables. (2) Unreasonable design pa-
rameters of the dynamic cable con�guration device can causewear, bending, or even breakage of
cables while also reducing precision in screw drive (in Fig.1b) (Kevac et al., 2017). (3) There is
a lack of e�ective warning devices; therefore, the cables are susceptible to scraping and pressing
by rocks and coal in unstructured pavement environments found in open-pit mines. Addition-
ally, an excessive force from a large reel can lead to safety hazards such as cable breakage and
leakage (Sunet al., 2022). Therefore, it is essential to investigate how structural and assembly
parameters in
uence stability within the dynamic cable con�guration devices to enhance their
applicability across various scenarios while prolonging their service life.

Fig. 1. Application statu: (a) cable accumulation or confusion, (b) local deformation of the screw

Wang (2022) used Ansys to analyze how di�erent positions of guide wheels a�ect the strength
of the dynamic cable con�guration device during sailing and towing conditions. The results
showed that the maximum force and deformation occurred whenthe guide wheels were in mid-
dle positions under both conditions, providing insights into strength analysis and veri�cation for
similar types of dynamic cable con�guration devices. Kevacet al. (2017) introduced dynamic
variables such as winding/unwinding radius and cable length, considering their impact on the
dynamic response of cable winding/unwinding systems, and de�ned a general form for math-
ematical models of cable winding/unwinding systems. In thesame year, Kevac and Filipovic
(2017) conducted a comprehensive analysis and characterization of nonlinear and pulsating phe-
nomena associated with the radial multi-layer winding process on winches, extending its appli-
cability to studying rope winding processes in complex systems. These research studies establish
a fundamental framework for structural design and parameter optimization of dynamic cable
con�guration devices under challenging mining conditions. Concurrently, topology optimization
based on the variable density approach, which utilizes strain energy as the objective function
and volume as the constraint function, has gradually emerged as a pivotal technique for auto-
mated design across diverse industries such as automotive,mechanical, and aerospace sectors
since its introduction by Bends�e and Kikuchi (1988). Notab ly, this approach is extensively em-
ployed in lightweight design of structures, o�ering an e�ective means for weight reduction and
reconstruction design of cable winders (Zhanget al., 2007).

Therefore, to address the aforementioned issues, this study initially proposes the design of a
novel mining dynamic cable con�guration device featuring adjustable cable curvature, full-range
guiding restriction, and an anti-dragging warning function, aimed to enhance the quality and
stability of cabling operations. Subsequently, a mathematical model is established to examine
the e�ects of cable arrangement structure and assembly parameters on the device performance,
thereby providing a reliable parameter in
uence law for the structural design and assembly
position determination of the device. Finally, based on strength analysis results of the device
side plate, the topology optimization module Ansys is employed to reconstruct the side plates
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in e�ort to reduce the in
uence of device quality on the stabi lity of the screw and the improve
unit mass-bearing capacity under various working conditions.

2. Dynamic cable con�guration device

The intelligent cable retractable device is positioned at the front of the intelligent cable re-
tractable vehicle, which consists of the frame assembly, reel assembly, power system, transmission
system, dynamic cable con�guration device, etc. Power is transmitted to the reel and recipro-
cating screw-screw pair through the transmission device. This enables it to work in conjunction
with the chassis system to realize safe and stable operationfor functions such as \active ca-
ble winding, passive cable discharging and in situ cable winding and discharging", as shown in
Fig. 2. One end of the dynamic cable con�guration device is placed on the guiding rod by means
of a guiding wheel set, and the other end is connected to the reciprocating screw through the
screw pair. It serves as a key device for the intelligent cable retractable device to realize an even
arrangement and stable unwinding of the cables.

Fig. 2. Intelligent cable retractable device

2.1. Dynamic cable con�guration device structure

The dynamic cable con�guration device consists of three parts: the guide device, special sup-
port device and warning device, as shown in Fig. 3. Among them, the guide device works through

Fig. 3. Dynamic cable con�guration device

synergistic cooperation of each roller to provide full-range cable guidance; the special support
device has characteristics of strong loading-impact resistance, compatibility with multiple types
of cables, and good alignment characteristics, which can realize stable arrangement of cables in
the process of winding and releasing. By monitoring cable tension, the warning device can switch
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between three working states of the cabling work { warning and emergency shutdown { while
providing anti-dragging warnings to prevent cable bendingor breaking due to overstretching.
Additionally, the dynamic cable con�guration device is �xe d on the reciprocating screw pair
for left-right translation and automatic reversing. The mechanical structure transmission mode
of the reciprocating screw-screw pair ensures uniform cable arrangement and improves cabling
work stability.

The dynamic cable con�guration device possesses characteristics of anti-dragging warning
and adjustable cable bending radius. With the addition of a control system, it can achieve
intelligent monitoring and warning of the state of the dynamic cable con�guration device, as
well as adaptive adjustment of the bending radius. This feature allows for excellent adaptability
to the intelligent cable retractable device, and is highly signi�cant for construction of intelligent
mines.

2.2. Guide device

The guide device is divided into a front guide device and a rear guide device, which are
composed of lateral rollers and transverse rollers. The lateral and transverse rollers are in the
same plane. During the cable movement process, they can playa role in guiding and protecting
the full range of the cable. Each roller consists of a smooth roller and rolling bearings. By
cooperating with each roller, the friction coe�cient can be reduced to minimize cable wear, as
shown in Fig. 4.

Fig. 4. Guide device: (a) front guide device, (b) rear guide device

By setting up a rotating arm structure, the rear guide device can adjust its angle according
to the maximum bending coe�cient of di�erent cable speci�ca tions, and then adjust the bending
radius of the input cable to adapt to di�erent types of cables.

2.3. Special support device

The special support device comprises a front support rollerassembly and a rear support
roller assembly, which can realize the uniform arrangementof cables during cable installation
operation. Moreover, the special support device exhibits robust loading-impact resistance and
compatibility with various cable types while ensuring precise alignment. Consequently, it can
accommodate diverse cable-supporting needs e�ectively. Withstanding up to 10 meters of the
cable (weighing 6.9 kg/m), its exceptional stability guarantees compliance with overall sti�ness
and strength requirements, as depicted in Fig. 5.

2.4. Warning device

The warning device consists of the upper and lower stroke switch, rocker, and torsion spring.
Through cooperation of the torsion spring with the rocker, the upper and lower stroke switch can
be triggered, allowing for feedback on the state signal of the dynamic cable con�guration device
to be sent back to the controller. This enables obtaining information about cable tautness state
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Fig. 5. Special support device

Fig. 6. Warning device

in order to regulate three working states of the cabling work, warning and emergency shutdown,
as shown in Fig. 6.

� Working state: the contact between the cable and the rocker triggers the action of the
lower stroke switch, and the dynamic cable con�guration device runs normally;

� Warning state: the cable is lifted by resistance and separated from the rocker, but the
upper and lower stroke switch are not triggered. At this time, the cable is subjected to a
large tension, but not more than the maximum permissible tension, and the system gives
a warning;

� Emergency shutdown: the resistance of the cable continues to increase, and the cable lifts
to contact the upper rocker, triggering the upper stroke switch. At this point, the tension
of the cable is greater than the maximum permissible tension, and the system stops in
emergency to protect the cable from excessive tension damage.

3. Characteristics of parameter interaction

The structure parameters, assembly parameters, and performance indicators of the dynamic
cable con�guration device are interconnected. Studying the interaction law of each parameter is
a prerequisite for optimizing and transforming the dynamic cable con�guration device.

3.1. Design parameters of the dynamic cable con�guration de vice

Figure 7 shows a schematic diagram of the movement principleof the dynamic cable con-
�guration device when the intelligent cable retractable device is used for a high-voltage cable
retracting and releasing work. In Fig. 7, � 1 is the angle between the suspended cable and hori-
zontal direction, which can be set according to operating conditions; � 2 is the angle between the
horizontal direction and connecting line (between the reelcenter and the lower roller center of
the special support device);� 3 is the angle between the connecting line (between the centerof
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the reel and lower roller center of the special support device) and tangent line (between the reel
and lower roller of the special support device);� 4 is the angle between horizontal direction and
connecting line (between the lower roller center of the special support device and guide device
roller center); � 1 is the angle between the cable of segmentAB and segmentBC ; � 2 is the angle
between the cable of segmentAB and suspended cable;
 1 is the angle between the vertical
direction and resultant force on the lower roller of the guide device;
 2 is the angle between the
vertical direction and resultant force on the lower roller of the special support device.

Fig. 7. Working model of the intelligent cable retractable device

Based on the geometric relationship in Fig. 7, when the dynamic cable con�guration device is
used to arrange a cable, an expression between the structureparameters, assembly parameters,
and position parameters of each segment of the cable can be obtained

� 2 = arctan
a1

b1
� 3 = arcsin

Ri � r
q

a2
1 + b2

1

� 4 = arctan
a
b

� 5 = � 3 � � 2

(3.1)

and

� 1 = � � � 1 + � 4 � 2 = � � � 4 + � 5 (3.2)

and


 1 =
� 1

2
�

� �
2

� � 1

�

 2 =

� 2

2
�

� �
2

� � 4

�
(3.3)

where a1 and b1 are the vertical and horizontal distances between the lowerroller center of the
special support device and the center of the reel,a and bare the vertical and horizontal distances
between the lower roller center of the special support device and the lower roller center of the
guide device,Ri (i = 1 ; 2; 3; : : :) is the radius when winding i -layers of the cable on the reel,
R1 is equal to the reel radius,r is the radius of the roller of the dynamic cable con�guration
device.

When the number of cable layers on the reel changes, the expression for Ri is as follows

Ri = R1 + ( i � 1)d (3.4)

where d is the diameter of the high-voltage cable.
The cable of segmentsAB and BC are approximately arranged in a straight line, when a

pre-tightening force is applied by the intelligent cable retractable device. Therefore, the cable
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bending radius � can be determined from the length and angle parameters of thecable in
segmentsAB and BC

lBC =
Ri � r
tan � 3

lAB =
a

sin � 4
lAC = l2AB + l2BC � 2lBC lAB cos� 2

� =
lAC

2 sin� 2

(3.5)

where lAB and lBC are the lengths of the cable in segmentsAB and BC .
At the same time, the warning state of the warning device depends on the structure pa-

rameters a and b. When � 4 = � 1, the lower stroke switch is disconnected and the warning is
activated.

The structure parameters and assembly parameters of the dynamic cable con�guration device
are designed as listed in Table 1.

Table 1. Structure parameters of the cable arrangement device

Parameter Value Parameter Value

a1 [mm] 193 � 1 [� ] 60
b1 [mm] 1163.5 d [mm] 65
a [mm] 240.5 d1 [mm] 40
b [mm] 423 g [m/s2] 9.8

R1 [mm] 534 r [mm] 32.5

Substituting the parameter values from Table 1 into Eq. (3.1) to (3.5) onr can obtain.

Table 2. Position parameters of cable arrangement device

Parameters i = 1 i = 2 i = 3

� 2 [� ] 9.42 9.42 9.42
� 3 [� ] 25.16 28.71 32.37
� 4 [� ] 29.62 29.62 29.62
� 1 [� ] 149.62 149.62 149.62
� 2 [� ] 166.13 169.67 173.33

 1 [� ] 44.81 44.81 44.81

 2 [� ] 22.68 24.45 26.28

� [mm] 4972410 6404040 9441800

From Table 2, it can be observed that during the operation of the dynamic cable con�g-
uration device, � 3, � 2 and 
 2 will vary with the number of cable layers arranged on the reel,
primarily a�ecting the working environment of the lower rol ler of the special support device.
Simultaneously, a bending radius 15 times greater than the diameter of the cable is required for
proper functioning. Based on the data in Table 2, increasingthe number of cable layers proves
to be advantageous in enhancing the high-voltage cables working environment.

3.2. Mechanical characteristics of the dynamic cable con�g uration device

The force analysis of the guide device roller and the specialsupport roller is shown in Fig. 7,
when the cable is arranged on the reel. The equilibrium equations of the two rollers are obtained

F1 = 2Fs cos
� 1

2
F2 = 2Fs cos

� 2

2
Fs =

Gs

tan � 1
(3.6)
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and

F5 = G1 + F1 cos
 1 F6 = F1 sin 
 1 F 0 =
q

F 2
5 + F 2

6 (3.7)

and

F3 = G2 + F2 cos
 2 F4 = F2 sin 
 2 F =
q

F 2
3 + F 2

4 (3.8)

whereF1 and F2 are the resultant forces acting on the guide device roller and the special support
roller, F4 and F3 are the vertical and horizontal components of the forceF on the reciprocating
screw,F5 and F6 are the vertical and horizontal components of the forceF 0 on the guiding rod,
m is mass of the dynamic cable con�guration device,Fs is the tensile force on the cable,Gs is
the gravity force acting on the suspended cable,G2 = G1 = mg=2.

The contact length between the reciprocating screw and the screw pair is much smaller than
the length of the reciprocating screw, so the force on the reciprocating screw can be simpli�ed to
the concentrated force. Additionally, since the length of the reciprocating screw is much larger
than its section diameter, we can neglect the e�ect of the shear force on bending deformation
(Tang et al., 2022). Based on the plane assumption that the cross-section perpendicular to the
axis remains perpendicular to the de
ection curve after deformation, a force analytical model
for the reciprocating screw is established with the axis of the screw before deformation as the
x-axis, the vertical direction as the y-axis, and the longitudinal symmetry plane of the screw as
the xy plane, as shown in Fig. 8.

Fig. 8. Force analytical model for the reciprocating screw

Using the static equilibrium equation, the support constraints at the ends D and E of the
reciprocating screw are obtained

FD =
F (L � z)

L
FE =

Fz
L

(3.9)

where L is the length of the reciprocating screw,z is the x-axis coordinate value of the screw
pair, which varies within the e�ective length l of the reciprocating screw.

The bending moment equation for any point of the reciprocating screw is obtained in seg-
ments

M (x) =

8
>><

>>:

F (L � z)
L

x for 0 ¬ x ¬ z

Fz
L

(L � x) for z ¬ x ¬ L
(3.10)

Due to small deformation of the reciprocating screw, a di�erential equation for the de
ection
curve of the reciprocating screw is established (Gere and Timoshenko, 1984)

d2!
dx2 =

M
EI

(3.11)
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where I = �d 4
1=64 is the cross-section moment of inertia of the screw relative to the centroid

axis, d1 is the diameter of the reciprocating screw,! is the displacement of the centroid of the
cross-section with coordinatesx along the y-direction, which is the de
ection, E is the elastic
modulus of the reciprocating screw, 210 GPa.

The substitution of Eq. (3.10) into Eq. (3.11) yields

EI! (x) =

8
>><

>>:

F (L � z)
6L

x3 + C1x + D1 for 0 ¬ x ¬ z

Fz
2

x2 �
Fzx3

6L
+ C2x + D2 for z ¬ x ¬ L

(3.12)

According to the continuity condition, when x = z, the �rst derivative of the de
ection with
respect to the de
ection at the segmental point correspondsto equality. From the boundary
conditions, for x = 0 or x = L , ! = 0, we obtain

! (x) =

8
>>><

>>>:

Fx[2L 2z + z(x2 + z2) � L (x2 + 3z2)]
6LEI

for 0 ¬ x ¬ z

Fz[2L 2x + x(x2 + z2) � L (z2 + 3x2)]
6LEI

for z ¬ x ¬ L

(3.13)

By using Eqs. (3.8) and (3.13), a sensitivity expression forscrew de
ection to the mass change
of the dynamic cable con�guration device is obtained

S =
d!
dm

m
!

= �
gm

�
mg
2 + F2 cos
 2

�

2
h�

mg
2 + F2 cos
 2

� 2
+ ( F2 sin 
 2)2

i (3.14)

Based on the measured values (m = 30 kg and Gs = 690 N), the data in Tables 1 and 2 are
substituted into Eq. (3.14) to obtain S = � 0:48, which means that the mass of the dynamic
cable con�guration device is reduced by 20%, and the maximumscrew de
ection is reduced by
9.6%.

At the same time, the number of retracted cable meters is directly proportional to the
tension Fs on the cable, when the intelligent cable retractable deviceretracts the cable in situ.
An increase ofFs will change the load-bearing state of the dynamic cable con�guration device. In
order to comprehensively describe its state under di�erentloads, we de�ne the mass utilization
coe�cient as the load borne by the unit mass. When this coe�ci ent exceeds a certain limit value,
it indicates that the dynamic cable con�guration device is in an overloaded working state. When
it is lower than a certain limit value (at this time � 4 = � 1), it indicates that the dynamic cable
con�guration device is in a warning working state. Under conditions satisfying strength and
sti�ness, a higher mass utilization coe�cient implies greater utilization per unit mass, making
for a more economical and reasonable structure of the dynamic cable con�guration device

P =
Ff

m
(3.15)

where P is the mass utilization coe�cient, Ff is the load of the dynamic cable con�guration
device. The expression forFf is obtained

Ff =
q

(F1 cos
 1 + F2 cos
 2)2 + ( F1 sin 
 1 + F2 sin 
 2)2 (3.16)

By substituting the values from Tables 1 and 2 into Eqs. (3.6), (3.15), and (3.16), it can be
concluded that the mass utilization coe�cient of the dynami c cable con�guration device is
16.58 N/kg, when the intelligent cable retractable device operates in conjunction with the chassis.
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4. Strength analysis of side plates of the dynamic cable con� guration device

High-voltage cables used in open-pit mines have a high mass per unit length. In order to ensure
that the dynamic cable con�guration device has su�cient loa d-bearing capacity under design
loads and to guarantee safety and reliability of its structure. Ansys is utilized for static simulation
of the side plates of the dynamic cable con�guration device based on the 3D model created by
Solidworks in this Section (Nie et al., 2011).

The side plates of the dynamic cable con�guration device aremade of Q235B steel with
a Young's modulus of 206GPa, Poisson's coe�cient of 0.3, a yield strength of 250 MPa and a
tensile strength of 460 MPa. The thickness of the side platesis 5 mm. The vertical upward load is
set at 2000 N, and the vertical downward load is set at 700 N. The speci�c distribution is shown
in Fig. 9.

Fig. 9. Schematic of side plates loading

The side plate of the dynamic cable con�guration device was statically analyzed to obtain the
corresponding stress and strain cloud diagrams, as shown inFig. 10. Among them, the weight
of the side plate is 5.268 kg, and the maximum stress is 30.824MPa, which is much smaller than
the permissible stress of the material and meets both strength and sti�ness requirements.

Fig. 10. Stress analysis of the side plates: (a) stress, (b) strain

The safety coe�cients are calculated according to

N =
[� ]
�

(4.1)

whereN is the safety coe�cient, [ � ] is the permissible stress,� is the maximum working stress.
According to Eq. (4.1), N = 8 :11, the side plates are designed to meet strength requirements.
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5. Topology optimization and reconstruction

The accuracy of the reciprocating screw is a�ected by its sti�ness in cabling work. If the de-
formation is too large, it will a�ect the precision of the scr ew and the screw pair, resulting in
uneven wear, noise, vibration, and reduced lifespan. The lightweight design of the dynamic ca-
ble con�guration device is an important method to improve both the precision of cabling work
and the mass utilization coe�cient of the dynamic cable con� guration device. This design also
enhances operational e�ciency and reduces production costs. In this Section, the topological
reconstruction of the side plates for the dynamic cable con�guration device is performed based
on Ansys.

5.1. Optimization program

Topological optimization can identify the optimal materia l distribution scheme within the
optimization space of a homogeneous material (Songet al., 2017). In this Section, the objective
of topology optimization is to minimize strain energy for the overall structure of the side plate,
while ensuring that the volume of the optimized side plate does not exceed 40% of its original
volume. The mathematical representation of topological optimization is as follows (Radhi et al.,
2021)

�nd: x = [ X 1; X 2; : : : ; X n ]T

min : C(x) =
1
2

U T KU

s.t.
n NX

i =1

Vi X i ¬ V � ; F = KU ; X min ¬ X i ¬ 1 (i = 1 ; : : : ; n)
o

(5.1)

where U , K and F are the displacement vector, global sti�ness matrix and load vector, re-
spectively, for the n element domain. The �rst constraint is a volume constraint t o be below a
certain value V � . The second constraint represent the equilibrium condition, from which U is
calculated. Here, a valueX min of 0.001 was found to be suitable for our simulations.

5.2. Analysis of optimization results

The optimization analysis converges after 24 iterations, and the topology optimization results
are shown in Fig. 11.

Fig. 11. Topology optimization results
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The side plates have been reconstructed based on the topology optimization results, weighing
2.227 kg as depicted in Fig. 12a. By applying the same constraints and loading conditions as the
original model for static analysis, the maximum stress is measured at 31.624 MPa with a safety
coe�cient of 7.9, as shown in Fig. 12b.

Fig. 12. Reconstructed side plates: (a) side plate model, (b) stress diagram

After reconstruction, the stress on the side plate is much lower than the material yield
strength, and the design still has a signi�cant redundancy.Therefore, in the second reconstruc-
tion, the thickness of the side plate is reduced to 3 mm. The weight of the side plate after this
second reconstruction is 1.670 kg. By applying identical constraints and loading conditions as
in the original model for static analysis, we measured a maximum stress of 37.722 MPa with a
safety coe�cient of 6.62, as shown in Fig. 13.

Fig. 13. Stress diagram of the side plates after second reconstruction

5.3. Comparative analysis

As shown in Table 3 and 4, when the thickness of the side plate is taken as 5mm, the
weight of the side plate decreases by 57.7% to 2.227 kg, whilethe maximum stress is reduced
to 31.624 MPa. Additionally, the mass of the dynamic cable con�guration device decreases by
20.3% to 23.918 kg. When the thickness of the side plate is reduced to 3 mm, its weight decreases
by 68.3% down to 1.670 kg and the maximum stress becomes 37.772 MPa. Meanwhile, the mass
of the dynamic cable con�guration device decreases by 24.0%to 22.804 kg.

To ensure the precision of cabling work and extend equipmentservice life while reducing
operational costs, the weight reduction achieved with a safety coe�cient that meets requirements
makes the side plate weighing only 1.670kg better �t for lightweight design speci�cations. The
mass utilization coe�cient for the dynamic cable con�gurat ion device reaches 21.83 N/kg when
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Table 3. Comparative advantage

Deformation Equivalent (von Mises) stress

Origi-
nal
side
plate

Opti-
mized
side
plate
(5 mm)

Opti-
mized
side
plate
(3 mm)

Table 4. Data analysis

Structural element
Weight Maximum Safety

[kg] stress [MPa] coe�cient

Original side plate 5.268 30.824 8.11
Optimized side plate (5 mm) 2.227 31.624 7.9
Optimized side plate (3 mm) 1.670 37.772 6.62

the intelligent cable retractable device works in conjunction with the chassis. This design concept
has already been adopted and successfully implemented in large-scale open-pit mine engineering
applications, such as showed in Fig. 14.
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Fig. 14. (a) Intelligent cable retractable vehicle, (b) dynamic cable con�guration device

6. Conclusions

This study has developed a novel mining dynamic cable con�guration device for mining enter-
prises, which was designed and optimized based on both the mathematical model of the device
and the topological optimization results obtained from Ansys. The engineered application of
this mining dynamic cable con�guration device has been successfully implemented in a large
open-pit mine. During the research process, we have drawn the following conclusions.

� The dynamic cable con�guration device is equipped with an adjustable cable bending de-
gree, full-range guiding limit and an anti-dragging warning function, e�ectively preventing
high-voltage cables from being ripped o� or bent. This greatly enhances multi-scenario
application capability of the intelligent cable retractab le vehicle.

� The mathematical expressions and interaction laws of parameters such as cable bending
radius and utilization coe�cient of the dynamic cable con�g uration device are theoretically
derived, providing a theoretical basis for structural design of this device, determination of
assembly positions, and performance optimization.

� After optimization, the weight of the side plate of the dynamic cable con�guration device
decreased by 68.3%, and the weight of the device decreased by24.0%. The maximum
de
ection of the reciprocating screw was reduced by 11.52%.Through actual engineering
applications, it has been observed that stability in discharging cables of the device has
been signi�cantly enhanced.
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During cyclic loadings, metal alloys can undergo cyclic plasticity, for example, at notches.
The Chaboche kinematic hardening model provides a versatile and realistic description
of the material stress-strain behaviour under multiaxial cyclic loadings. In this work, the
global properties, extracted from stabilized cycles of strain-controlled tests and from a force-
-controlled test, are employed to calculate the parameters. Alternatively, the Bouc-Wen
model can provide a reliable representation of nonlinear hysteretic phenomena, and the clas-
sic nonlinear least squares approach is employed to tune itsconstants. The performances of
the two proposed techniques are compared, and a �nal discussion is provided.

Keywords: cyclic-plasticity, hysteretic behaviour, Chaboche kinematic hardening model,
Bouc-Wen model

1. Introduction

The presence of notches in mechanical components can enhance the plastic behaviour, in partic-
ular, under cyclic loadings, thus an accurate description of the constitutive behaviour of metal
alloys is crucial for structural analysis. For example, in (Bertini et al., 2017; Santuset al.,
2023b) the use of a cyclic plastic constitutive law was motivated by the fact that, assuming
purely elastic behaviour, the presence of a severe V-notch combined with a high fatigue load
ratio R (R = � min =� max ), resulted in very high and not meaningful values of stress near the
notch. The Chaboche kinematic hardening (CKH) model (Chaboche, 1986) is a powerful and
recognized model to describe the cyclic plastic behaviour of metals. Given that it is a kinematic
model, it accounts for the Bauschinger e�ect, which generally occurs during the cyclic plastic
behaviour of materials. This latter statement, together with the necessity to consider the plastic
behaviour of the material near the notches, justi�es the widespread use of this model in fatigue
analyses such as in (Karolczuket al., 2019; Hosseini and Sei�, 2020; Santuset al., 2022). The
CKH model is also implemented in Ansys �nite element (FE) software.

Since its �rst introduction, the Chaboche model has undergone several proposals of modi�-
cation. Chaboche himself (Chaboche, 1991) suggested a modi�cation to improve the ratcheting
prediction, which was subsequently validated by other researchers (Sha�qul and Tasnim, 2000).
Some changes to the classical CKH model were also proposed by(Dafalias et al., 2008), where the
parameters of backstress components were assumed variableduring cyclic-loading to improve
the ratcheting rate prediction. Despite all the modi�catio ns of the Chaboche hardening rule,
the computation of Chaboche parameters is a challenging task even considering the classical
formulation of this model. Typically, only stabilized cycl es extracted from strain-controlled tests
(SCTs) on plain specimens can be used to calculate the parameters, but force-controlled tests
(FCT) can also be used as in (Koo and Lee, 2007; Mahmoudiet al., 2011). Di�erent techniques
can be employed to obtain the Chaboche parameters such as genetic algorithms (Badnava et al.,
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2012; Dvor�sek et al., 2023), particle-swarm optimization (Li et al., 2018) and gradient-based op-
timization algorithm (Chaparro et al., 2008). The latter algorithms typically demand substantial
computational resources.

Alternatively, the Bouc-Wen (B-W) model (Bouc, 1967; Wen, 1976) is widely employed to
describe the hysteretic behaviour of mechanical systems such as piezo-actuated devices (Caiet
al., 2023) or wire rope isolators (Neri and Holzbauer, 2023). Various optimization algorithms
can be again employed to obtain B-W parameters such as the Levenberg-Marquardt algorithm
(Ni et al., 1998), multi-objective optimization algorithms (Ortiz et al., 2013) or particle-swarm
optimization (Charalampakis and Dimou, 2010).

In this research, a novel and physics-based algorithm to calculate the CKH model parameters
was employed. The global properties of stabilized cycles ofthe SCTs, such as the gradient at
extreme points of the cycles (EPOC), the hysteresis area (HA), the stress range (SR), the average
stress (AS), the average plastic strain (APS) and the plastic strain range (PSR) were employed
to compute the parameters. To provide an accurate description of the transient during the FCT,
the experimental ratcheting rate was also employed during determination of the parameters.
The Bouc-Wen model was also used to replicate the cyclic-plastic behaviour considering the
nonlinear hysteretic nature of cyclic plastic phenomena. However, the search of the parameters
required a di�erent strategy due to di�erent nature of model equations.

Section 2 is dedicated to show the experimental data and, in Section 3, the utilized procedure
to calculate the CKH parameters is explained along with the corresponding obtained results. In
Section 4, the Bouc-Wen model is introduced and the corresponding results to model the cyclic
plastic behaviour are shown. Finally, in Section 5, a discussion with a comparison between the
two engaged algorithms is provided.

2. Materials

The alloy investigated in this research is 42CrMo4 quenchedand tempered steel. All tests were
performed on plain specimens (i.e. without notches) and under uniaxial loading. The mean values
of the yield strength and of the ultimate strength, obtained by a standard tensile test, were equal
to SY = 500 MPa and SU = 700 MPa, respectively. Three SCTs and one FCT were employedto
calculate the CKH parameters. Two SCTs were performed atR" = � 1, which means that the
minimum imposed total axial strain and the maximum imposed total axial strain were opposite,
while one was performed atR" 6= � 1. The FCT was conducted at R = � 0:66, and R indicates
the ratio between the minimum and the maximum imposed axial stress. The SCTs conducted at
R" = � 1 are shown in Fig. 1, Cycle I (CI ) and Cycle II (CII ) indicate the stabilized cycles and
"p represents the axial plastic strain. The useful quantitiesextracted from the stabilised cycles
are also shown in Fig. 1, and their corresponding numerical values are reported in Table 1.

Table 1. Global properties extracted from CI and CII

�" p �� A d�=d" p

[{] [MPa] [mJ/mm 3] [GPa]

CI 1.43% 1030 12.0 5.81
CII 0.50% 918 3.61 20.2

The useful quantities extracted from the FCT in order to apply the procedure are shown in
Fig. 2. The ratcheting rate in Fig. 2b presents an initial lin ear trend, which is used to calculate the
Chaboche parameters. It is important to remark that the CKH m odel is not able to reproduce a
variable (increasing) ratcheting rate, unless combining the CKH model with damage mechanics
models.
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Fig. 1. Strain-controlled tests performed at R" = � 1, the transient cycles are indicated in grey, while
the stabilized cycles are marked in red as (a)CI and (b) CII

Fig. 2. (a) Few cycles of the force-controlled test involvedin the research with signi�cant quantities
highlighted; (b) experimental maximum plastic strain per cycle of the force-controlled test employed in

this research

From Fig. 2a some useful quantities need to be de�ned as the plastic strain amplitude (PSA)
per cycle and the plastic strain rate per cycle, which are formalized as

�" a
p;N =

"max
p;N +1 + "max

p;N

2
� "min

p;N �" r
p;N = "max

p;N +1 � "max
p;N (2.1)

These two quantities �" a
p;N and �" r

p;N are not generally constant. However, FE simulations by
involving the Chaboche model showed that, after the initial cycles, a constant ratcheting rate can
be obtained as described in (Kreethiet al., 2017; Zhanget al., 2020). Given these latter �ndings,
the two quantities of Eqs. (2.1) can be assumed constant in order to describe the ratcheting rate,
and they can be substituted with �" a

p and �" r
p in which there is no dependence on the number

of cyclesN .

3. Computation of the CKH parameters

For a plain specimen loaded uniaxially, and employing the CKH model, the dependence between
the axial stress � and the backstress components can be described by Eqs. (3.1). In these
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equations � L is the elastic limit (to be calculated), � is a coe�cient equal to 1 during positive
loading ramps, and to � 1 during negative loading ramps and� is the total backstress obtained
by the sum of backstress components

� = �� L + � � =
nX

i =1

� i d� i = Ci d"p � 
 i � i jd"pj (3.1)

The third of Eqs. (3.1) describes a di�erential equation which governs the dynamics of the back-
stress components.Ci and 
 i are the CKH model parameters to be tuned. In this work, the
classical CKH model with three backstress components was calibrated, and the fourth back-
stress was eventually added to improve the prediction of stabilized cycles of the SCTs near the
elastic limit zones. The qualitative trends of the three backstress components, according to our
procedure and for an ideal plastic strain controlled test with R"p = 0 :1, are reported in Fig. 3.
The �rst backstress has the most rapid dynamics (Fig. 3a), while the second backstress has much
slower dynamics than that of the �rst one (Fig. 3b). Finally, the third backstress was assumed
with a linear trend as shown in Fig. 3c that is just obtained by imposing 
 3 = 0. It is important
to highlight that the �rst backstress leads to a nonzero value of the HA of the stabilized cycle,
while the second backstress leads to an almost null value of the HA of the stabilized cycle, which
can be approximated as null in the following analysis. The maximum and the minimum values
of the �rst and second backstress components, as concerns the stabilized cycles, are opposite as
highlighted in Figs. 3b and 3c. On the contrary, a nonzero mean stress remains for the linear
backstress component, despite the loading cycling.

Fig. 3. Trends of the three backstress components for ideal plastic SCT at R"p = 0 :1: (a) �rst backstress
component (fast), (b) second backstress component (slow) and (c) third backstress component (stable)

The CKH parameters to be determined wereC1, 
 1, C2, 
 2, C3, � 3;0 and � L , and the
procedure to calculate them was presented in (Santuset al., 2023a) and is brie
y recalled here.
Using the average point of the stabilized cycles extracted from the SCTs, the parametersC3

and � 3;0 were determined by combiningCI and Cycle III ( CIII ), which indicates the stabilized
cycle of the strain-controlled test (SCT) performed at R" 6= � 1. Equations (3.2) provide a 2� 2
linear system which relates the AS� m = ( � max + � min )=2 and the APS"p;m = ( "p;max + "p;min )=2
of the stabilized cycles, which are also the experimental inputs. When the experimental SCT
performed at R" 6= � 1 is almost fully relaxed, the obtained value ofC3 is much lower than the
values ofC1 and C2

� 3;0 + C3"p;m;I = � m;I � 3;0 + C3"p;m;II = � m;II (3.2)

Once the parametersC3 and � 3;0 were calculated, Eqs. (3.3)-(3.5) were employed to calculate
the other parameters, except for 
 2, which was calculated using the FCT. The experimental
inputs of Eqs. (3.3)-(3.5) were all extracted from the stabilized cycles of the SCTs performed
at R" = � 1 (CI and CII ). Assuming the inequality given by 
 2�" p � 1, which is meaningful
considering the low value of
 2 and which was employed in all the following equations, Eqs. (3.3)
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can be obtained to model the gradient at the EPOC in the � � "pl plane. In Eqs. (3.3), the
PSR �" p = ( "p;max � "p;min ) and the gradient at the EPOC, d�=d" p calculated at � stab

max , are the
experimental inputs, and the nonlinear system can be solvedto obtain the expressions forC1

and C2 depending on
 1

C1

�
1 � tanh


 1�" p;I

2

�
+ C2 = � C3 +

d�
d"p

�
�
�
�
�
� = � stab;I

max

C1

�
1 � tanh(


 1�" p;II

2

�
+ C2 = � C3 +

d�
d"p

�
�
�
�
�
� = � stab;II

max

(3.3)

The expressions to calculate the values of the elastic limitfor CI and CII were obtained as
functions depending on
 1 only, as shown in Eqs. (3.4). In these latter equations, the PSR and
the SR �� = ( � max � � min ) are, in turn, the experimental inputs. The expressions of � L;I

and � L;II obtained from Eqs. (3.4) should lead to the same value considering that the elastic
limit is obviously a unique material property. Given that th is assumption is not satis�ed, in
general, an averaged function was de�ned as� L = ( � L;I + � L;II )=2

� L;I =
�� I

2
�

C1


 1
tanh


 1�" p;I

2
�

C2 + C3

2
�" p;I

� L;II =
�� II

2
�

C1


 1
tanh


 1�" p;II

2
�

C2 + C3

2
�" p;II

(3.4)

The last property to be considered during the determination of the parameters is the HA of
the stabilized cycle, which is described forCI and CII , by Amod

I and Amod
II , respectively. It is

important to highlight that Eqs. (3.2)-(3.5) were obtained in (Santus et al., 2023a) by supposing
plastic SCTs, but they were extended to total SCTs without any loss of generality

Amod
I = 2 � L �" p;I + 2

� C1


 1
�" p:I � 2

C1


 2
1

tanh

 1�" p;I

2

�

Amod
II = 2 � L �" p;II + 2

� C1


 1
�" p:II � 2

C1


 2
1

tanh

 1�" p;II

2

� (3.5)

Three error functions, all depending on
 1 only, were then de�ned:

� An error function to quantify the di�erence between the valu es obtained by the expression
of � L;I and those obtained by the expression of� L;II

� =
�
�
�
� L;I � � L;II

� L

�
�
�

� A relative error function about the HA of CI

� I =
Amod

I � A I

A I

� A relative error function about the HA of CII

� II =
Amod

II � A II

A II

The three introduced error functions were then included into a global error function, which is
presented in

 (
 1) = (1 � � )� 2 + � (� 2
I + � 2

II ) (3.6)
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The weight parameter � can balance between the importance of considering the relative error
of the HA and the error about the cycle amplitude. The parameter � is considered in the range
[0; 1]. The searched value of
 1 was just found by minimizing the global error function presented
in Eq. (3.6). A qualitative trend of the global error functio n  (
 1), obtained with � = 0 :5, is
shown in Fig. 4. Once the value of
 1 was obtained, the parametersC1, C2 and � L were then
easily numerically calculated by following the expressionproposed in Eqs. (3.3)-(3.5). The last
parameter to be calculated was
 2 by involving the FCT. Considering the CKH model with only
two nonlinear backstress components, the relationship between the AS, the PSA per cycle and
the plastic strain rate per cycle for a FCT on a plain specimenis provided by

� m =
2X

i =1

Ci


 i

sinh(
 i �" r
p=2)

sinh(
 i �" a
p)

(3.7)

Fig. 4. An example of the trend of the global error function  (
 1) with � = 0 :5

Considering that, generally, 
 i �" r
p � 1 for each backstress component giving a small plastic

strain increment per cycle, Eq. (3.7) can be simpli�ed into Eq. (3.8). This latter equation can
be easily inverted, and the value of
 2 can thus be obtained

� m =
2X

i =1

Ci

sinh(
 i �" a
p)

(3.8)

When the third linear backstress is also considered, the maximum value of this backstress com-
ponent evolves cycle per cycle according to

� max
3;i +1 = � max

3;i + C3�" r
p (3.9)

This latter equation highlights that the only achievable equilibrium, when the third linear back-
stress component is considered, occurs for�" r

p = 0, i.e. for a plastic shakedown. According to
this latter statement, the quantities �" a

p;N and �" r
p;N cannot be considered constant. The rela-

tionships shown by Eqs. (3.2), which were used for SCTs, are also valid to describe the average
point of the stabilized cycle of a FCT as remarked in (Santus,Grossi et al., 2023). Therefore,
the relationship to describe the APS of the stabilized cyclecan be obtained by inverting Eqs.
(3.2), thus obtaining

"p;m =
� m � � 3;0

C3
(3.10)

This equation highlights that the APS of the stabilized cycle of a FCT is relatively high for low
values ofC3, thus it is reached after a quite big number of cycles. Therefore, the PSA per cycle
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and the plastic strain rate per cycle can be considered constant without any loss of accuracy,
and Eq. (3.8) can be �nally employed to obtain the value of 
 2. In Fig. 5, some of the obtained
results are reported, more speci�cally, in Fig. 5a, the blueline predicts the mean points of the
stabilized cycles as described in Eqs. (3.2), and in Fig. 5b,di�erences between the experimental
stabilized cyclesCI and CII and the corresponding modelled cycles are shown.

Fig. 5. (a) Average points of the stabilized cycles of the SCTs, (b) small di�erences between
experimental and reproducedCI and CII cycles by using the proposed procedure with three backstress

components

The ratcheting rate was also modelled, and the obtained results are reported in Fig. 6. The
comparison between the experimental and the modelled ratcheting rates is reported in Fig. 6a.
Clearly, this latter comparison was carried out in the region where the ratcheting rate could be
considered constant according to Fig. 2. In Fig. 6b, a comparison between the experimental and
the modelled FCT is shown in the same ratcheting cycle range.

Fig. 6. (a) Di�erences between experimental and modelled ratcheting rates in the constant ratcheting
rate region and (b) di�erences among experimental and modelled fully reproduced cycles of the

force-controlled test in the same constant ratcheting region

The fourth backstress, with an imposed high value of
 4, thus quickly saturating, was added
to improve the prediction of the stabilized cycles of the SCTs near the elastic limit region. The
searched ratio betweenC4 and 
 4 was aimed at minimizing the further error function described
by

'
� C4


 4

�
= j� A � � B j2 + j� C � � D j2 (3.11)
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A graphical and qualitative explanation of the error functi on described by this latter equation
is provided in Fig. 7a. The superimposition of the fourth backstress, with a high value of 
 4,
modi�es Eqs. (3.4). In fact, the elastic limit can be modelled as � 0

L = � L � C4=
 4, where
� 0

L is the updated (and lower) value of the elastic limit provided that � L is the value of the
elastic limit previously obtained with the CKH model with th ree backstress components. The
updated expression of the elastic limit can be then substituted into Eqs. (3.5) leading to a clear
decrease in the value of the modelled HA. Finally, the comparisons between the experimental
and simulated stabilized cycles, considering the fourth backstress component and forCI , CII

and CIII , are reported in Fig. 7b. The numerical values of the obtained CKH parameters are
shown in Table 2.

Fig. 7. (a) Inaccuracy of the simulated stabilized cycle, which can be corrected by introducing the
fourth backstress component, (b) di�erences among experimental and modelledCI , CII and CIII

considering the additional fourth backstress component

Table 2. Obtained parameters for the CKH model with four backstress components

� L C1 
 1 C2 
 2 C3 
 3 � 3;0 C4 
 4

[MPa [MPa] [{] [MPa] [{] [MPa] [{] [MPa] [MPa] [{]

240 69200 426 2840 4.63 2670 0 � 4:86 38200 5000

4. Use of the Bouc-Wen model to describe the cyclic-plastic b ehaviour

The B-W model is widely used to describe the hysteretic behaviour of mechanical systems, and
its general form is described as

Y = Y2(z + Y1) Y1 = k1x + k2 sgn (x)x2 + k3x3 Y2 = bcx

_z = _x
�
� + �x � [
 + � sgn ( _x) sgn (z)]zn

� (4.1)

In these equations, the variablex and its derivative with respect to time _x are the input variables,
while Y is the output variable. It is important to highlight, by cons idering the last expression
of Eqs. (4.1), that the time variable could be simpli�ed, thu s leading to a not time-dependent
expression. However, the time variable de�nes the sequenceof the loading, i.e. the change of sign
of the input variable x, but the velocity of change of this variable does not a�ect the output of
the problem. As a consequence, in all performed searches of the Bouc-Wen model parameters
presented below, the time was never involved. In the last equation of Eqs. (4.1), the term �x
was added with respect to the original formulation of the model, as in (Neri and Holzabuer,
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2023). This added term aims to reproduce the possible asymmetry between the two EPOC.
In this research, the input variables were the axial plastic strain "p and its di�erential d"p,
while the output variable Y represented the axial stress. The parameters of the B-W model
were calculated by the Levenberg-Marquardt algorithm. This algorithm combines the steepest-
-descent and the Newton-Raphson methods, thus obtaining two di�erent types of behaviour:
far from possible singularities, the algorithm tends to enhance Newton-Raphson to improve
the convergence rate, while, in order to improve its robustness, it tends to the steepest-descent
algorithm near eventual singularities to improve its robustness. This latter characteristic can then
balance between the aim of convergence and the robustness tothe singularities. The Levenberg-
-Marquardt algorithm is fully implemented in the MATLAB sof tware, which is widely employed
in optimization problems. The results of this algorithm are presented in Fig. 8. The parameters
were �rstly calibrated by CI and validated by CII (Fig. 8a) and vice versa (Fig. 8b). The
parameters were also calculated for the FCT, as shown in Fig.9. The obtained B-W parameters
are reported in Table 3.

Fig. 8. Di�erences among experimental and simulatedCI and CII by involving the B-W model:
(a) CI employed to calculate the constants of the B-W model andCII utilized to validate the obtained
constants, (b) CII employed to calculate the constants of the B-W model andCI utilized to validate the

obtained constants. This latter approach introduces higher errors

Fig. 9. Comparison between the experimental and the predicted force-controlled test by using the
Bouc-Wen model
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Table 3. Calculated constants of the B-W model

Extracted � � 

n

�
c

k1 k2 k3

from [MPa] [MPa1� n ] [MPa1� n ] [MPa] [MPa] [MPa] [MPa]

CI 28.7 14.8 � 13:7 0.860 � 0:139 0 0.738 0 0
CII 40.6 37.7 � 34:8 0.681 1.12 0 0 0 0

Force-
-controlled 15.5 0.068 0.036 1.290 � 0:026 0 0.479 0 0

test

After critically considering the obtained values of the B-W parameters reported in Table 3, it
can be observed that this model collapses for all the investigated cases into equations (4.2), given
that from the optimization algorithm it was found out that k2 = k3 = c = 0, � � 0 and n � 1.
A null value of k1 was identi�ed only when the optimization was carried out on CII , while it
was considerably not null in the other cases. According to Eqs. (4.2), the output variable Y was
obtained by the sum of z and Y1, which resemble nonlinear and linear backstress components,
respectively. Therefore, under these circumstances, the B-W model collapsed into the CKH
model with two backstress components in which one was nonlinear and the other was linear. In
addition to this, the term 
 + sgn (x) sgn (z), which is the equivalent of 
 of in the CKH model,
varies during the loading due to the sign ofx and sign of z, while 
 in the CKH model remains
constant during the loadings

Y = z + Y1 Y1 = k1x Y2 = 1

dz = dx
�
� � [
 + � sgn (dx) sgn (z)]z

� (4.2)

5. Conclusions

In this research, the cyclic-plastic behaviour of plain specimens made of 42CrMo4 (Q+T) was
analyzed with the Chaboche kinematic hardening model and, for a comparative purpose, also
with the Bouc-Wen model. The main �ndings of this research are reported below:

� The employed novel procedure to identify the Chaboche kinematic hardening model pa-
rameters is based on the global properties, such as the gradient at the EPOC, the HA, the
AS, the SR, the PSR and the APS of the stabilized cycles obtained from the SCTs and on
the ratcheting rate obtained from the FCT.

� The parameters of the Chaboche kinematic hardening model with three backstress compo-
nents were tuned, and the fourth backstress was eventually added to improve the prediction
accuracy near the elastic limit regions. The procedure allowed one to obtain a good pre-
diction accuracy as highlighted in Fig. 5 for the Chaboche model with three backstress
components, in Fig. 6 for the ratcheting rate and in Fig. 7 for the Chaboche model with
four backstress components. In this latter �gure, CIII was used as an independent validator
given that it was only employed to calculate the values ofC3 and � 3;0. The utilized pro-
cedure makes use only of explicit formulas, and it avoids theuse of complex optimization
algorithms.

� Given that cyclic plasticity introduces a hysteretic phenomenon, the Bouc-Wen model was
also engaged to reproduce the cyclic-plastic behaviour of the investigated steel. The Bouc-
-Wen parameters were tuned byCI and validated by CII and vice versa. For comparison,
the parameters were also calculated from the FCT. In Fig. 8, it is shown that the Bouc-
-Wen model can accurately reproduce the stabilized cycle from which the parameters were
obtained, but a lack of accuracy was observed when they were employed to reproduce
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the stabilized cycle of the SCT not accounted for calibration. More precisely, the model if
calibrated by CI and validated by CII , see Fig. 8a, provided a better prediction accuracy
than in, vice versa, Fig. 8b. This latter behaviour can be explained just considering that
the strain range of CI was wider than that of CII .

� By observing the obtained numerical results for the Bouc-Wen parameters reported in
Table 3, it can be noted that this model collapsed for the investigated data into some-
thing very similar to the Chaboche kinematic hardening model with nonlinear and lin-
ear backstress components. It is reasonable to obtaink2 = k3 = 0, given that these
two parameters can change the sign of concavity of the quantity Y during the ten-
sile loading phase or during the compressive loading phase,as shown in (Neri and
Holzbauer, 2023). This mentioned change of concavity makesno sense if contextualized
for cyclic-plastic phenomena where the concavity has a positive sign during the entire
compressive loading phase, and it has a negative sign duringthe entire tensile loading
phase. It is also reasonable to obtain a low value of� , if compared to the obtained
value of � , given that generally there is not an evident asymmetry between the two
EPOC in the cyclic plastic behaviour. However, rather than the Chaboche, the Bouc-
-Wen model misses the equivalent of the term� L , which allows one to model the elastic
limit stress of the material.

� The Bouc-Wen model did not provide an accurate description of the ratcheting rate even if
the model parameters search were optimized in a force-controlled test, as shown in Fig. 9.
As explained in (Santuset al., 2023a), the relationship between the SR and the PSA per
cycle �" a

p in a force-controlled test is equal to the relationship between the SR and the
PSA for a stabilized cycle obtained from a SCT test (Eqs. (3.4)). During determination
of the Chaboche model parameters, according to our procedure, the SCTs are primarily
employed to calculate the parameters and then the FCT is employed to calculate just
the value of 
 2 of the slightly nonlinear backstress component. Followingthis approach,
when calculating the value of 
 2, the relationship between the SR and the PSA per cycle
is generally satis�ed due to the previous tuning of the backstress with the most rapid
dynamics. Reconsidering the equivalent CKH model, if only aslightly nonlinear backstress
component is employed, Eq. (3.8) can be used to calculate thevalue of 
 2, but Eqs. (3.4)
cannot be satis�ed in general, since another nonlinear backstress component is required to
provide an accurate reproduction of the FCT.

Acknowledgement
This paper was presented at WECM'23 { 2nd Workshop on Experimental and Computational Me-

chanics (Pisa, Italy, 20-22 September, 2023). Based on the evaluation by Selection Committee chaired
by Prof. Jerzy Warmi«ski, Lublin University of Technology, Poland, and composed of Prof. Simone Ca-
marri and Prof. Luigi Lazzeri, University of Pisa, Italy, th is work was awarded the \WECM'23 Best
Paper Award in Experimental Mechanics". Authors gratefull y acknowledge the University of Pisa for the
organisation of the workshop and for the payment of the publication fee.

References

1. Badnava H., Pezeshki S.M., Fallah Nejad K., Farhoudi H.R. , 2012, Determination of
combined hardening material parameters under strain controlled cyclic loading by using the genetic
algorithm method, Journal of Mechanical Science and Technology, 26, 3067-3072

2. Bertini L., Le Bone L., Santus C., Chiesi F., Tognarelli L. , 2017, High load ratio fatigue
strength and mean stress evolution of quenched and tempered42CrMo4 Steel,Journal of Materials
Engineering and Performance, 26, 3784-3793



518 C. Santus et al.

3. Bouc R. , 1967, Forced vibrations of mechanical systems with hysteresis,Proceedings of the Fourth
Conference on Nonlinear Oscillations, Prague, Czech Republic,10, 142-149

4. Cai J., Dong W., Nagamune R. , 2023, A survey of Bouc-Wen hysteretic models applied to
piezo-actuated mechanical systems: Modeling, identi�cation, and control, Journal of Intelligent
Material Systems and Structures, 34, 16, 1843-1863

5. Chaboche J.L. , 1986, Time-independent constitutive theories for cyclicplasticity. International
Journal of Plasticity , 2, 149-188

6. Chaboche J.L. , 1991, On some modi�cations of kinematic hardening to improve the description
of ratchetting e�ects, International Journal of Plasticity , 7, 661-678

7. Chaparro B.M., Thuillier S., Menezes L.F., Manach P.Y., Ferna ndes J.V. , 2008, Mate-
rial parameters identi�cation: Gradient-based, genetic and hybrid optimization algorithms, Com-
putational Materials Science, 44, 339-346

8. Charalampakis A.E., Dimou C.K. , 2010, Identi�cation of Bouc-Wen hysteretic systems using
particle swarm optimization, Computers and Structures, 88, 21-22

9. Dafalias Y.F., Kourousis K.I., Saridis G.J. , 2008, Multiplicative AF kinematic hardening in
plasticity, International Journal of Solids and Structures, 45, 2861-2880

10. Dvor �sek N., Stopeinig I., Klan �cnik S. , 2023, Optimization of Chaboche material parameters
with a genetic algorithm, Materials, 16, 1821

11. Hosseini R, Seifi R. , 2020, Fatigue crack growth determination based on cyclic plastic zone
and cyclic J-integral in kinematic{isotropic hardening materials with considering Chaboche model,
Fatigue and Fracture of Engineering Materials and Structures, 43, 2668-2682

12. Karolczuk A, Skibicki D, Pejkowski Š. , 2019, Evaluation of the Fatemi-Socie damage pa-
rameter for the fatigue life calculation with application o f the Chaboche plasticity model, Fatigue
and Fracture of Engineering Materials and Structures, 42, 197-208

13. Koo G.-H., Lee J.-H. , 2007, Investigation of ratcheting characteristics of modi�ed 9Cr-1Mo steel
by using the Chaboche constitutive model,International Journal of Pressure Vessels and Piping,
84, 284-292

14. Kreethi R., Mondal A.K., Dutta K. , 2017, Ratcheting fatigue behaviour of 42CrMo4 steel
under di�erent heat treatment conditions, Materials Science and Engineering, 679, 66-74

15. Li J., Li Q., Jiang J., Dai J. , 2018, Particle swarm optimization procedure in determining
parameters in Chaboche kinematic hardening model to assessratcheting under uniaxial and biaxial
loading cycles,Fatigue and Fracture of Engineering Materials and Structures, 41, 1637-1645

16. Mahmoudi A.H., Badnava H., Pezeshki-Najafabadi S.M. , 2011, An application of Chaboche
model to predict uniaxial and multiaxial ratcheting, Procedia Engineering, 10, 1924-1929

17. Neri P., Holzbauer J. , 2023, Experimental characterization and numerical modeling of wire
rope isolators, Proceedings of the Nodycon: Third International Nonlinear Dynamics Conference,
Rome, Italy

18. Ni Y.Q., Ko J.M., Wong C.W. , 1998, Identi�cation of non-linear hysteretic isolators from
periodic vibration tests, Journal of Sound and Vibration, 217, 737-756

19. Ortiz G.A., Alvarez D.A., Bedoya-Ru ��z D. , 2013, Identi�cation of Bouc-Wen type models
using multi-objective optimization algorithms, Computers and Structures, 114-115 , 121-132

20. Santus C., Grossi T., Romanelli L., Pedranz M., Benedetti M. , 2023a, A computationally
fast and accurate procedure for the identi�cation of the Chaboche isotropic-kinematic hardening
model parameters based on strain-controlled cycles and asymptotic ratcheting rate, International
Journal of Plasticity , 160, 103503

21. Santus C., Romanelli L., Grossi T., Neri P., Romoli L., et al., 2022, Torsional-loaded
notched specimen fatigue strength prediction based on modeI and mode III critical distances and
fracture surface investigations with a 3D optical pro�lometer, International Journal of Fatigue ,
161, 106913



Determination of Chaboche and Bouc-Wen parameters... 519

22. Santus C., Romanelli L., Grossi T., Bertini L., Le Bone L., et al., 2023b, Elastic-plastic
analysis of high load ratio fatigue tests on a shot-peened quenched and tempered steel, combining
the Chaboche model and the Theory of Critical Distances,International Journal of Fatigue , 174,
107713

23. Shafiqul B., Tasnim H. , 2000, Anatomy of coupled constitutive models for ratcheting simulation,
International Journal of Plasticity , 16, 381-409

24. Wen Y.K. , 1976, Method for random vibration of hysteretic systems,Journal of Engineering
Mechanics, ASCE, 102, 249-263

25. Zhang B., Wang R., Hu D., Jiang K., Hao X., et al., 2020, Constitutive modelling of ratch-
eting behaviour for nickel-based single crystal superalloy under thermomechanical fatigue loading
considering microstructure evolution, International Journal of Fatigue , 139, 105786

Manuscript received November 22, 2023; accepted for print January 13, 2024





JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
62, 3, pp. 521-534, Warsaw 2024
https://doi.org/10.15632/jtam-pl/189805

FEED-FORWARD ARTIFICIAL NEURAL NETWORK AS SURROGATE
MODEL TO PREDICT LIFT AND DRAG COEFFICIENT OF NACA AIRFOIL

AND SEARCHING OF MAXIMUM LIFT-TO-DRAG RATIO

Rafaª Kieszek, Maciej Majcher, Borys Syta, Adam Kozakiewic z
Military University of Technology, Faculty of Mechatronic s, Armament and Aerospace, Warsaw, Poland

e-mail: borys.syta@wat.edu.pl

The problem of computation time in numerical calculations of aerodynamics has been studied
by many research centres. In this work, a feed forward arti�cial neural network (FF-ANN)
was used to determine the dependence of lift and drag coe�cients on the angle of attack for
NACA four-digit families. A panel method was used to generate the data needed to train
the FF-ANNs. Optimisation using a genetic algorithm and a neural metamodel resulted
in a non-standard NACA aerofoil for which the optimal angle of attack was determined
with a maximum L=D ratio. The optimisation results were validated using the �n ite volume
method.

Keywords: Arti�cial Neural Network (ANN), NACA airfoil, optimizatio n, surrogate model,
model reduction

List of designations

� { angle of attack

Cl ; Cd { lift and drag coe�cient, respectively

K { lift-to-drag ratio, L=D ratio

m { maximum camber in tenths of chord

p { position of the maximum camber along chord in tenths of chord

R { regression

R2 { coe�cient of determination

t { maximum airfoil thickness in tenths of chord

xU ; xL ; yU ; yL { coordinates of point for upper (U) and lower (L ) edge of airfoil

yt ; yc { thickness and camber coordinates, respectively

� { angle of inclination of tangent to chamber of airfoil at poi nt

MaH { Mach number of undisturbed 
ow

1. State of the art

The use of arti�cial intelligence in engineering is becoming increasingly popular. The main
task of arti�cial intelligence research is to construct machines and computer programs capable
of performing selected functions of the mind and human senses, not amenable to numerical
algorithmization. Such problems are sometimes called AI-complete and include decision-making
in the absence of all data. This paper uses AI to predict behavior of a system for intermediate
values not present in the results of numerical simulations.
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The applications of Arti�cial Neural Networks (ANNs) is bec oming increasingly popular,
especially in areas that require time-consuming numericalcalculations. One such an area is
aerodynamic analysis. Costly wind tunnel tests or time-consuming CFD (computational 
uid
dynamics) analyses are required to determine aerodynamic characteristics of aerofoils. In this
paper, the authors propose an alternative approach by replacing hard calculations (like CFD)
with ANNs. The objective of this work was to demonstrate that this approach could enable
rapid analysis of aerofoils and determine their aerodynamic characteristics without the need to
perform numerical analyses for each aerofoil in a selected family of NACA aerofoils.

The problem of computation time for numerical calculations of aerodynamics has been stud-
ied by many research centres all over the world, demonstrating its complexity and the need for
novel solutions. A variety of methods have been used to reduce the running time of algorithms.
For example, Proper Orthogonal Decomposition (POD) (Berkooz et al., 1992) is a method that
reduces complexity of numerical simulations, such as CFD. Typically, it is used in CFD analyses
(including turbulence analyses) to replace the Navier-Stokes equations with models that are sim-
pler to solve. This method has been used by Bakewell and Lumley (1967), among others. Various
methods based on machine learning tied to CFD are used to reduce computation time (San and
Maulik, 2018), usually combined with neural networks. However, an ANN requires a large volume
of training data and thus signi�cant computational time. Th is problem was presented by Fukami
et al. (2021). Buterweck and Gªuch (2014) used ANNs to analyse thee�ect of Mach number on
the prediction of turbine blade degradation. Prediction of aerodynamic characteristics using an
arti�cial neural network for a wind turbine was performed by Verma and Baloni (2021). Sekaret
al. (2010) presents an approach based on analysis of data produced with a CFD solver to predict
the incompressible laminar 
ow �eld around aerofoils. The approach was based on a combina-
tion of a deep convolutional neural network (CNN) and a deep multilayer perceptron (MLP).
Aramendia et al. (2019) used ANNs to predict the aerodynamic e�ciency of Gurney 
aps. A
CFD-based drag coe�cient analysis was also carried out in (Viquerat and Hachem, 2020), where
a set of random geometries based on B�ezier curves was prepared to train the neural network.
Pressure distributions were calculated for several representative cases. In addition, a lift and
drag coe�cient was predicted based on CFD approximation calculations (Kharal and Saleem,
2012). Kharal and Saleem (2012) described an aerofoil usingB�ezier curves, developed their aero-
dynamic characteristics and then proceeded with FF-ANN training. The inverted ANNs were
then used to determine aerofoil geometry for a given drag coe�cient. Similarly, inverted ANNs
were used in (Sunet al., 2015), where geometry of the aerofoil was described as shown in Fig. 1.
The pressure distribution on the aerofoil and then on the wing was determined by the proposed
ANN algorithm. Thirumalainambi and Bardina (2003) also analysed the optimal ANN structure
for predicting aerodynamic coe�cients of an aircraft.

Fig. 1. Airfoil geometry (Sobieczky, 1999)

A frequently used method for optimising aerodynamics is genetic algorithms. Porta Ko et al.
(2023) describes the process of optimising kinked aerofoils using the NSGA-II (Non-dominated
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Sorting Genetic Algorithm). Optimisation to minimise the a erodynamic forces generated was
carried out in (Khan et al., 2022) where solar panels were studied.

The most common method used in computer 
uid mechanics is the�nite volume method
(FVM) used for CFD analyses, which takes place in conjunction with ANNs. One example of
less commonly used methods would be a combination of the vortex method and a neural network
(Sessaregoet al., 2020).

The use of surrogate models is relatively infrequently usedin practice due to errors arising
from the surrogate model approximations. The main purpose of the article is to demonstrate that
it is possible to prepare a surrogate model based on AI or, more precisely, SSN. The accuracy
of such a model should be su�cient and the optimization results should be no worse than the
available solutions.

2. NACA four-digit family

In this work, an arti�cial neural network was used to determi ne the dependence of lift and drag
coe�cients on the angle of attack for NACA four-digit aerofo ils. First, the data was generated
from an open database of aerodynamic diagrams to train the ANN. The data generation was
described by Drela (1989).

An asymmetric NACA four-digit aerofoil (NACA { National Adv isory Committee for Aero-
nautics, NACAmpt) is de�ned by three parameters: m, p, t. Equations (2.1) and (2.2) were used
to describe the aerofoil geometry mathematically, based onthe work [12]

xU = x � yt sin � y U = yc + yt cos�

xL = x + yt sin � y L = yc � yt cos�
(2.1)

and

yt = �
t

0:2
(a1

p
x � a2x � a3x2 + a4x3 � a5x4)

� = arctan
dyc

dx

yc =

8
>><

>>:

m
p2 (2px � x2) for 0 ¬ x ¬ p

m
(1 � p)2 [(1 � 2p) + 2 px � x2] for p ¬ x ¬ 1

(2.2)

where: a1 = 0 :2969,a2 = 0 :1260,a3 = 0 :3516,a4 = 0 :2843,a5 = 0 :1015 { coe�cients de�ned by
NACA.

In the remainder of this work, only asymmetrical aerofoils were analysed. The database of
aerodynamic coe�cients acting on the aerofoil was determined with reference to (Oliveira, 2021),
where after a simple parameterisation of the code, the liftCl and drag Cd versus the angle of
attack � was calculated by Xfoil. Xfoil is a panel-based software that enables analysis of aerofoils
and wings operating at low Reynolds numbers.

3. Arti�cial neural network

This paper uses a feed-forward arti�cial neural network (FF-ANN). The input (training) pa-
rameters for the NACA aerofoil number were: m; p 2 h2; 8i , t 2 h8; 24i , as well as angles of
attack � within � 24� . The output (training) data was determined using the Xfoil software; the
lift and drag coe�cients corresponding to the cases in the input database. The Reynolds number
Re = 5:7 � 106 and Mach number MaH = 0 :1439 were set as constant values. This corresponded
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to velocity of 49.39 m/s for an average aerodynamic chord of length 1.738 m. The database con-
taining the characteristics of 441 pro�les was needed to train the arti�cial neural network. Due
to the lack of availability of such a large database of NACA four-digit pro�les, it was decided to
use Xfoil to prepare it.

As a result of numerical analyses, it was decided to develop separate ANNs (trained in
parallel) for the prediction of lift and drag coe�cients for selected angles of attack from the
range � 24� with an increment of �� = 2 � .

The MATLAB Neural Network Toolbox was used as the ANN environment. The ANNs were
trained using the SCG (Scaled Conjugate Gradient) backpropagation algorithm. The objective
of the training was to minimise the mean squared error (MSE) of the data �t. The ANN archi-
tecture was optimised, where the mean absolute error (MAE) was the objective function. An
optimisation of the ANN structure using a genetic algorithm was done for two and three hidden
layers. A feed-forward ANN (3-65-8-1) was chosen as the optimal ANN structure. A diagram of
the ANN used is shown in Fig. 2. The optimisation was run until MAE was no greater than 3%.
During the ANN optimisation, the size of the ANN was not increased beyond 500 neurons to
prevent \learning by heart".

Fig. 2. Scheme of the used arti�cial neural network, where:w { weights, b { bias

Figure 3 shows the regression results for the ANNs used, trained for the zero angle of attack
and the predicted values of the drag coe�cient Cd. A high regression coe�cient of R = 0 :9858
was obtained for all the data.

A separate ANN was used for each angle of attack. This reducedthe duration of the learning
process and increased the accuracy of the ANN learning. The learning time for all optimised
ANNs was less than 130 seconds with an approximation error less than 1%. Figure 4 shows the
coe�cient of lift Cl and drag Cd predicted by the trained ANNs, as a function of the angle of
attack for the NACA 2412 aerofoil. The neural model achieveda high coe�cient of determination
for both lift (0.9984) and drag coe�cient prediction (0.991 1), compared to the data generated
with Xfoil. It also presents the lift and drag coe�cients obt ained in experimental tests, based
on a NACA report (Abbott et al., 1945). For angles of attack from� 10� to 16� , the analysis
performed with Xfoil and ANN were consistent with experimental tests. For larger angles, the
di�erences were signi�cant. This could be due to the choice of the Reynolds number in the
Xfoil software, as con�rmed by the conclusions from (G•unel et al., 2016) or a tendency towards
numerical errors for angles of attack:� > 8� (Saad et al., 2017). However, in order to determine
the aerofoil L=D ratio, the accuracy of the ANN was su�cient, as usually the maximum L=D
ratio corresponds to an angle of attack in the range from 2� to 8� .

In order to test the adopted research concept, the lift coe�cient as a function of angle of
attack was calculated for a non-standard NACA four-digit aerofoil in Xfoil. This aerofoil was
not present in the ANN teaching database. This aerofoil was NACA model (2.4)(3.6)12, where
m = 2 :4, p = 3 :6 and t = 12 are shown in Fig. 5, which was numerically analysed usingthe
panel method. Comparative results for the Xfoil and ANN are shown in Fig. 6.
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Fig. 3. Regression of used ANN

For the NACA (2.4)(3.6)12 aerofoil, the coe�cient of determ ination ( R2) of the lift coe�cient
was 0.998. However, the ANN was not able to correctly predictthe distribution of the drag
coe�cient for larger angles of attack (above 16� and below � 10� ). For angles of attack between
� 10� and 16� , the accuracy was higher, and the corresponding coe�cient of determination was
0.9942, as shown in Fig. 7.

4. Optimization

In this work, an attempt at optimisation was made using the presented neural metamodel to
maximise the L=D ratio, K = Cl =Cx . Both the lift and drag coe�cients were determined using
ANNs. The default genetic algorithm (GA) in Matlab was used for optimisation, the working
principle of which was based on (Connet al., 1991). In the algorithm used, the decision variables
were parametersm, p and t, which described geometry of the aerofoil. Restrictive conditions
related to the span of the database that were used to teach theANN were imposed, assuming
that m = 2-6, p = 2-6 and t = 12-24. The angle of attack � was a discrete variable within � 24�

with an increment of 2� . The algorithm with the objective function determined the aerofoil
L=D ratio K for all angles of attack � and returned its largest value, the corresponding angle
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Fig. 4. Predicted, computed and by Xfoil experimental lift ( a) and drag (b) coe�cients vs. the angle of
attack, and the coe�cient of determination of lift (c) and dr ag (d) coe�cients for NACA 2412

of attack and the values of the decision variables de�ning the aerofoil geometries. The NACA
12(5.18)(4.18) aerofoil resulting from the optimisation is shown in Fig. 8.

According to the ANN, the maximum L=D ratio of the tested aerofoil corresponded to the
angle of attack � = 4 � , and after optimisation it was K = 194:4 for the ANN and K = 197:4
for Xfoil. This provided the di�erence of relative error of L=D ratio RE (K ) = 1 :53%. Figure 9
shows the relationshipRE (K ) = f (� ). For angles of attack below � = � 12� , the calculations
diverged.

Thinner aerofoils achieved higherL=D ratios, so the algorithm naturally brought the aerofoil
thickness down to a lower limit t = 12. Due to simpli�cations made for the drag coe�cient
confounded in the Xfoil software, a comparative analysis ofthe prediction results from the
ANN, the Xfoil programme and the Ansys Fluent software were applied.

For further numerical tests of the aerofoil after the optimisation process, a suitable geomet-
rical model of the aerofoil was developed, together with thecomputational domain in the Ansys
Workbench DesignModeler software (Fig. 10).






























































































































































































































































