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This paper is devoted to a clamped sandwich beam with an individual functionally graded
core under a uniformly distributed load. A non-linear shear deformation theory is developed
with consideration of the classical shear stress formula for beams. Two differential equa-
tions of the equilibrium of the beam are obtained based on the principle of stationary total
potential energy. The shear effect function and the relative deflection line of the beam are
determined. Moreover, a numerical FEM model (Ansys system) of this beam is elaborated.
Detailed calculations of exemplary beams are realised using two methods, analytical and
numerical FEM.

Keywords: sandwich beam, functionally graded core, non-linear shear deformation theory

1. Introduction

Shear deformation theories of beams, plates and shells have been extensively refined in the
twenty-first century. The demand for new, more accurate and generalised shear theories becomes
more apparent with increasing interest in the application of composite structures in engineering.
The significance of this topic can be proven by the number of articles and original theories
developed over the last two decades.
Huang (2003) described various studies on stress-strain modelling of adhesively bonded sand-

wich beams and proposed his model of sandwich beams. Reddy (2004) presented a fundamental
theory and analysis associated with the mechanics of laminated composite plates and shells.
Zenkour (2006) modelled a static response for a rectangular plate supported with a functionally
graded plate.
Berdichevsky (2010) derived a two-dimensional theory of sandwich plates by asymptotic

analysis of three-dimensional linear elasticity. Carrera et al. (2011) discussed classical and mod-
ern approaches to the beam theory and paid particular attention to their typical applications.
Meiche et al. (2011) developed an advanced hyperbolic shear deformation theory. Mantari et
al. (2012) presented an original shear deformation theory for sandwich and composite plates,
where the displacement field is parameterized. Thai and Vo (2013) proposed a sinusoidal shear
deformation theory for bending, buckling and vibration of functionally graded plates. Sahoo and
Singh (2013) discussed an original inverse trigonometric zigzag theory and implemented it for
static analysis of laminated composite and sandwich panels.
Kolakowski and Mania (2015) investigated the dynamic interactive response of square FGM

plates subjected to in-plane pulse loading using the modified classical laminate plate theory.
Mahi et al. (2015) introduced a hyperbolic shear deformation theory with five degrees of freedom
applicable to bending and free vibration analysis of isotropic, functionally graded sandwich and
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laminated composite plates. Marczak and Jędrysiak (2015) studied free-vibration of periodic
three-layered sandwich structures referring to Kirchoff’s thin plate theory and the tolerance
averaging technique. Domagalski and Jędrysiak (2016) presented a work on geometrically non-
-linear vibrations of beams with periodic structures.
Banat and Mania (2017) considered non-linear buckling and failure analysis of fibre metal

laminate thin-walled structures under axial compression. Özütok and Madenci (2017) presented a
higher-order shear deformation theory including a non-linear distribution of shear stress through
the thickness of a laminated beam. Pei et al. (2018) established a variationally consistent higher-
-order theory for problems of functionally graded beams, referring to the principle of virtual work.
Birman and Kardomateas (2018) discussed the current development and interest in mathematical
modelling and the application of sandwich structures. Ghayesh (2018) focused on vibrations of
axially functionally graded beams incorporating shear deformation and imperfection.
Kumar et al. (2019) developed a modern higher-order shear deformation theory for a func-

tionally graded plate. Magnucki et al. (2020) referred to the Zhuravsky shear stress formula to
develop a shear deformation theory. Żur et al. (2020) focused on buckling and free-vibration
analyses of functionally graded nanoplates with magneto-electroelastic coupling. Dhuria et al.
(2021) analysed the effect of porosity distribution on the static and buckling response of a simply
supported plate with FGM.
Magnucki (2022) presented analytical models of homogeneous beams with bi-symmetrical

cross sections, sandwich beams and beams with symmetrically varying mechanical properties.
Magnucki et al. (2022) conducted a study on the axisymmetric bending problem of a generalised
circular sandwich plate with varying mechanical properties along its thickness. Jędrysiak (2023)
investigated slender, elastic, nonperiodic beams with a functionally graded structure on the
macro-level and a nonperiodic structure on the micro-level referring to the tolerance modelling
method.
The main objective of the study is to formulate a linear theory with the assumption of a

non-linear shear deformation for a three-layer beam with an individual functionally graded core.
The function of the variation of Young’s modulus is generalised so that it can describe a beam
with homogeneous mechanical properties, as well as a classic three-layer and five-layer beam
with an optional ratio of stiffness between the layers.
According to the literature review, there are numerous papers investigating the problem of

the shear effect in structures. Many of them refer to a numerical approach or analytical formula-
tion with a predefined, usually parametric shear deformation function. In the present paper, the
shear deformation function is obtained analytically in the exact manner with consideration of
the classical shear stress formula. An analytical model of a beam is developed using the proposed
non-linear shear deformation theory. The subject of the study is a clamped sandwich beam of
length L, width b, and total depth h with an individual functionally graded core under a uni-
formly distributed load of intensity q (Fig. 1). The bending problem of this beam is studied,
taking into account the shear effect. Its solution is compared with the results of numerical finite
element method analysis in the Ansys system.

Fig. 1. A scheme of a clamped sandwich beam with an individual functionally graded core
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2. Analytical model of the sandwich beam

The rectangular cross section and variation of Young’s modulus in the depth direction of the
beam are shown in Fig. 2.

Fig. 2. Schemes of the rectangular cross section and variation of Young’s modulus in the depth direction
of the beam

The variation of Young’s modulus in the depth direction takes the form

Ef (η) = Effe(η) (2.1)

where: Ef – Young’s modulus of faces, also fe(η) – dimensionless function, which in successive
layers is as follows:
— the upper face (−1/2 ¬ η ¬ −χc/2)

fe(η) = 1 (2.2)

— the core (−χc/2 ¬ η ¬ χc/2)

fe(η) = ec +
1− ec
2n

[
1 + cos

( 4
χc
πη
)]n

(2.3)

— the lower face (χc/2 ¬ η ¬ 1/2)

fe(η) = 1 (2.4)

and dimensionless quantities: the coordinate η = y/h, coefficient of the core ec, thickness of the
core χc = hc/h, exponent n – natural number. The deformation of a planar cross section after
bending of this beam is presented in Fig. 3. The longitudinal displacements according to this
scheme (Fig. 3) in successive layers are as follows:
— the upper face (−1/2 ¬ η ¬ −χc/2)

u(uf)(x, η) = −h
[
η
dv

dx
− f (uf)d (η)ψf (x)

]
(2.5)



6 K. Magnucki, K. Sowiński

— the core (−χc/2 ¬ η ¬ χc/2)

u(c)(x, η) = −h
[
η
dv

dx
− f (c)d (η)ψf (x)

]
(2.6)

— the lower face (χc/2 ¬ η ¬ 1/2)

u(lf)(x, η) = −h
[
η
dv

dx
− f (lf)d (η)ψf (x)

]
(2.7)

where: v(x) – deflection, ψf (x) = uf (x)/h – dimensionless longitudinal displacement on the outer

surfaces of the beam-shear effect function, f (uf)d (η), f (c)d (η), f
(lf)
d (η) – dimensionless deformation

functions in these layers.

Fig. 3. Scheme of a planar cross-section deformation of the analysed beam

Consequently, the strains and stresses are as follows:
— the upper face (−1/2 ¬ η ¬ −χc/2)

ε(uf)x (x, η) =
∂u

∂x
= −h

[
η
d2v

dx2
− f (uf)d (η)

dψf
dx

]

σ(uf)x (x, η) = −Efh
[
η
d2v

dx2
− f (uf)d (η)

dψf
dx

]

γ(uf)xy (x, η) =
dv

dx
+

∂u

h∂η
=
df
(uf)
d

dη
ψf (x)

τ (uf)xy (x, η) =
Ef

2(1 + ν)
df
(uf)
d

dη
ψf (x)

(2.8)
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— the core (−χc/2 ¬ η ¬ χc/2)

ε(c)x (x, η) =
∂u

∂x
= −h

[
η
d2v

dx2
− f (c)d (η)

dψf
dx

]

γ(c)xy (x, η) =
dv

dx
+

∂u

h∂η
=
df
(c)
d

dη
ψf (x)

σ(c)x (x, η) = −Efh
[
η
d2v

dx2
− f (c)d (η)

dψf
dx

]
f (c)e (η)

τ (c)xy (x, η) =
Ef

2(1 + ν)
f (c)e (η)

df
(c)
d

dη
ψf (x)

(2.9)

— the lower face (χc/2 ¬ η ¬ 1/2)

ε(lf)x (x, η) =
∂u

∂x
= −h

[
η
d2v

dx2
− f (lf)d (η)

dψf
dx

]

γ(lf)xy (x, η) =
dv

dx
+

∂u

h∂η
=
df
(lf)
d

dη
ψf (x)

σ(lf)x (x, η) = −Efh
[
η
d2v

dx2
− f (lf)d (η)

dψf
dx

]

τ (lf)xy (x, η) =
Ef

2(1 + ν)
df
(lf)
d

dη
ψf (x)

(2.10)

where ν – Poisson’s ratio is constant for the structure. Taking into account the papers by
Magnucki (2022) and Magnucki et al. (2022), the unknown dimensionless deformation functions
f
(uf)
d (η), f (c)d (η), f

(lf)
d (η) are determined with consideration of the classical shear stress formula

for the rectangular cross section of the beam

τ (Cl)xy (x, η) = Qz(η)
T (x)
Jz

h2 (2.11)

where: T (x) – transverse-shear force, Qz(η) – dimensionless first moment of the cross section
area part, Jz – inertia moment of the cross section. Therefore, the dimensionless first moments
of successive layers of this sandwich beam with the individual functionally graded core are of
the form:
— the upper face (−1/2 ¬ η ¬ −χc/2)

Q
(uf)
z (η) =

1
8
(1− 4η2) (2.12)

— the core (−χc/2 ¬ η ¬ χc/2)

Q
(c)
z (η) =

1
8
[1− χ2c + ec(χ2c − 4η2)− 8Jc(η)] (2.13)

where

Jc(η) =
1− ec
2n

η∫

−χc/2

(
1 + cos

4πη1
χc

)n
η1 dη1 (2.14)

— the lower face (χc/2 ¬ η ¬ 1/2)

Q
(lf)
z (η) =

1
8
(1− 4η2) (2.15)
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Equating the shear stresses in Eqs. (2.8), (2.9) and (2.10) with classical shear stress formula
(2.11) with consideration of the dimensionless first moments in Eqs. (2.12), (2.13) and (2.14),
after simple transformations, the unknown dimensionless deformation functions for successive
layers satisfying the continuity conditions between them are obtained in the following form:
— the upper face (−1/2 ¬ η ¬ −χc/2)

f
(uf)
d (η) = −Cf +

1
24
(3− 4η2)η (2.16)

— the core (−χc/2 ¬ η ¬ χc/2)

f
(c)
d (η) =

∫
Q
(c)
z (η)
fe(η)

dη (2.17)

— the lower face (χc/2 ¬ η ¬ 1/2)

f
(uf)
d (η) = Cf +

1
24
(3− 4η2)η (2.18)

where the dimensionless coefficient

Cf = −
1
48
(3− χ2c)χc +

χc/2∫

0

Q
(c)
z (η)
fe(η)

dη (2.19)

The graph of dimensionless functions in Eqs. (2.2), (2.3) and (2.4) of the variation of Young’s
modulus and the shape of deformation of the planar cross section of an exemplary beam
(χc = 4/5, ec = 1/30, n = 7), taking into account functions Eqs. (2.16), (2.17) and (2.8),
is shown in Fig. 4.

Fig. 4. The graph of dimensionless functions of Young’s modulus variation and the shape of deformation
of the planar cross section of the exemplary beam
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3. Analytical bending study of the sandwich beam

The elastic strain energy is described as

Ue =
1
2
Efbh

L∫

0

[
Φ(uf)ε,γ (x) + Φ

(c)
ε,γ(x) + Φ

(lf)
ε,γ (x)

]
dx (3.1)

where

Φ(uf)ε,γ (x) =

−χc/2∫

−1/2

{[
ε(uf)x (x, η)

]2 +
1

2(1 + ν)
[
γ(uf)xy (x, η)

]2}
dη

Φ(c)ε,γ(x) =

χc/2∫

−χc/2

{[
ε(c)x (x, η)

]2 +
1

2(1 + ν)
[
γ(c)xy (x, η)

]2}
fe(η) dη

Φ(lf)ε,γ (x) =

1/2∫

χc/2

{[
ε(lf)x (x, η)

]2 +
1

2(1 + ν)
[
γ(lf)xy (x, η)

]2}
dη

Substituting expressions in Eqs. (2.8)1,3, (2.9)1,2, (2.10)1,2 for strains into Eq. (3.1), after
integration, one obtains

Ue =
1
24
Ef bh

3

L∫

0

[
Cvv

(d2v
dx2

)2
− 2Cvψ

d2v

dx2
dψf
dx
+ Cψψ

(dψf
dx

)2
+ Cψ

ψf (x)2

h2

]
dx (3.2)

where the dimensionless coefficients

Cvv = 1− χ3c + 12Jvv Cvψ = 3(1− χ2c)Cf +
1
40
(4− 5χ3c + χ5c) + 12Jvψ

Cψψ =
1
672

{
84[96(1 − χc)Cf + 5− 6χ2c + χ4c ]Cf

+
1
10
(68− 105χ3c + 42χ5c − 5χ7c)

}
+ 12Jψψ

Cψ =
1

2(1 + ν)

[ 1
80
(8− 15χc + 10χ3c − 3χ5c) + 12Jψ

]

Jvv =

χc/2∫

−χc/2

η2fe(η) dη Jvψ =

χc/2∫

−χc/2

ηf
(c)
d (η)fe(η) dη

Jψψ =

χc/2∫

−χc/2

[f (c)d (η)]
2fe(η) dη Jψ =

χc/2∫

−χc/2

(df (c)d
dη

)2
fe(η) dη

The work of the load is in the form

W =
L∫

0

qv(x) dx (3.3)

Based on the principle of stationary total potential energy δ(Ue −W ) = 0, the system of two
differential equations of equilibrium of this sandwich beam is obtained in the following form

Cvv
d4v

dx4
− Cvψ

d3ψf
dx3
=

q

Ef bh3
Cvψ

d3v

dx3
− Cψψ

d2ψf
dx2
+ Cψ

ψf (x)
h2
= 0 (3.4)
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The fourth-order expression, Eq. (3.4)1, of this system is equivalent to the second-order equation
of the form

Cvv
d2v

dx2
− Cvψ

dψf
dx
= −Mb(x)

Ef bh3
(3.5)

where Mb(x) is the bending moment. Thus, Eqs. (3.5) and (3.4)2 are the governing equations
of the sandwich beam. These two equations, after a simple transformation, are reduced to one
equation in the form

d2ψf
dξ2
− (αλ)2ψf (ξ) = −

Cvψ
CvvCψψ − C2vψ

λ2
T (ξ)
Ef bh

(3.6)

where: ξ = x/L – dimensionless coordinate, λ = L/h – relative length of the beam, and

α =

√
CvvCψ

CvvCψψ − C2vψ

is a dimensionless coefficient. The end part of this beam with a uniformly distributed load and
reactions is shown in Fig. 5.

Fig. 5. Scheme of the beam end part with the load end reactions

The bending moment and the shear force according to this scheme, in the dimensionless
coordinate ξ, are as follows

Mb(ξ) =
1
2
(ξ − ξ2 − 2M c)qL2 T (ξ) =

1
2
(1− 2ξ)qL (3.7)

where M c = Mc/(qL2) is the unknown dimensionless reactive moment. Therefore, Eq. (3.6),
taking into account the transverse shear force in Eq. (3.7)2, is of the form

d2ψf
dξ2
− (αλ)2ψf (ξ) = −6

Cvψ
CvvCψψ − C2vψ

λ3(1− 2ξ2) q
Efb

(3.8)

The solution of this equation is as follows

ψf (ξ) = [C1 sinh(αλξ) + C2 cosh(αλξ) + C0(1− 2ξ)]
q

Ef b
(3.9)

where C1, C2 are integration constants, and

C0 = 6
Cvψ
CvvCψ

λ

Taking into account the two conditions: ψf (0) = 0 – clamped end, and ψf (1/2) = 0 – the
symmetry plane of the beam, these constants are as follows C1 = C0/ tanh(αλ/2) and C2 = −C0.
Consequently, the function in Eq. (3.9), that is, the shear effect function is in the following form

ψf (ξ) = ψf (ξ)
q

Ef b
(3.10)
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where

ψf (ξ) = 6
{
1− 2ξ − sinh[αλ(1 − 2ξ)/2]

sinh(αλ)/2

} Cvψ
CvvCψ

λ (3.11)

Equation (3.5) in the dimensionless coordinate, with consideration of the expressions in Eqs.
(3.7) and (3.10), is as follows

d2v

dξ2
=
[Cvψ
λ3

dψf
dξ
− 6(ξ − ξ2 − 2M c)

] λ3

Cvv

q

Efb
(3.12)

where v(ξ) = v(ξ)/L is the relative deflection of the beam. Integrating this equation and taking
into account the boundary condition dv/dξ

∣∣
0
= 0 – clamped end, and dv/dξ

∣∣
1/2
= 0 – symmetry

plane of the beam, one obtains

dv

dξ
=
[Cvψ
λ3

ψf (ξ)− 6
(1
2
ξ2 − 1
3
ξ3 − 2M cξ

)] λ3

Cvv

q

Ef b
(3.13)

where: M c = 1/12. Thus, integrating this equation and taking into account the boundary con-
dition v(0) = 0 and the function in Eq. (3.11), one obtains the relative deflection-bending line
of the beam

v(ξ) = v(ξ)
q

Ef b
(3.14)

where

v(ξ) =
[
6fψ(ξ)

C2vψ
CvvCψ

1
λ2
− 1
2
(2ξ − ξ2 − 1)ξ2

] λ3

Cvv

fψ(ξ) = ξ − ξ2 −
cosh(αλ/2) − cosh[(αλ(1 − 2ξ)/2]

αλ sinh(αλ/2)

(3.15)

Consequently, the relative maximum deflection

vmax = v
(1
2

)
= vmax

q

Efb
(3.16)

where the dimensionless maximum deflection

vmax = v
(1
2

)
= (1 +Cse)

λ

32Cvv
(3.17)

and the shear coefficient

Cse = 48
[
1− 4 cosh(αλ/2)

αλ sinh(αλ/2)

] C2vψ
CvvCψ

1
λ2

(3.18)

The shear stresses described by Eqs. (2.8), (2.9) and (2.10), with consideration of Eqs. (2.16),
(2.17) and (2.18), in successive layers, are as follows:
— the upper face (−1/2 ¬ η ¬ −χc/2)

τ (uf)xy (x, η) = τ
(uf)
xy (x, η)

q

b
(3.19)

where, the dimensionless stress

τ (uf)xy (x, η) =
1

2(1 + ν)
Q
(uf)
z ψf (x) (3.20)
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— the core (−χc/2 ¬ η ¬ χc/2)

τ (c)xy (x, η) =
1

2(1 + ν)
Q
(c)
z ψf (x) (3.21)

— the lower face (χc/2 ¬ η ¬ 1/2)

τ (lf)xy (x, η) =
1

2(1 + ν)
Q
(lf)
z ψf (x) (3.22)

Exemplary calculations are carried out for a beam family of the following selected dimen-
sionless sizes and material constants: λ = 30, χc = 4/5, ec = 1/30, ν = 0.3, as well as the
exponent – natural number n = 0, 2, 7, 14, 25,→ ∞. The graphs of the dimensionless functions
given in Eqs. (2.2), (2.3) and (2.4) of Young’s modulus variation and the dimensionless shear
stresses in Eqs. (3.20), (3.21) and (3.22) in the beam cross section for ξ = 0.1, and the exponent
value n = 7,→∞ are shown in Figs. 6a and 6b. The maximum shear stress τmax(ξ) = τ (c)xy (ξ, 0)
occurs at the neutral surface (η = 0) in the core.

Fig. 6. The graph of dimensionless functions of Young’s modulus variation and the dimensionless shear
stress: (a) for n = 7 and (b) classical sandwich beam for n→∞

The results of analytical calculations of the dimensionless coefficient Cvv, maximum dimen-
sionless shear stresses, shear coefficient Cse, Eq. (3.18), and dimensionless maximum deflec-
tion vmax, Eq. (3.17), are specified in Table 1.

Table 1. The value of coefficients, shear stresses and maximum deflections – analytical calcula-
tions

n
0 2 7 14 25 ∞

Cvv 1.0 0.73063 0.64218 0.60630 0.58281 0.505067
τmax 18.0000 15.1103 14.3210 14.0761 13.9253 13.5903
Cse 0.01376 0.09186 0.13953 0.15146 0.15996 0.17078
vmax 855.4 1260.9 1497.2 1604.8 1679.4 1955.9

Moreover, the graphs of maximum dimensionless shear stresses τmax and maximum deflec-
tions vmax are shown in Figs. 7a and 7b.
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Fig. 7. The graph of (a) the maximum dimensionless shear stresses τmax and (b) the maximum
dimensionless deflections vmax

4. Numerical FEM bending study of the sandwich beam

The numerical model of the family of selected beams with the same parameters as in the ana-
lytical study is developed in the Ansys 2021 R2 system and is examinef in linear static struc-
tural analysis. The following parameters are applied in the study: Ef = 70GPa, b = 50mm,
h = 50mm, thus L = 1500mm (λ = 1/30).
Due to symmetry of the geometry, load and mechanical parameters, only a quarter of the

beam is considered. The symmetric boundary conditions are applied by restricting the normal
displacements at the selected faces shown in Fig. 8a. The clamped boundary condition is imposed
on the face of the free end of the beam in the following manner. Displacements along the y-axis
are blocked referring to the remote point located in the centre of the coordinate system (v = 0).
In addition, the translations towards the x-axis are restrained globally (u = 0) on the same face.
Such a boundary condition is consistent with analytical study and also allows deformations of
the face at the end of the beam in the y and z directions, which ensures no stress concentration
phenomenon. The force Fy = 1kN is applied to the top of the quarter of the model, which
corresponds to the uniformly distributed load (Fig. 1) of q = 8/3N/mm.

Fig. 8. (a) Geometry and boundary conditions in finite element analysis. (b) Numerical FEM model of
the sandwich beam

The geometry is divided into uniform second-order hexahedral SOLID186 finite elements
with twenty nodes and three degrees of freedom at each node (Fig. 8b). A sufficient number of
finite elements is found through mesh convergence study with the accuracy criterion imposed on
the maximum deflection, shear stress, and elastic strain energy. Such an analysis is carried out
assuming the greatest gradient of Young’s modulus except for n→∞, that is, for n = 25. The
finite element model consists of over 1.3 million nodes and 312 thousand elements, assuming
there are 300, 80 and 13 elements along x, y and z directions (Fig. 8a), respectively. The ratio
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of the number of elements to the model size is highest along the depth of the beam (y-axis) due
to the variable mechanical property towards this direction.
The mechanical properties of the material are coherent with analytical study, i.e. isotropic,

perfectly elastic, where Young’s modulus is described by the function in Eqs. (2.1) and (2.3). At
any point of the geometry, the calculated values of Young’s modulus are mapped to the centres
of hexahedral finite elements. An exemplary distribution of Young’s modulus for n = 2 is shown
in Fig. 9.

Fig. 9. Young’s modulus E distribution for n = 2

The deflections v obtained for this case, i.e. displacements toward the y-axis, are shown in
Fig. 10a. Following the analytical study, the shear stress is studied for ξ = x/L = 0.1. In that
case, the surface at x = 150mm parallel to the yz plane is considered as presented in Fig. 10b.

Fig. 10. (a) Deflections v(x) for n = 2. (b) Shear stress τxy in the surface parallel to yz plane at
x = 150mm (ξ = x/L = 0.1) for n = 2

The results of the numerical study are further compared with the analytical solutions. It
should be noted that in the case of a three-dimensional finite element model, the shear stress τxy
varies along the width of the beam (Fig. 10b). To study the results, the mean of that function
along width is considered. The maximum deflection vmax in FEM analyses are taken from the
neutral surface for z = 0. To maintain consistency with the analytical study, the obtained results
are further considered in a dimensionless form, that is

vmax =
Efb

qL
vmax τmax =

b

q
τmax (4.1)

Exemplary distributions of shear stress along the depth of the beam described by the dimension-
less parameter η and corresponding dimensionless functions of Young’s modulus are presented
in Figs. 11a and 11b. These show a near-perfect agreement with the analytical outcomes shown
in Figs. 6a and 5b.



Bending of a sandwich beam with an individual... 15

Fig. 11. The graph of dimensionless functions of Young’s modulus variation and dimensionless shear
stress (a) for n = 7 and (b) for n→∞ from the numerical study

The numerically obtained maxima of shear stress τmax and deflections vmax for all the
values considered of the parameter n are summarised in Table 2 in a dimensionless form. When
comparing the dimensionless maximum shear stresses and deflections calculated analytically
and numerically (Tables 1 and 2), it is easy to notice that the differences between them are
insignificant, less than 0.1%.

Table 2. The maximum shear stresses and deflections – numerical FEM analysis

n
0 2 7 14 25 ∞

τmax 18.0023 15.1169 14.3331 14.0808 13.9379 13.5904
vmax 854.9 1261.0 1497.7 1605.6 1680.4 1956.9

5. Conclusions

Most of the papers investigating the problem of the shear effect in beams refer to numerical
methods or analytical studies, whereas the deformation function is assumed in advance within
the number of theories mentioned in the literature review. The choice of the deformation function
can have a direct effect on the accuracy of the solution. In the present paper, a linear theory with
the assumption of nonlinear shear deformation is developed and applied taking into account the
classical shear stress formula for beams. Unlike the number of theories and papers, the shear
deformation function is the result of an analytical solution, which leads to an exceptionally
coherent solution compared to the FEM study.
The generalised form of the function that describes Young’s modulus allowed us to analyse

beams with various mechanical properties, including homogeneous and layered beams within the
proposed theory. Using the principle of stationary potential energy, two differential equations of
equilibrium were derived and then solved. Relative deflections and shear stresses were calculated
for exemplary beams with different variations in Young’s modulus.
To verify the accuracy of the developed theory, the outcome of the analytical study was

compared with the results of numerical FEM analysis in the Ansys system. The beam was
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modelled as a three-layered structure, while its core had a variable Young’s modulus along its
depth.
Following the results in Figs. 6 and 12, both analytical and numerical analyses yielded

consistent shear stress distributions for all exemplary structures. Comparison of the maximum
relative deflection and maximum relative shear stress shown in Tables 1 and 2 shows a nearly
identical result from both methods. The relative differences between these are less than 0.1%,
proving that the theory developed is accurate. Having in mind the fact that it is suitable for
beams with different Young’s modulus distributions, i.e. homogenous and nonhomogeneous, it
can be applied to numerous practical analyses of composite structures.
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In this paper, a piezoelectric phononic crystal beam at the nanoscale has been mechanically
modeled by using the surface piezoelectric theory. The band gap has been calculated by the
plane wave expansion method and the band gap structure picture has been analyzed. The
influence of electromechanical coupling effects, surface effects and geometry on the band
gap properties are discussed separately. This study contributes positively to the design and
active control of nanoelectromechanical systems.
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1. Introduction

In 1992, M.M. Sigalas and E.N. Economou first confirmed theoretically that the three-
-dimensional periodic lattice structure formed by filling a certain matrix material in a spher-
ical scatterer has characteristics of an elastic wave/acoustic wave band gap. Compared with
the electromagnetic wave band gap of a photonic crystal, they defined a concept of an elas-
tic wave/acoustic wave band gap phononic crystal (Sigalas and Economou, 1992). Due to its
band gap, defect state and other characteristics, scholars have carried out extensive research on
phononic crystals in the fields of ship and ocean, aerospace engineering and construction (Yin
et al., 2022), such as low-frequency vibration isolation/sound insulation/absorption (Chu et al.,
2023; Zou et al., 2023; Zuo et al., 2022), subwavelength acoustic focusing (Yang et al., 2022;
Yao et al., 2021), acoustic/elastic wave cloak design (Ghoreshi and Bahrami, 2022), ultrahigh
frequency resonators (Yao et al., 2021), wave filters (Lee et al., 2023), etc.
In recent years, scholars have done a lot of research between phononic crystal band gap

regulation and metamaterial design, such as introducing other physical fields (magnetic field,
electric field, temperature, etc.) to regulate the nature of the phononic band gap, which can
realize dynamic control of acoustic waves, such as piezomagnetic phononic crystals, piezoelec-
tric phononic crystals, magneto-electroelastic phononic crystals and so on (Qian et al., 2022).
Among them, piezoelectric materials as functional materials, such as piezoelectric ceramics,
piezoelectric crystals and piezoelectric polymers, have characteristics of a fast response, more
flexible and intelligent, and its principle is mutual conversion between mechanical energy and
electrical energy, which can be used to actively regulate the band gap by an electric field, and
it is widely used in the fabrication of electromechanical transducers and acoustic devices with
acoustic-electric effects. The main types of piezoelectric phononic crystals are single, embed-
ded piezoelectric/elastic composite, and externally attached piezoelectric film/elastic structure
composite type.
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The above phononic crystals are all studied under the macroscopic scale size, with continu-
ous development of nano-preparation technology. The study of the structure of materials with
nanoscale size tends to be popular, and a number of works on the study of the structure of
nano-phononic crystals emerged (Chen et al., 2017; Huang and Yu, 2006; Yan and Jiang, 2011;
Zhen et al., 2012). The band gap of phononic crystals has also been shifted from hertz (Hz),
megahertz (MHz) to gigahertz (GHz), and terahertz (THz).
Nanomaterials exhibit several unique effects due to their small size and specific properties.

These effects include the surface effect, small size effect, quantum size effect, and macro quantum
tunneling effect (Du et al., 2000). The classical continuum theory in the macro scale mechanical
model falls short in accurate describing the behavior of nanomaterials due to size-dependent
effects observed in them.
However, many scholars have modified the classical mechanics theory and proposed higher-

-order theories, such as: micropolar theory (Surana et al., 2017), nonlocal elastic continuum
theory (Eringen and Edelen, 1972), surface elasticity theory (Gurtin et al., 1998), strain gra-
dient theory (Aifantis, 1999), and modified coupled stress theory (Yang et al., 2002). The sur-
face/interface of nanostructured scatterers has different elastic characteristics from the internal
bulk material. Gurtin and Murdoch (1975) established a surface/interface elastic model which
abstracts the surface/interface into a thickness-independent elastic film that is intimately bound
to the internal material and does not slip. The theoretical model can be used to analyze the
surface/interface effect of nanostructured scatterers.
For piezoelectric nanomaterials, the traditional surface elastic model has some limitations.

Piezoelectric nanomaterials exhibit surface piezoelectric and dielectric effects, which are key fac-
tors overlooked by traditional surface elastic models. To address these limitations, Huang and
Yu (2006) proposed a surface piezoelectric model that incorporates the effects of surface piezo-
electricity, elasticity, and dielectricity. Their approach to this model allowed for an examination
of the stress and charge response pertaining to the surface piezoelectric effect in piezoelectric
rings. Notably, the outcomes of their investigation unveiled the substantial influence of surface
piezoelectricity on electromechanical characteristics of piezoelectric nanostructures.
Moreover, vibration and buckling characteristics of piezoelectric nanobeams were explored

by Yan and Jiang (2011), taking into account the influence of surface effects. Their research
underscored the paramount role of surface residual stress and surface piezoelectricity, which
revealed a substantial influence over the resonant frequency and critical buckling potential. In
comparison, the impact of surface elasticity was comparatively less significant. This implies that
the surface piezoelectric effect and surface residual stress should be carefully considered in the
design and analysis of nanoscale piezoelectric structures.
Overall, these studies provide a valuable theoretical support for the application of nanoscale

piezoelectric materials. By considering the surface piezoelectric, surface elastic, and surface
dielectric effects, researchers can gain a more comprehensive understanding of the electrome-
chanical behavior of piezoelectric nanomaterials and optimize their performance in various ap-
plications.
In recent years, researchers have made a significant progress in the development of calculation

methods to analyze the band gap structure of phononic crystals. At present, the commonly used
methods are: plane wave expansion method (PWE) (Zuo et al., 2022), lumped mass method
(Kong et al., 2023), finite difference time domain (FDTD) method (Cao et al., 2004), finite
element method (FEM) (Lu et al., 2022). As a mature method for numerical simulation of
mechanical systems, the finite element method has a worked well with periodic structures and has
also been successfully applied to the calculation of one-, two- and three-dimensional structures.
However, it produces a large number of node degrees of freedom, which increases the computation
amount and requires huge cost. The calculation amount of PWE is much smaller than that of
FEM, and its calculation results have also been verified to be consistent with FEM (Qian and
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Shi, 2017). The PWE method transforms the band structure calculation into the solution of a
generalized eigenvalue problem by expanding the material and displacement field of the periodic
structure into Fourier series and combining the Bloch theorem.
In this paper, a mechanical model of a circular cross-section piezoelectric phononic crystal

nanobeam is proposed by considering the surface effect. Through a combination of PWE, Euler-
Bernoulli beam theory and surface elasticity theory, the control equation for a circular cross
section phononic crystal nanobeam is obtained. It proposes a computational approach to study
the band gap structure, and explores the effects of mechanical-electrical coupling, surface effect,
and geometric size on the first two orders of the band gap in phononic crystals through band
gap calculations and analysis of the band structure diagram.

2. Model and method

Fig. 1. A model of a piezoelectric phononic crystal nanobeam with surface effects

This paper discusses the investigation of a circular piezoelectric nanophononic crystal beam.
The beam structure is composed of alternating cycles of a piezoelectric material, specifically
PZT-5H, and an elastic material known as an epoxy resin. The primary focus of this study is
to analyze the properties and behavior of this unique crystal beam configuration. A Cartesian
coordinate system is shown in Fig. 1. The x-axis represents the axial direction, the y-axis rep-
resents the width direction, and the z-axis represents the height direction. In the crystal beam
structure, an electric field V is applied to the epoxy resin. In addition, an applied axial force P0
is considered. These external inputs introduce mechanical-electrical coupling effects into the
system. The lattice parameter a has the following definition

a = a1 + a2 (2.1)

where a1, a2 are sizes of the piezoelectric material PZT-5H and the elastic material epoxy resin
in a cell.
In the proposed analysis, the circular cross section of the piezoelectric nano-phononic crystal

beam has a diameter of D. In this particular study, material interface effects are neglected,
but the surface effects are still considered and assumed to exist on the surface of the beam.
To reflect these surface effects, the beam structure is divided into a surface layer and a block
layer. However, the thickness of the surface layer is usually ignored, so the beam cross-section
is circular.
From the Euler-Bernoulli beam theory, the axial strain εx and deflection w(x, t) at any point

in the beam are defined as

εx = −z
∂2w(x, t)
∂x2

(2.2)
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The electric field strength Ez in the direction z is represented by the potential Φ as

Ez = −
∂Φ

∂z
(2.3)

The block eigenstructure equation of PZT-5H is expressed as

σx = c11εx − e31Ez Dz = e31εx + κ33Ez (2.4)

where σx denotes the axial stress and Dz denotes the surface potential shift in the z-direction.
c11, e31 and κ33 denote the modulus of elasticity, piezoelectricity constant, and dielectric con-
stant, respectively.
According to the potential shift boundary condition in electromagnetic theory, the normal

potential shifts can be equal. In the Gurtin-Murdoch surface theory model, the surface layer
potential shifts and the interface potential shifts are the same, so the PZT-5H surface layer
constitutive equation can be derived:

σsx = σ
0
x + c

s
11ε

s
x − es31Esz Ds

z = D
0
z (2.5)

where σsx and σ
0
x denote the axial surface stress and residual surface stress, respectively. D

s
z and

D0z denote the surface potential shift and residual surface potential shift, respectively. E
s
z denotes

the surface electric field strength in the z-direction, so Esz = Ez due to equality of the electric
field strengths of the surface layer and the bulk layer. εsx denotes the surface strain. c

s
11 and e

s
31

denote the surface Young’s elastic modulus and the surface piezoelectric constant.
Disregarding the free charge, it follows from Gauss’ theorem

∂Dz

∂z
= 0 (2.6)

Substituting Eqs. (2.2) and (2.3) into (2.4)2 and (2.6)

Φ = −1
2
z2
e31
κ33

∂2w(x, t)
∂x2

+ zf1(x, y) + f2(x, y) (2.7)

Considering the electric field boundary conditions Φ(−D/2) = 0 and Φ(D/2) = V , the
electric potential is obtained as

Φ = − e31
2κ33

∂2w(x, t)
∂x2

(
z2 − D2

4

)
+
V

D
z +

V

2
(2.8)

Substituting Eq. (2.8) into (2.3), the electric field strength Ez can be expressed as

Ez = z
e31
κ33

∂2w(x, t)
∂x2

− V

D
(2.9)

Substituting Eqs. (2.8) and (2.9) into (2.4)1 and (2.5)1, the axial stresses in the PZT-5H block
and surface layer can be expressed as

σx = e31
V

D
−
(
c11 +

e231
κ33

)
z
∂2w(x, t)
∂x2

σsx = σ
0
x + e

s
31

V

D
−
(
cs11 +

es31e31
κ33

)
z
∂2w(x, t)
∂x2

(2.10)

For the block part of the epoxy, the eigenstructure equation can be described as

σx = Eεx (2.11)

where E denotes the elastic modulus.



Ultrahigh frequency vibration control in a piezoelectric phononic crystal beam... 23

The epoxy surface layer portion of the epoxy resin, whose intrinsic formula is expressed as

σsx = σ
0
x + E

sεsx (2.12)

where ES denotes the surface elastic modulus.
Substituting Eq. (2.2) into (2.11) and (2.12), the axial stress of the epoxy can be defined by

bending deflection as

σx = −Ez
∂2w(x, t)
∂x2

σsx = σ
0
X − Esz

∂2w(x, t)
∂x2

(2.13)

All surface layer and block parameters have a certain correspondence

ps ↔ lspb (2.14)

where ps, pb are the respective surface layer and block parameters, and ls are the material
internal parameters.
Derived from the generalized Young-Laplace equation and the corresponding formula (Yan

and Jiang, 2011), the vibration control equation of the nanobeam considering surface effect can
be expressed as

∂2M

∂x2
− P ∂

2w(x, t)
∂x2

− ∂

∂x

∫

C

Txz dC −
∫

C

Tz dC = −ρS
∂2w(x, t)
∂t2

(2.15)

The corresponding parameters are shown as follows:

M = −
∫

S

σxz dS P = P0 +
∫

S

σx dS Tx =
∂σsx
∂x

Tz =
σsx
Rc

(2.16)

where M is the bending moment, P is the axial force, Tx and Tz are the traction jumps caused
by surface stress, Tz only acts on the top and bottom of the beam. C and S represent the
circumference and area of the interface, ρ is density of the material, and Rc is curvature.
For the z-direction surface tension Tz of the top and bottom surfaces of the beam, in the

calculation of the circular section (Qian, 2018), it is regarded as a square section with an equal
area. In this paper, it is improved: the z-axis is taken as the central axis, the left and right
sweeps 45◦, and the formed area is regarded as the upper and lower surface (as shown in Fig. 2).
To obtain surface tension in the z-direction, integration along this boundary is performed.

Fig. 2. Surface tension Tz integral region (red)

Substituting the above equations, the vibration control equations for piezoelectric and elastic
nanobeams considering surface effects can therefore be uniformly expressed as

∂2

∂x2

(
m(x)

∂2w(x)
∂x2

)
− n(x)∂

2w(x)
∂x2

= ω2p(x)w(x) (2.17)

where m(x) = (m1(x),m2(x)), n(x) = (n1(x), n1(x)), p(x) = (p1(x), p2(x))

m1(x) =
πD4

64
c+

πD3

8
cs m2(x) =

πD4

64
E +

πD3

8
Es

n1(x) =
πD

4

(
σ0x + e

s
31

V

D
+ 2e31V

)
+ P0 n2(x) =

πD

4
σ0x + P0

p1(x) = ρ1A p2(x) = ρ2A

(2.18)
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where c = c11+e231/κ33, c
s = cs11+e

s
31e31/κ33, ρ1, ρ2 represent density of the PZT-5H and epoxy

resin.
Due to the axial periodicity of the structural material, M(x), N(x) and P (x) are all periodic

functions in the x-direction, and can therefore be expanded into a Fourier series. Here, three
functions can be expressed uniformly by g(x)

g(x) =
∑

G

g(G)eiGx (2.19)

where G is the reciprocal lattice vector and g(G) is the Fourier expansion coefficient which can
be defined as

g(G) =

{
gAf + gB(1− f) fox G = 0

(gA − gB)Υ (G) fox G 6= 0 (2.20)

where gA, gB are the corresponding coefficients of the material, respectively, and f = a2/a
denotes the filling ratio of the epoxy resin to the whole protocell and, in addition, Υ (G) =
f sin(Ga2/2)/(Ga2/2) is a structural function, and is only related to the shape of the scatterer
epoxy resin.
Due to the periodicity of the structure and Bloch’s theorem, the displacement field w(x) can

be decomposed as follows

w(x) = wk(x)ei(kx−ωt) (2.21)

where k is the Bloch wave vector confined to the first Brillouin zone. The function wk has the
same periodicity as the material parameters and can be expressed as a Fourier series

wk(x) =
∑

G′

eiG
′xwk(G

′) (2.22)

Substituting it into Eq. (2.21), wk can be defined as

w(x) = e−iωt
∑

G′

ei(G
′+k)xwk(G

′) (2.23)

Substituting Eqs. (2.19) and (2.23) into (2.17) and selecting N inverted lattice vectors for cal-
culation, we can obtain the following equation

(MG+NG− ω2PG)×w(G) = 0 (2.24)

where

[MG]ij = (k+Gi)2m(Gi −Gj)(k+Gj)2

[NG]ij = n(Gi −Gj)(k+Gj)2 [PG]ij = p(Gi −Gj)
(2.25)

Equation (2.24) is a linear equation for solving the generalized eigenvalues of ω2. For a given
Bloch wave vector k in the first Brillouin zone, a series of eigenvalues ωkn (n = 1, 2, . . .) can
be obtained. The energy band structure of this piezoelectric nanophononic crystal beam can be
obtained when k varies over [−π/2, π/2].

3. Numerical results and analyses

3.1. Band structures of PC nanobeams with circular cross sections

The band gap structure of piezoelectric nanophononic crystal beams with a circular cross-
-section was determined based on the parameters provided in Table 1. The results of energy
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Table 1. Bulk material parameters of PZT-5H and epoxy (Yan and Jiang, 2011)

Material ρ [kg/m3] E [GPa] c11 [GPa] e31 [C/m2] κ33 [C/(Vm)]

PZT-5H 7500 – 126 −6.5 1.3 · 10−8
Epoxy 1180 76 – – –

Fig. 3. Band structure of piezoelectric nanophononic crystal beams with a circular cross-section
considering surface effects

band structure calculations are illustrated in Fig. 3. The geometric parameters used for the
calculations were: a1 = a2 = 50 nm, and D = 10 nm. The parameters for the surface layer were
as follows: σ0x = 1N/m and ls = 1nm. The applied voltage was V = 0.2V, and the applied axial
force was P0 = 110−8N.
As depicted in Fig. 3, there are three fully open band gaps below 30GHz. In this paper,

the characteristics of the first two orders of the band gap are investigated. Specifically, the
first-order band gap ranges from 2.2762 Hz to 3.4735 GHz, with a band gap width of 1.913GHz.
The second-order band gap spans from 10.2557 GHz to 13.8244 GHz, with a band gap width of
3.5687GHz.

3.2. Influence of electromechanical coupling effects on band gap characteristics

As shown in Fig. 4, it illustrates the influence of voltage on the vibration band gap of
piezoelectric nanophononic crystal beams with surface effects. The calculation parameters for
this analysis are provided in Table 1. From the figure, it can be observed that as the voltage
varies from −50V to 20V, the starting frequency of the first-order and the second-order band
gap decreases continuously and tends to 0. This indicates that the band gap shifts towards lower
frequencies as the voltage increases. The width of the first-order and the second-order band
gap exhibits non-monotonic behavior. The former initially decreases, then increases, and finally
decreases again, ultimately approaching 0. The later shows a gradual increase, reaching a peak,
and then decreases until it tends to 0.
As shown in Fig. 5, it illustrates the impact of the applied axial force P0 on the band gap of

piezoelectric nanophononic crystal beams. In Fig. 5, as the axial force varies from −40·10−8 N to
10 · 10−8N, the starting frequency of the first two orders of the band gap increases continuously
from 0. This indicates that the band gap shifts towards higher frequencies as the axial force
increases. Furthermore, the width of the band gap initially increases, then decreases, and finally
increases again.
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Fig. 4. The influence of voltage V on the band gap

Fig. 5. The influence of the applied axial force P0 on the band gap

3.3. Influence of surface effects on band gap characteristics

Figure 6 demonstrates the influence of the material characterization length ls on the band
gap of the system. The range of ls values considered is from 0 nm to 1 nm. From the figure,
it is evident that the characterization length ls exhibits an increasing trend on both the onset
frequency and band gap width of the first-order. As the value of ls increases, the onset frequency
of the first-order band gap shifts towards higher frequencies, and the width of the band gap also
increases. Similarly, the onset frequency and band gap width of the second-order also show a
similar increasing trend with the characterization length ls. As the value of ls increases, the
onset frequency of the second-order band gap shifts towards higher frequencies, and the width
of the band gap also increases.
As shown in Fig. 7, it illustrates the impact of surface residual stress σ0x on the band gap of

the system. The range of σ0x values considered is from 0N/m to 1N/m. According to the figure,
it is evident that the surface residual stress σ0x has a weak increasing trend on both the onset
frequency and width of the first-order and the second-order band gap. However, the trend can
be approximated as remaining relatively constant within the range of values considered. This
indicates that as the surface residual stress σ0x increases within the given range, there is a slight
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Fig. 6. The influence of the material characterization length ls on the band gap

Fig. 7. The influence of the surface residual stress σ0
x
on the band gap

overall effect on the band gap characteristics. The onset frequency and width of both the first-
-order and the second-order band gap may experience minimal changes, potentially exhibiting
a gradual increase. However, these changes are generally small compared to the range of values
considered, and the trend can be approximated as remaining constant.

3.4. Influence of geometric parameters on band gap characteristics

As shown in Fig. 8, it demonstrates the impact of the circular cross-section diameter D of a
piezoelectric nanophononic crystal beam on the first-order starting frequency, band gap width,
and the second-order starting frequency, band gap width. In this analysis, the diameter D
is varied from 0 nm to 25 nm, while other parameters remain consistent with Table 1. From
the figure, it can be observed that as the diameter D increases, there is a consistent trend in
changes of the first-order and the second-order starting frequencies as well as the band gap
widths. Specifically, the values initially decrease and then increase.
Figure 9 depicts the influence of the length ratio a1/a2 between the PZT-5H and epoxy resin

on the onset frequency and band gap width of the first two orders of the band gap. As the length
ratio a1/a2 increases, the onset frequency of both the first-order and the second-order band gap
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Fig. 8. The influence of the cross-sectional diameter D on the band gap

Fig. 9. The influence of a1/a2 on the band gap

decreases and tends towards 0. This suggests that a higher length ratio corresponds to lower
starting frequencies of the band gaps. Concerning the band gap width, the trend observed for
both the first-order and the second-order band gap can be roughly approximated as initially
increasing up to a peak, and then decreasing towards 0. This implies that there is an optimal
length ratio that maximizes the band gap width for each order of the band gap. It is important
to avoid excessive length ratios if a wide band gap width is desired in engineering applications.
Instead, designing the length ratio near the peak value can help maximize the band gap width.

4. Conclusions

In this paper, the band gap characteristics of piezoelectric nanophononic crystal beams with
circular cross-sections are analyzed and explored in terms of the electromechanical coupling
effect, surface effect, and geometry, respectively, and the following conclusions are drawn:

• With an increase of voltage V , the first two orders of the band gap move towards the lower
frequency. The first order band gap shows a minus increase and tends to 0, the second
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order band gap increases first and then decreases and tends to 0. With an increase of the
applied axial force P0, the first two orders of the band gap move in the lower frequency
direction, and the width of the band gap shows the tendency of an increase and decrease.
• The increase of the material characterization length ls makes the starting frequency of the
band gap move in the high frequency direction, and the bandwidth increases. The increase
in the surface residual stress σ0x has a smaller effect on the band gap characteristics and
can be approximated as remaining relatively stable.
• As the diameter D of the circular cross-section increases, the onset frequency and width
of the band gap of the first two orders both decrease and then increase. The increase of
the length ratio a1/a2 makes the onset frequency of the first two orders of the band gap
decrease and tend to zero, which means that a higher length ratio corresponds to a lower
onset frequency of the band gap, and the width of the first two orders of the band gap
exhibits an increase and then decreases and tends to zero.
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To analyze the dynamic stall of multistage axial compressors, a three-dimensional unsteady
numerical model is established based on the body force model. For a two-stage axial com-
pressor with a clean inlet, the calculated maximum steady static pressure rise coefficient
is only 0.1% different compared with the experimental data. The characteristic frequency
of the dynamic stall evolution basically agrees with the experimental results, which proves
the effectiveness of the model. For the compressor with a combined radial-circumferential
total pressure inlet distortion, the predictions preliminarily verify the ability of the model
for qualitative description of the flow instability process with the complex inlet distortion.

Keywords: unsteady body force model, rotating stall. complex inlet distortion, axial com-
pressor

1. Introduction

Aerodynamic instability characteristics of areoengine compressors due to the inverse pressure
gradient of the internal viscous gas directly affect the operational reliability of engines (Day,
2016). The pursuit for a design of a highly loaded compressor has heightened the problem of
flow stability. Meanwhile, with gradual application of new concepts such as boundary layer
ingesting (BLI) jet engines (Uranga et al., 2014) in future aero propulsion systems, the com-
pressor must continuously operate with a complex inlet distortion, which has a significant effect
on the compressor stability. It is imperative to establish efficient and re-liable models to predict
compressor instability in various inlet conditions.
The aerodynamic instability of the compressor is mainly manifested in two unsteady phe-

nomena: rotating stall and surge (Day, 2016). Compared with surge, which is an axial oscillating
unsteady flow pattern caused by the interaction between the compressor and downstream com-
ponents with the cavity effect, rotating stall features more three-dimensionality. In the research
area of axial compressors, the rotating stall has been the focus of attention.
One of the most direct approaches for predicting the dynamic stall process of the axial com-

pressor is the three-dimensional unsteady Reynolds-averaged Navier-Stokes (URANS) method,
which treats the flow stability as an initial boundary value problem and simulates the whole
dynamic stall process (Huang et al., 2019a,b; Wang et al., 2020; Zhang and Vahdati, 2020). It is
undeniable that the URANS simulation can effectively describe the multi-scale flow interaction
in turbomachinery and play a positive role in the understanding of the instability mechanism.
The method and other higher-order computational fluid dynamics (CFD) methods will be cen-
tral to the forecasting technique of the flow stability of the compressor in the future. However,
as for the current computing level, the full-annulus unsteady CFD simulation of multistage com-
pressors is time-consuming, which leads makes it difficult to be popularized as a conventional
technology in engineering practice. Therefore, the development of an efficient stability analysis
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model is still of great practical significance to improve the fidelity of the existing compressor
design system.
An alternative approach of the flow stability analysis is to focus on the modeling of the main

scale flow in the compressor within the framework of the time marching technology of CFD.
Central to the modeling is to describe the blade effect in reasonable reduction of dimensionality
to lower the computational cost. According to the ideology, the actuator disk model (Hu et al.,
1999) and body force model (Gong et al., 1999; Longley, 2007; Righi et al., 2018) have been
established. In the actuator disk model, the blade row is treated as a discontinuity and the flow
process inside the blade passage is not solved. While in the body force model, the boundary
effect of the blade is modeled as a distributed force source terms to effectively simulate main
flow characteristics in the blade passage. Gong et al. (1999) developed a three-dimensional
incompressible model for analyzing the dynamic stall process of multistage axial compressors
based on the body force model. Longley (2007) investigated the modeling method for the blade
force in the reverse-flow condition and established a three-dimensional unsteady compressible
model to analyze the rotating stall and surge of a multistage axial compressor. Righi et al. (2018)
proposed a highly robust three-dimensional unsteady throughflow model for the rotating stall
and surge in an axial compressor based on the improved Gong’s blade force model. Recently,
Rosa Taddei (2021) developed a meanline body force approach to simulate the two-dimensional
flow behavior during the rotating stall in a transonic compressor.
The aforementioned models focus on simulation of the stall dynamic process of a compressor

within uniform inflow. Numerous numerical studies (Cao et al., 2017; Guo and Hu, 2018; Mao
and Dang, 2020) have examined the effectiveness of the body force model for simulating steady
transfer characteristics of a circumferential large-scale distortion in the axial compressor. There
are rare comprehensive investigations on the simulation of the dynamic stall process for multi-
stage compressors with an inlet distortion through the body force approach. The construction
method of the blade force plays a significant role in this kind of model, especially, a compre-
hensive and effective correlation between blade force source terms and local aerodynamic and
geometric parameters under inlet distortions remains to be addressed elaborately.
This study aims to develop a three-dimensional unsteady numerical model to analyze the dy-

namic stall process of a multistage axial compressor in various inlet conditions. The distributed
blade force source terms are established by concepts of the deviation angle and loss coefficient
in through flow theory, which can be suitable for stability evaluation of the compressor in the
throughflow design stage. The model is implemented by an in-house program and capability
to quantitatively describe the dynamic stall process of a compressor with a clean inlet is eval-
uated on a two-stage axial compressor at Nanjing University of Aeronautics and Astronautics
(NUAA). Besides, the potential of the model for efficient simulation of dynamic stall processes
with complex inlet distortions is demonstrated in detail.

2. Theoretical methods

The flow in the compressor is governed by a three-dimensional unsteady compressible equation
in the absolute cylindrical coordinate system. The boundary effect of blades is modeled by dis-
tributed force source terms and a blockage coefficient of the blade profile, instead of a traditional
body-fitted mesh approach. The main governing equation of the model is as follows

∂bU

∂t
+
∂b(E −Ev)

∂z
+
∂b(F−Fv)

r∂θ
+
∂rb(G−Gv)

r∂r
= bS+ Sb + bSF (2.1)

In the non-bladed region, the blade blockage coefficient b is equal to 1, and the bladed terms
Sb and SF are equal to 0. U is speed, E,F,G – inviscid fluxes, Ev,Fv,Gv – viscid fluxes. The
remaining terms are defined as
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U = [ρ, ρu, ρv, ρw, ρe∗]T E = [ρu, ρu2 + p, ρvu, ρwu, ρuh∗]T

F = [ρv, ρuv, ρv2 + p, ρwv, ρvh∗]T G = [ρw, ρuw, ρvw, ρw2 + p, ρwh∗]T

Ev = [0, τzz, τzθ, τzr, τ zu− qz]T Fv = [0, τθz, τθθ, τθr, τ θu− qθ]T

Gv = [0, τrz, τrθ, τrr, τ ru− qr]T S =
[
0, 0,
−ρvw + τrθ

r
,
ρv2 + p− τθθ

r
, 0
]T

(2.2)

The term e∗ and h∗ denotes the total energy and the total enthalpy per unit mass of the gas,
respectively. The term τ is the turbulent Reynolds stress and q is the turbulent heat flux. The
specific expressions are as follows

e∗ =
p

ρ(γ − 1) +
1
2
(u2 + v2 + w2) h∗ = e∗ +

p

ρ

τ z = [τzz, τzθ, τzr] τ θ = [τθz, τθθ, τθr] τ r = [τrz, τrθ, τrr]

u = [u, v,w] τ = µt[∇u+ (∇u)T]−
(2
3
µt∇u

)
I

q = [qz, qθ, qr] = −kt∇T = −
cpµt
Prt
∇T

(2.3)

The assumption of a calorically perfect gas is employed for the model, and the ideal gas
law p = ρRgT is satisfied. The value of cp and γ are assumed to be constant. The calculation
methods for the eddy viscosity coefficient µt and the turbulent heat conductivity coefficient kt
are presented in Section 2.2.
In the bladed region, the terms b, Sb and SF are expressed as

b = N |θp − θs|
1
2π

Sb =
[
0, p

∂b

∂z
, 0, p

∂b

∂r
, 0
]T

SF = [0, Fz , Fθ, Fr, FθΩr]T (2.4)

where N is the number of blades. The terms θp and θs are the circumferential coordinates of the
pressure and suction sides of the blades, respectively. The term F represents the instantaneous
blade force per unit volume of the flow and Ω is the angular velocity of the rotor, as shown in
Fig. 1.

Fig. 1. Schematic of aerodynamic and geometric parameters in the bladed region

According to the circumferentially averaged theory of the local flowpath, the value of Fv is 0
in the bladed region. Then the circumferential inviscid flux vector F is transformed into

F = Ωr[ρ, ρu, ρv, ρw, ρe∗]T (2.5)
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2.1. Unsteady blade force model

The modeling of the unsteady blade force F plays a central role in the developed model.
A method of the blade force construction with a clear physical meaning is employed in the
present work. A quasi-steady blade force is constructed directly from the equation of steady
circumferential momentum. Subsequently, an instantaneous blade force is modeled by a first-
-order lagging response function. This provides an effective approach to consider the effect of
the radial flow. Meanwhile, the robustness of the model is enhanced because there is no need to
introduce the artificial iteration coefficient.
To begin this process, the blade force is decomposed into two parts: the turning force FT

perpendicular to the relative velocity urel and the loss force FL parallel but opposite to urel by
referring to Marble (1964), as shown as

FTurel = 0 FL = −
FL
urel
urel (2.6)

where urel = [u, v −Ωr,w], FT = [FT,z, FT,θ, FT,r] and FL = [FL, z, FL, θ, FL, r].
The value of FL is determined by the local loss coefficient

FL = ρT
um
urel

∆s

∆m
= −ρRT

∆m

um
urel
ln

[
1−̟

(
1−

(
1 +

γ − 1
2
Ma21

)− γ

γ−1

)
1

(T ∗2 /T
∗
1 )

γ
γ−1

]
(2.7)

where um =
√
u2 + w2 is the instantaneous meridional velocity and urel is the magnitude of

relative velocity. The term ∆s denotes the entropy increase from the inlet to the outlet of the
blade passage and ∆m represents the meridional length of the blade passage. For the rotor
passage, the terms Ma and T ∗ are the relative Mach number and the relative total temperature,
respectively. For the stator passage, the two terms signify the absolute values. Subscripts 1 and 2
indicate the inlet and outlet of the blade passage, respectively.
The total circumferential force Fθ is obtained by the steady circumferential momentum

equation

Fθ = FT,θ + FL,θ =
1
b

∂b(ρuv∗ − τzθ)
∂z

+
1
br

∂rb(ρwv∗ − τrθ)
∂r

−
(−ρwv∗

r
+
τrθ
r

)
(2.8)

The imposed circumferential velocity v∗ in the bladed region is determined as follows

v∗ =

{
Ωr − um tan(κ+ δ) rotor

um tan(κ+ δ) stator
(2.9)

where κ is the blade metal angle and δ is the deviation between the actual flow direction and
blade metal angle due to the flow viscous effect and the centrifugal force of the curved blade
passage.
The radial turning force FT,r is correlated to the three-dimensional blade mean camber

surface. Hence, the end bend effect is reflected in this model to a certain extent, as shown in the
equation

FT,r = FT,θ
nr
nθ

(2.10)

where nr and nθ are the radial and circumferential components of the normal vector of the blade
mean camber surface.
Up to now, every component of the quasi-steady blade force can be determined when the

local loss coefficient ̟ and the deviation angle δ are obtained. When the gas moves forward
normally, according to the deviation angle and loss model in the through flow theory of the
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compressor (Johnsen and Bullock, 1965; Creveling and Carmody, 1968), the local deviation
angle and the loss coefficient are calculated by the incidence, Mach number, and typical blade
geometry at different circumferential and radial positions. To modify and broaden the incidence
characteristics of different elementary cascades, numerical blowing experiments can be employed
by the three-dimensional RANS method.
When the compressor is throttled to a low mass flow rate near stall, the axial velocity in the

flowpath may be negative. However, it should be noted that under the local circumferentially
averaged theory, the reverse flow is not necessarily presented. In the reversed flow region, similar
to the analysis of Longley (2007) and Righi et al. (2018), the loss force is no longer calculated.
The turning force is limited to be perpendicular to the local mean camber surface of the blade
instead of the relative flow direction. The benefit of this is that the robustness is guaranteed
and the high loss is naturally introduced by adjusting the gas flow direction. The outlet flow
angle should be specified at the blade inlet in the reverse flow. In the current numerical study,
it can be found that the dynamic stall process obtained by the model basically agrees with the
experimental data when the outlet direction of the flow is consistent with the blade stagger
angle.
More importantly, in the dynamic stall process of the compressor, it suffers a delayed dynamic

response of the local blade force to the upstream aerodynamic disturbance. To effectively describe
the formation of the rotating stall, this dynamic effect should be quantified in the model.
Because the circumferential turning force is dominant, this term is modified with the un-

steady response by a first-order lagging response function, as shown in the equation

λ
(∂FT,θ

∂t
+Ω

∂FT,θ
∂θ

)
= F ssT,θ − FT,θ (2.11)

where F ssT,θ is the quasi-steady circumferential turning force, and λ = cm/um represents the
lagging response time. The term cm denotes the meridional blade chord length.

2.2. Numerical solution

A cell-centered finite-volume method is utilized to discretize Eq. (2.1). The time terms are
solved using an explicit four-stage Runge-Kutta scheme. In the unsteady calculation, the global
minimum time step according to the CFL number is selected as a unified time step of the
computational domain. The inviscid flux of the space term is calculated by the low-diffusion
flux-splitting scheme (LDFSS(2)) proposed by Edwards (1997).
The discretization of the viscous flux in Eq. (2.1) is much easier due to its elliptic char-

acteristic compared with that of the inviscid flux. As can be found in Eqs. (2.3), the viscous
flux at the interface can be determined only by obtaining the eddy viscosity coefficient µt, the
turbulent heat conductivity coefficient kt, and the partial derivatives of the velocity and static
temperature. The model focuses on the energy exchange between different streamlines caused by
the turbulent diffusion in the main flow instead of the small-scale viscous flow near the wall. The
aerodynamic loss in the flow field is mainly loaded through the loss force term. Hence, the eddy
viscosity coefficient µt is calculated by a simple semi-empirical method proposed by Gallimore
and Cumpsty (1986). Namely, the criterion number µt/(ρuLref ) is determined in advance in the
global flow field. Subsequently, the local µt is carried out according to the local instantaneous
flow field. The parameter Lref is the compressor characteristic length. The turbulent Prandtl
number in the global flow field is given as 0.9 and combined with the µt to calculate kt.

2.3. Boundary conditions

To ensure the robustness of the model, the inlet and outlet boundaries of the computational
domain are treated as open boundaries. Thus, the gas is allowed to flow in and out freely. When
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the gas normally flows into the computational domain, the total pressure, total temperature,
and flow direction distribution are given at the domain inlet. The total pressure specified at the
inlet would be treated as the static pressure where the flow exits the domain inlet. The outlet
pressure is calculated by the classical throttling model based on the quadratic parabolic analytic
function, as shown in

pe − p∗0
0.5ρ0U2m

= Ktφ
2 (2.12)

where pe is the static pressure at the domain outlet. The parameters p∗0 and ρ0 are the average
total pressure and density of the inflow, respectively. The term Um is the rim speed at the
midspan of the compressor inlet and Kt is the throttle coefficient. The term φ = ue/Um denotes
the flow coefficient at the compressor outlet. If the reverse flow is present at the outlet, pe will
be regarded as the total pressure.
In the condition of the clean inlet, some circumferential non-uniform artificial initial small

disturbances are introduced to induce the stall initiation process. Working at the steady condi-
tion, a small disturbance will disappear quickly without any influence on the compressor flow
field. While the compressor is throttled to the stall point, the small disturbance will expand
nonlinearly and eventually evolve into the mature rotating stall cell. In this model, a sinusoidal
total pressure distortion of amplitude 0.1% is applied at the inlet boundary. The disturbance is
canceled after 0.1 of rotor revolutions.

3. Numerical results and discussion

In this Section, a two-stage axial compressor at the laboratory located in NUAA is employed to
quantitatively evaluate the ability of the model to effectively simulate the dynamic process of the
rotating stall in a multistage compressor. A steady and dynamic experiment has been performed
on the compressor within the clean inlet to collect abundant data to validate the developed
model. Meanwhile, to further demonstrate the potential of the model for efficiently simulating
the dynamic stall process with a complex inlet distortion, the model is applied to predict the
stall flow behavior of the two-stage axial compressor with the combined radial-circumferential
total pressure inlet distortion.
Typical aerodynamic and geometric parameters of the compressor are listed in Table 1.

Table 1. Design parameters of NUAA two-stage compressor

Parameter Value

Number of blades (R1/S1/R2/S2) 19/22/18/20
Shroud diameter [mm] 900
Hub-to-shroud ratio 0.6
Design speed [rpm] 1500
Mass flow [kg/s] 25.0
Total pressure ratio 1.035

3.1. Model validation for dynamic stall process under clean inlet

The dynamic stall process of the compressor has been measured at 800 rpm. Figure 2 presents
a schematic of the test rig. The steady pressure parameters of the compressor inlet are measured
by four static pressure taps on the casing wall and six six-hole total pressure combs (Fig. 2,
plane I and plane II). The steady pressure parameters of the compressor outlet are measured by
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16 static pressure taps on the casing and hub and eight total pressure combs (Fig. 2, plane III
and plane IV). To investigate the dynamic process of the compressor from the steady-state to
rotating stall, six single-point differential-pressure probes are distributed along the circumference
of plane II to monitor the perturbation of the total pressure at 85% span of the compressor inlet.
The pressure-sensing holes of the probes are facing the flow direction. High-frequency response
Kulite sensors are selected as the pressure sensor.

Fig. 2. Schematic of the test rig and measurement arrangement

The dimensionless process is carried out for the collected dynamic total pressure by

p̃∗ =
p∗(t)− p∗

p∗
(3.1)

where p∗ represents the average value of the sampling period. To focus on the main low-order
frequency signals in the dynamic stall, low-pass filtering is utilized to eliminate the interference
of high-order frequency signals in the flow field of the compressor.

Fig. 3. (a) Schematic of the computational domain for the compressor in the model. (b) Meridional
mesh independency study

Figure 3a displays the computational domain of the two-stage compressor in the unsteady
body force model. The dependency of the solution for the developed model on the mesh density
has been assessed based on the steady performance of the compressor. The cell number along
the radial, circumferential, and streamwise directions are expressed as I, J and K, respectively.



38 J. Guo

It should be noted that the model is based on the circumferentially averaged theory of the local
flowpath and the governing equation is solved in the cylindrical coordinate system. Therefore,
the solution is theoretically not sensitive to quantity of the circumferential mesh. This has also
been proved by Mao and Dang (2020). Particularly, in calculating the steady performance of the
compressor with the clean inlet, simply one grid is set in the circumferential direction. Figure 3b
plots the computed characteristic curves of the steady static pressure rise coefficient based on
two sets of meridional grids. The static pressure rise coefficient ψst is defined as

ψst =
p2 − p∗0
0.5ρ0U2m

(3.2)

where p2 represents the average static pressure at the last-stage stator outlet of the compressor.
It can be found that characteristics obtained by two different sets of grids are nearly the same.
The coarse mesh is selected for the later full-annulus unsteady computation to further shorten
the time cost of simulating the dynamic stall process. The detailed computational mesh is shown
in Fig. 4.

Fig. 4. Three-dimensional computational mesh of the compressor in the model

Fig. 5. (a) Compressor pressure rise coefficient at different throttle openings. (b) Time history of the
flow coefficient during the stall

The compressor is throttled by adjusting the throttle coefficient until the rotating stall
occurs. Figure 5a gives a comparison between the calculated and experimental results of the
pressure rise characteristics of the compressor at different throttle openings. It can be seen that
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the overall characteristics obtained by the model are in line with the experimental results. The
comparison shows only about a 0.1% difference in the maximum static pressure rise coefficient
between the calculated and experimental results.
Figure 5b further illustrates the time history of the flow coefficient during the compressor stall

obtained by the model. As can be found in Fig. 5b, the throttle coefficient increases from 2.89 to
2.92 near the stall point and the dynamic stall process begins. After about 30 rotor revolutions,
a fully developed rotating stall is formed. Subsequently, the average overall characteristic point
of the compressor remains constant.
To further reveal formation of the stall cell, axial velocity contours at the midspan of the

compressor in different rotor revolutions are displayed in Fig. 6. A slight closing of the down-
stream valve at the stable boundary point has a great influence on the development of internal
flow. The generation of the stall cell is at the second-stage stator and it gradually expands to
the whole compressor inlet. A stable single cell, about a third of the circumferential length of
the compressor, is finally formed.

Fig. 6. Formation process of the stall cell in the compressor obtained by the model

Figure 7 shows the total pressure traces at different circumferential locations at the 85% span
of the compressor inlet during the stall obtained by the experiment and calculation. As can be
observed, the main characteristics of the dynamic stall evolution obtained by calculation basically
agree with the experimental results. The stall precursor of the compressor is a typical large-
-scale modal wave disturbance. The experimental results show that the propagation frequency
of the final stall cell is 42% of the rotor speed (5.6 Hz). While the prediction of the propagation
frequency is 38% of the rotor speed (5.1 Hz). Overall, the characteristic frequency of the dynamic
stall evolution obtained by the model is similar to that from the experimental data.

3.2. Numerical prediction of dynamic stall process for complex distortion

To exhibit the potential of the model for quantitative description of the dynamic stall process
with a complex inlet distortion, the dynamic stall process of the compressor with a combined
radial-circumferential total pressure inlet distortion is simulated by the developed model. Its
capability to describe the aerodynamic instability process of the multistage compressor with the
distorted inlet is temporarily investigated by numerical simulations at this stage. Besides, the
rationality of calculation results is discussed based on the previous qualitative consensus.
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Fig. 7. Total pressure traces at 85% span of the compressor inlet at different circumferential locations
during stall: (a) experimental result, (b) numerical results

Figure 8 plots the contour of the total pressure distortion at the computational domain
inlet. The low-pressure distorted region occupies a 50% span near the tip in the radial direction
and 120◦ in the circumferential direction. The absolute total pressure in the distorted region
decreases by 0.5%.

Fig. 8. Distribution of total pressure at the inlet

A large-scale circumferential nonuniform disturbance exists at the compressor inlet with
the distorted inflow, so the artificial small disturbance is no longer introduced in the model.
Figure 9 provides the calculated time-averaged pressure rise coefficient of the compressor with
the inlet distortion. It can be found that the distortion results in a significant decrease of the
peak pressure rise coefficient and makes the stall condition in advance. The partially enlarged
drawing near the stall stage is further displayed in Fig. 9b. As can be seen, the calculation results
show that the compressor gradually transits from the full stable state (point A) to the small-
-scale oscillation state (points C, D, E) during the throttling process with the inlet distortion.
Point B is the critical stable state when the compressor enters the small-scale oscillation region.
In this region, the average pressure rise of the compressor no longer increases with the decrease
of the flow coefficient and reaches the peak near the critical point B. With further throttling, the
oscillation amplitude of the flow parameter increases gradually until the full deep stall (point F )
appears.
The transfer characteristics of the combined radial-circumferential distortion in the two-stage

compressor are analyzed by taking the full stable state (point A) as an example. Figure 10 plots
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Fig. 9. Comparison of the pressure rise coefficient between the clean inlet and inlet distortion:
(a) time-averaged pressure rise coefficient of the compressor, (b) partially enlarged drawing

the dimensionless axial velocity distribution at the rotor inlet of each stage. Figure 11 presents
the total pressure distribution at the stator outlet of each stage. Due to the low-pressure distorted
region at the tip, the axial velocity near the side of the rotor away from the distorted region
(240◦) is smaller than that at other circumferential positions of the same blade height while
the corresponding incidence is larger and the blade aerodynamic load increases. Therefore, the
maximum total pressure is obtained at the root of the stator outlet. Correspondingly, the axial
velocity near the rotor entering the distorted region (120◦) is larger, the corresponding incidence
is smaller, and the blade aerodynamic load decreases. The minimum total pressure is at the tip
of the stator outlet. Moreover, as the distorted region transfers downstream, the extreme regions
of flow parameters are significantly shifted along the rotating direction due to rotor rotation.

Fig. 10. Distribution of axial velocity at the rotor inlet of each stage at point A: (a) at the R1 inlet,
(b) at the R2 inlet

The evolution of the internal disturbance in the compressor under a small-scale oscillation
is analyzed taking point E as an example. Figure 12 displays the mass flux traces at different
circumferential locations near the tip of each stage outlet.
Before the deep stall, some local flow disturbances are generated in the region with the

large incidence on the side of the rotor leaving the distorted region. The flow disturbances
are suppressed and even disappeared in the region with the small incidence on the side of
the rotor entering the distorted region. Therefore, the circumferential propagation of the lo-
cal flow disturbance presents great periodicity due to the circumferential inlet distortion. The
stability of the whole compressor depends on the balance between the disturbance decay in the
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Fig. 11. Distribution of total pressure at each stage outlet at point A: (a) at the S1 outlet,
(b) at the S2 outlet

Fig. 12. Mass flux traces at different circumferential locations near the tip of each stage outlet:
(a) at the S1 outlet, (b) at the S2 outlet

non-distorted region and the disturbance growth in the distorted region. The above phenomenon
has also been confirmed in the experimental research on the aerodynamic stability of a five-stage
high-pressure compressor by Jahnen et al. (1999) and a BLI fan by Perovic et al. (2019). This
supports the reliability of the model to predict the stall inception of the compressor with the
complex inlet distortion.
Figure 13 displays the total pressure traces near the tip of the compressor inlet at different

circumferential locations during the stall. Figure 14 shows the time-frequency characteristics
of the total pressure near the tip in the non-distorted region (0◦) and distorted region (180◦).
The amplitude-frequency characteristic of the dynamic pressure signal is calculated by the fast
Fourier transform (FFT). It is found that the frequency of the stall cell predicted by the model
with the combined distortion is 4.7Hz (35% of the rotor speed), which is close to the value (38%
of the rotor speed) with the clean inlet. This phenomenon suggests that the frequency of the final
stall cell is not significantly influenced by the distorted inlet. Its frequency is mainly determined
by the inherent parameters of the compression system. The conclusion is also supported by the
early experimental results of Fortin and Moffatt (1990). Besides, it can be seen in Fig. 14 that
the amplitude of the stall cell in the distorted region is stronger than that in the undistorted
region.
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Fig. 13. Total pressure traces near the tip of the compressor inlet at different circumferential locations
during the stall

Fig. 14. Amplitude-frequency characteristics of total pressure near the tip of the compressor inlet

Despite the lack of experimental data, the predicted results are consistent with the ba-
sic understanding of the early classical experimental research, and the ability of the model to
quantitatively describe the flow instability process with the complex inlet distortion can be
preliminarily verified.

4. Conclusions

This study develops a three-dimensional unsteady numerical model based on the body force
model to analyze the dynamic stall process of a multistage axial compressor in various inlet
conditions. The boundary effect of blades is transformed into distributed force source terms in
the model. A quasi-steady blade force is constructed directly from the steady circumferential
momentum equation combined with the deviation angle and the loss model in the through flow
theory. Subsequently, an instantaneous blade force is modeled by a first-order lagging response
function to quantify the dynamic response of the blade force to the upstream disturbance during
the dynamic stall of the compressor.
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According to the abundant experimental data of a two-stage axial compressor with a clean
inlet, the capability of the developed model to quantitatively describe the dynamic stall process
in a multistage compressor is evaluated. The calculated main performances and characteristic
frequency of the dynamic stall evolution are in line with the experimental results, which proves
the model has great effectiveness in predicting the compressor performance and the dynamic
stall process with a low computational cost.
The dynamic stall process of the compressor with a combined radial-circumferential total

pressure inlet distortion is also simulated by the developed model, which reveals that the model
has potential for describing the dynamic stall process with the complex inlet distortion. The
calculation shows a large non-uniformity of the rotor inlet incidence due to the inlet distortion
in the critical stall condition, which has a considerable influence on the development of the local
flow disturbance before the stall. The flow disturbance formed in the region of the high incidence
decays sharply in the region of the low incidence. Once the balance between the disturbance
decay in the non-distorted region and the disturbance growth in the distorted region is disturbed,
a full rotating stall occurs. Besides, the frequency of the stall cell predicted by the model with
the combined distortion is close to that with the clean inlet. The above-predicted results are
consistent with the basic understanding of the early classical experimental research. The ability
of the model for qualitative description of the flow instability process with the complex inlet
distortion can be preliminarily verified.
Further experimental investigation on the inlet distortion will be promoted to improve simu-

lation of the model. Besides, the time marching scheme for unsteady simulations can be improved
by introducing acceleration techniques when the model is used for compressors with more stages
and computational grids. Meanwhile, the proposed model focuses on the compressor with the
long-scale modal wave stall initiation. The description of the short-scale disturbance stall initi-
ation process of the high-speed compressor is not involved and remains to be further improved
in the future work.
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To better understand the influence of the openings and their relationship with the host
rock, laboratory tests were conducted on a range of sandstone specimens with different
proportions of D/H (hole diameter/specimen height) ratio. Acoustic emission (AE) and
video monitoring were used to capture the rock specimen responses. The results showed
that if the D/H ratio was less than 0.3, the fracture mode occurred in the hole, indicating
that this was an appropriate ratio. In addition, the “short quiet period” of AE energy can
be used as a precursor for determining the burst in the opening.

Keywords: rock burst, pre-drilled hole, size ratio, acoustic emission

1. Introduction

The rock burst is one of the most challenging topics in underground excavation projects, partic-
ularly under high stress. It often occurs suddenly and is accompanied by violent rock ejection,
which seriously threatens safety and productivity (Zhao et al., 2021; Chen et al., 2022; Zhang
et al., 2022). To study the mechanism of rock burst, many extensive researches were conducted
in the literature previously, using methodologies including numerical simulation (Baranowski et
al., 2022), analytical analysis (Kucewicz et al., 2023) and laboratory tests (Farhadian, 2021).
Among them, laboratory testing on rock specimens in various conditions are a common method
to establish the first understanding of rock behaviour under different types of loading.
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In the rock burst related laboratory testing, uniaxial, biaxial and triaxial are common loading
types used to specimens (Huang et al., 2022; Liu et al., 2021). In particular, the relationship
between rock failure and acoustic emission characteristics are studied for identifying fracture and
energy release mechanisms (Dong et al., 2021; Chen et al., 2023). For example, there are studies
on the rock unit near the excavation opening to examine the relationship between the stress
gradient, loading rate and temperature and the deformation (Su et al., 2017, 2019). Faradonbeh
et al. (2020) established a comprehensive database of true-triaxial unloading tests on rocks with
a wide range of properties. He et al. (2012) adopted a self-developed triaxial loading system to
study the role of confinement to rock burst initiation in different types of rock.
Another group of tests is focused on the borehole behaviour in a rock block under different

types of loading, simulating the rock burst condition in the holes. In those tests, the excavations
and nearby rock were mainly simplified into small-sized specimens to study failure laws of the
opening during the loading process. The effect of the opening shape have also been studied
in the literature. For example, in non-circular cavity research, Wu et al. (2019) studied failure
characteristics of U -shaped cavities under a uniaxial loading. Luo et al. (2019) studied failure
characteristics of the D-shaped cavity under the true triaxial loading. In research on circular
openings, Hu et al. (2019) and Liang et al. (2019) studied the biaxial loading of circular caverns,
mainly discussing the laws of the acoustic emission and rock burst. Zhang et al. (2016) explored
the impact of lateral stress on rock bursts in circular caverns under a biaxial loading. Si et
al. (2018) and Gong et al. (2017) studied the rock burst process and failure characteristics of
circular caverns under the true triaxial loading.
Apart from the shape of excavations, in small-scale laboratory experimental research, the size

effect is a critical factor. For example, Martin (1997) found that as the borehole size increases,
the tangential stress at failure approaches the unconfined compressive strength of the material
but a significant strength-scale effect is observed for boreholes less than 75mm in diameter. The
ratio of the hole diameter to the specimens size (i.e. size ratio) is closely related to the test
results, and it is not fully studied in the previous studies. Therefore, uniaxial loading tests were
performed on sandstone specimens with different scales of D/H, while AE and video monitoring
were used to capture the response of the rock specimens. The findings of this study are expected
to provide a reference for determining the extent of failure of underground openings.

2. Specimen preparation and test setup

2.1. Specimen preparation

Green sandstone samples with uniform texture were selected from a mine site in Shandong
Province in China for tests. The material was processed into five specimens with circular holes
(30mm in diameter) according to ISRM’s requirements, as shown in Fig. 1 and Table 1. Measur-
ing mechanical parameters, the uniaxial compressive strength was equal to 82MPa, the elastic
modulus has reached 12.8GPa. The scanning electron microscope (SEM) results show that sand-
stone has a dense cementation structure with fewer intergranular pores and fissures, indicating
that the sandstone has good homogeneity, as shown in Fig. 1c. The five specimens are classified
A-E according to the D/H ratio (i.e. hole diameter/height), as shown in Table 1.

2.2. Test system setup

The experimental system, shown in Fig. 2a, consists of the following three parts: loading
equipment (RLJW-2000 servo rock-testing machine), an acoustic emission instrument (AMSY-
6 acoustic emission detection system produced by Vallen, Germany), and a visual observation
system (EOS C100 camera). During the test, two acoustic emission sensors were arranged on
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Fig. 1. (a) Geometrical features of the specimen, (b) manufactured specimens and
(c) microscopic feature

Table 1. Dimensions of specimens

Type Height H [mm] Depth [mm] Diameter D [mm] D/H

A 50 30 30 0.6
B 75 30 30 0.4
C 100 30 30 0.3
D 125 30 30 0.24
E 150 30 30 0.2

Fig. 2. Experimental system: (a) test system layout, (b) schematic diagram

two non-loading surfaces on the left and right sides of the sample. The sensor layout and loading
methods are shown in Fig. 2b. Images of the excavation hole destruction process were obtained
by the visual observation system, and the entire test process was recorded.
A displacement control method was used in the uniaxial test. Axial pressure was applied at a

loading rate of 0.25mm/min up to specimen fracture while recording data and images by means
of acoustic emission. The acoustic emission threshold equaled 40 dB and the sampling frequency
was 10MHz.
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3. Results and analysis

3.1. Variation of mechanical parameters

The stress-strain curves of the specimens under five differentD/H ratios are shown in Fig. 3a.
The peak stress for each specimen size increased as the D/H ratio decreased from 0.6 to 0.24.
The opposite was observed when D/H was equal to 0.2. When the D/H ratio decreased to a
certain value, the peak stress no longer significantly changed. When the D/H ratio was 0.6, the
peak stress was 19.3MPa. When the D/H ratio was reduced to 0.3, the peak stress increased to
67.2MPa. When the D/H ratio was 0.24 or 0.2, the peak stress was 81.2MPa or 79.1MPa, as
shown in Fig. 3b. The aforementioned data demonstrates that when the D/H ratio reaches 0.24,
compared to the uniaxial compressive strength of the complete green sandstone, the difference
is within 4% and the peak stress is stable; however, owing to the existence of holes, the overall
strength was reduced.

Fig. 3. Stress-strain curve and the UCS of different D/H ratios: (a) stress-strain curve,
(b) uniaxial compressive stress

In addition, there were apparent differences in the stress-strain curves for the fiveD/H ratios.
As the D/H ratio decreases, the number of times the stress decreases is gradually reduced, and
the stress growth rate gradually increases. For the stress curve before the peak, the D/H value
is equal to 0.3 as the threshold value. When the D/H ratio is 0.6 and 0.4, the stress decreases
on three occasions in the stress curve, and on five occasions when the D/H value is 0.3. This
indicates that when the D/H value is greater than or equal to 0.3, the stress decreases several
times and the distribution becomes more uniform. However, when theD/H value is less than 0.3,
the number of times the stress decreases is lower and only distributed near the peak. The curves
of the D/H ratios of 0.2 and 0.24 both demonstrated a decrease several times near the peak,
which is clearly different from the other D/H ratios.
When failure first occurs near a hole, V -shaped breakouts are formed on both sides owing

to the stress concentration; however, the specimen remains to have a load-bearing capacity
as a whole, and there is no decrease in stress observed in the axial direction. This behaviour is
consistent with the findings from previous literature (Si et al., 2018; Gong et al., 2017). Therefore,
the main reason for the numerous aforementioned times the stress decreases is the overall rupture
of the specimen. When the D/H value is greater than or equal to 0.3, a destruction of the
specimen occurs during the stress-loading stage before the peak, and its level is relatively large.
When the D/H ratio is 0.24 or 0.2, the loading process was stable in the early stage and there
was no main fracture.
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3.2. Fracture process of the borehole

Table 2 and Fig. 3 present the relationship between the stress and loading time as well as the
corresponding images of the failure process of the five ratio size samples. As shown in Table 2,
the number of times the stress decreases is reduced with a decrease in the D/H ratio, and the
time of hole failure gradually approaches the time of the stress decrease with a decrease in the
D/H ratio. Meanwhile, the degree of hole failure became evident as the D/H ratio decreased.

Table 2. Statistics of hole failure characteristics

D/H
Pre-peak stress First decrease in First fracture time

Hole fracture form
drop times stress value of hole

0.6 3 161.9 None Not obvious
0.4 3 218.1 None Not obvious
0.3 5 198.9 400.5 Slight V-pit
0.24 1 288.8 288.4 Obvious V-pit
0.2 1 254.6 254 Obvious V-pit

As shown in Table 2, when the D/H ratio is greater than or equal to 0.3, stress drop occurs
several times in the pre-peak stress curve, but no significant fractures occur in the hole. However,
when the D/H ratio is less than or equal to 0.24, the time to fracture and stress decrease are
nearly the same.
The following Section provides an analysis based on the data presented in Fig. 4. As shown

in Fig. 4a, 4b and 4c, when D/H = 0.6, the stress decreases three times in the stress-time curve
before the peak. There is no evident change in the hole in the corresponding image record. As
shown in Fig. 4a, the extent of cracks above the hole gradually increases. It can be inferred here
that the decrease in stress is not related to damage of the hole, but to overall damage of the
specimen. When the same D/H value is 0.4, the stress-time curve presents three apparent times
of the stress decrease, and then the stress decreases to a lower value; however, the hole does
not change during the corresponding time. When the D/H ratio is 0.3, the hole begins to fail.
The first decrease in stress and the hole failure occur at 198.9 s and 400.5 s, respectively. The
stress decreases five times in the stress curve; however, the hole completely fails only at the fifth
decrease in stress. The aforementioned data demonstrates that when the D/H ratio is less than
or equal to 0.3, the specimen appears to be integrally damaged, causing a decrease in the stress;
the holes are not apparently damaged at this size ratio.
As shown in Fig. 4d and 4e, when theD/H ratio is 0.24 or 0.2, the entire pre-peak stress-time

curve is relatively complete, there are no small decreases in the stress, and the fracture form
of the hole is more apparent. Combined with the data in Table 2, it was found that when the
decrease in stress occurred close to the time of hole failure, the hole damage gradually became
more severe as the stress increased until the rock burst.

3.3. Acoustic emission characteristics

3.3.1. Analysis of AE event counts

Figure 5 presents the stress-time and acoustic emission ringing count curves with five ratios.
The ringing count is the number of oscillations in the signal that crosses the threshold. It is a
parameter that reflects the intensity and frequency of the acoustic emission activity and can be
used to reflect the rupture law inside the sample.
As shown in Fig. 5, the acoustic emission pattern of different specimens is similar to that

of the stress-strain curve, indicating that the time of stress reduction corresponds to the peak
time of ringing counts. There are also several peaks in the ringing counts in regions where there
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Fig. 4. Failure process of specimens with different D/H ratios: (a) D/H = 0.6, (b) D/H = 0.4,
(c) D/H = 0.3, (d) D/H = 0.24, (e) D/H = 0.2

is no significant stress drop, indicating that the AE is more sensitive to specimen fracture than
stress. For example, when the D/H ratio is 0.6, the curve has three distinct stress drop times
before it peaks, with distinct ringing counts occurring at the corresponding times.

By combining the data in Figs. 4 and 5, it was found that the rule of hole failure was
also consistent with the rule of ringing technology. When the D/H ratio was greater than or
equal to 0.3, the ringing count increased several times during the pre-peak period. Based on the
decreases in the stress curve and the damage indicated by the image of the hole, it was found
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Fig. 5. Stress-time and acoustic emission ringing count curves: (a) D/H = 0.6, (b) D/H = 0.4,
(c) D/H = 0.3, (d) D/H = 0.24, (e) D/H = 0.2

that the peak of the ringing count was mainly owing to the overall damage of the sample, and
the hole damage in the entire process was not apparent.

When the D/H ratio was 0.24 and 0.2, the peak of the acoustic emission ringing count was
mainly concentrated at the time the first decrease occurred, sufficiently corresponding to the
hole failure time, which was manifested as a peak of the ringing count when the hole ruptured.
At the same time, these two ratios are different from the hole failure law, and there is a count
peak in the two ratios before loading. However, the stress curve and hole do not change.
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3.3.2. Analysis of AE energy

The stress-time and acoustic emission energy curves under five sizes of ratios are shown
in Fig. 6. They were calculated as the area under the detection envelope of the event signal,
including the count rate and total count. The acoustic emission energy rate represents the
amount of energy released per unit time during the test, and the cumulative energy is the sum of
the released energies. According to the change law of acoustic emission energy, the destruction
process can be divided into the three following periods: quiet, development, and outbreak or
explosion.

Fig. 6. Stress-time and acoustic emission energy curves: (a) D/H = 0.6, (b) D/H = 0.4, (c) D/H = 0.3,
(d) D/H = 0.24, (e) D/H = 0.2
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(1) Quiet period: When the D/H ratio was 0.6, 0.4, or 0.3, the quiet period accounted for
approximately 50% of the loading time, and no apparent changes were observed in the hole
ground conditions, the entire sample, and the acoustic emission energy rate. The cumulative
energy steadily increased, indicating that no energy was released during this period, which was
the energy accumulation period. When the D/H ratio was 0.24 or 0.2, the proportion of quiet
periods increased to approximately 80%, and the holes and specimens remained unchanged.
(2) Development period: When the D/H ratio was 0.6, 0.4, or 0.3, the specimen demon-

strated large cracks, stress drops occurred where the hole damage was not apparent, the acous-
tic emission energy rate demonstrated a large sudden increase, and the accumulated energy
demonstrated a step growth, which indicated the release of energy owing to the overall destruc-
tion of the sample. When the D/H ratio was 0.24 or 0.2, the holes were gradually destroyed,
the acoustic emission energy rate increased, and the accumulated energy gradually increased
in steps, indicating that the hole destruction process was accompanied by an energy release.
A low level appeared after the energy rate suddenly increased with the energy rate and the
step-like cumulative energy indicating that there was a “short quiet period” of acoustic emission
energy.
(3) Explosion period: The specimen had the greatest degree of damage in this period; the

stress reached its peak, the acoustic emission energy rate sharply increased, and the cumulative
energy increased approximately linearly and reached a maximum. When the D/H ratio was 0.6
or 0.4, macroscopic cracks appeared on the surface of the specimen, but the hole did not show
significant V-pit damage. When the D/H ratio was 0.3, 0.24, or 0.2, the specimen was severely
destroyed at the hole and, eventually, the whole specimen was destroyed.
The aforementioned analysis demonstrates that with a decrease in the D/H ratio, the time

of the sudden increase in the acoustic emission energy rate gradually shifts back, indicating
that the specimen transfers from overall damage to the hole damage. A similar test by Liu
and Li (2010) found that the acoustic emission energy was basically unchanged before the hole
was destroyed, and the acoustic emission energy rate suddenly increased when the hole began to
break. In this study, the same rule was found for samples with D/H ratios of 0.24 and 0.2. At the
same time, from the beginning of the hole destruction to the occurrence of rock bursting, there
was a short quiet period of acoustic emission energy; after several conversions of the “energy
peak-short quiet period”, rock bursting occurred in the sample. This indicates that the “short
quiet period” of acoustic emission energy in the development period can be used as a precursor
for bursts in the opening.

4. Discussion

4.1. Failure characteristics in different hole tests and the damage mechanism

Table 3 lists the data of the hole fracture form under different D/H ratios. As the D/H
ratio decreases from 0.5 to 0.21, the specimens show significant V -shaped pit damage, i.e., red
sandstone and granite (D/H = 5). V-shaped pits were formed on both sides of the opening wall
and it extended along the axial direction of the hole, which is consistent with field observations
(Zhang et al., 2012). In this paper, no significant V -shaped pit was exhibited when D/H was
greater than 0.3, which may be related to stress conditions. The hole test can be considered as a
planar strain problem, ignoring deformation in the axial direction of the hole. When the specimen
is under biaxial stress, the horizontal stress increases the overall stability of the specimen, leading
to destruction of the hole wall under the maximum tangential stress. Under a uniaxial loading,
a specimen with a large D/H ratio corresponds to a larger strain, which can easily lead to an
overall splitting damage of the specimen.
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Table 3. Comparison of the hole test with different D/H ratios

D/H 0.5 0.5 0.39
Rock type Red sandstone Granite Granite
Loading True triaxial True triaxial Biaxial
method (Gong et al., 2017) (Si et al., 2018) (Hu et al., 2019)
Size 100 × 100× 100mm 100 × 100 × 100mm 200 × 20× 200mm

Hole
failure
form

D/H 0.35 0.3 0.21
Rock type Marble Granite Granite
Loading Uniaxial Biaxial Biaxial
method (Liu and Li, 2010) (Liang et al., 2019) (Zhang et al., 2016)
Size 100 × 100× 100mm 150 × 150 × 150mm 150 × 150× 75mm

Hole
failure
form

Fig. 7. Tunnel stress calculation model

It is assumed that the rock mass is in a three-way stress state before tunnel excavation,
where X and Y are the horizontal, and Z the vertical stress directions. Assuming that the
tunnel axial direction is arranged along the Y -direction, the surrounding rock can be regarded
as a homogeneous, continuous and isotropic elastomer before damage, and no deformation occurs
along the axial direction of the tunnel. Therefore, the problem can be regarded as a planar strain
problem and the tunnel stress calculation model can be established as shown in Fig. 7.
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By elastic mechanics, the stress in the tunnel rock is
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where p is the vertical stress, λ is the lateral pressure coefficient, σr, σθ and τrθ are the radial,
tangential and shear stresses of the surrounding rock in polar coordinates, respectively, R is the
radius of the tunnel excavation, r is the distance from the rock unit to the center of the tunnel
and θ is the angle between the rock unit and the horizontal direction.
From Eqs. (4.1), when r = R, only tangential stress exists at the tunnel wall, and the

maximum tangential stress is located at the midpoint of the two tunnel gangs (θ = 0◦). The
maximum tangential stress is

σθmax = (3− λ)p (4.2)

When the maximum tangential stress in the tunnel wall exceeds the uniaxial strength of the rock
material, the tunnel wall breaks. In the tests in this paper, when D/H was greater than 0.3, the
hole wall suffered V -shaped pit damage, indicating that the maximum tangential stress on both
sides of the hole exceeded its material strength, leading to failure on both sides of the hole.

4.2. The guiding significance of borehole behaviour

The estimation of the extent of damage is an important aspect in the assessment of un-
derground tunnel and/or roadway stability and its support. Martin et al. (1999) calculated the
damage range of a circular cavern, and the ratio of the damage range to the radius of the cavern
was 1.0-1.5, indicating that the destruction area of the cavern was 1.5 times the excavation
radius. The stress in the radial direction of the cavern was distributed in a gradient; the position
distant from the cavern gradually reached the original rock stress level, and the surrounding
rock gradually reached an undamaged state. There was a transition between the undamaged
and damaged areas, called the affected area of damage. This area provides damage energy for
the damaged area.
A similar rule was observed in the test in this study, and a certain range was required when a

specimen with a fixed hole diameter (30mm in diameter) failed. Combined with the analysis of
the test data in this study, when theD/H ratio was greater than or equal to 0.3, the loading stress
curve fluctuated. Visual observations of the hole fracture process confirmed that the integrity
of the sample was damaged, and the integrity of the sample damaged the acoustic emission
data. Irregular fluctuations occurred when the multiple AE activity peaks occurred during the
pre-peak period. When the D/H ratio was less than 0.3, the loading curve stabilized. The video
image recordings proved that the first rockburst occurred after the hole fracture, accompanied
by acoustic emission activity, indicating that significant hole fracture occurred in the specimen
when the D/H ratio was less than 0.3. For a specimen with a fixed hole diameter, the decrease in
the D/H ratio was due to an increase in the rock area around the cavern. When the surrounding
rock area was small, the hole damage area and the affected area were also small, energy for the
hole damage could not be supplied, and stress failure occurred in the entire specimen. When the
surrounding rock area was consistent, hole failure required sufficient energy, and the hole first
destroyed the specimen and subsequently failed. At the same time, under this test material, the
appropriate D/H ratio is 0.4 or 0.2.



58 C.G. Zhang et al.

5. Conclusions

This study conducted a series of laboratory tests to investigate the failure characteristics of
pre-driven openings in rock specimens to better understand the impact of the size factor on the
failure process. The main findings are summarized as follows:

• The D/H ratio has a controlling effect on the stress curve, and the overall strength of the
specimen decreases with increasing D/H ratios. When the D/H ratio is greater than or
equal to 0.3, the stress curve is unstable, and the stress decreases multiple times. When
the D/H ratio is less than 0.3, the stress curve is stable without several points of stress
reduction.
• The D/H ratio affects the failure pattern of the hole specimen. When the D/H ratio
is greater than or equal to 0.3, the hole fracture is not apparent, and the reduction in
stress causes the integral fracture of the specimen. When the D/H ratio is less than 0.3,
V -shaped pit occurs in the hole, and the hole degradation precedes the overall failure of
the specimen.
• The AE evolution characteristics of the hole specimen with different D/H ratios can be
categorized into three stages: quiet, development, and explosive. When the D/H ratio is
0.24 or 0.2, the “short quiet period” of AE energy can be used as a precursor for rock
bursts.

The results of this study can provide a reference for determining the extent of failure of under-
ground openings. Future studies should consider different loading environments and variations
in the specimen size.
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To show dynamic properties of a motorized spindle at high speed, C01 type motorized spindle
bearing-rotor system is used as a study object, and the dynamic model of the bearing-rotor
system is established. The method to analyze vibration characteristics of motorized spindles
by power flow is proposed, and it is found that the vibration energy is not necessarily
considerable at the position where the vibration displacement response is significant. Finally,
the system vibration energy distribution under different bearing stiffness is analyzed. The
power flow method can analyze the dynamic characteristics of the bearing-rotor system in
terms of energy distribution.
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1. Introduction

As the core component of CNC machine center processing, the working performance of the
motorized spindle will affect quality of processed parts. With the development of motorized
spindles towards higher speed and higher precision, higher requirements are also placed on the
dynamics of such systems. When the frequency of the external excitation reaches the natural
frequency of the motorized spindle, the spindle system will resonate. Especially in high-speed
and high-precision machining, the impact of the bearing-rotor system vibration characteristics on
dynamic performance of motorized spindles cannot be neglected. For this reason, many scholars
have conducted numerous researches on vibration characteristics of the bearing-rotor system.
Cao and Altintas (2007) put forward a general gauge model of the spindle system, which can

simulate and analyze bearing performance, dynamic and static characteristics of the spindle. Shi
et al. (2019) used MATLAB to obtain the natural frequency and critical speed of the motorized
spindle, and analyzed the vibration response of the motorized spindle under the influence of
unbalanced factors. Bai et al. (2018) established a vibration dynamics model of the broach-
-spindle-bearing dual rotor system under the condition of a high-speed cutting force on the
spindle end, and carried out finite element analysis on the natural frequency and mode shape of
the motorized spindle. Huang et al. (2016) established dynamics of the motorized spindle based
on the finite element beam theory model, and obtained the vibration response of the motorized
spindle under different rotational speeds, bearing clearance and initial eccentricity. Wang and
Peng (2013) obtained the 1st to 5th order natural frequencies and mode shapes of the spindle
with vibration modal analysis of the ceramic electro-spindle. Although the motorized spindle
bearing-rotor system has a certain research foundation in terms of vibration characteristics, the
vibration analysis of the system has not been thoroughly studied from the energy viewpoint.
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The vibrating energy information from the shaft system can be reflected by the power flow
analysis, and then the motorized spindle vibration characteristics can be described more accu-
rately. Chen et al. (2013) established a high-speed motorized spindle power flow model based on
the law of energy conservation, and simulated and analyzed the temperature rise of each part
of the motorized spindle. Xiao (2021) used the power flow method to study the actual vibration
state of the rolling mill. According to the analysis results, vibration suppression measures were
taken, and a good vibration suppression effect was achieved. Rejab et al. (2014) studied the vi-
bration power flow of the paddy power-train bracket of a passenger car, and obtained the main
noise transmission path and resonance frequency. Qiao et al. (2016) used the power flow method
combined with vibration energy to evaluate active vibration isolation performance of rotating
machinery, and proposed an indirect measurement method related to power flow and vibration
energy.
By analyzing the literature, it can be seen that the power flow method can be combined

with data visualization means to visually describe the vibration energy distribution pattern and
vibration transmission path in mechanical structures, which can be used as a reference for ana-
lyzing system characteristics or vibration isolation and suppression capability. The displacement
response is usually a localized indicator of the structure, while the power flow response can
provide global information. The power flow is very sensitive to changes in structural parameters
and damage relative to the displacement response. By analyzing the path and distribution of
the power flow, the load transfer mechanisms and energy flow paths within the structure can
be better understood, and the energy of the vibration source entering the end of the spindle
through different transfer paths can be reduced to increase the machining accuracy. Thus, it has
great application and research space in analyzing system structural characteristics and fault and
damage diagnosis.
Therefore, this paper introduces power flow in the study of motorized spindle vibration char-

acteristics, takes C01 type motorized spindle bearing-rotor system as the research object. Then
the first six-order natural frequencies and mode shapes of the motorized spindle are obtained by
simulation, and the modal analysis test bench is set up to confirm correctness of the simulating
results.

2. Mathematical model

2.1. Structural analysis of the motorized spindle

Motorized spindles primarily consist of bearings, motor, spindle, cooling system, tool chang-
ing system, sealing structure, etc. The motor, spindle and bearings are the core processing
components of the motorized spindle. To analyze dynamic characteristics of the motorized spin-
dle, the corresponding dynamic model needs to be established first (Gao et al., 2020). Combined
with the structure of the motorized spindle, the rotor of the motor is fixed on the main shaft to
form the rotor part, and the two ends of the rotor are supported by bearings, which are a typi-
cal rotor support system. Therefore, the rotor dynamics theory is used to model the motorized
spindle system.
The cross-sectional view and node division of C01 type motorized spindle is shown in Fig. 1.

The part circled by the red frame in the figure is the rotating body of the motorized spindle, and
it is also the bearing-rotor system simulated in this paper. The bearing-rotor system obtained
after node division is divided into 23 nodes and 22 shaft elements. The properties of each beam
element are defined based on length, diameter and material properties of the corresponding shaft
elements, then rigid disc elements are superimposed at appropriate positions to represent the
concentrated mass.
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Fig. 1. Motorized spindle rotor system and the simplified model

2.2. Quasi-static model of the angular contact ball bearing

After the bearing is externally loaded, the relative position of the center of the rolling element
and the curvature center of the inner and outer rings will change, as shown in Fig. 2.

Fig. 2. Bearing inner ring curvature center change and the force diagram

The forces and torques exerted on the bearing ring (Yang et al., 2022) are
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where Oi, Oo and Ob represent the initial center of curvature of the inner and outer raceways of
the bearing and the center of the rolling element, and refer to the center of the rolling element
and the center of curvature of the inner ring raceway after the bearing is deformed by the force.
Uik and Vik are the distance between the centers of curvature of the inner and outer ring raceways
after loading, Uk and Vk represent the distance between the center of the rolling element and
the curvature centers of the inner and outer ring raceways after loading, and the subscript k
represents the k-th rolling element. α0 is the initial contact angle of the bearing, αik and αok
represent the contact angle of the inner and outer raceways after deformation under the load.
The contact deformation n of the inner and outer ring is set as δik and δok, and rolling body
diameter is expressed as D. Qik is the action force applied to the rolling element by the inner
ring, and Qok is the force exerted on the rolling element by the outer ring. Mgk is the torque
acting on the rolling element, and Fck is the centrifugal force of the rolling element.
According to the geometric relationship, αik and αok can be represented by Uk and Vk
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The relationship between bearing the deformation and applied force can be expressed as

F = Kδ (2.3)

The stiffness matrix can be obtained by taking partial derivative of Eq. (2.3) with respect
to the deformation δ = [δx, δy , δz, γy, γz]

K =



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∂Fy
∂δy

∂Fy
∂δz

∂Fy
∂γy

∂Fy
∂γz

∂Fz
∂δx

∂Fz
∂δy

∂Fz
∂δz

∂Fz
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∂Fz
∂γz

∂My

∂δx

∂My

∂δy

∂My

∂δz

∂My

∂γy

∂My

∂γz
∂Mz

∂δx

∂Mz

∂δy

∂Mz

∂δz

∂Mz

∂γy

∂Mz

∂γz




(2.4)

2.3. Kinematic model of the rigid disc element

The motorized spindle shaft system is simplified to a single-disc rotor system as shown in
Fig. 3. OXY Z is a fixed coordinate system, o is the center of the disc, Ω and is the shaft speed.
The shaft AB bends in the rotating state, and the deformed axis is represented by A′B′. P is
any point on the disc, its position angle is denoted by ϕ, and the distance from the center of the
disc is r.
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Fig. 3. Motorized spindle shaft system

The velocity of point P can be obtained by derivation

ẋ = u̇+Ωrθz sinϕ+Ωrθy cosϕ− rθ̇z cosϕ+ rθ̇y sinϕ
ẏ = v̇ −Ωr sinϕ− rθzθ̇z cosϕ
ż = ẇ +Ωr cosϕ− rθyθ̇y sinϕ

(2.5)

The total kinetic energy of the disc can be expressed as

T =
1
2

a∫

b

2π∫

0

ldρr(x
2 + y2 + z2) dr dϕ (2.6)

where ld is width of the disc, ρ is density, b is inner diameter of the disc, and a is the outer
diameter.
Ignoring the effect of damping, the differential equation of motion for a rigid disc is

Mdq̈−ΩGdq̇ = Fd (2.7)

whereMd is the mass matrix of the disc, Gd is the gyro matrix, Fd is the external force vector,
q is the displacement vector.

2.4. Elastic shaft element motion model

The Timoshenko beam element and its deformed structure are shown in Fig. 4 (Du and Liu,
2014). Each beam element has two left and right nodes A and B, and the node displacement is
set as q = [u, v,w, θy , θz]T.
The expression for kinetic energy of the beam element of length L is

T =
L∫

0

1
2
JρΩ2 dz+

L∫

0

1
2
ρA(u̇2+ v̇2+ ẇ2) dz+

L∫

0

1
2
Iρ(θ̇2y+ θ̇

2
z) dx+

L∫

0

1
2
ΩJρ(θ̇yθz−θyθ̇z) dx

(2.8)

where I is radial moment of inertia, J is polar moment of inertia, and R is radius of the beam
element section.
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Fig. 4. Timoshenko beam and its deformation

The potential energy of the beam element is

V =
L∫

0

1
2
EA

(∂u
∂x

)2
dx+

L∫

0

1
2
EI
[(∂θy
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)2
+
(∂θz
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)2]
dx

+
L∫

0

1
2
ksAG

[(
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∂w

∂x

)2
+
(
θz −
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)2]
dx

+
L∫

0

1
2
EA

[(
1
2

(∂v
∂x

)2
)2
+

(
1
2

(∂w
∂x

)2
)2]

dx

(2.9)

The work done by the external force is

W =
L∫

0

(qxu+ qyv + qzw +myθy +mzθz) dx+
L∫

0

1
2
Ω2v2ρA dx+

L∫

0

1
2
Ω2w2ρA dx (2.10)

Combined with the generalized Hamilton principle

δI = δ

t2∫

t1

(T − V +W ) dt = 0 (2.11)

The differential equation of beam motion in matrix form is

Fb =Mbq̈−ΩGbq̇+ (Kb −Ω2Mb
C)q (2.12)

whereMb is the mass matrix of the beam,Mb
C is the mass matrix used to calculate the centrifugal

force, Gb is the gyro matrix considering the gyro effect, Kb is the stiffness matrix, and Fb is the
force vector.
Combining the differential equations of motion of the bearing model, rigid disc and beam

elements, the differential equation of motion of the bearing-rotor system can be expressed as

Msysq̈−Dsysyq̇+Ksysq = Fext (2.13)

whereMsys is the mass matrix of the system, Dsys is the system damping matrix (including the
gyro matrix), Ksys is the system stiffness matrix, q and Fext is the displacement vector and the
external excitation force, respectively.
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2.5. Power flow theory of the bearing-rotor system

The propagation of vibration in the mechanical structure is actually the propagation of
vibration energy. The theoretical idea of the vibration power flow is to use the energy angle to
describe the vibration propagation in the system. By introducing the power flow concept, both
the magnitude for the force and speed and their phase relationship are considered, which avoids
some problems caused by simply using the effective value of speed or acceleration to express the
difference in the vibration level (Liu et al., 2010; Li and Wu, 2015).
Assume F (t) is the force acting on a node of the structure at a certain time, and V (t) is the

node velocity due to excitation. The time-domain expression of the vibration power flow is

P (t) = F (t)V (t) (2.14)

Because the power flow at each node varies over time, the average power flow over a while is
calculated in the frequency domain. Then, the corresponding power flow calculation expression
is as follows

P =
1
T
lim
T→∞

T∫

0

F (t)V (t) dt (2.15)

For a simple harmonic excitation F = |F | cos(ωt), the system will produce a simple harmonic
motion with the same frequency as the excitation force but lagged by a phase angle ϕ. The
response of the system is superimposed by the instantaneous response and the steady-state
response. The former will disappear owing to the damping loss within a period of time. The
steady-state power flow can be expressed as

P =
1
T

T∫

0

FV dt = − 1
T

T∫

0

|F | cos(ωt)ω|X| sin(ωt+ ϕ) dt

= −ω
2
|F | |X| sinϕ = −πf |F | |Xt| sinϕ

(2.16)

where ω is the angular velocity, t is time, ϕ is the phase angle, and |X| is the nodal displacement.
The power flow in complex representation is as follows

P =
1
T

T∫

0

Re(F̃ eiωt)Re (Ṽ eiωt) dt =
1
2
Re(FV ∗) (2.17)

where F̃ , Ṽ are all complex numbers, (·)∗ means the conjugate, Re means the real part.

3. Results and discussion

3.1. Numerical simulation and experimental validation

The design rated speed of C01 motorized spindle is 20000 r/min, the material of the spindle
is Copper Alloy, the material of the motor rotor is 20CrMnTi, and the material of the stator
is Ni3H4. Table 1 shows the specific material parameters. The bearing preload settings of C01
motorized spindle are shown in Table 2.

The eigenvalues and eigenvectors of the system can be obtained numerically by solving Eq.
(2.13). The eigenvalues correspond to natural frequencies, and the eigenvectors correspond to
principal vibration patterns of the spindle bearing-rotor system, as shown in Fig. 5 and Table 3.
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Table 1. Specific material properties

Material name Density [kg/m3] Young’s modulus [GPa] Poisson’s ratio

Copper alloy 8300 110 0.34
20CrMnTi 7800 207 0.25
Ni3H4 3440 304 0.24

Table 2. Prestressing force of each bearing specific material properties

Bearing Front bearing Middle bearing Rear bearing
Preload [N] 1400 800 600

Fig. 5. Natural vibration mode of the rotor: (a) first order, (b) second order, (c) third order,
(d) fourth order, (e) fifth order, (f) sixth order

Table 3. First six orders of the natural frequency [Hz] and vibration modes of spindle

Order 1 2 3 4 5 6

Frequency [Hz] 428.32 498.59 1621.6 2382.1 3697.3 5354.4
Mode shape bending bending swing swing bending swing

Fig. 6. Actual installation of vibration sensor

In order to obtain the natural frequency of C01 type motorized spindle, a modal experiment
for the motorized spindle is designed. The basic principle of the modal experiment is: the mo-
torized spindle placed on the V-shaped block is tapped with an impact hammer to excite the
whole structure and make it vibrate, and the vibration response of different measuring points
is collected by the acceleration sensor set on the outer shell of the motorized spindle. After
the collected signal is sent to the dynamic signal analyzer for fast Fourier transform and other
related analyses, the natural frequency of each order can be obtained.
As shown in Fig. 6, the three sensors are used for data acquisition in the modal experiment.

Sensor I is arranged on the front bearing housing end face of the motorized spindle, and is used
to measure axial vibration of the system. Sensors II and III are arranged at the front and rear
ends of the outer housing corresponding to the bearing positions, and are used to measure radial
vibration transmitted to the outer case through the bearings.
The frequency responding profiles of the three vibration measuring spots finally collected in

the experiment are shown in Fig. 7. The first three natural frequencies of the modal experiment
can be obtained as 115Hz, 426Hz, and 492Hz, respectively. 426Hz and 492Hz correspond to the
first two natural frequencies of 428.32Hz and 498.59 Hz calculated from the simulation results.
The mode shape of the smallest natural frequency measured in the experiment is axial torsion
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Fig. 7. Modal test results

(Chen et al., 2014; Guo and Wu, 2006). Due to simplification of the model, the system stiffness
becomes larger during superposition of the stiffness matrix, resulting in suppression of this
frequency experimentally determined in the numerical simulation. The difference between the
experimentally measured natural frequency and the simulated natural frequency is tiny, and the
maximum error does not exceed 1.34%, which validates the accuracy of the theoretical modeling.

3.2. Comparison of the harmonic response power flow analysis under a mass unbalance
excitation

The centrifugal force induced by mass eccentricity is one of the primary excitation sources.
Through analysis of the harmonic response under the unbalanced excitation, the amplitude of
the shaft system under eccentric mass action can be known, so as to judge whether the design
of the spindle structure is satisfying for processing requirements.
Assuming that there is an eccentric mass on a disc, the resulting centrifugal force is

F = meω (3.1)

where m is eccentric mass, e is the eccentricity radius, and ω is the rotation speed. F can be
decomposed into two mutually perpendicular harmonic forces on the y and z axes

Fy = meω2 cos(ωt) Fz = meω2 sin(ωt) (3.2)

Combined with the bearing-rotor dynamical model, the unbalanced mass point is set at the
turntable, the offset distance is set to 0.1 · 10−4m, the analysis frequency range is 100-3000 Hz,
and the damping of 0.008Ns/mm is applied at the spring of the simulated bearing. The harmonic
response analysis is performed and the displacement responses of each node of motorized spindle
bearing-rotor system are displayed in Fig. 8.
Under the unbalanced excitation, the response peaks appear at each order natural frequency.

The resonance amplitude of the second-order natural frequency is relatively small, indicating that
the motorized spindle is not very sensitive to this order natural frequency under the unbalanced
excitation. The response amplitude before the first-order natural frequency has been rising,
indicating that the rigidity of the motorized spindle gradually decreases in this stage. The
stiffness performance of the front end of the spindle is better than that of the middle and rear
sections below 1500Hz. After 1500Hz, the front-to-back performance of the spindle is almost
identical without a resonance, and the spindle back-end response value is smaller in the case of
the resonance.
Figure 9 shows the power flow variation at each node of the rotor system with the frequency

under the unbalanced excitation. The power flow response of the bearing-rotor system also
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Fig. 8. Displacement response under the unbalanced mass excitation: (a) full node, (b) bearing nodes

Fig. 9. Power flow of the rotor system: (a) full node, (b) bearing nodes

has resonance peaks at various natural frequencies. This is because the system will vibrate
substantially under the resonance condition, and the vibration energy at this time should also
have a maximum value. On the whole, the power flow response curve and the displacement
response curve have similar fluctuation trends, which shows that the power flow method can
analyze the dynamic impact of the bearing-rotor system from the perspective of energy. By
comparing the power flow of the three bearing positions, it can be seen that under the unbalanced
excitation, the power flow response of the front bearing in the frequency range of 100-1600 Hz
is relatively low, and the power flow response of the front bearing is basically the same as that
of the middle bearing after the third order natural frequency. Combined with the displacement
response under the unbalanced excitation, at the first two orders of natural frequency, the
displacement response of the rear bearing is the largest, but the power flow response is close
to or less than that at the front and middle bearings. On the whole, the power flow response
curves of the front and intermediate bearings are closer to the displacement response. These
phenomena show that in terms of power flow, the energy at the rear bearing is relatively small,
and the energy distribution of the front and middle bearings is close due to their close positions,
which reflects the difference between power flow analysis and harmonic response analysis.

3.3. Effect of bearing stiffness on the system power flow

The power flow analysis method is very sensitive to structural or parameter changes of the
system, so different bearing stiffnesses are set, and the corresponding power flow response curves
are calculated to analyze the effect that bearing support rigidity has over the system dynamic
characteristics.
For the spindle bearing support structure, only one bearing support stiffness is changed at

a time. In order to make the simulation results optimal and not distorted, the bearing stiffness
change amplitude is set to 0.3K, and the radial stiffness of the front, middle and rear bearings are
3.5 · 108 N/mm (K1), 2.6 · 108 N/mm (K2) and 1.9 · 108 N/mm (K3). Under working condition 1,
only the stiffness of the front bearing K1 is changed, under case 2, only the stiffness of the
front bearing is changed K2, and so on, totaling 9 different support conditions. The power flow
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Fig. 10. Power flow response of each bearing position under different working conditions

curves under each working condition are given in Fig. 10. Changing the front bearing support
stiffness has the greatest effect on the 3rd order natural frequency, which shows that the 3rd
order natural frequency decreases when the front bearing support stiffness decreases, and the
other order natural frequencies remain approximately the same. Increasing the mid-bearing
support stiffness causes a large increase in the 3rd-order natural frequency and a small increase
in the 4th-order natural frequency. Raising the rigidity of the intermediate bearing has almost
no impact on the power flow at the middle bearing position, but causes a large increase in the
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power flow at the front bearing position within 500Hz to 1600Hz. Changing the rear bearing
stiffness mainly affects the 1st and 2nd order natural frequencies, and has basically no effect
on the region above 1000Hz. An increase in the rear bearing stiffness enlarges the 1st and 2nd
order natural frequencies, making the 1st and 2nd order resonance peak distances smaller, which
helps the system to quickly jump over the resonance region.
In summary, the power flow analysis can further analyze dynamic characteristics of motorized

spindles from the energy point of view. The changes in the system structure or parameters are
reflected in the power flow response, indicating that power flow analysis methods can be applied
to analyze structure changes and guide structural optimization or fault detection work.

4. Conclusion

In this paper, the harmonic response and power flow of the bearing-rotor system are studied by
establishing the bearing-rotor dynamic model of the motorized spindle, and the displacement
response and energy distribution of the system nodes are obtained and compared. The main
conclusions are as follows:
• The first six natural frequencies of the bearing-rotor system are acquired through finite
element simulation, and the first three natural frequencies have large fluctuations, which
are 428.32 Hz, 498.59Hz, and 1621.6 Hz, respectively. Despite the failure to obtain the
natural frequency at low rotational speeds, the largest error between simulation results
and high-speed range experimental results does not exceed 1.34%.
• The method of analyzing the vibration characteristics of the motorized spindle bearing-
-rotor system at high speeds by the power flow is proposed. The displacement response at
the rear bearing is the largest at the first two orders of natural frequency, but its power
flow response is close to or smaller than the power flow response at the front and middle
bearings.
• The bearing stiffness change has a greater influence on the first 3 orders of natural fre-
quency of the system, and stiffness changes of the front and middle bearings mainly affect
the position of the vibration power flow peak at the 3rd order of natural frequency. The
rear bearing stiffness changes mainly affect the position of the peak of the vibration power
flow at the 1st and 2nd order natural frequency.

Acknowledgments

This work has been supported by Opening Project of the Key Laboratory of Advanced Processing
Technology and Intelligent Manufacturing (Heilongjiang Province), Harbin University of Science and
Technology (KFKT202205), and National Natural Science Foundation of China (51875142), China.

References

1. Bai X.J., Li J.Y., Gou W.D., 2018, Vibration analysis and research of high speed motorized
spindle under the influence of cutting force, Journal of Qinghai University, 36, 1, 61-69+74

2. Cao Y.Z., Altintas Y., 2007, Modeling of spindle-bearing and machine tool systems for virtual
simulation of milling operations, International Journal of Machine Tools and Manufacture, 47, 9,
1342-1350

3. Chen X.A., Zhang P., He Y., 2013, Power flow model of high-speed motorized spindles and
its thermal characteristics, Transactions of the Chinese Society for Agricultural Machinery, 44, 9,
250-254

4. Chen X.A., Zhang P., He Y., 2014, Axial vibration of high-speed motorized spindles, Journal
of Vibration and Shock, 33, 20, 70-74+90



Research on vibration characteristics of motorized spindle... 73

5. Du L.H., Liu F.K., 2014, Analysis of beam deflection based on euler and Timoshenko theory,
Journal of Lanzhou Institute of Technology, 21, 2, 41-44

6. Gao F., Cheng M.K., Li Y., 2020, Analysis of coupled vibration characteristics of PMS grinding
motorized spindle, Journal of Mechanical Science and Technology, 34, 9, 3497-3515

7. Guo D.Q., Wu Y.H., 2006, The model analysis of the ceramic bearing electric spindle, Develop-
ment and Innovation of Machinery and Electrical Products, 19, 1, 7-8

8. Huang W.D., Gan C.B., Yang S.X., 2016, Dynamic modeling and vibration response analysis
of high speed motorized spindle, Journal of Zhejiang University (Engineering Science), 50, 11,
2198-2206

9. Li G., Wu W.W., 2015, Vibration and sound radiation research based on power flow method,
Journal of Ship Mechanics, 19, 5, 609-618

10. Liu C.F., Zhang C., Zhang G.X., 2010, Dynamic stiffness analysis of DVG850 high-speed
vertical machining center headstock, Coal Mine Machinery, 31, 12, 88-90

11. Qiao B., Zhao T., Chen X., Liu J., 2016, The assessment of active vibration isolation perfor-
mance of rotating machinery using power flow and vibrational energy: experimental investigation,
Proceedings of the Institution of Mechanical Engineers, Part C: Journal of Mechanical Engineering
Science, 230, 2, 159-173

12. Rejab M.N.A., Rahman R.A., Hamzah R.I.R., 2014, Measurement of vibration power flow
through elastomeric powertrain mounts in passenger car, Applied Mechanics and Materials, 471,
30-34

13. Shi H.T., Zhao J.Z., Zhang Y., 2019, Dynamic modeling and vibration response analysis of
170SD30 ceramic motorized spindle, Modular Machine Tool and Automatic Manufacturing Tech-
nique, 542, 4, 32-36+40

14. Wang W.K., Peng Y.Y., 2013, Ceramic motorized spindle vibration modal analysis based on
ANSYS, Electron Test, 8, 136-138

15. Xiao B., 2021, Research on Vibration Energy of Hot Tandem Mill Based on Power Flow, Disser-
tation. University of Science and Technology Beijing

16. Yang J.F., Shi Z., He Z.K., 2022, Theoretical model and simulation of the dynamic stiffness of
angular contact ball bearing based on the analytical matrix method, China Measurement and Test,
48, z1, 129-134

Manuscript received June 19, 2023; accepted for print August 28, 2023





JOURNAL OF THEORETICAL

AND APPLIED MECHANICS

62, 1, pp. 75-88, Warsaw 2024
https://doi.org/10.15632/jtam-pl/174905

NONLINEAR DYNAMIC MODEL OF A TURBINE BLADE CONSIDERING
VIBRATION AND CRACK COUPLING

Yujiang Wang, Deyi Luo, Yuanxing Huang, Yue Peng, Xudong Wang,
Xingwang Yan
School of Mechanical and Automotive Engineering, Guangxi University of Science and Technology, Liuzhou, China

corresponding author Yuanxing Huang, e-mail: 260013935@qq.com

Hongming Xiao, Zhongling Huang
Wuling New Energy Automobile Co., Ltd., Liuzhou, China

In order to further investigate dynamic characteristics of turbine runner blades under the
coupling effect of vibration and crack, in this article, a runner blade with a crack was taken
as the research object. The coupling effect of vibration and crack was analyzed, a nonlinear
dynamic model considering the coupling of the runner blade was developed, and the vibration
and fatigue characteristics were investigated. First, based on the contact characteristics of
the breathing crack surfaces in the runner blade under hydraulic excitation, a breathing crack
surface contact model was established. Subsequently, a nonlinear dynamic model considering
the coupling effect of vibration and crack was obtained. The crack surface contact force and
crack stiffness matrix were established and the vibration and fatigue characteristics were
analyzed. Finally, the feasibility of the dynamic model was verified by a case study, and
the dynamic and vibration fatigue characteristics under the coupling effect of vibration and
crack were revealed. The research results show that with propagation of the crack, the crack
surface contact force increases and the dynamic stress amplitude at the crack tip increases
as well. When the sum of the frequency of the hydraulic excitation and the crack surface
contact force acting on the runner blade is close to the natural frequency of the runner blade,
a combined resonance will occur. When the coupling effect of vibration and crack is taken
into consideration, the vibration fatigue crack propagation model is more accurate and can
provide a basis for fatigue strength and life prediction of runner blades.

Keywords: runner blade, vibration and crack coupling effect, dynamic model, nonlinear,
vibration fatigue

1. Introduction

Runner blades are the main force bearing and transmitting components of hydraulic turbine
generator units. Under the action of long-term hydraulic excitation, runner blades often expe-
rience complex vibration phenomena, and long-term vibration can lead to generation of fatigue
cracks in different degrees and different ways. The generation of fatigue cracks can further ag-
gravate the vibration of runner blades, causing a significant decline in the dynamic performance
of the unit, and even affect its safety. In order to assess the operation efficiency and relia-
bility of hydraulic turbines, it is necessary to develop a dynamic model of runner blade with
cracks.
Currently, the available research on dynamic models of runner blades with cracks has

mainly considered the effect of fluid-solid coupled as well as the effects of hydraulic param-
eters, structural parameters, and crack parameters and has developed dynamic models of
runner blades through simulation and theoretical analysis. For instance, Yang et al. (2014)
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used a singular element of the Ansys software to simulate the tip effect of cracks. A two-
-dimensional finite element analysis model of the crack was developed, and then, a dynamic
model of a blade with crack was constructed. In another study, Fernandes et al. (2016) con-
structed a finite element model of a crack by using mixed-type finite elements, and devel-
oped a dynamic model of a cracked blade with different crack angles. However, under hy-
draulic excitation, the runner blade crack can expand changing the stiffness and resulting in
a change of the dynamic response and the crack propagation rate. The dynamic response and
crack propagation rate affect each other. This phenomenon is called the coupling effect be-
tween vibration and crack propagation. This coupling relationship can affect vibration char-
acteristics and lead to crack arrest and instability propagation of the runner blade. In order
to better reveal the vibration and fatigue characteristics of the runner blades, it is neces-
sary to take the coupling relationship between vibration and fatigue cracks propagation into
consideration.

At present, the research on the coupling of vibration and crack has been mainly focused on
two aspects: crack stiffness and crack surface contact force. In terms of crack stiffness, scholars
have considered changes in the stiffness during crack opening and closing, and have developed
breathing crack models. For example, Chondros et al. (2001) used a nonlinear model to simulate
crack stiffness and investigate vibration characteristics of a cracked beam. Liu and Chen (2010)
studied the coupling problem between vibration and fatigue crack propagation of cracked beams
using a single degree-of-freedom spring vibrator model and a nonlinear breathing crack stiffness
model. Nevertheless, the study ignored the opening-closing phenomenon of the breathing crack,
which is local contact behavior. Andreaus and Baragatti (2011) developed a contact finite el-
ement model to investigate forced vibration of structures containing cracks. The contact finite
element breathing crack model considered elastic deformation when simulating the opening and
closing of cracks, increasing the accuracy of the simulated stiffness changes. However, during
the opening and closing process of the breathing crack, contact forces are generated on the
crack surface, thus, it is necessary to study the contact forces on the crack surface in depth.
For instance, Kucher et al. (2007) considered the contact on a blade breathing crack surface as
a friction-free contact problem, introduced nonlinear contact stiffness at the crack as a penalty
factor, and obtained an approximate expression of the contact force on the crack surface. To
solve the convergence problem, Duan and Singh (2007) introduced a tangent smooth function
into the Kucher equation, combining the Lagrange multiplier and penalty function methods in a
contact problem. Bednarz (2017) considered the effect of crack parameters such as the crack gap
on the crack surface contact force of a blade structure, and established an expression for the crack
surface contact force using the penalty stiffness method. Although the crack stiffness and surface
contact force models constructed in the above research included structural material parameters
and crack parameters, the effect of vibration characteristics on the crack stiffness and surface
contact force was not taken into consideration. The vibration characteristics affect the crack
opening-closing cycle as well as the gap size of the crack during each cycle, which in turn affect
the crack stiffness and contact force characteristics on the crack surface. Therefore, it is necessary
to take into account the effect of vibration characteristics and develop a mathematical model
able to reflect the internal relationship between crack stiffness and crack surface contact force
characteristics.

Taking a turbine runner blade with cracks as the research object, this paper constructs
a breathing crack contact model of a runner blade, develops a crack stiffness model includ-
ing structural parameters, material parameters, crack parameters and vibration characteristics,
formulates an analytical equation of the crack surface contact force, and obtains a nonlinear
dynamic model which couples the vibration and crack propagation characteristics of the runner
blade. The dynamic characteristics are obtained by decoupling the dynamic model, and then,
the fatigue crack propagation model of the runner blade is obtained.
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2. Breathing crack contact model

The blade can be considered as a shell structure. In order to develop an analytical model for the
surface contact of breathing cracks in the blade excited by hydraulic excitation, the following
assumptions need to be introduced:
(1) It is assumed that the surface contact behavior of the breathing crack is based on a gradual
opening and closing process, the change trend of which is linear.

(2) When the crack surfaces contact with each other, the effect of axial displacement is rela-
tively small and can be ignored, and only the effect of the radial displacement along the
contact surfaces of the crack on the contact force is taken into consideration.

(3) According to the opening closing behavior characteristics of breathing cracks, the contact
between corresponding point pairs on the crack surfaces can be used to simulate this
behavior.

Based on the above assumptions, a breathing crack surface contact model of a runner blade
was developed, as shown in Fig. 1. According to the third assumption of the breathing crack
contact model, two groups of corresponding crack contact point-pairs were: point a to point b
(upper surface), and point a′ to point b′ (lower surface). During the actual movement of the
runner blade, two forms of contact behavior on the crack surface of the runner blade can occur.
The first form is displayed in Fig 1 (II) and the second in Fig. 1 (III).

Fig. 1. The breathing crack surfaces contact model of the turbine runner blade

3. Coupling effect of vibration and crack

3.1. Crack surface contact force

Based on the shell-like mechanical model of the breathing crack surface of the blade shown
in Fig. 1. When the crack opens, the surface contact force of the breathing crack in the local
coordinate system can be expressed as (Luo et al., 2019)

f ′a = −K∗(ua − ub − bc)δ(ua − ub − bc) f ′b = −f ′a (3.1)
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and

f ′a′ = −K∗(ua′ − ub′ − bc)δ(ua′ − ub′ − bc) f ′b′ = −f ′a′ (3.2)

Equation (3.1) is the crack surface contact force in the first contact form, f ′a and f
′
b, represent

the crack surface contact force acting on points a and b, respectively. Similarly, Eqs. (3.2) is the
crack surface contact force in the second contact form, fa′ and fb′ represent the crack surface
contact force acting on points a′ and b′, respectively. In addition, δ(ua−ub− bc) is the unit step
function, which expressed as

δ(ua − ub − bc) =
{
1 for ua − ub − bc ­ 0
0 for ua − ub − bc < 0

Moreover, ua and ub represent the radial displacement of points a and b, respectively, along the
x-axis in the local coordinate system, ua′ and ub′ represent the radial displacement of points a′

and b′, respectively, along the x-axis in the local coordinate system, bc is the crack gap width,
and K∗ is the contact stiffness of the shell element, also called penalty stiffness, which can be
expressed as

K∗ =
EA2c

3(1− 2ν)V (3.3)

where V is the volume of the crack contact area of a plane shell element, Ac is the crack contact
area of a plane shell element, ν is Poisson’s ratio of the runner blade material, and E is its elastic
modulus.
Subsequently, ua and ub in Eqs. (3.1) and ua′ , ub′ in Eqs. (3.2), can be calculated based on the

neutral surface of the crack, and the distance between the contact-point pair can be transformed
into the displacement of the corresponding points A and A′ on the neutral surface. When the
first contact form is expressed in the local coordinate system of the crack in Fig. 1 (II), ua and
ub in Eqs. (3.1) can be expressed as follows

ua = uA +
h

2
θyA ub = uA′ +

h

2
θyA′ (3.4)

where uA and uA′ represent the lateral displacement of points A and A′ along the x-axis, θyA and
θyA′ represent the angular displacement of points A and A′ around the y-axis, and h denotes
the thickness of the shell element.
When the second contact form is expressed in the local coordinate system of the crack in

Fig. 1 (III), ua′ and ub′ in Eqs. (3.2) can be expressed as follows

ua′ = uA −
h

2
θyA ub′ = uA′ −

h

2
θyA′ (3.5)

For the first contact form, the contact force acting on the crack surface of points a and b can be
obtained by substituting Eq. (3.4) into Eqs. (3.1)

f ′a = −K∗
[
uA − uA′ +

h

2
(θyA − θyA′)− bc

]
δ
[
uA − uA′ +

h

2
(θyA − θyA′)− bc

]

f ′b = −f ′a
(3.6)

For the second contact form, the contact force acting on the crack surface of points a′ and b′

can be obtained by substituting Eqs. (3.5) into Eqs. (3.2)

f ′a′ = −K∗
[
uA − uA′ −

h

2
(θyA − θyA′)− bc

]
δ
[
uA − uA′ −

h

2
(θyA − θyA′)− bc

]

f ′b′ = −f ′a′
(3.7)
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The radial and angular displacement of points A and A′ in the local coordinate system of
the crack in Eqs. (3.6) and (3.7) can be expressed by a displacement interpolation function.
Therefore, the contact force acting on the crack surface of points a and b in the first type of
contact can be expressed as

f ′a = −K∗(ψ1Pu− bc)δ(ψ1Pu− bc) f ′b = −f ′a (3.8)

where ψ1 is 1 × 20 row vector, and (ψ1)1 = bc/(2a), (ψ1)3 = [3h/(8a
3)](2lcbc + b2c),

(ψ1)5 = (2abch − 3b2ch − 6bclch)/(8a2), (ψ1)16 = −bc/(2a), (ψ1)18 = −[3h/(8a3)](2lcbc + b2c),
(ψ1)20 = −(−2abch− 3b2ch− 6bclch)/(8a2), and the rest are zero, which is related to the struc-
tural parameters and crack parameters of the shell element. In addition, lc is the length of the
crack from the left end of the plane shell element.
Similarly, the crack surface contact force in the second type of contact can be expressed as

f ′a′ = −K∗(ψ2Pu− bc)δ(ψ2Pu− bc) f ′b′ = −f ′a′ (3.9)

where ψ2 is 1 × 20 row vector, and (ψ2)1 = bc/(2a), (ψ2)3 = −[3h/(8a3)](2lcbc + b2c),
(ψ2)5 = −(2abch − 3b2ch − 6bclch)/(8a2), (ψ2)16 = −bc/(2a), (ψ2)18 = [3h/(8a3)](2lcbc + b2c),
(ψ2)20 = (−2abch − 3b2ch − 6bclch)/(8a2), and the other elements are zero, which is related to
the structural parameters and crack parameters of the shell element.
According to Eqs. (3.8) and (3.9), the contact force on the crack surface is affected by

vibration characteristics, which are related to material parameters, such as the elastic modulus
and Poisson’s ratio, structural parameters such as length and thickness of the shell element,
crack parameters such as crack length, gap width, crack angle, contact area and contact area
volume, vibration characteristics including radial displacement along x-axis and the angular
displacement around the y-axis.
According to Eqs. (3.8) and (3.9), the crack surface contact force of a shell element includes

two step functions, (ψ1Pu−bc)δ(ψ1Pu−bc) and (ψ2Pu−bc)δ(ψ2Pu−bc), which are nonlinear
terms, thus, the crack surface contact force is a nonlinear force.

3.2. Crack stiffness matrix

According to deformation characteristics of plane shell elements with cracks under the action
of crack propagation, strain energy is released. In addition, according to the stress characteristics
of runner blades with cracks, considering only the strain energy released by type I (open type)
and type II (sliding type) cracks, the strain energy Pc released due to crack propagation can be
expressed as

Pc =
1
E

∫

Ac

(K2I +K
2
II) dAc (3.10)

where KI and KII correspond to mode I and II stress intensity factors at different crack inclina-
tion angles, which can be expressed as follows

KI = FI(α)σαλI(l)
√
πl KII = FII(α)ταλII(l)

√
πl (3.11)

where α is the crack propagation angle, σα is the normal stress along the crack propagation angle
direction at any time, τα is the shear stress along the crack propagation angle direction at any
time. FI(α) and FII(α) are the propagation angle correction coefficients of mode I and II cracks,
respectively, which can be determined based on the crack propagation angle α, λI(l) and λII(l)
represent the stress intensity factor correction functions of mode I and II cracks, respectively,
which can be determined based on relative length of the crack.
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Considering large geometric deformation of the runner blade and ignoring the effect of bend-
ing deformation of the y-axis, the displacement-strain relationship for the crack section of the
plane shell element can be expressed as

εlx =
∂u

∂x
+ z

∂2w

∂x2
+
1
2

(∂w
∂x

)2
εy = 0

γlxy =
∂u

∂y
+
∂v

∂x
+ 2z

∂2w

∂x∂y
+
∂w

∂x

∂w

∂y

(3.12)

Equation (3.12) can be transformed into a matrix form as follows

εc = S̃0u+
1
2

3∑

j=1

kju
TS̃ju (3.13)

where

εc =



εlx
0
γlxy


 S̃0 =




∂
∂x 0 z ∂2

∂x2

0 0 0
∂
∂y

∂
∂x 2z

∂2

∂x∂y


N

N =


Nu1 0 0 0 0 Nu2 0 0 0 0 Nu3 0 0 0 0 Nu4 0 0 0 0
0 Nv1 0 0 0 0 Nv2 0 0 0 0 Nv3 0 0 0 0 Nv4 0 0 0
0 0 Nw1Nθx1Nθy1 0 0 Nw2Nθx2Nθy2 0 0 Nw3Nθx3Nθy3 0 0 Nw4Nθx4Nθy4




and Nui, Nvi, Nwi, Nθxi, Nθyi (i = 1, 2, 3, 4) are form functions, kj (j = 1, 2, 3), where
k1 = [1, 0, 0]T, ,k2 = [0, 1, 0]

T, k3 = [0, 0, 1]T, S̃j (j = 1, 2, 3) is 20× 20 matrix, where

S̃1 =
[
∂NT3
∂x O20×1 O20×1

]



∂N3
∂x
O1×20
O1×20


 S̃2 =

[
O20×1 O20×1 O20×1

]



∂N3
∂x
O1×20
O1×20




S̃3 =
[
∂NT3
∂y

∂NT3
∂x O20×1

]



∂N3
∂x
O1×20
O1×20




and

N3 = [0, 0, Nw1, Nθx1, Nθy1, 0, 0, Nw2, Nθx2, Nθy2, 0, 0, Nw3, Nθx3, Nθy3, 0, 0, Nw4, Nθx4, Nθy4]

The relationship between stress and strain is

σc = Dεc (3.14)

where σc = [σlx , 0, τlxy]
T, D is the elastic matrix of the shell element, which can be expressed as

D =
E

1− ν2



1 ν 0
ν 1 0
0 0 1−ν

2


 (3.15)

By substituting Equations (3.11)1 to (3.14) into Eq. (3.10), the following expression can be
obtained

Pc =
1
2
uTkcu+

πl

4E

∫

Ac

3∑

j=1

3∑

k=1

uTkTj uh̃jku
Tkku dAc

+
πl

2E

∫

Ac

3∑

j=1

(uTg̃juTkju+ uTkTj ug̃
T
j u) dAc

(3.16)



Nonlinear dynamic model of a turbine blade considering... 81

where

g̃j = S̃T0D
TλS̃j h̃jk = S̃Tj D

TλDS̃k λ =



F 2I (α)λ

2
I 0 0

0 0 0
0 0 F 2II(α)λ

2
II




Subsequently, the shell element stiffness matrix kc caused by crack propagation can be ob-
tained

kc =
2πl
E

∫

Ac

S̃T0D
TλDS̃0 dAc (3.17)

According to Eq. (3.17), the crack-stiffness-matrix is affected by the vibration characteris-
tics, which are related to material parameters, such as the elastic modulus and Poisson’s ratio,
structural parameters such as length and thickness of the shell element, crack parameters such as
crack length, crack propagation angle, crack contact area and contact area volume, and vibration
characteristics such as normal and shear stress amplitudes.

4. Dynamic coupling model of vibration and crack

The relationship between the generalized coordinate vector i of element ui and the generalized
coordinate vector U of the shell structure in the global coordinate system can be expressed as

ui = RiBiU (4.1)

where Bi is the coordinate matrix between the unit number and system number, and Ri is the
conversion matrix between the coordinates unit i and the global coordinates.
For large geometric deformation and the crack surface contact force, the dynamic equation

of a runner blade with a crack can be written as follows

(Mt +Mp)Ü+CU̇+ (K−Kc)U = F+F′ −MdÜd

+
3
2

n∑

i=1

3∑

j=1

∫

V

(GjiUTkjU+ 2UTGjikjU) dV

−
n∑

i=1

∫

Aci

3πli
2E

3∑

j=1

(G̃jiUTkjU+ 2UTG̃jikjU) dAci

−
n∑

i=1

πli
E

∫

Aci

3∑

j=1

3∑

k=1

kTj UH̃jkiU
TkkU dAci +

1
2

n∑

i=1

3∑

j=1

3∑

k=1

∫

V

kTj UHjkiU
TkkU dV

(4.2)

where Gji = BTi R
T
i gji, G̃ji = B

T
i R
T
i g̃ji, Hjki = B

T
i R
T
i hjkiRiBi, H̃jki = B

T
i R
T
i h̃jkiRiBi.

In addition, U, U̇ and Ü correspond to the generalized coordinate vector, velocity vector, and
acceleration vector in the global coordinate system of the blade with crack, Üd is the rigid body
acceleration vector, MdÜd is the self-excited inertial force of the system, Mt and Mp are the
mass matrix and additional mass matrix, respectively, C is the damping matrix,K is the stiffness
matrix, F and F′ are the hydraulic excitation and crack surface contact force, respectively.
According to Eq. (4.2), the dynamic equation of the blade with the crack includes the nonlin-

ear crack surface contact force, a nonlinear term representing the large geometric deformation of
the blade

∑n
i=1

∑3
j=1

∫
V (GjiU

TkjU+ 2UTGjikjU) dV , and a nonlinear term representing the
crack strain energy of the blade −∑n

i=1

∫
Aci
[πli/(2E)]

∑3
j=1(G̃jiU

TkjU + 2UTG̃jikjU) dAci,
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therefore the dynamic equation of the blade with the crack is a nonlinear equation. In the dy-
namic equation of the blade, the F′ (nonlinear crack surface contact force) and KcU (elastic
restoring force) terms caused by the crack as well as the nonlinear terms generated by crack
strain energy of the blade include not only crack parameters, but also vibration parameters.
Consequently, this is a coupling relationship between vibration and the crack.

5. Vibration and fatigue characteristics of runner blades

5.1. Dynamic characteristics of runner blades

By solving Eq. (4.2) using the multi-scale method, the dynamic response of the blade with
the crack can be obtained

U = ϕη U̇ = ϕη̇ Ü = ϕη̈ (5.1)

where ϕ is the regular modal matrix and η is the corresponding modal coordinate array of the
blade. Subsequently, the approximate solution of the displacement response U of the blade with
the crack can be expressed as

U =
n∑

r=1

ηrϕ
(r) (5.2)

Based on the developed finite element model of the blade, the relationship between displace-
ment and strain is as follows

ε = S0u+
1
2

3∑

j=1

Sju
Tkju (5.3)

where ε = [εx, εy, γxy]T, can be expressed as

εx(x, t) =
∂u

∂x
+ z

∂2w

∂x2
+
1
2

(∂w
∂x

)2
εy(x, t) =

∂v

∂y
+ z

∂2w

∂y2
+
1
2

(∂w
∂y

)2

γxy(x, t) =
∂u

∂y
+
∂v

∂x
+ 2z

∂2w

∂x∂y
+
∂w

∂x

∂w

∂y

(5.4)

where Sj (j = 1, 2, 3) is 20× 20 matrix, and

S1 =
[
∂NT3
∂x O20×1 O20×1

]



∂N3
∂x
∂N3
∂y

O1×20


 S2 =

[
O20×1

∂NT3
∂y O20×1

]



∂N3
∂x
∂N3
∂y

O1×20




S3 =
[
∂NT3
∂y

∂NT3
∂x O20×1

]



∂N3
∂x
∂N3
∂y

O1×20




The relationship between stress and strain is

σ = Dε (5.5)

Refer to Eq. (3.15) for theDmatrix above. By combining Eqs. (4.1), (5.3) and (5.5), the dynamic
stress at any position of the blade with the crack can be obtained as follows

σ = DS0RiBiU+
1
2

3∑

j=1

DkjU
TBTi R

T
i SjRiBiU (5.6)
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5.2. Vibration fatigue characteristics of blades with cracks

According to the Pairs fatigue crack propagation model, the fatigue crack propagation rate
of a runner blade with a crack can be expressed as

dl

dN
= C0(∆K)m (5.7)

where l is the crack length of the member with the crack, N is the number of cycles of dynamic
stress, m and C0 are material constants of the members with the crack, and ∆K is the stress
intensity factor amplitude. Considering the contact and vibration characteristics of the crack
surface, the amplitude of the stress intensity factor can be expressed as

∆K =
1
2
cos

α

2
[∆KI(1 + cosα)− 3∆KII sinα] + F (l)

∆f(U)√
πl

(5.8)

where F (l) is the crack shape correction factor, which is related to the crack size and which
can be obtained from the stress intensity factor manual, ∆KI and ∆KII are the amplitudes of
KI and KII, respectively, and ∆f(U) is the amplitude of the contact force acting on the crack
surface, which can be determined by combining Equations (3.8), (3.9) and (5.2).
By substituting Eq. (5.8) into Eq. (5.7), the crack propagation rate model of the runner

blade with the crack can be expressed as

dl

dN
= C0

(1
2
cos

α

2
[∆KI(1 + cosα)− 3∆KII sinα] + F (l)

∆f(U)√
πl

)m
(5.9)

According to Equations (5.6) and (5.9), due to the coupling effect between vibration and the
crack, the contact force on the crack surface and the crack stiffness change continuously with
propagation of the crack, resulting in a continuous change of the dynamic stress characteris-
tics. Consequently, the crack propagation model of the runner blade is related not only to the
amplitude of dynamic stress, but also to the amplitude of the contact force on the crack surface.

6. Case study

In this Section, a large Francis turbine in Guangxi is taken as an example. The main param-
eters of the runner are as follows: rated speed of 75RPM, rated head of 59.4m, rated flow of
Q0 = 580m3/s, rated working condition of 302.5MW, maximum runner diameter of 8.33m,
height of 5.19m, upper crown and lower ring mass of 101.4 · 103 kg and 68 · 103 kg, respectively,
and upper crown and lower ring moment of inertia of 8.52 · 105 kg·m2 and 1.15 · 106 kg·m2, re-
spectively. In total, 13 blades are evenly distributed in the runner. A single blade has mass
of 7.7 · 103 kg, width of 1.65m, thickness of 0.62m, elastic modulus of E = 210GPa, material
density of 7.85 · 103 kg/m3, and Poisson’s ratio of ν = 0.3.
In actual operation, due to the thin water outlet edge of the blade and the stress concentration

phenomenon at the “T-shaped” connection between the blade and upper crown, penetrating
cracks often appear at the water outlet edge of the blade. Table 1 lists the statistical values
of through cracks found on the outlet edge of the blade of a hydropower station. The runner
blade material is ZG0Cr13Ni5Mo, the material constant is m = 3.65, C0 = 3.46 · 10−10 and its
allowable stress is σ = 43.27 · 107 Pa.
In order to verify the correctness of the developed model, No. 3 blade under rated working

conditions was taken as the research object. Based on the characteristics of hydraulic excitation
acting on the blade, a crack 100mm away from the upper crown was analyzed. It was assumed
that the blade contained only a single crack. Two different crack lengths of 100mm and 150mm
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Table 1. Statistical table of through cracks on the water outlet edge of blades of a hydropower
station

Blade number Crack location Crack type Crack size

3 100mm from upper crown Through crack 150mm
8 20mm from lower ring Through crack 90mm
9 30mm from upper crown Through crack 140mm
11 50mm from lower ring Through crack 130mm

Table 2. Each node direction displacement representation symbols of the crack blade

Displacement in each
Representation symbol

node direction

Lateral displacement U1, U6, U11, U16, U21, U26, U31, U36,
along X-axis U41, U46, U51, U56
Lateral displacement U2, U7, U12, U17, U22, U27, U32, U37,
along Y -axis U42, U47,? U52, U57
Lateral displacement U3, U8, U13, U18, U23, U28, U33, U38,
along Z-axis U43, U48, U53, U58
Angular displacement U4, U9, U14, U19, U24, U29, U34, U39,
around Z-axis U44, U49, U54, U59
Angular displacement U5, U10, U15, U20, U25, U30, U35, U40,
around Y -axis U45, U50, U55, U60

Fig. 2. Finite element model of the runner blade with cracks

and crack gap widths of 1.6mm and 2mm were investigated. In order to simplify the simulation
model, the runner blade was divided into 9 rectangular elements, each blade had 60 degrees-of-
-freedom, the element number was represented by 1○, 2○, A1, A2,..., indicated the crack number,
the node numbers were represented by 1, 2, . . . (Table 2). The finite element model of the blade
with the crack is illustrated in Fig. 2.
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Time-domain simulation diagrams of the contact force on the crack surface and dynamic
stress at the crack tip were obtained according to Eqs. (3.8), (3.9) and (5.6), for a crack length
of 100mm and crack gap width of 1.6mm. The results are shown in Figs. 3a and 3b, respectively.
For a crack length of 150mm and crack gap width of 2mm, the results are shown in Figs. 4a
and 4b, respectively.

Fig. 3. (a) Simulation curve of the crack surfaces contact force and (b) time domain simulation curve
crack-tip dynamic stress when the crack length was 100mm and the crack gap width was 1.6mm

Fig. 4. (a) Simulation curve of the crack surfaces contact force and (b) time domain simulation curve
crack-tip dynamic stress when the crack length was 150mm and the crack gap width was 2mm

According to Figs. 3a and 4a, the contact force on the crack surface increases with prop-
agation of the crack. In addition, as the crack gap width increases, the period of the contact
force on the crack surface increases as well. According to Figs. 3b and 4b, the dynamic stress
amplitude at the crack tip increases with propagation of the crack.
As shown in Figs. 5a and 5b, the correctness of the developed model is verified. The fracture

module in Ansys workbench was used to establish the crack, the surface unit surface body was
inserted at the crack location and the grid was divided, dynamic load was applied and transient
dynamic analysis was carried out. The results show that the closer the crack position is, the
greater is the dynamic stress. Among them, the dynamic stress at the crack is 32.7MPa and the
mean dynamic stress in Fig. 3b is 30.1MPa, the error is 2.6MPa, and the error rate is 7.9%.
According to Eq. (3.17), the crack stiffness increases due to propagation of the crack, which

leads to a continuous reduction of the natural frequency of the runner blade with the crack.
Moreover, width of the crack gap increases due to propagation of the crack, and the period
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Fig. 5. (a) Blade crack model, (b) crack position force diagram

of the contact force on the crack surface increases as well. When the sum of the frequency
of hydraulic excitation and the crack surface contact force acting on the blade is close to the
natural frequency of the blade, a combined resonance of the runner blade will be caused. Based
on the characteristics of hydraulic excitation acting on the blade, when the crack extends to
132mm, the combined resonance will occur. By comparing Figs. 3b and 4b, it can be observed
that when the crack length is 150mm, the dynamic stress at the crack tip was more irregular
than that when the crack length was 100mm, which also provides a theoretical basis for unstable
propagation of the crack under resonance.

Fig. 6. Simulation curve of fatigue crack propagation

In Fig. 6, when only dynamic stress is considered without considering the coupling effect of
vibration and crack, the crack propagation life curve is the blue line; and when the contact force
and dynamic stress on the crack surface are considered, taking the coupling effect of vibration
and crack into consideration, the crack propagation life curve is the one red. It can be observed
that when the working condition was only the rated load, the crack expanded to the length of
150mm after 4.53 ·107 s (524.3 days). When the coupling effect of vibration and crack was taken
into consideration, the crack propagation to 150mm took 4.42 · 107 s (511.6 days). According to
(Yang et al., 2014)], the turbine blades are mainly operated near the rated working conditions
and are stopped for inspection every 4.25 · 107 s (491.7 days). When considering the coupling
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effect of vibration and crack, the error between the simulation and test results is 4.04%, while,
without considering the coupling effect of vibration and crack, the error is 6.63%. This indicates
that the vibration fatigue crack propagation model considering the coupling effect of vibration
and crack is more accurate, and provides a basis for fatigue strength and life prediction of blades.

7. Conclusions

• With propagation of the crack, the contact force on the crack surface increases, its period
increases, and the dynamic stress amplitude at the crack tip increases as well.
• The propagation of the crack increases the crack stiffness, which leads to a continuous
reduction in the natural frequency of the blade. When the sum of the frequency of hydraulic
excitation and the crack surface contact force acting on the blade is close to the natural
frequency of the blade, amd a combined resonance occurs, which also provides a theoretical
basis for unstable propagation of cracks under the resonance.
• When the coupling effect of vibration and crack is taken into consideration, the developed
vibration fatigue crack propagation model is more accurate, and can provide a basis for
prediction of the fatigue strength and life of the blades.
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Calculation of the stress intensity factor K is a crucial and difficult task in linear elastic
fracture mechanics. With the capacity to solve complex input-output problems of an under-
lying system, machine learning is especially useful in the calculation of K. However, when
faced with complex systems, such as the firtree groove structure of a turbine disk, the data-
-consuming issue has always been a thorny problem in K-solutions combined with machine
learning studies for a long time. In this paper, a novel K-solution method called PA-GPR
(Pool-based Active learning with Gaussian Process Regression) for the calculation of the
stress intensity factor for surface cracks in the firtree groove structure of a turbine disk is
proposed. Using the pool-based active learning strategy, the proposed K-solution method
could make the GPR model have a great regression performance with a few samples re-
quired. In the pool-based active learning strategy analysis, the learning function based on
greedy sampling is proposed to select samples with a high contribution to the training of
the GPR model. The calculation of K for a semi-elliptical surface crack in the firtree groove
structure is evaluated to verify the accuracy and effectiveness of the proposed method. The
results show that this novel method is accurate, time-saving and effective.

Keywords: damage tolerance, stress intensity factor solutions, machine learning, active
learning

1. Introduction

Probabilistic damage tolerance analysis is essential for the assessment of integrity and reliabil-
ity in practical engineering applications such as high-temperature components in aero engines
(Basista and Węglewski, 2006; Huang et al., 2018, 2019; P. Li et al., 2018; Y. Li et al., 2019;
Rinaldi et al., 2006), high-speed railway components, etc. In the probabilistic damage tolerance
assessment of a turbine disk, it is necessary to carry out crack growth calculations in locally
complex structures (such as the firtree groove structure, etc.) many times (up to 106) under
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the assumption of the existence of an initial defect or crack, the convergence failure risk can be
obtained by a statistical method.

The firtree groove structure is one of the most critical and complicated regions of a turbine
disk (Yuan et al., 2021). In the aspect of structure, the firtree groove structure is composed of
many pairs of tenons with complex geometric characters. Meanwhile, the firtree groove structure
bears many complicated loads, such as the centrifugal force of the blade, aerodynamic bending
moment, thermal load and vibration load (Yang et al., 2017). The complexity of geometry
and load makes the firtree groove structure one of the most vulnerable parts of the turbine
disk.

Consequently, due to the complexity of geometry and load of the firtree groove structure,
it is difficult to evaluate the crack growth, especially the stress intensity factor K for (Cui and
Wang, 2011; Witek, 2012).

Up to now, lots of K-solution methods have been developed for cracks in the firtree groove
structure of a turbine disk, such as the finite element method (FEM) (Boulenouar et al., 2014;
Huang et al., 2021; Moustabchir et al., 2015, 2017; Shlyannikov et al., 2016) and machine learning
(ML). The finite element method usually becomes a reliable method to generate accurate K
solutions. However, the accuracy of the finite element method is greatly influenced by the number
of mesh elements of the model. When faced with a complex structure like the firtree groove
structure, this number must be large. That means, consequently, a high computational cost of
the finite element method.

Recently, K-solutions combined with ML have become a topic of growing interest (Keprate
et al., 2017; Liu et al., 2020; Muñoz-Abella et al., 2015; Xu et al., 2021). With the capacity to
solve complex input-output problems of an underlying system, ML is especially useful in the
calculation of K. These solutions proceed in three steps (in this paper, the method that follows
these steps is called the traditional ML method): (1) calculating the limit number of K data as
the training data set; (2) training an ML model using training the data set and (3) predicting
values of K using the trained ML model.

However, the data-consuming issue has always been a thorny problem in the K-solutions
combined with ML studies for a long time. For regression problems, the generalization ability of
a ML model is always related to a sample size of the training data set. A large quantity of data
is usually required to get accurate results in the calculation of K. This problem is particularly
acute in the face of complex structures, such as turbine disk grooves, etc. In some studies, the
sample size of the training data set has even reached 106.

The active learning strategy is an efficient solution to this data-consuming problem. This
strategy first uses the initial training data set T to train the regression ML model. Then the
initial training data set T is enriched by adding new sample points based on the defined learning
function. And finally, a new surrogate model is retained using the updated T , then the above-
mentioned steps are repeated till the convergence criterion is satisfied.

This study presents a novel K-solution method called PA-GPR (Pool-based Active learning
with Gaussian Process Regression) for the calculation of the stress intensity factor for sur-
face cracks in the firtree groove structure of a turbine disk. The paper is organized as fol-
lows. Firstly, some problems of K-calculation for surface cracks in the firtree groove struc-
ture will be described. Then, details and principles of the proposed PA-GPR are elabo-
rated, including the learning function and the convergence criterion. To demonstrate the
accuracy and effectiveness of the proposed method, a calculation of K case is presented,
i.e., calculation of K for a semi-elliptical surface crack in the firtree groove structure of
a turbine disk. Furthermore, the mechanism of the learning function of active learning is
discussed.
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2. Problem description

The firtree groove structure is one of the most critical and complicated regions of turbine disks.
As shown in Fig. 1, the geometry features include the number of firtree teeth n, flank length l,
contact angle α, flank angles β and γ, outer radius R0 and inner radius R1 (Meguid et al., 2000).
Moreover, different kinds of loads including the centrifugal force, the thermal load, vibration load
are applied to the firtree groove structure. The intricate structure and load conditions make the
stress and fracture analysis a hard task. Figure 2 shows a typical stress distribution of the firtree
groove structure.

Fig. 1. Schematic of the firtree groove structure

Fig. 2. An example of von Mises stress distribution of the firtree groove structure (the values on the
scale are von Mises stress values, unit: MPa)

Cracks may occur at the firtree groove structure (especially at the bottom) due to cyclic
loading or initial defects. Considering the requirement of the turbine disk failure risk, it is
necessary to develop an efficient and rapid method for calculation of the K for a large number
of repeated crack growth evaluations.
The effective K-solution method proposed in this paper focuses on the calculation of the

stress intensity factor for surface cracks in the firtree groove structure. As shown in Fig. 3,
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a semi-elliptical surface crack is located at the transition arc between the fifth teeth and the
bottom of the groove. It is assumed that the leading edge of the crack keeps an elliptical shape
during the propagation process. Key dimensional parameters of the crack are {a, c, ξ}, where
a and c mean the depth and half-length of the surface crack, respectively. The ξ denotes the
position of point P on the edge of the crack, ξ = |AC|/|AB|, as shown in Fig. 4.

Fig. 3. A semi-elliptical surface crack in the firtree groove structure of a turbine disk

Fig. 4. The geometry configuration of a semi-elliptical surface crack in the firtree groove structure of a
turbine disk

For a particular type of the firtree groove structure, the stress distribution and shape of the
crack are certain, but the initial crack size is random. That means the dimensional parameters
{a, c} are random variables. Meanwhile, in order to accurately evaluate the value of K, it is
necessary to calculate K at any point (point P as shown in Fig. 4) along the crack front, i.e.,
0 ¬ ξ ¬ 1.

3. Pool-based Active learning with Gaussian Process Regression (PA-GPR)

The proposed PA-GPR method includes two critical parts, the GPR algorithm and the pool-
-based active learning strategy. The GPR algorithm is adopted for the prediction ofK. The pool-
-based active learning strategy is used in the training progress of the GPR model, making the
trained GPR model have a great generalization ability with only a few training samples required.



Estimation of stress intensity factor for surface cracks... 93

3.1. PA-GPR for calculation of K

The Gaussian process regression, belonging to supervised learning, is a non-parametric model
for regression analysis of data using Gaussian processes (Rasmussen, 2003). It can be written as

f ∼ GP (m(x), k(x, x′)) (3.1)

where m(x) and k(x, x′) represent the mean and covariance function, respectively. Equation
(3.1) means the function f is distributed as a Gaussian process with the mean function m and
covariance function k. More details could be seen in the literature (Rasmussen, 2003).
The flow diagram of the proposed PA-GPR method is shown in Fig. 5, and it is based on

the following steps:

(1) Generate a candidate sample pool S including NS samples. In the calculation process
of K, the input variables are parameters that affect the stress intensity factor results, such
as crack depth and dimensions of the cracked structure. The candidate sample pool S is
generated by random sampling based on the distribution or range of the input variables.

(2) S = L∪U, L∩U = ∅. L denotes the labeled data set and U is the unlabeled data set. The
labeled data set L consists of N samples picked from S. L = {X1,X2, . . . ,XN}. Compared
with the sample size of S, N is typically several orders of magnitude smaller.

(3) After definition of the labeled data set L, the corresponding response Y should be
computed, i.e., Y = {K1,K2, . . . ,KN}. Then a training data set T should be defined,
T = {L,Y}.

(4) Train the GPR model using T.
(5) If the convergence criterion (mentioned in Section 3.3) is not satisfied, the training data
set T should be enriched by the learning function (mentioned in Section 3.2). In detail,
the new sample Xnew could be selected from the unlabeled data set U using the learning
function. And the corresponding response Knew should be calculated. Then the train-
ing data set T becomes the new training data set Tnew by adding a new sample, i.e.,
Tnew = T ∪ {Xnew,Knew}.

(6) Retrain the GPR model using Tnew. Repeat steps (4) to (5) until the convergence criterion
is satisfied.

3.2. Learning function

Different sample points in the same sample pool have different degrees of contribution to
training of the GPR model. In the traditional machine learning method for regression, there are
often spatial overlaps or approximate overlaps among the sample points in the training data set,
which makes these samples a poor contribution to training of the GPR model. On the contrary, if
the selected samples can avoid spatial overlaps or approximate overlaps situations, these samples
will make a high contribution to training of the GPR model. A more detailed explanation could
be seen in Section 5. Consequently, the GPR model could have a great generalization ability
with only a few samples required, as long as samples with great contributions are selected by
the proposed learning function from the unlabeled data set U.
Inspired by the greedy sampling (GS) strategy, this paper proposes a GS-based learning

function to pick key samples with great contributions to training of the GPR model (Wu et al.,
2019; Yu and Kim, 2010). In different application situations, two different learning functions,
i.e., GS on the inputs and GS on the outputs are proposed.

3.2.1. GS on the inputs

To achieve diversity in the input space, GS on the inputs could be elaborated as follows.
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Fig. 5. Flowchart of the proposed PA-GPR

It is assumed that the labeled data set L consists of N samples Xi (i = 1, 2, . . . , N) picked
from S. For each of the remaining NS −N samples Xj (j = N + 1, N + 2, . . . , NS), its distance
to each of the labeled data set L could be calculated as

dXij = ‖Xi −Xj‖2 (3.2)

where i = 1, 2, . . . , N , j = N + 1, N + 2, . . . , NS . Then the shortest distance from the j-th
sample Xj to N labeled samples, dj could be written as

dXj = min(d
X
ij ) (3.3)

where j = N + 1, N + 2, . . . , NS .
The learning function based on GS on the inputs is proposed as

Xnew = argmax(dXj ) (3.4)

the new sample point (Xnew, to be added in T) could be chosen fromU by this learning function.

3.2.2. GS on the outputs

In some application situations, the learning function based on GS on the outputs is more
effective than GS on the inputs. Similar to the learning function based on GS on the inputs,
details of the learning function based on GS on the outputs could be explained as follows.
Similarly, it is assumed that the training data set T consists of N samples {Xi,Ki}

(i = 1, 2, . . . , N). The trained GPR model could predict the value of the corresponding response
for each of the remaining NS −N samples as

K̂j = f(Xj) (3.5)

where j = N + 1, N + 2, . . . , NS .
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Then the distance on the outputs from each of the remaining NS − N samples Xj
(j = N + 1, N + 2, . . . , NS) to each of the labeled data set L could be calculated by

dKij = ‖Ki − K̂j‖2 (3.6)

where i = 1, 2, . . . , N , j = N + 1, N + 2, . . . , NS . Then, the shortest distance on the outputs
from the j-th sample Xj to N labeled samples, dj, could be written as

dKj = min(d
K
ij ) (3.7)

where j = N + 1, N + 2, . . . , NS .
The learning function based on GS on the outputs is proposed as

Xnew = argmax(dKj ) (3.8)

the new sample point (Xnew, to be added in T) could be chosen fromU by this learning function.
For GS on the inputs or outputs, it is difficult to determine which method is more effective.

For validation cases in this research, two learning functions are both applied to find the learning
function with better performance.

3.3. Convergence criterion

In this study,NV labeled data (not belonging to the labeled data set L) are randomly selected
to make up the validation set. The GPR model has a good generalization ability when the mean
relative validation error reaches convergence, which could be written as

1
NV

NV∑

p=1

|K̂p −Kp|
Kp

¬ ε (3.9)

where ε means the convergence threshold.

4. K-solution using PA-GPR

In this Section, the PA-GPR method is applied to the calculation of K for a semi-elliptical
surface crack in a turbine disk firtree groove structure. The prediction accuracy of the PA-GPR
is firstly discussed. Then, two different K-solution methods, PA-GPR and the traditional ML
method are compared in order to evaluate which one requires fewer samples. Here, the traditional
ML model is also GPR, where the training data set is generated by random sampling from the
candidate sample pool S.
According to the surface crack in the firtree groove structure described in Section 2, the

input variables are X = (a, c, ξ), and the output variable is the stress intensity factor K. Each
of the input variable is defined as

c, a ∈ [0.1mm, 5mm] a

c
∈ [0.1, 1] ξ ∈ [0, 1] (4.1)

105K samples for surface cracks in the firtree groove structure subjected to the centrifugal force
and temperature are calculated using the professional fracture analysis software FRANC3D to
make up the candidate sample pool S. The FEM crack mesh generated by FRANC3D is shown
in Fig. 6. In addition, NV = 200, ε = 1.62%. The mean relative validation error of this ML model
is 1.62%. So, the convergence threshold ε value is set to 1.62%, to evaluate the effectiveness of
the PA-GPR by comparing the sample size with the identical mean relative validation error. The
initial labeled data set consists of 100 samples. After the application of two learning functions
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Fig. 6. The FEM crack mesh generated by FRANC3D

(GS on the outputs or inputs) in this validation case, it is found that the sample size is smaller
when using the learning function based on GS on the inputs. Consequently, the learning function
based on GS on the inputs is adopted.

The plot of the predicted K using PA-GPR vs. true K calculated by FRANC3D is shown in
Fig. 7. It is shown that the 200 observation points are sited around the perfect prediction line.
The K results with different dimensional parameters calculated by the proposed PA-GPR are
compared with those calculated by FRANC3D (as shown in Fig. 8). It can be observed that the
K result driven by PA-GPR is very close to the result calculated by FRANC3D.

Fig. 7. Predicted K using PA-GPR vs. true K (calculated by FRANC3D) for a semi-elliptical surface
crack in a turbine disk firtree groove

When the convergence is reached, the numbers of required samples of PA-GPR and the
traditional ML method are shown in Table 1. That means, the proposed PA-GPR is two orders
of magnitude more efficient than the traditional ML method.

It should be noted that the proposed PA-GPR adds time for sample selection. However,
compared to the time to get the label of the reduced samples (calculating K by the finite
element method or other K-solution method), the time for sample selection is negligible.
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Fig. 8. K results with different dimensional parameters: (a) a = 0.53mm, c = 0.58mm,
(b) a = 0.65mm, c = 2.49mm, (c) a = 3.42mm, c = 3.47mm and (d) a = 0.65mm, c = 3.31mm

Table 1. The sample size required for PA-GPR and the supervised ML method

Traditional ML method PA-GPR

The number of
5E4

1135
required samples (including initial 100 samples)

5. Discussion

The ML-based method becomes an effective stress intensity factor solution in the recent linear
elastic fracture mechanics studies. However, for traditional ML regression problems, a good
regression performance always means a lot of labeled training samples. That causes a time-
-consuming issue.
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In traditional machine learning for regression, there are often spatial overlaps or approximate
overlaps between the sample points in the training data set. For example, there are two sample
points, (a, c, ξ,K) = (3.3738, 1.5372, 0.1961, 21.1314) and (3.4334, 1.3629, 0.8013, 21.1316) in the
training data set for the traditional ML model in Section 4. These two sample points approx-
imately overlap in Euclidean space, which makes the contribution of these two sample points
to training of the model equal to the contribution of only one sample point. This phenomenon
results in waste of sample points. Further, spatial overlaps or approximate overlaps of many
sample points make the training of the regression model time-consuming.
As mentioned in this paper, the pool-based active learning strategy could solve this time-

-consuming problem by selecting specific samples using the learning function. The purpose of
GS is to achieve diversity of sample space (inputs space or outputs space). Whether to choose
GS on the inputs or outputs space depends on a specific application situation.
Diversity of the sample space could avoid the waste of sample points. This is also the main

idea of the learning function based on GS. Specifically, the learning function based on GS
could pick only one sample point among samples with spatial overlaps or approximate overlaps
situations into the training data set. When the action of picking is done, sample points (picked
by the learning function) of the training data set could cover the range of the independent (or
dependent) variables. That achieves diversity of the sample space using a few sample points.
Further, the regression model would have a great regression performance using a few sample
points.

Fig. 9. The geometry configuration of a semi-elliptical surface crack in a finite plate

A calculation case is evaluated to visualize the diversity of the inputs space and the mecha-
nism of the learning function based on GS. In this case, the calculation of K for a semi-elliptical
surface crack in a finite plate is evaluated. The data for this validation case were obtained from
the literature (Newman and Raju, 1981). The geometry configuration of a semi-elliptical surface
crack in a finite plate is shown in Fig. 9, where the plate width is 2b = 50mm, and the plate
thickness is t = 10mm. The depth and half-length of the surface crack are represented by a
and c, respectively. The plate is subjected to a remote uniform tension load with the stress
ratio R = 0. This uniform tension load could be characterized by σ = 800MPa. The input
variables are X = (a, c), and the output variable is the stress intensity factor K. Each of the
input variables is defined as

ln a ≃ N(−1.346, 0.49) a

c
∈ [0.2, 1] (5.1)

where the depth of the surface crack a is assumed to fit lognormal distribution (Liu and Mahade-
van, 2009), and its mean value and standard deviation are 0.33mm and 0.26mm, respectively.
105 samples are randomly sampled to make up the candidate sample pool S based on the distri-
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bution or range of input variables. as shown in Eq. (5.1). In detail, for a sample X0 = (a0, c0),
a0 is sampled based on the lognormal distribution in Eq. (5.1) using the Box Muller method.
Then, values of a0/c0 could be sampled by a uniform sampling method based on the distribution
in Eq. (5.1).
100 samples are selected by the learning function based on GS on the inputs and randomly

sampled, as shown in Fig. 10a and 10b, respectively. Meanwhile, a candidate sample pool in-
cluding 104 samples is given in Fig. 10c, which shows the range of inputs space as a control.
As Fig. 10b shows, there are many sample points with spatial overlaps or approximate

overlaps situations clustered in the dashed red line ellipse, while there are a few sample points
in the dashed blue line circle. If the regression model is trained using these 100 samples, the
imbalance situation will inevitably cause a bad regression performance.
Compared with Fig. 10b, Fig. 10a shows a good distribution of sample points in the sample

space. Sample points, selected by the learning function, are evenly distributed in the sample
space. That means the diversity of the sample space is achieved. If the regression model is
trained using these 100 samples selected by the learning function, the diversity of the sample
space would lead to a great regression performance using much fewer samples.

Fig. 10. Distribution of sample points in the inputs space: (a) samples selected by the learning function
based on GS, (b) samples selected by randomly sampling and (c) range of the inputs space

6. Conclusion

Based on this study, three conclusions can be drawn:

• A novel K-solution method for surface cracks in the firtree groove structure of a turbine
disk called PA-GPR (Pool-based Active learning with Gaussian Process Regression) is pro-
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posed in this paper. Combining active learning strategy and Gaussian Process Regression
(GPR), this novel method is accurate, time-saving and effective.
• Using the active learning strategy, the trained GPR model could have a great computa-
tional accuracy with only a few training samples required. For K calculation problems
of surface cracks in the firtree groove structure of a turbine disk, the proposed PA-GPR
is two orders of magnitude more efficient than the traditional ML method with almost
identical K results.
• The learning function based on GS, the core of the proposed method, could select samples
with a high contribution to the training of the GPR model by the achievement of diversity
of the sample space. Focusing on spatial overlaps or approximate overlaps situations, the
learning function picks only one sample point among samples with spatial overlaps or
approximate overlaps situations into the training data set. That makes the GPR model
have a great computational accuracy using a few samples only.
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With the improvement of research on the tooth surface and interface, the rock breaking
technology of a polycrystalline diamond compact (PDC) bit has witnessed significant ad-
vancements and widespread applications in various domains. However, the current research
on the tooth surface and interface is largely independent of each other, lacking integration
between the two. This study aims to explore the influence of the connection between the
tooth surface and interface on cutting efficiency and failure mechanisms during PDC bit
cutting operations. Six different mating structures are selected for analysis, and the cut-
ting process is simulated using Abaqus software in a consistent environment. The study
examined the crushing specific energy, stress distribution, cutting force and temperature
rise effect of different mating structures. Comparative analysis revealed that the efficiency
and failure mechanism of the cutter are influenced by the interface shape, both within the
same tooth shape and across different tooth shapes. Among the selected mating structures,
the saddle-tooth surface with a radial interface exhibited superior performance in all aspects
and demonstrated significant improvements. The findings provide a theoretical foundation
for the study of the mechanism behind PDC cutter mating structures.

Keywords: Abaqus, PDC cutter, interface structure, matching pair

1. Introduction

The polycrystalline diamond compact (PDC) cutter plays a crucial role in the cutting process
of PDC bits, with its performance significantly influencing the drilling effectiveness. In recent
years, the drilling industry has witnessed the emergence of numerous specialised tooth profiles,
owing to continuous advancements in PDC tooth profile research and development. Alongside
improvements in cutter profile and interface optimisation, the drilling technology has made a
remarkable progress, leading to enhanced drilling efficiency. With its extensive adaptability to
various formations and cost-effectiveness, PDC bits have captured more than 70% of the market
share (Zhang et al., 2022). The global trend of ultra-deep drilling has further solidified the use
of PDC bits as the mainstream approach for efficient and rational resource extraction (Zhu et
al., 2021).
To comprehensively understand the action mechanisms of PDC cutters, researchers world-

wide have conducted studies on the rock breaking mechanism of PDC bits, predominantly em-
ploying empirical models and finite element simulations. Liu et al. (2018) analysed the rock
breaking process of cutting tools using discrete elements. Fu et al. (2022) employed discrete ele-
ment analysis to analyse PDC cutting forces, studying the force response of rock in conjunction
with microscopic failure mechanisms and elucidating the influence of tool geometry. Wu et al.
(2020) utilised the finite element method to simulate rock breaking and proposed a novel simula-
tion method for optimising PDC rock breaking research. Hang et al. (2013) deserved recognition
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for their ability to simultaneously reproduce elastoplastic strain, damage and brittle fracture,
which they employed in the study of tool-rock interaction, among other applications. With the
maturation of finite element simulation technology and improvement in analysis methods, the
use of finite element simulation software for analysis purposes has become a prevailing trend in
PDC rock breaking analysis.
To investigate potential connections between different tooth surfaces and interfaces of PDC

cutters, a comparative study is conducted on the structural performance of three distinct
tooth surfaces and their corresponding interfaces and interface matching pairs. Interfaces with
favourable performance are selected for analysis. A PDC cutter linear cutting rock model is
constructed using Abaqus to simulate PDC cutter cutting tests, and the influence of accessory
structure on the cutting action is examined from four perspectives: the crushing specific energy,
cutting force, cutter stress and temperature rise effect.

2. Interface structure optimisation

The interface plays a crucial role in determining the overall cutting performance of a PDC bit.
Thermal residual stress in PDC is widely considered the primary cause of abnormal failures.
Different forms of interface structures and variations in material thickness within the same
material can significantly influence the size and distribution of thermal stress (Xu, 2009). This
study focuses on optimising the four interface structures depicted in Fig. 1.

Fig. 1. Four different interface structures: (a) flat interface, (b) circular ring interface,
(c) radial interface, (d) circular and concave interface

Abaqus/Standard is used to simulate the cooling process of a synthetic cavity, reducing the
residual stress generated inside the cutter from 1000◦C to 25◦C. The materials used are listed
in Table 1, and the mesh is created using the transition mesh drawing method and an adaptive
mesh algorithm.

Table 1. Parameters of the cutter and rock material

Modulus of
Density
[Kg/m3]

Thermal Specific heat Coefficient of Poisson’s
Material elasticity conductivity capacity thermal expansion ratio

[GPa] [J/(ms◦C)] [J/(Kg◦C)] [10−6/◦C] [–]

PCD 890 3510 543 790 2.5 0.07
Hard alloy 579 15000 100 230 5.2 0.22
Rock 40 2650 3.5 800 52 0.25

Figure 2 displays the resulting equivalent residual stress nephogram for the output interface.
The analysis results shown in Fig. 2 reveal that the flat interface (a) exhibits the most regular

stress distribution with the smallest equivalent stress value. The equivalent stress gradually
increases from the centre to the circumference of the cemented carbide layer interface, resulting in
stress concentration at the outer circumference of the matrix interface of the flat interface teeth.
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Fig. 2. Equivalent stress nephogram of four interfaces: (a) flat interface, (b) circular ring interface,
(c) radial interface, (d) circular and concave interface

The circular concave interface (d) shares similarities with the flat interface, but the equivalent
stress of the cemented carbide layer interface is slightly higher, leading to more severe stress
concentration at the matrix interface. The circular interface (b) demonstrates significant stress
concentration at the interface, particularly in the areas that match its geometric characteristics.
On the other hand, the radial interfacial tooth (c) exhibits a more balanced distribution of the
equivalent stress on its surface due to its interface joint being divided into multiple surfaces by
multiple rings and transverse stiffening bars, thereby avoiding significant stress concentration.
To further evaluate the special-shaped interface, the circumscribed equivalent residual stress

on the working surface of the PCD layer is extracted (Fig. 3), and its distribution along the
circumferential path is plotted (Fig. 4).

Fig. 3. Stress extraction of the working surface

The distribution of the equivalent residual stress along the circumference of the working
surface of the cutter corresponds to geometric characteristics of the interface. The plane inter-
face, radial interface, concave interface and circular interface exhibit a uniform stress distribu-
tion. The circular interface experiences a notably higher stress value, whereas the flat interface
demonstrates lower stress. Overall, the plane, radial, round and concave interfaces exhibit better
performance.
From Fig. 5 one can see that the plane interface, circular interface and radial interface still

perform the best, with values of 1.42MPa, 1.53MPa and 1.52MPa, respectively. These values
are significantly reduced compared with the circular interface. In summary, among the examined
samples, the radial interface exhibits the most favourable effect. The equivalent residual stress
distribution and surface stress at the interface joint are relatively uniform, avoiding significant
stress concentration, and resulting in a low average equivalent residual stress. Therefore, the
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Fig. 4. Circumferential equivalent residual stress on the working surface

Fig. 5. Average residual stress at the four interfaces

radial interface is selected as the mating structure interface, with the flat interface serving as a
comparison object for a comprehensive study on the performance of the mating structure.

3. Establishment of the finite element model of auxiliary structures

Six different tooth surfaces and interface auxiliary structures have been established, as depicted
in Fig. 6. The size of the rock model is 50× 30× 15, whereas the PDC cutter size is 15.88× 13.2
(unit: mm).
The rock employs the Drucker-Prager model with a fracture displacement set at 0.001. The

material parameters of the rock and cutter are listed in Table 1 (Yang et al., 2007; Lu et
al., 2004; Liang, 2005). The dynamic process of the PDC teeth cutting rock is solved using
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Fig. 6. Schematic of six different auxiliary structures: (a) plane tooth-radial interface, (b) saddle
tooth-radial interface, (c) multidimensional cutter tooth-radial interface, (d) plane-tooth interface,

(e) saddle tooth-flat interface, (f) multidimensional cutter tooth-planel interface

Abaqus/Explicit. The analysis step time is 0.01 s, and the analysis step follows the “power,
temperature-displacement, display” sequence (Zhu, 2015).

4. Comparative analysis of simulation results

4.1. Evaluation index

The evaluation of different auxiliary structures in this comparative analysis is based on
several key factors that influence the performance of the cutter. These factors include stress
fluctuation, which serves as an objective indicator for cutter lifespan, quantitative measurement
of rock breaking efficiency through crushing specific work, measurement of the tooth impact
degree through cutting force fluctuation and analysis of the temperature rise curve and tooth
profile contact surface stress fluctuation. To account for any deviation resulting from the simu-
lation model, several groups of grids with different quantities were added and re-run to verify
grid independence. The following results confirmed the grid independence, with errors kept
within 5%.
In summary, the performance evaluation criteria for each tooth profile are as follows: crushing

specific work, cutting force fluctuation, temperature rise curve and tooth profile contact surface
stress fluctuation.

4.2. Influence of the auxiliary structure on specific work of crushing

In the oil drilling industry, the evaluation of rock breaking efficiency is based on the energy
required for toothed rock breakage, known as the specific energy of crushing. Zhou et al. (2017)
indicated that the specific energy of crushing, which represents the energy consumed per unit
volume of rock, could quantitatively reflect the rock breaking efficiency. It can be approximated
as

MSEn ≈
A

Vc
(4.1)

Among them,MSEn stands for the crushing specific work, A is the energy consumed by breaking
a certain volume of rock, Vc is the volume of broken rock (Teale, 1965).
The shape of the tooth surface determines the cutting path of the rock. When comparing

tooth shapes with the same relative contact area, the volume of rock cut per unit time is
approximately the same. However, the contact area of the saddle-shaped tooth is smaller relative
to the projection plane, resulting in a different cutting trajectory compared with the other two
tooth shapes (Figs. 7b and 7e).
Taking the crushing power as a priority for cutting performance allows for an objective

reflection of the rock breaking efficiency of the bit. The final cutting diagrams in Fig. 7 show
that the volume difference of toothed rocks with the same relative contact area is small, with
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Fig. 7. Cut marks of rock: (a) plane tooth-radial interface, (b) saddle tooth-radial interface,
(c) multidimensional cutter tooth-radial interface, (d) plane-tooth interface, (e) saddle tooth-flat

interface, (f) multidimensional cutter tooth-plane interface

any differences falling within the error range due to mesh failure during different simulation
processes. The initial unstable trend observed in the front section of each model necessitates the
removal of data from that region to ensure data accuracy. Despite differences in the correction
points among different auxiliary structures, their impact on the overall specific energy of crushing
can be ignored.
As shown in Table 2, when using a flat interface, the specific energy of crushing shows a

small difference among various tooth shapes. The maximum specific energy of crushing is 11.86
for planar teeth, whereas the minimum is 11.2 for multidimensional cutters. When the same
tooth shape is used, the difference in specific energy of crushing is noticeable with changes in the
interface. The most significant difference is observed with the saddle structure, which reduces the
specific energy of crushing by 14%. When the tooth surface and interface are combined to form
a mating structure, the saddle-shaped pairing structure (saddle-tooth interface) demonstrates
an obvious improvement compared with the flat tooth-flat interface effect.

Table 2. Work done by external forces, volume variation of rock and crushing specific work of
cutting pairs

Work done by Volume change Specific work
Auxiliary structure external forces of rock of crushing

[mJ] [mm3] [mJ/mm3]

Flat
interface

Planar tooth 8725.655 735.5 11.86357
Saddle tooth 7246.007 628.0 11.53823

Multidimensional cutter 7850.786 701.5 11.19143

Radial
interface

Planar tooth 7446.651 717.8 10.37427
Saddle tooth 6196.092 623.0 9.945572

Multidimensional cutter 7748.145 694.6 11.15483

4.3. Influence on tooth stress during cutting of the mating structure

The maximum stress fluctuation on the main contact surface of different teeth reflects stress
fluctuations at the contact point between the cutter and rock to a certain extent, indicating



Comparative analysis of structure performance of PDC cutter... 109

periodic changes in the stress (Beak et al., 2017). The average stress can provide insight into the
stress of the contact surface, but it has a low impact on the tooth life. Therefore, the maximum
stress fluctuation is used as the basis for assessing quality of the tooth.
During the simulation of cutting actions for each mating structure, the stress fluctuation

on the cutter exhibits a pulsating distribution and instability due to dynamic calculation in
Abaqus. To facilitate a more intuitive comparison, the maximum stress is limited to a range
of 100MPa in the displayed maps. It is observed that the stress is mainly concentrated on the
contact surface between the tooth and rock, with the stress distributed in a specific area of the
tooth. Figure 8 illustrates a comparison of stress regions and stress fluctuations on the main
contact surface of the (a) plane tooth-radial interface tooth shapes.

Fig. 8. Tooth surface stress fluctuation diagram of the mating structure

Fig. 9. Comparison diagram of the main contact stress of each pair: (a) planar tooth-radial interface,
(b) flat interface-tangential force, (c) multidimensional-radial interface, (d) planar tooth-flat interface,

(e) saddle tooth-flat interface, (f) multidimensional-flat interface

As shown in Fig. 8, optimisation of the interface structure significantly improves the stress
distribution and magnitude on the tooth surface. To analyse the stress data, a clear standard
for measuring the stress fluctuation during dynamic calculation is currently lacking. Zhang et al.
(2019) sampled 8 points to observe stress, but it is not applicable when there is a significant stress
fluctuation. To address this, a new comparison method is introduced here. It involves sampling
of the main contact area, dividing it into 1500 sampling points and exporting the sampling
point data for analysis. As each sampling point has 200 time segments, the stress fluctuation
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on the tooth surface can be analysed more intuitively. Although this method requires a large
amount of data and slower derivation, it provides more accurate analysis results. In this study,
the main stress distribution points in the main contact area of each auxiliary structure model
were selected, and the corresponding equivalent stress values for each distribution point in each
time period were derived and analysed (Fig. 9).
To better illustrate the data, separate analyses of the maximum values in each segment were

conducted for the above mating structures to represent the volatility (Fig. 10).

Fig. 10. Maximum value and average value of each auxiliary structure in each period

By comparing the mating structures between the flat interface (a) and the radial interface (b),
it is evident that the use of the radial structure can significantly reduce the maximum stress
and average stress on the three tooth surfaces (Baker, 2021).
As shown in Fig. 11, when the radial interface is used, the stress reduction on saddle teeth is

most pronounced. The average stress value for saddle teeth with a flat interface is 1076.79MPa,
whereas it decreases to 191.35MPa with the radial interface, which is 5.6 times lower. Addi-
tionally, when the plane interface is used, the stress on multidimensional teeth is significantly
reduced compared with planar and saddle teeth. These results indicate that the radial inter-
face effectively enhances the resistance of the tooth surface to macroscopic fracturing. When a
flat interface is used, the multidimensional cutter demonstrates a distinct advantage, which is
consistent with the actual performance of the multidimensional cutter.

4.4. Influence of the coupling structure on the cutting force

In addition to the specific work and stress factors, the instantaneous reaction cutting force
and its fluctuation greatly affect the life of the cutter. Therefore, the impact load on the tooth
in the rock breaking process can be measured by the size and fluctuation of the cutting force
(Lin., 2019; Zhang et al., 2021). Theoretically, a smaller fluctuation of the cutting force is better
as it helps extending the life of the cutter.
The instantaneous tangential and axial forces at the radial interface and interface are com-

pared and analysed. For the tangential force, as shown in Fig. 12, the instantaneous tangential
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Fig. 11. Average stress of the auxiliary structure: (a) planar tooth-radial interface, (b) flat
interface-tangential force, (c) multidimensional-radial interface, (d) planar tooth-flat interface,

(e) saddle tooth-flat interface, (f) multidimensional-flat interface

Fig. 12. Instantaneous tangential force and axial force comparison: (a) radial interface-tangential force,
(b) flat interface-tangential force, (c) radial interface-axial force, (d) flat interface-axial force

force fluctuation does not change significantly due to the interface, except for the saddle-toothed
radial interface. However, the tangential force magnitude and fluctuation increased. The tan-
gential force represents the ease of rock breaking for cutters, where a smaller tangential force
indicates easier rock destruction. Whether the radial interface (a) or the flat interface (b) is
used, the tangential force of the saddle structure is smaller and more stable than that of other
auxiliary structures.
The axial force represents the weight on the bit required by a single tooth. As shown in

Fig. 12, compared with the flat interface (d), both multidimensional cutters and planar teeth
using the radial interface (a) will increase the axial cutting force and fluctuation. This effect is
most significant on multidimensional cutters. The instantaneous axial cutting force and fluctua-
tion of saddle teeth exhibit little change. From the average level of the tangential and axial force,
as shown in Table 3, when the radial interface is used, the average tangential force of plane teeth
remains almost unchanged, whereas for saddle-shaped teeth decrease and for multidimensional
cutters increase significantly. Additionally, the radial interface significantly increases the axial
force level of the tooth shape, with the multidimensional cutter showing the most significant
increase (6.8 times), followed by the plane teeth (1.6 times). The influence on saddle teeth is
low.
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Table 3. Anisotropic values of the average cutting force of each pair structure

Interface
Tooth surface shape

Mean value of Mean value of
shape tangential force [N] axial force [N]

Planar tooth 206 285
Radial Saddle tooth 166 101

Multidimensional cutter tooth 248 594
Planar tooth 203 181

Plane Saddle tooth 188 89
Multidimensional cutter tooth 195 88

In sum, the radial interface structure significantly decreases the tangential force of saddle
teeth, but the axial force changes little. Planar and multidimensional cutters show improvements,
with multidimensional cutters exhibiting the most noticeable changes. The saddle-radial interface
coupling structure demonstrates excellent performance in both the axial and tangential forces,
with a lower degree of cutting force fluctuation. This indicates that PDC bits using a saddle-
shaped coupling structure not only require less torque but also have stronger axial intrusion
ability, smoother cutting ability and are less prone to tooth damage caused by alternating loads.
Therefore, when evaluating the cutting force, the radial interface is used for lifting saddle teeth,
whereas the multidimensional cutters will be subjected to the radial interface reaction.

4.5. Influence of the accessory structure on the temperature rise effect

During downhole operations, the diamond mesa experiences high tensile stress after the
temperature rises. Simultaneously, the cooling effect of the drilling fluid results in different
contraction between the diamond layer and carbide matrix, accelerating crack propagation (Gao
et al., 2019). Hence, the temperature rise curve is considered a standard to measure the quality
of teeth.

Fig. 13. Heat flow vector of each auxiliary structure: (a) plane tooth-radial interface, (b) saddle
tooth-radial interface, (c) multidimensional tooth-radial interface, (d) plane tooth-plane interface,

(e) saddle tooth-plane interface, (f) multidimensional tooth-plane interface
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The heat generated on the tooth surface varies with different accessory structures. In this
paper, the heat flow vector is introduced to simulate heat conduction. As shown in Fig. 13b
and 13e, the magnitude of the radial vector heat flow is significantly reduced compared with
the flat interface. Among the auxiliary structures, the saddle-toothed interface auxiliary struc-
ture exhibits the lowest heat generation, indicating better performance in heat conduction and
reduced heat generation.
Owing to the differences in the heat flow vector of each coupling structure, it will certainly

affect the surface temperature of PDC cutters (Grimmert et al., 2019). During the initial cutting
stage, when the front face of the cutter comes into contact with the rock, high-speed friction and
extrusion between the teeth and the rock surface lead to rapid heat accumulation. After reaching
a certain stability, the temperature remains within a certain range. On the other hand, a low
temperature fluctuation also reduces the likelihood of PDC delamination caused by an uneven
coefficient of thermal expansion inside the diamond (Hareland et al., 2009). As seen in the derived
chart from Abaqus, the temperature changes of the selected unit nodes in each model are too
intensive, and the change trend is minimal. Therefore, the temperature rise curve is introduced,
taking the average value of each unit node in each time period, which allows for a more intuitive
comparison of temperature differences between the results of each coupling structure. Figure 14a
displays the temperature rise curve of each model, where all auxiliary structures, except for the
saddle-tooth interface, are influenced by the high-speed heat accumulation during the early
stage.

Fig. 14. Tooth surface temperature contrast: (a) temperature rise curve of each auxiliary tooth profile,
(b) plane tooth-plane interface, (c) saddle tooth-radial interface

From the temperature rise curve of the auxiliary structures, the temperature rise tends to
decrease when the radial interface structure is used, especially in the case of the saddle-tooth
and the radial interface auxiliary structure (Fig. 14b and 14c). Furthermore, when the interface
is the same, the tooth shape is also a contributing factor to the noticeable difference in the
temperature rise curve, with saddle-shaped teeth exhibiting the lowest temperature rise effect.

5. Conclusion

In this paper, the optimization of the cutting tooth interface and the tooth surface and interface
matching structure were studied. The main conclusions are summarized as follows.

• The comparative analysis of different interfaces with the same tooth shape reveals that
different interfaces have a significant influence on the overall performance of the cutter.
The radial interface needs to be paired with a specific tooth shape to achieve optimal
performance, with the strongest reaction observed in multidimensional cutting teeth when
using the radial interface.
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• The comparison of different tooth shapes at the same interface demonstrates that different
tooth shapes have varying influences on the crushing specific work, cutting force, stress
distribution and temperature rise effect of PDC teeth. When using flat tooth shapes,
PDC teeth should be selected based on the specific application. In the case of the flat
interface, multidimensional cutters exhibit lower stress fluctuations and crushing specific
work compared with other tooth shapes, making them a better choice for overall cutting
performance.
• The comparative analysis of each coupling structure highlights the saddle-tooth radial
interface as a suitable choice for evaluating the crushing specific work, cutting force, stress
distribution and temperature rise effect.

Acknowledgements

This work was supported by the National Natural Science Foundation of China (Grant No. 52075438),
the Key Research and Development Program of Shaanxi Province of China (Grant No. 2020GY-106), and
the Open Research Fund of Key Laboratory of Oil & Gas Equipment of Ministry of Education (Grant
No. OGE201702-110).

References

1. Baek M.-S., Park H.S., Lee J.-I., Lee K.-A., 2017, Effect of diamond particle size on the mi-
crostructure and wear property of high pressure high temperature (HPHT) sintered polycrystalline
diamond compact (PDC), The Korean Institute of Metals and Materials, 55, 790-797

2. Baker H., 2021, StayCool 2.0 Multidimensional Cutter Technology [EB/OL],
https://dam.bakerhughes.com/m/7edd5c3a7cb78480/original/StayCool-2-0-Multidimensional-
Cutter-Technology-Overview-PDF

3. Fu Z., Tergeist M., Kueck A., Ostermeyer G.P., 2022, Investigation of the cutting force
response to a PDC cutter in rock using the discrete element method, Journal of Petroleum Science
and Engineering, 213

4. Gao M.Y., Zhang K., Zhou Q., et al., 2019, Research on PDC high speed rock cutting mecha-
nism based on Abaqus, China Petroleum Machinery, 47, 1-7

5. Grimmert A., Pachnek F., Wiederkehr P., 2023, Temperature modeling of creep-feed grind-
ing processes for nickel-based superalloys with variable heat flux distribution, CIRP Journal of
Manufacturing Science and Technology, 41, 477-489

6. Hareland G., Nygaard R., Yan W., Wise J.L., 2009, Cutting efficiency of a single PDC
cutter on hard rock, Journal of Canadian Petroleum Technology, 48, 6, 60-65

7. Huang H., Lecampion B., Detournay E., 2013, Discrete element modeling of tool-rock interac-
tion I: rock cutting, International Journal for Numerical and Analytical Methods in Geomechanics,
37, 1913-1929

8. Liang Z., 2005, Analysis of Rock Failure Process in Three-Dimensional Condition and Study on
its Numerical Test Method, Northeast University

9. Lin Z., 2019, Research and Design of New Non-Planar PDC Cutting Gear, Southwest Petroleum
University

10. Liu W.J., Zhu X.H., LI B., 2018, The rock breaking mechanism analysis of rotary percussive
cutting by single PDC cutter, Arabian Journal of Geosciences, 11, 192

11. Lu Y., Ge X., Jiang Y., et al., 2004, Full-process tests and constitutive equations of conventional
triaxial compression in marble, Journal of Rock Mechanics and Engineering, 23, 2489-2493

12. Teale R., 1965, The concept of specific energy in rock drilling, International Journal of Rock
Mechanics and Mining Sciences and Geomechanics Abstracts, 2, 57-73



Comparative analysis of structure performance of PDC cutter... 115

13. Wu Z.B., Zhang S., Wang Y.Y., et al., 2020, Parameterized tooth distribution and rock breaking
simulation of PDC bit based on Abaqus, Petroleum Machinery, 483, 30-36

14. Xu G., 2009, Study on Thermal Residual Stress and Interface Structure Optimization of PDC for
Oil Field Drilling, Central South University

15. Yang T., Xu C., Wang B., et al., 2007, Cohesion and internal friction angle in triaxial tests of
rock and soil, China Mining, 12, 104-107

16. Zhang F., Lu Y., Xie D., Luo H., Shi R., Zhang P., 2022, Experimental study on the impact
resistance of interface structure to PDC cutting tooth, Engineering Failure Analysis, 140

17. Zhang Z., Zhao D., Zhau Y., Xhou Y., Tang Q., Han J., 2019, Simulation and experimental
study on temperature and stress field of full-sized PDC bits in rock breaking process, Journal of
Petroleum Science and Engineering, 186, 1, 106679

18. Zhang Z., Zhao D., Zhao Y., Gao K., Zhang C., Lü X., 2021, 3D numerical simulation study
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A muscle fatigue identification method that integrates the multifractal of sEMG with LSTM
is proposed. The MFDMA method was introduced to analyze and extract non-linear prop-
erties of sEMG. The significance of differences between the fatigue and non-fatigue states
in terms of spectral width, Hurst index variation difference, and peak singularity index was
determined using the t-test. A LSTM networks under the combined feature set comprising
multiple fractals was built, and its recognition accuracy was 98.91%. The LSTM network
model was found to be more accurate than other classification methods in identifying muscle
fatigue under the same feature set.

Keywords: multifractal, muscle fatigue, LSTM, sEMG, MFDMA

1. Introduction

Dynamic muscular fatigue is a physiological condition in which engaging in physical activity tem-
porarily lowers the maximum force or power output that can be generated by the participating
muscles (cao et al., 2018). Continuous and repeated muscle contractions during exercise or reha-
bilitation training can easily cause muscle fatigue and a rapid loss of muscle strength, which can
seriously cause muscle damage. A prompt adjustment of rehabilitation training modalities can
effectively stop muscle damage and prevent secondary injury. Therefore, accurate measurement
of the level of muscle tiredness is crucial in the fields of neuromuscular research and rehabilitation
medicine.
In recent years, there has been a lot of interest (Zhang et al., 2021a) in a method for measuring

muscle fatigue that combines the surface electromyography (sEMG) signal denoising technology
with the artificial intelligence. However, muscle fatigue estimation using sEMG frequently heav-
ily relies on preprocessing techniques like signal filtering, noise reduction, and feature extraction
because of the highly nonstationary, nonlinear, and complex nature of sEMG signals caused by
irregular muscle contractions during the exercise (Na and Kim, 2016). Both time-domain and
frequency-domain analysis approaches are now employed to extract features (Liu etal, 2021a,b;
Boyer et al., 2021). There are restrictions when analyzing complicated transient nonlinear dy-
namic characteristics in sEMG signals since this method of linear analysis makes the assumption
that sEMG signals are smooth.
Because of this, some researchers have created a technique for examining nonlinear dynamical

properties of sEMG signals that revolves around self-similarity, inhomogeneity, complexity, and
other nonlinear dynamic properties of sEMG signals (Xiong et al., 2013). For instance, Katz’s
technique was applied in the literature (Xu et al., 2022; Biancardi et al., 2021; Beretta-Piccoli
et al., 2023) to extract the multiscale entropy, which has a fractal dimension of sEMG signals.
However, the complicated nonlinear dynamic development that takes place during dynamic
muscle exhaustion cannot be adequately described using a single fractal dimension. As a result,
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more research into changes in the local features of various levels of sEMG signals is necessary
using the multifractal technology.
A spectrum that depicts a subset and the appropriate fractal dimension is typically used to

define multifractals (Wang and Zhou, 2000). The major algorithms are multifractal detrended
fluctuation analysis (MFDFA) (Kantelhaedt et al., 20o2) and a multifractal detrended moving
average (MFDMA) (Gu and Zhou, 2010). The program using the MFDMA technique is faster
than that using the MFDFA method when there are fewer data points in a one-dimensional
signal sequence, the computational cost is smaller, and the algorithm performs better (Xi et al.,
2015). Several researchers, including França, have examined the nonlinear properties of ECG
and EEG signals based on multiple fractals. Electroencephalography (EEG) and simulated data
were used by Françaet al. (2018) to examine the sensitivity of monofractal and multifractal
approaches to signal variance. In order to quantitatively compare the complexity of rhythm
sequences in healthy and congestive heart failure, Li (2020) and Mahananto et al. (2019) used
the MFDFA method to extract multiple fractal features. Mahananto et al. (2019) also used the
MFDFA method to find out how well heart rate variability parameters could predict a short-
-term prognosis in sepsis patients. However, research on the use of various fractal approaches to
characterize dynamic muscle exhaustion is scarce.
Regarding muscle fatigue recognition models, Zhang et al. (2021b) proposed a dual-sensor

fusion of sEMG signals and A-type ultrasound and investigated the efficacy of the dual-sensor
mode for static muscle fatigue detection. Liu et al. (2021a) conducted a study on static mus-
cle fatigue recognition using a combination of kernel principle component analysis (KPCA) and
support vector machines (SVM). Using high-resolution time-frequency approaches, Karthick and
Ramakrishnan (2016) suggested a method for analyzing muscular tiredness by comparing classifi-
cation abilities of simple Bayesian, SVM, and random forest classifiers. Long short-term memory
networks (LSTM) and enhanced threshold wavelet denoising were used in Wang et al. (2022)
who suggested a muscular fatigue identification model, and the findings showed that the denois-
ing helped one to increase recognition rates. In 1997, Hochreiter and Schmidhuber introduced
the concept of gated units in standard Recurrent Neural Networks (RNNs), addressing the issue
of gradient vanishing that was present in standard RNNs (Hochreiter and Schmidhuber, 1997).
Due to the design of LSTM, which allows the network to selectively retain or forget information,
it has achieved a significant success in tasks involving long-term dependency (Skrobek et al.,
2022). LSTM methods are widely used in various applications, including energy and medicine
(Skrobek et al., 2020). In conclusion, the problem of low accuracy of muscle fatigue recognition
models that utilize the time and frequency domain features results from the difficulty of describ-
ing the nonlinear and complex characteristics of sEMG signals in detail and comprehensively
using the time and frequency domain analysis techniques based on the assumption of a linear
muscle system.
This work intends to introduce a nonlinear signals analysis technique and conduct research

on the nonlinear feature analysis and extraction method of sEMG signals in light of the afore-
mentioned issues. An accurate evaluation of muscle fatigue in physical training, rehabilitation
medicine, and other domains is made possible by a novel approach and research idea based on
merging of multifractal data and conventional features.

2. Acquisition and pre-processing of the sEMG signal

2.1. Acquisition equipment and subjects

A wearable wireless sEMG signal collection device from OT Bioeletronica s.n.c., Italy, was
used in this investigation to collect sEMG signals. This device can simultaneously collect sEMG
signals from 14 muscles at a sample frequency of 2048Hz. Ten subjects were chosen for the
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examination. Ten young male participants were recruited, with an age range of 23 ± 2 years,
height of 171 ± 10 cm, and weight of 60± 8 kg. To ensure the scientific rigor of the experiment,
necessary health information was provided to the participants prior to the experiment, including
guidance, training, and risk warnings. The participants were instructed to rest adequately and
refrain from vigorous exercise in the 24 hours leading up to the experiment. Myoelectric data
gear included an AMD Ryzen 7 4800H 2.90GHz CPU, 16GB of memory, and the MATLAB
R2022b software for doing numerical calculations.

2.2. Signal collecting technique

The vastus medialis, vastus lateralis, and rectus femoris sEMG signals were recorded while
the patients were seated and performing reciprocal knee flexion and extension motions. A 3-kg
sandbag was linked to the subject’s ankle joint in order to hasten the development of muscular
exhaustion. The experimental scenario is schematically depicted in Fig, 1. The range of motion
of the knee joint was 5◦ to 80◦. After 20 minutes of rest, the experiment was restarted when
the individual felt subjectively exhausted or had significant leg muscular tremors. Data from
the minutes before the start and end of the measurement were utilized for the data analysis
of fatigue and non-fatigue comparison groups. A maximum of five sets of data were collected
per individual each day. Additionally, before the experiment, sEMG signals were collected for
each subject’s muscle during maximal voluntary contraction (MVC) for normalization reasons
(Tomohiro et al., 2006).

Fig. 1. A diagram of the distribution of the muscles and experimental scenarios

2.3. Data preprocessing

The effective signal range of sEMG signals is 0Hz to 500Hz, and the main energy concen-
tration occurs between 20Hz and 350Hz. A 50Hz trap is used to remove industrial frequency
interference from the collected data before a fourth-order Butterworth band-pass filter is used
to filter the data between 20Hz and 350Hz. Empirical mode decomposition (EMD) (Ye et al.,
2023) is also used to reduce the impact of baseline drift on the signal. In order to decrease
computational redundancy and maintain motor physiological information, which is useful for
further feature extraction and analysis, the envelope thresholding (Chen et al., 2023) approach
was employed to determine the active segments that indicate the aim of human action execution.
Figure 2 illustrates the continuous sEMG signals of a particular subject’s rectus femoris muscle
throughout the transition from non-fatigue to fatigue states, along with their corresponding en-
velopes and segmented activity segments. In this study, the first activity segment is labeled as
the non-fatigue state, and the last activity segment is labeled as the fatigue state. This paper
sets the muscle state in the experimental dataset to 1 for rows corresponding to the feature data
extracted from the sEMG data based on muscle fatigue status, and sets the muscle state to 0
for other rows.
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Fig. 2. The continuous sEMG signals of a subject’s rectus femoris muscle throughout the transition from
non-fatigue to fatigue states, along with their corresponding envelopes and segmented activity segments

3. Extraction of multifractal features from sEMG signals

3.1. MFDMA method

One of the most popular techniques for estimating multifractal measures is the MFDMA
algorithm. The steps of computation are as follows:
Step 1: Create a new sequence from the specified time series x(t), t = 1, 2, . . . , N

y(t) =
N∑

t=1

x(t) t = 1, 2, . . . , N (3.1)

Step2: Calculate the moving average over a time window with a scale value of s

ỹ(t) =
1
s

⌈(s−1)(1−θ)⌉∑

k=⌊(s−1)θ⌋

y(t− k) (3.2)

The greatest non-negative integer less than or equal to x is represented by ⌊x⌋, while the
smallest non-negative integer larger than or equal to x is represented by ⌈x⌉, θ ∈ [0, 1] denotes
the location of the moving average. When θ = 0, the moving average function is defined as

ỹ(t) =
1
s

s−1∑

k=0

y(t− k) (3.3)

Step 3: Calculate the residual time series of the signal

e(i) = y(t)− ỹ(t) (3.4)

Take n data points from each interval segment by dividing the residual sequence e(i) into
Nn disjoint interval segments of equal size, namely: Nn = [(N − n+1)/n], 3 ¬ n ¬ (N +1)/11.
Step 4: Determine the value of the local root mean square

F (s) =

√√√√1
s

s∑

i=1

e2[(v − 1)s + i] v = 1, 2, 3, . . . , Nm (3.5)
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Step 5: Determine the global order q root mean square value. The wave function is defined as

Fq(s) =






(
1
2Nn

2Nn∑

v=1

[Fv(s)]q
) 1
q

for q 6= 0

exp

(
1
2Nn

2Nn∑

v=1

ln[Fv(s)]

)
for q = 0

(3.6)

Step 6: By altering the scale s, the following techniques may be used to determine the power-law
connection between Fq(s) and the scale s

Fq(s) ∼ sH(q) (3.7)

where H(q) stands for the Hurst index of the order q, and the multifractal mass exponent τ(q)
is characterized by

τ(q) = qH(q)−Df (3.8)

The surface EMG signal examined in this study is a one-dimensional time series signal, hence
Df = 1. Df is the topological dimension of the multifractal signal. The Legendre transformation
may be used to produce the multifractal spectrum f(α) and the singularity strength α(q), as
shown below

α(q) =
dτ(q)
dq

f(α) = qα(q)− τ(q) (3.9)

The span of the multifractal singularity intensity function may be used to determine the strength
of multifractality (SOM)

SOM = αmax − αmin (3.10)

Hmax and Hmin differ in terms of the degree of multifractality (DOM)

DOM = Hmax −Hmin (3.11)

The subsequent nonlinear characterization also attempted to incorporate two nonlinear indi-
cators, the difference of the multifractal spectrum and the peak singularity index, in order to
more thoroughly define the muscular fatigue condition (Ye et al., 2023; Marri and Swaminathan,
2016). The multifractal spectrum difference (DFS) can be represented as

DFS = |f(αmax)− f(αmin)| (3.12)

The PSE, or peak singularity exponents, can be written as

PSE = α(q = −5) (3.13)

3.2. Non-fatigue and fatigue comparison group multifractal feature extraction study

This Section employs the aforementioned multifractal algorithm for feature extraction of the
labeled segments and a statistical approach to investigate the differences in multifractal features
between non-fatigued and fatigued controls in order to examine the changes in multifractal
properties of the surface EMG signals during muscle fatigue. The initial and last active segments
of the signal, which were labeled as non-tired and fatigued phases, respectively, should be noted.
Figures 3a and 3b, which were generated using equations (3.7) and (3.9)1, respectively,

display the Hurst index and multiple fractal spectra, where the multifractal features of the
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fatigue state and non-fatigue state are represented by the red and blue curves, respectively.
Figure 3 demonstrates that the multifractal breadth of the spectrum is about SOM. For non-
-exhausted and fatigued muscles, respectively, the peak singularity index PSE is roughly 0.405
and 0.727. The difference in change of the Hurst curve DOM is approximately 0.402 and 0.621,
and the measure DFS difference is approximately 0.082 and 0.421. According to the aforemen-
tioned findings, the SOM, DOM, DFS and PSE widths of the multifractal spectra were wider
during fatigue than when they were during non-fatigue. The multifractal spectra are symmet-
rical along the approximate axis in the non-fatigued condition, but with muscular fatigue, this
symmetry tendency is greatly diminished. The motor unit discharge rate fluctuates more during
dynamic contraction of the muscle as tiredness rises, leading to an increase in the DOM feature
parameter, which is one of the factors affecting the change in features. A higher level of multi-
fractality and enhanced chaos are also caused by the increased recruitment of motor units and
the intricacy of their spatio-temporal nonlinear connection with muscle exhaustion.

Fig. 3. Extraction of multifractal features from the comparison group of subjects with and without
muscle fatigue

The scatter plots for the four multiple fractal characteristics of SOM, DOM, DFS and PSE
are shown in Figs. 4a,b,c and 4d, respectively. The SOM, DOM and PSE features that correspond
to Figs. 4a,b and 4d have clear feature distinctions between the non-fatigue and fatigue states,
and the feature overlap rate of the two states is low, whereas the DFS features that correspond to
Fig. 4c have a greater overlap, and the distinction is less clear. This can be seen more intuitively.
The difference between the aforementioned mean values of the properties of the myoelectric

signals of 10 subjects under the fatigue and non-fatigue scenarios was observed using the t-test
method in order to further determine whether the SOM, DOM, DFS and PSE extracted by
the MFDMA algorithm have statistically significant differences under such scenarios. Table 1
displays the mean of each feature and P -value in the control condition. According to the findings,
the three characteristics (SOM, DOM and PSE) that were derived from the multiple fractal
spectrum using the MFDMA method were statistically significant (P -value 0.01) in determining
whether or not the muscles were exhausted. Comparatively, the difference in DFS variability is
relatively small. The findings could offer a fresh feature reference for deep learning and machine
learning models that recognize muscle exhaustion.

Table 1. Statistical variations of attributes in the comparative groups

Features
Non-fatigue Fatigue

P-value
mean mean

SOM 0.9034 1.2414 0.0000
DOM 0.5343 0.8741 0.0000
DFS −0.4172 −0.4960 0.0647
PSE 0.3393 0.5714 0.0000
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Fig. 4. Comparison of the fatigue group with the non-fatigue group using multifractal features

4. Model for recognizing muscle tiredness

Long Short Term Memory (LSTM) is a widely used recurrent neural network that effectively
alleviates the problems of gradient disappearance, gradient explosion, and long-term dependence
in sequence data by adding cell states and updating them through forgetting gates and memory
gates (Ghislieri et al., 2021). LSTM units consist of input gates, output gates, and forgetting
gates. The LSTM model was used to build a muscle fatigue recognition model in dynamic muscle
contraction based on the multiple fractal features of sEMG signals extracted in the preceding
section; its structure and hyperparameter settings are shown in Table 2, and its workflow is
shown in Fig. 5. First, a feature vector is created by extracting the multiple fractal feature
data from the pre-processed data using the sliding time window method. Next, the experimental
feature dataset is combined to produce a total of 14,400 items, 80% of which are used for the
training set, and the rest 20% are used for the test set. Finally, a stochastic gradient descent
algorithm is used to optimize learning.

Table 2. Configuration of LSTM parameters

Hyperparameter Value

Number of layers 3
LSTM unit 120
Optimizer Adam
Loss function RTRL
Activation function Relu
Batch size 100
Initial learning rate 0.001
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Fig. 5. LSTM model for identifying muscle fatigue

5. Experimental results of muscle fatigue recognition

5.1. The LSTM model performance for recognition using a single feature

The identification accuracy of the LSTM model was examined for each individual feature
of SOM, DOM, PSE, root mean square (RMS), median frequency (MF), and fractal dimension
(FD) (Xu et al., 2022) in order to investigate the performance of each feature in describing muscle
tiredness. The accuracy of model recognition is shown for each feature test set, as depicted in
Fig. 6. The red line within the box in the image indicates the median of the experimental findings,

Fig. 6. Feature recognition accuracy for various characteristics

and the top and lower bounds of the box in the figure reflect the upper and lower quartiles of the
10 times recognition accuracy. In terms of the recognition accuracy, the single fractal dimension
feature FD has the worst performance in the fatigue recognition model. The reason can be
considered that the single fractal dimension is not sufficient to portray subtle changes of the
motor unit recruitment. The highest recognition accuracy of the frequency domain feature MF
and the time domain feature RMS reach 94.32% and 93.82%, respectively, but the main range of
recognition accuracy of both is concentrated in 90.24% to 92.56% and 90.89% to 92.91%, with
a relatively scattered distribution and low stability. The reasons for this can be considered as a
large number of different types of motor units with an irregular discharge order and discharge
frequency during dynamic muscle contraction due to fatigue, resulting in the time domain and
frequency domain features of sEMG not changing significantly. The highest recognition accuracy
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of multifractal features SOM, DOM and PSE are 93.23%, 93.92% and 92.67%, respectively,
and the recognition accuracy of SOM performs the best. The highest recognition accuracy of
SOM is slightly lower than that of MF and RMS, but the main range of recognition accuracy
is concentrated in 91.61% 92.57%, and the distribution is more concentrated compared with
MF and RMS. In addition, the main ranges of recognition accuracy of DOM and PSE are
concentrated in 89.92% 91.03% and 91.04% 92.67%, with a more concentrated distribution
and higher reliability. The results demonstrate that the MFDMA feature extraction method
can characterize the nonlinear dynamics of EMG signals during dynamic muscle contraction.
These multifractal features vary slightly with a change in the collected local motion units, so
the recognition accuracy distribution is stable. This establishes a theoretical foundation for the
feature fusion of the following fatigue recognition model.

5.2. Results of the LSTM model for different feature set combinations in recognizing
muscle fatigue

To further optimize the feature set and achieve a muscle fatigue recognition model with high
accuracy, the evaluation metrics of the LSTM model were investigated under different combi-
nations of feature sets. The confusion matrix was utilized to calculate the accuracy, precision,
recall, and F1 score of the LSTM model for different feature set combinations. Each metric pa-
rameter was calculated 10 times, and the average was taken as the final reference result. The
features, combinations, and their evaluation metric parameters are presented in Table 3. The
findings demonstrate that: 1) combining feature sets generally enhances muscle fatigue recog-
nition performance compared to using single features; 2) the recognition accuracy rises as the
number of features increases; and 3) combining multifractal features on conventional EMG time-
and frequency-domain features can achieve 98.91% recognition accuracy, which is an increase
by 4.73% over conventional feature combinations. This outcome shows how combining numer-
ous fractal characteristics with conventional time-frequency domain features can increase the
precision of muscle fatigue detection.

Table 3. The evaluation metric parameters for different combinations of feature sets

Feature combination Accuracy Precision Recall F1 score

RMS+MF 94.18 95.89 93.95 94.57
SOM+DOM 95.93 97.01 95.04 96.14
RMS+MF+SOM+DOM 97.84 98.93 96.88 98.06
RMS+MF+SOM+DOM+PSE 98.91 99.27 98.68 99.19

5.3. Recognition outcomes for various models using the ideal feature set

The recognition accuracy of the LSTM model was compared with that of K nearest neigh-
bors (KNN) (Zhang et al., 2018), support vector machines (SVM) (Burges, 1998), and back
propagation (BP) neural network (LeCun et al., 1989) under the ideal set of characteristics in
order to investigate the superiority of the models. SVM apply a non-linear transformation of
the kernel function to map the solution of a non-linear problem to a high-dimensional feature
space; KNN uses distance measurements between different feature values to classify; BP neural
networks consist of two processes: forward propagation and backward propagation of the error,
i.e., calculating the error output in the direction from the input to output while adjusting the
weights.
The numerical values of evaluation metric parameters for each model are shown in Table 4.

The accuracy of LSTM is as high as 98.91%, which is 3.02% higher than that of KNN, 2.08%
higher than that of BP neural network, and 1.89% higher than that of SVM, as can be seen
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from the figure. Since the sEMG signal features before and after a specific time segment in the
process of muscle fatigue are correlated, the LSTM network can deeply capture the important
details of the EMG features and preserve a specific time interval while forgetting some redundant
information, so the model has better accuracy in identifying muscle fatigue.

Table 4. The evaluation metric parameters for several categorization models

Recognition
Accuracy Precision Recall F1 score

models

LSTM 98.91% 99.27% 98.68% 99.19%
BP 96.83% 94.97% 93.63% 94.26%
KNN 95.89% 93.84% 92.42% 93.09%
SVM 97.02% 92.62% 94.55% 93.95%

The experimental results confirm that our idea of using multifractal analysis to improve the
recognition rate of muscle fatigue is effective. To begin with, unlike static contraction, the dis-
charge sequence and frequency of a large number of different types of motor units are irregular
when the muscle is dynamically contracted to fatigue, which has a high degree of non-stationarity,
nonlinearity, complexity, and is a typical multifractal system. The complicated nonlinear dy-
namic evolution process formed during dynamic muscle exhaustion is challenging to define using
the time-domain, frequency-domain, and single fractal analysis approaches. Contrarily, multi-
fractal analysis is used to analyze datasets. The technique entails distorting datasets extracted
from patterns to generate multifractal spectra that illustrate how scaling varies over the dataset.
According to the experimental results, the multifractal feature can characterize complex charac-
teristics of the muscle discharge rate, motor unit recruitment, and degree of nonlinear coupling
of motion of the unit in space-time, making it an effective method for analyzing muscle dynamic
fatigue.

6. Conclusion

• A muscle fatigue identification approach based on a combination of sEMG multifractal
technology and LSTM was presented in order to address the issue of inaccurate assess-
ment of muscle fatigue caused by complex properties of the sEMG signal, such as non-
stationarity, nonlinearity and self-similarity.
• A new reference feature for the muscle fatigue recognition model based on deep learning
is provided by the introduction of the MFDMA method to analyze and extract nonlinear
properties of sEMG signals. Additionally, the t-test method is used to assess the signifi-
cance of differences between the multifractal characteristics under fatigue and non-fatigue
conditions.
• A methodology for recognizing muscle fatigue based on LSTM networks was created. The
recognition accuracy of the model was as high as 98.91% by fusing the combined feature set
of multifractals, which was 4.73% higher than that of the conventional EMG feature set.
In addition, the recognition accuracy of the LSTM network model was 2.08%, 3.02%, and
1.89% higher than that of BP neural networks, K-nearest neighbors, and SVM, respectively,
for the same feature set. The findings of the study might lead to the development of a
novel technique for precisely identifying muscle exhaustion during physical activity and
rehabilitation therapy.
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The paper presents a beam theory for composite girders consisting of two beams joined
together with an adhesive layer. The height of the bottom beam is considered variable. The
governing equations are suitable for formulation of a shape optimization problem in terms of
control theory. The use of Pontryagin’s maximum principle enables finding an optimal solu-
tion satisfying necessary optimality conditions. The presented optimization approach allows
for including issues which cannot be accounted for by commercial topology optimization
software. The introduced theory provides an estimated solution, which is then validated by
an analysis of a 3D finite element model.

Keywords: composite beam theory, anisotropic limit state condition, structural optimization

1. Introduction

In recent decades, the use of composite structures has emerged as one of the most efficient solu-
tions in structural engineering. Among a wide variety of distinct types of structures, those made
of glue laminated timber (GLT) are especially suitable for structural optimization. Research
devoted to this problem concerns shape optimization of load bearing elements (Mayencourt and
Mueller, 2020; de Vito et al., 2023), optimization of the structural layout (Hua et al., 2020),
combined shape and layout optimization (Šilih et al., 2010; Kravanja and Žula, 2021) and also
multiple aspects of optimal material usage (Mayencourt and Mueller, 2019; Pech et al., 2019).
With regard to composite structures exploiting advantageous mechanical properties of wood, a
common solution is to combine solid wood or GLT girders with top reinforced concrete (RC)
slabs – reviews on the topic of Timber-Concrete Composites (TCC) can be found in (Clouston
and Schreyer, 2018; Dias et al., 2018). The use of adhesive connections is still not a wide-spread
approach in civil engineering, especially regarding the most heavily loaded bearing elements,
as sufficiently precise modelling and technological issues are still a challenge. Various methods
have been used to perform optimization tasks regarding timber structures, e.g. particle swarm
optimization (Decker et al., 2014), topology optimization (de Vito et al., 2023) or genetic algo-
rithms (Villar-Garćıa et al., 2019). The making use of these methods does not guarantee that
the obtained solutions satisfy necessary conditions of optimality. On the other hand, the use
of Pontryagin’s maximum principle (PMP) provides a solution that indeed satisfies the neces-
sary conditions. The PMP is commonly used for solving one-dimensional control theory (CT)
problems with a temporal independent variable. Its application to problems of structural opti-
mization is thus restricted to one-dimensional problems of structural optimization, such as, e.g.
optimization of rods and beams. Indeed, the PMP has been successfully applied to the problems
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of optimization of cross-section of bar structures (Jasińska and Kropiowska, 2018; Jasińska and
Mikulski 2019; Mikulski et al., 2022; Szeptyński and Mikulski, 2023). Combining the simplified
one-dimensional analytical model of a deformable solid with the general form of equilibrium
equations in two dimensions enables an approximate description of a plane stress state. This is
the approach used in the presented research. We shall consider a composite beam consisting of a
top RC slab and a bottom GLT girder, which are connected by of an adhesive layer. The problem
of shape optimization of the wooden girder is solved by means of the PMP, taking into account
both serviceability and load carrying capacity constraints. The goal of this paper is to present a
beam theory for composite girders and propose a useful method for determining nearly optimal
shapes of such structures, which could not be found by of standard topology optimization tech-
niques, due to specific problem conditions. Detailed engineering design is not the subject of this
research as, in fact, there are still no regulations on the design of glued TCC structures, which is
beyond the scope of the CEN/TS 19103. For these reasons and for the sake of simplicity of the
presented numerical examples, the RC slab dimensioning, reinforcement specification, and crack-
ing of the concrete are not taken into consideration – these issues might be, however, accounted
for in a similar manner as other Eurocode regulations (Szeptyński and Mikulski, 2023). Among
the novel contributions of the presented research to the current state-of-art, the following may be
named:

• Application an anisotropic limit state condition in optimization – standard tools
in topology optimization cannot take the anisotropic limit state condition into account,
being restricted to the use of von Mises equivalent stress, which is applicable to isotropic
solids only (Abaqus Tosca Structure, Ansys Structural Optimization). In both programs,
it is also not possible to create such constraints with the user-defined responses. The PMP-
-based optimization does not suffer from these restrictions as it may take into consideration
arbitrary nonlinear equality or inequality constraints.
• Optimization within the regions with prescribed boundary conditions – the
topology optimization encounters problems when boundary conditions are prescribed in
the design zone, since these conditions must propagate in some way to other nodes if some
of them are removed. It is common to exclude the loaded and supported areas from the
design zone (e.g. both in Tosca and Ansys). This approach usually leads to considerable
overdimensioning of the structure in the supported zone. Contrary to this, the use of a
simplified one-dimensional model enables optimization of the beam height along the whole
length.
• Numerical validation of results obtained via PMP-based optimization – since
the optimization by means of control theory requires a simplified one-dimensional model,
validation of the obtained results has been performed with the use of a three-dimensional
finite element model.

1.1. Scope of research

Three problems will be considered. The first one is derivation of governing equations and
boundary conditions for the problem of bending of a composite beam with the bottom girder
having variable height. These equations will then be transformed into a system of 1st order ODE,
which suits the formalism of the PMP. The second task is solving the optimization problem
for the considered single-span and double-span beams within the framework of the PMP. The
problem is solved numerically by Dircol software which utilizes the direct collocation method.
The third task is the validation of the obtained optimization results through a more detailed 3D
Finite Element Method (FEM) numerical model. Finite element analysis (FEA) is performed
with the use of Abaqus software.
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2. Theoretical description

In the following Section, the theoretical background of the considered optimization problem will
be presented. This includes an analytical model of a multilayer composite beam and an energy-
-based limit state condition for anisotropic materials exhibiting different strengths in tension and
in compression. These equations will then be transformed in order to derive a system suitable
for the application of Pontryagin’s maximum principle.

2.1. Analytical model of a multilayer composite beam

The general theory of linear elastic multilayer composite beams, considered in this research,
is derived and discussed in detail in (Szeptyński, 2020). A beam considered in this analytical
model consists of a finite number of bent panels (beams) and sheared adhesive layers, placed
in an alternating way. Deformation of the adhesive layers is assumed to be governed primarily
by a simple shear state, while the bent panels are described within the Bernoulli-Euler beam
theory. In the present research, the original statement of the problem is specified for the case
of a three-layer beam (top slab + adhesive layer + bottom girder) and generalised in order to
make it capable of taking into account variable height of the bottom panel.

2.1.1. Governing equations

We are considering a composite timber-concrete beam, the cross-section of which is shown in
Fig. 1a. RC slab thickness is h1 and width bpl (which may be considered as the distance between
neighbouring girders), as well as thickness of the adhesive layer is t and GLT girder width b. All
parameters are fixed. The height of the bottom timber girder h2 is the design variable.

Fig. 1. a) Cross-section of the considered composite timber – concrete beam; b) Static boundary
condition on the bottom face of the bottom beam

The derivation of a general form of governing equations from equilibrium equations, presented
in (Szeptyński, 2020) is generalized here in a way enabling accounting for the variable height h2 as
well as bottom surface tractions representing contact stresses over the beam bearings, modelled
by Winkler’s subgrade, see Eq. (2.1). Besides, the method for including the static boundary
conditions on the sloped bottom face of the beam is presented in the following Section. Linear
elastic constitutive relations of Bernoulli-Euler beam theory are assumed for description of both
the RC slab and the GLT girder. The kinematics of a pure shear state is used for description of
deformation of the adhesive layer, in the same way as it is done in classical shear lag theories
(Volkersen, 1938; Goland and Reissner, 1944). Due to relatively small thickness of the adhesive
layer and slenderness of the layers in bending, transverse linear strain may be considered to be
negligibly small. This justifies the assumption that the transverse displacement (deflection) is
the same for both beam components. As a result, the following system of governing equations
is obtained
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In formula (2.1), Ai and Ii stand for the area and 2nd moment of area of the cross-section of
the i-th layer in bending (i = 1 – RC slab; i = 2 – GLT girder), respectively; Ei stands for Young’s
modulus of the material of the i-th bent layer and G1 is Kirchhoff’s modulus of the adhesive;
k is the subgrade reaction coefficient describing stiffness of the bearing (outside the support area
k = 0); w, u1 and u2 are the common deflection of all layers and longitudinal displacements of the
RC slab and GLT girder, respectively. Please note, that the governing equations depend only on
one elastic constant of an anisotropic material, which makes an impression that the anisotropy is
disregarded. This is an apparent inconsistency, since the beams under consideration are assumed
to be slender enough so that the Bernoulli-Euler beam theory may be applied. As a result, both
transverse shear deformation and transverse contraction are disregarded. As a consequence, the
deflection of the beam is determined with just a single elastic constant. Such an approach is
consistent with the use of the anisotropic limit state condition. The equivalent transverse load q̂
is defined as follows

q̂ = q + (h1g1bpl + h2g2b+ t1f1b) (2.2)

where q is the acting load, g1, g2 and f1 are the specific weights of RC, GLT and adhesive,
respectively.

2.1.2. Cross-sectional forces

The axial forces in the layers under bending are equal

N1 = E1A1
du1
dx

N2 = E2A2
du2
dx

N = N1 +N2 (2.3)

where N is the total axial force applied to the composite cross-section. The bending moment
about the point P , placed in the distance ZP from the top surface of the RC slab may be
expressed as follows
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The formula for the transverse shear force – according to Schwedler’s formula – after considering
the equilibrium of axial forces, may be expressed in the following form
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2.1.3. Distribution of stress

Distribution of normal stress in bent layers is given by the following formulae

σxx,i(x, zi) = Ei
(dui
dx
− d2w

dx2
zi
)

i = 1, 2 (2.6)

where zi ∈ (−hi/2;hi/2) is the distance from the centroid of the cross-section of the i-th layer
in bending (Fig. 1a). The shear stress distribution in the adhesive layer is given by the following
formula
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The shear stress distribution in bent layers may be approximated with the use of Zhuravsky’s
formula, by integration of local equilibrium equations
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where τn is the shear stress at the bottom face of the GLT beam resulting from its slope. Let us
denote the transverse normal stress at the bottom face of the GLT beam with pn. The general
static boundary condition for the bottom surface of the bottom layer, Eq. (2.9), enables finding
the boundary shear stress (Fig. 1b)
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Transverse normal stress in the layers in bending may be found by integration of local
equilibrium equations
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Since the through-the-thickness distribution of shear stress is quadratic, the transverse nor-
mal stress will be a cubic function of the z-coordinate
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Coefficients Aj, Bj (j = 0, 1, 2, 3) are in fact functions of x, which are determined from the
static boundary conditions and interface equilibrium conditions. The first four conditions are
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where p1,B and p2,T are the peel stresses at the bottom of the top layer (RC slab) and at the
top of the bottom layer (GLT beam), respectively. They may be found from the equilibrium
equation for transverse forces applied to the sheared layer
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The normal stress pn is determined according to (2.9)

pn = tan(α)τn − kw
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The remaining four conditions are derived from equilibrium equations, which determine the
boundary values of derivatives of these distributions
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2.1.4. Boundary conditions

In order to determine the solution to equations (2.1) unambiguously, it is necessary to pre-
scribe appropriate boundary conditions. The static boundary conditions on the top face of the
RC slab and on the bottom face of the GLT girder are taken into consideration both in the
governing equations and in the formulae for transverse normal stress. The sidewalls are assumed
to be traction-free boundaries. The static boundary conditions are prescribed in an analogous
way to classical beam theory as the conditions for end-values of cross-sectional forces.

2.2. Energy-based limit state condition for anisotropic materials with an asymmetric
elastic range

A crucial aspect of the design of timber structures is the anisotropy of mechanical and
strength properties of the material. It has been noted that in the case of slender beams, the
anisotropy of elastic properties is of minor importance – it is not so regarding the strength
properties of wood. An important feature is also the asymmetry of the elastic range, namely the
difference between the limit values of tensile and compressive stress. Material properties corre-
sponding with appropriate strength classes of structural timber can be found in the EN 338:2016
standard. However, standards regulating the structural design of timber structures may not spec-
ify any general approach to determine the ULS condition in the case of an arbitrary complex
stress state. Only certain specific combinations of simple mechanical states are considered in the
EN 1995-1-1:2010. In the considered optimization process, a general plane stress state is consid-
ered. For this reason, the energy-based limit state condition for orthotropic material exhibiting
asymmetry of elastic range is used (Szeptyński, 2017)

F (σ) = AIσ2I +BIσI +AIIσ
2
II +BIIσII +AIIIσ

2
III ¬ 1 (2.16)

where projections of the current stress state on elastic eigensubspaces are equal

σI = σ11 cosκ+ σ22 sinκ σII = −σ11 sinκ+ σ22 cos κ σIII = σ12 (2.17)

The parameter κ is a function of the stiffness distributor. In (Szeptyński, 2017), one may find
formulas for the parameter κ as well as coefficients AI , AII , AIII , BI , BII , expressed in terms of
elastic constants and strength values. All these parameters can be found e.g. in the EN 338:2016,
except for Poisson’s ratio, however in the EN 1995-2:2004 it is allowed to take ν = 0.

2.3. Formulation of the control theory problem

The optimization problem considered in this article may be stated as follows:
— minimize the total amount of GLT

V =
L∫
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A2 dx = b
L∫

0

h2 dx (2.18)
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— subject to the following constraints
– Ultimate Limit State (ULS) condition

F (σ)− 1 ¬ 0 (2.19)

– Serviceability Limit State (SLS) condition

wmax − wadm ¬ 0 (2.20)

where wmax is the maximum deflection, while wadm is the maximum admissible deflection. The
problem is meant to be solved with the use of Pontryagin’s maximum principle. For this reason,
the problem must be formulated in the form of a system of the 1st order ordinary differential
equations (ODE). Let us introduce the following state variables
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We introduce a single control variable, namely

U1 =
d2h2
dx2

(2.22)

According to (2.18), the objective function is given by the integral functional stating the La-
grange optimization problem. It may be transformed into the Meyer optimization problem by
introduction of an additional state variable and defining a new objective function J

X11(x) = V (x) = b
x∫

0

X9(ξ) dξ ⇒ J = X11(L) (2.23)

The new initial condition X11(0) = 0 must be also prescribed. After this transformation, the
governing equations take the following form
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(2.24)

Cross-sectional forces and stresses may then be calculated according to equations (2.3)-(2.8)
and (2.11) after expressing the derivatives of displacement functions in terms of the introduced
state variables. The set of admissible values of the control variable is also defined. The final
formal statement of the control theory problem is complex as the form of necessary optimality
criteria depends on whether the constraints are active or not. The mathematical structure of a
formulation of control theory problem subjected to PMP-based optimization may be found in
(Mikulski et al., 2022).



136 P. Szeptyński et al.

3. Numerical results

The single-span beam is assumed to be 15m long with 40 cm at both ends resting on elastic
supports. The double-span beam is assumed to be symmetrical, 28m long, with two identical
14m long spans, resting at both ends on 40 cm long elastic supports 40. The middle support
is 60 cm long. The girder cross-sectional dimensions are assumed as follows: RC slab thickness
h1 = 32 cm, its width (distance between neighbouring GLT girders) bpl = 100 cm, and the GLT
beam width b = 30 cm. The adhesive layer is t = 2 cm thick. The elastic and strength prop-
erties of wood are adopted as for GL 26h, while mechanical properties of concrete are chosen
as for C30/37 concrete class. The adhesive layer is assumed to be made of the SikaPSM flex-
ible, virtually incompressible polyurethane adhesive, with Kirchhoff’s modulus G = 1.4MPa
(Kwiecień, 2012; Śliwa-Wieczorek et al., 2020). The total load applied to the beam includes the
dead load of RC slab g1 = 25 kN/m3 and GLT girder g2 = 4.37 kN/m3 as well as the dead
load of non-structural elements and live load, which together sum up to q = 35 kN/m2. The
subgrade reaction modulus is assumed to be equal to k = 380MPa/m, as for an elastomeric
support according to EN 1337-3:2005. In the supported section of the beam, the coefficients
in the anisotropic limit state condition (2.16) are modified, namely, the compressive strength
perpendicular to grain is increased by 75% according to Eurocode 5 recommendations 6.1.5 (2)
and (3) of EN 1995-2:2007. Only a single load combination is considered, namely the one corre-
sponding to uniform distribution of q, however the formulation of the problem and its solution
may easily be expanded in order to account for multiple load combinations. The maximum ad-
missible deflection is assumed to be wadm = L/250. The range of admissible values of the control
variable is U1 ∈ (−0.1; 0.1), while the height of the GLT beam itself may vary within the range
h2 ∈ (0.3m; 1.15m).

3.1. Results of the PMP-based optimization

The optimization problem stated in the previous Section is solved with the use of Dircol
software. The results of completed optimization tasks for both analysed beams are presented in
Figs. 2-4. Figures 2 and 3 illustrate the distributions of the GLT girders heights and deflections
of optimal beams, respectively. The distribution of the magnitude of the left-hand side of the
ultimate limit state criterion (material effort – see Eq. (2.17)) presented in Fig. 4, is plotted for
five values of the z-coordinate, corresponding with the top, middle and bottom material fibres,
as well as two additional intermediate coordinates.

Fig. 2. Optimal distribution of the GLT girder height h2(x): (a) single-span beam, (b) double-span beam

An important feature of the obtained results is that in both analysed cases (the single and
double-span beams) both SLS and ULS constraints are active. The highest material effort,
activating the ULS constraints, appears at the bottom fibres (z = 0, 5h2) for both girders. It
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Fig. 3. Beam deflections with SLS: (a) single-span beam, (b) double-span beam

Fig. 4. Material effort: (a) single-span beam, (b) double-span beam

was observed that the acquired optimal control is singular, which means that the Hamiltonian
of the system is piecewise constant. See Büskens et al. (2001) for a more detailed discussion.

3.2. Comparison with the 3D FE model

The optimal solutions obtained based on beam theory are compared with the results of a
three-dimensional (3D) finite element analysis (FEA) performed with the use of Abaqus software.

3.2.1. Description of the FEM numerical model

The geometries of the 3D FEM girders models are assumed as follows: all cross-sectional and
longitudinal beam dimensions, as well as material properties (span and support zone lengths)
are the same as adopted for the above discussed 1D model (see the first paragraph of Section 3).
The distributions of heights of the GLT girders (h2) are taken from the results of the PMP
based optimization (see Fig. 2). Both the concrete slab and GLT girder materials are assumed
to be isotropic and linearly elastic. Since a pure shear elastic material model is not available in
Abaqus, the adhesive is also assumed to be linearly elastic with Ea = 4.14MPa and νa = 0.48.
The FEM mesh consists of linear hexahedral 8 node elements. The large number of used elements
(over 100000) results from the necessity of precise modelling of the variable beam shapes, while
keeping regular meshes, to obtain smooth stress maps along curved surfaces representing GLT
fibres. The bearing supports are realized by applying linear vertical springs (with stiffnesses
summing up to k = 380MPa/m) to nodes at the bottom girder surfaces in the support zones.

3.2.2. Comparison of results obtained with 1D beam and 3D FEA models

The distributions of displacements and stress tensor components found with the use of Dircol
and Abaqus for both beams are compared in Figs. 5-9.
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Since the bottom fibres of the GLT girder experience the highest stress levels (see Fig. 4),
only these distributions are presented. The comparison of deflections of the single-span beam
obtained by Dircol and Abaqus is presented in Fig. 5, whereas stress tensor components and
measures of the material effort are compared in Fig. 6.

Fig. 5. Comparison of deflection of a single-span beam obtained from the 1D beam and 3D FEA models

Fig. 6. Comparison of stress measures obtained from the 1D beam model and 3D FEA for bottom fibres
of the GLT single-span beam: (a) axial normal stress, (b) shear stress, (c) transverse normal stress,

(d) material effort

Fig. 7. Comparison of deflection of a double-span beam obtained from the 1D beam and 3D FEA models

Analogous comparisons of deflections and stresses obtained by Dircol and Abaqus for the
double-span beam are collated in Figs. 7 and 8, respectively. Additionally, the distributions of
shear stresses in the adhesive layers are compared in Fig. 9.
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Fig. 8. Comparison of stress measures obtained from the 1D beam and 3D FEA models for the bottom
fibers of the GLT double-span beam: (a) axial normal stress, (b) shear stress, (c) transverse

normal stress, (d) material effort

Fig. 9. Distribution of shear stress in the adhesive layer in (a) single-span beam, (b) double-span beam

4. Discussion

Analysing the comparison of stresses and deflections of optimal beams acquired with the 1D
composite beam and 3D FEA models, under the same material assumptions (linear elasticity of
all materials, isotropy of elastic constants of timber with the anisotropic limit state condition),
presented in Section 3.2, one can note that:

• The 3D FEM model gives slightly smaller displacements (Figs. 5 and 7). Relative dif-
ferences amount to 8% for the single-span beam and 4% in the case of the double-span
beam.
• There is good agreement between the two models in stress distributions for both beams
(Figs. 6 and 8). The ULS is active in these traction-free areas of the bottom fibres in both
girders (Figs. 6d and 8d). Analysing the material effort in the 3D FEM model, one can
notice that for the single-span beam the ULS is violated only pointwise by 2% (Fig. 6d)
and is not exceeded in the case of the double-span beam (Fig. 8d).
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• The greatest discrepancies between these two models concern the shear stresses in the
adhesive layer (Fig. 9). This can be attributed to the simplifying assumption made in the
1D model according to which the adhesive layer undergoes simple shear deformation only,
whereas in the FE analysis a general three-dimensional stress state is considered.
• One worrying result is the maximal deflection, which was greater for the 1D beam model
than for the one obtained from the 3D FEA. One should expect that the 1D model,
which is more severely constrained due to Bernoulli’s hypothesis, should exhibit greater
flexural rigidity. This result may be explained by the fact that in the simplified 1D model
the longitudinal stiffness of the adhesive was completely disregarded as the adhesive was
assumed to undergo simple shear only – in this sense this model is more compliant than
the FEA model in which the three-dimensional stress and strain state is fully accounted
for.

5. Summary and conclusions

The problem of shape optimization of a TCC beam with an adhesive layer has been stated.
Governing equations have been derived, as well as expressions for cross-sectional forces and
stresses. The problem has been reformulated in order to make it suitable for the application
of Pontryagin’s maximum principle. The optimization task has been carried out with the use
of Dircol software for two composite beams – single and double span. Two constraint types
have been considered: SLS condition restricting the maximum deflection and the ULS, which
is formulated as a single inequality constraint making use of the energy-based estimate of the
material effort for orthotropic materials exhibiting asymmetry in the elastic range. Both the ULS
and SLS conditions are active in the obtained solutions. The observed discrepancies between the
1D beam theory solution and the results of 3D FEA indicate that the results obtained from
the PMP-based optimization cannot be used without additional elaboration, however, the final
shape may be easily found even by manual adjustment of the optimal solution obtained from
the 1D beam model, according to the maps of the material effort.

Fig. 10. Comparison of optimal double-span GLT girders obtained under isotropic and anisotropic limit
state conditions: (a) height distribution, (b) material effort along bottom beam fibers

To estimate material savings achieved by shape optimization of the girders, the volumes of
optimal beams have been compared with the volumes of composite beams with the same span
lengths, loads and supports, but a constant GLT girder height. Minimal heights for which the
SLS and ULS were not exceeded, and were adopted for this comparison. The relative material
savings for the single-span beam are approximately 8%, while for the double-span beam 30%.
An important conclusion arises when the anisotropy of the GLT is totally neglected in the task
formulation, namely, when the timber is considered as an isotropic solid. Such an approach might
be the first approximation in an optimization procedure. It can be shown that considerable errors
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may occur when the anisotropy is not involved. In Fig. 10a, the optimal shape of the double-span
beam obtained for the beam with the anisotropic limit state condition is compared with the one
corresponding with the HMH condition (isotropic limit state condition).
In the case of the beam with the isotropic yield condition only the SLS constraint is active,

wheteas if anisotropy is taken into account both SLS and ULS conditions are active (Fig. 10b).
This is especially important when considering the fact that commercially available optimization
programs offering topology or shape optimization often do not support anisotropy of strength
properties (e.g. Tosca Structure). Even if anisotropy of elastic properties is taken into account,
the fully stressed body optimization procedures can be governed only by isotropic limit state
conditions such as the Huber-Mises-Hencky yield condition.
The performed analyses enable formulation of the following conclusions:

• The one-dimensional analytical model of a composite beam is suitable for application in
the formalism of an optimization task of a control theory problem solved with the use of
Pontryagin’s maximum principle.
• A singular optimal solution may be found, for which both SLS and ULS constraints are
active.
• Simplifications due to reduction of the dimension of the problem in the Bernoulli-Euler
beam theory do not introduce significant errors neither in deformation nor in measure of
the material effort.
• The results of the optimization of the 1D model need validation with the use of more
accurate numerical models.
• The performed analyses prove that accounting for anisotropy of strength properties of the
material and asymmetry of the elastic range play an important role in the optimization of
timber beam structures. Failure to take into account for material anisotropy may lead to
significant errors.

The proposed approach may readily be applied for shape optimization of composite beams with
adhesive layers with any other support and load layout with multiple load cases taken into
account.
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With the development of automotive lightweight technology, the improvement of the design
of body sheet metal forming processes has gradually become a research focus. Advanced high-
-strength dual-phase steel is the main material for lightweight vehicle bodies, and exploring
its accurate ductile fracture criteria plays an important role in predicting the forming fracture
behavior of the sheet metal. The characterizations of the plastic behavior of the DP780 sheet
before fracture were performed by the Swift hardening model. Three sets of tests from pure
shear to tensile-shear stress states are designed to calibrate the ductile fracture parameters of
Lou-Huh, Cockcroft-Latham, and Rice-Tracey criteria. The calibrated parameters are used
to predict tensile shear test fractures and punching fractures at small bend fillets of molds.
The results show the Lou-Huh criterion can accurately predict the shear fracture behavior
of the DP780 sheet in the low-stress triaxiality (0.08-0.33).

Keywords: ductile fracture criterion, DP780, fracture prediction, shear fracture, sheet form-
ing

1. Introduction

Based on the consideration of automobile lightweight, advanced high-strength steel DP780 has
become the preferred material for body lightweight due to its high specific strength and good
energy absorption (Zhou et al., 2021). It is widely used in key parts such as the threshold
beam, B column, anti-collision beam, and ceiling beam. In 2002, the international iron and
steel federation’s “Advanced Automotive Concept for Ultra Light Steel Bodies (ULSAB-AVC)”
project showed a high usage rate of 74% for DP steel in the body structure design. However,
advanced high-strength steel also has a defect of poor room temperature formability. Therefore,
to improve the formability of the sheet, a larger blank holder force or a smaller die-bending
fillet is often used in the design of the stamping process, which results in shear fracture behavior
of the DP780 sheet with no obvious necking before failure at the die bending fillet (Luo and
Wierzbicki, 2010; Banabic et al., 2020). The shear fracture of high-strength steel in the forming
process is one of the main problems that hinder its application in automobile bodies. Traditional
FLC curves and various criteria based on necking instability theory (Silva et al., 2008) such
as Swift dispersive instability theory (Swift, 1952), Hill concentrated instability theory (Hill,
1952), and the Marciniak-Kuczynski instability theory (Marciniak and Kuczynski, 1967), cannot
accurately predict this type of shear fracture. In addition, the lack of accurate shear fracture
criteria greatly limits the application of the sheet metal and forming process design. Therefore,
from the perspective of industrial application, it is of great significance to explore the shear
fracture criterion with an accurate prediction and a simple form to foresee the forming fracture
of sheet metal.
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The fracture of metal sheets evolved from micro-defects such as micro-dimples and micro-
-shear bands, and the evolution of the two types of micro-defects is controlled by the stress
state (Li et al., 2011b). The necking dominant fracture in a high-stress triaxiality region is re-
lated to continuous nucleation, growth and convergence of micro dimples, while the shear dom-
inant fracture in the low-stress triaxiality region is caused by a continuous extension of micro
cracks and micro holes into shear bands under shear action (Hu et al., 2009). The researchers
analyzed mechanical factors affecting the nucleation, growth, polymerization, and fracture of
micro-voids in the material from the microscopic mechanism of ductile fracture (McClintock et
al., 1966; Puttick, 1959) and proposed many uncoupled ductile fracture criteria for predicting
sheet-forming fracture (Rice and Tracey, 1969; Cockcroft and Latham, 1968; Oh et al., 1979;
Clift et al., 1990). The above criteria mainly consider mechanical variables such as maximum
normal stress, maximum shear stress and stress triaxiality, as well as combinations of mechanical
variables. Nevertheless, due to the lack of research on a specific influence mechanism of mechan-
ical variables selected in the criteria on the evolution of micro-defects, the stress state interval
and fracture type applicable to the above criteria are different.
Based on the micro-mechanism theory, the criterion considering both the stress triaxiality

and the Lode parameter has received extensive attention due to the wider range of applicable
stress states. With a broad application of DP780 high-strength steel in the industry, it is of
great research value to explore a more flexible and accurate ductile fracture criterion in forming
simulation. In this paper, the advanced high-strength steel DP780 sheet is used as the research
object. The stress and strain state parameters of the material in the low-stress triaxiality range
are obtained by designing four kinds of unidirectional loading samples combined with numerical
simulation. The parameters of Lou-Huh, Cockcroft-Latham, and Rice-Tracey ductile fracture
criteria are calibrated, and then applied to fracture prediction of a tensile-shear test and shear
fracture in stretch-bending forming of grooved parts in order to study their applicability and
accuracy.

2. The test design and process

2.1. Sample design for different stress states

In this paper, the thickness of the advanced high-strength steel DP780 sheet sample is 1mm,
and its chemical composition is shown in Table 1.

Table 1. Material chemical composition of the sample

C Si Mn P S Alt

0.1 0.16 2.02 0.008 0.003 0.039

In order to analyze plasticity and fracture behavior of the DP780 sheet under low-stress
triaxiality, four unidirectional loading specimens with different shapes and sizes are designed as
shown in Fig. 1. The figure shows the uniaxial tensile specimen, pure shear specimen, 45◦ tensile
shear specimen, and 60◦ tensile shear specimen, respectively.

2.2. The anisotropic test process

Three sets of uniaxial tensile specimens with different orientations are prepared by laser wire
cutting to determine plastic anisotropy of DP78 sheets. The preparation orientations of laser
wire cutting are 0◦, 45◦ and 90◦ with the rolling direction, respectively. For the test method,
the RDL50 universal testing machine is used to load the specimen with an elongation rate of
0.2mm/min at room temperature. The loading process is quasi-static, and nominal stress-strain
curve of the specimen gauge section can be obtained by an extensometer.
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Fig. 1. Shape and size of the unidirectional loading sample

The equations for converting the nominal stress-strain curve into a real stress-strain curve
are shown as follows

ε = ln(1 + εe) σ = σe(1 + εe) (2.1)

where σ is the real stress, ε is the real strain, εe is the nominal strain, σe is the nominal stress.
The real stress-true strain curves of the three orientations of the uniaxial tensile specimen

can be obtained by the experimental results and Eqs. (2.1). The real stress-true strain curves
are shown in Fig. 2. It can be seen from Fig. 2 that the true stress-strain curves of 0◦ and 45◦

orientations are consistent, and the real stress-true strain of 90◦ orientation is slightly higher
by about 2%. The anisotropy characteristics of the DP780 sheet were not very obvious, and it
could be assumed that the DP780 sheet had plane isotropy (Luo and Wierzbicki, 2010), so the
von Mises yield criterion was used to describe its yield behavior.

Fig. 2. The true stress-true strain curves of samples with different orientations
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2.3. Comparison of DP780 hardening models

An accurate description of the hardening behavior of materials before fracture is the key
to calibrating the parameters of the ductile fracture criterion. During the deformation of the
specimen, the fracture strain is often higher than the maximum uniform strain, so it is necessary
to establish a suitable hardening model to accurately predict the flow stress of the material in a
large plastic strain range. In this paper, the classical Swift unsaturated hardening model (Swift,
1952) and the Voce saturated hardening model (Voce, 1948) are selected to characterize the
hardening behavior of the DP780 sheet. The von Mises criterion based on constitutive relation
matrix representation can be referred to in the literature (Ortiz and Simo, 1986). The hardening
models are shown in Eq. (2.2) and (2.3), respectively

σ = K(ε0 + εp)n (2.2)

where K is the hardening coefficient, n is the hardening exponent, ε0 is the initial yield strain
and εp is the equivalent plastic strain.
Compared with the Swift model, the Voce model fully considers the effect of the initial yield

point on the flow stress, and the stress will constantly approach the saturation state under large
strain conditions, which means that the stress-strain curve will exhibit horizontal asymptotes,
which can prove the constitutive relationship of metal materials under large strain conditions

σ = σ0 +A(1− exp(−cεp)) (2.3)

where A and c are material constants and σ0 is the saturation stress.
The transformation equation of the true stress-true strain curve and true stress-plastic strain

curve is given by

εo = ε−
σ

E
(2.4)

where E is the elastic modulus.
The real stress-plastic strain test curve of the tensile specimen at 0◦ with the rolling direction

in the uniform deformation section is shown in Fig. 3.

Fig. 3. True stress-plastic strain curve

Through the least square method, the Swift and Voce model parameters can be obtained
from the true stress-plastic strain curve, as shown in Table 2.
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Table 2. Hardening model parameters

Parameter K [MPa] ε0 n σ0 [MPa] σs [MPa] A [MPa] c

Value 1388 0.004 0.157 570 584.59 357.1 34.8

To verify the accuracy of the two hardening models for the characterization of the plastic
behavior of the DP780 sheet, the von Mises yield criterion and the VUMAT subroutine of the two
hardening models are compiled by the Fortran language. The compiled subroutine is embedded
in Abaqus to simulate the tension process of uniaxial tensile specimens through the finite element
method (FEM). A comparison of the simulation and experiment is shown in Fig. 4. It can be
seen from Fig. 4a, both Swift and Voce hardening models can accurately describe the hardening
behavior of DP780 specimens in the uniform plastic zone. From Figs. 4a and 4b, the Voce model
underestimates the flow stress of DP780 in a large strain range, however, the Voce model cannot
accurately predict the stress in a large strain range. While the Swift model slightly overestimates
the flow stress in a large strain range, but still accurately describes the stress of DP780 in that
range. Therefore, the Swift hardening model is selected to describe the hardening behavior of
the DP780 specimen in a uniform plastic zone.

Fig. 4. Comparison of the simulation and test curves obtained by using two hardening models:
(a) comparison of true strain-plastic strain curves, (b) comparison of load-displacement curves

Unidirectional loading tests of pure shear and tensile shear specimens with different notch
angles can only find load-displacement curves in order to obtain stress parameters and frac-
ture strain at the notch. Hence, corresponding simulations are performed to further verify the
accuracy of the von Mises yield criterion and the Swift hardening model for predicting the plas-
tic behavior of DP780 sheets before fracture. When the load-displacement curve of the FEM
simulation is in good agreement with the test, the stress parameters and fracture strain at the
moment of fracture of each sample can be obtained.

The S4R shell element is used in the finite element model of the tension-shear specimen to
ensure simulation accuracy and computational efficiency. The S4R element has high simulation
accuracy in large strain simulation and a wider scope of application (Luo and Wierzbicki, 2010).
The grids of the central ligament area of the sample with large plastic deformation are refined,
and the refined grid size is 0.08mm. A comparison of FEM simulated and test load-displacement
curves are shown in Fig. 5. The von Mises yield criterion and Swift hardening model well
characterize the plastic behavior of DP780 tensile-shear specimens before fracture, which can be
used to calibrate the ductile fracture criterion.
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Fig. 5. Comparison of simulation and test load-displacement curves of tensile-shear specimens with
different notch angles

3. Parameter calibration of the ductile fracture criterion and prediction of the
tensile-shear test of DP780 sheet

3.1. Ductile fracture criterion including stress triaxiality and the Lode parameter

The stress triaxiality and Lode parameter are the determining factors affecting fracture
initiation of the sheet. Therefore, the three criteria of Lou-Huh (Lou et al., 2012), Cockcroft-
-Latham (Cockcroft and Latham, 1968), and Rice-Tracey (Rice and Tracey, 1969) are applied
to the shear fracture prediction of the DP780 sheet. The expressions of the three criteria are
shown in Table 3.

Table 3. Expressions of relevant ductile fracture criteria

Ductile fracture criterion Expressions

Lou-Huh
∫ εf

0

( 2√
L2 + 3

)a1(〈1 + 3η〉
2

)a2
dεp = a3

Cockcroft-Latham
∫ εf

0
σ(ε)∗

(
η +

3− L
3
√
L2 + 3

)
dεp = b

Rice-Tracey
∫ εf

0
0.283 exp

(3η
2

)
dεp = c

3.2. Parameter calibration of three ductile fracture criteria

In this paper, pure shear specimens, 45◦ and 60◦ tensile shear specimens are selected to
calibrate the fracture criterion parameters. It is difficult to directly obtain the state parameters
such as stress triaxiality η, Lode parameters L, and fracture strain εf . Consequently, based on the
hardening model selected in Table 3, the ductile fracture criterion is calibrated by a combination
of the test method and FEM simulation. Since the initial fracture time of the specimen cannot
be accurately determined during the test, the moment when the load-displacement curve drops
sharply is equivalent to the initial fracture time, and the displacement d corresponding to the
fracture time is taken as the fracture displacement. The elements with the maximum equivalent
plastic strain in the ligament region at the fracture time are selected as the initial fracture
elements. The equivalent plastic strain value of these initial fracture elements at the initial
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fracture time is taken as the fracture strain. The variation curves of the stress triaxiality and
Lode parameter with the equivalent plastic strain εp of initial fracture elements are shown in
Fig. 6.

Fig. 6. The stress triaxiality and Lode parameter change curve of tensile-shear specimens with different
notch angles: (a) pure shear specimen, (b) 45◦ tensile-shear specimen, (c) 60◦ tensile-shear specimen

The stress triaxiality and Lode parameters vary with the equivalent plastic strain εp, which
cannot be directly substituted into the fracture criterion to solve the fracture parameters. Ac-
cording to Eqs. (3.1), the stress triaxiality η and lode parameters L in the whole process of
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stress change are averaged to obtain the average stress triaxiality ηavg and average Lode param-
eters Lavg (Qian et al., 2020)

ηavg =
1
εf

εf∫

0

η(ε) dεp Lavg =
1
εf

εf∫

0

θ(ε) dεp (3.1)

where ηavg is the average stress triaxiality, Lavg is the average Lode parameter, and εf is the
fracture strain. The calculated fracture state parameters are shown in Table 4.

Table 4. Parameters of the fracture state

Specimen Fracture Fracture Stress Lode
type displacement strain triaxiality parameter

Pure shear 1.25mm 0.911 0.08 0.352
45◦ tensile-shear 0.88mm 0.764 0.26 0.764
60◦ tensile-shear 0.85mm 0.714 0.337 0.714

The stress and strain state parameters in Table 4 are respectively substituted into the ex-
pression for the fracture criterion in Table 3 to obtain equations with undetermined fracture
criterion parameters. The fracture criterion parameters are calculated by solving the equations,
as shown in Table 5.

Table 5. Calibrated fracture criterion parameters

Ductile fracture criterion Parameter 1 Parameter 2 Parameter 3

Lou-Huh 3.32 1.5128 0.7658
Cockcroft-Latham 0.3067 – –
Rice-Tracey 1312 – –

3.3. Tension-shear fracture prediction by three criteria

The tensile-shear test is simulated by using the three calibrated fracture criteria, and the
fracture morphologies of the experimental and simulated samples are consistent. It can be seen
from Fig. 7 that the fracture section of the sample is relatively flat with obvious shear slip bands.
The fracture surface is gray and suede, and the fracture is full of dimples. The large notch angle
of the fracture indicates that the shear part generates large plastic deformation under dislocation
tension on both sides during loading, so the rotation effect occurs.

Fig. 7. Comparison of sample fracture morphology between the simulation and experiment:
(a) pure shear specimen, (b) 45◦ tensile-shear specimen, (c) 60◦ tensile-shear specimen

In order to further verify the prediction accuracy of the ductile fracture criterion for fracture
displacement of the tensile-shear specimen, the load-displacement curves of the test and FEM
simulated tensile-shear fracture are compared as shown in Fig. 8. When the element fracture
threshold of the finite element model of the specimens reaches 1, the corresponding elements are
deleted to determine that the sheet begins to fracture.
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Fig. 8. Fracture displacement and test displacement of specimens with different notch angles:
(a) pure shear specimen, (b) 45◦ tensile-shear specimen, (c) 60◦ tensile-shear specimen

Fig. 9. Comparison of fracture displacement simulation values of various criteria
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The fracture displacement values and test values of the specimens are summarized in Fig. 9.
The Lou-Huh ductile fracture criterion can more accurately predict the fracture displacement
of the specimens than the other two criteria, which indicates that the Lou-Huh ductile fracture
criterion can be used to predict the tensile-shear fracture of the DP780 sheet in the low-stress
triaxiality range (0.08-0.33). The reason for the accurate prediction of the Lou-Huh ductile
fracture criterion is that both the stress triaxiality and the Lode parameter on material fracture
are considered, and a more reasonable relationship between the fracture strain, stress triaxiality,
and Lode parameter are constructed.

4. Application of the Lou-Huh criterion to shear fracture prediction in stretch
bending of DP780 sheet

4.1. DP780 trough forming test

Relevant studies have shown that the blank holder force and the ratio of fillet radius to
sheet thickness t are the main technological factors affecting fracture behavior. The sheet is
prone to shear fracture under a larger blank holder force or a smaller ratio of fillet radius to
sheet thickness. The shear-dominated fracture in the low-stress triaxiality region is caused by
continuous development of micro-cracks and micro-voids into shear bands under shearing action
(Li et al., 2011b).
Based on the precise prediction effect of the Lou-Huh ductile fracture criterion on the fracture

behavior of tensile-shear specimens, a pull-bending forming shear fracture test of the DP780
sheet under the condition of a small ratio of fillet radius to sheet thickness and large blank
holder force is designed. In addition, the Lou-Huh ductile fracture criterion is also applied to
the forming FEM simulation to verify the fracture prediction accuracy of the Lou-Huh ductile
fracture criterion by comparing the FEM simulation results with test results.
Figure 10 shows the trough mold for the pull-bending forming shear fracture test. The fillet

radius at the entrance of the die is Rd1 = 2.5mm, and the gap between the die and the punch is
G = 1.1mm. During the test, the blank holder force remained unchanged, and the shear fracture
behavior of the DP780 sheet under different bending fillet radii Rp is observed by adjusting the
bending fillet radius.

Fig. 10. Drawing and bending forming die size

The model of the test press is YZ32-160S, which is mainly composed of a die, punch,
draw bead, and blank holder, as shown in Fig. 11a. The size of the trough sheet sample is
250mm×30mm×1mm. The test process is as follows.
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The sample is placed flat in the middle of the blank holder, and the die moves downward
at a speed of 10mm/s and contacts the sheet. At this time, the sheet is fixed between the die
and the blank holder due to the blank holder force. Then the punch moves upward at a speed of
1mm/s to push the sheet out and press the sheet into its concave die. When the sheet breaks,
the punch stops moving. During the test, the test blank holder force is set to 185 kN, and the
bending fillet radius of the die is adjusted by replacing the punch (1mm, 3mm, 5mm) so that
the DP780 sheet stamping exhibits shear fracture behavior at different small bending fillets of
the punch.

Fig. 11. Tension-bending fracture specimen

The DP780 sheet after stamping fracture is shown in Fig. 11b. A shear fracture of the DP780
sheet is generated at the bending fillet of the punch, the fracture is relatively flat without obvious
necking, and the fracture is full of dimples of uniform size, which is similar to a brittle fracture.
The reason for the brittle fracture is owing to the strength difference between martensite and
ferrite in the dual-phase steel and a large number of micro-voids nucleated during the deformation
process under the coupled action of tension and bending. However, the nucleation fails to grow
sufficiently, so the material undergoes a cleavage fracture, and the fracture failure type of the
sheet is basically the brittle failure (Luo and Wierzbicki, 2010).
Test data under different punch fillet radii are shown in Table 6. Under the condition that the

blank holder force remains approximately constant, the forming depth before fracture gradually
increases with an increase of the Rp/t value, which indicates that the Rp/t value is one of the
technological factors affecting the fracture.

Table 6. Results of the stamping test

Rp/t Forming depth Stamping force Fracture type

1 7.5mm 185 kN shear fracture
3 8mm 179 kN shear fracture
5 11.4mm 184 kN shear fracture

4.2. Simulation of the stretch-bending forming test for DP780 trough samples

According to the actual size of the stamping die, a finite element model is established in
Abaqus, in which the punch, die and the blank holder are both analytical rigid bodies, while the
sheet sample is a deformable body calculated by the S4R shell element. The shell element size
of the DP780 sheet is 0.8mm, and the element size of other components is 2mm. The friction
coefficient of the contact surface between the DP780 sheet and the blank holder is set to 0.125.
The compiled Lou-Huh criterion VUMAT subroutine is called during stamping simulation, and
the specific material parameters are shown in Table 2. The forming depth results at the moment
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Fig. 12. Simulation and experimental values of forming depth under different punch fillets, the punch
fillet radius is: (a) 1mm, (b) 5mm

Fig. 13. Fracture morphology and thinning rate of the sample, the punch fillet radius is: (a) 1mm,
(b) 3mm, (c) 5mm
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of sheet fracture during stamping simulation are extracted, and the simulated forming depth is
compared with the test results, as shown in Fig. 12.
Different punch fillet radius values (1mm, 3mm, 5mm) are used for stamping simulation to

obtain the sheet fracture morphology and thinning rate data, as shown in Fig. 13. The fracture
position of the simulated sheet is concentrated at the punch fillet, and the fracture section is
flat without obvious necking. The maximum thinning rate at the moment of sheet fracture is
only 10.4%, so the fracture type is a shear one.
The simulation results are compared with the test results as shown in Table 7. When

Rp = 1mm, the error between the test forming depth and the simulated forming depth is
only 4.2%. When Rp = 3mm, the corresponding error is a maximum of 9.5%. The results show
that the Lou-Huh ductile fracture criterion can relatively accurately predict the shear fracture
behavior at a small bending fillet of the die during the stamping process of the DP780 sheet.

Table 7. Comparison of simulation and experimental forming results

Rp/t
Simulated Test forming Thinning Fracture

Error
forming depth depth rate type

1 7.5mm 7.18mm 10.4% shear fracture 4.2%
3 8mm 8.76mm 9.3% shear fracture 9.5%
5 11.4mm 10.7mm 9.4% shear fracture 6.2%

5. Conclusion

Based on the uniaxial loading tests of four different specimens of advanced high-strength steel
DP780, the hardening model of DP780 is studied first. The Lou-Huh, Cockcroft-Latham, and
Rice-Tracey criteria for the ductile fracture are calibrated by the method of combining the test
and FEM simulation, and the Lou-Huh criterion is used to predict the shear fracture of the
DP780 sheet at a small bending fillet of the punch in the stretch-bending test. The specific
conclusions are as follows:

• The Swift hardening criterion can accurately characterize the hardening behavior of the
DP780 sheet before fracture. The Voce model can accurately predict the hardening be-
havior of DP780 sheets in uniform plastic sections, but it overestimates the flow stress of
DP780 sheets under large strain conditions where the maximum error of the flow stress
before fracture is more than 20%.
• Compared with the Cockcroft-Latham and Rice-Tracey criteria, the Lou-Huh ductile frac-
ture criterion can more accurately predict the fracture behavior of DP780 tensile-shear
specimens, and can more accurately predict the shear fracture of the DP780 sheet in the
range of low-stress triaxiality (0.08-0.34). The results show that the combination of the
Swift hardening law and Lou-Huh fracture criterion can provide accurate shear fracture
prediction for the DP780 sheet metal.
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The stress intensity factor and stress field expression for long cracks near an infinite-length
plate bore are calculated using the Muskhelishvili Complex Function Approach. It applies
to engineered bore edge cracks, especially under the condition in which the elliptical bore
is subjected to internal pressure or only the surface of the crack is subjected to internal
pressure. The formula is validated by numerical simulation and applies both to elliptical and
circular holes. The variation of stress intensity factor with crack length is analyzed when the
special round hole is only subjected to internal pressure. It has practical application value
in fracture engineering.
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1. Introduction

In recent years, rock fragmentation by expansion is a common method of rock fragmentation in
tunnel engineering (Guo et al., 2017). It does not only cause rock fragmentation in a short period
of time, but also allows secondary rock disintegration. Its economic advantages of environmental
protection, efficiency and applicability have been widely recognized in engineering. During the
formation period and excavation disturbance, a large number of cracks is generated in the rock
mass, and the existence of cracks reduces mechanical strength and deformation resistance of the
rock mass (Zhang et al., 2022, 2023a). Hole-edge cracks are a commonly observed type of cracks
in engineering structures. However, due to their discontinuous nature at the interface, analytical
solutions are difficult to obtain directly. Fracture mechanics has made significant progress in
both theoretical and numerical approaches over the years (Zhang et al., 2023b; Alderliesten,
2007; Fett, 1992; Aliabadi et al., 1987; Parker and Andrasic, 1983; Andrasic and Parker, 1984;
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Bakuckas, 2001; Brennan and Ten, 2004; Chen et al., 2001; Deng and Matsumoto, 2017). Bowie
(1956, 1964) employed numerical techniques to compute the stress intensity factors of single-
-hole single-crack or single-hole double-crack configurations in an infinite flat plate subjected to
uniaxial or biaxial loading.
Xu et al. (2018) employed a weight function closure method to address the opening displace-

ment of a symmetrical double crack with a circular hole in an infinite flat plate under partial
stress on the crack surface. They provided a crack surface displacement equation for partial
cracks under uniform stress through fitting calculation results from the weight function method.
Hasebe and Chen (1996) investigated the analytical solution of a single crack defect on the edge
of a circular hole, assuming that the crack surface receives uniform internal pressure and the
edge of the hole is free, using complex variable function methods and function theory methods.
They provided an expression for the stress intensity factor. Zhao et al. (2012) utilized a complex
function method, constructing a transcendental function to map a single crack on the edge of an
elliptical hole onto a complex plane, and provided an expression for the stress intensity factor.
Gao et al. (2003a,b) were the first to apply the Stroh formula to solve the exact problem of ellip-
tical holes containing a single and two collinear permeable cracks in magnetoelectric elastomers,
and their research results could serve as a benchmark for testing the effectiveness of analytical
methods for solving more complex crack problems. Xu and Yang (2022) solved the anti-plane
fracture problem of regular hexagonal hole edge cracks in composite materials using complex
variable function methods and studied their crack propagation laws. Zhu et al. (2016) and Yan
(2007) investigated the stress intensity factor and opening displacement of double cracks at the
edge of an infinite flat plate under stress.
The above research results are all aimed at geometric forms of single or collinear cracks along

the edge of the hole. Zhou et al. (2020) also used the finite-cut weight function method to solve
the crack problem at the edge of the hole. However, for a single crack on the edge of an elliptical
hole, there are two types of weight functions: analytical and numerical. Nonetheless, the accuracy
of the horizontal weight functions derived from diverse analytical techniques considerably varies,
necessitating stringent verification. As of now, there is currently limited literature on the exact
analytical solution of a single crack problem on the edge of an elliptical hole.
This paper employs the Muskhelishvili Complex Function method and Cauchy integral the-

ory along with the superposition principle of elasticity to calculate the stress intensity factor.
Specifically, the stress intensity factor is calculated under the condition that only the circular
hole is subject to a uniform force and the crack surface is not under stress. The Abaqus cloud
image fusion method is used to solve and verify the stress intensity factor, which serves as a
basis for predicting the fatigue growth life of the crack near the elliptical hole on an infinite
plate.

2. Muskhelishvili complex function method

Assuming the presence of an ellipse in an isotropic infinite plane with a crack located on the
edge of its hole, the surface of the hole is subjected to uniform internal pressure, while there is
no force at infinity, as shown in Fig. 1.
The governing equation for this problem is

∇2∇2U = 0 (2.1)

where ∇2 = ∂2/∂x2 + ∂2/∂y2, U represents the Airy stress function, and

σyy =
∂2U

∂x2
σxx =

∂2U

∂y2
σxy = −

∂2U

∂x∂y
(2.2)

where σij is the stress component.
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Fig. 1. Force diagram of an elliptical hole

According to literature (Bowie, 1964)

U(x, y) = Re
[
zϕ1(z) +

∫
ψ1(z) dz

]
(2.3)

where ϕ1(z) and ψ1(z) are two analytical functions representing the complex variable z = x+iy,
z is the conjugate of z; Re represents the real part of a complex number.
From the basic relationship of static elasticity and Eq. (2.3), the expressions for stress and

displacement can be obtained as

σxx + σyy = 2[ϕ′1 + ϕ
′
1(z)] = 4Reϕ

′
1(z)

σyy − σxx + iσxy = 2[zϕ′′1(z) + ψ′1(z)]
2µ(ux + iuy) = κϕ1(z) − zϕ(z) − zϕ′1(z)− ψ1(z)

(2.4)

where κ = (3 − v)/(1 + v) represents the plane stress state, κ = 3 − 4v represents the plane
strain state.

Fig. 2. Mapping from the elliptical to circular hole

If a suitable conformal mapping z = ω(ζ) can be mapped, i.e. mapping the region on the
physical plane z to the interior of the unit circle on the ζ plane (as shown in Fig. 2, then equations
(2.1), (2.2) and (2.3) become

σθ + σρ = 4Reϕ(z)

σθ − σρ − 2iτρθ =
2ζ2

ρ2ω′(ζ)
[ω(ζ)φ′(ζ) + ω′(ζ)ψ(ζ)]

E

1 + µ
(uρ + iuθ) =

ζ

ρ

ω′(ζ)
|ω′(ζ)|

[3− µ
1 + µ

ϕ(ζ)− ω(ζ)
ω(ζ)

ϕ′(ζ)− ψ′(ζ)
]

(2.5)
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Among them, (ρ, θ) is ζ the polar coordinate of a plane, with

ϕ1(z) = ϕ1[ω(ζ)] = ϕ(ζ) ψ1(z) = ψ1[ω(ζ)] = ψ(z)

ϕ′1(z) =
ϕ′(ζ)
ω′(ζ)

= φ(ζ) ψ′1(z) =
ψ′(ζ)
ω′(ζ)

= ψ(ζ)
(2.6)

For the unknown functions ϕ(ζ) and ψ(ζ), the following functional equations (Fett, 1992) are
satisfied

ϕ(ζ) =
1 + µ
8π
(fx + ify) ln ζ +Bω(ζ) + ϕ0(ζ)

ψ(ζ) = −3− µ
8π
(fx − ify) ln ζ + (B′ + iC ′)ω(ζ) + ψ0(ζ)

(2.7)

where fx and fy represent boundary conditions within the plane region, and B and B′ + iC ′

represent boundary conditions at infinity, which are

B =
1
4
(σ1 + σ2) B′ + iC ′ = −1

2
(σ1 − σ2)e−2iα (2.8)

where α denotes the angle between the principal stress σ1 at infinity and the Ox axis.
In equations (2.7), ϕ0(ζ) and ψ0(ζ), respectively

ϕ0(ζ) +
1
2πi

∫

σ

ω(σ)
ω′(σ)

ϕ′0(σ)
σ − ζ dσ =

1
2πi

∫

σ

f0
sigma− ζ dσ

ψ0(ζ) +
1
2πi

∫

σ

ω(σ)
ω′(σ)

ϕ′0(σ)
σ − ζ dσ =

1
2πi

∫

σ

f0
σ − ζ dσ

(2.9)

where

f0 = i
∫
(fx+ify) ds−

fx + ify
2π

lnσ− 1 + µ
8π
(fx−ify)

ω(σ)

ω′(σ)
−2Bω(σ)−(B′−iC ′)ω(σ) (2.10)

Perform conformal mapping as follows (Deng and Matsumoto, 2017)

z = ω(ζ) =
a+ b
2

1 +
√(
1+ζ
1−ζ

)2
+ k2

1−
√(
1+ζ
1−ζ

)2
+ k2

+
a− b
2

1−
√(
1+ζ
1−ζ

)2
+ k2

1 +
√(
1+ζ
1−ζ

)2
+ k2

(2.11)

where

c+ a = α c− a = β k =
β − b+

√
αβ + b2

α+ b+
√
αβ + b2

This mapping maps an infinite flat plate with a single cracked elliptical hole on the physical
plane shown in Fig. 1 to the interior of the unit circle on the mathematical plane shown in Fig. 2,
and has

ω−1(−a)→ −1 ω−1(c)→ 1
ω−1(−bi)→ A ω−1(bi)→ B

(2.12)

Thus, equations (2.9) can be solved under various boundary conditions.
After determining the function ϕ(ζ), one can obtain a very important physical quantity in

fracture theory – the stress intensity factor.
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The introduction of the complex stress intensity factor (Alderliesten, 2007) is

K
(c,0)
I − iK(c,0)II = 2

√
π lim
ζ→1

√
|ω(ζ)− c| ϕ

′(ζ)√
ω′(1)

= 2
√
π lim
ζ→1

ϕ′(ζ)√
ω′′(1)

(2.13)

From here, it can be seen that as long as ϕ′(ζ) is determined, KI and KII can be obtained.
The following calculations are based on the specific boundary conditions of the problem.

From equation (2.11), when |σ| = 1, ω(1/σ) = ω(σ) can be obtained, where

H(∞) = 1
2πi

∫

γ

ω(σ)

ω
(
1
σ

)′ϕ
′
0

( 1
σ

)
(2.14)

Then H(ζ) is analyzed outside the unit circle and can be extended to a continuous function
on the circumference. It can be concluded that

1
2πi

∫

γ

ω(σ)

ω
(
1
σ

)′ϕ
′
0

( 1
σ

)
= H(∞) = 0 (2.15)

As shown in Fig. 3, first consider an infinite plate under uniform pressure at both elliptical
and crack edges, with a pressure of q. In this case

f0(σ) = −qz = −qω(σ) ϕ(ζ) =
q

2πi

∫

γ

ω(σ)
1

σ − ζ dσ (2.16)

Fig. 3. Stress diagram of the ellipse with cracks

Due to the fact that there is no force on the boundary of the flat plate at infinity, and the
forces on the elliptical hole and crack are balanced, the following holds

fx = fy = B = B′ = C ′ = 0 (2.17)

From equations (2.7)1 and (2.11), it can be concluded that from equations (2.7)1 and (2.11),
one arrives at

ϕ′0(ζ) = ϕ
′(ζ) = − p

2πi

∫

γ

ω′(σ)
σ − ζ dσ =

a+ b
4
(g + 1)

lim
ζ→1

1√
ω′′(1)

=

√
2(g2 − 1)√

(g + 1)
[
a(g2 − 1) + bg

√
g2 − 1

]
(2.18)

where

g =
(a+ b)2 +

(
c+

√
αβ + b2

)2

2(a+ b)
(
c+

√
αβ + b2

)
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Replace Eqs. (2.9) with Eq. (2.14), and note that when both the hole and crack are subjected
to uniform internal pressure, KII(c, 0) = 0, there is

K ′I(c, 0) = 2
√
π lim
ζ→1

ϕ′0√
ω′′(1)

=
(a+ b)p

√
π(g + 1)(g2 − 1)√

2
[
a(g2 − 1) + bg

√
g2 − 1

] (2.19)

for the case where only the crack surface is under pressure and the pore surface is not under
force, as shown in Fig. 4. Their the elliptical hole edge crack is mapped to the mathematical
plane through equation (2.5)3. ζ is inside the unit circle above, and the lower bank a− of the
crack initiation point a is mapped to point C, and the upper bank a+ of a is mapped to point D.

Fig. 4. Crack stress diagram only

On the arc segment of a+ from the lower bank z1 of a to the upper bank a− counterclockwise,
f1 = −qz = −qω(ζ), and on the arc segment of a+ from the upper bank z2 of a to the lower
bank z1 counterclockwise, f1 = −qz2. The combined surface force acting on the crack at the
edge of the hole is 0, and there is no force at infinity. According to equation (2.18)1, it can be
obtained

ϕoL(ζ) =
q

2πi

∫

AB

ω(σ)
1

σ − ζ dσ +
qz2
2πi

∫

BA

1
σ − ζ dσ (2.20)

Similarly, according to Eq. (2.14), the stress intensity factor under uniform internal pressure
can only be obtained on the crack surface

K
(c,0)
I(OL) = 2

√
π lim
ζ→1

√
2(g2 − 1) q2πi

∫

AB

ω(σ)′

σ−ζ dσ

√
(g + 1)

[
a(g2 − 1) + bg

√
g2 − 1

] (2.21)

Using the superposition principle of elastic fracture mechanics (Alderliesten, 2007), subtract
the crack stress intensity factor in Fig. 3 and the crack stress intensity factor in Fig. 4 to obtain
the expression of the stress intensity factor in Fig. 1

K
(c,0)
I(O) = K

(c,0)
I −K(c,0)I(OL) (2.22)

Substitute Eqs. (2.19) and (2.21) into Eq. (2.22) to obtain the stress intensity factor of the
crack at the edge of an elliptical hole in an infinite flat plate under stress

K
(c,0)
I(O) =

q
√
π(g2 − 1)

[
α
√
g + 1− q

2πi

∫
γ12

ω(σ)
σ−ζ dσ

]

√
2
[
a(g2 − 1) + bg

√
g2 − 1

] (2.23)

It is worth noting that when ζ is on the integration path, equation (2.14) is a singular integral
equation, and the approximate calculation of the Cauchy principal value integral needs to be
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considered. In this paper, singular point separation and a finite difference numerical method are
used for calculation.
In order to clearly express the stress distribution near the crack tip, a polar coordinate

system with the crack endpoint as the origin (commonly referred to as the crack leading edge
coordinate system) ζ = reiθ = c+ ζ is introduced, so z2 − a2 = (z + a)(z − a) = (2a+ ζ)ζ.
In the region near the crack end, |ζ| = r ≪ 2a, using the binomial theorem, expand the

complex variable function of stress at the crack end within the convergence range of |ζ| < a, to
obtain

σx =
KI√
2πr
cos

θ

2

(
1− sin θ

2
sin
3θ
2

)
+ o(r−1/2)

σy =
KI√
2πr
cos

θ

2

(
1 + sin

θ

2
sin
3θ
2

)
+ o(r−1/2)

τxy =
KI√
2πr
sin

θ

2
cos

θ

2
cos
3θ
2

(2.24)

3. Numerical calculation analysis

3.1. Calculation model

In order to verify the correctness of the analytical solution for the I stress intensity factor
at the crack tip, a planar model was established using Abaqus to simulate and calculate the
elliptical hole model with a single crack.
Considering that the plane model is an infinitely large flat plate, the size of the flat plate

model differs significantly from the proportion of circular holes contained in the modeling process,
far exceeding 100 times. Figure 5 shows the calculation model when a = 4, b = 2 and c = 1,
with thick red lines indicating pre-fabricated cracks. The mesh type consists of tetrahedral
elements, which is densely divided in the vicinity of circular holes and cracks. The boundary
conditions of the model are completely fixed around the edges, while the edges of the elliptical
hole are subjected to uniform internal pressure, and the cracks are not subjected to pressure.
The concentric circle at the crack tip is the integral region of the cloud image.

Fig. 5. Crack model, boundary conditions and a stress diagram

In order to reduce the influence of elliptical hole deformation on the calculation of stress
intensity factors at the crack tip after loading, the material model of the flat plate is an elastic
model, with an elastic modulus of 200 GPa and a Poisson’s ratio of 0.25.

3.2. Analysis of the stress field at the crack tip of an elliptical hole

When a = 4, b = 2, β = 1, Fig. 6 shows the von Mises stress cloud map and an enlarged grid
map of the crack tip finite element model calculated by the Abaqus numerical model.
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Fig. 6. Crack model and an enlarged stress cloud map of the endpoints

To more intuitively display the distribution law of the stress field at the crack tip of an
elliptical hole, adjust the maximum stress values in each direction to be consistent with the
von Mises stress, and then draw them separately σxx, σyy and τxy. The stress cloud diagram
of τxy is shown in Figs. 7-9. From the figure, it can be seen that after the elliptical hole is loaded,
the stress concentration area appears near the crack tip, and the stress cloud contour lines shown
in Figs. 7-9 are consistent with equation (2.24), which is in agreement with the crack tip stress
field shown in reference (Li et al., 2010).

Fig. 7. σxx force cloud diagram

Fig. 8. σyy force cloud diagram
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Fig. 9. τxy force cloud diagram

3.3. Analysis of factors influencing the crack tip intensity factor

To further explore the variation law of the stress intensity factor at the crack tip, it is
calculated based on different lengths of elliptical hole edge cracks and elliptical hole flatness. For
ease of calculation, the crack length and elliptical hole parameters are taken as dimensionless
values. Figure 10 shows a comparison between the analytical and simulated solution of the stress
intensity factor at the crack tip in function of crack length for elliptical holes a = 2, b = 1 and
q = 1. As shown in the figure, as the crack length increases and the stress intensity factor error
gradually decreases. The maximum error of the stress intensity factor shall not exceed 3%. This
proves the correctness of the stress intensity factor for a single hole stress in this paper.

Fig. 10. Comparison of analytical and simulated solutions for stress intensity factor changes with crack
length at a = 2 and b = 1

As illustrated in Fig. 11, by controlling the parameter b of the elliptical hole, while maintain-
ing c = 1, a = 1 and q = 1, the calculated analytical solution is compared with the simulated
solution. As shown in the figure, when the value of b increases, the stress intensity factor first
increases slowly and does not change much. It reaches its maximum value when the value of b
reaches about 0.55, and then rapidly decreases to a parabolic shape. Furthermore, when b ap-
proaches 0, the problem of elliptical holes with cracks degenerates into a classical problem of
partial stress inside the crack. After calculation, the stress intensity factor at the tip is 0.677,
which is consistent with the classical results in reference (Li et al., 2010). The same conclusion
can be drawn when the internal part of the crack is subjected to force.



166 S. Chen et al.

Fig. 11. Comparison of analytical and simulated solutions for a change in the crack tip intensity factor
with elliptical flatness at a = 1, β = 1

When a = b, the problem of elliptical holes with cracks degenerates into a problem where a
single circular hole is subjected to a force while the crack surface is not subjected to the force.
A more extensive analysis of this issue is provided in this article. Figure 12 shows a comparison
between the analytical and simulated solution of the stress intensity factor at the crack tip in
function of the radius of the circular hole when the crack length β = 1 and q = 1. As shown in
Fig. 12, when the radius of the circular hole increases, the rate of change of the stress intensity
factor at the crack tip increases first and then decreases.

Fig. 12. Change of the stress intensity factor at the crack tips for different lengths with r at β = 1

Figure 13 shows a comparison between analytical and simulated solutions for variation pat-
terns of the stress intensity factors under different conditions calculated using the method pre-
sented in this paper. As can be seen from Fig. 13, when the crack length changes, the stress
intensity factor first increases rapidly to the peak and then slowly decreases. When a/β is
about 0.5, the stress intensity factor reaches its peak.
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Fig. 13. Comparison of the analytical and simulated solutions for the stress intensity factor at the crack
endpoint and crack length change at a = 1 and b = 1

4. Conclusion

• A transcendental function has been constructed using the Muskhelishvili method and num-
ber theory to solve the complex problem of elliptical holes with cracks. The analytical
solution to the stress intensity factor at the crack tip has been obtained, which is a fur-
ther extension of the Muskhelishvili complex function method and expands its application
range.
• Verification based on an Abaqus numerical simulation method has been made, and the
results showed that after the elliptical hole was loaded, the stress concentration area ap-
peared near the crack tip. By comparing the analytical solution of the stress intensity
factor at the crack tip with the corresponding simulated solution, the correctness of the
analytical solution for a single hole under stress was confirmed.
• Further analysis was carried out on the influencing factors of the crack tip strength factor
(elliptical hole edge crack length, elliptical hole flatness, circular hole radius): (1) when
a 6= b, with the increase of short radius b, the stress intensity factor first slowly increases
and does not change much, reaching its maximum value when b reaches around 0.55, and
then rapidly decreases in a parabolic shape; (2) when a = b, as the radius of the circular
hole increases, the rate of change of the stress intensity factor at the crack tip first increases
and then decreases. When a = b = 1, the crack length changes, and the stress intensity
factor first rapidly increases to the peak, then slowly decreases.
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This paper is devoted to a thin-walled sandwich plate with an individual functionally graded
core. The nonlinear shear deformation theory of a straight normal line is applied. A system
of three differential equations of equilibrium of this plate is obtained, based on the principle
of stationary potential energy, which is reduced to two differential equations and solved
analytically. The critical load of the rectangular sandwich plate is determined. A detailed
analytical study is carried out for selected exemplary plates. Moreover, a numerical FEM
model of this plate is developed. The results of these calculations are compared with each
other.

Keywords: buckling, sandwich structures, shear deformation theory, functionally graded core

1. Introduction

Composite materials have attracted considerable interest in recent decades. Their properties,
including a high strength-to-mass ratio and exceptional stiffness providing significant buckling
resistance, allow designing of more effective structures. Unlike homogeneous materials, they
are characterised by variable properties toward one or more specific directions, which, to some
extent, can be controlled by manufacturing processes. It gives an opportunity to control their
mechanical behaviour such as deformation or the dynamic response. These advantages make
them highly desired structures in numerous branches of the industry, including the aerospace
industry, biomedical engineering, civil and marine engineering.
The application of composites, including thin-walled sandwich structures and functionally

graded materials (FGMs), requires appropriate tools to study and predict their behaviour. As
classical beam, plate, and shell theories cannot capture their variable properties, it is necessary
to formulate new theories and assess their accuracy. This topic gained significant attention; thus,
many researchers are striving to provide more unified and general analytical formulations. In
the last two decades, a significant advancement has been achieved in this field.
Yang and Qiao (2005) developed a higher-order impact model aiming to simulate the free-

-vibration response of a soft-core sandwich beam subjected to a foreign object impact. Carrera
and Brischetto (2009) described a large variety of plate theories including higher-order, zig-zag,
layerwise, and mixed theories to evaluate bending and vibration of sandwich structures. By
performing an asymptotic analysis of three-dimensional linear elasticity, Berdichevsky (2010)
developed a two-dimensional theory of sandwich plates. Bouazza et al. (2010) presented a nu-
merical study on bending of symmetrically laminated plates, where attention was paid to the
shear effect.
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Meiche et al. (2011) proposed an enhanced theory of hyperbolic shear deformation that takes
into account transverse shear deformation effects and may be used to analyse free vibration prob-
lems in thick, functionally graded sandwich panels. Mantari et al. (2012) proposed an innovative
shear deformation theory for sandwich and composite plates that parameterized the displace-
ment field. The authors demonstrated that their theory and three-dimensional elasticity-bending
solutions were in good agreement.
Grover et al. (2013) presented a new inverse hyperbolic shear deformation theory and vali-

dated it for a variety of numerical examples of laminated composite and sandwich plates consid-
ering static and buckling responses. Lopatin and Morozov (2013) focused on solving the buckling
problem of a uniformly compressed rectangular composite sandwich plate with varying boundary
conditions. The authors referred to the Lagrange principle and the first-order shear deformation
theory to formulate the variational buckling equation.
For the static analysis of laminated composite and sandwich panels, Sahoo and Singh (2014)

introduced a novel inverse trigonometric zigzag theory that was elaborated in their paper. The
theory assumed a higher-order displacement field that satisfied the continuity requirements at the
layer interfaces across the thickness of the plate. Kołakowski and Mania (2015) investigated the
dynamic interactive response of square FGM plates subjected to an in-plane pulse loading using
the modified classical laminate plate theory. Marczak and Jędrysiak (2015) studied free vibration
of periodic three-layered sandwich structures referring to the Kirchhoff thin plate theory and the
tolerance averaging technique. Sobhy (2016) introduced a novel shear deformation plate theory
to study hygrothermal vibration and buckling of FGM sandwich plates supported by an elastic
foundation.
Bouzza and Benseddiq (2015) focused on analytical modelling of thermoelastic buckling

behaviour of functionally graded rectangular plates using a hyperbolic shear deformation theory.
Ellali et al. (2015) derived an exact analytical solution for mechanical buckling analysis of a
megnetoelectroelastic plate resting on the Pasternak foundation referring to the third-order shear
deformation plate theory. The use of sandwich structures and the current state of mathematical
modelling were explored by Birman and Kardomateas (2018). The authors focused on various
core types, development of nanotubes, intelligent materials, and functionally graded properties
of sandwich structures.
Magnucki et al. (2019) studied buckling and vibration of a rectangular plate with symmet-

rically variable mechanical properties across its thickness. The proposed nonlinear deformation
hypothesis was assumed, while the derivation was based on the Hamilton principle. Bouazza et al.
(2019) investigated bending behaviour of laminated composite plates. They studied a multilayer
plate by the shear deformation theory and finite element method. Adhikari et al. (2020) focused
on modelling the effect of porosity-type defects and analysing their effect on buckling behaviour
of various types of FGM sandwich combinations, including multiple arrangements of layers.
Foroutan et al. (2021) developed a unified formulation of a fully geometrically nonlinear refined
plate theory in a total Lagrangian approach. The study aimed to analyse the post-buckling
and large deflection behaviour of a sandwich FGM plate with a porous core. Magnucka-Blandzi
et al. (2021) studied bending and buckling problems for simply supported circular plates with
mechanical properties that varied symmetrically in the thickness direction.
Magnucki and Magnucka-Blandzi (2021) devoted their work to generalisation of the ana-

lytical model of sandwich structures. A continuous variation of mechanical properties across
the thickness was assumed, whereas the problem was formulated referring to the principle of
stationary potential energy.
Aguib et al. (2021) studied buckling of a plate made of steel and a magnetorheological elas-

tomer subject to a compressive load. Analytical models of sandwich beams, homogeneous beams
with bisymmetric cross sections, and beams with symmetrically variable mechanical characteris-
tics were presented by Magnucki (2022). They were developed utilising a novel shear deformation
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theory that was inspired by the Zhuravsky shear stress formula. Katili et al. (2023) described
the problem of buckling of FGM sandwich plates in the numerical FEM analysis. Magnucki et
al. (2023) using the generalised theory of deformation studied the buckling problem of an axially
compressed generalised cylindrical sandwich panel and a rectangular sandwich plate.
Many studies in the field of composite structures investigate the problem of buckling using

a specific shear deformation theory, where the form of shear deformation function is assumed
in advance, e.g. trigonometric, inverse trigonometric, hyperbolic, or inverse hyperbolic. In the
presented paper, the buckling of a simply supported rectangular thin-walled plate of length a,
width b, and total thickness h is resolved using the nonlinear shear deformation theory, where
the shear deformation function is obtained analytically with consideration of the classical shear
stress formula. In contrast to other shear deformation theories, in the presented formulation, the
accuracy of the solution does not depend on the pre-defined shear deformation functions. Instead
of predicting these functions here, the classical shear stress formula recalled by Magnucki (2022)
is applied to analytically solve the shear deformation function. Moreover, the proposed formu-
lation enables studying the composite structures with variable mechanical properties described
by complex functions.
The plate is compressed in the middle plane with a uniformly distributed load of the intensi-

ties Nx and Ny (Fig. 1). Young’s modulus of the core is assumed to be described by a parametric
function that allows one to describe homogeneous, three-layer, and five-layer structures. This
approach constitutes a generalisation of sandwich structures, which is possible by introducing
an individual functionally graded core. The stiffness ratio between yjr layers can be optional,
whereas transition of Young’s modulus between them is smooth. The main objective of this
paper is to develop analytical and numerical models and the determine the critical load of the
plates.

Fig. 1. Scheme of the rectangular sandwich plate compressed in the middle plane

The total thickness of the plate is the sum of the following layers

h = 2hf + hc (1.1)

where: hf – thicknesses of the faces, hc – thickness of the core.
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2. Analytical model of the rectangular sandwich plate

Young’s modulus varies in the direction of thickness of the plate as follows:
— the upper face (−1/2 ¬ ζ ¬ −χc/2) and the lower face (χc/2 ¬ ζ ¬ 1/2)

Ef (ζ) = Ef = const (2.1)

— the core (−χc/2 ¬ ζ ¬ χc/2)

Ec(ζ) = Effc(ζ) (2.2)

where the dimensionless function is

fc(ζ) = ec + (1− ec)
[1
2
+
1
2
cos
(
4π

ζ

χc

)]ne − k
[
cos
(
π
ζ

χc

)]10ne
(2.3)

and ζ = z/h denotes the dimensionless coordinate, χc = hc/h – relative thickness of the core,
ec – coefficient of Young’s modulus (0 < ec ≪ 1), ne – exponent-natural number, k – coefficient
(0 ¬ k ¬ 1− ec). An exemplary variation of Young’s modulus in the direction of plate thickness
is shown graphically in Fig. 2, assuming ec = 0.2, k = 0.1, n = 7.

Fig. 2. Variation of Young’s modulus in the direction of plate thickness

The deformation of the straight normal line to the neutral surface after buckling of this
rectangular plate is shown in Fig. 3.
The longitudinal displacements according to Fig. 3 are as follows:

— the upper face (−1/2 ¬ ζ ¬ −χc/2)

u(uf)(x, y, ζ) = −h
[
ζ
∂w

∂x
− f (uf)d (ζ)ψf (x, y)

]

v(uf)(x, y, ζ) = −h
[
ζ
∂w

∂y
− f (uf)d (ζ)ϕf (x, y)

] (2.4)

— the core (−χc/2 ¬ ζ ¬ χc/2)

u(c)(x, y, ζ) = −h
[
ζ
∂w

∂x
− f (c)d (ζ)ψf (x, y)

]

v(c)(x, y, ζ) = −h
[
ζ
∂w

∂y
− f (c)d (ζ)ϕf (x, y)

] (2.5)
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Fig. 3. The deformation scheme of the straight normal line of the plate

— the lower face (χc/2 ¬ ζ ¬ 1/2)

u(lf)(x, y, ζ) = −h
[
ζ
∂w

∂x
− f (lf)d (ζ)ψf (x, y)

]

v(lf)(x, y, ζ) = −h
[
ζ
∂w

∂y
− f (lf)d (ζ)ϕf (x, y)

] (2.6)

where: w(x, y) – deflection, ψf (x, y) = uf (x, y)/h and ϕf (x, y) = vf (x, y)/h – dimensionless
displacement functions of the faces. Moreover, taking into account the papers by Magnucki
(2022) and Magnucki et al. (2023), the dimensionless deformation functions of the straight
normal line in the successive layers are of the form

f
(uf)
d (ζ) = −Cf +

1
24
(3− 4ζ2)ζ f

(c)
d (ζ) =

∫
Q
(c)
z (ζ)
fc(ζ)

dζ

f
(lf)
d (ζ) = Cf +

1
24
(3− 4ζ2)ζ

(2.7)

where

Q
(c)
z (ζ) =

1
8
[1− χ2c + ec(χ2c − 4ζ2)]− (1− ec)J1(ζ) + kJ2(ζ)

J1(ζ) =

ζ∫

−χc/2

[1
2
+
1
2
cos
(
4
π

χc
ζ1
)]ne

ζ1 dζ1
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J2(ζ) =

ζ∫

−χc/2

[
cos
( π
χc
ζ1
)]10ne

ζ1 dζ1

Cf = −
1
48
(3− χ2c)χc +

χc/2∫

0

Q
(c)
z (ζ)
fc(ζ)

dζ

Thus, the strains can be described in the following manner.
— the upper face (−1/2 ¬ ζ ¬ −χc/2)

ε(uf)x (x, y, ζ) = −h
[
ζ
∂2w

∂x2
− f (uf)d (ζ)

∂ψf
∂x

]

ε(uf)y (x, y, ζ) = −h
[
ζ
∂2w

∂y2
− f (uf)d (ζ)

∂ϕf
∂y

]

γ(uf)xy (x, y, ζ) = −h
[
2ζ

∂2w

∂x∂y
− f (uf)d (ζ)

(∂ψf
∂y
+
∂ϕf
∂x

)]

γ(uf)xz (x, y, ζ) =
df
(uf)
d

dζ
ψf (x, y) γ(uf)yz (x, y, ζ) =

df
(uf)
d

dζ
ϕf (x, y)

(2.8)

— the core (−χc/2 ¬ ζ ¬ χc/2)

ε(c)x (x, y, ζ) = −h
[
ζ
∂2w

∂x2
− f (c)d (ζ)

∂ψf
∂x

]
ε(c)y (x, y, ζ) = −h

[
ζ
∂2w

∂y2
− f (c)d (ζ)

∂ϕf
∂y

]

γ(c)xy (x, y, ζ) = −h
[
2ζ

∂2w

∂x∂y
− f (c)d (ζ)

(∂ψf
∂y
+
∂ϕf
∂x

)]

γ(c)xz (x, y, ζ) =
df
(c)
d

dζ
ψf (x, y) γ(c)yz (x, y, ζ) =

df
(c)
d

dζ
ϕf (x, y)

(2.9)

— the lower face (χc/2 ¬ ζ ¬ 1/2)

ε(lf)x (x, y, ζ) = −h
[
ζ
∂2w

∂x2
− f (lf)d (ζ)

∂ψf
∂x

]

ε(lf)y (x, y, ζ) = −h
[
ζ
∂2w

∂y2
− f (lf)d (ζ)

∂ϕf
∂y

]

γ(lf)xy (x, y, ζ) = −h
[
2ζ

∂2w

∂x∂y
− f (lf)d (ζ)

(∂ψf
∂y
+
∂ϕf
∂x

)]

γ(lf)xz (x, y, ζ) =
df
(lf)
d

dζ
ψf (x, y) γ(lf)yz (x, y, ζ) =

df
(lf)
d

dζ
ϕf (x, y)

(2.10)

Consequently, the stresses are derived:
— the upper face (−1/2 ¬ ζ ¬ −χc/2)

σ(uf)x (x, y, ζ) =
Ef
1− ν2 [ε

(uf)
x (x, y, ζ) + νε(uf)y (x, y, ζ)]

σ(uf)y (x, y, ζ) =
Ef
1− ν2 [ε

(uf)
y (x, y, ζ) + νε(uf)x (x, y, ζ)]

τ (uf)xy (x, y, ζ) =
Ef

2(1 + ν)
γ(uf)xy (x, y, ζ) τ (uf)xz (x, y, ζ) =

Ef
2(1 + ν)

γ(uf)xz (x, y, ζ)

τ (uf)yz (x, y, ζ) =
Ef

2(1 + ν)
γ(uf)yz (x, y, ζ)

(2.11)
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— the core (−χc/2 ¬ ζ ¬ χc/2)

σ(c)x (x, y, ζ) =
Ef
1− ν2 [ε

(c)
x (x, y, ζ) + νε

(c)
y (x, y, ζ)]fc(ζ)

σ(c)y (x, y, ζ) =
Ef
1− ν2 [ε

(c)
y (x, y, ζ) + νε

(c)
x (x, y, ζ)]fc(ζ)

τ (c)xy (x, y, ζ) =
Ef

2(1 + ν)
γ(c)xy (x, y, ζ)fc(ζ)

τ (c)xz (x, y, ζ) =
Ef

2(1 + ν)
γ(c)xz (x, y, ζ)fc(ζ)

τ (c)yz (x, y, ζ) =
Ef

2(1 + ν)
γ(c)yz (x, y, ζ)fc(ζ)

(2.12)

— the lower face (χc/2 ¬ ζ ¬ 1/2)

σ(lf)x (x, y, ζ) =
Ef
1− ν2 [ε

(lf)
x (x, y, ζ) + νε

(lf)
y (x, y, ζ)]

σ(lf)y (x, y, ζ) =
Ef
1− ν2 [ε

(lf)
y (x, y, ζ) + νε

(lf)
x (x, y, ζ)]

τ (lf)xy (x, y, ζ) =
Ef

2(1 + ν)
γ(lf)xy (x, y, ζ) τ (lf)xz (x, y, ζ) =

Ef
2(1 + ν)

γ(lf)xz (x, y, ζ)

τ (lf)yz (x, y, ζ) =
Ef

2(1 + ν)
γ(lf)yz (x, y, ζ)

(2.13)

where Poisson’s ν ratio is constant for this plate.

3. The analytical study of the elastic buckling of the plate

The elastic strain energy of the plate

Uε,γ =
Efh

2(1− ν2)

a∫

0

b∫

0

[Φ(uf)ε,γ (x, y) + Φ
(c)
ε,γ(x, y) + Φ

(lf)
ε,γ (x, y)] dx dy (3.1)

where

Φ(uf)ε,γ (x, y) = Φ
(uf)
ε (x, y) + Φ(uf)γ (x, y)

Φ(uf)ε (x, y) =

−χc/2∫

−1/2

{
[ε(uf)x (x, y, ζ)]2 + 2νε(uf)x (x, y, ζ)ε(uf)y (x, y, ζ) + [ε(uf)y (x, y, ζ)]2

}
dζ

Φ(uf)γ (x, y) =
1− ν
2

−χc/2∫

−1/2

{
[γ(uf)xy (x, y, ζ)]

2 + [γ(uf)xz (x, y, ζ)]
2 + [γ(uf)yz (x, y, ζ)]

2
}
dζ

Φ(c)ε,γ(x, y) = Φ
(c)
ε (x, y) + Φ

(c)
γ (x, y) Φ(lf)ε,γ (x, y) = Φ

(lf)
ε (x, y) + Φ

(lf)
γ (x, y)

Φ(c)ε (x, y) =

−χc/2∫

−1/2

{
[ε(c)x (x, y, ζ)]

2 + 2νε(c)x (x, y, ζ)ε
(c)
y (x, y, ζ) + [ε

(c)
y (x, y, ζ)]

2
}
fc(ζ) dζ
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Φ(c)γ (x, y) =
1− ν
2

−χc/2∫

−1/2

{
[γ(c)xy (x, y, ζ)]

2 + [γ(c)xz (x, y, ζ)]
2 + [γ(c)yz (x, y, ζ)]

2
}
fc(ζ) dζ

Φ(lf)ε (x, y) =

−χc/2∫

−1/2

{
[ε(lf)x (x, y, ζ)]

2 + 2νε(lf)x (x, y, ζ)ε
(lf)
y (x, y, ζ) + [ε

(lf)
y (x, y, ζ)]

2
}
dζ

Φ(lf)γ (x, y) =
1− ν
2

−χc/2∫

−1/2

{
[γ(lf)xy (x, y, ζ)]

2 + [γ(lf)xz (x, y, ζ)]
2 + [γ(lf)yz (x, y, ζ)]

2
}
dζ

The work of the load is

W =
1
2

a∫

0

b∫

0

[
Nx

(∂w
∂x

)2
+Ny

(∂w
∂y

)2]
dx dy (3.2)

Based on the principle of stationary total potential energy δ(Uε,γ −W ) = 0 with consid-
eration of the expressions in Eqs. (3.1) and (3.2), after integration and simple transformation,
three differential equations of equilibrium of this rectangular sandwich plate are obtained in the
following form

Do

{
Cww∇4w(x, y)− Cwθ

[ ∂
∂x
∇2ψf (x, y) +

∂

∂y
∇2ϕf (x, y)

]}
+Nx

∂2w

∂x2
+Ny

∂2w

∂y2
= 0

Cwθ
∂

∂x
∇2w(x, y)− Cθθ

[∂2ψf
∂x2
+
1− ν
2

∂2ψf
∂y2
+
1 + ν
2

∂2ϕf
∂x∂y

]
+ Cθ

ψf (x, y)
h2

= 0

Cwθ
∂

∂y
∇2w(x, y) − Cθθ

[1 + ν
2

∂2ψf
∂x∂y

+
1− ν
2

∂2ϕf
∂x2
+
∂2ϕf
∂y2

]
+ Cθ

ϕf (x, y)
h2

= 0

(3.3)

where the dimensionless coefficients are

Cww = 1− χ3c + 12
χc/2∫

−χc/2

ζ2fc(ζ) dζ

Cθθ = 12

(
2

1/2∫

−χc/2

[f (lf)d (ζ)]
2 dζ +

χc/2∫

−χc/2

[f (c)d (ζ)]
2fc(ζ) dζ

)

Cwθ = 3(1 − χ2c)Cf +
1
40
(4− 5χ3c + χ5c) + 12

χc/2∫

−χc/2

ζf
(c)
d (ζ)fc(ζ) dζ

Cθ =
1− ν
2

(
1
80
(8− 15χc + 10χ3c − 3χ5c) + 12

χc/2∫

−χc/2

[Q
(c)
z (ζ)]

2

fc(ζ)
dζ

)

and

Do =
Efh

3

12(1 − ν2) [Nmm]

Taking into account the papers by Magnucki et al. (2019) as well as Magnucki and Magnucka-
-Blandzi (2021), two unknown dimensionless displacement functions of the faces are assumed as
follows

ψf (x, y) =
∂θ

∂x
ϕf (x, y) =

∂θ

∂y
(3.4)
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where θ(x, y) [mm] is the generalised displacement. Thus, the three differential equations of
equilibrium convert into the following two equations

Do[Cww∇4w(x, y) − Cwθ∇4θ(x, y)] +Nx
∂2w

∂x2
+Ny

∂2w

∂y2
= 0

Cwθ∇2w(x, y) −Cθθ∇2θ(x, y) + Cθ
θ(x, y)
h2

= 0

(3.5)

These equations are approximately solved, and so two typical unknown functions describing the
shape of the deformed structure are assumed in a general form as follows

w(x, y) = wa sin
(
mπ

x

a

)
sin
(
nπ

y

b

)
θ(x, y) = θa sin

(
mπ

x

a

)
sin
(
nπ

y

b

)
(3.6)

where: wa [mm], θa [mm] – coefficients of these functions, m, n – natural numbers.
Substituting these functions into Eqs. (3.5), after simple transformations, one obtains

θa =
Cwθ

Cθθ + ab
π2h2amn

Cθ
wa m2

b

a
Nx + n2

a

b
Ny =

π2

ab
(1− Cse)α2mnDp (3.7)

where the dimensionless coefficient is expressed as

αmn = m2
b

a
+ n2

a

b

and Dp = CwwCo [Nmm] is the flexural rigidity of this plate, while the coefficient of the shear
effect is

Cse =
π2αmn

π2αmnCθθ + ab
h2Cθ

C2wθ
Cww

(3.8)

Moreover, for further study, the plate load is assumed in the following form

Nx = cxNo Ny = cyNo (3.9)

where: cx and cy are positive dimensionless coefficients. Thus, the critical load is as follows

N0,CR = min
m,n

[
(1− Cse)

α2mn
αN

]π2Dp

ab
(3.10)

where another dimensionless coefficient is introduced

αN = m2
b

a
cx + n2

a

b
cy

Consequently, the critical load of the square plate (b = a, m = n = 1, αmn = 2) is in the form

N0,CR = 4π2
1− Cse
cx + cy

Dp

a2
(3.11)

For the particular case of the homogeneous square plate without the shear effect (Cww = 1,
Dp = Co, Cse = 0, cx = 1, cy = 0), one obtains the classical critical stress

σx,CR =
π2

3(1 − ν2)E
(h
a

)2
(3.12)

Examplary calculations are carried out for square sandwich plates with the selected following
data: Ef = 72000MPa, a = b = 2000mm, h = 30mm, hf = 1.5mm, hc = 27mm, χc = 9/10,
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Table 1. The results of analytical calculations for ne = 2

k 0 0.5 1− ec
Cse 0.00637523 0.00716652 0.0102967

N
(lc−1)
0,CR [N/mm] 1081.99 1074.65 1065.34

N
(lc−2)
0,CR [N/mm] 721.33 716.43 710.26

N
(lc−3)
0,CR [N/mm] 541.00 537.32 532.67

Table 2. The results of analytical calculations for ne = 10

k 0 0.5 1− ec
Cse 0.00860048 0.00878646 0.00961103

N
(lc−1)
0,CR [N/mm] 813.91 813.15 811.92

N
(lc−2)
0,CR [N/mm] 542.61 542.10 541.28

N
(lc−3)
0,CR [N/mm] 406.96 406.58 405.96

ec = 1/24, ν = 0.3, k = (0, 0.5, 1 − ec) and for three load cases: lc− 1 (cx = 1.0, cy = 0), lc− 2
(cx = 1.0, cy = 0.5), lc−3 (cx = 1.0, cy = 1.0). The assumed parameters are exemplary, however,
the mechanical properties of the faces are typical for aluminium alloys, while the core can be
considered to be a densly graded aluminium foam. The results of the analytical calculations of
the shear coefficient Cse (3.8) and critical load values N

(lc−i)
0,CR (3.11) for three load cases (lc− i,

i = 1, 2, 3) and for two values of the exponent-natural number ne = 2, 10 are specified in Tables 1
and 2.
Analysing the results of the above calculations, it can be noted that an increase in the

stiffness near the neutral plane has negligible influence on the critical load. Such an observation
is consistent with the literature provided. This confirms that five-layer plates with symmetrically
varying mechanical properties are insignificantly more resistant to buckling than three-layer
structures. Assuming that Young’s modulus is connected with density of the material, the three-
-layer plates can be characterised by a smaller mass while maintaining the same buckling load.
As expected, an increase of ne leads to a decrease in the critical load, since this parameter refers
to the transition rate of Young’s modulus (Fig. 1) between the faces and the core of the plate.
The faster Young’s modulus of the face reaches the value of ec in the core, the smaller the overall
stiffness of the plate, thus one may notice a decrease in buckling performance.

4. The numerical FEM study of the elastic buckling of the plate

To provide more insight into the study, numerical finite element method (FEM) analyses are
carried out in Ansys 2021 R2 system. The problem is solved using linear static structural analysis.
The parameters describing geometry as well as the material are consistent with the analytical
study.
Typically, the buckling behaviour of a structure should be studied without symmetry bound-

ary conditions since one cannot predict whether the first buckling mode is symmetric. As an
accurate representation of Young’s modulus distribution (Fig. 2) requires a relatively large num-
ber of finite elements across the thickness, this problem becomes computationally demanding.
To address this issue, preliminary analyses with a reduced number of elements are performed
using the full plate model. Those confirm that the first buckling mode is symmetric just like in
the case of homogeneous square plates, and thus a quarter of the plate can be considered in the
numerical analysis.



Elastic buckling of a rectangular sandwich plate... 181

The geometry of the quarter thin-walled plate is shown in Fig. 4. The applied boundary
conditions assume simply supported edges and symmetry boundary conditions in the faces co-
incident with symmetry planes. The first of them is introduced by restraining translations w
towards z axis on two edges highlighted in blue in Fig. 4. The symmetric behaviour is included
by blocking the translations u and v, i.e. towards x and y axes. These components refer to
normal directions to the faces highlighted in green in Fig. 4. The compressive loads Nx and Ny

acting on the faces are shown in red in Fig. 4. Following the introduced loads and boundary
conditions, those are consistent with the analytical study.

Fig. 4. The geometry of a quarter of the plate and the applied boundary conditions

The geometry of the structure is divided into first-order hexahedral finite elements
SOLID185. The value of Young’s modulus from Fig. 2 is mapped to the centres of finite elements.
The choice of the first order elements provides a more detailed Young’s modulus distribution
(Fig. 2) than second-order elements for the same number of nodes. The resulting finite element
model is shown in Fig. 5, where Fig. 5a shows the model with the reduced number of finite
elements for better readability, while Fig. 5b refers to the actual mesh. The latter is the result of
a mesh convergence study and consists of 48 elements across the thickness and 91 elements along
the sides of the square plate. The total number of nodes and elements is 414736 and 397488,
respectively. The aspect ratio of the elements is approximately 18. It has been found that a fur-
ther increase in the aspect ratio can cause the inability to achieve the convergence of results. In
addition, a numerical analysis is performed for a homogeneous plate with consistent parameters
applied in the analytical study. Using the well-known expression for the critical stress described
in the literature (Eq. (3.12)) for comparison, the relative difference between the results is 1.38%,
showing an adequate numerical modelling.

Fig. 5. Model divided into finite elements
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Following Young’s modulus function in Eqs. (2.2), (2.3) shown in Fig. 2, its distribution
depends on the parameters k and ne. The first of them refers to the relationship between Young’s
modulus on the external faces and the middle of the plate. The latter describes the pace of
its transition. Exemplary Young’s modulus distributions are shown in Fig. 6 for two sets of
parameters. The effect of non-uniform mechanical property in Ansys software is achieved by
linking the so-called “field variable” to the elastic properties of the material. This variable can
be described by an external text file, which in this case consists of numerous coordinates in a
three-dimensional coordinate system within the plate volume and consistent values of Young’s
modulus in a dimensionless form. The software interpolates the values provided to calculate
Young’s modulus in the centre of each finite element. The more points are provided in the text
file, the more accurate the representation of the selected mechanical parameter becomes.

Fig. 6. Exemplary Young’s modulus distribution for different material parameters

As expected, the first buckling mode (Fig. 7) is similar to the case of homogeneous and
sandwich plates. Despite the fact that its symmetry is enforced by the applied boundary condi-
tions, such behaviour was confirmed in the FEM study for the model with its complete geometry
considered.

Fig. 7. First buckling mode for k = 0.5, ne = 10

To provide more insight into the results, they are summarised in Tables 3 and 5 for ne = 2
and ne = 10, respectively. These are compared to the analytical solution by calculating the
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relative difference shown in Tables 4 and 6, while the analytical solution is referred to as the
reference value.

Table 3. Results of numerical FEM calculations for ne = 2

k 0 0.5 1− ec
N
(lc−1)
0,CR [N/mm] 1051.62 1042.21 1027.89

N
(lc−2)
0,CR [N/mm] 701.11 694.87 685.39

N
(lc−3)
0,CR [N/mm] 525.83 521.15 514.05

Table 4. Relative differences in analytical and numerical FEM calculations for ne = 2

k 0 0.5 1− ec
δN
(lc−1)
0,CR [%] 2.89 3.11 3.64

δN
(lc−2)
0,CR [%] 2.88 3.10 3.63

δN
(lc−3)
0,CR [%] 2.88 3.10 3.62

Table 5. Results of numerical FEM calculations for ne = 10

k 0 0.5 1− ec
N
(lc−1)
0,CR [N/mm] 786.60 785.63 783.26

N
(lc−2)
0,CR [N/mm] 524.44 523.80 522.24

N
(lc−3)
0,CR [N/mm] 393.33 392.85 391.68

Table 6. Relative differences in analytical and numerical FEM calculations for ne = 10

k 0 0.5 1− ec
δN
(lc−1)
0,CR [%] 3.47 3.50 3.66

δN
(lc−2)
0,CR [%] 3.46 3.49 3.65

δN
(lc−3)
0,CR [%] 3.47 3.49 3.65

5. Conclusions

The advancement in manufacturing methods allows for the designing of structures characterised
by variable mechanical parameters in a controlled manner. This property can be used to achieve
more efficient structural behaviour of load-carrying members. The proposed symmetric varia-
tion in Young’s modulus allows the description of different structures, including homogeneous
structures, three-layer and five-layer structures, with a smooth and controlled transition rate
between layers.
Many studies in the field of composites refer to numerous shear deformation theories that

are based on general predefined shear deformation functions that are usually suitable for specific
FGMs. To solve the problem given in the presented paper, a novel nonlinear shear deformation
theory of a straight normal line was applied. Unlike other theories, the derivation of the shear
deformation function can be achieved analytically without assuming its form in advance; thus,
it allows the study of FGMs and sandwich structures with various properties.
The influence of the studied parameters that affect Young’s modulus distributions can be

considered to be predictable. Both analyses have shown that an increase in Young’s modulus
transition rate from the faces to the core results in a reduced value of the critical load, as
the overall stiffness of this structure is lower. Similarly, an increase of Young’s modulus in the
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neutral plane area of the plate has quite a limited effect on buckling resistance. Considering the
consistency of the results in analytical and numerical applications, one may notice that there is
a limited relationship between Young’s modulus distribution and the results in both methods.
In general, the numerical study shows good agreement with the analytical results, where

the maximum relative difference in critical loads reaches 3.7%. Having in mind the approxi-
mate nature of the obtained solution and numerical errors, such a difference can be considered
satisfactory.
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