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The departure characteristics and steady-spin characteristics of a training aircraft are ana-
lyzed. The sideslip departure characteristics of the aircraft under the maximum weight and
the minimum weight are obtained, respectively. When predicting the steady-spin, the equi-
librium point of the spin is found by an analytic-graphic method based on “Nash equilibrium
theory”, and the steady-spin parameters of this aircraft are obtained under the conditions
of maximum weight and minimum weight, left spin and right spin, neutral controls and pro-
-spin controls. The simulation results have good theoretical significance for the optimization
and improvement of the aircraft in the preliminary design stage.

Keywords: departure characteristics, spin characteristics, spin equilibrium point

Nomenclature

m – Aircraft mass
b – Wing span
c – Mean aerodynamic chord
g – Gravitational acceleration
S – Wing area
V – Free-stream velocity
R – Radius of spin
Fc – Lateral force
CD, CL – Coefficient of lift and drag
CnβD – Sideslip departure parameter
Cka, Cki – Moment coefficient of aerodynamic and inertia
Clβ, Cnβ – Body-axis aerodynamic rolling and yawing moment due to sideslip
Ω – Aircraft conical rate
∆H – Altitude lost in turn
∆t – Time in turn
ρ – Air density
α – Angle of attack, AOA
αsd – Angle of attack at sideslip departure
β – Angle of sideslip
ψ – Euler yaw angles
δa, δe, δr – Aileron, elevator, rudder deflection
τ – Non-dimensionalized wind-axis rotation rate, τ = Ωb/2V
ωx, ωy, ωz – Body-axis pitching, rolling and yawing rate
ω̇x, ω̇y, ω̇z – Derivative of pitching, rolling and yawing rate
Ixx, Iyy, Izz – Moment of inertia
Ixy, Iyz, Izx – Products of inertia
MAx ,M

A
y ,M

A
z – Aerodynamic moment components about body axes
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1. Introduction

The essence of spin is a curved flight state formed by strong interaction of longitudinal and
lateral forces and moments. Despite the continuous development of the aviation industry, the
complicated and dangerous spin has not disappeared. Frequent flight accidents caused by aircraft
entering the spin in recent years have been made pilots, particularly civil pilots, fearful of the
spin. Therefore, researchers should constantly dig deep into the spin mechanism, investigate the
spin characteristics, and take preventive measures. The research on spin includes spin mechanism
analysis (Bennett and Lawson, 2018; Collins and Sable, 2015), unsteady aerodynamic modeling
at high angles of attack (Kou and Zhang, 2021; Mokhtari and Sabzehparvar, 2018), departure
characteristics and spin sensitivity analysis (Stenfelt and Ringertz, 2013; Farcy et al., 2020),
spin characteristics prediction (Malik et al., 2017), design of spinning control laws (Rogalski et
al., 2020), spin recovery and spin prevention measures (Figat and Goraj, 2016; Kapuscinski et
al., 2020), etc.

Wind tunnel data is the basis for predicting high angles of attack, stall and spin. Using
wind tunnel test data, a differential equation model or neural network can be established to
simulate the complicated and unsteady aerodynamic effect during spinning (Abramov et al.,
2004; Ignatyev and Khrabrov, 2015). From the high angle of attack to the stall and finally to
the spin, the aerodynamic characteristics can be simulated based on the data of the high angle
of attack static force test, forced oscillation test and rotary balance test in the low-speed wind
tunnels. The dynamic motion characteristics of the spin in the unstable stage are analyzed using
unsteady aerodynamic wind tunnel testing techniques such as rotary balance oscillatory coning
motion tests and large-amplitude forced oscillation dynamic wind tunnel tests (Cummings et
al., 2018; Lee et al., 2019).

There will be a divergent and large-scale non-command motion for the aircraft, that is, de-
parture. When the aircraft enters departure, there exist dangerous actions such as wing swaying,
nose pitching-down and shaking. If the recovery process takes too long, the aircraft will most
likely enter a spin. Mature departure prediction criteria include the lateral control departure
parameter LCDP , the sideslip departure parameter CnβD, the “β + δ” stability indication,
Weissman (LCDP − CnβD) and Kalviste criteria. The application scenarios of each criterion
are different, e.g., when a yaw departure occurs, the sideslip departure parameter CnβD can be
applied, and when pitching and yawing departures are coupled, the Kalviste criterion, a stability
criterion considering longitudinal and lateral motion coupling effect and aerodynamic nonlinear
characteristics, is applied.

At present, the commonly used spin prediction methods include the simplified six-degree-of-
-freedom equation of motion and nonlinear bifurcation analysis (Sibilski and Wróblewski, 2012).
For different types of spins, their prediction methods are different. If the lateral angular velocity
is constant, the rotation direction of the aircraft is constant, and the pilot does not clearly feel
that the aircraft stops rotating, the aircraft is in a steady-spin. For the prediction of steady-
-spin, the relationship between the triaxial moment coefficient and is needed, and the solutions
are mainly numerical analysis and the analytical graphic method (Bihrle and Barnhart, 1983).
However, the disadvantages of the two methods are also clear. The numerical method necessitates
a large initial value, which can result in an incorrect or missing solution. The graphic method is
fast, but the accuracy of the equilibrium point is not high enough.

Based on the wind tunnel test data of a specific aircraft, including static force test data and
rotary balance test data, the departure characteristics and steady-spin characteristics of the air-
craft in the range of α from 0◦ to 90◦ are analyzed. Using the sideslip departure parameter CnβD,
the departure characteristics of the aircraft in the range of the positive AOA are obtained; when
predicting the steady-spin, the equilibrium point of the spin is found by an analytic graphic
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method based on “Nash equilibrium theory”, and the steady-spin parameters of this aircraft
under several different conditions are obtained.

2. Basic theories

2.1. Departure prediction

CnβD is used to predict whether the aircraft will have a high probability of yaw departure
at high AOA, and its expression (Chambers, 1969) is

CnβD = Cnβ cosα−
Izz
Ixx

Clβ sinα (2.1)

At different AOAs, CnβD combines the static derivative of directional stability, the static
derivative of lateral stability, and the moment of inertia, which can more realistically reflect the
stability of the aircraft direction. The judgment criteria are:

CnβD > 0, the directional stability is secured, and placed in steady region;
CnβD = 0, the aircraft begins to lose directional stability, the sideslip departure will occur,
and the corresponding AOA is αsd;
CnβD < 0, there is no directional stability, placed in unsteady region, and yawing diver-
gence occurs.

2.2. Prediction of steady-spin

When steady-spin occurs, the pitching, rolling and yawing moments in aerodynamics must
balance their respective inertial moments at the same time. Since most of the mass of a modern
aircraft is concentrated in the fuselage, the inertial pitching moment causes the nose to pitch
up, which means that q > 0. The aircraft in steady-spin is in vertical rotation, and always
produces a positive inertial pitching moment, so a negative aerodynamic pitching moment must
exist in order to achieve the equilibrium. In order to keep the aircraft spinning, there must be an
aerodynamic torque that can provide the drive. In the stalling and post-stalling AOA regions,
the rolling moment is the dominant driving force for rotation around the velocity vector, but as
the AOA increases to a flatter rotational attitude, the yawing moment becomes the dominant
term.
In the steady-spin prediction, first the aerodynamic moment curves and the inertia moment

curves are made, then the required equilibrium points are found from the intersections of the
curves, and finally the complete steady-spin equilibrium solution is obtained by calculation.

3. Analytical graphic method based on Nash equilibrium theory

Game theory is a mathematical theory and method to describe a mathematical model containing
contradictions, conflicts, confrontations and cooperation in the real world. It has penetrated into
many aspects of social and scientific research and gradually formed an independent and complete
theoretical system (Churkin et al., 2021). It is the mutual game of the aerodynamic moment
and the inertia moment in the steady-spin. When the strategies of both sides of the game are
consistent, an equilibrium is reached.
Nash equilibrium is a typical form of non-cooperative game solution. Through the compet-

itive selection process among all the players, the corresponding benefits of all the players are
actively realized, and finally a systematic equilibrium can be achieved in the overall benefits.
Nash’s main idea is: in a multi-objective game G = {S1, S2, . . . , Sm;F1, F2, . . . , Fm}, the set



650 C. Yan et al.

(s∗1, s
∗

2, . . . , s
∗

m) composed of one strategy of each player, the strategy s
∗

i of any player i is the
best strategy compared with the other players (s∗1, . . . , s

∗

i−1, s
∗

i+1, . . . , s
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2, . . . , s
∗

m)
is a Nash equilibrium of G.
Based on Nash equilibrium theory, the aerodynamic moment coefficient Cka and inertia

moment coefficient Cki are taken as the game players (k = l,m, n, the same below), and the
equilibrium solution of the coefficients is taken as the iterative strategy ∆Swk = (∆S

1
k , . . . ,∆S

w
k ),

and the variable group (α, β,Ω, V ) exists in the iterative strategy as the strategy space. More,
define the payoff function as

min fu = |Cka − Cki| u = 1, 2, 3 (3.1)

The specific steps are as follows:

a. Construct the initial iteration strategy group ∆Swm = (∆S
1
m, . . . ,∆S

w
m), the iteration strat-

egy is taking α and β as an parameters, and τ as independent variable.
b. Execute the payoff function: min f1 = |Cma − Cmi|, according to the strategy group.
c. Set a new iteration strategy group ∆Swl = (∆S

1
l , . . . ,∆S

w
l ), the new iteration strategy is

taking β as an independent variable and α as a parameter variable, and combined with τ ,
also the strategy space in the new strategy group is the variable group obtained by the
previous payoff function

d. Execute the payoff function: min f2 = |Cla − Cli|, according to the strategy group.
e. Set a new iteration strategy group ∆Swn = (∆S

1
n, . . . ,∆S

w
n ), and there is no new iteration

strategy in this iteration group, and the strategy space in the new strategy group is the
variable group obtained by the previous payoff function.
f. Execute the payoff function: min f3 = |Cna − Cni|, according to the variable group.

Based on Nash equilibrium theory, it will be more direct to reflect the balance between the
aerodynamic moment coefficient and inertia moment coefficient in the form of a payoff function.
What is more, after modeling the state equation by this method, the system state and time-
-varying parameters are placed separately, which is convenient for subsequent program drawing.

4. Mathematical modelling

4.1. Equilibrium equations for forces and moments

After the aircraft entered a steady-spin, the average value of the rotation direction and the
rotation angular rate remained unchanged, the aircraft descended rapidly along a small radius
helical trajectory, and the spin axis almost coincided with the plumb line. A steady-spin is a
dynamic equilibrium motion process, it can be expressed in Fig. 1. During this process, it can
be assumed that (1) lateral force is equal to zero; (2) drag is equal to gravity; (3) lift is equal
to the centrifugal force. It is assumed that the lateral force is zero in the calculation, which is
because small lateral forces have negligible effects on the entire system relative to lift and drag.
So that the force equilibrium equations of the aircraft are

D =
1
2
ρSV 2CD = mg Fc = 0 L =

1
2
ρSV 2CL = mΩ2R (4.1)

The three-axis moment equations about the body axis are

Mi = f(Iij, ωi, ω̇i) (4.2)

where i = x, y, z, j = x, y, z.
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Fig. 1. Aircraft equilibrium of forces in the steady-spin

Because the longitudinal axis is the main axis of inertia in modern aircraft structures, and
the cross inertial product of the symmetry plane satisfies Ixy = Iyz = 0, the complete body axis
moment equilibrium equations can be expressed as

MAx = Ixxω̇x + (Izz − Iyy)ωyωz − Izx(ωxωy + ω̇z)
MAy = Iyyω̇y + (Ixx − Izz)ωxωz + Izx(ω2x − ω2z)
MAz = Izzω̇z + (Iyy − Ixx)ωxωy + Izx(ωyωz − ω̇x)

(4.3)

4.2. Motion state equations

After the aircraft enters the steady-spin, the conical rate remains constant, so

ω̇i = 0 (4.4)

more

ωx = Ω cosψ cosα ωy = Ω sinψ ωz = Ω cosψ sinα (4.5)

where ψ = −(β + σ), σ is the angle between the flight path and the vertical axis, and
σ = arctan(RΩ/V ). The spin radius is generally very small when the aircraft is in the steady-
-spin, which makes R ≈ 0, then ψ ≈ β.
Although for the convenience of calculation, we assumed the aircraft with zero lateral force

in the steady-spin, but the nose of the aircraft does not actually face the spin axis in the steady-
-spin. In this condition, the side slip still exists and comes from two aspects: one is that the
aircraft does not face the spin axis, that β is generated; and the other is that the aircraft rotates
around the spin axis and the airflow deflection produces a side slip. Although the side slip occurs,
it is very small relative to the AOA, and the simulation results also confirmed this.
The general form of the moment coefficient in the steady-spin is

Ci = AjF (q,u) (4.6)
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where i = l,m, n j = 1, 2, then

A1 =
1
ρSb

A2 =
1
ρSc

(4.7)

and

q =
[
Ixx Iyy Izz Izx

]T
(4.8)

The state model of the aerodynamic moment coefficient can be obtained as follows



Cl
Cm
Cn


 =



A1 0 0
0 A2 0
0 0 A1


 · (u · q) (4.9)

where

u =




0 sin(2α) cos2
(
β
Ω2

V 2

)
− cosα sin

(
2β
Ω2

V 2

)

− sinα sin
(
2β
Ω2

V 2

)
0 cosα sin

(
2β
Ω2

V 2

)

sinα sin
(
2β
Ω2

V 2

)
− sin(2α) cos2

(
β
Ω2

V 2

)
0

− cosα sin
(
2β
Ω2

V 2

)
2(cos2 α− sin2 α) cos2

(
β
Ω2

V 2

)
sinα sin

(
2β
Ω2

V 2

)




T

(4.10)

5. Simulation and result analysis

5.1. Calculation conditions

In this paper, a training aircraft is taken as an example to simulate the departure character-
istics and steady-spin. The data satisfy: 0◦ ¬ α ¬ 90◦, positive τ signifies clockwise rotation of
the aircraft to the outside observers, and the center of gravity is the front. The left spin (τ < 0)
is calculated separately from the right spin (τ > 0) and two different control conditions, neutral
control and pro-spin control, are considered:

— Neutral control, that means δa = δe = δr = 0◦

— Pro-spin control, for the left spin, δe = −30◦, δr = +30◦, δa = −18◦ - +12◦, and the same
operations for the right spin. Positive δe and δa when the trailing-edge is down, positive
δr when trailing-edge is left.

Also, it is calculated according to the maximum weight wtmax and the minimum
weight wtmin, with the following conditions as shown in Table 1.

Table 1. Initial calculation conditions

Condition Max-weight Min-weight

m [kg] 3300 2800
Ixx [kg·m2] 6200 3800
Iyy [kg·m2] 15000 14500
Izz [kg·m2] 20000 17000
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5.2. Simulation results and analysis

5.2.1. Departure characteristic

When predicting the departure characteristics, wtmax is calculated separately from wtmin,
because the weight will cause a change of the moment of inertia. The curve of CnβD-α is obtained,
as shown in Fig. 2.
As can be seen from Fig. 2, CnβD in whole, positive AOA are in a steady region, whether in

wtmax or wtmin, indicating that directional stability is present, and with increasing AOA, the
value of CnβD increases and the directional stability is enhanced. In addition, it can also be seen
that the rise of the wtmin curve is greater than that of wtmax, indicating that the directional
stability under wtmin is better than that under wtmax. Therefore, it can be determined that the
aircraft will not deviate from its course sharply after stalling.

Fig. 2. CnβD-α curves

5.2.2. Simulation of steady-spin characteristics

(A) Characteristics of steady-spin

After simulation, the yawing moment equilibrium curves Cna-Cni and the corresponding
curves of τ under several conditions in Section 5.1 are obtained, as shown in Fig. 3 and Fig. 4.
Figure 3 shows the yawing moment coefficient equilibrium curves and the corresponding τ for

the four cases in the left spin τ < 0, but not all of the curves have intersections. In Fig. 3a, the
curves of the aerodynamic yawing moment and the inertial yawing moment have no intersection,
but they are very close between AOA 45◦ and 55◦, which proves that the aircraft is in a near-
-equilibrium state in this region. Except for this case, the curves in the other three states have
intersections, especially in Fig. 3b, which has two intersections. But these two intersections may
not be all that we need. The judgment of the equilibrium point will appear in the following (B).
By comparing Figs. 3a and 3b, we found that under neutral control, the curves of wtmin

and wtmax are highly consistent, and the same conclusion can be drawn by comparing Figs. 3c
and 3d. However, comparing Fig. 3a with Fig. 3c, the curves have changed significantly, as have
Fig. 3b and 3d. In addition, the number of intersections at the curves is also changing in various
ways. This is because the deflection has a great influence on the moment coefficient of the three
axes, while the weight change has little effect in a small range. However, both of them will have
an effect on the steady-spin characteristics.
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Fig. 3. The yawing moment equilibrium and τ vs α in the left spin: (a) wtmin and neutral control,
(b) wtmax and neutral control, (c) wtmin and pro-spin control, (d) wtmax and pro-spin control

Similarly, as shown in Fig. 4, we obtained curves under the right spin (τ > 0), with the same
deflection control as the left spin. Like the left spin, the right spin also shows that the deflection
has a greater influence on the moment coefficient than the weight. However, in the right spin,
the curves only have two intersections (see Fig. 4c), and the curves are close to the equilibrium
in other configurations between AOA 45◦ and 55◦. Comparing Fig. 3 with Fig. 4, we can see
that it is hard for the aircraft to enter the steady-spin in the right spin but easy in the left spin.

(B) Equilibrium criterion

The moment equilibrium and τ curves of the aircraft in the left and right spin were obtained
in (A), and four cases of the configuration with intersections are shown in Fig. 5. Among the two
intersections, there must be one intersection that we do not need, but even if there is a single
intersection, it is not necessarily a solution, and the equilibrium criterion needs to be used for
screening.
The criterion of steady-spin equilibrium requires that the slope of the aerodynamic moment

coefficient curve at the intersection be different from the corresponding curve of τ . This occurs
because the aircraft with longitudinal stability must obtain increased or decreased |τ | at a larger
or smaller AOA than predicted, otherwise it will not be able to maintain pitching stability. The
aerodynamic yawing moment coefficient, as a damping moment, should correspond to τ , which
means that the slope of the aerodynamic yawing moment coefficient curve must be opposite to
the τ curve in order to maintain stability. In the right spin, the slopes of the curves of τ at the
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Fig. 4. The yawing moment equilibrium and τ vs α in the right spin: (a) wtmin and neutral control,
(b) wtmax and pro-spin control (for the left spin), (c) wtmax and neutral control, (d) wtmin and

pro-spin control (for the left spin)

intersection are all positive, so the slopes of the aerodynamic moment coefficient curves should
be negative. The equilibrium point to be found in Fig. 5a is intersection II. Unlike the right spin,
the slopes of the τ curves at the intersections in the left spin are negative, so the slopes of the
aerodynamic moment coefficient curves should be positive. Therefore, in Fig. 5b, intersection IV
meets the requirements, while the intersections in Fig. 5c and 5d both meet the criteria.

(C) Calculation of spin parameters

According to the equilibrium AOA, β and τ of steady-spin can be found out from the curves
of moment equilibrium, as shown in Fig. 6. After α, β and τ are obtained, CL and CD in this
state can be found from the test data of the rotary balance, and then V and R can be determined
according to equation (4.1).
In the steady-spin, ∆H and ∆t can be expressed as

∆H =
πb

τ
∆t =

∆H

V
(5.1)

Finally, all steady-spin equilibrium solutions can be obtained, which are shown in Table 2.
Although the aircraft is symmetrical, the characteristics of the left and right spin will be

different. In this paper, this situation is mainly related to aerodynamic characteristics. When
predicting the left and right spin of an aircraft in the steady-spin, the aerodynamic moment
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Fig. 5. Curves at the intersections: (a) wtmax and neutral control, in the right spin, (b) wtmax and
neutral control, in the left spin, (c) wtmin and pro-spin control, in the left spin, (d) wtmax and pro-spin

control, in the left spin

Fig. 6. β corresponding to the equilibrium points
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Table 2. Complete steady-spin equilibrium solutions

Intersection II Intersection IV Intersection V Intersection VI

α [deg] 51.6 50.2 48.8 49.8
τ [–] 0.21 −0.21 −0.13 −0.13
β [deg] 0.9 −1.6 −3.0 −2.7
V [m/s] 68.5 69.8 64.7 70.2
R [m] 1.87 1.89 6.04 4.94
∆H [m] 149 149 241 241
∆t [s] 2.2 2.1 3.7 3.4

coefficients needed are obtained from the wind tunnel test data of the rotary balance with positive
and negative τ . However, under the same α, the aerodynamic moment coefficients corresponding
to positive and negative τ are not necessarily symmetrical, especially at high α, which may be
caused by the small asymmetry of the aircraft model, asymmetric vortex at high α, wind tunnel
test equipment, and other factors.

6. Conclusion

In this paper, we can draw some conclusions:

• The departure characteristics and spin characteristics of the aircraft can be well analyzed
using the wind tunnel test data; however, due to limitations of the analysis method, the
simulation results will have large errors. There are many assumptions and preconditions,
which will cause many subtle influencing factors to be ignored, so that the simulation
results have large errors, which can only meet the initial stage of aircraft design and
analysis.
• Through the static force test data at high AOA, the sideslip characteristics of the aircraft
can be simulated. The obtained results show that the aircraft has good directional stability
in the entire positive AOA range, and that it will improve as the AOA increases. At the
same time, the directional stability of the aircraft under wtmax is weaker than wtmin.
• The influence of deflection on the steady-spin characteristics is greater than the moment
of inertia, but in several different situations, the aircraft is in an equilibrium state or close
to the equilibrium when AOA is about 50◦.
• Among four equilibrium solutions, three appear in the left spin and only one appears in
the right spin, which means that the probability of the aircraft having a steady spin in the
left spin is greater than that in the right spin.
• The criterion of the steady-spin equilibrium point should be discussed according to whether
the aircraft is in the left spin or the right spin. Some references have expressed that the
criterion for the equilibrium point is that the slope of the aerodynamic moment curve is
negative. But this situation is only for the right spin, since the slope of the τ curve for
the right spin is positive, while the situation for the left spin is just opposite. It requires
that the slope of the aerodynamic moment curve where the equilibrium point is located
be positive in the left spin.
• The spin trajectories in different states are quite different. In intersections II and IV,
R ≈ 1.8m, while it is 6m in intersection V, and ∆H = 241m.
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This paper deals with the stability of a spinning shaft in a concentric cylinder filled with
an incompressible fluid. The steady-state momentum and continuity equations for the ex-
ternal fluid are established. Using Taylor expansion, the fluid forces exerted on the shaft
are calculated. The shaft is in the Rayleigh model taking into account the rotary inertia
and gyroscopic effects. Accordingly, the governing equation of the considered system is for-
mulated analytically. The explicit characteristic frequency equation for the pinned-pinned
spinning shaft system is then derived. Finally, the stability of the system is studied by means
of characteristic value analysis.

Keywords: spinning shaft, external fluid, stability, critical spinning speed

1. Introduction

Spinning shafts have held wide applications in energy, aviation and automotive engineering. One
class of spinning shafts works in an annular fluid medium, such as the spinning shaft of axial
flow pumps. In the large pump unit, its hydraulic components are subject to various hydraulic
unbalanced forces and other various excitation sources during the operation of the unit. As a
result, vibration and instability of the structure occur, which will directly affect the reliable
operation of the unit. In this study, a spinning shaft in a concentric cylinder filled with an
incompressible fluid is considered. The focus is on the instability characteristics of the spinning
shaft with external fluids.
The vibration and stability of spinning shafts are key concerns in engineering, which have at-

tracted attention of many researchers. There are two analytical methods for such problems, one
is the analytical study and the other is numerical calculation (Chen and Ku, 1990; Gross et al.,
1993). Sheu and Yang (2005) conducted an analytical study of vibration for a rotating Rayleigh
beam with typical boundary conditions as well as an analysis of the unbalanced response. Using
the Hamilton principle and multiple scales method, natural vibration of a nonlinear slender spin-
ning shaft was investigated by Shahgholi et al. (2014). Zhang et al. (2020a) studied the frequency
and mode of a flexible rotor system using Hamilton’s principle and Euler’s angle, and discussed
the effect of centrifugal forces on the stability of the system. In recent years, researchers have been
concerned with vibration of shafts under simultaneous effects of axial movement and rotational
motion (Zhu and Chung, 2019; Ebrahimi-Mamaghani et al., 2021; Yang et al., 2021; Li et al.,
2018; Katz, 2001). For example, applying the Hamilton principle, Zhu and Chung (2019) derived
the governing equation of motion for a simply supported Rayleigh beam with spinning and axial
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motions. Using the Galerkin method, vibration and stability of the beam were studied. Ebrahimi-
-Mamaghani et al. (2021) considered the effects of spinning and axial motions and investigated
stability of an axially functionally graded beam via the Laplace transform and Galerkin dis-
cretization. In summary, there is a great deal of literature reporting on the dynamics and stability
of spinning shafts, and the study in this area has been relatively extensive (Aouadi and Lakrad,
2018; Arvin, 2019; Saeed, 2019; Manchi and Sujatha, 2021; Li, 2022; Li et al., 2021; Zhu et al.,
2018).

Furthermore, there are many studies concerning fluid-structure coupled vibration of spin-
ning shafts, such as liquid-filled rotors and spinning pipes conveying fluids. For the liquid-filled
rotor, the flexural vibration governing equation of the rotor is established by the analytical
calculation method, and the characteristic frequency equation of the system is derived by com-
bining the corresponding support boundary conditions. Then, the stability of the rotor system
is analyzed by the positive and negative signs of the characteristic roots (Tao and Zhang, 2002;
Firouz-Abadi and Haddadpour, 2010; Kern and Jehle, 2016; Sahebnasagh et al., 2018; Wang
and Yuan, 2018; Wang and Yuan, 2019b; Wang and Chen, 2020; Wang et al., 2021; Zhang et
al., 2020b; Wang and Yuan, 2021; Päıdoussis and Issid, 1974). Commonly, the two-dimensional
linearized Navier-Stokes equation is employed to calculate the fluid forces on the rotor (Tao and
Zhang, 2002; Firouz-Abadi and Haddadpour, 2010; Wang and Chen, 2020). Wang and Yuan
(2018) established three-dimensional equations of fluid motion in the rotor cavity and stud-
ied stability of the rotor system. In addition to the above-mentioned stability discrimination
methods, Wang and Chen (2020; 2021) also applied the Andronov-Hopf bifurcation and wave
resonance theory to investigate stability of the fluid-filled rotor system. On the other hand,
many advanced papers have reported vibration and stability of spinning pipes conveying fluid
in literature on the study (Abdollahi et al., 2021; Dwivedi et al., 2022; Michaelides and Feng,
2023; Wang and Yuan, 2019a; Oyelade and Oyediran, 2020). Basically, the spinning pipe is seen
as a beam structure. The structural equations of motion are established based on the Euler-
-Bernoulli beam or Rayleigh beam theory (Päıdoussis and Issid, 1974; Kheiri et al., 2014). In
terms of solution methods, numerical calculation methods are more frequently used, such as the
transfer matrix method (Li et al., 2014), Galerkin method (Bahaadini et al., 2018; Liang et al.,
2018; Liang et al., 2020), and the differential quadrature method (DQM) (Zhou et al., 2018).
There are also some studies reporting vibration of spinning pipes conveying fluid under exter-
nal loads including additional mass (ElNajjar and Daneshmand, 2020), thermal effects (Qian et
al., 2009; Bahaadini and Saidi, 2018), etc. It can be found that the studies on the vibration of
spinning pipes conveying fluid are basically consistent in terms of research methods. In general,
theoretical studies on fluid-structure coupled vibration of spinning cylinders/pipes are common.
However, there are few reports on vibration and stability of spinning shafts in an annular fluid
medium.

In summary, most of the studies have investigated vibration of spinning shafts subjected
to external loads. Also, some studies have reported instability of pipes conveying fluid. On
the other hand, there was very little literature studying the vibration of shafts with external
fluids. The present paper is aimed to investigate the instability of a spinning slender shaft in
a concentric cylinder filled with an incompressible fluid. Accordingly, the rotary inertia and
gyroscopic effects are considered in the modeling of the considered system. The steady-state
governing equations of fluid motion are established, and the external fluid forces are obtained by
means of Taylor expansion. Then the coupled-field governing equations of the shaft and external
fluid are derived on the basis of the spinning Rayleigh beam theory. After that, the characteristic
frequency equation of the system is determined and then used for stability analysis. Finally, the
effects of the slenderness ratio and density ratio on the natural frequency, instability and critical
spinning speed are studied numerically.
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2. Fluid dynamics

2.1. Formulation for the external fluid

Consider a spinning shaft in a concentric cylinder filled with an incompressible fluid as shown
in Fig. 1. It has rotational speed Ω, length of shaft L, radius of cylinder a, fluid density ρf , and
b refers to the radius of the shaft. It is assumed that the shaft spins at a steady state. Since
perturbations due to flexural deformation of the shaft occur, vibrational instability of the shaft
will be generated as a result of the perturbed pressure P formed by the external fluid. In order
to reveal the instability characteristics of the spinning shaft, this subsection will be devoted to
the formulation of the external fluid force.

Fig. 1. Schematic of a spinning shaft in the concentric cylinder filled with an incompressible fluid

In the steady state, the two-dimensional Navier-Stokes equations and continuity equation of
the external fluid in the rotating frame ηξ can be written as
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∂(rvr)
∂r
+
∂vθ
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= 0 (2.2)

where vr and vθ denote the radial and tangential velocity components of fluid particles, re-
spectively, and ν is kinematic viscosity. Also, ∇2 is the Laplacian operator which is defined
as

∇2 = ∂2
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+
1
r

∂
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The corresponding flow boundary conditions at r = a, b are
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∣∣∣
r=b
= bΩ

vr
∣∣∣
r=a
= 0 vθ

∣∣∣
r=a
= 0

(2.4)
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According to the proposed model, it is noticed that in this flow, the circumferential velocity
is valued, but the derivative of all parameters along the circumference is equal to zero, i.e.
∂/∂θ = 0. Moreover, under the boundary conditions given in Eqs. (2.4), the continuity equation
shown in Eq. (2.2) is solved to obtain the radial velocity component vr = 0. By substituting
these conditions into Eqs. (2.1), we get

2Ωvθ − rΩ2 −
v2θ
r
= − 1

ρf

∂P

∂r

1
r

∂

∂r

(
r
∂vθ
∂r

)
− vθ
r2
= 0 (2.5)

By solving Eq. (2.5)2, the solution of the circumferential velocity component vθ can be obtained
as

vθ = Ar +
B

r
(2.6)

where

A =
Ω

1− κ2 B =
a2Ω

κ2 − 1 (2.7)

in which κ is defined as

κ =
a

b
(2.8)

Since vθ is determined, the total pressure P can be calculated in terms of Eq. (2.5)1 as

P = ρfΩ2
(1
2
r2 + χr2 − a4χ2

2r2
+
1
2
r2χ2 − 2a2χ ln r − 2a2χ2 ln r

)
+ C (2.9)

where

χ =
1
1− κ2 (2.10)

Due to the influence of flexural deformation of the spinning shaft, the fluid particles on the
surface of the shaft will undergo in a corresponding radial displacement. Assuming that the
radial displacement is ζ, substituting into Eq. (2.9) yields

P
∣∣∣
b+ζ
= ρfΩ

2
[1
2
(b+ζ)2+χ(b+ζ)2− a4χ2

2(b+ ζ)2
+
1
2
(b+ζ)2χ2−2a2χ ln(b+ζ)−2a2χ2 ln(b+ζ)

]
+C

(2.11)

As seen, Eq. (2.11) is a nonlinear expression. As a result, the Taylor expansion is employed to
linearize this equation. The linearization expression for the pressure P can be expressed as

P = ρfΩ
2
[1
2
b2 + χb2 − a4χ2

2b2
+
1
2
b2χ2 − 2a2χ ln b− 2a2χ2 ln b

]

+ ρfΩ2bζ
[
(1 + χ)2 +

a4χ2

b4
− 2a

2χ

b2
− 2a

2χ2

b2

]
+ C

(2.12)

It can be found that the part of Eq. (2.12) containing ζ is a perturbed term caused by defor-
mation of the spinning shaft, which is the main source of the instability. In this study, only the
perturbation pressure needs to be concerned. Therefore, Eq. (2.12) can be simplified as

P = ρfΩ
2b[(1 + χ)− κ2χ]2ζ (2.13)
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By substituting Eq. (2.10) into Eq. (2.13), the perturbed pressure acting on the surface of the
spinning shaft can be determined as

P = 4ρfΩ
2bζ (2.14)

in which the radial displacement ζ can be described by the flexural deformation of the shaft as

ζ = uη cos θ + uξ sin θ (2.15)

where uη and uξ are displacement components of the spinning shaft in the η and ξ directions,
respectively.
Finally, the fluid forces exerted on the shaft can be calculated as

Fη =
2π∫

0

P (b) cos(θ)b dθ Fξ =
2π∫

0

P (b) sin(θ)b dθ (2.16)

After substituting Eqs. (2.14) and (2.15) into Eqs. (2.16), the analytical expressions for the fluid
forces can be obtained as

Fη = 4ρfπb
2Ω2uη Fξ = 4ρfπb

2Ω2uξ (2.17)

3. Structural dynamics

In this study, the rotary inertia and gyroscopic effects of the spinning shaft are both considered.
Therefore, the Rayleigh model is adopted to formulate the governing equation of motion of the
spinning shaft in the concentric cylinder filled with an incompressible fluid.
If adopting the Rayleigh beam theory, the basic governing differential equation for flexural

vibration of the considered spinning shaft system reads

EI
∂4u

∂Z4
+ ρA

∂2u

∂t2
− ρI ∂4u

∂t2∂Z2
+ i2ρIΩ

∂3u

∂t∂Z2
= F (3.1)

where E, I, A and ρ are Young’s modulus, mass moment of inertia, cross-sectional area and
density of the shaft, respectively. Also, the fluid force F can be obtained by using Eqs. (2.17) as

F = 4ρfπb2Ω2u (3.2)

where flexural deformation u is defined as

u = uη + iuξ (3.3)

After inserting Eq. (3.2) into Eq. (3.1), the governing equation can be rewritten as

EIu′′′′ + ρAü− ρIü′′ + i2ρIΩu̇′′ = 4mfΩ2u (3.4)

where mf is defined as mf = ρfπb2.
Since only harmonic vibrations are considered, u(Z, t) may take the form as

u(Z, t) = U(Z)eiωt (3.5)

where ω is the circular frequency of vibration of the spinning shaft.
After using the above expression for u in Eq. (3.5) into Eq. (3.4), one gets

EIU ′′′′ + (ρIω2 − 2ρIΩω)U ′′ − (ρAω2 + 4mfΩ2)U = 0 (3.6)
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To simplify the analysis, the following dimensionless quantities are introduced

ς =
Z

l
W =

U

l
γ =

l

r
ω20 =

EI

ρAl4
g =

ω

ω0
s =

Ω

ω0
(3.7)

Then, the dimensionless form of Eq. (3.6) can be written as

W ′′′′ +
[( 1
2γ

)2
g2 − 2

( 1
2γ

)2
gs
]
W ′′ − (g2 + 4µs2)W = 0 (3.8)

where density ratio µ is given as

µ =
ρf
ρ

(3.9)

It is well known that the general form of the solution to Eq. (3.8) can be expressed as

W (ς) = C1 sin(ας) + C2 cos(ας) + C3 sinh(βς) + C4 cosh(βς) (3.10)

Considering that the two ends of the spinning shaft are hinged in this study, the corresponding
dimensionless boundary conditions at ς = 0 and 1 are

W
∣∣∣
ς=0
=W

∣∣∣
ς=1
= 0 W ′′

∣∣∣
ς=0
=W ′′

∣∣∣
ς=1
= 0 (3.11)

Using Eq. (3.11), the characteristic frequency equation of the spinning shaft can be obtained as

sinα = sin(nπ) (3.12)

where α can be determined by using Eqs. (3.8) and (3.10).
After expanding Eq. (3.12), the explicit expression of the dimensionless characteristic fre-

quency equation is expressed as

n4π4 − n2π2(g2 − 2gs)
( 1
2γ

)2
− (g2 + 4µs2) = 0 (3.13)

It can be seen that the characteristic equation is an algebraic equation with respect to the
dimensionless whirl frequency g. Solving this equation, the real and imaginary parts of the
eigenvalues can be determined, i.e. g = λ+ iσ, where the real part represents the dimensionless
natural frequency of the system and the imaginary part represents the dimensionless damping.
Also, the stability of the system can be determined by the variation of the real and imaginary
parts versus the dimensionless spinning frequency (Abdollahi et al., 2021). In the present study,
it is supposed that both ends of the shaft are pinned-pinned boundary conditions. Therefore,
the other boundary conditions are not included in the mathematical formulation. However, the
method described in this article is also applicable to examine stability of spinning shafts in the
concentric fluid-filled cylinder with other boundary conditions.
Furthermore, by inserting g = s into Eq. (3.13), the dimensionless critical spinning speed

can be calculated as

scn = n
2π2

√√√√√
1

1 + 4µ− n2π2
(
1
2γ

)2 (3.14)

As seen, if supposing γ = 0, then the critical spinning speed can be reduced to

scn = n
2π2

√√√√√
1

1− n2π2
(
1
2γ

)2 (3.15)

which is identical to that for pinned-pinned spinning Rayleigh beams (Sheu and Yang, 2005).
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4. Numerical results

In this Section, a numerical study is conducted to investigate the instability of the spinning
shaft in the concentric cylinder filled with an incompressible fluid. In particular, the factors that
affect the stability of the system are discussed in depth.
In order to validate the proposed model, the first four critical spinning speeds versus slender-

ness ratio for the spinning Rayleigh beams without the external fluid are obtained and compared
with those reported by Sheu and Yang (2005), as shown in Fig. 2. It can be seen that the present
results are in good agreement with those obtained in the literature. Furthermore, to clarify the
effect of the external fluid, the critical spinning speeds of the spinning shaft with the external
fluid are illustrated and compared with the spinning shaft without considering external fluid
effects, as seen in Fig. 3. It can be observed that after considering the external fluid, the critical
spinning speed for each order has become noticeably smaller.

Fig. 2. Comparison of the first four critical spinning speeds versus slenderness ratio of the spinning shaft
with Sheu and Yang (2005) at µ = 0

Fig. 3. The effects of external fluid on the critical spinning speed of the spinning shaft

Figure 4 shows the whirl speed map of the spinning shaft in the concentric cylinder filled
with the incompressible fluid for µ = 0.13, γ = 5 and different values of the mode number. Also,
in order to clarify the influence of the external fluid on the spinning shaft, the whirl speed map
of the spinning Rayleigh beam is plotted in the figure. It can be seen that the critical spinning
speed of the system decreases significantly at each order due to the influence of the external
fluid. In addition, the dimensionless whirl frequency of the system no longer increases with the
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dimensionless spinning frequency, but the two characteristic frequencies are converged at a point,
forming a closed arc-shaped region. It indicates that the characteristic equation has no real roots
when the spinning speed is higher than the speed at the convergence point. This result shows
that the external fluid has a strong influence on the whirl characteristics and stability of the
spinning shaft.

Fig. 4. Comparison of whirl speed maps of the spinning Rayleigh beam and the considered spinning
shaft system

Fig. 5. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with µ = 0.13 and γ = 10 for different mode numbers: (a) dimensionless natural

frequency, (b) dimensionless damping

Figures 5a and 5b, respectively, demonstrate the dimensionless natural frequency and damp-
ing of the system in terms of the dimensionless spinning frequency at µ = 0.13 and γ = 10 for
different mode numbers. It can be seen that as the spinning frequency increases, the natural
frequency of the system for both modes decreases. The damping of the system bifurcates at a
specific speed, which indicates that there is an inflow and outflow of energy and the system
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becomes unstable. The speed corresponding to the bifurcation point is called the “instability
critical spinning speed scr”. Moreover, a comparative study is carried out to illustrate the effect
of the external fluid on the stability of the considered system, as shown in Fig. 6. It can be found
that the spinning Rayleigh beam is always stable as the rotational speed increases. However,
when considering the external fluid, the system will lose its stability at a certain speed. This
makes it clearer that external fluids are the main source of instability.

Fig. 6. Comparison of the dimensionless natural frequencies of the spinning shaft in the concentric
cylinder filled with the incompressible fluid and spinning Rayleigh beams

Fig. 7. Dimensionless natural frequency and damping for the spinning shaft versus the dimensionless
spinning frequency with n = 1 and µ = 0.13 for various values of the slenderness ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

Variations of the dimensionless natural frequency and damping of the system versus the
dimensionless spinning speed at n = 1 and µ = 0.13 for various values of the slenderness ratio
are depicted in Fig. 7. It can be seen that for the first-order mode, the variation of the natural
frequency of the system is not obvious with the increase of the slenderness ratio. Especially,
when the value of the slenderness ratio is large (γ ­ 10), the natural frequency is generally
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Fig. 8. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with n = 2 and µ = 0.13 for various values of the slenderness ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

consistent. It also can be seen in Fig. 7b that by increasing the slenderness ratio, the instability
points are almost coincident. This means that the effect of slenderness ratio on the system
instability can be negligible. However, it is interesting to note that for higher-order modes, the
effect of the slenderness on the natural frequency and stability of the system is more pronounced.
Figure 8 shows the dimensionless natural frequency and damping of the spinning shaft versus
the dimensionless spinning frequency with n = 2 and µ = 0.13 at different slenderness ratios.
It can be found that as the slenderness ratio increases, the natural frequency of the system
first increases and then decreases. At the same time, the instability critical spinning speed scr
decreases. However, for large slenderness ratios (γ ­ 10), the variation of critical spinning speed
is still not noticeable. This indicates that the smaller slenderness ratio leads to a greater effect
on the stability of the system. Furthermore, the effects of the slenderness ratio on the unstable
region of the considered spinning shaft system are reported in Fig. 9. Results show that the

Fig. 9. Effects of the slenderness ratio γ on the instability of the spinning shaft system for different
mode numbers: (a) n = 1, (b) n = 2

critical spinning speed experiences a smooth decrease and then converges to a constant value
with an increase of the slenderness ratio. Also, the instability boundary is formed, and the whole
speed domain is divided into two parts, D1 and D2, where D1 is the stable region and D2 is
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the unstable region. As shown in the subfigure of Fig. 9, the instability boundary only changes
when the slenderness ratio is small enough for both the first and second modes. Therefore, it
can be concluded that at higher slenderness ratios, say γ > 10, the effect of rotary inertia on
the system stability can be negligible.
The dimensionless natural frequency and damping of the considered spinning shaft system

versus the dimensionless spinning frequency for a variety of density ratios at n = 1 and γ = 10
are plotted in Fig. 10. Figure 10a demonstrates that a higher value of density ratio leads to a
lower value of natural frequency. Also, it can be observed in Fig. 10b that as the density ratio
increases, the instability critical spinning speeds are reduced. This means that for larger density
ratios, the system is more prone to lose its stability. Figure 11 shows the effect of density ratio on
the instability of the system. As can be seen, the instability boundary decreases with respect to
the density ratio. The instability critical spinning speed gradually moves towards the low-speed
region. The results indicate that the density of the external fluid plays a dominant role in the
stability of the shaft system.

Fig. 10. Dimensionless natural frequency and damping of the spinning shaft versus the dimensionless
spinning frequency with n = 1 and γ = 10 for various values of the density ratio: (a) dimensionless

natural frequency, (b) dimensionless damping

Fig. 11. Effects of the density ratio µ on the instability of the spinning shaft system

Moreover, the variations of critical spinning speeds for the considered spinning shaft versus
the density ratio and slenderness ratio are presented in Fig. 12. In this figure, by increasing the
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density ratio, the critical spinning speeds of the shaft decrease in each order. Also, by increasing
the slenderness ratio, the critical spinning speeds change smoothly. In particular, the critical
spinning speed approaches almost a constant value when the aspect ratio is sufficiently large.

Fig. 12. Effects of main parameters on the critical spinning speed Scn: (a) density ratio µ,
(b) slenderness ratio γ

5. Conclusions

In this study, stability of a spinning shaft in a concentric cylinder filled with an incompressible
fluid has been theoretically addressed. The two-dimensional Navier-Stokes equations and conti-
nuity equation for the external fluid in the steady state were established, and the external fluid
forces exerted on the shaft were calculated by using Taylor expansion. The governing equation of
motion of the spinning shaft was formulated on the basis of Rayleigh beam theory. For pinned-
-pinned end supports, the explicit characteristic frequency equation has been derived analyti-
cally. The effects of slenderness ratio and density ratio on the natural frequencies and instability
of the spinning shaft were investigated. The results showed that the critical spinning speed of
each order for the system becomes smaller and the shape of the whirl speed map changed sig-
nificantly due to the influence of the external fluid. Also, it was found that the shaft became
unstable at a certain speed. This result indicated that the external fluid was the main source
of the rotational shaft instability. Based on the present work, it could be concluded that the
instability of the system is not very sensitive for a large slenderness ratio. However, the density
ratio plays a determinant role in the natural frequency and stability of the system. It was shown
that by increasing the density ratio, the natural frequency of the system was reduced and the
stability became weaker. In addition, the results revealed that the external fluid had a significant
effect on the critical spinning speed of the shaft. It was seen that as the density ratio increased,
the critical speed value of the system decreased gradually.
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This study extends the traditional problem of a seismic response of elastic foundations
under isothermal conditions when considering thermal effects. Firstly, a free-field model of
the elastic foundation is established under the incidence of plane P -waves. Then, utilizing the
principles of wave propagation in a homogeneous and isotropic thermoelastic medium and the
principle of Helmholtz vector decomposition, the influence of thermal physical parameters
such as thermal conductivity, medium temperature on seismic ground motion of the free-
-field on elastic foundation is investigated, which provides a reasonable explanation for the
ground motion of a site under thermal effects.

Keywords: single-phase thermoelastic medium, free field, seismic ground motion, plane
P -wave

1. Introduction

The problem of a site seismic respons, or the influence of site conditions on seismic wave prop-
agation, has attracted much attention as one of the two major fluctuation problems in seismic
engineering. The initial research on the seismic response problem of elastic foundations has been
considering isothermal conditions. However, with the accelerated industrialization and modern-
ization in various countries, the fields of petroleum engineering, pavement engineering, thermal
engineering and chemical engineering are thriving. The impact of thermal effects, such as tem-
perature fluctuations, on wave propagation characteristics in elastic media has garnered an
increased attention of numerous scholars. Due to the mutual coupling between heat and force,
the propagation of waves in elastic media is more complicated. Therefore, it is crucial to establish
a free-field model that can reflect the actual site soil properties under non-isothermal conditions
by considering thermal effects and studying seismic ground motion of the free field with elastic
foundations.
The theory of uncoupled thermoelasticity was introduced by Duhamel (1837) and Neuman

(1885), but it has two main limitations. The first limitation is that the theory assumes that
the temperature does not affect the mechanical state of an elastomer, which does not follow
the actual physical experiments. Secondly, the theory assumes that the propagation velocity of
thermal waves is infinite, which is also physically unreasonable. Then Biot (1956) proposed the
thermoelastic coupling theory, which resolves the first issue with the uncoupled theory, but unfor-
tunately, the coupled theory still has the second limitation. To overcome this drawback, scholars
proposed two generalized thermoelastic theories that allow thermal waves to propagate at finite
velocities. Lord and Shulman (1967) introduced a new thermoelastic coupling theory to modify
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Fourier’s heat conduction theorem based on considering the effect of a flux-rate term, which al-
lows prediction of finite velocities when thermal waves propagate. Green and Lindsay (1972) pre-
sented a generalized theory of thermoelasticity that modifies the Duhamel-Neumann relation and
the energy balance equation. Based on previous studies, Green and Naghdi (1991) developed a
novel thermodynamic model of deformed media, which explained the phenomenon of the thermal
wave propagating at a finite speed in detail under the heat flow environment in rigid solids. Green
and Naghdi (1993) then gave a detailed explanation and constructed a new thermoelasticity the-
ory based on the thermodynamic model, which defined the heat flow as a heat wave propagating
at a finite velocity. Tzou (1995a,b) introduced the heat flux phase delay time and temperature
gradient phase delay time based on the previous studies to make corrections to Fourier’s heat
conduction theorem with a modification and proposed a two-phase lag model for single-phase
thermoelastic media. Hetnarski and Ignaczak (1999) published a review paper on the representa-
tion within the scope of generalized thermoelasticity theory. Abouelregal (2011) presented basic
control equations for generalized isotropic thermal elastomers without body forces and heat
sources.

Scholars have extensively researched the propagation of thermoelastic waves in elastic media
using the aforementioned generalized thermoelasticity theory. Sinha and Sinha (1974) as well
as Sinha and Elsibai (1996, 1997) studied the reflection of thermoelastic waves at the interface
of two semi-infinite media and from the free surface of a solid half-space, respectively. Abd-
-Alla and Al-Dawy (2000) explored the reflection phenomenon of SV waves in a thermoelastic
medium. Sharma et al. (2003) investigated the problem of thermoelastic wave reflection from
various boundaries of a solid half-space under different theories of generalized thermoelasticity.
Furthermore, Singh (2005b) focused on the reflection of SV waves from the free surface of
an elastic medium. Then Singh (2005a) went on to study the phenomenon of reflection of P
and SV waves from the free surface of an elastic medium with thermal diffusion properties.
Kumar and Sharma (2005) examined the reflection of a plane wave on a thermoelastic half-space
boundary.

Although scholars at home and abroad have executed some studies on the propagation of
thermoelastic waves in single-phase media and the reflection trouble on the interface of such
media, there are few studies on seismic ground motion of a free field on a elastic founda-
tion. Wang and Zhao (2022) studied the seismic response of subsurface structures in single-
-phase soils. Zhao et al. (2022) studied the seismic response of elastic foundations under the
action of Rayleigh waves. However, previous studies have been on the seismic ground motion
of the free field of elastic foundations under isothermal conditions. No papers have investi-
gated the effect of the incident plane waves on the free field of elastic foundations on the seis-
mic ground motion under thermal effects. However, the thermal effect significantly affects the
wave propagation characteristics. The impact of heat on elastic wave propagation is related
to numerous seismological and astrophysical issues, thereby holding far-reaching significance
for researching seismic motion analysis of free sites considering the effect of heat. Moreover,
this study offers a plausible explanation for the seismic ground motion of a site under the im-
pact of heat and provides technical support for the seismic design of large structures in the
area.

In this paper, based on the fluctuation equation of a single-phase thermoelastic medium es-
tablished by Liu et al. (2021), the corresponding fluctuation equation of a thermoelastic medium
is solved in the right-angle coordinate system. The free-field model of the elastic foundation is
established, the wave field of the site is analyzed, and the analytical solution of each amplitude
coefficient is obtained by combining the wave field function and the corresponding boundary
conditions. Finally, the impact of thermal physical parameter such as medium temperature on
the ground motion of the earthquake site is analyzed.
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2. Field fluctuation equation for elastic media

Bedrock layers I and II are simulated with the use of a single-phase thermoelastic medium.
According to the generalized thermoelasticity theory, the fluctuation equation for a single-phase
thermoelastic medium was proposed (Liu et al., 2021) as follows

µe∇2us + (λe + µe)∇(∇ · us)− 3Kbβs∇T = ρeüs

3KbβsT0∇ · (u̇s + τqeüst) + ρecse(Ṫ + τqeT̈ ) = Ke∇2(T + τθeṪ )
(2.1)

where Kb = (λe + 2µe)/3 – bulk modulus, λe and µe – Lame’s constant of the single-phase
medium, βs – thermal expansion coefficient, ρe – density, cse – specific heat capacity of the
solid phase, τqe – phase-lag of the heat flux, τθe – phase-lag of the gradient of temperature, T –
Kelvin medium temperature, T0 – initial temperature, Ke – thermal conductivity, us – solid
phase displacement.
According to the decomposition principle of the Helmholtz vector, the solid phase displace-

ment vector can be decomposed as follows

us = ∇ψs +∇×Hs (2.2)

where ψs denotes the scalar potential function of the solid skeleton and Hs denotes the vector
potential function of the solid skeleton.
The potential function in a solid-phase medium can be assumed as

ψs = As exp[i(kpx− ωt)] Hs = Bs exp[i(ksx− ωt)]
T = AT exp[i(kpx− ωt)]

(2.3)

where As and Bs represent amplitudes of the corresponding potential functions, kp denotes the
complex wave number of P -wave (including T -wave), ks denotes the complex wave number of
S-wave, i denotes the imaginary number which satisfies i =

√
−1, ω is the angular frequency.

Substiting Eq. (2.2) into Equations (2.1) and then combining the resulting equations with
Eqs. (2.3), the theoretical derivation leads to the characteristic equation for the bulk wave in a
thermoelastic single-phase solid medium as follows

∣∣∣∣∣
k11 k12
k21 k22

∣∣∣∣∣ = 0 |ρeω2 − µek2s | = 0 (2.4)

By solving characteristic equations (2.4), it is known that there are two compressional waves
(containing thermal waves) and one shear wave in a single-phase thermoelastic medium.

3. Wavefield analysis

Consider a plane P -wave with a frequency of ω that is incident upon the interface between
single-phase thermoelastic media I and II at an arbitrary angle ϕ, originating from the bedrock
layer. The resulting wave propagates and generates three types of reflected waves (reflected P -,
S- and T -wave) as well as three types of transmitted waves (transmitted P -, T - and S-wave)
within both media. The entire process is depicted in Fig. 1. As the seismic wave continues to
propagate in the elastic medium, the reflected P -, T - and S-wave are generated at the interface
between the single-phase thermoelastic medium II and the free surface.
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Fig. 1. Simplified model of the elastic foundation free field

3.1. Wave field functions and their solutions

The paper expresses the functional form of the wave field in both single-phase media I and II
as follows:
(1) In bedrock layer I (z > H)
— P -wave

ψe = Asip1 exp[ikip1(lip1x− nip1z − cip1t)]

+
2∑

n=1

As1rpn exp[ik1rpn(l1rpnx+ n1rpnz − c1rpnt)]
(3.1)

— T -wave

T e = Asip1δ
e
Tp1 exp[ikip1(lip1x− nip1z − cip1t)]

+
2∑

n=1

As1rpnδ
e
Tpn exp[ik1rpn(l1rpnx+ n1rpnz − c1rpnt)]

(3.2)

— S-wave

He = B1rs exp[ik1rs(l1rsx+ n1rsz − c1rst)] (3.3)

(2) In bedrock layer II (0 < z < H)
— P -wave

ψu =
2∑

n=1

Atpn exp[iktpn(ltpnx− ntpnz − ctpnt)]

+
2∑

n=1

A2rpn exp[ik2rpn(l2rpnx+ n2rpnz − c2rpnt)]
(3.4)



Study on seismic ground motion of P -wave incident elastic foundation... 677

— T -wave

T u =
2∑

n=1

Astpnδ
u
Tpn exp[iktpn(ltpnx− ntpnz − ctpnt)]

+
2∑

n=1

As2rpnδ
u
Tpn exp[ik2rpn(l2rpnx+ n2rpnz − c2rpnt)]

(3.5)

— S-wave

Hu = B2ts exp[ik2ts(l2tsx− n2tsz − c2tst)] +B2rs exp[ik2rs(l2rsx+ n2rsz − c2rst)] (3.6)

where the subscripts i, r and t correspond to the incident, reflected and transmitted waves,
respectively. β denotes different reflected P -wave (including T -wave) in single-phase medium I
(β = 1, 2), and n denotes different reflected and transmitted P -wave (including T -wave) in
single-phase medium II (n = 1, 2). kip1 and cip1 represent the wave number and velocity of
the incident P -wave, respectively. k1rpβ and k1rs denote complex wave numbers of two reflected
compressional waves (P -wave and T -wave) and one reflected shear wave (S-wave) in single-phase
thermoelastic medium I, respectively. c1rpβ and c1rs denote wave velocities of the two reflected
compressional waves (P -wave, T -wave) and one reflected shear wave (S-wave) in single-phase
thermoelastic medium I, respectively. ktpn and k2ts represent wave numbers of the transmitted
P -wave (including T -wave) and transmitted S-wave in single-phase thermoelastic medium II,
respectively. ctpn and c2ts represent velocities of the transmitted P -wave (including T -wave)
and transmitted S-wave in single-phase medium II. k2rpn and k2rs represent wave numbers
of the reflected P -wave (including T -wave) and reflected S-wave in single-phase medium II,
respectively. c2rpn and c2rs denote velocities of the reflected P -wave (including T -wave) and
reflected S-wave in single-phase medium II, respectively. l, n denotes the direction vector of the
corresponding wave.
According to Snell’s theorem, in single-phase medium I and adjacent single-phase medium II,

the number of waves in the horizontal direction of each bulk wave must be equal, as follows

lipkip = l1rp1k1rp1 = l1rp2k1rp2 = l1rsk1rs = ltp1ktp1 = ltp2ktp2 = l2tsk2ts (3.7)

Upon taking the derivative of Eqs. (2.4), one arrives at the amplitude ratio of the potential
function between the P -wave and T -wave in the single-phase thermoelastic medium:

δTpn =
AT
AS
= −k11

k12
n = 1, 2 (3.8)

3.2. Boundary conditions

(1) The boundary conditions at the interface between single-phase thermoelastic media I and II
(z = H) are as follows:
— stress continuity at the cross-interface

σzz = σezz σxz = σexz (3.9)

— the solid phase displacement at the interface is continuous

usz = u
e
z usx = u

e
x (3.10)

— temperature and its change rate at the interface are continuous

T = T e K
∂T

∂z
= Ke

∂T e

∂z
(3.11)
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(2) At the interface between single-phase thermoelastic medium II and the free surface (z = 0),
the following hold

σzz = 0 σxz = 0
∂T

∂z
= 0 (3.12)

The expression for the stress displacement in a single-phase medium is as follows

ux =
∂ψs

∂x
− ∂Hs

∂z
uz =

∂ψs

∂z
+
∂Hs

∂x

σxz = µ
(
2
∂2ψs
∂x∂z

+
∂2Hs
∂x2

− ∂2Hs
∂z2

)

σzz = λ
(∂2ψs

∂x2
+
∂2ψs

∂z2

)
+ 2µe

(∂2ψs

∂z2
+
∂2Hs

∂x∂z

)
− 3KbβTT

(3.13)

The wave field functions Eqs. (3.1) to (3.3) and Eqs. (3.4) to (3.6) are substituted into the
boundary conditions Eqs. (3.9) to (3.11) and (3.12) to obtain each amplitude coefficient, which
may be represented as a system of linear equations

FN = AipG (3.14)

where N = [As1rp1, A
s
1rp2, B

s
1rs, A

s
tp1, A

s
tp2, B

s
2ts, A

s
2rp1, A

s
2rp2, B

s
2rs]
T, the elements f11-f99 and

g1-g9 in the matrix are given in Appendix A.

4. Free surface displacement

Upon determining the wave field, it is possible to calculate the displacement and stress on the
site. By substituting Eqs. (3.4)-(3.6) into the relevant expression, the expressions for surface
displacement Ux and Uz can be obtained

Ux = Astp1iktp1ltp1 +A
s
tp2iktp2ltp2 +A

s
2rp1ik2rp1l2rp1 +A

s
2rp2ik2rp2l2rp2

+Bs2tsik2tsn2ts −Bs2rsik2rsn2rs
Uz = −Astp1iktp1ntp1 −Astp2iktp2ntp2 +As2rp1ik2rp1n2rp1 +As2rp2ik2rp2n2rp2
+Bs2tsik2tsl2ts +B

s
2rsik2rsl2rs

(4.1)

In this paper, the displacement amplification coefficients ux/u0 and uz/u0 of the free-field
surface are used to characterize the surface displacement of the elastic foundation free-field,
where the displacement amplification coefficient is expressed as the ratio of the displacement
amplitude in the corresponding direction to the displacement amplitude of the incident wave u0.

5. Numerical analysis

Through numerical calculations, the P -wave incident elastic foundation free site seismic ground
motion under the thermal effects is studied, and the impact of parameters such as medium
temperature, on seismic ground motion produced by the site are specifically analyzed. Among
them, the material parameters of the single-phase thermoelastic medium are chosen according
to Liu et al. (2021). Table 1 illustrates the necessary parameters for numerical simulations.
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Table 1. Physical parameters of single-phase thermoelastic media

Material parameters

Thermal Density Solid Phase lag Phase lag Medium Thermal
conducti- of soil phase of the of gradient of tempera- expansion
vity Ke particle ρe heat cse heat flux temperature ture T coefficient
[J/s/m/K] [Kg/m3] [J/kg/K] τqe [s] τθe [s] [K] βTe [1/K]

3 2700 1046 2.0 · 10−7 1.5 · 10−7 293.2 4.0 · 10−4

Lamé Lamé Thermal The density Solid Phase Phase lag
constant constant conducti- of soil phase lag of of gradient of

λe µe vity Ku particle ρu heat cue heat flux temperature
[kPa] [kPa] [[J/s/m/K] [Kg/m3] [J/kg/K] τqu [s] τθu [s]

12 · 106 8 · 106 3 2700 1046 2.0 · 10−7 1.5 · 10−7

Medium Thermal expansion Lamé Lamé
temperature coefficient constant constant

T [K] βTu [1/K] λu [kPa] µu [kPa]

293.2 4.0 · 10−4 9 · 106 4 · 106

5.1. Effect of thermal conductivity at different incident angles

As is commonly understood, the magnitude of thermal conductivity is indicative of the soil
capacity for heat transmission. A higher thermal conductivity results in more intense atomic
thermal motion and faster propagation of heat. Conversely, a lower thermal conductivity leads
to slower atomic thermal motion and slower propagation of heat. To investigate the regularity of
how changes in thermal conductivity affect the amplification coefficient of surface displacement,
one must keep other parameters constant. Figure 2 illustrates the curves depicting the surface
displacement amplification coefficient as a function of the angle of incidence for varying levels
of thermal conductivity. Firstly, observing Fig. 2, it is apparent that the horizontal and vertical

Fig. 2. Variation curve of the surface displacement amplification coefficient with the incident angle
under different thermal conductivity

displacement amplification coefficients obtained for the two theoretical models considering the
thermal effect and the other neglecting it have significant differences. When considering the
thermal effect, the horizontal displacement amplification coefficient is similar to that without
the thermal effect. However, the horizontal displacement amplification coefficient is smaller with
the thermal effect. In the case of the vertical displacement amplification coefficient, both the
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peak angle and the magnitude of the amplification coefficient are lower when thermal effects
are considered. Furthermore, as depicted in Fig. 2, when taking thermal effects into account,
both surface displacement amplification coefficients increase first and then decrease with a rise
in the incidence angle. The horizontal and vertical displacement amplification coefficients reach
the peak at the incidence angle ϕ = 40◦ and ϕ = 15◦, respectively. As the thermal conductivity
increases, the surface displacement amplification coefficients undergo tiny changes. Thus, it is
clear that the influence of considering thermal effects on the surface displacement amplification
coefficient should not be disregarded.

5.2. Effect of thermal expansion coefficient at different incidence angles

To examine the influence of variations in thermal expansion coefficients on amplification co-
efficients of surface displacement, the other parameters are kept constant. Figure 3 displays the
curves of the latter as a function of the incidence angle for varying levels of thermal expansion
coefficients. Firstly, observing Fig. 3 that regardless of the value of the thermal expansion coeffi-
cient, when the P -wave is incident horizontally from the bedrock layer, the surface horizontal and
vertical displacement amplification coefficients will be 0. The reason is that since the incident
P -wave propagates in the horizontal direction, the transmission and reflection in single-phase
medium II will disappear. That is, the free surface will not produce displacement. In addition,
as the incident angle increases, the surface displacement amplification coefficients increase and
then decrease, reaching the peak at the incident ϕ = 40◦ and ϕ = 15◦, respectively. Secondly,
it can be found from Fig. 3 that with an increase in the thermal expansion coefficient, both
the surface horizontal and vertical displacement amplification coefficient gradually decrease. As
the incidence angle shifts, the impact of thermal expansion coefficients on the amplification
coefficient of surface displacement becomes notably significant and thus cannot be dismissed.

Fig. 3. Variation curve of the surface displacement amplification coefficient with the incident angle
under different thermal expansion coefficient

5.3. Effect of medium temperature at different incidence angles

To investigate the impact of changing medium temperature on the displacement amplification
coefficient of the ground surface, the other parameters are kept constant. Figure 4 illustrates
how the amplification coefficient of ground surface displacement varies with the incidence angle
for varying medium temperature levels. Firstly, observing Fig. 4, no matter what value the
medium temperature takes with a change of the incident angle, the trend of the horizontal and
vertical displacement amplification coefficient is the same. That is to say, with an increase in the
incident angle, the displacement amplification of both factors increase first and then decrease,
reaching the peak at the incident angle ϕ = 40◦ and ϕ = 15◦,respectively. Furthermore, it
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is evident from Fig. 4 that the horizontal and vertical displacement amplification coefficient
gradually decrease with a rise in medium temperature. It is apparent that changes in medium
temperature significantly affect the ground displacement amplification coefficient as the incidence
angle varies, and thus cannot be disregarded.

Fig. 4. Curves of the surface displacement amplification coefficient with the incident angle at different
medium temperatures

5.4. Effect of the phase lag of the heat flux at different incidence angles

Compared the porous medium theory under isothermal conditions with thermoelastic theory,
the T -wave will be generated. The phase lag of the heat flux plays a vital role in determining
the fluctuation Eq. (2.1)2 of the T -wave, and subsequently, affects its velocity. To investigate the
influence of changes in the phase lag of the heat flux on the surface displacement amplification
coefficient, the other parameters remain constant. Figure 5 displays the curves of the latter as a
function of the incident angle for varying levels of the phase lag of the heat flux. Firstly, observing

Fig. 5. The variation curve of the surface displacement amplification coefficient with the incidence angle
under different phase lag of the heat flux

Fig. 5, both surface displacement amplification coefficients increase first and then decrease with a
rise in the incidence angle and reach the peak at ϕ = 40◦ and ϕ = 15◦, respectively. Furthermore,
it is evident from Fig. 5 that the horizontal and vertical displacement amplification coefficients
just change slightly with an increase in the phase lag of the heat flux. According to the literature
(Liu et al., 2021), the change of the phase lag of the heat flux only affects the wave velocity of
the T -wave but has little effect on the P -, S-wave. The velocity of the T -wave are several orders
of magnitude lower than that of the P -, S-wave, so the horizontal and vertical displacement
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amplification coefficients only change slightly with a rise in the phase lag of the heat flux, which
also proves the correctness of the results in this paper. Observing Fig. 5, it becomes apparent that
changes in the phase lag of the heat flux have a negligible impact on the surface displacement
amplification factors as the incident angle is varied.

5.5. Effect of incident frequency at different incidence angles

To analyze the impact of altering the incident frequency on the amplification coefficient of
surface displacement, the other parameters are constant. Figure 6 displays the relationship curves
between the surface displacement amplification coefficient and incident angle as the frequency ω
increases from 5Hz to 15Hz, 30Hz, and finally 50Hz. Upon initial observation of Fig. 6, it
is apparent that both surface displacement amplification coefficients increase first and then
decrease with a rise in the incidence angle. The horizontal and vertical displacement amplification
coefficients reach the peak at the incidence angle ϕ = 40◦ and ϕ = 15◦, respectively. Furthermore,
it can be observed from Fig. 6 that both the horizontal and vertical displacement amplification
coefficients increase with a rise in the incident frequency, and the magnitude of the increase
in displacement amplitude increases continuously. It can be seen that the effect of considering
the change of incident frequency on the surface displacement amplification coefficient is not
negligible.

Fig. 6. The variation curve of the surface displacement amplification coefficient with the incidence angle
under different incident frequencies

6. Conclusion

Based on the wave propagation theory in single-phase thermoelastic media, this paper studies
seismic ground motion of the free field on an elastic foundation under a plane P -wave incidence.
The influence of thermal physical parameters such as medium temperature on the seismic ground
motion of the site is analyzed. The results indicate that:

• Significant differences are evident between the surface displacement amplification coeffi-
cients obtained under two theoretical models – one considering thermal effects and the
other neglecting them.
• The surface displacement amplification coefficients decrease as the thermal expansion co-
efficient and medium temperature increase when the plane P -wave is incident upon the
elastic foundation free-field under the thermal effects. The phase lag of the heat flux has
a negligible impact on the surface displacement amplification coefficient.
• With a rise in the incident frequency, the surface displacement amplification coefficients
gradually increase, and the amplitude of the increase becomes larger and larger.
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Appendix A

f11 = [−(λe + 2µen21rp1)k21rp1 − 3KebβeT δeTP1] exp(ik1rp1n1rp1H)
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g2 = 2µelip1nip1k2ip1 exp(−ikip1nip1H) g3 = kip1nip1 exp(−ikip1nip1H)
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There is limited research available on the effect of asymmetric structure on the performance
of the prosthesis. In this paper, 12 sets of prosthetic feet with asymmetric structures were
developed using a planar polar coordinate system. The effect of asymmetry on the prosthesis
performance was investigated. The prosthetic feet with asymmetric structures were modeled
in a gradient manner within a polar coordinate system. A finite element (FE) model of
the prosthetic walking process was formulated, and dynamic simulations were conducted
to simulate the loading of the prosthesis during the support phase. Evaluation indices such
as energy characteristics, contact pressure and roll-over shape were selected to investigate
the effects of the asymmetric structure. The results indicate that θ1 and θ3 asymmetry
significantly affects strain energy density. Moreover, incorporating heel asymmetry proves
to be more advantageous in reducing contact pressure of the prosthesis during the middle
stance moment. The optimal parameters for asymmetric prostheses are determined based
on these findings.

Keywords: biometric prosthetic foot, carbon fiber epoxy composites, roll-over shape, energy
store and return character

1. Introduction

Proper amputee prosthetic component selection is critical in the improvement of the amputee
care (Fridman et al., 2003). Asymmetrically shaped prostheses were designed to improve pa-
tients’ rehabilitation and quality of life. Preliminary studies were conducted on an asymmetri-
cally shaped keel (Allard et al., 1995) in the prosthetic foot design, and the results indicated
that the asymmetrically shaped keel was more active in storing energy and improving amputee
gait (Handzic, 2014) compared with a completely symmetrical one. However, the effect of asym-
metric design of the prosthetic foot on user gait performance is unclear. There are three main
types of methods for studying prostheses: theoretical calculations, testing of mechanical prop-
erties of prostheses and amputation gait analysis. The theoretical analysis method is primarily
employed to calculate the angular stiffness of the forefoot and hindfoot (Adamczyk and Kuo,
2013). Calculated was mechanical efficiency during gait in adults with transtibial amputation
(Prince et al., 1998), and determined energy stored, dissipated and recovered in different ankle-
-foot prostheses (Prince et al., 1994). Additionally, models of rigid segments of the prosthetic
foot were developed (Fey et al., 2013), and FE models provided to anticipate mechanical reac-
tions to forces, moments and displacements (Tryggvason et al., 2020). Furthermore, the finite
element approach was used for dynamic simulation of prosthetic walking (Jang et al., 2001).
Mechanical tests provide a valuable means to examine prosthetics, including forefoot and

hindfoot stiffness, prosthetic energy storage characteristics and dynamic walking characteristics.
For instance, Adamczyk et al., (2013) used the linear compression method to measure angular



688 M. Jiang, J. Zhang

stiffness, whereas Adamczyk et al. (2017) adjusted stiffness of the forefoot and hindfoot compo-
nents. They subsequently computed energy return of the prosthesis and assessed sensitivity of
these variables to changes in component stiffness. Fey et al. (2011) conducted a comprehensive
biomechanical investigation to evaluate the influence of foot stiffness on the prosthetic energy
storage, energy return and mechanical efficiency during amputee walking. They incorporated
forward dynamics models of amputee walking to further explore the impact of altered prosthetic
foot stiffness on muscle and foot functions.
Gait analysis is used to study various parameters of amputee walking such as energy expen-

diture, gait asymmetry and prosthetic deformation. Gait characteristics under various types of
walking conditions such as horizontal ground, ramps, self-selected and varying travel speeds are
studied for their effects on gait, and dynamic joint stiffness is analyzed (Ármannsdóttir et al.,
2021). Among them, several specific gait moments such as heel strike, middle stand and toe-off
are focused in (Adamczyk et al., 2017). In previous studies, stiffness, energy, gait parameters
and roll-over shape were the most commonly used prosthetic performance indicators (De Asha
et al., 2013; Adamczyk et al., 2013; Hansen et al., 2004a,n; Hansen and Childress, 2005).
The primary objective of this study is to examine the effect of asymmetric structure on

the performance of prostheses. Addressing the limitations of prior research, this paper adopts
a polar coordinate system to describe the location and degree of asymmetry of prostheses,
thus filling the gap in quantitative investigations of structural asymmetry. The asymmetric foot
model was established based on a commercially available carbon fiber ESAR foot (Össur Vari-
-flex R○). Gait characteristics during the support phase of transtibial amputees were explored
using a dynamic walking model. The asymmetric design of the prosthetic foot was investigated.
Notably, this research presents an innovative application of contact pressure as an index for
studying the effects of prosthetic asymmetry. The prosthetic model was derived from the Flex-
-Foot R○ Variflex R○ architecture and was studied both analytically and quantitatively using curved
elements analysis as well as the Castigliano theorem (Hansen et al., 2000).

2. Materials and methods

2.1. FE model

The transtibial prosthesis design model is based on the Össur Vari-flex R○ architecture (long
l = 241.523mm, category 5). The prosthesis is made up of two carbon fiber (CF) composite
leaf springs: one for the keel and one for the heel (see Fig. 1a). Both the keel and heel were
made of laminates with the stack sequence [±45/0n]s as shown in Fig. 1b, with 45◦ cross-ply
layers on top and bottom, n is the 0◦ fiber layer number which is determined according to the
prostheses thickness H, s indicates symmetrical plied layers. The value of n can be obtained
from the following equation

H = h(2 + n)2 (2.1)

where h is the thickness of the fiber layer.
The carbon blades are represented as flexible surface bodies. Each layer of the blades has its

layer thickness, material characteristics, and fiber angle in the FE model. The model is created
using ABAQUS.
In this work, a high strength carbon/epoxy prepreg (T300) was used. Its material properties

are E11 = 132GPa, E22 = E33 = 10.3GPa, G12 = 6.5GPa, G13 = 6.5GPa, G23 = 3.91GPa,
ν12 = 0.25, ν13 = 0.25, ν23 = 0.38 and ρ = 1570 kg/m3.
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Fig. 1. (a) FE model of the prosthetic foot and (b) CF composite layer

2.2. Asymmetric prosthetic foot model

A planar polar coordinate system was established by taking the horizontal top view section
of the prosthetic foot device. As shown in Fig. 2, l is length and w is width of the prosthesis.
‘Toe’ shows the toe direction, and ‘Heel’ is the position of the heel. Taking the geometric center
of the insole as the origin of the polar coordinate system, denoted by O, ρ and θ are used to
describe any point within the polar coordinates. Creating an asymmetric fillet at the left front
position shown in Fig. 2, the radius of the fillet is denoted by r. The polar coordinates of this
position are: ρ =

√
l2 + w2/2 = tan−1 w/l, see Fig. 2.

Fig. 2. Coordinate system of the asymmetric model

Fillets of different radii were created at each of the four corners of the prosthesis to create
asymmetric models. The variables ρ, θ and r were used to describe the location and size of the
asymmetric fillet (see Table 1). A total of twelve asymmetric prosthesis models were created.

Table 1. Asymmetric model fillet locations

ρ [mm] θ [rad] R1 [mm] R2 [mm] R3 [mm]

ρ =
√
l2 + w2/2 θ1 = tan−1w/l 0 30 50

ρ =
√
l2 + w2/2 θ2 = (π/2) + tan−1w/l 0 20 30

ρ =
√
l2 + w2/2 θ3 = π + tan−1w/l 0 20 30

ρ =
√
l2 + w2/2 θ4 = (3π/2) + tan−1 w/l 0 30 50

θ1 and θ4 are located at the front end of the keel placed on the inner and outer sides of
the prosthetic foot, respectively. θ2 and θ3 are located at the back end of the keel, inside and
outside.

2.3. Roll-over simulation

The prosthetic foot, loading frame and rotating platform are created for dynamic walking
simulation according to ISO/TS 16955 (2016). The simulation shows results for a full roll-over
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task of the prosthetic foot. One simulation cycle consists of the dynamic walking stance phase of
a single gait step. The loading frame and the rotating platform were constructed as rigid bodies.
A rigid beam is used to connect the fixed ankle of the foot to the loading frame, and rough
contact without sliding is defined between the prosthetic foot and the surface of the rotating
platform. The assembly model is shown in Fig. 3c. Transient structural analysis is carried out for
the FE model of the foot. Figure 3a shows the simulation load-time curve according to ISO/TS
16955 (2016). The total time is a stance phase (0.6 s) of a standard gait cycle (1 s), and this
load represents the ground reaction force of the stance phase of the amputation gait. Figure 3b
shows the angle-time curve according to ISO/TS 16955 (2016). The loading frame is applied to
simulate the amputee walking with a prosthesis in the right-side limb. The movement freedom
of the top point A of the loading frame is equal to zero in the transverse plane, and the load
Fig. 3a is applied to the top point of the loading frame, as shown in Fig. 3c. The rotating
platform is assembled at a distance of 700mm from the top point of the loading frame. The
rotating platform is used to simulate the ground, where the platform rotates around point B. In
the ISO standard, the ankle joint angle during walking is converted into ground rotation. During
the support phase, the foot moves downward while the platform rotates, and it is pushed by
point A. The ankle joint angle of the support phase is achieved by rotating the platform around
point B. This can be seen in Fig. 3c, where the ankle angle is translated into rotation of the
rotating platform around point B, and the load (Fig. 3b) is applied to the outside point B of the
rotating platform to drive the rotation of the rotating platform to simulate the support phase
in the amputation gait.
Taking three typical moments at t1 = 10ms t2 = 300ms and t3 = 600ms as ‘heel-strike’,

‘middle-stance’ and ‘toe-off’ positions of the prosthesis, the loading frame and the tilted rotating
platform as well as the corresponding stress and deformations of the prosthesis are shown in
Figs. 3d, 3e, 3f.

Fig. 3. Simulation process and the boundary condition diagram: (a) vertical force on the ball joint
according to ISO/TS 16955, (b) rotation of tilt-table, as functions of the stance phase time,

(c) boundary condition of full model transient simulation of ISO 16955 test procedure for a 600ms loop,
(d) showing stress at early heel-strike, at 10ms, (e) mid-stance, at 300ms, (f) toe-off at 600ms
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Twelve asymmetric prosthetic foot models were established according to the parameters ρ,
θ and r in Table 1. The stance phase dynamic walking simulation was carried out for all the
prosthetic foot models.
The strain energy, strain energy density, contact pressure and roll-over shape were extracted

from the roll-over simulation, and used to discuss the gait characteristics of the asymmetric
prosthetic foot structure.

2.4. Validation of simulation models

The simulation model was validated using the roll-over shape test data of the same series
of different types of the prosthetic foot. The roll-over shape is expressed by the simulated CoP,
the CoP is extracted from the foot and rotating contact points during the support phase roll-
-over simulation. No coordinate transformation is required because the simulation is set up with
ground platform rotation and the relative position of the simulated leg is fixed. The comparison
between the test data and the simulation data is shown in Fig. 4. The x-direction is the length
direction of the prosthesis, and Y indicates the compression displacement of the foot-ground
contact point on the lower surface of the prosthesis at each instant of the support phase.

Fig. 4. Comparison of FE roll-over shape of the symmetrical-keel prosthetic foot and the test roll-over
shape of the Össur Flexwalk prosthetic foot

As shown in the figure, the roll-over shape of the Flexwalk foot (Hansen et al., 2000) is
similar to the roll-over shape of the symmetric prosthetic foot simulation model, which proves
that the simulation results are reliable.

3. Results and discussion

3.1. Strain energy density

The strain energy in the model is mainly stored in the heel part from the heel-strike to
mid-stance period, and the keel part plays the main role in energy storage from the mid-stance
to toe-off period. The following figure shows the heel strain energy density distribution at the
heel-strike moment and the keel strain energy density cloud map at the toe-off moment. The
strain energy density distribution for each asymmetric shape of the prosthesis are shown in
Fig. 5, with the radius of the fillet in the first column, the polar angle in the first and fifth row
to classify the asymmetric prosthesis model.
At the heel-strike moment, the strain energy is distributed in the middle and rear of the

heel. The larger the asymmetric fillet, the larger the strain energy density distribution area is.
The keel component of the prosthetic foot is the main deformation component at the toe-

-off moment, and the strain energy is mainly distributed in the forefoot and midfoot. Forefoot
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Fig. 5. Strain energy density distribution in the prosthetic foot model

asymmetry decreases the peak strain energy density, and forefoot asymmetry almost does not
change the midfoot strain energy density distribution.

Figure 6 shows a comparison of the peak strain energy density for each prosthetic foot model.
As shown in the figure, compared with the shape-symmetric prosthesis model, the peak strain
energy density of the shape-asymmetric prosthesis model shows that the forefoot asymmetry
slightly reduces the peak strain energy density. Compared with the heel symmetric prosthesis
model, the heel asymmetry show an increase in the peak strain energy density, increase of θ3
is significant, and the strain energy density of the r20 fillet shape asymmetric prosthetic model
increases even more significantly.

As shown in Fig. 6, the strain energy density fluctuates considerably in magnitude due to
the change of the asymmetry fillet radius. The θ1 and θ3 of the asymmetry shape prosthetic foot
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Fig. 6. Peak strain energy density of prosthetic foot models

have a relatively large effect on the strain energy density. The θ2 and θ4 of the asymmetry shape
prosthetic foot have the least effect on the strain energy density.

3.2. Contact pressure

A comparison of the contact pressure between the symmetric and asymmetric shape pros-
thetic foot at the three characteristic moments of the support phase is shown in Fig. 7.
Comparing the contact pressure of the four groups of prosthetic foots, one can observe that

the contact pressure of the θ3 asymmetric prosthesis at the heel-strike is significantly higher
than that of the symmetric prosthesis (Fig. 7 θ3), and the contact pressure of the θ1 and θ4
asymmetric prosthesis at the toe-off is higher than that of the symmetric prosthesis (Fig. 7 θ1,
Fig. 7 θ4). The θ1 and θ4 group of the prosthetic foot have an asymmetric shape in the keel
front, i.e. toe shape asymmetric model, and the contact pressure of the asymmetric prosthetic
at the toe-off for both θ1 and θ4 groups is higher than that of the symmetric model at the
toe-off moment. At the two aforementioned contact transients, the contact area is inversely
proportional to the material elastic modulus, inversely proportional to the prosthesis thickness,
and proportionate to the prosthesis horizontal projected area (Fig. 2). Due to the fact that we
used the same elastic materials and the thickness in the simulation and that only the horizontal
projection area of the prosthesis differed between the symmetric and asymmetric models, the
horizontal projection area (asymmetric parameters) of the prosthesis is regarded as the primary
factor influencing the contact area. According to the correspondence between the pressure and
contact area, the magnitude of pressure p is inversely proportional to the contact area s for the
same load f

p =
f

s
(3.1)
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Fig. 7. Contact press at the heel-strike, mid-stance and toe-off moments

This phenomenon is because the force area of the asymmetric model is smaller than that of the
symmetric model, which again proves the reliability of the analytical results.

Specifically analyzing the contact pressure at each moment, an interesting phenomenon is
worth noting. At the moment of heel-strike, with the same heel asymmetry, the contact pressures
of the θ2 asymmetric model are lower than those of the 0-fillet symmetric model, in contrast to the
phenomenon that the contact pressure of the asymmetric model of the θ3 group is significantly
higher than that of the 0-fillet symmetric model. The reason for this phenomenon may be that the
inner asymmetric shape prosthetic model has a smaller contact area and lower model stiffness,
but the impact reaction force is applied for a longer term than that of the symmetric model.
The results indicate that the θ2 asymmetry is beneficial to reduction of the heel-strike contact
pressure. The asymmetry increases, and the contact pressure decreases subsequently. The θ3
asymmetry has a negative effect on the contact pressure, the larger the asymmetry, the greater
the contact pressure.

The contact pressure of θ1, θ2, θ3 and θ4 groups of asymmetric prosthesis models at the
middle stance moment is smaller than that of the symmetric prosthesis models at that moment,
which may be related to the decreased mass of the asymmetric prosthesis models compared with
the symmetric prosthetic foot models. It indicates that the shape asymmetry can reduce the
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contact pressure at the middle stance moment of the prosthesis; however, the contact pressure
of the θ2 and θ3 asymmetric models is smaller than that of θ1 and θ4 asymmetric models, which
indicates that the contact pressure at the middle stance moment is more influenced by the heel
leaf, and this phenomenon is related to the location characteristics of the heel component of the
prosthesis. The above results indicate that heel asymmetry is more beneficial to reduction of the
contact pressure of the prosthesis at the middle stance moment compared to keel asymmetry.

3.3. Strain energy

Fig. 8. The strain energy of each prosthetic foot

The strain energy of each prosthesis model at the three typical moments is shown in Fig. 8.
The models are divided into θ1, θ2, θ3 and θ4 four categories according to the location of the shape
asymmetry, and each of the three lines in each subgraph represents the size of an asymmetric
fillet. The typical moments are heel-strike, middle stance and toe-off gait events.
The strain energy of the asymmetric prosthesis model at position θ1 and θ4 is smaller than

that of the symmetric prosthesis model at the moment of toe-off. θ1 is smaller, which indicates
that the shape asymmetry at position θ1 has the greatest negative impact on the strain energy,
and the shape asymmetry at position θ4 has a relatively small negative impact it. The strain
energy of the prosthesis decreases as the asymmetry increases, but the correlation is not sensitive.
The θ2 and θ3 asymmetries at positions θ2 and θ3 increase the strain energy, asymmetry at
position θ2 is more favorable to the strain energy, and the most favorable results are obtained
when the radius of the fillet of the shape asymmetry at position θ2 is 20mm. The strain energy of
the asymmetric fillet at 30mm is similar to that of the symmetric prosthesis model. Asymmetry
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at position θ3 is partially favorable, but the results are uncertain and further studies should be
conducted.

3.4. Strain energy calculations

It is necessary to analyze the energy generated in the foot module in order to determine
the energy to be taken into the articulated area. This is achieved through the analysis of strain
energy from the Castigliano theorem and the free body diagram of the foot module.
By employing the homogenization procedure, the keel structure is simplified into a cantilever

model and a straightforward curved beam model (Fig. 9). The letters c and s stand for curved
and straight (cantilever) beams. Axial, shear forces and bending moments combine to produce
vertical deflection at the foot point of contact with the ground. When the radius-to-thickness
ratio (r = h) is more than 10, the effects of the axial stress and shear are minimal (Boresi et al.,
1993).

Fig. 9. Diagram of the toe-off working condition force

To determine beam deflection in this investigation, the strain energy that is exclusively
attributable to bending is employed

∆ =
∂U

∂F
(3.2)

where F is the ground reaction force of the composite foot. The total strain energy U of the
bionic prosthetic foot is expressed as follows

U = US + UC (3.3)

where the strain energy of the straight part US is expressed as follows

US =
∫

F 2N
2EA

dl +
∫

M2s
2EI

dl (3.4)

and the strain energy of the curved beam part is

UC =
∫

F 2Sγ

2AG
dϕ+

∫
F 2Nγ

2EA
dϕ+

∫
AmM

2
c

2EA(γAm −A)
dϕ (3.5)

where E is longitudinal Young’s modulus of the composite foot, A is the cross-sectional area,
I is the moment of inertia, and dl is differential of the straight part length l0, γ is the curvature
radius of curved parts c0, Am is the distance from the center of the circumference of the curved
beams, FN is the axial stress, FS is the shear stress,MS andMC represent the bending moments,
and G is the shear modulus.
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3.5. Roll-over shape

The roll-over shape of all prosthetic models is extracted as shown in Fig. 10, where the curve
from the toe endpoint to X = −75 is defined as the toe region. X = −75 to X = 0 is defined as
the forefoot region, and X > 0 is defined as the heel region according to the bionic structure.
The X-axis direction is the length direction of the prosthesis, the heel is in the positive direction

Fig. 10. The roll-over shape of the asymmetric prosthetic foot model compared with the roll-over shape
of the symmetric prosthetic foot model. The upper subfigure shows the roll-over shape of the forefoot
asymmetric prosthetic foot model compared with the symmetric model; the lower subfigure shows the
roll-over shape of the heel asymmetric prosthetic foot model compared with the symmetric model

of the X-axis, the heel-strike corresponds to the right endpoint and is the starting point of
the roll-over shape, the toe-off corresponds to the negative direction of the X-axis. The toe-off
corresponds to the left endpoint of the curve and is defined as the endpoint of the roll-over
shape.
The roll-over shape radius at the toe of the forefoot of the asymmetric prosthesis is reduced

compared to that of the symmetric prosthesis, with the smallest roll-over shape radius at the
toe of the 50mm fillet prosthesis on the left side of the forefoot.
The radius of the roll-over shape at the toe of the forefoot of the asymmetric prosthesis is

the smallest, and the radius of the roll-over shape is similar and slightly larger than that of the
symmetric prosthesis.
The toe-off points of the four θ1 , θ2 , θ3 and θ4 asymmetric prosthetic feet models are

compared with the toe-off points of the symmetric model prosthetic feet. Only the toe-off point
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of the right heel 20mm fillet asymmetric model is much higher than the toe-off point of the
symmetric model of the prosthetic foot, and the toe-off points of the rest of the heel of the
asymmetric model almost overlapped with those of the symmetric model.
The asymmetry of the heel results in a reduced roll-over shape radius of the toe compared to

the symmetric prosthetic foot. Specifically, the roll-over shape radius of the toe exhibits a 20mm
fillet on the left side of the heel and a 30mm fillet on the right side of the heel, overlapping with
the roll-over shape of the symmetric model.
Furthermore, the roll-over shape radius at the forefoot of the heel of the asymmetric pros-

thetic foot is similar to, and slightly larger than, the roll-over shape radius at the forefoot of the
symmetric prosthetic foot. The shape asymmetry reduces the stiffness of the prosthesis relative
to that of the fully symmetric model, making the roll-over deformation of the asymmetric pros-
thetic foot model larger than that of the symmetric prosthetic foot model. Among them, the
roll-over shapes of the asymmetric fillets at positions θ1 and θ3 are of interest. The results in
Fig. 10 show that the asymmetry at positions θ1 and θ3 has a greater effect on the roll-over shape
of the prosthesis, and the asymmetry at positions θ2 and θ4 has a less effect on the roll-over
shape of the prosthesis.

4. Conclusions

The effect of asymmetric shape on prosthetic performance has been innovatively studied, and
the polar coordinate method has been innovatively used to describe the asymmetric position and
degree of asymmetry. The amputee gait process of the support phase of the prosthetic foot was
studied using the Össur prosthetic foot as the base model, and the gait behavior of the prosthetic
foot in the support phase was investigated using dynamic walking numerical analysis. The design
parameters of the asymmetric prosthetic foot were investigated using energy characteristics,
contact pressure and roll-over shape of the support phase as performance indexes.
The θ1 and θ3 asymmetry shape prosthetic foot has a relatively large effect on the strain

energy density. The θ2 and θ4 asymmetry shape prosthetic foot has the least effect on the strain
energy density.
The heel asymmetry is more beneficial to reduction of the contact pressure of the prosthesis

at the middle stance moment compared to the keel asymmetry.
The shape asymmetry at position θ1 has a negative impact on the strain energy of the

prosthesis, and the shape asymmetry at position θ4 has a relatively small negative impact on
the strain energy of the prosthesis. The most favorable results were obtained for the radius of the
fillet of the shape asymmetry at position θ2 was 20mm. Asymmetry at position θ3 was partially
favorable.
The asymmetry at position θ1 and θ3 has a greater effect on the roll-over shape of the

prosthesis, and the asymmetry at position θ2 and θ4 has a less effect on the roll-over shape of
the prosthesis.
In summary, the optimal asymmetric prosthesis parameters are derived in this paper as

shown in Table 2.

Table 2. Asymmetric prosthetic model

ρ [mm] θ [rad] R1 [mm]

ρ =
√
l2 + w2/2 θ1 = tan−1w/l 0

ρ =
√
l2 + w2/2 θ2 = (π/2)/2 + tan−1 w/l 20

ρ =
√
l2 + w2/2 θ3 = π + tan−1 w/l 30

ρ =
√
l2 + w2/2 θ4 = (3π/2) + tan−1w/l 50
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A uni-direction (UD) laminate and three-dimensional (3D) orthogonal woven fabric made
of ultra high molecular weight polyethylene (UHMWPE) are used as main reinforced units
combined with aluminum alloy plates to form a reinforced sandwich structure. Penetration
tests are carried out on four composite reinforced structures with different structure forms by
a 7.62mm steel core projectile. The target plate size is 150mm×150mm. Besides, Ansys/LS-
-Dyna software is applied to simulate the penetration process, and the simulation results are
in good agreement with the test results. All the results demonstrate that with the same total
thickness of UD laminates, 20mm UD laminates have better penetration resistance than
four 5mm UD laminates. The less the number of UD laminates, the better anti-penetration
performance of the overall structure. The 3D orthogonal woven fabric has the advantage of
spatial integrity, which can effectively restrain deformation of laminates and absorb energy
behind UD laminates, so as to obtain better anti-penetration performance. In the core
structure with a total thickness of 28mm, when the thickness ratio of 3D orthogonal woven
fabric is between 30% and 35%, the protection ability and lightweight requirements of the
sandwich structure can be better considered.

Keywords: three-dimensional orthogonal woven fabric, anti-penetration performance, ultra
high molecular weight polyethylene, thickness ratio

1. Introduction

The UD laminate made of UHMWPE fiber, which has characteristics of high specific strength,
high specific modulus, excellent impact resistance and so on, is one of the most widely used
bulletproof materials in the world. Since the material can transmit stress wave and dissipate
impact kinetic energy faster, it has excellent anti-penetration performance. However, the damage
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area is large and the interlayer is easily stratified if the UD laminate is impacted, which is not
conducive to the resistance of the second impact.
Compared with the fiber laminate used for a spatial integral weaving material, the 3D fabric

composite material has greater interlaminar strength and ability to resist lamination damage
(Xiong et al., 2018). It is an effective way to improve the anti-penetration performance of the
protective structure to compose the 3D fabric composite plate by filling the internal pores with
the energy absorbing material. Presently, different 3D fabrics have been researched and applied
in aerospace and other protective engineering fields (Liang and Fang, 2014). 3D woven fabric
structures are shown in Fig. 1.

Fig. 1. Structure of the 3D woven fabric: (a) 3D model, (b) physical photo

Penetration tests and numerical simulations are the main methods to study the impact
resistance and failure mechanism of 3D fabric composites. Hu et al. (2021), Song et al. (2020)
and Wu et al. (2019) analyzed failure modes of several 3D fabrics under the high-speed or low-
-speed impact, and explored their failure mechanism and energy absorption characteristics. Deng
et al. (2018) studied penetration resistance characteristics of rigid ogival-nosed projectiles on
braided composite laminated plates, and studied the influence law of the impact angle of the
projectile body on its ballistic limit. They found that when the impact angle of the projectile
body is 45◦, the ballistic limit of the target plate was the highest, followed by 0◦, and the ballistic
limit was the lowest when the impact angle was 30◦. Walter et al. (2009) explored failure forms of
3D braided fiberglass reinforced composite plates under small caliber projectiles, and found that
the main failure mode was laminar failure of the braided surface. By adding yarn in the Z-axis
direction of the fiber cloth, laminar failure of fiberglass reinforced composite plates could be
limited and the anti-penetration performance could be improved. Tan et al. (2018) established a
macro-continuum damage finite element model for 3D four-direction braid composites, and found
that the calculated residual velocity and experimental error of the model were within 5%, thus
verifying the effectiveness of the macro-finite element model. Sun et al. (2009) analyzed ballistic
impact results of 3D orthogonal woven composites by using a macroscopic finite element model,
and found that the results were basically consistent with the experimental results.
In this paper, the UHMWPE 3D orthogonal woven fabric composite plate is added to the

aluminum alloy – the UD laminate sandwich structure. Penetration tests and numerical simula-
tions on fabric reinforced composite structures with different structure forms are carried out to
explore the anti-penetration performance of the fiber composite structure with the UHMWPE
3D orthogonal woven fabric.

2. Design of penetration test scheme

2.1. Design and preparation of composite reinforced structure target plates

Due to weak anti-ultraviolet aging ability of polymer materials, which is not conducive to
connection with existing fabrics, the use of aluminum panels and backplanes can effectively solve
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these problems. 7075-T6 aluminum alloy is a cold-treated forged alloy with high strength and
provides the highest ballistic resistance, so the front and rear panels of the composite target
plates are made of 7075 light and high strength aluminum alloy plates with thickness of 1mm,
3mm and 5mm, respectively. The dimensions are 150mm×150mm. The UD laminates are
made of the UHMWPE fiber which is tiled and hot-pressed in the manner of 0◦-90◦. The yarn
size is 400D and material density is 0.98 g/cm3. The thicknesses of UD laminates are 5mm
and 20mm. The dimensions are 150mm×150mm. The 3D fabric composite plate is molded
by filling the resin matrix of bisphenol A into the 3D orthogonal woven fabric preform. Since
the injected bisphenol resin has good fluidity and can freely penetrate into the fiber, all target
plates are pressed and solidified by heavy objects to ensure stable solidification of the interface
between the materials. After forming, a magnifying glass is used to observe defects at the joint
to avoid the influence of quality defects on the experimental results. The areal density of the
processed 3D fabric composite plate is 0.94 g/cm2 and the thickness is 8mm. The dimensions
are 150mm×150mm. The plane dimensions of composite target plates are 150mm×150mm,
and the total areal density is about 44 kg/m2.
In the case of the same total surface density, using the same basic material, through different

arrangements to find the optimal structure, we design four different structural forms as shown
in Fig. 2. In the figure, V0 is the initial impact velocity. The thicknesses of the front and rear
panels of structure I and II are 1mm and 5mm. The thicknesses of the front and rear panels of
structure III and IV are 3mm. The plates are bonded after mixing with the epoxy AB adhesive
resin.

Fig. 2. Schematic of composite target plates

2.2. Test device

The test projectile body is a 7.62mm steel core projectile. The actual diameter of the warhead
is 7.92mm and the mass is about 8.4 g. The size and shape of the projectile body are shown in
Fig. 3.
The main equipment of the penetration test includes a ballistic gun, gun holding device,

high-speed image recording system, calibrated plate, target plate clamping device and projectile
recovery device. The high-speed camera is placed on the side of the clamping device of the
target plate and facing the calibrated plate. The velocity of the projectile is calculated mainly
by processing the image of the high-speed camera. The layout of the penetration device and the
test site are shown in Fig. 4.
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Fig. 3. Size and shape of the projectile (unit: mm)

Fig. 4. Layout of the penetration device and test site

3. Test results

The ballistic test results are listed in Table 1, and the valid data are obtained from each of
the four tests. The range of projectile incident velocity is 855.48m/s to 861.71m/s, STDEV is
2.79, so it can be considered that the incidence velocity is basically the same, where the residual
velocity is 0, indicating that the projectile does not penetrate the composite target plate.

Table 1. Ballistic test results

Structure Incident Residual
of target velocity velocity Degree of breakage of backplane
plates [m/s] [m/s]

I 861.71 0 not penetrated, cracked, slightly uplifted
II 859.63 286.14 penetrated, large area of cataclastic damage
III 855.48 0 not penetrated, cracked, uplift about 32mm
IV 856.81 412.91 penetrated, cataclastic damage, uplift about 25mm

3.1. Failure patterns of the panel

The failure patterns of the front panel after being penetrated by the projectile are shown
in Fig. 5. The front panel can be observed with obvious shear and chisel marks, which makes
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two failure patterns generate: I and II are circular holes which are directly penetrated and
accompanied by cracks; III and IV are outward curled petal-like holes of aluminum alloy at the
edge of bullet holes. The reason for this phenomenon is that the 3mm aluminum alloy plate is
thick, so it has the ability to produce enough plastic deformation under the condition of the
impact of the projectile body. The diameters of all bullet holes did not differ much, being about
9mm.

Fig. 5. Failure patterns of the front panel of composite target plates

The failure patterns of the rear panel of the composite target plates are shown in Fig. 6. It can
be seen from the figure that the failure patterns of the rear panel are completely different. From
the perspective of penetrating and non-penetrating, the failure patterns can be roughly divided
into uplift and radial crack (I, III) and cataclastic failure (II, IV). Further speaking, although
structure III is not penetrated, the maximum amplitude of uplift is 32mm and accompanied by
multiple cracks; structure II is penetrated and the maximum breakage range is 45mm×53mm;
The breakage condition of structure IV is between the former two, the height of uplift is 25mm
and the diameter of the hole is about 11mm. Not only structure I is not penetrated, but also
the uplift amplitude is the lowest, and there is only one crack. Therefore, it can be considered
that the anti-penetration performance of structure I is better than in the other three structures.

Fig. 6. Failure patterns of the rear panel of composite target plates

3.2. Failure patterns of the core layer

In order to observe deformation and breakage of the 3D fabric composite plate and its effect
on the composite target plates, the cemented aluminum alloy plates are disassembled from the
core layer after the test. Figure 7 shows the failure morphology of the core layer facing the
surface, internal surface and back surface of each structure. Figure 8 shows the failure side view
of the core layer of each structure.
In Figs. 7a and 7b, when the projectile body impacts the polyethylene plate at high speed,

the target plate exhibits adiabatic shear failure. Local high temperature is generated in the shear
band, which leads to fiber fusing in the penetration zone, and the outer matrix is scorched and
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some black substances are produced. Structure I projectile body does not penetrate even the
laminated plates, and a small amount of deformation occurs in the 3D fabric plate. Structure II
is penetrated and a small number of fiber bundles are observed to be damaged and surround the
bullet holes in the 3D fabric plate. According to Figs. 7c and 7d, the high temperature generated
by the projectile body after penetrating the 3D fabric plate and impacting the laminates will
make the internal holes gradually become bigger, but the shape of the breach does not change
greatly.

Fig. 7. Failure morphology of the core layer of each structure: (a) structure I, (b) structure II,
(c) structure III, (d) structure IV

In Fig. 8, different degrees of delamination occur in each laminated plate, and the structure
with four laminated plates is more serious. The factor of whether structure I and II, III and
IV are penetrated is the number of laminated plates. Therefore, it can be considered that the
less the number of laminated plates with the same total thickness, the better anti-penetration
performance of the composite reinforced structure.

Fig. 8. Failure side view of each structure core layer
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Based on Figs. 6, 7 and 8, it is found that when the 3D fabric plate is placed in front of
the laminated plate, the projectile body quickly penetrates the 3D fabric plate and impacts the
rear laminated plates, resulting in a large deflection deformation of the laminated plates and
driving the back plate to the arch back. When the 3D fabric is placed behind the laminate and
the projectile body impacts the front laminate, the 3D fabric plate can resist the deformation of
the laminates to a large extent and absorb a large amount of energy due to the integrity of the
space. Therefore, it can be considered that the anti-penetration performance of the composite
reinforced structure is better when the 3D fabric plate is placed behind the laminated plates.

4. Numerical simulation of the penetration response of the target plate

4.1. Numerical simulation model

Since the UHMWPE fiberboard is made of hot pressing in the way of 0◦-90◦, and the thickness
of each layer is about 0.168mm, the modeling in accordance with this thickness will require
very high hardware conditions and cause unacceptable time cost. In order to give consideration
to calculation accuracy and efficiency, a macro equivalent modeling is adopted. The idea of
the macro equivalent modeling is to model the fiber and matrix as a whole. This paper uses
ANSYS/LS-DYNA software to carry out the macro modeling of composite target plates in the
test. In order to simulate the layered effect of laminates, it is assumed that 2mm in the thickness
direction is a more appropriate layer. Considering the symmetry between the projectile and the
target plate as well as reducing the amount of calculation, this paper establishes a 1/4 model
and sets symmetry constraints on the symmetry plane and fixed constraints around the target
plate.
The projectile model and the center area impacted of the target plate model are mesh-refined,

and the size length is 0.5mm. Face erosion contact is arranged between the projectile body and
the target plate, and face automatic contact with fixed connection is arranged between layers.
Taking structure I as an example, the projectile body and target plate after grid division are
shown in Fig. 9.

Fig. 9. Numerical simulation model of structure I: (a) projectile body, (b) target plate of structure I

4.2. Material model

4.2.1. Constitutive model of the projectile body and aluminum alloy

The model of the projectile body does not consider the copper coating on the actual projectile
surface, and its interior is high strength tool steel. The composite target panel is made of 7075



708 C. Shen et al.

aluminum alloy as described above. Johnson and Cook’s (1983) model is used for both metal
material models, and the equation is shown in Eq. (4.1). The corresponding Johnson-Cook
damage (You-Zhi et al., 2008) model is shown in Eq. (4.2). The material parameters of the
projectile body and aluminum alloy (Liu, 2020; Chen et al., 2019) are shown in Table 2

σy = (A+Bεn
′′

)(1 + C ln ε̇∗)
[
1−

( T − Tr
Tm − Tr

)m]
(4.1)

where σy is the equivalent stress, A, B, C, n and m are material constants, εp is effective
plastic strain, ε̇∗ = ε̇P /ε̇0 is dimensionless plastic strain rate, T is temperature, Tr is indoor
temperature, and Tm is the melting point of the material

εf = (D1 +D2 expD3σ∗)(1 +D4 ln ε∗)(1 +D5T ∗) (4.2)

where D1-D5 are fracture parameters of materials.

Table 2. Constitutive and damage parameters of the projectile and aluminum alloy

Material
Projectile

Aluminum Material
Projectile

Aluminum
parameters alloy parameters alloy

ρ [kg/m3] 7830 2700 m 1.61 1.015
G [GPa] 0.77 0.27 ε̇0 0.1 · 10−5 2.1 · 10−3
Tr [K] 293 293 D1 5.00 0.209
Tm [K] 1795 910 D2 0.00 2.426
A [ MPa] 792 547 D3 0.00 −7.989
B [MPa] 510 687 D4 0.00 0.036

n 0.26 0.740 D5 0.00 0.697
C 0.014 0.017

4.2.2. UHMWPE laminates and the 3D fabric constitutive model

This paper adopted MAT COMPOSITE DAMAGE (MAT 22) statement in LS-DAYNA for
UHMWPE fiberboard. Mat 022 model characterizes orthotropic composite materials with op-
tional brittle failure criteria following the failure model proposed by Qu et al. (2020), see Table 3
for related material parameters.

Table 3. Material parameters of UD laminates

ρ E1 E2 E3 ν12 ν13 ν23 G12 G13
[g/cm3] [GPa] [GPa] [GPa] [–] [–] [–] [GPa] [GPa]

0.98 30.7 30.7 1.97 0.008 0.044 0.044 0.73 0.67

G23 Hfail Sc Xt Yt Yc Sn Syz Sxz
[GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa] [GPa]

0.67 2.2 0.36 3.0 3.0 2.5 0.95 0.95 0.95

Note: E1 and E2 are in-plane moduli, E3 is normal modulus, G12 is normal shear modulus,
G23 and G13 are in-plane shear moduli, ν12 is in-plane Poisson’s ratio, and ν23 and ν13 are normal
Poisson’s ratios. Sc is shear strength,Xt is in-plane tensile strength, Yt is normal tensile strength,
Yc is normal compressive strength, Sn is general tensile strength, Syz and Sxz are normal shear
strengths.
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The elastic-plastic material model suitable for the strain rate is selected for the 3D fabric
composite plate. Its equation is shown in Eq. (4.3), and the relevant material parameters (Chen
et al., 2019) are shown in Table 4

σ = kεmε̇n (4.3)

where σ is the yield stress, ε is the effective plastic strain, and ε̇ is the effective total strain rate.
k, m and n are constants relative to the plastic strain.

Table 4. Material parameters of the UHMWPE 3D fabric plate

ρ [g/cm3] E [GPa] ν k m n

0.94 12.5 0.14 350 1.5 2

4.3. Verification of numerical simulation method

In order to verify the correctness of the numerical method, four kinds of composite target
plates are simulated. Figure 10 takes structure I and IV as examples to compare the test mode
and numerical mode of different failure modes. Table 5 shows the experimental and numerical
results of the four structures.

Fig. 10. Failure modes of the penetration test and numerical simulation: (a) structure I back plate,
(b) structure IV back plate

Table 5. Comparison of numerical simulation and test results

Structure of Initial Test residual Simulated residual Error
target plates velocity [m/s] velocity [m/s] velocity [m/s] [%]

I 861.71 0 0 –
II 859.63 286.14 259.27 −9.39
III 855.48 0 0 –
IV 856.81 412.91 376.43 −8.83

From the numerical simulation, it can be seen that the simulated failure mode of the projectile
penetrating the composite target plate is basically consistent with the test. Comparing the
residual velocity of the test and simulation, the absolute error is within 10%. This is due to the
error caused by the macro modeling used in UHMWPE fiberboard, which makes the simulation
residual velocity decrease, but it can still be explained by the numerical simulation, which has
a good accuracy, indicating that the numerical calculation method is validated effectively.

5. Failure mechanism and performance analysis

5.1. Analysis of the anti-penetration failure mechanism

Since structure I has the best anti-penetration performance in the test, only structure I
is further analyzed. In the simulation, the projectile velocity is increased so that it is able to
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penetrate the target plate, which facilitates the analysis of the whole process. Figure 11 shows
the destruction process of the projectile body penetrating structure I at a velocity of 1100m/s.

Fig. 11. Damage process of projectile penetration structure I: (a) t = 12µs, (b) t = 20µs, (c) t = 30µs,
(d) t = 45µs, (e) t = 60µs, (f) t = 70µs

When the time t is shorter than 20µs and the high-speed projectile penetrates through the
front panel and part of the fiber laminar plates, the failure mode of the target plate is mainly
shear failure, which generates a compression wave propagating along the thickness direction and
the shear wave propagating along the in-plane direction with the impact point as the center.
The compression wave causes local compression deformation in the contact area of the projectile
and target. The in-plane shear wave causes a large velocity difference between the contact and
non-contact regions of the projectile and target, and the fiber layer begins to undergo a shear
failure. At this time, the pressure on the fiber layer along the thickness gradually increases from
418MPa near the panel to 557MPa and reaches the maximum pressure of 627MPa near the
core. The unidirectional arrangement of the fibers of UD laminates is conducive to the rapid
expansion of the shockwave generated instantly by the projectile, and there is no doubt that the
fibers are broken due to superposition of the shockwave and reflected wave at the interleaving
point, so as to preliminarily consume the kinetic energy of the projectile and erode the projectile.
At this point, the UD cloth fiber is subjected to 209MPa of pressure near the core. When the
time t is 20-30 µs, the projectile penetrates into the remaining fiber laminates. At this time, due
to the upsetting deformation of the projectile, the fiber laminates are not only sheared, but also
subjected to a certain tensile force in the transverse direction. At this time, the pressure on the
remaining fiber laminates gradually drops to 360MPa. However, the 3D fabric and aluminum
alloy plate placed on the back provide strong support, and no large deflection occurs on the back
of the fiber laminates. Most of the generated energy is absorbed by the interlocking 3D fabric
and the energy-absorbing matrix filled in the pores, so that the kinetic energy of the projectile
body is rapidly consumed, the pressure on the core is reduced to 216MPa. When t = 45µs, the
projectile body penetrates the fiber laminates and begins to penetrate the 3D fabric plates. At
this time, a part of the core is basically abrasive. The fibers of the 3D orthogonal structure pull
with each other, which brings great resistance to the advance of the projectile body, and the
fracture of the fiber bundles causes kinetic energy of the projectile to be consumed further. At this
time, the pressure on the three-dimensional orthogonal fabric and core comes to the minimum
value of 161MPa and 193MPa. When time t = 70µs, the projectile body impinges the rear
aluminum alloy plate and penetrates out, and the residual velocity of the projectile body is
452m/s.
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5.2. Influence of the thickness ratio of 3D fabric on anti-penetration performance

In order to study the influence of different thickness ratios of the 3D fabric on the anti-
-penetration performance of structure I and obtain the optimal structure proportion, in this
Section, the total thickness of the core layer and the thickness of the front and rear panels are
kept unchanged. The 3D fabric thickness ratio is shown as

η =
ts
tc
· 100% (5.1)

where η represents the 3D fabric thickness ratio, ts represents the thickness of the 3D fabric
plate, tc represents the overall thickness of the core layer.
According to the failure mechanism of the upper segment, the UD laminates should still

occupy a large proportion in the core structure, otherwise it is not conducive to the initial
resistance to projectile intrusion. Nine kinds of composite structures with different proportions
of 3D fabrics are selected for simulation and multiple structures are selected within 50%. Among
them, two categories of structures with a single core material are selected for comparison, as
shown in Table 6. In order to fully reflect the protective performance of different structures, the
projectile velocity should not be set too high or too low. It is suitable to set the initial velocity
of the projectile at 1100m/s by calculation.

Table 6. Composite target plate with different 3D fabric thickness ratios

Struc- Thickness Thickness of 3D fabric plate Thickness Total Thickness
ture of front laminates thickness of rear thickness ratio η
number panel [mm] [mm] [mm] panel [mm] [mm] [%]

1

1

28 0

5 34

0
2 24.5 3.5 12.5
3 21 7 25
4 19 9 32.14
5 17.5 10.5 37.5
6 16 12 42.86
7 14 14 50
8 7 21 75
9 0 28 100

Figure 12 shows the numerical calculation results. According to Fig. 12a, it can be found
that the velocity of the projectile body changes with time in the same trend, which gradually
decreases without great fluctuation. It can be seen from Fig. 12b that with an increase of the 3D
fabric thickness ratio, the residual velocity of the projectile body increases first, then decreases,
then increases and decreases again. The minimum residual velocity of the projectile penetrating
No. 4 structure is 410.7m/s.
Because of the density difference between UD laminates and 3D fabrics, the structure quality

of different numbers is not exactly the same. Therefore, the energy absorption characteristics
of different structures are characterized by the energy absorption coefficient (EAC), which is
the ratio of energy absorbed to the mass of the target plate when the projectile penetrates the
target plate (Tang et al., 2002), defined as follows

EAC =
(1
2
mpv

2
i −
1
2
mqv

2
r

) 1
M

(5.2)

where mp and mq are the original mass and residual mass of the projectile body respectively,
vi and vr are the initial velocity and residual velocity of the projectile body respectively, and
M is mass of the target plate.
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Fig. 12. Numerical simulation results: (a) time history curve of projectile velocity, (b) relation curve
between the structure form and residual velocity

The EAC of the structure and its related parameters are shown in Table 7, where mp is 8.4 g
and not listed in the table. The relationship between the 3D fabric thickness ratio and EAC of
different numbered structures is shown in Fig. 13.

Table 7. Structural EAC and its related parameters

Struc- Thickness Initial Residual Residual mass The mass of
EAC
[J/kg]

ture ratio η velocity velocity of projectile target plates
number [%] [m/s] [m/s] mq [g] M [g]

1 0

1100

546.2 7.72 998.19 3937.56
2 12.5 634.8 7.60 993.63 3573.47
3 25 497.3 7.56 989.06 4193.05
4 32.14 410.7 7.60 987.04 4499.35
5 37.5 469.1 7.36 985.84 4333.56
6 42.86 477.3 7.52 983.95 4294.34
7 50 517.4 7.60 982.05 4139.03
8 75 803.1 8.04 975.94 2550.59
9 100 790.3 8.20 969.70 2600.03

According to Fig. 13a, No. 4 structure has the highest EAC, which is 14.27% higher than
that of No. 1 only using UD laminates as the core material, and is 73.05% higher than that of
No. 9 only using 3D fabric as the core material. The EAC of No. 8 and 9 structures is much
less than that of other structures. The reason is that the proportion of the 3D fabric is too high,
which leads to the existence of a large number of nodes between 3D orthogonal structures. The
fibers at these nodes are prone to fracture under superposition of the shock and reflected waves,
which reduces the local impact resistance. According to Fig. 13b, as the 3D fabric thickness ratio
increases, the EAC decreases first, then increases, then decreases and increases again. Equation
(5.3) can be obtained by fitting data points

EAC = 3931.9 − 11709η + 101174η2 − 260207.3η3 + 253721.2η4 − 84312.2η5 (5.3)

where EAC represents the energy absorption coefficient and represents the 3D fabric thickness
ratio.
In the figure, the 3D fabric thickness ratio corresponding to the maximum point of EAC is

32.14%. Therefore, for the composite structure designed in this paper, the optimal proportion of
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Fig. 13. (a) The relationship between EAC of different structures, (b) relationship between 3D fabric
thickness ratio and EAC

the 3D fabric is 25%-37.5%. If considering the requirements of practical engineering lightweight,
the 3D fabric thickness ratio is 30%-35% for a better choice.

6. Conclusions

In this paper, a UD/3D orthogonal woven fabric composite reinforced structure is designed
based on the UHMWPE fiber material, and penetration tests are carried out on target plates
with various reinforced structure forms by using a 7.62mm steel core projectile. Combined with
numerical simulations, the main conclusions are as follows:
• If the total thickness of UD laminates is the same, the 20mm UD laminates have better
penetration resistance than the four 5mm UD laminates. The less number of UD laminates,
the better anti-penetration performance of the composite reinforced structure.
• From analysis of the failure mechanism if occurs that the 3D orthogonal woven fabric has
the advantage of spatial integrity, and can effectively resist deformation of UD laminates
when placed behind the UD laminates together with an aluminum alloy plate. The fibers
pull with each other, which can hinder the advance of the projectile. The fracture of a
fiber bundle can enhance consumption of kinetic energy of the projectile.
• In order to ensure the protection capability and take the requirements of lightweight into
account, in the structure with a core thickness of 28mm, the 3D fabric thickness ratio can
be controlled between 30% and 35%.
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The nonlinear mechanical response and orthotropy are the main properties of an unbound
granular material as a sub-base in an asphalt pavement. To investigate the impact of stress
and orthotropy characteristics simultaneously in an unbound granular sub-base, a constitu-
tive relation and a finite model were proposed. The distribution of the sub-base resilience
modulus and dynamic response of the pavement under vehicle loads were calculated. The
results show an increase in the resilience modulus with a decrease in the orthotropic co-
efficient. Stress and orthotropy affect the stress distribution near the pavement layer, and
vehicle velocity significantly impacts the vertical displacement.

Keywords: asphalt pavement, unbound granular sub-base, stress dependency, orthotropy,
mechanical response

1. Introduction

The exponential growth of use of asphalt in the construction worldwide shows its importance to
modern transport infrastructure. Understanding the mechanical performance of pavements has
become essential for ensuring durability and stability. An unbound granular material is typically
used as a base or sub-base of asphalt pavements in China because of its excellent water perme-
ability, diffusion stress and bearing transition performance. Unbound granular materials consist
of gravel, crushed stone and fine aggregate (sand) forming a crucial layer that supports and sta-
bilizes the pavement system. The properties of unbound granular materials play a vital role in
the overall performance of the asphalt pavement by distributing vehicle loads on the underlying
soil. Therefore, the arrangement of particles of different sizes and loading conditions applied to
the structures substantially impact the mechanical performance of the unbound granular ma-
terial. Many researchers have confirmed that the resilience modulus of the unbound granular
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material as a pavement layer increases with growth of the stress of the pavement, and the vertical
resilience modulus is always larger than the horizontal one (Al-Qadi et al., 2015). In particular,
due to the layer-by-layer paving and rolling technology for constructing the road, the unbound
granular base in an asphalt pavement exhibits more obvious nonlinear elastic and orthotropic
properties. Therefore, the unbound granular properties must be considered when analyzing the
mechanical response of the asphalt pavement. Researchers have been exploring the relationship
between microstructural properties of the asphalt pavement and its macroscopic behavior by
using upscaling techniques to improve the reliability and realism of pavement design, mainte-
nance and performance evaluation (Lackner et al., 2006). Hence the findings of this study will
provide valuable insights into the existing knowledge on asphalt pavements ad will contribute
to improving pavement designs and maintenance strategies.
In the pavement, the asphalt layer contains a viscoelastic material that exhibits viscous and

elastic behavior when subjected to vehicle loads. This behavior provides more accurate calcula-
tion results on temperature sensitivity and time-dependent behavior. Additionally, viscoelastic
models offer a better and more realistic representation of the mechanical response of the asphalt
layer. In particular, Specht et al. (2017) used theory of viscoelasticity to investigate the resilient
modulus of asphalt mixtures. The results show the difference in stiffness, and the differences
substantially affect the resilient modulus response. Many other studies have also demonstrated
that considering such viscoelastic behavior during analysis provides greater accuracy when cal-
culating the mechanical response of the asphalt pavement under vehicle loads (Wu et al., 2020).
Therefore, the viscoelastic property of the asphalt layer in the pavement is considered in the
model proposed in this paper.
The commonly used model for calculating the unbound granular resilience modulus includes

the k-θ model, the Uzan model and the NCHRP 1-28A model et al. (González et al., 2007).
Because of the complexity of determining the unbound granular resilience modulus, researchers
have experimented with several models to obtain a more accurate results. The chord formu-
lation has been adopted to describe the resilience modulus of unbound granular materials. It
has demonstrated its ability to characterize the mechanical behavior of these materials through
calibration using laboratory test results (Aswegen et al., 2015). Bilodeau et al. (2016) analyzed
factors affecting the unbounded granular base modulus variation. They proposed a new model
to calculate the resilient modulus of this base considering the effect of grading, fraction between
crushed stones and moisture. Furthermore, Ullah et al. (2022) modified the Uzan model by con-
sidering the influence of grading, stress level and moisture content. That modification was based
on the linear relationship between the resilience modulus and moisture observed in laboratory
triaxial test results. Based on the shakedown theory, an elastoplastic constitutive model for un-
bound granular materials used in pavement applications was established. This model captures
the deformation behavior of the material at different stages through the application of repeated
loads. The proposed model was validated through a precision unbound material analyzer measur-
ing mixed-size aggregate deformation (Li and Hao, 2020). In calculating the resilience modulus
for unbound granular materials, the NCHRP 1-28A model is an effective and widely utilized
approach (Sandjak et al., 2020). Its application in assessing the resilience modulus of unbound
granular materials has gained prominence due to its reliability and practicality.
To obtain the mechanical performance of an asphalt pavement containing an orthotropic

unbound granular base, building a finite element model is one of the most effective methods
according to the constitutive relation of the base. During the process of building a finite element
model, one of the vital parts is using the finite element method to characterize the constitutive
relation of pavement materials. In particular, the resilient modulus of an unbound granular ma-
terial is a key input parameter in the model. The k-θ model, Uzan model and NCHRP 1-28A
model of the resilience modulus are also commonly implemented as crucial information for build-
ing the asphalt pavement model containing an unbound granular layer (González et al., 2007).
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Cortes et al. (2012) adopted a nonlinear elastoplastic material model to capture the unbound
granular base performance in a finite-element model. This model satisfies the Hertzian-type
stress-dependent stiffness of the unbound granular base and the skeletal softening caused by
deviatoric loads that approach failure. The Drucker-Prager model is used to consider the stress
dependency of the unbound granular material for building flexible pavement models (Gupta et
al., 2015). However, convergence is a challenging issue for the nonlinear model. To deal with
this problem, limiting the tensile stress of the unbound granular base to be non-negative and
minimum, the value of the unbounded granular resilience modulus is usually adopted (Sahoo
and Reddy, 2010). In the asphalt pavement model containing an unbound granular base, chang-
ing the stress-dependent constitutive model into a strain-dependent one effectively tackles the
convergence difficulties. Then, a new strain tensor updating algorithm can be derived (Li and
Guo, 2016). Tension stress can exist in unbound granular materials to a certain degree. Li and
Hao (2020) modified the original asphalt pavement model by limiting the maximum tensile
stress in the integral point. The calculation results received using this method are closer to
the actual working state. According to the literature, most models of the asphalt pavements
with an unbound granular base only take into account stress-dependent materials. However,
orthotropy is another essential characteristic of the unbound granular layer in simulating the
behavior of the asphalt pavement. Therefore, further research is required to provide more precise
conclusions regarding the mechanical response of pavements containing the unbound granular
layer.

Pavement structures face a multitude of loads during their lifetime, including both static
and impact loads. Although a considerable amount of investigation has been conducted on
how a static load impacts pavement durability, there is a growing recognition of the im-
portance of considering the effects of impact loads. Vehicle speed significantly affects pave-
ment deformations. For asphalt pavements in China, Assogba et al. (2021) reported that the
current design code and mechanical analysis procedures are based on laminar elastic theory
under static vehicle loads. In this approach, a low traffic volume was primarily analyzes,
without considering the actual overload phenomena, vehicle running speed, viscoelastic be-
havior of the asphalt concrete layer and dynamic characteristics of the load induced by ve-
hicle tires. Therefore, a considerable gap emerges between the proposed design theory and
the actual loads on the pavement from moving vehicles. Karamanli et al. (2023) found that
under moving loads, the structure may exhibit greater stress and displacement compared
to static loads. Numerous studies have been conducted considering moving loads to evalu-
ate performance of the structures under various conditions, assessed their structural capac-
ity, and developed more accurate design methodologies for durability and resilience of the
structure (Abdelrahman et al., 2021; Esen et al., 2021; Attia et al.. 2022; Karamanli et al.,
2023). Hence the moving load is a vital factor in the mechanical performance in the pavement
analysis.

In this paper, based on the NCHRP 1-28A model, considering both stress dependency and
orthotropic properties of an unbound granular material simultaneously, the constitutive relation
of the unbound granular sub-base is established. By performing complex derivation, we obtain
the consistent tangent modulus of the material. And then, based on the formulation of this
consistent tangent modulus, the UMAT material program is compiled to describe properties of
the unbound granular sub-base. Furthermore, an asphalt pavement model containing an unbound
granular sub-base is constructed. By this model, the resilience modulus distributions in the
subbase and the mechanical response of the pavement are received. The influence of stress
dependency and orthotropic properties on the mechanical response of the asphalt pavement is
analyzed. The proposed method and the results obtained from this paper could provide some
suggestions on the design stage of a flexible pavement and asphalt pavement containing an
unbound granular layer.
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2. Constitutive relation

Based on the elastic theory and the generalized Hooke’s law, the stress-strain relationship at
any point can be expressed as (Rao, 2018)

σ = Dε (2.1)

where σ = [σxx, σyy, σzz, σxy, σyz, σzx]T, ε = [εxx, εyy, εzz, εxy, εyz , εzx]T, σxx, σyy,σzz, σxy, σyz
and σzx are 6 stress components under 3 stress states, respectively. εxx, εyy , εzz, εxy, εyz and εzx
are 6 strain components, respectively. Each element in the stiffness matrix D represents the
elastic properties of the material.
In engineering, the elastic modulus E and Poisson’s ratio ν are often used to express the

stress-strain relationship. Then, the matrix D can be expressed as (Rao, 2018)

D =




d11 d12 d13 0 0 0
d21 d22 d23 0 0 0
d31 d32 d33 0 0 0
0 0 0 d44 0 0
0 0 0 0 d55 0
0 0 0 0 0 d66




(2.2)

In Eq. (2.2)

d11 =
1− νyzνyz
EyyEzz∆

d22 =
1− νxzνzx
ExxEzz∆

d33 =
1− νxyνyx
ExxEyy∆

d12 =
νyx + νzxνyz
EyyEzz∆

d21 =
νxy + νxzνzy
ExxEzz∆

d23 =
νzy + νxyνzx
ExxEzz∆

d32 =
νyz + νyxνxz
ExxEyy∆

d31 =
νxz + νxyνyz
ExxEyy∆

d13 =
νzx + νyxνzy
EyyEzz∆

d44 =
Exx

2(1 + νxy)
d55 =

Eyy
2(1 + νyz)

d66 =
Ezz

2(1 + νzx)

∆ =
1− νxyνyx − νyzνzy − νzxνxz − 2νxyνyzνzx

ExxEyyEzz

where Exx, Eyy, Ezz are the elastic modulus in the x, y, z directions, respectively, and Gyz , Gzx,
Gxy are the shear moduli in the yz, zx, xy planes, respectively. νyz, νzx and νxy are Poisson’s
ratios in the x, y and z directions, respectively.
Because Poisson’s ratio ν in the x, y and z direction has a little difference, Poisson’s ratio is

regarded as isotropic, and only an orthotropic elastic modulus E is considered in this paper. In
the unbound granular layer of an asphalt pavement, the elastic modulus in the vertical direction
is usually larger than that in the horizontal direction. If it is assumed that Exx = n1Ezz,
Eyy = n2Ezz, the values of n1 and n2 are greater than 0 and less than 1. Then Eq. (2.2) can be
modified as (Rao, 2018)

D =




1−ν
(1−2ν)(1+ν)

1
n1
Ezz

1−ν
(1−2ν)(1+ν)

1
n1
Ezz

1−ν
(1−2ν)(1+ν)

1
n1
Ezz 0 0 0

1−ν
(1−2ν)(1+ν)

1
n2
Ezz

1−ν
(1−2ν)(1+ν)

1
n2
Ezz

1−ν
(1−2ν)(1+ν)

1
n2
Ezz 0 0 0

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz 0 0 0

0 0 0 1
n1
Ezz
2(1+ν) 0 0

0 0 0 0 1
n2
Ezz
2(1+ν) 0

0 0 0 0 0 Ezz
2(1+ν)




(2.3)
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Since the stiffness matrix of isotropic elastic materials can be expressed as

K =




1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz 0 0 0

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz 0 0 0

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz

1−ν
(1−2ν)(1+ν)Ezz 0 0 0

0 0 0 Ezz
2(1+ν) 0 0

0 0 0 0 Ezz
2(1+ν) 0

0 0 0 0 0 Ezz
2(1+ν)




(2.4)

therefore, the stiffness matrix can be expressed as

D = HK (2.5)

where H is a diagonal matrix presented as

H =




1
n1
0 0 0 0 0

0 1
n2
0 0 0 0

0 0 1 0 0 0
0 0 0 1

n1
0 0

0 0 0 0 1
n2
0

0 0 0 0 0 1




(2.6)

Seed et al. (1967) introduced the concept of resilience modulus while investigating the relation-
ship between the resilience characteristic of a subgrade soil and fatigue damage of an asphalt
pavement. The resilience modulus is the ratio of the maximal deviator stress to the maximal
resilience strain after deformation is stabilized under a repeated load. It can be expressed as

Mr =
σd
εr

(2.7)

whereMr is the resilience modulus. σd = σ1−σ3 is the resilience stress (deviator stress). σ1 and
σ3 are the maximun and minimun stress, respectively, and εr is the maximum resilience strain.
The NCHRP 1-28A model provides a calculation formula for the dynamic resilience modulus,

and it can be expressed as (Sandjak et al., 2020)

Mr(θ, τoct) = k1Pa
( θ
Pa

)k2(τoct
Pa
+ 1

)k3
(2.8)

where Mr is the resilience modulus, θ is the volume stress and τoct is the shear stress
τoct =

√
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2/3. Pa is atmospheric pressure, and it is generally

100 kPa. k1, k2 and k3 are material constants coming from the test data.
Considering the nonlinear stress dependency of the unbound granular sub-base, the modulus

Ezz in Eq. (2.3) can be replaced by the dynamic resilience modulus calculated by the NCHRP
1-28A model.

3. Numerical model

3.1. Model of the asphalt pavement containing an unbound granular layer

An asphalt model is established using the finite element software ABAQUS to analyze the
effect of stress dependency and orthotropic properties of the unbound granular layer on the
dynamic response of the asphalt pavement. To balance the accuracy and time consumption, the
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model size is 6m×6m×3.76m. The pavement structure and boundary of the model are adopted
the same as in the literature (Yan and Wang, 2016), and the same material parameters of the
asphalt layer given in the literature (Yan and Wang, 2016) are also used in this paper. The
contact area between the vehicle and the pavement surface is simplified as a rectangle, and the
size is 0.184m×0.192m×2. It assumes that the vehicle load is located in this area. The distance
between the two wheels is 0.225m, and the contact pressure is P = 700 kPa. Figure 1 is a sketch
map of the vehicle load. Because of symmetry, a half model is selected to analyze. To capture the

Fig. 1. Vehicle load sketch map

pavement behavior caused by a vehicle driving on the road, the loaded track starts at 1.464m
from one end of the model, the track length is 3.072m, and the vehicle speed is 90 km/h. Figure 2
presents the asphalt model containing an unbound granular sub-base and the vehicle track. The
details of geometry and material parameters are shown in Table 1. In this model shown in Fig. 2,

Fig. 2. Asphalt pavement containing an unbound granular sub-base

the boundary at the bottom is fixed, the displacement in the normal direction and rotation in the
two tangential directions in the symmetry plane are constrained, and the normal displacement
in the plane along the long edge and the two planes along the short edge of the model is 0. The
asphalt pavement model is meshed by C3D8R element, which is an 8-node linear brick, reduced
integration and hourglass control element. Adopting this element reduces the calculation time
and avoids the shear-locking phenomenon to obtain relatively accurate results. The geometry,
boundary conditions and mesh of the pavement model are shown in Figs. 3a-3c.
ABAQUS is an effective tool for solving dynamic problems. Because the growth of strain

is a function of strain and the strain rates are lower than 10 units per second in this model,
the Dynamic Implicit solver is adopted to calculate the dynamic response of this model. This
solver uses the Newton-Raphson numerical algorithm and Newmark-β method to solve dynamic
equilibrium equations, and the stiffness matrix is updated in each increment. This method is
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Fig. 3. Finite element model of the asphalt pavement: (a) geometry, (b) boundary conditions,
(c) meshing

Table 1. Pavement geometry and material parameters

Pavement Material Thickness Modulus Poisson’s Density
structure name [m] [MPa] ratio [kg/m3]

A
sp
ha
lt
la
ye
r

Upper
layer

Same with
AC-13C 0.040 literature (Yan and 0.3 2300

Wang, 2016)

Middle
layer

Same with
Sup-20 0.060 literature (Yan and 0.3 2300

Wang, 2016)

Lower
layer

Same with
Sup-25 0.080 literature (Yan and 0.3 2300

Wang, 2016)

Base course
Cement
stabilized 0.380 15000 0.2 2300
macadam

Sub-base
Unbound
granular

k1 = 3170, k2 = 0.06,
0.200 k3 = 0.43 (Wang 0.3 2100

et al., 2022)

Soil foundation
Compacted

3.000 45 0.4 1850
soil

unconditionally stable, for any initial assumption of ∆t, the solution converges, and there is no
mathematical time limit for the solution. In this model, the vehicle travelling time is 0.11776 s,
and the increment size is 0.00256 s.

3.2. Tangent stiffness matrix

Newton’s iterative method is an effective tool for solving nonlinear finite element models,
and obtaining the tangent stiffness matrix is necessary for this method. The tangent stiffness
modulus is a matrix that describes the relationship between stress differential and strain dif-
ferential according to the current state of variables (stress, strain, etc.). Finding the tangent
stiffness modulus generally starts from the constitutive relation of this material. Due to the
resilience modulus being a function of stress and the orthotropic constitutive equations, it en-
hances difficulties of the formula derivation. This paper presents a new feature for obtaining the
tangent stiffness matrix considering the stress dependency and orthotropy of the constitutive
relationship.
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The linear elastic constitutive equation in a tensor form can be expressed as

σ =
E

1 + ν
ε+ λ tr (ε)1 (3.1)

where σ = [σxx, σyy, σzz, σxy, σyz , σzx]T, ε = [εxx, εyy, εzz , εxy, εyz, εzx]T, 1 = [1, 1, 1, 0, 0, 0]T ,
tr (ε) is the volume strain.
Similar to the linear elastic constitutive relation, based on Eq. (3.1), the nonlinear elastic

constitutive equation of the unbound granular sub-base can be rewritten as

σ =
Mr
1 + ν

ε+ λ tr (ε)1 (3.2)

As known in Eq. (2.8), Mr is a function of the volume stress θ and shear stress τoct.
If orthotropy of the unbound granular sub-base is considered, based on constitutive relation

Eq. (2.5), equation (3.2) can be modified as

σ̃ =
Mr
1 + ν

Hε+ λ tr (ε)H1 (3.3)

According to the relationship between Eqs. (3.2) and (3.3), one can obtain

σ̃ = Hσ (3.4)

where H is a tensor form of the matrix H.
According to equation (3.3), the consistent tangent modulus can be expressed as

∂σ̃

∂ε
=
∂σ̃

∂σ

∂σ

∂ε
(3.5)

where

∂σ̃

∂σ
= H (3.6)

Therefore, if ∂σ/∂ε is obtained, the consistent tangent modulus ∂σ̃/∂ε will also be received.
To simplify the process of formula derivation, let

B(θ, τoct) =
Mr(θ, τoct)
1 + ν

= kPa
( θ
Pa

)k2(τoct
P a
+ 1

)k3
(3.7)

where k = k1/(1 + ν).
And then, Eq. (3.2) can be rewritten as

σ = B(θ, τoct)[ε+ α tr (ε)1] (3.8)

where α = ν/(1− 2ν), and the incremental relationship of Eq. (3.8) can be expressed as follows

∆σn+1 = B(θ, τoct)n+1[∆εn+1 + α tr (∆εn+1)1]

B(θ, τoct)n+1 = kPa
( θn
Pa

)k2[(τoct)n
Pa

+ 1
]k3 (3.9)

where the subscript n + 1 represents the calculation result under the current incremental step
and n represents the calculation result of the previous step.
Based on Eq. (3.8), the volume stress and deviatoric stress are expressed as

tr (σ) = αB(θ, τoct) tr (ε) σ = B(θ, τoct)ε (3.10)
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where α = 3α + 1 = (1 + ν)/(1 − 2ν) and ε is the deviatoric stress tensor, ε = ε− tr (ε)1/3.
After a series of formula deductions and simplifications, ∂σ/∂ε can be gained as

∂σ

∂ε
= B(I+ α1⊗ 1) +

(1
3
αε1+ ε

)
⊗∇εB = B(I+ α1⊗ 1+mL) (3.11)

where

L =
αk2(τoct + Pa)

3
1⊗ 1+ αk2(τoct + Pa)

tr (σ)
σ ⊗ 1+ tr (σ)k3

9τoct
1⊗ σ + k3

3τoct
σ ⊗ σ

Therefore, the consistent tangent modulus ∂σ̃/∂ε can be expressed as

∂σ̃

∂ε
=
∂σ̃

∂σ

∂σ

∂ε
= BH(I + f11⊗ 1+ f2σ ⊗ 1+ f31⊗ σ + f4σ ⊗ σ) (3.12)

where

f1 = α+m
αk2(τoct + Pa)

3
f2 = m

αk2(τoct + Pa)
tr (σ)

f3 = m
tr (σ)k3
9τoct

f4 = m
k3
3τoct

Based on the formulation of the consistent tangent modulus ∂σ̃/∂ε, the UMAT program of
the orthotropic nonlinearly elastic material is compiled. And then, by limiting the allowable
maximum tensile stress, the mechanical response of the asphalt pavement model can be obtained.

4. Results and discussion

To analyze the influence of the orthotropic degree of the unbound granular sub-base on the
mechanical response of the asphalt pavement based on the proposed procedure, the resilience
modulus distribution in the unbound granular sub-base and the stress and displacement of the
asphalt pavement are calculated. The results are shown in Figs, 4-8.
Because the resilient modulus distribution in the unbound granular sub-base is almost sym-

metrical on both sides of the wheel, so Figs. 4a-4d present the contour maps of the resilient
modulus distribution in the unbound granular sub-base in the symmetry plane (plane CDFE) of
the model with different orthotropic coefficients after the vehicle running at 0.00512 s. Compared
with Figs. 4a-4d, the resilience modulus in each figure almost decreases from the top to the bot-
tom of this layer. However, the gradients of the resilience modulus are different with different
orthotropic coefficients. In Fig. 4a, the orthotropic coefficient n1 = n2 = 1, which means the
material is isotropic in the unbound granular sub-base, and the maximum and minimum values
of the resilience modulus are 301.37MPa and 275.652Mpa, respectively. The maximum values
of the resilience modulus in Figs. 4b and 4c all emerge directly below the wheel center and the
top of the sub-base layer. The minimum values of the resilience modulus in Figs. 4b and 4c all
emerge directly below the wheel center and the bottom of this layer. The maximum and min-
imum values are approximately 326MPa and 250MPa, respectively, larger than the gradients
shown in Fig. 4a. It means that the orthotropic coefficients in the transverse and longitudinal di-
rections have almost the same effect on the distribution of the resilience modulus. Furthermore,
when the unbound granular sub-base is transversaly isotropic n1 = n2 = 0.2, the difference in
the resilience modulus value between the top and bottom of the layer is larger than those shown
in Figs. 4a-4c. The maximum and minimum values are 350MPa and 250MPA. Therefore, the
resilience modulus gradient increases as the orthotropic coefficients decrease in the unbound
granular sub-base layer.



724 Y. Gao et al.

Fig. 4. Distribution of the resilience modulus of the unbound granular material with different
orthotropic coefficients

The resilience modulus distribution changing in the unbound granular sub-base causes vari-
ation of the stress distribution in this layer. Even this affects the displacement and stress in
other layers of this asphalt pavement model. Therefore, in this paper, the influence of the or-
thotropic coefficient in the sub-base on the mechanical response of the pavement is analyzed by
comparing the tensile stress at the bottom of the asphalt layer and base and the displacement
on the pavement surface. At the middle of the asphalt layer bottom (point I in the model), the
transverse and longitudinal stresses generated by the vehicle driving load are calculated, and
the results are shown in Figs. 5a and 5b.

Fig. 5. Calculation results of transverse and longitudinal stresses (at point I) at the bottom of the
asphalt pavement
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Figures 6a and 6b present the variation of the transverse and longitudinal stress at the top
center of the base (point J in the model) under a vehicle load. The pavement surface displacement
variation (point G and point H in this model) is shown in Figs. 7a and 7b.

Fig. 6. Calculation results of transverse and longitudinal stresses (at point J) at the bottom of
the base layer

Fig. 7. Calculation results of the vertical displacement at points G and H in the model

The calculation results shown in Figs. 5a and 5b illustrate that the orthotropic coefficient
of the sub-base has little effect on the variation of both transverse and longitudinal stresses at
the bottom of the asphalt layer. The possible reason is that the unbound granular sub-base is
relatively far from the asphalt layer. Therefore, the distribution of the resilience modulus in the
sub-base slightly affects the mechanical response in the asphalt layer.
In Fig 6a, the transverse stress in the base sharply decreases with the longitudinal resilience

modulus decreasing. In contrast, in Fig. 6b, the longitudinal resilience modulus reduction in the
unbounded granular sub-base enlarges the longitudinal stress in the base. On one hand, compared
with the asphalt layer, the base is closer to the sub-base, which causes the resilience modulus
distribution in the unbounded granular sub-base to considerably affect the stress distribution
in the base. On the other hand, the distribution of stress and resilience modulus always has
the same variation tendency, which is consistent with our basic understanding. Therefore, to
reduce the early damage and extend the pavement service life, the modulus of any layer or
one direction of the modulus in the pavement can be manually adjusted through the pavement
materials selection to make the stress distribution in the pavement more reasonable.
Figure 7 indicates that the vertical displacement at points G and H of the model decreases

as the orthotropic coefficient decreases in the unbound granular sub-base. Compared with the
longitudinal orthotropic coefficient, the transverse orthotropic coefficient contributes more to
the displacement of the pavement. The vertical displacement of the asphalt pavement is one
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of the essential indexes used in evaluating quality of the pavement. In the case of ignoring the
orthotropic property, the displacement calculation results are always larger than the real values
because the vertical resilience modulus of the unbounded granular base is always larger than its
horizontal resilience modulus. Therefore, the results will affect the prediction and assessment of
service conditions of the asphalt pavement to a certain extent.
Considering the velocity of a moving vehicle, vertical displacements at point H in this model

are calculated with orthotropic coefficients n1 = n2 = 1 and n1 = n2 = 0.5. The results are
presented in Figs. 8a and 8b, respectively. The velocity of the moving vehicle significantly affects
the magnitude and variation of the vertical displacement of the asphalt pavement. It means that
the velocity of a moving vehicle is one of the considerable factors for pavement design and
assessment. Because of the paper length limitation, the stress distribution in this model with
different velocities of a moving vehicle will be presented in the future work.

Fig. 8. Calculation results of vertical displacement at points G in the model considering different
vehicle speeds

5. Conclusion

Considering the orthotropic and stress dependencies of the unbounded granular base, the
NCHRP 1-28A model is adopted to calculate the resilience modulus in this paper. Based on
the constitutive relation of an unbound granular sub-base, the consistent tangent modulus is de-
rived for establishing the finite element model of the asphalt pavement containing an unbound
granular sub-base. In this pavement model, the asphalt layer is assumed to be a viscoelastic
material, and the base is considered elastic. The distribution of the resilience modulus in the
sub-base and the mechanical response of the pavement are calculated. Some conclusions can be
drawn from the results.

• The stress dependency and orthotropy are fundamental properties of the unbound granular
sub-base. As the orthotropic coefficient decreases, the gradient of the resilience modulus
increases.
• Orthotropy of the unbound granular sub-base affects the mechanical response of pavement,
especially the mechanical response of the layers closer to the sub-base.
• Vertical displacement is an essential index for evaluating the overall stiffness of the pave-
ment during the procedure of pavement performance evaluation and pavement design.
The vertical displacement of the pavement is affected to some extent by considering the
orthotropy of the unbound granular sub-base. Therefore, it again illustrates the necessity
of treating the unbound granular layer as an orthotropic material in the calculation model.
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• The velocity of a moving vehicle on the asphalt pavement is also a considerable factor
influencing vertical displacement of the pavement. It is necessary to consider it in the
pavement design and evaluation.
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A theoretical analysis of synchronization of inertial vibrators of a vibratory conveyor with a
dynamic damper is presented in this paper. It is shown that for the over-resonance regime
and counter-running drive vibrators, there is only one stable state of the system warranting
formation of necessary sectional vibrations of the trough. The analytical form of the moment-
-synchronizing vibrators is also determined, and on the basis of this, the influence of angular
vibrations of the body on the synchronizing process of the drive vibrators is determined.
Due to the differences in the participation of angular vibrations in the self-synchronizing
process in relation to classical solutions, the presented results fundamentally influence the
design of long antiresonance conveyors.

Keywords: stability, vibratory conveyor, antiresonance, self-synchronizstion

1. Introduction

Among vibratory conveyors, antiresonance conveyors have become increasingly popular in recent
years (Surówka and Czubak, 2021; Czubak and Gajowy, 2022; Gajowy, 2019). Such conveyors
use dynamic dampers (Asami, 2019; Ascari, 1980; Fasana and Giorcelli, 2010) based on Frahm’s
patent from 1911 (Frahm, 1911) to decrease vibrations of drive frames as well as related harmful
effects on the surrounding environment. The solution shown in Fig. 1, which is presently under
prototype investigation, is one of the newest solutions of this type.

Fig. 1. Patent application No P.434041. Antiresonance vibratory conveyor (application drawing Fig. 2 in
P. 434041 document). KMC Global Europe (2020), Opole, PL. Author: Jerzy Michalczyk, Cracow

It is written in the patent description that “This antiresonance vibratory conveyor is char-
acterized by the fact that its body (2) is of a stiff structure, while trough (1) (functioning as
a mass of the dynamic eliminator) is of a self-supporting structure and in its central segment
is suspended inside body (2) with a clearance allowing for its effect on vibratory motion. The
mass centres of trough (1) and of body (2) with vibrators (5) and leaf springs (3) overlap each
other and – in addition – trough (1) is suspended inside body (2) on leaf springs (3), which are
mounted in pairs symmetrically relative to the conveyor axial plane of symmetry, near the nodal
points of the first form of the natural trough vibrations (1)”.
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The author of this solution aimed to build a long conveyor (several metres), which due
to construction difficulties (mainly related to maintaining sufficient stiffness of the frame and
trough) is not an easy task.
In addition to structural problems, issues arise related to the vibrator drive and self-

-synchronization processes of vibrators. When length of the conveyor is increased, its mass
moment of inertia is also increased, which in turn leads to decreasing angular vibrations of the
body and decreasing the synchronizing moment of the vibrators.
Knowledge concerning self-synchronization of unbalanced masses is very wide and includes

problems of deterministic (Paz and Cole, 1992) and chaos theory (Chedjou et al., 2008). Fun-
damental works in this area were published by Blekhman (1971, 2000). He formulated, among
other concepts, the stability criterion for synchronized motion of unbalanced masses and, on its
basis, developed detailed rules for constructing drive structures of inertial vibrators, which were
cited later in papers by several authors (Michalczyk and Cieplok, 2014; Hou et al., 2017; Li et
al., 2020).
Analyses concerning nonlinear systems are especially interesting. The conditions of synchro-

nizing systems of two vibrators installed on a common platform and the criterion of global
stability of the solutions obtained on the basis of analysing nonlinear equations were presented
in (Smirnova and Proskurnikov, 2021). The synchronization of two exciters under the nonlinear
influence of elastic elements of sectional-linear characteristics was investigated in (Zhang et al.,
2016). A system with a tri-motor was analysed in (Zou et al., 2020), where the conditions of
achieving the synchronous state were determined by means of the small-parameters method,
while the stability criterion of synchronous motion was determined by means of the Poincaré-
-Lyapunov method. In (Zhao et al., 2011), the problem of synchronizing two pairs of vibrators
elastically placed on a common frame was reduced to the stability problem of two generalized
systems. One of them was the generalized system of angular velocity disturbance parameters
for four unbalanced rotors, and the other was the generalized system of three-phase disturbance
parameters. Researchers have also obtained satisfactory results regarding the synchronization
of unbalanced masses in spatial motion (Zhao, 2010; Cieplok and Wójcik, 2020; Fang et al.,
2019). Because of strong nonlinear connections between unbalanced masses and the body of the
device (Dimentberg et al., 1997), some analyses concerning transient processes are still based on
numerical investigation (Zhang et al., 2019; Shokhin et al., 2021).

2. Theoretical analysis

The conveyor of a structure corresponding to the one presented in Fig. 1 was analyzed in this
study. The analyses dealt with three problems: dynamic equations of motion of the system,
analysis of motion stability of drive vibrators, and determination of an analytical formula for
the synchronizing moment of vibrators. Realization of the last two problems required knowing
the analytical solutions of equations of motion of the system. They were determined for the
steady state, for which it was possible to assume a constant rotational speed of vibrators. This
assumption allowed one to obtain linear equations and to lower the number of degrees of freedom
by two. The dynamic equations of motion became also the basis for verifying analytical results.

2.1. Dynamic equations of the conveyor

Let us discuss the system presented in Fig. 2. It consists of four solid bodies representing:
drive frame of a conveyormk with mass inertia JCk, transporting troughmr with mass inertia JCr
and two inertial vibrators each of them having massmw and radius of unbalance ew. The conveyor
is placed on a viscoelastic suspension described by parameters kx, ky, bx, by; while the trough is
connected with the body by means of a leaf springs system described by parameters ksi, bsi.
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Fig. 2. Schematic presentation of the system.

Inertial vibrators are driven counter running by means of two asynchronous motors of identi-
cal drive characteristics M1 andM2. The total value of the axial moment of inertia of the motor
and the central moment of inertia of the vibrator mass is marked as Jw. Vibrators are placed
in the line perpendicular to the direction of motion of the transporting trough. They are placed
symmetrically at a distance d, in relation to the mass centre of the drive frame. 6 generalized
coordinates were used to describe the system location. Coordinates xCk, yCk represent the mass
centre of the drive frame, α – angle of rotation of the drive frame and transporting trough, s –
displacement of the trough in relation to the frame, and angles ϕ1, ϕ2 describe angular positions
of the vibrators. On the basis of Fig. 2 the kinematic dependencies imposed on the positions of
mass centres of the trough and drive vibrators were determined

xCr = xCk + s yCr = yCk
xC1 = xCk + ew cosϕ1 + dα yC1 = yCk + ew sinϕ1
xC2 = xCk + ew cosϕ2 − dα yC2 = yCk − ew sinϕ2

(2.1)

Geometrical dependencies imposed on shifting of springs of the suspension system were also
determined

∆xA = hα+ xCk cos β − yCk sinβ ∆yA = −aα+ yCk cos β + xCk sin β
∆xB = hα+ xCk cosβ − yCk sin β ∆yB = aα+ yCk cosβ + xCk sin β

(2.2)

These dependencies allowed one to formulate the Lagrange kinetic potential of the system in
the form

L =
1
2
mk
( d
dt
xCk

)2
+
1
2
(mk +mr)

( d
dt
yCk

)2
+
1
2
(JCk + JCw)

( d
dt
α
)2
+
1
2
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( d
dt
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)2

+
1
2
mw
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+
1
2
mw
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+
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2
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+
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2
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+
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2
JCw

( d
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2
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2
A +
1
2
ky∆y

2
A +
1
2
kx∆x

2
B +
1
2
ky∆x

2
B +
1
2
kss
2
)

(2.3)

and on its basis and by making use of the Lagrange formula

d

dt

∂L

∂q̇i
− ∂L

∂qi
+
1
2
∂N

∂q̇i
= Qi (2.4)
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to determine the dynamic equation of motion. In Eq. (2.4) marked are: by qi the i-th generalized
coordinate, by Qi – i-th generalized force and by N – value of linear loses. The last quantity
(2.5) was determined on account of a damping present in elements of the system suspension and
in leaf springs of the trough

N = bx
(d∆xA

dt

)2
+ by

(d∆yA
dt

)2
+ bx

(d∆xB
dt

)2
+ by

(d∆yB
dt

)2
+ bs

(ds
dt

)2
(2.5)

Dependencies from (2.6) to (2.11) present dynamic equations of motion determined one after
another in the coordinates: xCk, yCk, s, α, ϕ1 and ϕ2

[sin(2β)by − sin(2β)bx]
( d
dt
yCk

)
+ [sin(2β)ky − sin(2β)kx]yCk

+ (2mw +mr +mk)
( d2

dt2
xCk

)
+ [(1− cos(2β))by + (cos(2β) + 1)bx]

( d
dt
xCk

)

+ [(1 − cos(2β))ky + (cos(2β) + 1)kx]xCk +mr
( d2

dt2
s
)

− ewmw sin(ϕ2)
( d2

dt2
ϕ2
)
− ewmw cos(ϕ2)

( d
dt
ϕ2
)2
− ewmw sin(ϕ1)

( d2

dt2
ϕ1
)

− ewmw cos(ϕ1)
( d
dt
ϕ1
)2
+ 2α cos(β)hkx + 2

( d
dt
α
)
cos(β)bxh = 0

(2.6)

(2mw +mr +mk)
( d2

dt2
yCk

)
+ [(cos(2β) + 1)by + (1− cos(2β))bx]

( d
dt
yCk

)

+ [(cos(2β) + 1)ky + (1− cos(2β))kx]yCk + [sin(2β)by − sin(2β)bx]
( d
dt
xCk

)

+ [sin(2β)ky − sin(2β)kx]xCk − ewmw cos(ϕ2)
( d2

dt2
ϕ2
)
+ ewmw sin(ϕ2)

( d
dt
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)2
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( d2
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dt
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− 2
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dt
α
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(2.7)
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dt2
xCk

)
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dt2
s
)
+ bs

( d
dt
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bxh
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− ewmw cos(ϕ2)
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− ewmw sin(ϕ2)
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)
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+
( d2
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α
)
dewmw sin(ϕ2) =M2 +

1
2
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(2.11)

where Mdesync is the moment desynchronizing the vibrators.
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2.2. Equations of the steady state above resonances of the suspension system

The analyzed machine is of the over-resonance type, for which the effect of the suspension
system elements on the drive frame can be omitted in relation to influences of inertial vibrators.
In turn, on account of the application – in the further part of this study – the self-synchronization
criterion of vibrators, which is based only on the Lagrange kinematic potential, a component of
damping forces between the drive frame and trough was also omitted in the equations.
Steady state equations were obtained assuming the constant value of angular velocities of

vibrators dϕ1/dt = dϕ2/dt = ω. Angular positions of the vibrators are then

ϕ1 = ωt+ ϕ10 ϕ2 = ωt+ ϕ20 (2.12)

where ϕ10 and ϕ20 denote constants during the pathway phases.
In the equations of steady state, an expression for the adjusting frequency of the dynamic

damper (in the analyzed case, the transporting trough) to the excitation frequency originating
from forces of the drive vibrators, was also taken into account

ks = mrω2 (2.13)

In such a way, equations (2.14) were determined

(2mw +mr +mk)
( d2

dt2
xCk

)
+mr

( d2

dt2
s
)

= ewmwω2 cos(ωt+ ϕ10) + ewmwω2 cos(ωt+ ϕ20)

(2mw +mr +mk)
( d2

dt2
yCk

)

= ewmwω2 sin(ωt + ϕ10)− ewmwω2 sin(ωt+ ϕ20)

mr
( d2

dt2
xCk

)
+mr

( d2

dt2
s
)
+mrω2s = 0

(JCr + JCk)
( d2

dt2
α
)
+ 2

( d2

dt2
α
)
d2mw

= dewmwω2 cos(ωt+ ϕ10)− dewmwω2 cos(ωt + ϕ20)

(2.14)

It can be noticed that equations are of a linear form, heterogeneous, in which forcing elements are
composed of harmonic expressions. Equations of this type can be solved by symbolic calculation,
transforming the time depending differential equations into algebraic equations, also linear and
depending on iω, where i is the imaginary unit.
Defining representations of coordinates

xCk(t)⇋ X(iω) yCk(t)⇋ Y (iω) s(t)⇋ S(iω) α(t)⇋ α(iω) (2.15)

excitations

sin(ωt+ ϕ10)⇋ eiϕ10 cos(ωt+ ϕ20)⇋ ieiϕ20 (2.16)

operators

d

dt
⇋ iω

d2

dt2
⇋ −ω2 (2.17)

solutions of the system motion can be obtained in a complex form

X = 0 Y =
ewmw

2mw +mr +mk

(
eiϕ20 − eiϕ10

)

S = − iewmw
mr

(
eiϕ20 + eiϕ10

)
α =

idewmw
2d2mw + JCr + JCk

(
eiϕ20 − eiϕ10

) (2.18)
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Time waveforms corresponding the above numbers are obtained on the basis of the formula

yCk(t) = ℜ(Y ) sin(ωt) + ℑ(Y ) cos(ωt)
s(t) = ℜ(S) sin(ωt) + ℑ(S) cos(ωt) α(t) = ℜ(α) sin(ωt) + ℑ(α) cos(ωt)

(2.19)

where ℜ and ℑ denote the real and imaginary parts of complex numbers.
Coordinates determined in such a way were used in the analysis of the kinematic potential

and in calculating the moment synchronizing the drive vibrators in the steady state operations
of the machine.

2.3. Problem of the stability of the system motion

The position of the stable equilibrium of vibrators was determined on the basis of the criterion

D(ϕ10, ϕ20) =
1
T

T∫

0

Ldt→ min (2.20)

formulated in the studies by Blekhman (2000). According to these findings, vibrators obtain
stable positions when the average value of the Lagrange function L, determined for the vibration
period T of the system, obtains its minimal value. On the basis of (2.3) and solutions (2.19),
the function D in the explicit analytical form was derived

D(ϕ10, ϕ20) = m2we
2
wω
2[cos(ϕ20 − ϕ10)− 1]

(
4d4mkm

2
w + 8JCkd

2m2w + 8JCkd
2mrmw

+ 4JCrd2mkmw + 12JCkd2mkmw + 2JCkd2m2r + 4JCkd
2mkmr + 2JCkd2m2k

+ J2Crmk + 2JCkJCrmk + J
2
Ckmk

)/[
2(2mw +mr +mk)

2(2d2mw + JCr + JCk)
2]
(2.21)

Its cosinusoidal dependence on the difference of angles ϕ20 and ϕ10 means, that there is only
one minimum of the function and it occurs for the angle

γ = ϕ20 − ϕ10 = π (2.22)

The obtained result allows one to state that in the case of the counter running drive the system
has only one state of stable work, in which vibrators generate a sinusoidally variable force of a
rectilinear direction, perpendicular to the segment connecting the points of its fastening to the
machine body, Fig. 3.

Fig. 3. System of phase angles of vibrators in the synchronous running state

2.4. Moment synchronizing the drive vibrators

Left sides of equations (2.10) and (2.11), apart from the components (JCr +mre2)(d2/dt2),
present the effect of the drive frame on drive vibrators. When transferred them into the right
hand side of equations, they represent vibration moments as (Dimentberg et al., 1997)

Mvibr1(t) =
( d2

dt2
α
)
dewmw sinϕ1 − ewmw cosϕ1

( d2

dt2
yCk

)
+ ewmw sinϕ1

( d2

dt2
xCk

)

Mvibr2(t) = −
( d2

dt2
α
)
dewmw sinϕ2 + ewmw cosϕ2

( d2

dt2
yCk

)
+ ewmw sinϕ2

( d2

dt2
xCk

) (2.23)
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Depending on the mutual positions of the vibrators these moments may obtain different values.
However, from the practical point of view, the most essential value is the average difference of
moments (2.24). This value decides on the size of disphasing of the vibrators and on the reserve
of stability related to the stable equilibrium of vibrators

Msync =
1
T

T∫

0

[Mvibr2(t)−Mvibr1(t)] dt (2.24)

After calculating two times the derivative of (2.19) versus time and inserting it into equation
(2.24), the synchronizing moment was determined in the form

Msync = m2we
2ω2

(4mw +mr +mk)d2 + JCr + JCk
(2mw +mr +mk)(2mwd2 + JCr + JCk)

sin γ (2.25)

Transferring to the boundary (JCk + JCr) → ∞ or inserting into equation d = 0, provides an
interesting result. In such a situation, we obtain the formula

M0sync =
m2we

2ω2

2mw +mr +mk
sin (2.26)

which allows one to state that when there is a lack of angular vibrations, the synchronizing
moment will still exist and will have a high enough value to maintain synchronous motion of
the drive vibrators. This property is quite different than that of the conveyors without dynamic
damper systems, for which the coaxial fastening of vibrators does not generate any synchronizing
moments.

3. Numerical analysis

The verification of analytical formulas derived in Section 2 is based on dynamic equations (2.6)-
(2.11) and on parameters of the exemplary conveyor. Parameters presented in Table 1 are related
to the long conveyor, approximately 5m, for which – due to a high value of JCk + JCr – there
is a danger of a low level of body angular vibration and difficulties with self-synchronizing of
vibrators.

Table 1. Physical parameters of the system

Parameter Value Unit Parameter Value Unit

mk 500.0 kg kx 65023.3 N/m
mr 350.0 kg ky 1.30E+05 N/m
mwew 0.9625 kgm bx 114.0 Ns/m
a 1.5 m by 161.3 Ns/m
h 0.5 m β π/6 rad
d 0.5 m ks 3.84E+06 N/m
JCw 0.001 kgm2 bs 733.04 Ns/m
JCk 416.67 kgm2 ω 100π/3 rad/s
JCr 729.17 kgm2

However, the main investigations should be veryfied because of errors resulting from simpli-
fications made while formulating equations of steady state (2.14).
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On the basis of analytical formulas (2.18), the following results were obtained

Y = −0.0011073 + 0.0011073i = 0.0015659e+i1350 m
S = −0.0011073 + 0.0011073i = 0.0038891e−i450 m
α = −0.0011073 + 0.0011073i = 0.00059149e−i1350 rad

(3.1)

and on the basis of equation (2.25) it was found

Msync = 13.89 Nm (3.2)

Analogous procedure was applied in the case of d = 0. Then, it was obtained

Y = −0.0011073 + 0.0011073i = 0.0015659e+i1350 m
S = +0.0027500 − 0.0027500i = 0.0038891e−i450 m
α = 0 rad

(3.3)

and

Msync = 11.68 Nm (3.4)

The dynamic equations of motion enabled obtaining the pathways as presented in Figs. 4-6.
Figure 4 presents the pathways of coordinates of conveyor motion in the steady work state

at the maximal desynchronizing moment. On the basis of the data read from the figure, it is
possible to determine error values for individual pathways

δyCk =
0.00155 − 0.0015659
0.0015659

100% = 1% δs =
0.00397 − 0.0038891

0.00397
100% = 2%

δα =
0.00397 − 0.0038891

0.00397
100% = 2%

(3.5)

The simulation results for the vibrators loaded by external desynchronizing moments are
presented in Fig. 5 for three values: 3Nm, 14.2 Nm and 14.3 Nm. The load was applied at 10 s,
20 s and 35 s of the simulation time. It can be noticed that breaking of the synchronizing bond
occurred above 14.2Nm. Thus, it is possible to determine the error of synchronizing moment to
be

δMsync =
14.2 − 13.89
14.2

100% = 2.1% (3.6)

The pathways of coordinates of the mass centre of the drive frame, corresponding with loads
from Fig. 5, are presented in Fig. 6. From Figs. 4-6 a change in the direction and amplitude
of vibrations of the conveyor trough can be pointed out. When the desynchronizing moment is
increasing then vibrations of the trough are smaller and more bent in the direction of transport.

4. Summary

The self-synchronization process of drive vibrators (of the inertial type) in a vibratory conveyor
with a dynamic damper was analyzed in this study. This type of solution allows us to use the
antiresonance effect to achieve a significant decrease in the drive frame vibration amplitude
and, consequently, a significant decrease in forces transmitted to the foundation. It was revealed
that in this type of solution, the nonzero average value of the synchronizing moment allowed
for mutual synchronization of the vibrators and that these vibrators could assume only one
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Fig. 4. Pathways of generalized coordinates in the steady state obtained on the basis of dynamic
equations (2.6)-(2.11)

Fig. 5. Pathways of the disphasing angle of drive vibrators and desynchronizing moment

stable position with respect to each other. It was shown that in the case of counter running,
the drive vibrators generated a force that was sinusoidally variable in the rectilinear direction
and perpendicular to the segment connecting the mounting points to the machine body. The
analytical formula for the average value of the synchronizing moment was determined, and on the
basis of it, the meaning of the component originating from angular vibrations of the conveyor was
determined. It was shown that in a system containing a dynamic damper, the synchronization of
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Fig. 6. Pathways of coordinates of the mass centre of the drive frame

vibrators was possible without angular vibrations of the machine, which provided the possibility
of installing drive vibrators on the same axis. This is completely different than the situation for
conveyors without a dynamic damper system, in which the coaxial mounting of vibrators does
not generate a synchronizing moment.
The last conclusions have fundamental importance for building long conveyors, in which mass

moments of inertia of the drive frame and trough take high values, which leads to low values of
angular vibrations.
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This study investigates the drag reduction effect and mechanism of modified transverse
grooves by employing “Constant Width” and “Constant Height” filleting methods on the
top and valley of two-dimensional transverse V -shaped grooves. Results revealed a significant
increase in the total drag reduction rate, from 13.29% to 23.24%, when a constant width
fillet was applied to the grooves top at r3 = 0.3/

√
2mm. However, minimal or negative

effects were observed in other cases. These findings establish a preliminary theoretical basis
for future transverse groove design and processing.
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1. Introduction

Amidst the exacerbation of energy scarcity, there is a growing emphasis on drag reduction strate-
gies. Remarkably, a research conducted by NASA Langley Research Center highlighted that a
mere 1% decrease in drag translates to a significant 5% to 10% augmentation in subsonic aircraft
payload capacity (Bushnell, 1990). Delving into drag reduction performance, scholars have ex-
plored bio-inspired microstructures since the last century (Walsh and Lindemann, 1984). These
microstructures are categorized into riblets and transverse grooves oriented parallel and perpen-
dicular to the flow direction, respectively. Notably, current drag reduction investigations have
predominantly focused on transverse grooves due to their impressive drag reduction attributes
and versatile applicability (Sareen et al., 2014; Ghazali et al., 2016).
The drag reduction mechanism of transverse grooves has garnered scholarly attention. The

MABS (Micro-Air Bearings) theory, initially developed by NASA (Bushnell, 1983) in the 1980s,
posits that stable boundary vortices formed by a fluid within grooves act as bearings, akin to
converting sliding friction into rolling friction, thereby reducing drag. Pan (1996) experimen-
tally validated this theory and observed that these “bearings” attenuated vertical momentum
exchange in the boundary layer without affecting the mainstream flow. Choi (1989) employed
hotwire/film anemometry, flow visualization techniques and laser light sheets to investigate
structural changes in the turbulent boundary layer near riblet surfaces. They noted a turbu-
lence intensity reduction of up to 10%, which was further confirmed by DNS (direct numerical
simulations) conducted by Choi et al. (1993). Subsequent research by other scholars (Garćıa-
-Mayoral and Jiménez, 2011a,b) entailed experimental and simulation studies to analyze flow
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characteristics within the grooves and corroborated the vortex-related nature of drag reduction
properties, aligning with the qualitative description of the MABS theory. These findings offer
valuable insights into the drag reduction mechanisms associated with transverse grooves.
Other scholars focused on parametric studies of transverse grooves. Bai et al. (2016) con-

ducted numerical simulations to investigate the drag reduction efficiency of four different ge-
ometries: V -shaped, zigzag, rectangular and semi-circular. They discovered that a V -shaped
groove textured surface achieved the highest friction coefficient. Oak Ridge National Laboratory
(Barbier et al., 2012) conducted experimental tests on grooves of various sizes at low speeds and
observed a drag reduction rate of 13% for a 1mm deep groove. However, as the flow velocity
increased, the secondary flow developed, leading to a lower drag reduction rate. Nevertheless,
even for larger grooves, the drag reduction rate remained above 15%. To provide a quantitative
theoretical foundation for groove parameter design, Li et al. (2022a) proposed a physical model
that established the relationship between dimensionless depth of a transverse groove, dimension-
less inflow velocity and drag reduction rate. They quasi-analytically solved for the optimal and
maximum transverse groove depths based on Reynolds numbers. Moreover, the grooves exhibit-
ted favorable applications in heat transfer compared to flat plates (Belhocine and Wan Omar,
2015; Bilen et al., 2009).
Parametric studies have promoted the engineering application of the grooves. However, little

research has focused on the local structural optimization of such grooves. Recent experiments
by Leitl et al. (2022) revealed that defects occurring in the microstructure, either due to pro-
cessing or prolonged usage, could significantly affect drag reduction. We contend that the top
and valley, also as the most subtle components within the grooves, possess the highest potential
for machining errors and are susceptible to wear and contamination during usage. Hence, we
aimed to investigate the influence of geometric modifications to the top and valley on the flow
characteristics in the vicinity of the grooves. This study modified the shape of commonly used
two-dimensional transverse V -grooves top and valley and analyzed the corresponding drag re-
duction effects through numerical simulations. The results shed light on the significance of these
shape alterations in influencing the drag reduction rate. This research provides a theoretical
basis for the future groove design and processing, enabling an improved performance in various
applications.

2. Models and methods

2.1. Geometric modification of the transverse groove

From the study of Cui and Fu (2012), a symmetric V -shape is the simplest structure of
transverse grooves and has certain improvement potential in the drag reduction effect. Conse-
quently, a geometric prototype groove (V -shape) was selected, as shown in Fig. 1a, where the
dimensions w and h denote width and height of the transverse groove. The flow state near the
groove is visually represented by red lines.
The drag reduction model proposed by Li et al. (2022a) has high accuracy for Reynolds

numbers below 2.18E5. Consequently, a Reynolds number of Re = 1.5E5 is selected near the
groove (incompressible). So, the dimensionless incoming flow velocity (U+

∞
= U∞/uτ ) is 19.34,

while the dimensionless height of the groove (H+ = Huτ/ν) reaches approximately 10.26, re-
sulting in the maximum drag reduction. Here, U∞ denotes the actual incoming flow velocity,
H represents the groove depth, and uτ is the friction velocity that characterizes turbulent shear
stress and related parameters. In this case, the prototype groove depth is 0.5mm. To maintain
vortex stability within the groove, the prototype groove width W is set to 1mm, ensuring an
aspect ratio AR =W/H of approximately 2 (Li et al., 2022b).
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Fig. 1. Flow field with different geometry: (a) prototype groove, (b) fillet top, (c) fillet valley

In Fig. 1a, two vortices are exhibited in a single groove, differing in scale, position and
direction. The small secondary vortex located at the groove valley experiences intense shearing
against the wall, which is usually detrimental to the overall drag reduction effect. Meanwhile, a
larger scale boundary vortex makes the boundary layer of the mainstream slip, acting akin to
the “rolling bearing” (Bushnell, 1983). While, the mainstream stagnates at the windward side
of the grooves and produces local separation at the leeward side, resulting in an extra pressure
drag at the top.
From the above analysis, it can be concluded that the flow inside the grooves is influenced

by geometry of the valley and top. Speculatively, modifying the fillet on the top and valley
(Figs. 1b and 1c) could eliminate shear from the secondary vortex and weaken the high-pressure
area caused by the boundary vortex. This modification has potential to significantly enhance
the overall drag reduction rate of the grooves.
Considering the actual processing and other aspects, two kinds of fillet methods are finally

adopted to optimize the top and valley geometry of the grooves:
• Constant Width (CW): Reduce the height of the individual groove and remain the width
of geometry unchanged, as shown in Figs. 2a and 2c;
• Constant Height (CH): Expand the width of the individual groove and remain the height
unchanged, as shown in Figs. 2b and 2d.

Fig. 2. Different fillet: (a) constant width top, (b) constant height top, (c) constant width valley,
(d) constant height valley

In practical machining, these two geometric modification methods are easily attainable. For
instance, in the case of metal groove machining, the desired modified geometry can be obtained
by simply altering the shape of the cutting tool based on the prototype. This facilitates subse-
quent experimental validation and facilitates widespread application of the modified grooves on
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a larger scale. Defects exceeding 60%h (0.3mm) in geometric changes are rare, thus not requiring
further investigation.
The two methods involve maintaining the wall inclination constant, and h is the distance

from the prototype groove vertex to the fillet center, whose relationship with the fillet radius as

h =
√
2r h′ = r′ (2.1)

The specific geometric modification scheme is outlined in Table 1, detailing the fillet location
(FL), fillet radius (FR) and fillet method (FM).

Table 1. Geometric modification scheme

FL FR [mm] FM

Top

r1 = 0.05/
√
2 CW

r2 = 0.1/
√
2 CW

r3 = 0.3/
√
2 CW

r′1 = 0.05 CH
r′2 = 0.1 CH
r′3 = 0.3 CH

Valley

r1 = 0.05/
√
2 CW

r2 = 0.1/
√
2 CW

r3 = 0.3/
√
2 CW

r′1 = 0.05 CH
r′2 = 0.1 CH
r′3 = 0.3 CH

2.2. Computational domain and boundary conditions

A schematic representation of the computational domain and boundary conditions is pre-
sented in Fig. 3. The computational domain possesses a height and length of 500mm, significantly
larger than the boundary layer thickness. The freestream allows for the transition from a laminar
to turbulent flow over the upstream smooth wall, which extends over a length of 365mm. The
downstream smooth wall with a length of 300mm ensures minimal pressure perturbations at the
outlet. Situated between the two smooth walls is a grooved wall, approximately 12mm in length,
comprising symmetric V -groove profiles. The grooves have an aspect ratio of 2 (AR = W/H)
and a depth of 0.5mm.

Fig. 3. Computational domain and boundary conditions

The computational fluid dynamics analysis (CFD) of the groove surface is performed using
the Fluent 18.2 commercial software. The inlet boundary condition is defined as a constant



Numerical study on the influence of top and valley shape... 745

velocity of 6m/s. And the upstream smooth wall extends for a length of 365mm, resulting in
minimal impact of pressure disturbances on the velocity inlet. The pressure outlet condition
is set with a constant gauge pressure of 0 (Operating Pressure= 101325 Pa). Additionally, all
smooth walls are assigned the no-slip wall condition. In simulation, the key lies in solving the
Navier-Stokes equations as (Belhocine and Abdullah, 2019)

∂

prtt
(ρui) +

∂

∂xj
(ρuiuj) = −

∂p

∂xi
+
∂τij
∂xj
+ ρgi + Fi (2.2)

where p is the static pressure, τij is the surface stress tensor, gi and Fi are gravity and external
volume force. To solve the system of partial differential equations composed of the Navier-Stokes
equation, continuity equation and energy equation, numerical methods are required.
DeGroot et al. (2016) conducted an extensive investigation on a turbulent flow in grooved

channels and their potential for reducing friction factors. They validated the RANS (Reynolds-
-Averaged Navier-Stokes) modeling approach by comparing it with DNS (direct numerical sim-
ulations), confirming its accuracy and computational efficiency for studying the turbulent flow
in grooved channels. In this study, the steady Reynolds-Averaged Navier-Stokes approach is em-
ployed for CFD (computational fluid dynamics) simulations. The Reynolds-Averaged Navier-
-Stokes (RANS) method is extensively employed for tackling turbulent flow phenomena. It
involves the temporal averaging of the governing Navier-Stokes equations to obtain a set of
time-averaged equations. Subsequently, additional turbulence models are employed to account
for the influence of turbulence on the flow. Considering that the Transition SST four-equation
turbulence model is more sensitive to flow separation, pressure gradient, and can capture flow
characteristics in the near-wall region well (Menter et al., 2006; Aftab et al., 2016), it is used to
determine the flow field.

2.3. Grid delineation and independence study

The structured mesh shown in Fig. 4 is generated using the Ansys ICEM meshing tool. To
ensure accurate boundary layer flow simulation, the Transition SST turbulence model requires
the Y plus value below 1. In order to capture the flow details near the grooves h = 0.5mm
with enhanced precision, considering the Reynolds number and the physical parameters of the
medium, the normal distance from the nodes of the first grid layer to the wall surface is set to
0.003mm. Consequently, the actual Y plus range near the grooved wall falls within the range of
0.0599-0.06.

Fig. 4. Mesh distribution around the transverse V -groove

Figure 5 shows the relative error of the total drag of the grooved plate compared with
that of the smooth plate at different grid-refinement levels. It can be observed that when the
number of grid cells exceeds 297 463, the relative error for both drags remains below 0.05%.
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Consequently, to strike a balance between the computational accuracy and resource efficiency,
the subsequent calculations utilize approximately 297 463 grid cells to ensure accurate results
while saving computational resources.

Fig. 5. Verification of grid independence

2.4. Numerical method validation

To assess the accuracy of the numerical method, a numerical simulation of a grooved plate
with depth of 1.62mm and width of 3.57mm was conducted in a wind tunnel. The simulation
results were then compared to relevant experimental data obtained by Ahmadi-Baloutaki et
al. (2013), Fig. 6. When considering a turbulence intensity of 0.5% and a Reynolds number of
1.85E5, the relative errors between the numerical calculations and the experimental results were
all below 5%. These findings, coupled with the conclusions drawn by DeGroot et al. (2016),
validate the accuracy of the numerical method employed in this study for accurately predicting
the drag reduction effect of transverse grooves.

3. Law of the drag reduction rate

The drag of a grooved plate is formed by viscous drag FCV and pressure drag FCP , defined as
(Li et al., 2022a)

FGV =

ls∫

0

)τ · ex dl FCP =

ls∫

0

(p− p∞)n · ex dl (3.1)

Here, τ is the shear stress on the wall surface, ex is the unit vector along the x direction (flow
direction), ls is length of the wetted wall of grooves, p∞ is the ambient pressure, l is the unit
area along the groove wall, and n represents the normal vector to the wall. Further, the drag
reduction rate can be denoted by Eq. (3.2) (Li et al., 2022a), where FG and FR represent the
drag of the grooved and smooth plate, respectively

η =
FG − FR
FR

=
FGV − FR

FR
+
FGP
FR
= ηv + ηp (3.2)
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Fig. 6. The comparison of numerical and experimental results (Ahmadi-Baloutaki et al., 2013)

Here, ηv denotes the reduction rate of viscous drag which is negative. ηp denotes the increased
rate of pressure drag which is positive. A negative value of η indicates a reduction in the total
drag with a higher absolute value indicating a higher drag reduction rate. The drag reduction
characteristics of the grooves with different fillet radii (FR) after using two fillet methods (FM),
constant height (CH) and constant width (CW), at two fillet positions (FP), top and valley, are
presented in Table 2.

Table 2. Calculation results of drag reduction characteristics

FP FR FM ηp ηv η

Prototype r0 = 0 - 78.24% −91.53% −13.29%

Top

r1 CW 65.38% −80.62% −15.24%
r2 CW 59.22% −76.16% −16.94%
r3 CW 44.45% −67.69% −23.24%
r′1 CH 64.95% −77.26% −12.31%
r 2 CH 59.38% −70.90% −11.52%
r′3 CH 46.28% −56.03% −9.77%

Valley

r1 CW 78.14% −91.49% −13.35%
r2 CW 78.23% −91.55% −13.32%
r3 CW 81.60% −93.21% −11.62%
r′1 CH 78.80% −92.06% −13.26%
r′2 CH 79.32% −92.71% −13.39%
r′3 CH 82.14% −95.74% −13.60%

3.1. Fillet top

The calculation results shown in Table 2 indicate that the geometric modifications at the
top of the groove significantly impact the drag reduction rate, consistent with findings reported
for riblets in the previous studies (Leitl et al., 2022). Comparing the cases with a constant
height, the grooves exhibit improved drag reduction effects when filleted using a constant width.
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Among the existent constant width cases, the drag reduction rate increases with the increasing
fillet radius, with a substantial increase from 13.29% to 23.24% observed when the fillet radius
reaches r3. Conversely, when filleted using a constant height, the grooves display a lower drag
reduction rate compared to the prototype grooves, primarily due to the greater decline in the
absolute value of ηv.
In terms of specific changes in the drag reduction rate, the fillet top results in a decrease

of ηp (cost) and the absolute value of ηv (benefit). Ultimately, the actual variation in the drag
reduction rate is determined by the delicate balance between the benefits and costs associated
with these changes.

3.2. Fillet valley

The influence of filleting the valley on the drag reduction rate of the groove is relatively
minimal compared to the filleting of the top. From the perspective of ηv, ηp and η, when the
fillet radius is small, the variation of these values with the two fillet methods are almost the same
compared with the prototype groove. While the fillet radius reaches r3, the ηp of the groove in
the constant width cases suddenly significantly increases and the absolute value of ηv increases
less, leading to a reduction in the drag reduction rate from 13.29% to 11.62%.
While this Section presents the observed patterns of the drag reduction ratio in fillet trans-

verse grooves based on the changes in ηv and ηp, it does not provide an explanation for these
variations. In the upcoming Section, we delve into the flow details to uncover the underlying
mechanisms that drive these changes.

4. Mechanism analysis

4.1. Characteristics of drag reduction induced by the fillet top

4.1.1. Fillet top and pressure drag

Figure 7 describes the pressure distribution in a unit groove on the wall with different fillet
radii at the top. In the vicinity of the prototype groove (Fig. 7a), a region of high pressure is
observed on the windward side of the top, while a localized low-pressure region is present on the
leeward side. In Figs. 7h and 7i, these regions manifest as sharp positive and negative pressure
peaks, respectively, at the top of the prototype groove r0. Filleting the top with a constant
width leads to a more uniform pressure distribution on both sides of the transverse groove, as
depicted in Figs. 7b, 7d, 7f, and 7h. The drag reduction effect improves with the increasing fillet
radius. For instance, in Fig. 7h, with a fillet radius of r3, the difference between the positive and
negative peaks of gauge pressure is approximately 0.05 Pa, whereas on the prototype groove, this
difference reaches 0.45 Pa. The closer pressure on either side near the top of the groove signifies
a lower pressure drag in that region.
Filleting the top of the groove with a constant height also leads to a reduction in pressure

peaks, as shown in Fig. 7i, although not as much as in the constant width method. In the constant
height cases, the minimum value of differences between the positive and negative peaks is 0.12
(at r′3), which is nearly twice the corresponding value achieved by the constant width filleting.
However, the constant height method widens the individual grooves, resulting in wider regions
of the local low and high pressure. This leads to a decrease in pressure gradient. Consequently,
the actual reduction in pressure drag achieved by this fillet method is comparable to that of the
constant width method.
The streamline patterns depicted in Fig. 8 provide further insights into the underlying mech-

anism behind the changes in the drag reduction rate after filleting. It is evident that the stream-
lines exhibit periodic variations in the response to the groove structure. In Fig. 8a, as the fluid
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Fig. 7. Pressure distribution with the fillet top: (a) prototype groove r0, (b) CW r1, (c) CH r′1,
(d) CW r2, (e) CH r′2, (f) CW r3, (g) CH r′3, (h) CW, (i) CH

Fig. 8. Streamlines with the fillet top: (a) prototype groove r0, (b) CW r1, (c) CH r′1, (d) CW r2, (e)
CH r′2, (f) CW r3, (g) CH r′3

enters the V -shaped groove and forms a vortex, it experiences stagnation on the windward side
of the groove top, leading to generation of a high-pressure region. As the fluid crosses the top, a
sharp turning angle induces separation, resulting in a local low-pressure region. However, when
the groove is filleted either by a constant height or constant width, the turning structure becomes



750 Z. Li et al.

smoother, mitigating the stagnation and separation effects. Therefore, the pressure distribution
on both sides of the groove top becomes more uniform, and the streamlines are closer to the
geometric structure, resulting in a reduced pressure drag at the top of the groove.

4.1.2. Fillet top and viscous drag

Based on the above analysis, it is evident that the pressure drag of the V -groove decreases
with both the constant height and constant width filleting methods. However, the drag reduction
rate of the top filleted by the constant height is inferior to that of the prototype groove, as shown
in Table 2. Hence, further investigation is required to understand the correlation between the
reduction in the drag reduction rate and wall shear stress.
Figure 9 presents the wall shear stress distribution on the filleted top of the groove. It

is evident that the wall shear stress follows a periodic pattern corresponding to the groove
structure. The shear stress near the valley exhibits M shaped peaks, which are higher than the
corresponding smooth wall shear stress. The fillet top has a little impact on the positive shear
stress region near the M peaks, particularly in the constant width cases. The shear stress at
the top is represented by a sharp negative peak. With an increase in the fillet radius, the peak
shear stress near the groove top significantly decreases, resulting in a reduction in the extent
of negative shear stress and an increase in the total viscous drag. In the constant height cases,
the range of wall shear stress exceeding that of the smooth wall also increases, leading to a
sharp rise in the total drag. This observation indicates that while filleting by the constant height
reduces the pressure drag of the groove, it substantially increases the viscous drag, resulting in
an inferior drag reduction rate compared to the prototype groove.

Fig. 9. Wall shear distribution with the fillet top: (a) prototype groove r0, (b) CW r1, (c) CH r′1,
(d) CW r2, (e) CH r′2, (f) CW r3, (g) CH r′3

4.2. Characteristics of drag reduction induced by the fillet valley

4.2.1. Fillet valley and pressure drag

The pressure distribution in Fig. 10 reveals that the fillet valley has almost no major effect
on the pressure distribution near the V -groove when the fillet radius is small, resulting in slight
changes to the local pressure. In the constant width cases, the pressure distribution curves of
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the fillet groove almost coincide with that of prototype groove (Fig. 10h). For instance, when
the fillet radius reaches r2, the overall pressure variation compared to the prototype groove is
within 0.02 Pa. Similarly, in the constant height cases, the pressure peaks hardly change after
filleting at r′1 and r

′

2. However, as the fillet radius increases, the effect of local pressure becomes
more pronounced. For example, in the constant width cases, when the fillet radius reaches r3,
and in the constant height cases, when it reaches r′3, the positive and negative pressure peaks
in Figs. 10h and 10i, respectively, are significantly larger than those in the prototype grooves.
In these cases, the pressure drag is higher.

Fig. 10. Pressure distribution with the fillet valley: (a) prototype groove r0, (b) CW r1, (c) CH r′1,
(d) CW r2, (e) CH r′2, (f) CW r3, (g) CH r′3, (h) CW, (i) CH

The streamline diagram in Fig. 11 illustrates that filleting the groove leads to a closer fit
of the streamline with the corner of the turn, resulting in the elimination of secondary vortex
structures and a moderation of velocity as well as pressure gradient at the groove valley. The
fluid near the valley is influenced by the central vortex and moves in the clockwise direction.
While the reduction in pressure gradient suggests a potential decrease in the pressure drag,
it is important to note, as stated in the earlier findings in Section 4.2, that this advantage is
very small and may even have a negative impact when the fillet radius is large. Moreover, the
reduction in the velocity gradient may affect the viscous drag, which will be further discussed
in the subsequent Section.
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Fig. 11. Streamline distribution with the fillet valley (a) prototype groove r0, (b) CW r1, (c) CH r′1,
(d) CW r2, (e) CH r′2, (f) CW r3, (g) CH r′3

4.2.2. Fillet valley and viscous drag

Figures 12a-12e demonstrate that the wall shear stress in cases with small fillet radius re-
mains largely unchanged compared to the prototype groove, corroborating the findings in Ta-
ble 2. Combined with the streamline diagram shown in Fig. 11, the absence of secondary vortex
structures leads to an increase of the valley range of the M peak, indicating a reduction in
the viscous drag. This reduction becomes particularly prominent with a larger fillet radius, as
depicted in Figs. 12f and 12g. Consequently, in the cases with a large fillet radius, while the
elimination of secondary vortex structures may contribute to an increase in the pressure drag
at the groove valley, the decrease in the viscous drag can offset this effect, ultimately resulting
in a higher drag reduction rate.

Fig. 12. Wall shear distribution with the fillet valley: (a) prototype groove r0, (b) CW r1, (c) CH r′1,
(d) CW r2, (e) CH r′2, (f) CW r3, (g) CH r′3

5. Conclusion

In this study, numerical simulations were performed to investigate flow characteristics of a flat
plate with two-dimensional V -shaped transverse grooves. The effects of two filleting methods,
namely “Constant Width” (CW) and “Constant Height” (CH), at the top and valley of the
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grooves were examined to understand the changes in the flow mechanism. The key findings are
summarized as follows:

• The filleting of the top of transverse grooves has an obvious impact on the drag reduction
characteristics compared to the prototype grooves plate. Filleting the top leads to a de-
crease in the rate of increase in the pressure drag ηp, but it also reduces the absolute value
of the viscous drag reduction rate ηv . When applying a constant width filleting, the total
drag reduction rate significantly increases with a larger fillet radius, reaching a maximum
of 23.24% at r3 = 0.3/

√
2mm from 13.29% due to a faster decrease in the cost (pressure

drag). Conversely, filleting the top using a constant height results in a larger rise in the
viscous drag, leading to a decrease in the total drag reduction rate with the increasing
fillet radius.
• Both constant width and constant height filleting methods eliminate the secondary steady
vortex at the valley of the groove, thereby reducing the viscous drag. However, at a larger
fillet radius, these methods also increase the rate of increase in the pressure drag, leading
to a reduction in the overall drag reduction rate. In the case of the constant height filleting,
the drag reduction rate remains relatively unchanged compared to the prototype grooved
plate, as the benefits and costs are balanced. On the other hand, the constant width
filleting results in a lower total drag reduction rate of 11.62% at r3 = 0.3/

√
2mm due to

the higher ηp.

In summary, our study analyzed the impact of modifying the top and groove of transverse
grooves on drag reduction performance. We found that geometric changes of the top, resem-
bling the “constant width” approach discussed earlier, are effective in improving the actual drag
reduction performance of the grooves. So, engineers can intentionally design grooves with sim-
ilar geometries to enhance the drag reduction performance even further. In the future, we will
focus on investigating the impact of other forms of geometric variations on the drag reduction
performance after a long-term use of the grooves.
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The Micro-Perforated Plate (MPP) is widely used in the noise control field with advantages
of high temperature resistance and being suitable for high-speed flow fields. In this paper,
an analytical model of the three-dimensional thermoacoustic coupling system suppressed by
the MPP is established through the energy principle and Rayleigh-Ritz method. A modified
Fourier series will be applied to characterize the sound pressure distribution function to meet
arbitrary impedance boundary conditions. Based on the sound intensity and divergence, the
energy transmission path and distribution law of energy sources and traps are analyzed. The
suppression mechanism of a MPP on the thermoacoustic instability is revealed.

Keywords: thermoacoustic coupling system, micro-perforated plate, modified Fourier series

1. Introduction

The thermoacoustic coupling oscillation occuring in combustion systems of gas turbines seriously
affects quietness and operation reliability of the equipment (Dowling and Mahmoudi, 2015; Seo,
2003; Lefebvre and Ballal, 2010). The Micro-Perforated Plate (MPP) has the advantage of not
being limited by high temperature, high speed and other harsh environments (Zhang, 2020;
Schönfeld and Poinsot, 1999; Armitage et al., 2004; Schuller et al., 2003). Therefore, the MPP
has attracted attention in the thermoacoustic oscillation control field. However, the effective
handling of thermoacoustic coupling system with MPPs in terms of modelling, optimization and
mechanism exploration is technically challenging.
At present, scholars have carried out a series of studies on suppression of thermoacoustic

coupling oscillation by MPPs. Eldredge and Dowling et al. (2003) proposed that the perforated
structure on the combustion chamber wall can be simplified as a perforated plate model. Ma
(1975) pointed out that the MPP sound absorption structure is a resonant sound absorber
which is characterized by a wide frequency band, simple structure and can be used in spe-
cial environments. Sun (2010) used CFD to simulate the thermoacoustic system and discussed
the influence of structural parameters such as perforation rate on the thermoacoustic oscilla-
tion characteristics. Chu and Xu (2016) carried out numerical simulation analysis using CAA,
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the three-dimensional (3D) acoustic equation was solved to predict the modal information of
the thermoacoustic system, and then the inhibition effect of the MPP on unstable modes was
simulated. The above investigation proves that, most of the research on suppression of thermoa-
coustic oscillation by MPPs is still limited to experimental methods and numerical simulation
methods. In the experiment, the thermoacoustic coupling oscillation phenomenon is suppressed
through empirical debugging. In the numerical simulation, the appropriate MPP parameters
and installation positions are determined through a large number of parameter analysis, and
there is a lack of understanding of the control mechanism of thermoacoustic coupling oscil-
lation.

Motivated by this, this paper proposes a semi-analytical technique based on the energy
principle and Rayleigh Ritz method to reveal the characteristic of thermoacoustic coupling phe-
nomenon and realize effective suppression of thermoacoustic oscillation. The 3D thermoacoustic
coupling system is established, taking into account arbitrary impedance boundary conditions
and the MPP. The system structure can be decomposed by a substructure method. To ensure
smoothness of the field function, a modified Fourier series enriched with auxiliary polynomial
terms is constructed for decomposition of the sound pressure. Numerical analyses are performed
with a particular focus on the sound field energy transmission path and the control strategy of
the MPP on the thermoacoustic coupling instability.

2. Theoretical model

A 3D thermoacoustic coupling system with arbitrary impedance boundary conditions, variable
cross-section and MPP is shown in Fig. 1a. According to characteristics of the complex cavity
structure, it can be divided into acoustic cavity substructures TAC1 and TAC2, which are
connected by auxiliary air plates TAA at the interface, as shown in Fig. 1b. The heat source is
located in TAC2, and the MPP can be located at an arbitrary position on the wall. Assuming
that the MPP at y = 0, the starting coordinate of MPP is expressed as (xm, 0, zm).

Fig. 1. The 3D thermoacoustic coupling system with the MPP

2.1. Sound pressure distribution function of the acoustic cavity substructure and
the displacement function of an auxiliary air plate at the interface

The 3D modified Fourier series expression (Du et al., 2011) is used to describe the sound
pressure distribution, expressed as pc1 and pc2, respectively
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In the analysis, the TAA can be regarded as a 2D elastic thin plate structure, and the sound
field transfer between the adjacent acoustic cavity substructures is transformed into bending
vibration. The bending vibration displacement of TAA is expressed by 2D Fourier series, i.e.

wa(y, z) =
∞∑

may=0
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wmaymaz cos λmayy cos λmaz z (2.3)

where λmay = m
a
yπ/(ly1), λmaz = m

a
zπ/(lz1).

2.2. Lagrange function of the acoustic cavity substructure and the auxiliary air plate
at the interface

After obtaining the sound pressure distribution of TAC and the displacement function of
TAA, it is necessary to further obtain all the unknown Fourier coefficients. The characteristic
equation of the thermoacoustic coupling system with the MPP will be constructed using the
energy principle and Rayleigh-Ritz method. Writing Lagrangian for TAC and TAA

Lc1 = Vc1 − Tc1 −Wend1 −Wa&c1 −WS
Lc2 = Vc2 − Tc2 −Wend2 −WMPP −Wa&c2 −Wheat
La = Va − Ta +Wc1&a +Wc2&a

(2.4)

where Vc, Tc are the potential energy and kinetic energy of TAC, Wend1 and Wend2 are the work
done by the impedance end of TAC, Wheat is the work done by the heat source, Wa&c is the
work done by bending vibration of TAA to TAC.
The potential energy and kinetic energy of TAC1 and TAC2 are
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The works done by the auxiliary air plate to the acoustic cavity substructure are

Wa&c1 =
∫

Sa

p1(x, y, z)
∣∣∣
x=lx1

wa dSa =

lz1∫

0

ly1∫

0

p1(x, y, z)
∣∣∣
x=lx1

wa dy dz

Wa&c2 =
∫

Sa

p2(x, y, z)
∣∣∣
x=0

wa dSa =

lz2
2
+
lz1
2∫

lz2
2
−
lz1
2

ly2
2
+
ly1
2∫

ly2
2
−
ly1
2

p2(x, y, z)
∣∣∣
x=0

wa dy dz

(2.6)

The work done by the inlet impedance of the acoustic cavity substructure TAC1

Wend1 = −
1
2

∫

S0

p1(x, y, z)2

jωZ0

∣∣∣∣∣
x=0

dS0 = −
1
2

lz1∫

0

ly1∫

0

p1(x, y, z)2

jωZ0

∣∣∣∣∣
x=0

dy dz (2.7)

The work done by the outlet impedance of the acoustic cavity substructure TAC2
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The equivalent impedance of MPP can be expressed as
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where µ is the aerodynamic viscosity, δh is the perforation rate, dh is the hole diameter, and
th is the plate thickness.
The acoustic effect of the MPP is characterized by distribution impedance, and the energy

dissipation in the sound field can be expressed as
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The work done by the heat source can be obtained
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in which γ is the ratio of specific heats, and q represents the heat release rate per unit area, Q is
the heat release rate, xq is the heating position.
The potential and kinetic energy of the auxiliary air plate at the interface are respectively
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where D, µ, ρa, δa are the bending stiffness, Poisson’s ratio, mass density and thickness of the
air plate. The temperature of air plate is consistent with the temperature of the acoustic cavity,
the particle velocity is determined by the current position, and can be obtained according to the
Euler equation of motion.



An energy method for predicting and suppressing the instability... 759

2.3. Characteristic equation of the thermoacoustic coupling system

In numerical calculation, the Fourier series of the acoustic cavity substructure is truncated
at mx =Mx, my =My, mz =Mz, and the Fourier series of the auxiliary air plate is truncated
at ma =Ma. Applying the Lagrange equation and Rayleigh-Ritz method with respect to all the
unknown coefficients yields the following condensed matrix form

(Kc1 − ωZc1 − ω2Mc1)Pc1 + ω2Ca&c1Wa = Qs
(
Kc2 −

1
2

b(γ − 1)
ρ2c2S(1 + jωt)

R− ωZMPP − ωZc2 − ω2Mc2
)
Pc2 + ω

2Ca&c2Wa = 0

(Ka − ω2Ma)Wa +Cc1&aPc1 +Cc2&aPc2 = 0

(2.13)

where Kc1, Kc2, Ka are the stiffness matrices of the substructures,Mc1,Mc2,Ma are the mass
matrices of substructures, Ca&c and Cc&a are the auxiliary matrices of the interaction between
TAC and TAA, Zc1, Zc2 are the boundary impedance work matrices, ZMPP is the MPP work
matrix, R is the heat source work matrix, Pc andWa are unknown Fourier coefficient vectors.
Considering that the auxiliary air plate at the interface is a virtual structure, the thickness

of the air plate in the numerical calculation is a small value (δa = 10−6m), and bending stiffness
D = 0. Therefore, the potential energy of the air plate is Va = 0, and Eq. (2.13)3 can be simplified
to

−ω2MaWa +Cc1&aPc1 +Cc2&aPc2 = 0 (2.14)

Dynamic equations (2.13) and (2.14) are simultaneously established, and the matrix charac-
teristic equation for the thermoacoustic coupling system can be obtained

(K− ωZ− ω2M− ω2X)P = Q (2.15)

The coupling characteristics can be obtained by solving the system matrix eigenequation.
The most important is that ω is a complex number, whose real part, denoted by Re(ω), represents
the oscillation frequency, and the minus of the imaginary part of ω, −Im(ω) is the growth rate
of the oscillation amplitude. The growth rate greater than zero means the unstable mode, less
than zero is the stable mode.

3. Numerical simulation and analysis

3.1. Model validation

When the heat source is not considered, the thermoacoustic coupling system degenerates
into a pure acoustic system, and the matrix characteristic equation (2.15) of TAC2 degenerates
to

(Kc2 − ωZMPP − ωZc2 − ω2Mc2)Pc1 + ω2Ca&c2Wa = 0 (3.1)

Dynamic equations (2.13)1, (2.14) and (3.1) are simultaneously established, and the matrix
characteristic equation for the pure acoustic system can be obtained.
The geometric parameters of TAC are lx1 = 0.3m, ly1 = 0.5m, lz1 = 0.5m, lx2 = 0.7m,

ly2 = 1m, lz2 = 1m. The right end of TAC2 is the pressure release boundary. Three MPPs are
selected, lmy = 0.1m, 0.3m and 0.5m, respectively, and lmz = lz2 . MPP is on y = 0, and the
starting coordinates are (0.9m, 0, 0), (0.7m, 0, 0) and (0.5m, 0, 0) in turn. The MPP structure
parameters are shown in Table 1. COMSOL Multiphysics software has been used for compar-
ative verification of thermoacoustic coupling systems. Firstly, a variable cross-section three-
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-dimensional thermoacoustic coupling system is established, and pressure acoustics and fre-
quency domain modules are used to calculate the thermoacoustic coupling characteristics, includ-
ing the variable cross-section acoustic cavity, heat source domain, wall distributed impedance,
and inlet and outlet boundary impedance. The heat source is introduced in the form of local
integration, and the coupled iterative calculation between the heat source and the acoustic sys-
tem is formed by using local ordinary differential and differential algebra equations. The finite
element mesh division of its structure, includes 33379 tetrahedral elements, 8232 triangular el-
ements, and 480 edge elements. The average element mass is 0.584, and the mesh volume is
0.85m3. The grid at the heat source region is dense, with 9318 tetrahedrons, an average element
mass of 0.4047, and a grid volume of 0.01m3. The current modal frequencies of the 3D acoustic
cavity with MPPs are shown in Table 2. Figure 2 shows a comparison of modal shapes between
the results from the current method and FEM.

Table 1. MPP structure parameters

MPP parameters Value Unit

Perforation rate 1.2 %
Orifice diameter 0.001 m
Panel thickness 0.003 m

Aerodynamic viscosity 1.789E-5 Pa·s

Table 2. Comparison of modal frequencies of the acoustic system with different MPPs [Hz]

Order
lmy = 0.1m lmy = 0.3m lmy = 0.5m

Current FEM Current FEM Current FEM

1 181.66 182.19 183.70 183.91 187.58 187.29
2 181.96 182.49 187.53 186.74 192.03 191.74
3 202.94 202.48 223.47 222.68 249.22 248.93
4 254.01 253.54 268.04 268.25 284.18 283.89
5 278.23 278.76 278.37 277.58 293.95 293.66
6 307.02 307.55 309.39 309.60 308.88 309.59

Fig. 2. Comparison of modal shapes of the acoustic system with the 2nd MPP

Through the above comparison, it is found that the results are in good agreement with FEM
results, and it is proved that the current method can accurately predict the modal parameters of
the acoustic system with the MPP at an arbitrary position. In addition, we also found that the
MPP has a significant impact on sound pressure distribution, the sound pressure distribution is
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no longer symmetrical, and the sound pressure is almost zero at the MPP position, which proves
that the MPP can effectively absorb the sound energy.
Next, the heat release is introduced, with the parameters b = 200, τ = 0.002 s. Two different

acoustic structures are chosen as shown in Table 3. The right end of TAC2 is the pressure release
boundary. Table 3 shows a comparison between the modal frequency and growth rate calculated
by the current method and FEM. The comparisons show that the modal frequency and growth
rate are in good agreement, which proves the current method can accurately predict stability
and corresponding thermoacoustic behavior characteristics of the 3D variable cross-sectional
thermoacoustic coupling system.

Table 3. Parameters of cavity

Parameters of cavity 1 Parameters of cavity 2

lx1 = 0.2m, ly1 = 1m, lz1 = 1m lx2 = 0.8m, ly2 = 1m, lz2 = 1m
lx1 = 0.2m, ly1 = 0.5m, lz1 = 0.5m lx2 = 0.8m, ly2 = 1m, lz2 = 1m

Table 4. Comparison of frequency and growth rate of the thermoacoustic coupling system

Order
Cavity 1 Cavity 2

Frequency [Hz] Growth rate [rad/s] Frequency [Hz] Growth rate [rad/s]

1
189.31[a] −12.99[a] 98.52[a] −23.40[a]
189.33[b] −12.73[b] 97.43[b] −22.29[b]

2
189.31[a] −12.99[a] 205.05[a] 5.81[a]

189.39[b] −12.73[b] 205.69[b] 5.77[b]

3
253.23[a] −34.62[a] 205.05[a] 5.80[a]

252.78[b] −34.61[b] 205.69[b] 5.77[b]

4
254.67[a] −7.56[a] 252.39[a] −59.38[a]
254.68[b] −7.27[b] 253.54[b] −58.79[b]

5
305.41[a] −24.48[a] 264.79[a] 1.70[a]

304.83[b] −25.36[b] 265.19[b] 1.94[b]

6
305.41[a] −24.48[a] 333.24[a] −2.18[a]
304.85[b] −25.18[b] 334.17[b] −2.25[b]

Remarks: [a] – current results, [b] – FEM results

3.2. Analysis of thermoacoustic coupling instability suppressed by the MPP

To explore the mechanism of the thermoacoustic coupling instability suppressed by the MPP
separately and avoid energy dissipation of other impedance conditions, the straight and rigid
cavity is preferred. The geometric parameters are lx1 = 0.6m, lx2 = 0.4m, ly1 = ly2 = 0.3m,
lz1 = lz2 = 0.3m. First, it is necessary to master the behavior of the initial system, thus the
modal frequency and growth rate of the thermoacoustic coupling system within 1000Hz are
predicted, see Fig. 3. It can be seen that there are 6 unstable modes in the first 1000Hz of the
thermoacoustic coupling system, and the instability of the low-order unstable modes is stronger.
Two unstable modes (176Hz and 591Hz) and two stable modes (337Hz and 850Hz) marked

in Fig. 3 are selected, and the nondimensional sound pressures at (0.8lx2 , 0.5ly2 , 0.5lz2) are shown
in Fig. 4. Figure 4a and 4c show the onset of nondimensional sound pressure for unstable modes,
and the sound pressure increases exponentially with t. Figure 4b and 4d show the attenuation of
nondimensional sound pressure of the stable modes, and the sound pressure gradually tends to
zero with t. Since the modal growth rate −83.13 rad/s of 337Hz is far less than the modal growth
rate −5.72E-5 rad/s of 850Hz, its modal sound pressure attenuation is significantly faster than
in the 850Hz mode.
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Fig. 3. Distribution of modal stability of the thermoacoustic coupling system without an MPP

Fig. 4. The variation of nondimensional sound pressure for stable and unstable modes: (a) 175Hz,
(b) 337Hz, (c) 591Hz, (d) 850Hz

Then, the MPP is introduced at y = 0 with the initial coordinates of (0.7m, 0, 0), lmy = 0.3m,
lmz = lz2 . Figure 5 shows the modal frequency and stability distribution within the first 1000Hz
of the thermoacoustic coupling system with the MPP. Due to the introduction of MPP, the
unstable modes are reduced from 6 orders to 4 orders, and the growth rates of still unstable
modes are reduced to approaching the critical stable center with the zero growth rate, which
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proves that the MPP can control the multi-order modes at the same time and enhance system
stability.

Fig. 5. Distribution of modal stability of the thermoacoustic coupling system with the MPP

Owing to the introduction of the MPP, the instability of the thermoacoustic coupling system
is greatly modified, but the system is still not completely stable. This is because the MPP
dissipates a part of the energy released by heat but fails to completely dissipate the energy
generated by heat release. Therefore, it is necessary to further explore the effective set of the
MPP on suppressing thermoacoustic instability.

3.3. Sound intensity distribution and energy transmission in the thermoacoustic coupling
system

The thermoacoustic coupling process is essentially mutual conversion between thermal energy
and acoustic energy. In order to clearly show the energy exchange characteristics between the
heat source and the acoustic system, the sound pressure, sound intensity and its dispersion
distribution of the thermoacoustic coupling system will be simulated separately. A combination
of the sound intensity and dispersion can evaluate the energy transmission path, source and trap
distribution law in the whole system, and provide an effective way to reveal the thermoacoustic
characteristics and the instability control mechanism. The sound intensity energy and sound
intensity divergence are defined as

I =
1
2
pu∗ = S + jG div (I) = ∇(I) = ∂Ix

∂x
+
∂Iy
∂y
+
∂Iz
∂z

(3.2)

where S is the active sound intensity, and G is the passive sound intensity.
To study the energy distribution of the thermoacoustic coupling system with/without an

MPP, the parameters of acoustic cavity in Section 3.2 are selected. First, the sound pressure,
sound intensity and divergence distribution of the thermoacoustic coupling system with/without
the MPP are analyzed. The point source is introduced at (0.3, 0.5ly1 , 0.5lz1), and the volume
velocity is 2 · 10−5m3/s. y = 0.5ly section is chosen to observe the system characteristics. The
excitation frequency is the 6 modal frequencies marked in Fig. 6.
Figure 6 shows a comparison of the passive sound intensity and sound pressure distribution

of the acoustic system and the thermoacoustic system. In each figure, the upper subfigure shows
characteristics of the acoustic system, and the lower subfigure shows characteristics of the ther-
moacoustic coupling system. The vector in the figure represents the passive sound intensity, and
the color represents the sound pressure distribution. By comparing the passive sound intensity
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Fig. 6. Distribution of the passive sound intensity and sound pressure response: (a) 176.2Hz,
(b) 337.1Hz, (c) 511.7Hz, (d) 591.8Hz, (e) 762.9Hz, (f) 850Hz

vector and sound pressure distribution in Fig. 6, it can be found that the passive sound inten-
sity, as an oscillating energy flow, is always perpendicular to the isobaric surface of the sound
field and parallel to the pressure drop direction. From the observation of the sound pressure
distribution, it can be seen that the sound pressure response amplitude of the thermoacoustic
system increases significantly, especially under a low frequency excitation. It means that the
sound pressure of the system will be significantly enhanced after the introduction of the heat
source.

Fig. 7. Distribution of active sound intensity and divergence of the sound field: (a) 176.2Hz,
(b) 337.1Hz, (c) 511.7Hz, (d) 591.8Hz, (e) 762.9Hz, (f) 850Hz

Figure 7 shows the active sound intensity and divergence of the system. The vector repre-
sents the active sound intensity, the color represents the sound intensity divergence. When the
excitation frequency is an unstable mode frequency, as shown in Figs. 7a, 7c, 7d and 7e, there
is a region with a divergence value greater than zero, and the energy is significantly increased
compared with that in the non-heat source cavity system. By observing the sound intensity
vector, we can see that the energy is transferred from the heat source to the whole sound field.
It means that the heat source does positive work on the acoustic system, resulting in the system
being in an unstable state. When the excitation frequency of the point source is a stable modal
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frequency, as shown in Fig. 7b, the divergence near the heat source is negative, and the energy
trap is near the heat source. The sound intensity vector shows that energy flows into the heat
source position. Due to this phase, the energy generated by the heat source is opposite to the
acoustic kinetic energy and potential energy, which reduces the energy of the acoustic system,
so the system is in a stable state.
From the above analysis, the stability of the thermoacoustic coupling system depends on

whether the heat source transmits energy to the acoustic system in the form of a source. The
instability can be modified by adding energy-consuming elements in the thermoacoustic coupling
system, blocking the transmission path of the energy source or reducing the energy transmission.
It can be seen from Fig. 7 that for unstable systems, the highest energy point is behind the

heat source location rather than the heat source location. Therefore, before introducing the MPP,
the energy concentration range of thermoacoustic unstable modes should be determined first.
In order to fully cover the energy concentration area in Fig. 7, the MPP position was adjusted
from xm = 0.7m to xm = 0.5m, and the length remained at lmy = 0.3m. Figure 8 shows the
distribution of modal stability within the first 1000Hz of the thermoacoustic coupling system
after only adjusting the MPP position. At this time, the unstable modes are all transformed
into stable modes, indicating that the installation of the MPP at this position can effectively
control the multimodal instability of the system.

Fig. 8. Distribution of thermoacoustic system modal stability in 1000Hz with MPP at 0.5m

Figure 9 shows the passive sound intensity and sound pressure response distribution of the
thermoacoustic coupling system under four excitation frequencies marked in Fig. 8. Compared
with the amplitude of the sound pressure response at various excitation frequencies in Fig. 4,
it can be found that the MPP not only transforms the unstable mode into a stable model, but
also reduces the response to the acoustic disturbance. The active sound intensity and dispersion
distribution are also shown in Fig. 10. It can be seen that the energy trap appears in the
MPP area, the main energy in the system flows locally into the energy trap at the MPP. The
MPP impedance blocks the way of the heat source transmitting energy into the system. The
above analysis shows that the proper installation position of the MPP can suppress multi-mode
instability in the thermoacoustic coupling system.
Finally, the above conclusion is applied to a variable cross-sectional thermoacoustic coupling

system to further demonstrate the effectiveness of MPP in suppressing thermoacoustic insta-
bility. Cavity 2 in Table 3 is continuously used, where the modal characteristics are shown in
Table 4. From Table 4, we can know that three modes are instable in the first six modes. Then
active/passive sound intensity, sound pressure and divergence distribution of the thermoacoustic



766 X. Xing et al.

Fig. 9. Distribution of passive sound intensity and sound pressure of the sound field with the MPP
at 0.5m: (a) 327Hz, (b) 659Hz, (c) 761Hz, (d) 870Hz

Fig. 10. 10 Active sound intensity and divergence of the sound field with the MPP position at 0.5m:
(a) 327Hz, (b) 659Hz, (c) 761Hz, (d) 870Hz

system are given in Fig. 11 and 12. From these figures, it can be seen that the distribution of
sound intensity, divergence and sound pressure are consistent with the above conclusion, where
the passive sound intensity vector is always perpendicular to the isobaric surface of the sound
field and parallel to the pressure drop direction, and the heat source does positive work in the
unstable thermoacoustic system.

Fig. 11. Passive sound intensity and sound pressure of the variable cross-sectional thermoacoustic
system: (a) 98.52Hz, (b) 205.05Hz, (d) 252.39Hz, (e) 264.79Hz

Fig. 12. Active sound intensity and divergence of the variable cross-sectional thermoacoustic system:
(a) 98.52Hz, (b) 205.05Hz, (d) 252.39Hz, (e) 264.79Hz

The MPP is introduced on all six walls at xm = 0.2m to xm = 0.7m, which means that the
length of the MPP is 0.5m. Figure 13 shows the distribution of system stability before/after the
introduction of MPP. Successfully, the unstable modes are all transformed into stable modes,
indicating that the installation of the MPP can effectively control the multimodal instability of
the system.
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Fig. 13. Modal stability of the variable cross-sectional thermoacoustic system with/without MPP

4. Conclusion

A 3D variable cross-sectional thermoacoustic coupling model with an MPP is established. By
a substructure method, the complex cavity is divided into acoustic cavity substructures and
auxiliary air plates. The 3D modified Fourier series is used to characterize the sound pressure
distribution function in the cavity to meet arbitrary impedance boundary conditions, so that the
sound pressure distribution function and its derivatives can be continuously guided in the acous-
tic field solution domain. The energy formulas of each acoustic cavity substructure and auxiliary
air plate are derived, and the modal frequency, growth rate, and corresponding sound pressure,
sound intensity and divergence distribution are obtained by using the Lagrange equation and
Rayleigh-Ritz method. The main conclusions are as follows:

• The modal characteristics of the thermoacoustic coupling system with the MPP are an-
alyzed. The results show that the MPP can suppress multi-mode instability and improve
stability of the thermoacoustic coupling system.
• The dimensionless sound pressure of unstable modes is exponentially amplified with time,
and the nondimensional sound pressure of stable modes decay to zero with time. The sound
pressure of more stable modes decays faster.
• The distribution of energy transmission path, source and trap is determined based on the
sound intensity and divergence. The introduction of a heat source makes the sound pressure
response amplitude increase significantly and the variation of divergence distribution more
complex. Under the excitation of an unstable mode frequency, the heat source transmits
energy to the sound field. Under the excitation of a stable mode frequency, the energy near
the heat source is an energy trap, and the energy in the sound field flows into the vicinity
of the heat source.
• It is revealed that stability of the thermoacoustic coupling system depends on whether
the heat source transmits energy to the acoustic system or not. The instability of the
system can be modified by blocking the transmission path or reducing energy transmission.
The suppression of multimodal instability of the thermoacoustic coupling system can be
achieved and the acoustic disturbance response of the system can be effectively reduced
when the MPP is adjusted to the energy concentration area.
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Dynamic buckling of thin-walled cylindrical shells under radial impact pressures randomly
distributed in the circumferential direction is investigated by extending widely-used Don-
nell’s shell theory. The buckling model proposed here specifically includes nonlinear terms
in the geometrical equation and the curvature change due to significant variation of the shell
radius. The finite difference method is adopted to solve the equations, and a parameter is
defined to describe the buckling degree of the shell. Numerical results show that nonlinear
terms from Green’s strain tensors and the change of curvature are important for shell large
deformation. Pressure characteristics, materials and thickness of the cylindrical shell affect
its buckling behavior remarkably.

Keywords: cylindrical shell, dynamic buckling, randomly radial impact, nonlinear effects

1. Introduction

As a common structure, thin-walled cylindrical shells are extensively used in the field of
aerospace, navigation and mining industries (Kumar et al., 2011; Sahu and Datta, 2007; Teng,
1996). In the shell structures, buckling usually becomes a dominated failure pattern rather than
damage due to material strength, which is often related to deformation of a structure experienc-
ing a sudden and distinct change when a loading reaches or exceeds a critical value. Buckling
analysis of cylindrical shells has been an old but significant topic for a long time and works deal-
ing with this problem are numerous. In static buckling problems, the bearing capacity or critical
loading at which the structure buckles is evaluated (Hutchinson, 1965, 2016), however in dy-
namic buckling problems take the inertia effect as an additive and important factor (Karagiozova
and Alves, 2008).
Although dynamic buckling of thin-walled shells under axial loadings has been studied a

lot (An et al., 2016; Darabi and Ganesan, 2016; Xu et al., 2006), such a problem of shells
under radial pressures received relatively less attention. It should be noted that when thin-
-walled metallic cylindrical shells are subjected to explosive loadings having significant radial
components inward, dynamic buckling becomes an important design consideration. Examples
include magnetic confinement devices for producing intense transient magnetic fields (Bykov
and Dolotenko, 2015), shape-charge weapons (Saran et al., 2013) or oil well perforators (Farid,
2012) to produce high-velocity metallic jets. Ideally, if the pressure uniformly distributed around
the outer surface of a circular cylindrical shell, the shell can move inward without buckling. The
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cross section of the shell could remain circular with a decrease of radius over time. However,
practically non-axisymmetric motion usually occurs and wrinkles appear on the deformed shells.
The dynamic buckling of thin-walled shells under radial pressures can be caused by defects

or disturbances that exist in the manufacturing or application process of the shell (Jones and
Okawa, 1976). Geometrically, the initially non-circular shape is frequently regarded as the main
factor to make the shell buckle (Ben-Haim, 1993; Elishakoff, 2000; Lindberg, 1992a,b; Wei and
Batra, 2006). As to the external loadings, Kumar et al. (2015) studied stability of thin-walled
cylindrical shells subjected to radial pressures distributed uniformly in the circumferential di-
rection and vibrating over time. In 1987, Lindberg and Florence (1987) systematically studied
dynamic pulse buckling behavior of thin-walled cylindrical shells under radial impulses. The
impulse effect was equivalently transformed into the initial velocity of the wall with the form
of white noise in the circumferential direction. Gu et al. (1996) also discussed dynamic plas-
tic buckling of cylindrical shells and rings subjected to initially non-axisymmetric impulsive
velocities.
In order to describe deformation behavior of thin-walled cylindrical shells, different models

on the premise of various hypotheses have been proposed over the years. Several shell theo-
ries, including Donnell’s, Novozhilov, Flügge-Luré-Byrne, and Sanders and Koiter have been
developed and widely employed (Amabili and Päıdoussis, 2003). Amabili (2008) provided a
comprehensive overview on these theories. Kumar et al. (2015) studied stability of thin-walled
cylindrical shells subjected to radial pressures by adopting the Flügge-Luré-Byrne shell theory.
But nonlinear terms in the strain-displacement relations were not included in the above works.
Xue et al. (2013) extended Donnell’s shell theory by considering the effect of large deformation
on curvature of the shell, and analyzed the large deformation problem of long shells. Lindberg
and Florence (1987) developed the equation of motion without any nonlinear terms according
to Donnell’s theory to study the dynamic pulse buckling of a cylindrical shell under impulsive
loadings. Besides, only the raidal displacement was maintained in Lindberg’s equations (Lind-
berg and Florence, 1987). However, linear geometrical equations are limited to infinitesimal
deformations, and nonlinear effects due to large derformations are definitely necessary to de-
scribe buckling behavior accurately. Another nonlinearity originating from material properties
of non-homogeneous materials, such as laminated composite materials and functionally graded
materials (Kundalwal and Shingare, 2020; Suresh Kumar et al., 2017), is temporarily out of
concern in the current work.
A new buckling model taking nonlinear terms in the geometrical equation and curvature

change due to large deformation into account is proposed to investigate the dynamic buckling
of a thin-walled cylindrical shell under radial impact pressures randomly distributed in the
circumferential direction. The nonlinear partial differential equation (PDE) is solved by the finite
difference method (FDM). Subsequently, the effects of pressure characteristics, shell material and
thickness on the buckling behavior are discussed.

2. Basic equations

As illustrated in Fig. 1, a thin-walled cylindrical shell with radius R and thickness h is con-
sidered. The middle surface where the origin of the coordinate system is located divides the
thickness of the shell equally. u1, u2 and u3 are displacements of a generic point of the shell
with coordinates (x, θ, z) along the axial, circumferential and radial directions, respectively. The
displacements of a point in the middle surface along corresponding directions are denoted by u,
v and w. In this paper, the outer surface of the shell is subjected to an impact pressure that is
randomly distributed along the circumferential direction. The dynamic buckling is investigated
by considering non-linear effects of large deformation within Donnell’s theory.
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Fig. 1. A thin-walled cylindrical shell

The following assumptions are adopted to study the buckling:

(H1) The shell is thin, namely, h/R ¬ 1/10 (Lindberg and Florence, 1987).
(H2) The Kirchhoff-Love shell assumption holds, that is stresses in the direction normal to the

shell middle surface are negligible, and strains vary linearly along the thickness.
(H3) The cylindrical shell is infinitely long. Therefore, all the quantities along the axial direction

as well as the axial displacement can be regarded as constant.

Based on assumption (H2), the displacements of a generic point in the shell can be expressed in
terms of the displacements of a point in the mid-surface which shares the same radial line with
the generic point, as

u1 = u(x, θ)− zΘ1 u2 = v(x, θ)− zΘ2 u3 = w(x, θ) (2.1)

where the quantities Θ1 and Θ2 involve the mid-surface displacements and their derivatives, and
different shell theories may propose different expressions for them.
For large deformation problems, the geometrical equations in terms of nonlinear Green’s

strain tensor should be used instead of Cauchy’s strain tensor. In cylindrical coordinates, Green’s
strain components, εxx, εθθ and γxθ are

εxx =
∂u1
∂x
+
1
2

[(∂u1
∂x

)2
+
(∂u2
∂x

)2
+
(∂u3
∂x

)2]

εθθ =
1
ρr

(∂u2
∂θ
+ u3

)
+
1
2ρ2r

[(∂u1
∂θ

)2
+
(∂u3
∂θ
− u2

)2
+
(∂u2
∂θ
+ u3

)2]

γxθ =
( ∂u1
ρr∂θ

+
∂u2
∂x

)
+
1
ρr

[(∂u1
∂x

∂u1
∂θ

)
+
∂u2
∂x

(∂u2
∂θ
+ u3

)
+
∂u3
∂x

(∂u3
∂θ
− u2

)]
(2.2)

where ρr = R + z. Substituting Eqs. (2.2) into Eqs. (2.1), the strain components are rewritten
and abbreviated as

εxx = εx,0 + zkx εθθ = εθ,0 + zkθ γxθ = γxθ,0 + zkxθ (2.3)

where εx,0, εθ,0 and γxθ,0 are corresponding strain components of the middle surface, while kx, kθ
and kxθ are changes of curvature and torsion of the middle surface. The shell theories distinguish
from each other by the expression Θ1 and Θ2 in Eqs. (2.1) based on different deformation
assumptions. In Donnell’s shell theory, Θ1 = ∂w/∂x, Θ2 = ∂w/R∂θ, and the variations of the
middle surface in Eqs. (2.3) are

εx,0 =
∂u

∂x
+
1
2

(∂w
∂x

)2
εθ,0 =

∂v

R∂θ
+
w

R
+
1
2

( ∂w
R∂θ

)2

γxθ,0 =
∂u

R∂θ
+
∂v

∂x
+
∂w

∂x

∂w

R∂θ

(2.4)
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and

kx = −
∂2w

∂x2
kθ = −

∂2w

R2∂θ2
kxθ = −2

∂2w

R∂x∂θ
(2.5)

In the cylindrical coordinate system, the equations of motion with respect to the original con-
figuration are (Kumar et al., 2015)

∂Txx
∂x
+
∂Tθx
ρr∂θ

+
∂Tzx
∂z
+
Tzx
ρr
+X = 0

∂Txθ
∂x
+
∂Tθθ
ρr∂θ

+
∂Tzθ
∂z
+
Tzθ + Tθz

ρr
+ Y = 0

∂Txz
∂x
+
∂Tθz
ρr∂θ

+
∂Tzz
∂z
+
Tzz − Tθθ

ρr
+ Z = 0

(2.6)

where X, Y and Z are the sum of the body force and inertia force along x, θ, z directions,
respectively. Tij (i, j = x, θ, z) are the components of the first Piola-Kirchhoff (1st P-K) stress
tensor, which can be expressed in terms of the symmetric second Piola-Kirchhoff (2nd P-K)
stresses σij by the relation

Tij =
3∑

k=1

σik
∂aj
∂xk

(2.7)

where x1 = x, x2 = Rθ and x3 = z. ai = xi+ui, (i = 1, 2, 3) is the coordinate of a generic point
inside the deformed shell. Here, (i = 1, 2, 3) corresponds to the direction (x, θ, z), respectively.
With the help of Eq. (2.7), the equations of motion can be expressed in terms of the 2nd P-K
stress. Then, integrating the new equations of motion through thickness of the shell leads to the
force equilibrium equations as

∂Nx
∂x
+
∂Nxθ
R∂θ

− ch∂u(x, θ, t)
∂t

− ρh∂
2u(x, θ, t)
∂t2

= 0

∂Nθ
R∂θ
+
∂Nxθ
∂x
+
Qθ
R
− ch∂v(x, θ, t)

∂t
− ρh∂

2v(x, θ, t)
∂t2

= 0

∂Qx
∂x
+
∂Qθ
R∂θ
+Nx

∂2w(x, θ, t)
∂x2

+Nxθ
∂2w(x, θ, t)
R∂x∂θ

+Nθx
∂2w(x, θ, t)
R∂x∂θ

+Nθ
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− Nθ
R
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∂x
+
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R∂θ
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R∂θ

− ch∂w(x, θ, t)
∂t

− ρh∂
2w(x, θ, t)
∂t2

+ P = 0

(2.8)

Multiplying the first two equations of motion by z and integrating them through thickness, the
moment equilibrium equations are obtained

∂Mx
∂x
+
∂Mθx
R∂θ

−Qx = 0
∂Mxθ
∂x
+
∂Mθ
R∂θ
−Qθ = 0 (2.9)

where

Nx =

h/2∫

−h/2

σxx
(
1 +

z

R

)
dz Nθ =

h/2∫

−h/2

σθθ dz
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(2.10)

where ρ is the material density, and c is the equivalently viscous damping coefficient of the
material. P can be regarded as the external loading along the radial direction. External loadings
in other directions are not considered.
In addition, the constitutive relation for linearly elastic plane stress problems is

σxx =
E

1− µ2 (εxx+ µεθθ) σθθ =
E

1− µ2 (εθθ +µεxx) σxθ =
E

2(1 + µ)
γxθ (2.11)

where E is Young’s modulus of the material, and µ is Poisson’s ratio.

3. Governing equations for infinitely long cylindrical shells

For infinitely long shells, changes of the quantities along the axial direction as well as the axial
displacement are regarded as zero. Additionally, viscous damping of the material is ignored.
Therefore, Eqs. (2.8)1 and (2.9)1 are naturally satisfied based on these two assumptions, whereas
Eqs. (2.8)2 and (2.8)3 are reduced to

∂Nθ
R∂θ
+
1
R

∂Mθ
R∂θ
− ρh∂

2v(x, θ, t)
∂t2

= 0

∂2Mθ
R2∂θ2

−Nθ
( 1
R
+ kθ

)
+
∂Nθ
R∂θ

∂w(x, θ, t)
R∂θ

− ρh∂
2w(x, θ, t)
∂t2

+ P = 0
(3.1)

Substituting Eqs. (2.3) and (2.11) into Eq. (2.10) gives the expressions of Nθ and Mθ as

Nθ =
Eh

1− µ2 εθ,0 Mθ =
Eh3

12(1 − µ2)kθ (3.2)

The middle surface strain εθ,0 and curvature change kθ based on Donnell’s theory are given in
Eqs. (2.4) and (2.5).
However, it is known that Donnell’s shell theory breaks down for non-shallow, long cylindrical

shells experiencing large deformations, which is revealed in the expression of curvature change
(Xue et al., 2013). According to Donnell’s theory, though some predominant nonlinear terms are
retained, the curvature changes are expressed by linear functions of w. For radial displacements
exceeding thickness of the shell, the change of curvature due to radius reduction can be obvious
and should be comprised of two parts. Firstly, the change of curvature could be caused by shell
radius variation, and can be rewritten as

k′θ =
1

R+ w
− 1
R
= − w

R(R+ w)
(3.3)
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Secondly, bending deformation of the shell wall also contributes to the change pf curvature.
Considering curvatures of the middle surface resulted from bending in the deformed and un-
deformed configurations, and rewriting the expressions of the curvature in terms of the radial
displacement and its derivatives, leads to the change of curvature as

k′′θ =
−∂2w
R2∂θ2

[
1 +

( ∂w
R∂θ

)2]−3/2
(3.4)

Therefore, for the buckling problem in this paper, the change of curvature kθ defined in Eq. (2.5)
can be replaced by

k̃θ = k′θ + k
′′

θ = −
w

R(R+ w)
− ∂2w

R2∂θ2

[
1 +

( ∂w
R∂θ

)2]−3/2
(3.5)

By substituting the change of curvature in Eq. (3.5) and the middle surface strain εθ,0 in Eq.
(2.4) into Eqs. (3.1) and (3.2), the governing equations can be obtained in terms of middle surface
displacements. The ultimate expressions are omitted here for conciseness. These equations can
degenerate into those used in (Lindberg and Florence, 1987) by omitting the term (∂w/R∂θ)2.
And the reduced equation of motion in the circumferential direction is

∂2Mθ
R2∂θ2

−Nθ
( 1
R
+ kθL

)
− ρh∂

2w(x, θ, t)
∂t2

+ P = 0 (3.6)

where Nθ and Mθ are defined in Eqs. (3.2). εθ,0 in Eq. (3.2)1 is rewritten as w/R and kθ in Eq.
(3.1)2 is replaced by kθL = w/R2 − ∂2w/R2∂θ2.
Moreover, in order to quantitatively describe the buckling degree of cylindrical shells at a

certain time during the buckling procedure, a new parameter is defined as

c0 =
1
πr20

2π∫

0

|r20 − r21| dθ (3.7)

which means the ratio of area surrounded by the buckled shell shape and the corresponding
deformed circular line without buckling to the circular area. r1 in Eq. (3.7) denotes radius of
the buckled cylindrical shell, r0 is the corresponding radius without the occurrence of buckling.

4. Solution procedure and validation

4.1. Solution procedure

The finite difference method (FDM) is employed to solve the partial differential equations.
The scheme of central difference is applied to deal with the derivatives of displacements with
respect to coordinates as

(∂f
∂θ

)

m
=
fm+1 − fm−1
2∆θ

(∂2f
∂θ2

)

m
=
fm+1 − 2fm + fm−1

(∆θ)2
(∂3f
∂θ3

)

m
=
(fm+2 − fm−2)− 2(fm+1 − fm−1)

2(∆θ)3
(∂4f
∂θ4

)

m
=
(fm+2 − fm−2)− 4(fm+1 + fm−1) + 6fm

(∆θ)4

(4.1)

where f refers to displacement variations, ∆θ is the grid size, andm is the number of an element.
As for the partial derivative with respect to time, the following forward difference method is
used

(∂2f
∂t2

)n
=
1
∆t

[(∂f
∂t

)n+1
−
(∂f
∂t

)n]
(4.2)
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where ∆t is the time step, and n is the step number. The displacement can be obtained by
integrating Eq. (4.2) as

fn+1 = fn +∆t
(∂f
∂t

)n+1
(4.3)

Besides, the condition of periodicity of the cylindrical shell needs to be considered, namely

f(θ) = f(θ + 2π) (4.4)

4.2. Validation

In order to validate the presented shell-buckling model, a cylindrical shell with R = 48.5mm
and h = 1.5mm is taken as an example. The shell is subjected to a particularly non-uniform
impact pressure on the opposite side to the shell outer surface. This pressure easily causes a
relatively large radial displacement and strain and makes the effects of the added nonlinear terms
in the presented model significant. The initial displacement and velocity of the shell are zero.
The shell is made of steel. Without loss of generality, the shell is assumed to deform elastically.
The impact pressure profile is illustrated in Fig. 2, and can be mathematically expressed as

P (θ, t) =

{
P0e−7t/t0 sin(4θ) θ ∈

[
0, π4

]
∧
[
π, 5π4

]

0 otherwise
(4.5)

in which P0 is the loading magnitude and t0 represents the total calculation time. The range
[0, π/4]∧[π, 5π/4] can be regarded as the loaded region of the shell. P0 = 400MPa and t0 = 100 µs
are adopted in this paper for numerical calculations.

Fig. 2. Pressure profile applied on the cylindrical shell

To show the accuracy and efficiency of the presented model, the radial displacements dis-
tributed along the circumferential direction at the instant of t = 100µs are displayed in Fig. 3.
It should be mentioned that the results from the FE model without particular assumptions
on the deformation mechanism are thought to be more accurate, whereas the assumptions are
made in both analytical models. The red curve is calculated by a commercial FEM software in a
three-dimensional configuration. The FEM model is processed by Abaqus/Explicit with 4-node
doubly curved general-purpose shell elements. 72000 elements are used in total. This model
adopts assumption (H2) in this work, but the effect of large deformation to the equilibrium po-
sition of the structure is considered in the FEM model. The other two curves are calculated by
the model presented in this paper and the model by Lindberg and Florence (1987), respectively.
It is clear that the results of the presented model agrees well with those of FEM, while the model
by Lindberg and Florence (1987), shown by the blue dash line, deviates from FEM apparently.
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Both the FEM and current models give an inward movement of middle points in the loaded
regions, while the movement of the middle points predicted by Lindberg and Florence (1987) is
outward. Thus, the presented model is more credible than that by Lindberg and Florence (1987).
Therefore, the presented model is able to deal with transient impact problems of thin-walled
cylindrical shells undergoing large displacements.

Fig. 3. Radial displacements at 100µs of different models

5. Shell buckling under randomly radial impact pressures

In this Section, the dynamic buckling behavior of the thin-walled cylindrical shell under radial
impact pressures randomly distributed in the circumferential direction is investigated. Explosive
devices, like shaped-charge weapons and oil well perforators, are usually subjected to impact
pressures that have significantly radial components over 100MPa, and metal shells always deform
plastically. Thus, a constitutive equation of plasticity should be used instead of the elastic model
in Eqs. (2.11). The widely used Johnson-Cook constitutive model without the temperature effect
is chosen in the following analysis and expressed as

σ = (A+Bεn)
(
1 + C ln

ε̇

ε̇0

)
(5.1)

where the reference strain rate ε̇0 is taken as 1.0 s−1. A, B, n and C are coefficients depending on
the material. For simplicity, the tangent modulus, defined as Et = dσ/dε, is adopted to replace
Young’s modulus in Eqs. (2.11) and updated in every numerical time step to simulate the plastic
behavior using the constitutive equation.
Naturally, uniform impact pressures are prone to be influenced by randomly environmental

factors leading to nonuniformity of the pressures. Suppose that the impact pressure distributes
in the form of white noise as

P (θ, t) = P ′(t)
[
1 +

N∑

n=1

γn cos(nθ + ϕn)
]

(5.2)

in which N is the term number of the Fourier series. The parameters γn and ϕn denote the
disturbance magnitude and random phase angle, respectively. Subsequently, the effect of random
characteristic, material property and structural size on the dynamic buckling behavior of the
shell are investigated. The shell examples taken in the following analysis are listed in Table 1.

5.1. Effect of random characteristics of pressure

Three groups of pressure parameters are chosen to study the effect of random characteristics
on the buckling behavior of the shell. Figure 4 shows radial pressure distributions at the initial
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Table 1. Shell cases with different materials and sizes (Zhang et al., 2015)

Case No. 1 2 3 4 5
Material 4043 Steel 7075-T6 Al 7075-T6 Al 7075-T6 Al OFHC COPPER

ρ [kg/m3] 7830 2700 2700 2700 8960
E [GPa] 200 86 86 86 124

µ 0.29 0.3 0.3 0.3 0.34
R [mm] 40 40 40 40 40
h [mm] 1.5 1.5 2 2.5 1.5
A [MPa] 792 473 473 473 90
B [MPa] 510 210 210 210 292

n 0.26 0.38 0.38 0.38 0.31
C 0.014 0.033 0.033 0.033 0.025

Fig. 4. Initial pressure distributions: (a) γn = 0.005, random phase I; (b) γn = 0.005, random phase II;
(c) γn = 0.01, random phase II

time of three cases, in which P ′(t) = 300MPa and N = 100. The solid red line and dash blue
line represent the pressure with white noise along the circumferential direction and the uniform
pressure, respectively.
The parameters γn and ϕn vary from one case to another. The pressures in Figs. 4a and 4b

have the equal perturbation amplitude (γn = 0.005) but different phase angles. The perturbation
amplitude of the pressure in Fig. 4c is twice of that in Fig. 4b (γn = 0.01), but sharing the equal
phase angles. The pressures in Figs. 4a, 4b and 4c are simply called pressure (a), pressure (b)
and pressure (c), hereafter.

Fig. 5. Deformation evolution under: (a) pressure (a), (b) pressure (b), (c) pressure (c)

Under pressures shown in Fig. 4, deformation evolutions of cylindrical shell No. 1 in Table 1
are exhibited in Fig. 5. Taking Fig. 5a for instance, the wrinkled circles from the outside to
inside represent the deformed shape of the cylindrical shell at different times. It is clear that the
buckling degree is gradually magnified in a certain deformation profile with an increase of time,
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which is visualized in Figs. 5b and 5c as well. In addition, the mean deformation values over the
circumferential direction at an instant of 30µs are almost the same for the three figures. The
shell under pressures (a) and (b) shows the similar buckling degree, while the buckling in Fig. 5c
is much severer than the former two. It is worth mentioning that a continuous circle deformation
without buckling can be depicted for a uniform pressure P = P ′(t), which is omitted here for
conciseness.
In order to show the buckling degree of the cylindrical shell under different pressures more

clearly, Fig. 6 draws the evolution of c0 defined in Eq. (3.7). It is clear that c0 increases almost
monotonously for the three non-uniform pressures, which means that the buckling degree is
becoming stronger as the shell collapses. The values of c0 for pressures (a) and (b) show almost
no discrepancy, while c0 for pressure (c) is much higher. This is consistent with the pressure
characteristics, and the effectiveness of c0 to describe the buckling degree quantitatively is
justified. Furthermore, Fig. 6 tells us that the threshold value of c0 can be used as the tolerance
limit of shell buckling under non-uniform pressures.

Fig. 6. c0 versus time for different pressures

The crest number of the deformed cylindrical shell is sometimes concerned in the engineering.
According to Fig. 5, the crest number calculated for the three pressures is around 26. And further
analyses indicate that this number is dependent on the material property and the value of N in
Eq. (5.2).
In summary, the magnitude of uniform pressure P ′ can remarkably influence the mean de-

formation value of the cylindrical shell, and the disturbance magnitude γn is responsible for
the buckling degree. The random phase angle ϕn affects the distribution of pressure, thus it is
responsible for the exact deformation contour of the cylindrical shell. The loading itself as well
as perturbation do not always change for a particular engineering application. Hence, design-
ing a suitable structure and choosing a proper material are the conventional measures to avoid
buckling. This will be discussed in detail in the following sections.

5.2. Effect of material

In order to study the effect of materials on the dynamic buckling behavior, No. 1, 2 and 5
shells in Table 1 made of steel, aluminum and copper with the same size are taken into consid-
eration. The loading parameters are set to be P ′(t) = 300MPa, N = 100, and γn = 0.005. The
random phase angles are the same as those in Fig. 4b.
Figure 7a illustrates the radius of the cylindrical shell at t = 20µs, and Fig. 7b shows

the evolution of c0 over time. Under the same pressure condition, the radial displacement as
well as the radius perturbation magnitude of the aluminum shell is larger than those of steel
and copper shells. Among the three materials, the aluminum shell experiences the most violent
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buckling deformation, which is revealed by the value of c0 in Fig. 7b. At the time t = 20µs,
c0 of the aluminum shell is almost 10 times of that of steel and copper shells. The mean radius
of the steel shell (35.0mm) and copper shell (35.6 mm) are close to each other at t = 20µs.
Besides, the buckling degrees of steel and copper shells show little difference. Such buckling of
the aluminum shell in this case is sometimes catastrophic and cannot be accepted. Then, when
the aluminum shell is used in such a situation, optimization of the size of the cylindrical shell
might be needed.

Fig. 7. (a) Radius of shells with different materials (t = 20µs), (b) c0 versus time for different
shell materials

5.3. Effect of shell thickness

In this Section, the effects of the shell thickness h on the buckling of cylindrical shells are
investigated. The pressure is retained the same as that in Section 5.2. Shells No. 2-4 in Table 1
are taken for calculation in this Section.

Fig. 8. (a) Radius of shells with different thickness, (b) c0 versus time for shells with different thickness

Figure 8a shows results for the radius of aluminum shells with different h. At the instant of
t = 20µs, the mean radial displacement increases with the reduction of h, leading to an decrease
in the radius. Meanwhile, the perturbation magnitude is relatively larger for a thinner cylindrical
shell. The buckling degree parameter c0, as expected, increases during the deformation process
regardless of the wall thickness, as revealed in Fig. 8b. And the value of c0 is higher when the
shell is thinner. The crest numbers of the three shells are 31, 23 and 18 for the wall thickness
of 1.5mm, 2mm and 2.5mm, respectively. The effect of thickness on the crest number has also
been confirmed by Lindberg and Florence (1987).
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6. Conclusion

By considering the nonlinear terms in the geometrical equation of the cylindrical shell and
maintaining the curvature variation due to a significant change of the shell radius, a buckling
model is proposed to study large deformation behavior of the shell under radial impact pressures
randomly distributing in the circumferential direction. Green’s strain tensor and the 1st P-K
stress tensor are employed to describe the large deformation, and a new parameter is introduced
to quantitatively judge the buckling degree of the shell. The following conclusions can be drawn
from the numerical analyses:

• The bucking model proposed in this paper can accurately describe the large deformation
behavior of the shell under non-uniform pressures.
• The buckling shape of the shell after deformation is contributed by the magnitude of the
uniform pressure, the magnitude of disturbance and the angle phase of random disturbance.
A more uniform pressure distribution produces a more circular shape after deformation.
• The buckling behavior of the shell is dependent on the material properties remarkably.
Aluminum shells buckle more easily compared with steel and copper ones under the same
pressure condition.
• The buckling degree can be effectively described by the defined parameter c0 which in-
creases with reduction of the shell wall thickness.
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To ascertain the impact of graphite flake diameter on the microstructure and mechani-
cal properties as well as resistance to thermal shock, graphite flakes of various diameters
have been added to zirconium dibromide (ZrB2) 20 vol.% nano-silicon carbide (SiC) 20 vol.%
graphite (ZSnpG) ceramics. The objective of this study is to investigate the effect of graphite
flake diameter on silicon carbide nanomaterials. The study aims to identify a strategy for
achieving high comprehensive performance of ZrB2-based ceramics incorporating graphite
for future research on ultra-high temperature ceramics (UHTCs). The dispersion of mea-
surements has been conducted by combining a solid powder with ethanol at various mass
fractions. The results demonstrated that, while no changing fracture toughness considerably,
the relative density and flexural strength of ZSnpG ceramics initially increased and then de-
clined with graphite diameter increasing. The micro-crack length reduction due to residual
thermal stress, appearance of silicon carbide nanoparticles within granulation, and manage-
ment of graphite distribution all contributed significantly to the improvement of flexural
strength ZSnpG ceramics. According to the computed thermal shock parameters, ZSnpG
ceramics fracture propagation was constrained by graphite with a larger starting diameter
and prevented with a finer starting diameter.

Keywords: graphite, flake diameter, thermal shock, microstructure

1. Introduction

Ultra-high temperature ceramics (UHTCs) are a family of materials made of nitrides, carbides
and boron compounds of transition alloys. In applications, zirconium-based (ZrB2) UHTCs are
used in missile propulsion, recyclable atmospheric re-entry vehicles and thermoplastics. They
have low density, high melting point (> 2500◦C) and resistance to chemical corrosion. One may
find them employed for safety measures in hypersonic spacecraft (Xiang et al., 2015; Gautam
and Mohan, 2015; Wang et al., 2009a; Guo, 2009).
By adding small sized silicon carbide nanoparticles (SiCnp), which are intragranular nano-

-structures, zirconium dibromide mechanical characteristics and resistance to oxidation can be
greatly enhanced (Han et al., 2009; Chamberlain et al., 2006; Zhu et al., 2007; Guo et al.,
2009). This method can not get over their inherent brittleness and resistance to thermal shock,
which prevents them from using in harsh environments (Yang et al., 2011). To address these
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shortcomings, one approach that included addition of a larger phase into ceramics with ZrB2
has been adopted (Liu et al., 2010).
The use of graphite can increase reliability of brittle materials because it can stop fracture

growth and release residual stress (Guo et al., 2008; Liu et al., 2009a). The aircraft industry
has substantially increased the use of natural graphite flakes. The graphite flakes controlled
ceramics ZrB2-SiC (ZS) has been found to substantially increase thermal shock resistance while
maintaining acceptable levels of oxidation resistance as reported in the available literature (Liu
et al., 2009b; Yang et al., 2009; Hou et al., 2013). Because graphite flakes in ZrB2-SiC-graphite
(ZSG) ceramics behave as defects, adding the graphite considerably reduces flexural of strength
ZS ceramics.
In addition, the decrease in flexural strength take also place because graphite weakens bond-

ing and reduces ceramics capacity to transfer load (Iao et al., 2014). Therefore, it is necessary
to research the impact of diameter of graphite on thermal and mechanical characteristics as well
as the enhancement of flexural strength of ZrB2-based ceramics.
The recent research has concentrated on carbon fiber reinforced ZrB2-based ceramics because,

when compared to other reinforcements, the carbon fiber offers more benefits in improving
fracture toughness (Calabrese et al., 2018; Zamora et al., 2012) and has a high potential in
significantly increasing the resistance to thermal shock.
High sintering temperature, on the other hand, causes substantial deterioration of carbon

fibers in modified ZrB2-based ceramics, impeding research on such materials. As a result, tech-
niques to control carbon fiber degradation are essential in the production of carbon fiber rein-
forced ZrB2-based ceramics. Conventional steps include decreasing the processing time, using
carbon coated fibers and reducing the melting point (Zhang et al., 2008). For carbon fiber re-
inforced ZrB2-based ceramics, spark plasma sintering (SPS) may be advantageous because it
combines the effects of rapid heating, powder cleaning of the surface, and fast consolidation of
powders to theoretical density (Mishra and Pathak, 2008). Because nanosized particles have a
much higher sintering occupation than micrometer powders, they are used as the base material
in the conventional method of lowering the sintering temperature of ZrB2 (Lee et al., 2021).
It is important to study the effect of mechanical properties and diameter of graphite flakes

on the microstructure and resistance to thermal shock of silicon carbide nanomaterials in order
to achieve highly comprehensive performance of ZrB2-based ceramics for future research on
extremely-high temperature ceramics (UHTCs). This research intends to find a solution by
investigating the effect of graphite diameter on ZrB2-based ceramics. The goal of this work is
to pave the way for future studies of UHTCs by outlining a plan to improve the performance of
ZrB2-based ceramics in a wide variety of applications.

2. Methods and materials

2.1. Classification

The powder as received was mixed with ethanol at various powder mass ratios to create
suspensions for all measurements. PEI dosage was administered on a dry weight basis (dwb%).
The pre-mixed solution with the content desired suspension was added to powder mixtures of
20% graphite and 20% nano-SiC addition to ZrB2 with varying diameters (designated as ZSnpG1,
ZSnpG2, and ZSnpG3). The premixed solution has been then deflocculated ultrasonically (JYD-
801, Jiatuanda Technology Co. Ltd, Shenzhen, China) at an output power. The various powder
mixtures were vacuum hot pressed for 1 hour at 1750◦C under a tensile stress load of 30MPa
using an implicitly heated graphite die lined with BN-coated graphene sheets after drying in a
related evaporator.
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2.2. Preparation

The solid particles were mixed with ethanol at different powder mass percentages to create
suspensions for all measurements. Doses of PEI were reported in terms of dwb% of the powder.
To achieve an appropriate dispersant concentration, a premixed solution was added to powder
combinations of ZrB2 plus 20% nano-SiC and 20% graphite with varying diameters (designated
ZSnpG1, ZSnpG2, and ZSnpG3), which were then ultrasonically deflocculated using a JYD-801
from Jiatuanda Technology Co.

2.3. Materials

In this study, zirconium diboride (ZrB2), 20% nano silicon carbide (SiC), and 20% graphite
flakes of different sizes were utilized. Suspensions were made by combining the powder as ob-
tained with ethanol at varying powder mass percentages, and the PEI dose was represented as
a mean dry weight percentage of the powder basis (dwb%). After being ultrasonically extracted
from the human body, powder mixtures of ZrB2 containing 20% nanoSiC and 20% graphite
(named ZSnpG1, ZSnpG2, and ZSnpG3) were treated with the premixed solution that had the
requisite dispersant concentration.

2.4. Characterization

Microstructure, mechanical properties and thermal shock resistance of graphite-containing
ZrB2-based ceramics were studied as a function of flake diameter in this study. X-ray diffraction
(XRD), scanning electron microscopy (SEM), energy dispersive spectroscopy (EDS) and trans-
mission electron microscopy (TEM) were all used to evaluate the materials. We tested flexural
strength and Vickers hardness of the samples to get a sense of their mechanical qualities. The
ability of samples to withstand a sudden temperature drop was measured by quenching them
with cold water.

3. Discussion of results

3.1. Tests characteristics

SEM images of ZSnpG ceramic reveal where the materials have been fractured. In this study,
the microstructure features and mechanical properties of the ceramics were examined using these
micrographs.

Fig. 1. Micrograph SEM of ZSnpG ceramic fracture surfaces

Standard scanning electron micrographs (SEM) of ZSnpG ceramic fracture surfaces are shown
in Fig. 1. Nano-SiC particles may be seen within individual ZrB2 grains in high-magnification
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SEM images (Fig. 1b, arrow). Natural graphite flakes in ZSnpG ceramics possessed basic planes
perpendicular to the hot pressing direction, and the flakes diameters on fracture surfaces were
similar to those found in raw graphite. When the graphite diameter was increased to 20µm,
the relative density of ZSnpG ceramics dropped down to 98.7%. Due to the increased sintering
driving force (Lv et al., 2006), fine ZrB2, ZrC, and SiC particles were produced in situ on the
particle surface. A decrease in surface free energy increases density. Due to smaller contact
area between graphite flakes and ceramic particles, sintering and driving forces were diminished
when the graphite diameter was increased to 20µm. The relative density of ZSnpG ceramics was
reduced as a result.
The conclusion is that the microstructure and mechanical characteristics of graphite-

-containing ZrB2-based ceramics were significantly influenced by the diameter of graphite flakes.
The study discovered that increasing the diameter of graphite flakes caused weaker bonding in-
side the ZSnpG composite, which resulted in pits and microcracks reducing the flexural strength
(Zhang et al., 2009). Furthermore, a decrease in the relative density was observed when the di-
ameter of graphite was increased to 20µm. It was because there was less contact space between
the graphite flakes and ceramic particles. ZSnpG ceramics showed good thermal shock resistance,
according to this investigation.
Adding graphite to the ceramics weakened it because weak interfaces occurred, which lowered

flexural strength (Wang et al., 2011). Thus, as in ZSnpG1, the flexural strength was considerably
reduced and the graphite dispersion capacity increased with lowered graphite diameter.

Table 1. ZSnpG ceramics containing graphite flakes with different diameters and the resulting
differences in mechanical characteristics and relative densities (Wang et al., 2009b)

Materials
Fracture tough- Young’s Flexural Relative
ness [MPa·√m] modulus [GPa] strength [MPa] density [%]

ZSnpG1 4.31 ± 0.11 330.89 ± 19.43 451.93 ± 23.21 99.4
ZSnpG2 4.54 ± 0.15 356.82 ± 24.64 523.06 ± 18.52 100
ZSnpG3 4.06 ± 0.19 306.52 ± 27.96 405.58 ± 19.63 98.7

During the polishing process of ZSnpG ceramics, a significant amount of graphite was pulled
out from the composite, resulting in weaker bonding within the ZSnpG composite. This was
revealed by SEM micrographs of polished surfaces shown in Figs. 2 and 3. The diameter of pits
caused by the removal of graphite grew along with the size of graphite crystals. During the
flexural strength test, those holes acted as gaps causing stress concentration and a subsequent
decrease in strength. Therefore, a considerable reduction in flexural strength in ZSnpG3 might
be because of a combination of microcracks and pits created by a considerable graphite pullout
during polishing.

Fig. 2. Polished surfaces SEM micrographs for parallel specimens
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The flexural strength of ZSnpG ceramics cannot be solely based on the size of graphite. The
flexural strength of ZSnpG ceramics increased for diameters from 5µm to 10µm and then de-
creased from 10µm to 20µm, while fracture toughness did not change significantly. This was
because adding the graphite to ceramics weakened it due to weak interfaces that occur, which
lowered the flexural strength. However, increasing the diameter of graphite flakes could improve
the mechanical properties up to a certain point by enhancing crack deflection and bridging
mechanisms. Beyond this point, further increamente in graphite flake size led to weaker bonding
within the composite and smaller flexural strength. Therefore, other factors such as microstruc-
ture characteristics and processing conditions also play a significant role in determining the
mechanical properties of ZSnpG ceramics (Zhang et al., 2009).

Fig. 3. SEM micrographs of polished surfaces

The perpendicular polished surfaces of ZSnpG specimens with graphite of various sizes are
depicted in micrographs in Fig. 3. In Figs. 3a and 3b, there were no discernible microcracks,
but in Fig. 3c, a lengthy microcrack was discovered at the intersection of SiC and/or ZrB2
and graphite. These properties demonstrated that the thermal residual stress and density of
preexisting connecting cracks were also reduced as the graphite diameter decreased, which was
consistent with subsequent studies on magnesium sulphate composites (Wang et al., 2011).
The source of longer cracks are the larger particles, while finer particles caused shorter break
propagation distances from the particle. According to that theory, large-diameter graphite in
ZSnpG3 would result in microcracks formation, which was the primary cause of the decline in
flexural strength and relative density (Liu et al., 2010).

3.2. Thermal shock behavior

Figure 4 depicts the strength and stiffness of ZSnpG ceramics after and before thermal shock
at various temperatures. The modulus of elasticity of ZSnpG1 and ZSnpG2 ceramics was found
to be greatly increased for a growth of the thermomechanical temperature difference up to
398◦C. Thermal shock behavior of ZSnpG ceramics was investigated by estimating the flexural
strength drop caused by rapid quenching of test specimens from extremely high temperatures.
The samples were heated in an electric resistance furnace for 15 minutes at a specific temperature
before being placed in a 20◦C water bath. After the thermal shock, all specimens were examined
for preserved flexural strength. The study discovered that ZSnpG ceramics have a good thermal
shock resistance, which is important for materials used in high-temperature applications with
fast temperature variations.
Statistically, the force of thermal shock is similar to the initial force. However, ZSnpG1 and

ZSnpG2 ceramics showed a significant decrease in flexural strength when quenched from 400◦C
to 450◦C. However, the dropping trend of flexural strength of ZSnpG3 during water quenching
varied from that of ZSnpG1 and ZSnpG2.
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Fig. 4. The effect of temperature difference on retained strength

The researchers investigated the thermal shock response of ZSnpG ceramics with graphite
flakes of different diameters and concluded that the critical temperature differences did not
suggest that they had the same thermal shock reaction. Therefore, it is important to consider
other factors such as microstructure characteristics and processing conditions when evaluating
the ZSnpG ceramics thermal shock behavior.

Above T = 350◦C, the ZSnpG3 curve displayed a typical decrease in flexural strength owing
to unstable fracture propagation that might occur occasionally in ZSnpG3 ceramics. The consid-
erable loss of flexural strength and lower starting temperature of that loss after water quenching
revealed that the unstable fracture propagation may might occasionaly occur in ZSnpG3 ceram-
ics. This was because a higher thermal residual stress could be induced by a bigger diameter of
graphite, which had been investigated before. The energy dissipation and deflection or pinning
of a fracture occurred as it propagated through a field of residual thermal stress. Therefore,
the response to thermal shock of ZSnpG ceramics with graphite flakes of varying sizes was in-
fluenced by multiple factors such as microstructure characteristics, processing conditions and
thermal residual stress induced by the graphite flakes (Mishra and Pathak, 2008).

As defined in ASTM C1525-04 (Lv et al., 2006), the critical difference in temperature is
determined by employing a linear regression among sites which initially reduced the average
flexural strength of dampened rods to 32% as the mean material strength. All three critical
temperatures found for ZSnpG1, ZSnpG2, and ZSnpG3 were higher than 379◦C recorded for the
SiC ceramics containing 15% ZrB2 (Lee et al., 2021). Furthermore, the fact that both materials
have the same critical temperature difference does not imply that they have the same response
to thermal shock.

The trend of decreasing flexural strength of ZSnpG3 after water quenching differed from that
of ZSnpG1 and ZSnpG2 as the critical temperature differences did not imply that they had the
same sensitivity to thermal shock. The study looked for a thermal shock response of ZSnpG
ceramics with varied sizes of graphite flakes and discovered that while ZSnpG1, ZSnpG2, and
ZSnpG3 had similar critical temperature differences, their decreasing patterns in flexural strength
were different following water quenching. This was due to the fact that the microstructure
features and processing circumstances of each ceramic differed, influencing their thermal shock
response. As a result, numerous aspects must be considered when analyzing the thermal shock
response of ZSnpG ceramics with varied diameters of graphite flakes (Zhang et al., 2008). The
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fracture resistance thermal stress was calculated by multiplying the material strength σ, Young’s
modulus E, Poisson’s ratio ν and coefficient of thermal expansion α.
The maximum temperature difference that can occur before cracks start to form is predicted

by a thermal shock parameter R. It is evident that materials with significant strength and heat
conductivity, as well as low values of thermal expansion and Young’s modulus, can achieve a
high resistance to fracture induction (Mishra and Pathak, 2008)

R =
1− ν
Eα

RIV =
K2IC

σ2(1− ν) (3.1)

where σ is the material strength, ν is Poisson’s ratio and KIC is toughness of fracture, respec-
tively. RIV determines resistance of the ceramics to catastrophic fracture propagation with the
critical crucial temperature difference. In terms of the parameter RIV , higher resistance to ther-
mal shock is dependent on the ratio of Poisson’s to toughness as well as lower strength of the
material (Gautam and Mohan, 2015).
As can be seen in Fig. 4, the trend of impact of temperature difference on the retained

strength curves for ZSnpG1 and ZSnpG2 is the same. The study searched for the thermal shock
response of ZSnpG ceramics with varied diameters of graphite flaked and discovered that the
trend of retained strength vs. temperature difference curves for ZSnpG1 and ZSnpG2 is the same.
Therefore, only the thermal shock parameter of ZSnpG2 was used to compare with that of
ZSnpG3. However, it is important to note that although their trends were similar, the fracture
initiation parameters were different, which affected the starting temperature of loss of flexural
strength during thermal shock.
The coefficient of thermal expansion and Poisson’s ratio of ZSnpG were assumed to be of

the same in order to ease computation since they are thought to have similar compositions.
Therefore, the elevated R value can mostly be attributed to the exceptional flexural strength
of ZSnpG2. The computed crack propagation parameter RIV of ZSnpG2 was about 33% bigger
than that of ZSnpG2, showing that the propagation of cracks was impeded in ZSnpG3 ceramics.
The moderate loss of flexural strength and lower ending temperature of strength reduction

after water quenching suggested that unstable fracture propagation might occur occasionally in
ZSnpG3 ceramics (Fig. 4). A higher residual thermal stress could be induced by a bigger diameter
of graphite, which had been investigated previously. The energy dissipation and deflection or
pinning of a fracture occurred as it propagated through the field of residual thermal stress.
As a graphite particle was driven during fracture propagation, interfacial friction between the
graphite and other components was caused by the residual thermal stress. Meanwhile, at the
edges of SiC particles, fracture deflection occurred, and considerable residual stresses during
sliding and cracking used more energy of crack propagation (Liu et al., 2010). This was due to
the fact that the boundary of graphite flakes was a weak interlayer.
A little distinction may also be seen between ZSnpG1 and ZSnpG2 in terms of their thermal

shock resistance parameters. In spite of this, ZSnpG1 remained in the same mode of the ther-
mal shock resistance as ZSnpG2. The critical graphite size may be postulated if diameter of the
graphite remains constant. It stays less than the essential diameter because the thermal shock
behavior of ZSnpG ceramics changes significantly if the graphite has a diameter larger than the
critical one. This study examined the thermal shock response of ZSnpG ceramics using graphite
flakes of various sizes, and it was discovered that larger diameter flakes can stop cracks from
spreading in ZSnpG ceramics while smaller flakes can stop cracks from originating at all. In order
to fully comprehend the fundamental process underlying those phenomena, additional investiga-
tion and theoretical study are required. Therefore, based on the experimental findings, a critical
graphite size may be proposed, but additional research is required to completely understand its
role.
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4. Conclusions

The study undertaken investigates the response to thermal shock of ZSnpG ceramics with
graphite flakes of varying sizes, and the conclusions can be summarized as:

• The lower the residual thermal stress and pre-existing connecting contribution of fractures,
the smaller graphite diameter.
• Longer cracks were induced by larger particles, while finer particles caused shorter break
propagation lengths. As a result, a large-diameter graphite in ZSnpG3 would produce
microcracks, which was the principal source of decrease in bending strength and relative
density. The presence of intragranular nano-sized SiC particles, regulation of graphite
dispersion and shortening of microcrack length were all responsible for the increase in
flexural strength.
• Bigger diameter graphite could slow the spread of cracks in ZSnpG ceramics, whereas
smaller diameter graphite were more effective at preventing crack initiation.
• Although ZSnpG1, ZSnpG2, and ZSnpG3 had similar critical temperature differences, their
decreasing trends in flexural strength were different during water quenching due to different
microstructure characteristics and processing conditions.
• It is important to consider multiple factors when evaluating the thermal shock response
of ZSnpG ceramics with graphite flakes of varying sizes.

Overall, these findings suggest that controlling the graphite size and distribution can significantly
impact the thermal shock behavior and mechanical properties of ZSnpG ceramics.
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The paper shows a method of aerodynamic modelling of the whole rotor and exemplary
results obtained from complex analyses. The analytical basis of rotor aerodynamics for
different phases of the helicopter flight is shown. The analytical calculations are provided
to model a single blade motion according to its azimuth angle and to validate the obtained
results. The parametric design method is shown to be applied for different blade planform
shapes and various section airfoils. The Computational Fluid Dynamics (CFD) fluid domain
for the flow around the blade is also prepared using a parametric method. The parametric
graphic script is developed to create the flow domain for a one-blade simulation or for a
complete n-bladed rotor effect. The obtained blade model with enclosure is implemented
into CFD environment. The method for fluid mesh preparation and the way of defining its
properties are given. The simulation is carried out as transient for the n-bladed rotor. In
this simulation, various flight conditions are taken into account. Real rotary motion of the
blades is simulated with artificially enforced mesh motion. The obtained numerical results
are compared then with analytical assumptions. The simulation findings which are the inputs
for further analysis are shown with graphical representations. As an output of the research,
new options for main rotor optimization are developed. The usage of combined parametric
modelling confirmed with aerodynamic analysis for different flight conditions is shown in
the work as a new perspective for design optimization of the main rotor.

Keywords: helicopter, main rotor, rotor blade, geometric modelling, computational fluid
dynamics (CFD)

1. Introduction

The Russian invasion on Ukraine revised the usage of helicopters on modern battlefield. The
need of preparing constructions that are capable to provide better features for comprehensive
military operations is observed more than in any other conflict in XXI’s century. As a conse-
quence, a lot of countries are improving existing structures and searching for brand new solutions
of VTOL vehicles (Oh et al., 2021). Therefore, also in Polish Military University of Technol-
ogy, a development of rotorcraft design methods is being conducted as an activity included in
a complex research program which is aimed at finding new approaches and design solutions
for needs of structural or aeroelastic optimization. This work is a second part of the recalled
research program. The first one was focused on preparing a parametric blade model and its an-
alytical and CFD validation for further analysis. The research were preceded with comparative
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analysis of commonly used helicopter configurations. The results of evaluation and proposals for
construction improvements were published in (Kachel et al., 2021).
The parametrization of the blade provides a less time-consuming solution for the preliminary

design phase. The advantages of parametric blade modeling were demonstrated in numerous
publications including (Sagimbayev et al., 2021; Ma et al., 2021). What is more in this stage of the
study, the fluid enclosures for CFD analysis are also parametrized and generated by the prepared
program. The usage of parametric models to fulfill the required features of shape and structure is
shown in (Lim, 2018; Allen et al., 2021) for airfoil design, (Tixadou, 2021; Grebenikov et al., 2021)
for strength design and (Bailly et al., 2019) for aerodynamics. Some model tasks from the above
works defined with parametrization declared both for aerodynamic shape, blade structure and
fluid domain are highly advanced numerical problems. Solving such problems generally demands
applying Fluid Structure Interactions (FSI) techniques, which gives optional results varied due
to different design configurations. Simulations of the rotor aerodynamic and aeroelastic effects,
taking into account sensitivity analysis due to key design parameters, significantly support the
decision-making process in relation to the selection of optimal utility variants.
In the research described here, for preparation parametric models and fluid enclosures, some

specific programming language was used. Examples of parametrization in the modelling using
GRIP language were shown in (Ryazanov, 2016; Shabliy and Dmitrieva, 2014; Grabowik et al.,
2015). Open GRIP (Graphic Interactive Programming) available in Siemens NX CAD environ-
ment is a language that provides a possibility to create an external solid body or internal struc-
ture geometry of any airframe part. Virtual elements are generated with the use of commands
and parameters defined with a specific programming code. The GRIP language is dedicated for
research processes, because it grants an option for inertia properties of the generated model.
The obtained model features can be used for aerodynamic or strength analyses carried out in
further stages of the simulations. The logical conditions that are enclosed in the program code
can be used to prepare loops which will provide a possibility of strength calculation with fitting
the best dimensions. As an output, a geometry generator is prepared with initial optimization
functions. Other main rotor optimization studies with focusing on aerodynamic optimization
were presented in (Stalewski, 2017a,b; Xie et al., 2017; Stalewski and Zalewski, 2019; Okumuş
et al., 2022) while optimization procedure for best flight performance was shown in (Slavik et
al., 2029).
The aim of the research presented herein is to analyze the aerodynamic rotor model in

different flight conditions. The new approach is to provide geometry with enclosures prepared to
be applied into CFD environment, where different flight conditions with real main rotor motion
could be evaluated and compared. One of the examples of CFD usage for strength analysis
was presented in (Spyropoulos et al., 2021). There are some main research institutes that are
focused on main rotor optimization problems, ONERA French Aerospace Lab and DLR German
Aerospace Center for instance. They published several methods of solving the optimization
problem using CFD methods (Goerke et al., 2012; Wilke, 2021; Jain, 2022). However, there were
no parametrization of the rotor blade shape, position and entire fluid domains simultaneously for
given flight conditions, which is the main goal of this research in order to provide a comprehensive
tool for future combined optimization solutions.
As it was mentioned above, the solutions for the optimization process which are being de-

veloped in the mentioned research program, started with evaluating the blade and assessing the
methods for further analysis. The preliminary results from the initial stage of investigations were
published in (Kocjan et al., 2022). In this research, geometry of the existing rotor was taken
as an example for evaluating the proposed solution. The GRIP program code for the modeling
was developed by adding the option for enclosures preparation and expand possibilities to enter
more parameters of the main rotor by end-user. The dimensions of enclosures are adequate to
rotor dimensions.
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The prepared model will be a basis for fluid dynamics computation using Ansys Fluent. The
parameters of main rotor movement will be calculated from analytic formulae. The value of
collective pitch control and a change of cyclic control are calculated with the use of a MATLAB
code. Then the calculated values are inputs for CAD model generation and then for CFD motion
simulation. Furtherly, the mesh for numerical simulation is generated with the Fluent meshing
tool. The mesh size decreases as it approaches the blade surface. The inflation model is also
applied. In the research, a poly-hexcore mesh was used. The prepared mesh is configured for
calculation using sliding mesh options. The mesh motion is described with outcomes of analytical
calculations, which were earlier prepared. During the studies, the mesh size was adapted to obtain
best results within a reasonable time. The results were compared with the assumptions. The
lift and drag values were used to evaluate the model and to check if the parametrized rotor
model with air domains is applicable to CFD environment and if the obtained numerical results,
especially pressure distributions, are reasonable and eventually acceptable. To the best of co-
authors’ knowledge, similar research merging the proposed methods for the helicopter main rotor
design and main rotor optimization operation has not been performed so far.
This paper is organized in a specifically intended way. The research methods are described in

Sections 2 and 3, where the mathematical model, which is the basis for parametric programming,
is defined. In Section 3, the parametric programming is described. The mesh properties and
simulation setup are presented in Section 4. The results and evaluation of the method is discussed
in Section 5. The research methods and outputs, with application to next phases of the program
are concluded in Section 6.

2. Analytical model for parametrization

2.1. Mathematical model

The conditions of operation of the main rotor are complex and impose on a designer a neces-
sity to check all of the working aspects. Before performing, an optimization loop for parametriza-
tion of main rotor features must be introduced.
The first data to be introduced are blade parameters. To obtain required operational capabil-

ities, the blades construction requires to take into consideration both geometric and aerodynamic
characteristics. The flow periodic changes, flexibility of blades and conditions of operation in the
presence of a strong centrifugal force imply a relationship between pressure loads and deforma-
tions of the material. The blades were well parametrized in the previous step of the research
(Kocjan et al., 2022), the deformations are going to be considered in the further phases.
In the presented studies, the conditions of the n-bladed main rotor operation are analyzed

and transformed as input parameters for geometry generation and numerical CFD simulation.
To prepare a rotor model which is ready to be implemented into Ansys Fluent, in accordance
with (Johnson, 1994; Bramwell et al., 2001), pitch angles should be calculated for the main rotor
trim conditions. The trim of the rotor is calculated from the thrust, pitching moment for lateral
and longitudinal movement

θ(ψ) = θ0 −A1 cosψ −B1 sinψ (2.1)

where the angles are calculated for different flight conditions. The helicopter speed is given in
calculation as a dimensionless speed ratio. To find the longitudinal cycling pitch angle, the first
step is to calculate the H-force coefficient in the disc plane

hcD =
1
4
µδ (2.2)
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As a result, the disc incidence can be calculated as follows

αD = −
1
wc

(1
2
µ2d0 + hcD

)
(2.3)

where d0 is the fuselage drag ratio and wc is the weight coefficient. Now the mean inflow ratio
relative to the disc plane can be obtained in the following way

λD = (µα)D − λi (2.4)

The next step for the rotor trim is to calculate the collective pitch angle which will be used for
GRIP program to prepare the main rotor geometry installed for designated flight conditions.
The collective pitch is calculated from the main rotor thrust expression

tcd =
a

4

(
2
3
θ0
1− µ2 + 9µ44
1 + 3µ

2

2

+ λD
1− µ22
1 + 3µ

2

2

)
(2.5)

Further, in order to obtain the longitudinal cycling pitch angle, it is crucial to calculate the
flapping coefficient

a1 =
2µ
(
4θ0
3 + λD

)

1 + 3µ
2

2

(2.6)

Therefore, the B1 angle (with the assumptions for a change of the center of gravity – h and f)
is ready to be calculated

B1 =
a1 + Cmf + hcDh− wcf

wc + Cms
(2.7)

where Cmf is the pitching moment coefficient for fuselage and Cms is the pitching moment
coefficient due to hinge offset. Then, to get the lateral cyclic pitch angle, the lateral flapping
coefficient should be given with the following expression

b1 =
4
3(µa0 + 1.1v

2λi)

1 + µ
2

2

(2.8)

In consequence, the lateral cyclic pitch angle can be written as

A1 = −b1 −
wcf + TtW tcht
tch+ Cms

(2.9)

At the end of analytical consideration, for the main rotor evaluation, its drag force is needed
and it can be calculated from the expression

D =
P

V
+X (2.10)

where P is the power required for the evaluated flight conditions, X is a force acting in the
longitudinal direction. The X-force can be estimated with the formula

X = −T sinαD −HD cosαD
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2.2. Analytical calculations for preparing the simulation

All calculation formulae described above were all prepared in MATLAB software. The out-
puts of calculations are a basis for geometry generation in GRIP program and then for model
configurations applicable in Ansys Fluent.
It starts with the input parameters of the designed blade and flight conditions. The blade

planform is defined with a specific polynomial function. Next, the rotor solidity factor is calcu-
lated as an integral. Using MATLAB functions required for the collective pitch are possible to
be established. The weight coefficient, fuselage drag ratio, inflow velocity and disc incidence are
computed. After that, the inflow ratio relative to the disc plane can be processed. The program
in the further step is solving equation (2.5) to obtain the collective pitch value. Next stage of the
calculations is to estimate the flapping coefficients. The pitching moment coefficient is assessed
at the subsequent step. With the flapping and pitching moment coefficient, the B1 angle is ready
to be computed. After obtaining the first angle, the second is calculated similar to the first using
the equations mentioned above. The MATLAB source code used for all described calculations
is shown in Fig. 1.
The calculated collective pitch is modelled in CAD geometry. The collective pitch angles are

a basis for the rotor cyclic pitch movement modelled then in Ansys Fluent.

Fig. 1. Example of MATLAB numerical code for preliminary calculations

3. Parametric model for simulation process

The main goal of this research is to obtain a new approach for main rotor blade modelling, which
will be implemented into the main rotor optimization loop. The goal is achieved using Open
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GRIP code, which is implemented into Siemens NX. The program was taken from the first stage
of the studies and improved. The program algorithm is shown in Fig. 2.

Fig. 2. Enhanced algorithm for generating parametric geometry model

The geometry of the model is parametrized in the program using all main rotor geometrical
dimensions. The user is able to enter the blade basic parameters into a popup input window.
The first parameters are the number of blades, rotor radius and blade chord. The airfoil is
generated from the text file with coordinates, so the user can prepare the blade for any chosen
airfoil geometry. The next stage of parametrization is to enter the polynomial coefficient for
blade twist and blade chord, so the blade chord and twist can change along the span. With
the prepared solution, the blade shape can be freely changed with accordance to analytically
calculated values. The windows with applets for introducing control parameters are shown in
Figure 5. The shape generation is based on inbuilt GRIP commands for the line and splines,
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which provides the desired shape. The number of sections to create the geometry can also be
chosen. An example of generating the blade geometry is shown in Fig. 3.

Fig. 3. Blade parametrisation

The second stage of parametrization is the n-bladed rotor. The blades are positioned with the
angles that were trimmed analytically. Each blade is positioned at a different angle in accordance
to their initial azimuthal position in simulation.

The next phase is generation of fluid enclosures for multi-moving mesh simulation. In the
code, the volumes of fluid domains are programmed proportionally to the rotor dimensions. The
domains are generated as follows: the main air enclosure as a cuboid for forward flight and as a
cylinder for hover, rotor enclosure as a cylinder with each blade havig its own cylinder domain.
The space geometry of applicable enclosure variants is presented in Fig. 4. The selectable flight
conditions – forward flight or hovering are possible to be chosen by the user.

Fig. 4. Fluid domains: (a) for forward flight, (b) for hovering flight

Fig. 5. User input options: (a) blade parameters, (b) flight conditions
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The ready to simulation geometry is generated in few seconds, so the designer can prepare
different models for CFD analysis in a short time.

4. Mesh and simulation properties

The model for CFD simulations was prepared in Ansys Fluent. The generated geometry with
fluid domains was imported into the mentioned environment. To generate the fluid mesh of finite
volume elements, the Fluent Mesher was used. It was chosen because of the future automatization
of the process. This software provides a full path of activities that are necessary to generate the
ready-to-use mesh. Body sizing, face sizing and inflation options were used to prepare a correct
simulation. The boundary layer was generated using the aspect ratio options. The air enclosure
size was calculated from the rotor dimensions. The ratios chosen to obtain correct domains were
defined in the following way:X for the air enclosure, Y for the rotor enclosure and Z for the blade
enclosures. The maximum size of a single volume element was set as 5000mm, the elements on
the blade were set to a value of 10 cm spanwise and chordwise. The inflation was set for 15 layers
with 80 aspect ratio. The y+ value was established at an average value of 300, which gave the
boundary layer a wall function. The mesh was generated as a poly-hexcore mesh and consisted
of approximately 106 elements (depending on the model). An example of the prepared mesh is
shown in Fig. 6.

Fig. 6. Polyhexcore mesh of fluid volume elements

The domains were named adequate to their destinations. The velocity inlet for the forward
flight was set as a pressure far-field – velocity inlet, and the end of the cuboid was provided
as a pressure outlet. The pressure far-field – velocity inlet option in Ansys Fluent provides a
possibility to set the inlet velocity direction and magnitude with the vector coordinates. The
contact regions were named to identify the internal connection between the domains in the
preparing of the solution. K-ω SST viscosity model was chosen for the simulation, because
it is recommended for solving CFD rotor tasks. The viscosity model results with the y+ for
wall function boundary layer treatment were checked whether it gave satisfying results without
extending calculation, what would be for more complex boundary layer simulations. The time
step for transient simulation was set at 0.001 s. The convergence for each time step was settled
for continuity at 10−5 with 100 iterations. The fluid domain with declared boundary conditions
and the rotor model inside is presented in Fig. 7.
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Fig. 7. The fluid domain with boundary conditions and the rotor model enclosure defined for the CFD
process

5. Results

As a basis for CFD calculations, the rotor geometry of the rotorcraft W-3 Sokol was taken. The
parameters of the helicopter are: radius – 7.85m, chord – 0.44m, rotational speed – 255 rpm,
weight 6400 kg. The lift force should be adequate to the aircraft weight and the drag force
is calculated from analytical assumptions. The first cut calculation was made for the existing
rotor dimensions and features. The rotor position and movement were calculated in MATLAB
program described in Section 2.2. For evaluation of the method, various rotor dimensions and
flight parameters were used. The angles for the preparation of simulation are shown in Table 1.

Table 1. Calculated angles for simulation

Case Collective B1 A1 Tip path angle
No. [deg] [deg] [deg] [deg]

1 11.12 3.46 −3.72 10.75
2 11.52 5.26 −4.87 10.71
3 8.31 2.52 −3.45 7.44
4 9.85 5.48 −5.48 7.43
5 9.48 3.10 −4.38 7.83

The calculated results are presented in Table 2. It shows that the assumptions which were
made for the movement simulation and calculations are correct. The values of basic rotor forces
are similar to those calculated, the average difference between the results and analytical cal-
culations is at 4%. The comparison is made with analytical calculations of the drag force and
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helicopter weight. The lift force that is required for flight of the helicopter is generated adequately
to the needs.

Table 2. Simulation results

Case
No.

Analytical assumptions CFD simulation

Weight
MR radius Blade chord Flight speed Drag Lift Drag
[m] [m] [km/h] [N] [N] [N]

1 62784 7.85 0.3 100 1276 61706 1256
2 62784 7.85 0.3 150 2870 63708.25 2982
3 62784 7.85 0.44 100 1276 61537 1139
4 62784 7.85 0.44 200 5098 62625 5132
5 62784 7 0.6 100 1276 66850 1295

In consequence, working conditions of rotor blades can be evaluated using the obtained
results. The major finding, that will be used in optimization loop (which will be aimed at mass
reduction of the blades and stiffness improvement), is the pressure distribution. Examples of
pressure distributions are shown in Fig. 8.

Fig. 8. Pressure distribution: (a) case 1, (b) case 2

The pressure distribution for the calculated flight case enables determination of the load
acting on rotor blade surfaces during their rotary movement. Different flight conditions and dif-
ferent blade geometry can be evaluated by the designer. To obtain these results with application
of the proposed method, 6 to 8 hours is needed, where 15 minutes is 3D model preparation,
45min to 2 h is mesh and simulation preparation, the rest is Fluent processing time (which is
also depending on mesh parameters).
The proposed way of model preparation and calculation of simulation parameters provides

information about the influence of parametrisation on the obtained dimensions. The required
drag and lift are the same for different flight parameters, however the angles of rotor disc and
blade pitch positions are changing depending on blades dimensions. With CFD simulation, the
proposed modelling was proved to be correct and applicable to next steps of rotor optimisation.

6. Conclusions

As it is described at the beginning of this paper, this research is a part of the program aimed
at finding new solutions for rotorcraft structures design using optimization methods. This is a
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next step for preparing a full rotor model which will be optimized to obtain the best mass and
stiffness characteristics.

It is confirmed that developing the rotor model with fluid enclosures, using parametric mod-
elling, provides a versatile tool to quickly prepare different rotor geometries for CFD analysis.
The code properties provide a possibility to prepare correct fluid domains. The enclosures are
generated proportionally to rotor dimensions. The Open GRIP syntax Boolean options, to cut
out the volumes from wider areas, enables an exact model preparation, which is ready to be
analyzed using dedicated software. The model compatibility problem with software did not oc-
cur during the calculations. Using the parametric modeling significantly reduced the time of
simulation preparation for different geometries and flight conditions.

The CFD analysis confirmed the expected results. The mathematical model of the rotor
movement led to similar forces that were inputs for analytical calculations. The generated do-
mains and models were easily configured for mesh simulation. The interior contacts for mesh
interaction during simulation of motion were correctly corresponding with the indented contact
regions.

Fig. 9. Design spiral for rotor optimization
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The simulation results showed that the model was correctly prepared. However, providing
all required conditions to replicate the working environment of the real rotor, the simulation of
the rotor movement and a change of pitch angles was time and memory consuming. But in fact
it is a necessary condition to obtain correct results.
The studies shows a new way of preparing and conducting main rotor CFD simulations using

a parametric approach. The parametric modelling reduces the total time of simulations. The
results obtained showed the working conditions of the main rotor blades in terms of pressures,
velocity or turbulence. The outputs can now be combined in Ansys with FEM analysis and
calculated simultaneously using the FSI procedure.
The advantage of the procedure is fidelity of the simulation. This kind of simulations provides

high fidelity results, that can be used to evaluate parameters of prepared blades such us the
shape and strength structure. This will be a next phase of the proposed optimization loop. The
application of the studies described in this paper is only a one of many activities included in the
optimization procedure illustrated with the so called design spiral. It is shown in Fig. 9.
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Brakes are an important safety feature of vehicles. The materials of which the friction ele-
ments are made pose some risk to the environment. This can be a case during manufacture,
operation and disposal. Any step to improve the ecology deserves thorough examination
and possible introduction into production. For this reason, it has been decided to investi-
gate whether it is possible to replace aramid with another material that is already present
in its composition. The choice fell on copper, which was used in prepared samples in the
form of both powder and fibers.

Keywords: friction materials, composite, mechanical strength, material properties

1. Introduction

Automobiles are extremely popular these days. Most households own one or more vehicles. It
is estimated that the number of vehicles on our planet will increase to over 2 trillion by 2030.
In addition, today’s cars are characterized by much better performance. The combination of
the above two factors can lead to dangerous situations on the road. Therefore, it is extremely
important that vehicles are equipped with effective braking systems. The health or even lives
of many road users may very often depend on their correct operation. The high level of today’s
scientific workshop provides the opportunity to develop solutions that can meet the restrictive
requirements.
The most popular and widely used solution since the first horse-drawn carriages has been

friction brakes (Eriksson, 2000). Then, as now, these brakes are a kind of converter of kinetic
energy of motion into thermal energy (Kukutschová et al., 2010). Such a solution, despite obvi-
ous advantages, unfortunately has its disadvantages. One of the biggest is the amount of heat
generated during emergency braking, especially in vehicles with high weight (Kuciej et al., 2020).
For this reason, friction materials must have suitable properties that allow them to operate at
such high temperatures, but also to dissipate the heat quickly enough to prevent overheating of
the brake fluid, for example (Ertan and Yavuz, 2010). In addition, the friction materials used in
vehicle brakes should be weather-resistant and pose as little risk to the environment as possible
during manufacturing, operation, and recycling (Singaravelu et al., 2019).
The friction layer of the brake pad is usually a composite material with different compositions

depending on the manufacturer. There are several thousands materials as the basis for the
components used, of which 10-20 are selected for a single product (Nagesh et al., 2014). Like
any composite, the pad must contain a reinforcement. Currently, this role is most often played
by aramid, and sometimes by carbon or glass fibers. Unfortunately, as described in a previous
work (Borawski, 2023), their production is associated with particular hazards for humans and
the environment.
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One of the most important pad materials is copper. It is a multifunctional and almost
indispensable component of friction materials (Österle et al., 2010). It does not only ensure
structural integrity, but also significantly improves dissipation of frictional heat. Thanks to
these properties, copper significantly reduces the risk of fading at high temperatures (Kumar
and Bijwe, 2011). A major problem is the fact that copper, so necessary in friction materials,
becomes one of the components of wear products released into the environment as a result of
friction and rubbing. Unfortunately, as numerous studies have shown, it is a serious pathogen,
especially for aquatic organisms, but also for humans, where it can cause severe multi-organ
diseases (Azizishirazi et al., 2013). For this reason, regulations have been introduced to limit the
percentage content of this element in friction materials from 2025 (Hjortenkrans et al., 2007).
Therefore, numerous researchers have attempted to replace copper with organic fibers (Matejka
et al., 2013; Yun et al., 2010), solid lubricants (Lee et al., 2010), and various types of metals
(Mart́ınez et al., 2014). However, the test results showed that none of the proposed materials
was a fully satisfactory alternative to copper.
Considering the above fact, which is almost related to the necessity of using copper in brake

pads, it was decided to test if copper could take over the role of aramid, i.e., serve as reinforcement
in addition to its basic function. For this purpose, geometry of copper particles must be changed
from spherical to fibrous. From a literature survey, the shape and size of the particles can have
the following effects in the course of the friction process (Sellami et al., 2020; Wojciechowski et
al., 2013; Kumar and Bijwe, 2011):

• the finer the copper particles, the better the lubrication properties and thus the lower
coefficient of friction and greater resistance to abrasive wear;
• an irregular shape or sharp edges increase the value of the coefficient of friction;
• a higher copper concentration improves the lubricity and thermal conductivity of the final
product.

In the previous works, it was shown that the shape of the copper could indeed affect the
COF. Using fibers instead of round particles and removing aramid increased the coefficient of
friction by about 13% (Borawski, 2023). The purpose of this work is to examine how the above
change in the reinforcement method affects mechanical properties of the composite friction
material.
It is considered that the most important mechanical properties of friction materials are

hardness, density, compressive and shear strength, water and oil absorption, friction and wear
resistance (Aḱınćıoǧlu et al., 2021). Literature review has shown that researchers more often
focus on tribological than mechanical properties, which are equally important from an opera-
tional point of view. Wannik et al. (2012) studied samples produced with an addition of boron.
The research results, such as hardness, porosity, and specific gravity, were compared to results
for a commercial material. The bootstrap method was used to analyze the results. Bahari et al.
(2012) investigated the hardness and wear resistance of friction materials with the addition of
rice husk dust (RHD) at a concentration of 10% and 30%. The obtained results showed that
RHD, especially at a concentration of 30%, had a positive effect on the hardness of the pro-
posed prototype material. Comprehensive material studies were conducted by Parandaman et
al. (2015). They focused on tensile, bending strength and additionally friction and wear tests. In
their study, they prepared four groups of samples with different coconut fiber contents: 0%-15%
by volume (5% increments). They also used a variable compression pressure (10-60 tons). It
was found that the coconut fiber content of 5% and 10% gave the best flexural and compressive
strength. A classical strength measuring machine was used for the tests. Gai et al. (2022) ad-
dressed a similar issue. The subject of their study was also four groups of samples, but they were
cut from commercially available brake pads. The tests included determination of bending resis-
tance, hardness, coefficient of friction and abrasion resistance. X-ray and scanning microscopy
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tests were also conducted. The researchers found that the composition of the material had a sig-
nificant impact on the results of the tests performed. Accordingly, a higher carbon content had
a positive effect on the mechanical strength of the friction material. They also found a coupling
between hardness and wear rate. Mutlu et al. (2015) studied mechanical properties of the mate-
rial samples he produced. Candlenut and coconut shells, which are rare in this role, were present
in the composition. Their total content varied between 40% and 60%. The rest consisted of iron
powder, carbon, resin and pineapple leaf fibers. The components were crushed with a mill and
then pressurized in a hydraulic press. The semi-finished products were subjected to a pressure of
15 kPa and then heated at 100◦C. Water absorption, hardness and tribological properties were
tested on the finished samples. A chemical composition analysis was also performed using the
EDS method. Again, a correlation between hardness and wear resistance was confirmed. The
high content of plant-derived additives proposed by the researchers also improved resistance to
water absorption. The mechanical properties of friction materials made of basalt were studied by
Gai et al. (2022). It served as a filler. The other constituents were selected from the conventional
range, i.e. resin as the matrix, glass fiber as the reinforcement, and bronze and cast iron as
friction modifiers. The authors determined mechanical properties such as compressive strength,
hardness, tensile strength and water absorption, among others. They found that the addition
of basalt had positive effects, including an increase in the compressive strength or coefficient of
friction compared to conventional materials. The tensile strength and thermal conductivity were
even better than those of ceramic-based friction materials.
Based on this analysis, it was decided to conduct compression, bending, tensile strength

tests and to measure the hardness and water absorption of water, brake fluid and oil. In authors
opinion, these are the most important mechanical properties of composite friction materials, the
values of which should be at a certain level.

2. Materials and methods

Each of the above studies required a different test, often performed at a different stand. Most of
the tests were destructive, so individual samples were required. These were prepared according
to the proportions given in Table 1. Component mixtures were measured using a Steinberg SBS-
-LW-300A balance. The materials were then mixed in a custom-built device using an additive
technology (Fig. 1). The device was thoroughly cleaned and dried after each use. The final
mixtures were poured in a mold and then placed in a hydraulic press and loaded with a force of
100 · 103N for about 12 hours. After the load was removed, the samples were annealed at 60◦C
for 48 h. After this time, the molds were removed and the surfaces of the samples were ground
to give them the desired shape, dimension and surface roughness.

Table 1. Composition of the prepared samples

Component
Contents [%]
S1 S2 S3 S4

CuZn20 12 12 12 12
Cu 25 25 25 25

S355 Steel 7 7 7 7
Aramid 12 8 4 0
Resin 17 17 17 17
Graphite 5 5 5 5
Fly ash 18 22 26 30

EN-GJS-400-12 4 4 4 4
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Fig. 1. Mixing of sample components: 1 – mixing unit, 2 – stepper motor, 3 – driver connection,
4 – bearing

2.1. Static compression test

The latest standard ISO 6310 provides for different test variants. They can be performed
at both low and high temperatures. The test methods have also been divided into pneumatic
(method A) and hydraulic (method B), depending on the type of a braking system. A maximum
compression speed of 15mm/min is also specified. The limit pressure is 10MPa or 16MPa – de-
pending on the intended use of the material. This compressive strength test was performed using
the Instron 8502 device (Fig. 2), which meets the requirements of the Standard. To maximize
accuracy, the input parameters of the test were set as follows: feed rate 0.1mm/s, measurement
frequency 100Hz. The samples prepared for this test were cylindrical, had a diameter of 20mm
and a height of 25mm (Fig. 3).

Fig. 2. Compressive strength test

2.2. Static bend test

The brake pads are subjected to a small amount of bending under real conditions. It results
only from the fact that the pad working on the inner side of the brake disk is pressed only in the
central part, and the movement of the outer pad causes pressure to the caliper on the opposite
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Fig. 3. Samples tested in compression test

edges. The fact that the friction material is mounted on a steel support plate further reduces the
effects of bending versus compression and stretching on potential damage. Nevertheless, bending
does occur, therefore it was considered reasonable to perform a static bending test to obtain a
more complete picture of the mechanical properties of the proposed material.
The Instron 8502 apparatus was used for the tests. The technical standard BN 0601-12-1

suggests that the bending tests should be performed with a three-point support – two lower
fixed supports, and the upper one movable. The maximum feed rate of the breaking mandrel
was set at 5mm/min. A prerequisite for correctness of the test is that the cracks occur at a
distance of no more than 10mm from the load application. Therefore, to maximize quality of
the results, the speed was set to 0.05mm/s (3mm/min). The recording frequency was set to
100Hz as before. Rectangular samples with dimensions of 12mm×12mm×90mm were used in
the study (Fig. 4). According to the Standard, the distance between the supports was 75mm
and the load was applied centrally (Fig. 5).

Fig. 4. Samples made for bending tests

Fig. 5. Bending resistance test
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2.3. Static tensile test

The basis for this type of test is the standard ISO 6892-1:2019. The test described therein
is simple and consists of uniaxial stretching of a material sample. The prerequisite for correct
performance is the use of self-centering holders that ensure the required stress state. The above
Standard recommends that the stress increase rate in the sample be between 2MPa/s and
20MPa/s.
In this case, Instron 8502 was also used with special holders that allow the centering of the

sample (Fig. 6). The input parameters for the test were assumed to be a feed rate of 0.05mm/s
and a maximum displacement of 50mm. This ensured the correct stress increase rate.
The samples used in the test were the same as in the bending test – rectangular with

dimensions 12mm×12mm×90mm.

Fig. 6. Tensile strength test

2.4. Hardness measurement

The hardness of the prepared samples was measured ten times at randomly selected points for
each sample. This was necessary because the composite material was generally not homogeneous.
The tests were carried out with the PRL 610 hardness tester (Fig. 7).
The final test result was the arithmetic mean. The standard deviation for each measurement

was calculated according to the following formula

s =

√√√√ 1
n− 1

n∑

i=1

(xi − x)2 (2.1)

where: s – standard deviation, n – number of measurements, xi – result of the i-th measurement,
x – arithmetic mean of the results for a given sample.
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Fig. 7. Hardness tester PRL 610

2.5. Measurement of water, brake fluid and oil absorption

This parameter is extremely important, as the properties of the friction material can change
when saturated with a liquid. The most influential substances here are oils (which can reduce the
coefficient of friction) and brake fluids (whose corrosive properties can reduce structural integra-
tion of the composite material). Absorption is closely related to porosity. Some manufacturers
deliberately design the friction material to be highly absorbent, which they believe improves
heat dissipation from the friction junction (Gai et al., 2022). According to the applicable Stan-
dard, i.e. ISO-6314, cylindrical samples (diameter 1′′, height 20mm) immersed in liquids and
left for 7 days were tested. These fluids were water, common 5W30 viscosity grade motor oil and
DOT4 brake fluid. Each sample was thoroughly cleaned and weighed prior to testing using a
Steinberg SBS-LW-300A precision balance and then measured with a micrometer. After testing,
the surface of the samples was dried with paper towels, then weighed and measured again. Based
on this data, the water absorption could be determined.

3. Results and discussion

The results of the strength tests are presented in Fig. 8-10. The static compression test showed
that all samples submitted for testing had similar strength. Sample S3 had a slight advantage
over the others, withstanding stresses of nearly 79.6MPa.
The results obtained in the tensile and bending tests turned out to be extremely interesting

and surprising. When samples with a high aramid content (S1 and S2) were bent, clear fiber
breaks could be seen. These materials resemble brittle materials in their properties. Changing
copper geometry from powder (S1) to fiber (S2) increased the allowable stresses by almost 50%.
The most favorable sample was S3, which exhibited properties similar to a plastic due to the
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small amount of aramid and long copper fibers. This sample showed a stress limit of just over
80.7MPa. The worst performing sample was the one in which the aramid was completely replaced
by copper fibers – a much more ductile metal. As a result, S4 composite lost a significant amount
of its strength, for which the reinforcement was responsible. The maximum stress is only 26MPa,
which is just under 30% of the value achieved by S3 sample.
During the tensile test, S3 sample also proved to be the strongest, reaching the allowable

stress of 9.2MPa. Samples with a higher content of aramid and copper in the form of shorter
fibers (S2) and powder (S1) turned out to be weaker, but reaching the limit stresses took more
time. All samples containing aramid (S1-S3) showed clear characteristics of brittle materials.
The last sample (S4), where aramid was completely replaced by copper fibers, behaved like a
typical plastic material. The stress buildup was much slower, and there was no clear fracture
boundary. The cause for such behavior should be sought in the properties of copper.

Fig. 8. Static compression test

Fig. 9. Static bend test
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Fig. 10. Static tensile test

The results of the hardness test are shown in Fig. 11. This parameter is closely related to
mechanical strength. It determines the resistance to plastic deformation, penetration, scratching
or frictional wear. The measurements showed that the values for samples S1-S3 were similar.
Taking into account the standard deviation, whose high value results from the fact that the
object of study is a composite material, it can be assumed that the samples of these three
groups have the same hardness. The results for sample S4, taking into account the standard
deviation, are within the above range, but the average value here is the lowest. A clear reflection
is visible in the strength tests described above.

Fig. 11. Hardness test results

The results of the fluid absorption tests are shown in Table 2. After the measurements were
completed, the liquid on the surface of each sample was wiped off before it was calcified. The
final absorbance value was calculated using the following equation

A =
Mf −Mi

Mi
· 100% (3.1)

where: A – absorption, Mf – mass of the sample after immersion in liquid, Mi – initial mass.
The above values show that all samples are characterized by similar, low absorption. Slight

variations are due to random factors in the production process.
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Table 2. Results of liquid absorption tests

Substance Sample Mi [g] Mf [g] Mass gain [g] A [%]

Water

S1 30.269 30.404 0.135 0.445
S2 30.771 30.960 0.189 0.615
S3 31.604 31.719 0.115 0.364
S4 31.743 31.947 0.204 0.644

5w30 oil

S1 30.762 30.873 0.111 0.362
S2 31.637 31.853 0.216 0.683
S3 31.204 31.356 0.152 0.486
S4 31.097 31.247 0.150 0.481

Water

S1 30.576 30.777 0.201 0.659
S2 31.215 31.334 0.119 0.380
S3 31.261 31.386 0.125 0.399
S4 31.369 31.539 0.170 0.542

4. Summary

This paper presents the results of tests of the mechanical properties of composite materials.
These prototype materials were developed with the intention of being used in braking systems.
The prepared samples differed in the type of reinforcement. It has been found that:

• the best strength properties and the highest hardness are obtained when a significant part
of the aramid reinforcement is replaced by a copper one with moderate fibre length (sample
group S3),
• the type of reinforcement used has no effect on the absorption of water, oil and brake
fluids,
• the complete absence of a conventional reinforcement with the properties of a brittle ma-
terial leads to a significant reduction in the mechanical properties of the composite friction
material, making it more plastic.

Summing up, it is possible to reduce the aramid content and thus the environmental impact
generated during the manufacturing process, while improving the mechanical properties of the
composite. This can be achieved by changing the geometry of copper particles from powder to
fibre.
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8. Hjortenkrans D.S.T., Bergbäck B.G., Häggerud A.V., 2007, Metal emissions from brake
linings and tires: Case studies of Stockholm, Sweden 1995/1998 and 2005, Environmental Science
and Technology, 41, 15, 5224-5230

9. Kuciej M., Grzes P., Wasilewski P., 2020, A comparison of 3D and 2D FE frictional heating
models for long and variable applications of railway tread brake, Materials, 13, 21, 4846
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The article discusses the analysis of motion of an oscillator forced by a sequence of stochastic
impulses with the use of decision tree algorithms and a random forest classifier. The aim of
this paper is to verify the accuracy of distinguishing distributions in the desired time period
and to check whether the length of the time interval affects the accuracy of data classifica-
tion. Moreover, the statistical parameters directly influencing classification of distributions
are presented. The analysis has been performed in Python environment, the data were ob-
tained in computer simulation. The results of classification for two classification algorithms
with regard to two divisions of the test and training set sizes are presented. In case of the de-
cision tree classifier, it has been observed that for each time interval this algorithm classifies
the data achieving a high level of accuracy, but for the purpose of data classification for each
time period it selects different statistics, which makes it impossible to unequivocally deter-
mine which statistic influences the recognition of distribution. In case of the random forest
classification algorithm, the importance and influence of the parameters on the distribution
between the three distributions are the same both in 5-minute and 10-minute intervals. The
differences between significance of the parameters depending on length of the interval are
not significant.

Keywords: machine learning, random forest classifier, stochastic series of impulses

1. Introduction

The theory of random dynamical systems is an interdisciplinary domain (Sobczyk, 1983;
Iwankiewicz and Kotulski, 2009; Zembaty, 2009; Socha and Soong, 1991; Liu et al., 2023; Banks
et al., 2023). It is applied in mechanics (Litak et al., 2008; Bozzoni et al., 2011; Hračov and
Náprstek, 2017; Weber et al., 2021; Smolnicki et al., 2013; Rączka et al., 2013) where, like in the
present paper, the idea of research refers to non-deterministic mechanics. The state of a system
observed at any given moment does not univocally determine the states of the system at consec-
utive moments, which issues from the random character of stimulaton. It is worth mentioning
that in Poland the studies on random dynamic systems flourished in the third quarter of the
20th century (Piszczek, 1982; Skalmierski and Tylikowski, 1972) when, by means of a complex
mathematical apparatus, a series of stochastic equations describing various kinds of dynamic
mechanical systems have been determined. Having reached a certain level of knowledge, the
studies have not been continued.
The research on systems forced by a random series of impulses also started in the second half

of the 20th century (Roberts, 1966, 1972; Roberts and Spanos, 2003) and have been continued
ever since. The first attempts at verification of properties of a stochastic model by means of
simulation methods were presented by Professor Iwankiewicz (Iwankiewicz, 1993). The research
was also conducted by (Mazur-Śniady and Śniady, 1986; Jabłoński and Ozga, 2008) in Poland.
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By introducing machine learning into the analysis of dynamic mechanical systems, we are
starting the next level of research. In this original approach, thousands of samples have been
analyzed for different parameters of random forcing in order to examine usefulness of developed
algorithms.
In this study, the developed algorithms are aimed at solving an inverse problem, namely

recognition of the distribution of size of impulses forcing vibrations of an oscillator. Although
there exists a mathematical model that allows one to calculate the impulse distributions, its
applicability, however, is limited. Thus, other solutions of this problem are searched for, and
this stage of research is described in this paper.

2. Mathematical model of an oscillator forced by a random series of impulses

The random forest classifier discussed in this paper was carried out for a one-dimensional physical
system (Jabłoński and Ozga, 2013) the state of which was described by random variable x(t).
The equation of vibrations of an oscillator with damping was presented in a dimensionless form

d2x

dt2
+ 2b

dx

dt
+ a2x = f(t) (2.1)

At this stage of research into the possibility of recognizing random distributions of excitation
impulses, it is difficult to assess whether the oscillator will be in the form of a mechanical or
electronic system. Since the value of x(t) is accepted as dimensionless, consequently, the units
occurring with coefficients a, b, and f(t) are referred to time only.
The f(t) is a series of random impulses with random strength ηi occurring at random instants

of time ti

f(t) =
∑

ti<t

ηiδ(t − ti) (2.2)

where δ(t− ti) – Dirac distribution.
The time intervals between impulses τi = (ti − ti−1) are independent continuous random

variables for which the function of probability density assumes the form of an exponential func-
tion

t(τ) =

{
λe−λτ for τ ­ 0
0 for τ < 0

(2.3)

where the constant λ is the impulse occurrence frequency.
For the random variable described by Eq. (2.3), the mean distance between impulses is 1/λ s,

standard deviation also amounts to 1/λ s, while the median interval between impulses equals
ln 2/λ.
The values of the ηi impulse are independent discrete random variables with a finite expected

value. When intervals between the impulses and strength of the impulses are independent random
variables, then the solution of this problem for zero initial conditions is

x(t) =
1
c

∑

0<ti<t

ηie−b(t−ti) sin[c(t− ti)] (2.4)

where c =
√
a2 − b2.

The article examines mi(t) – estimators of the k-th stochastic raw moments of the random
variable x(t) calculated using the equation

mk =
1
t/h

∑

n<t/h

xk(nh) (2.5)

where h is the period of sampling, t is time.
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3. Designing of experimental studies using the qualitative method of analysis

Studies on the stochastic model described by Eqs. (2.1)-(2.5) should be appropriately designed
so that step changes do not occur in the computed ordinary moments some time after the start.
Earlier analyses have shown (Jabłoński and Ozga, 2010, 2012; Ozga, 2019) that oscillators with
strong damping should be used, and that impulses should occur frequently enough for values
of estimators of ordinary moments calculated from Eq. (2.5) to change to the least extent. The
rate of the oscillator own vibrations should be selected appropriately for the impulse occurrence
frequency λ. The last step consists in checking whether the value of random impulses is sufficient
to force vibrations of the oscillator.
The research is carried out in order to solve the inverse problem, namely to discern the

distribution of impulses forcing vibrations of an oscillator at a shortest possible period of time.
There is an infinite number of possible cases for which simulation or experimental studies could
be developed. Taking into account previous experiences as well as the time necessary to generate
one trial, and applying the principle that simple systems will allow for clear presentation of the
solution of the research problem, the authors selected an oscillator with damping b = 10 and
the frequency of vibrations c = 20 for λ = 10 and h = 10−3 (Fig. 1). In the presented simulation
investigations, vibrations of the oscillator evoke three distributions Φi of the pseudo-random
variable ηi

1. Φ1 : p(η1 = 80) = 0.5 p(η2 = 70) = 0.5

2. Φ2 : p(η1 = 130) = 0.5 p(η2 = 20) = 0.5

3. Φ3 : p(η1 = 140) = 0.5 p(η2 = 10) = 0.5

The parameters of the distributions were selected so that:

• the expected value of the distributions forcing vibrations in all three cases was the same
and amounted to 75,
• the distribution Φ1 was characterized by two impulses η1 and η2 of a similar force influ-
encing the oscillator,
• the distributions Φ2 and Φ3 were characterized by two events of different forces of the
impact. The value of η1 symbolizes an impulse of a great force of impact while the value
of η2 an impulse of a little force of impact on the oscillator,
• the differences in statistics (Table 1) of the three discrete random variables are distributed
as follows: between Φ1 and the remaining distributions, the differences are significant. The
parameters of the distributions Φ2 and Φ3 are similar.

Table 1. Parameters of distributions of the random variables Φi

Distribution
Parameter

Φ1 Φ2 Φ3

Expected value 75 75 75
Standard deviation 5 55 65
Changeability coefficient 0.0667 0.7383 0.8667
Second raw moment 5 650 8 650 9 850

Figure 1 represents execution of a single movement x(t) and the raw moments computed on
the basis of this single execution. Thanks to strong damping occurring in the system at a certain
time after the start (see Fig. 1 after 500 s), subsequent impulses do not cause step changes at
the computed moments. Distributions were selected so that the mean value was the same in
all three cases, hence the estimators of the first ordinary raw moment have similar values after
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Fig. 1. The movements x(t) of vibrations of an oscillator forced by a random series of impulses
for one second; below the first stochastic raw moment and the second one computed on

the basis of x(t) for 900 s

1800 s. Stochastic raw moments of the second order (and subsequent orders) are different. It
should be emphasized, however, that the presented results were obtained in the simulation that
was organized in a specific way. In all three cases, the impulses worked at the same random time,
and, what is more, if the strongest impulse was randomly chosen in the first distribution, the
impulses selected in the second and third distributions were also the strongest ones. Similarly,
the same pertains to the weakest impulses.
It should be taken into account that there exists an infinite number of possible movements,

and the possibility of differentiating between the distributions when impulses occur at different
random times and have different random values should be checked. In order to visualize this
problem, thousand samples were generated for each of the discussed distributions. As it has
already been mentioned, it is the estimators of the second raw moments computed on the basis
of moments (2.5) that are used in the analysis. Calculations include all values of x(t) since the
very beginning till the moment when the values are recorded in the file. Movement (2.4) and
moments (2.5) were determined with the sampling frequency of 103 s, and the values of moments
were saved in the file every second. The analyzed time series of the second order raw moments
were presented as tunnels (Fig. 2) covering all recorded samples. The tunnel was created by
determining the maximum and minimum values of each of the thousand samples separately for
each second. The mean value of all the calculated estimators was also computed.
Visualization of the research in the form of tunnels shows that for the second moment the

samples generated for the distribution Φ1 differ significantly from the others. In further analysis,
this distribution will act as a control group, and the research questions will concern the Φ2
and Φ3 distributions.
Based on the second diagram, we can also state that we have to do with three time-dependent

phenomena. During the start, up to the 600th second, the distributions Φ2 and Φ3 are distin-
guishable in approximately 50% of cases. Between the 600th and 1800th second, the number
of samples in which time series have similar statistical parameters decreases. After the 1800th
second all three distributions are distinguishable. The time at which the tunnels formed from
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Fig. 2. The second stochastic raw moment calculated from the location x(t) for a thousand different
samples presented as tunnels

the generated samples for two similar distributions split up is an approximated value – this
is how the samples were randomly distributed. It should be expected, however, that the time
series of the subsequent samples will split up within an approximated time interval. These initial
exploratory investigations allow for posing two research questions:

1. How precise differentiation of the distributions Φ2 and Φ3 before the 1800th second is
possible?

2. Does the duration of the analyzed time interval influence the accuracy of classification
using the decision tree algorithm and random forest classifier?

In order to answer the research questions posed above, further exploratory investigations
should be carried out. It is necessary to check the distributions for single samples in two intervals
from 600th second to 2000th one and after 2000th second, presenting the values that occur in the
time series in the form of a frequency distribution. The conducted analysis shows that depending
on the time interval, statistical parameters describing discrete distributions are different – they
differ in the mean value, dominant, variance, etc. All distributions represented in Fig. 3 are
multimodal.

On the basis of Fig. 3 it can be assumed that for any several minutes, the long interval starting
after the 1800th second, no matter whether we take its mean value, median or dominant, all three
distributions will be distinguishable. We can take into consideration either all three statistical
parameters or just one of them. Before the 1800th second, the situation is more complicated,
hence it seems necessary to use supervised learning algorithms to discern the distributions which
force vibrations on the basis of analysis of one sample. Moreover, neither the parameters that
could be used for classification of the distribution nor the length of the time interval that should
be taken into consideration are known. From the point of view of its application in engineering
designs, the sooner we know what distribution we are to deal with, the better. Therefore, nine
time intervals presented in Fig. 4 were assigned for further analysis. The intervals are five minutes
long while the length of the time intervals with even indices is ten minutes.
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Fig. 3. Distribution of the second raw stochastic moment calculated from the location x(t) for two
samples generated from Φ2 and Φ3 distributions

Fig. 4. Time intervals selected for further analysis, represented as tunnels composed from 1000 samples

We will answer the research questions using the following supervised machine learning algo-
rithms. They are the decision tree classifier and the random forest classifier, later described as
DTC and RFC, respectively. Along with the indicated time intervals, an analysis was performed
using the previously prepared code. At least about 300 impulses were randomly selected during
five-minute time intervals, which for the exponential distribution given by Eq. (2.3) allowed one
to obtain the λ imposed in the simulations with an accuracy of 0.1%. The tests carried out for
shorter values of the time interval indicated the obtaining of less accurate classification results
than those presented in the next Section.
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4. Data analysis using the decision tree classifier and random forest classifier
algorithms

Machine learning (ML) algorithms find patterns, information links in data sets, and then help
making decisions and forecasts based on shared data. Out of the logistic regression, elements
like naive Bayes, k-nearest neighbors, decision tree, random forest and support vector machine
algorithms have been considered. The decision tree classifier and random forest tree algorithms
(Szeliga, 2019) have been chosen.

The first one is a decision tree classifier which is a supervised learning algorithm that is
dedicated for classification problems. It is a solution which works as a flow chart. It divides the
data points into a finite number of categories. This algorithm automatically selects the variables
that differentiate the variable the most.

The second one is a random forest algorithm. It is an expansion of the decision tree classifier.
First, it builds multiple decision trees based on training data. Then it matches the new data
from the test set to one of the trees as a random forest. It averages the data to combine it
with the closest random tree on the data scale. The random forest models are useful because
they solve the decision tree algorithm problem of unnecessarily forcing data points within a
category.

4.1. Determination of the most important statistical parameters describing the time series
of the second raw moment estimators

The analysis started with the calculation of basic statistical parameters (Bąk et al., 2020) such
as amplitude, one percent above the standard deviation, minimum, mean, and maximum value,
maximum slope, percent close to the median, median, median absolute deviation, skewness,
standard deviation and weighted mean. Statistical parameters have been defined for the second
raw moment, separately for each of the considered samples. Using the same algorithm, the
influence of a given parameter on the classification of distributions for two-time intervals was
determined (Fig. 5).

Using machine learning methods, it was possible to determine basic statistics that make it
possible to recognize the distribution. Figure 5 shows these statistics for nine time periods. In
addition, a parallel classification was devised for divisions of the training and test sets in ratios
30/70 and 50/50. The proposed division of the test and training sets results from the typical
division in the 30/70 ratio (Szeliga, 2019). One thousand trials is used in the classification. To
obtain as many test cases as possible in the area belonging to both tunnels (Fig. 4), the division
of 50/50 was also made.

Focusing on Fig. 5, it should be noted that there is a problem with determining the basic
statistics that allow one to distinguish the distributions. For odd (300 s) and even (600 s) intervals
using the DTC algorithm, each time interval shown in Fig. 5 (marked as TPx, where x is the
next time interval) is described by different statistics. Moreover, it should be observed that the
significance of the statistics changes for each time period. For this reason, this algorithm is not
suitable for this type of analysis.

A similar verification was conducted for the same intervals with the use of a random tree
classifier (Fig. 6).

From this analysis (Fig. 6), it can be seen that in the case of the intervals with a duration
of 300 s, the standard deviation (24%), skewness (20%), amplitude (15%) and median absolute
deviation (11%) have the highest impact on classification. The minimum value (1%) and the
maximum slope (1%) have the lowest impact.
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DTC for 30/70
TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9

Amplitude 0.03 0.01
Maximum slope 0.45 0.48
Maximum
Mean 0.37
Median 0.34 0.09
Median absolute deviation 0.65 0.01 0.50 0.02 0.51
Minimum
Percent beyond 1 std 0.63
Percent close to median
Skew 0.49 0.49 0.48 0.49
Std 0.42 0.51 0.01 1 1
Weighted average 0.01

DTC for 50/50
TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9

Amplitude 0.27 0.51 0.51 0.51
Maximum slope
Maximum 0.04 0.57
Mean 0.30
Median 0.10 0.75
Median absolute deviation 0.05 0.50
Minimum 0.03 0.65 0,01
Percent beyond 1 std 0.07 1
Percent close to median 0.02
Skew 0.42 0.49 0.43 0.20 0.49
Std 0.10 0.49 0.49
Weighted average

Fig. 5. Representation of basic statistics determined for the second raw moments using DTC algorithms
for the indicated time intervals considering division of the harvest in the proportion of 30/70 and 50/50

RFC for 30/70
TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9

Amplitude 0.15 0.11 0.15 0.11 0.15 0.11 0.15 0.11 0.15
Maximum slope 0.01 0.07 0.01 0.074 0.01 0.07 0.01 0.07 0.01
Maximum 0.09 0.04 0.09 0.04 0.09 0.04 0.09 0.04 0.09
Mean
Median 0.05 0.07 0.05 0.07 0.05 0.07 0.05 0.07 0.05
Median absolute deviation 0.11 0.15 0.11 0.15 0.11 0.15 0.11 0.15 0.11
Minimum 0.01 0.02 0.01 0.02 0.01 0.02 0.01 0.02 0.01
Percent beyond 1 std 0.10 0.05 0.10 0.05 0.10 0.05 0.10 0.05 0.10
Percent close to median
Skew 0.20 0.29 0.20 0.29 0.20 0.29 0.20 0.29 0.20
Std 0.24 0.19 0.24 0.19 0.24 0.19 0.24 0.19 0.24
Weighted average 0.03 0.03 0.03 0.03 0.03

Fig. 6. Representation of basic statistics for the second raw moments determined using RFC algorithms
for the indicated time intervals considering division of the harvest in the proportion of 30/70

In terms of the 600 s time intervals, the largest percentage was for skewness (29%), standard
deviation (19%) and median absolute deviation (15%). The smallest share was that of the
minimum value (2%). Additionally, in the case of RFCs, the percent close to median and mean
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value is not included in the classification. The statistics presented in Fig. 6 are the same for both
divisions. The importance and influence of the parameters on the distribution between the three
distributions is the same both in the 5-minute and 10-minute intervals. The differences between
the significance of the parameters depending on the length of the interval are not significant.
Since in particular time intervals, the statistical parameters responsible for the classification

do not change only in the case of random forest algorithms, only these algorithms will be used
for the research presented in the following Sections of this article.

4.2. Definition of the best RFC parameters

For the time series generated during simulation tests, the selection of hyperparameters was
performed using the grid search function.
Hyperparameters are the parameters that cannot be learned directly from estimators. It is

recommended to search the hyperparameter space for the indicated time intervals to obtain the
best cross-validation result. It allows one to find the best parameter values for a given estimator
and the parameters which can be used to define the classification algorithm. Definition of these
parameters reduces the time of the classification process.
In the case of DTC algorithms from the attributes like splitter, max depth, min samples split,

min samples leaf, max features, max leaf nodes, class weight, we decided to define max depth,
min samples leaf, min samples split and splitter. The max depth attribute defines the maximum
depth of the tree. The min samples leaf attribute signifies the minimum number of the samples
required to be at a leaf node. This parameter may affect the smoothing of the model. The min
samples split determines the minimum number of samples that is required for internal division
in the case of classification.
In the case of RFC algorithms, we need to mention the n estimators, criterion, max depth,

min samples split, min samples leaf, max features, max leaf nodes, random state, verbose, max
samples parameters. For the analysis we choose the following parameters: n estimators, that is
the number of trees in the random forest classifier algorithm, and max depth attribute.

4.3. Evaluation of the classification algorithms

In the first step, classification of the downloaded data was conducted and classifier evaluation
measures, such as precision, recall, f1-score and support, were determined.
The precision measure is responsible for recognizing a class, for example which part positively

predicted elements are of all those marked as a part of this register.

Fig. 7. Precision parameter for RFC for two splits

Figure 7 shows the precision parameter for nine-time intervals for two divisions 30/70 and
50/50 (test set/training set). It should be noted how this parameter changes depending on the
recognized distribution. In the case of division, where there is 70% of the training set, we can
see that for all time intervals the precision is 100% for the first distribution, which in the case
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Fig. 8. Recall parameter for RFC for two splits

of these specifically analyzed data may be a determinant of proper operation of the algorithm
(Fig. 8). There are slight differences when the test set is 50%. The level is between 98% and 100%,
which means that the test set in the case of these variables should have more than five hundred
samples. Expected difficulties exist with the second and third distributions. The precision in
the case of the 30/70 division only for the 8th and 9th time interval is flawless for all three
distributions. In the case of the 50/50 division, it was not possible to obtain 100% precision in
the rare of the analyzed time intervals.
The next parameter was recall. This parameter called in some publications sensitivity or true

positive rate informs how many elements from a given class have been correctly recognized.
The recall on the tested splits was also on high level. We can see that in the case of the 30/70

split, the first and third to seventh time periods did not reach the 100% recall level for the three
distributions. Only for the eighth and ninth time periods was the 100% recall level reached.
For the 50/50 split, no time intervals except the eighth one, achieved the 100% recall level.
The last parameter is an F1-score determined according to equation

F1 = 2
precision · recall
precision + recall

(4.1)

In statistical rating of classification, it is a harmonic mean of the precision and recall. Figure 9
presents the F1-score for nine time periods for 30/70 and 50/50 splits.

Fig. 9. F1-score parameter for RFC for two splits

All these tree parameters allow us to evaluate the RFC for the mentioned time periods.

4.4. Summary of the classification algorithms in nine time periods

Figure 10 shows the accuracy of the RFCs on the test and training sets when their split
is 30/70 and 50/50, respectively, for the three distributions. It should be emphasized that for
this analysis, the search for the best hyper parameters was conducted in order to classify the
appropriate class in the best possible way. The accuracy of classification using RFCs on training
sets for all time intervals and both division is 100%.
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RFC for 30/70
TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9

Accuracy using DTC on training set 1 1 1 1 1 1 1 1 1
Accuracy using DTC on test set 0.989 1 0.989 0.994 0.989 0.989 0.989 1 1

RFC for 50/50
TP1 TP2 TP3 TP4 TP5 TP6 TP7 TP8 TP9

Accuracy using DTC on training set 1 1 1 1 1 1 1 1 1
Accuracy using DTC on test set 0.987 0.987 0.980 0.999 0.987 0.993 0.987 0.997 0.987

Fig. 10. Representation of accuracy on training and the test set for second raw moments using RFC
algorithms for the indicated time intervals considering division of the harvest in

the proportion of 30/70 and 50/50

Accuracy for 30% of the test set ranged from 98.9% to 100%. For a 50% of the test set, the
accuracy ranged from 98% to 100%.

5. Conclusion

After the analysis of the distributions of the second raw stochastic moments for the indicated nine
time intervals, using the algorithm of random decision trees and the random forest classifier,
the second algorithm was selected for further work based on the achieved results. It can be
concluded that the algorithm RFC allows for recognition of distributions and determination of
statistical parameters, which have the highest impact on distinguishing distributions.
When answering the question how it is possible to precisely differentiate the distributions

Φ2 and Φ3 before 1800 s, it should be noted that high precision was achieved in fitting the data
to a given distribution. For the RFC classifier, for the case where a 30% test set was considered,
for 5-minute intervals an average of 100% for Φ1, 100% for Φ2 and 97% for Φ3 was achieved.
In the case of 10-minute intervals, 100% was achieved for Φ1 and Φ3 and 98.5% for Φ2. Thus,
the differences in the precision of classification depending on the length of the intervals are not
significant.
Based on the results obtained for the decision trees algorithm, it should be stated that it

is not suitable for the analysis of this type of technical problems because despite the positive
results of the classifier operation, the share of individual statistics and their significance changes
with each time interval.
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The paper deals with the modelling and parameter identification of the human body in a
sitting posture. The advantage of this paper is to announce a simplified, but also a reli-
able three-mass model representing dynamic behaviour of the main human body parts, i.e.
pelvis, torso and head. Their equivalent masses are interconnected by classical mechani-
cal constraints in the form of springs and dampers. The stiffness and damping coefficients
are identified by means of an original optimisation procedure that is used to minimise the
error between measurement and simulation results. The model is proposed to be used for
simulation studies of vibration-induced effects on the human body as well as for defining a
specific vibration-isolation properties of automotive seat suspension systems with minimal
computing cost and time.

Keywords: bio-mechanical model, human body, vibration exposure

1. Introduction

Bio-mechanical modelling began to develop in the 1970s. Its aim is to replicate the conduct of
the human body within a simplified way. Bio-mechanical models can be employed to witness
the behaviour of the system in various conditions under the impact of external forces, which
enables one to carry out kinetic and dynamic analysis. The main development of bio-mechanical
modelling has began in medicine, rehabilitation and sport. At present, bio-mechanical models
are widely utilised to predict human interactions with mechanical systems. Computer models
of the human body are gaining increasing popularity due to the potential for developing more
complicated models that allow study of a given problem on a much larger scale in a much shorter
time.
The simplest models, that have been and still are used in study on the system dynamics, are

uniaxial models. Despite their simple structure, such systems consist of numerous components
and sections along with non-linear properties. Simple uniaxial models are often used to simulate
only a selected part of the body in which a single movement direction is dominant. One of the
initial bio-mechanical simulations employed for jumping and landing was crafted in the 1980s.
The representation portrays the model as a single-axis setup comprised of two masses linked by
springs and dampers (Fritz, 1981).
The next stages of development of bio-mechanical models are complex single-axis models for

examining the movement of the human physique during diverse undertakings, e.g. contact of the
foot against the ground or a three-mass depiction of a seated subject. Two-dimensional models
(Liu and Qin, 2020, 2021), with up to several degrees of freedom are additionally employed
for investigating kinematics of the human physique. They are used in various sport disciplines
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to study specific movements (Maciejewski et al., 2022), for which only individual parts of the
human body are modelled. They are also used to carry out analyses covering the entire human
body. Such models typically consist of rigid bodies with continuous or discrete weight allocation,
frequently regarded as rigid constituents. The advanced programmes enabling analysis of the
behaviour of the human model are based on mathematical analysis, are additionally supported
by visualization and offer numerous kinematic and dynamic alternatives. They facilitate the
construction and simulation of spatial configurations with numerous degrees of liberty. A good
illustration is the BoB Biomechanics (Shippen and May, 2016; Mihcin et al., 2019) environment
working with MATLAB R○.
There are many models that are not directly based on bio-mechanics, which are called virtual

computer models (Zhao et al., 2021). A bio-mechanical system like a black box with a specific
number of inputs can represent the human interaction and body response outputs. These models
do not directly mirror human bio-mechanics, but concentrate on bodily reactions. They are
extensively employed in sports (Glowiński et al., 2018), rehabilitation (Glowinski et al., 2017a,
2019), medicine for analysing motion kinematics (Głowiński et al., 2015, 2017b). A lot of research
into reducing vibration of seat suspension systems employs bio-mechanical representations of the
human physique in a seated stance. Some researchers present complex 3D models with many
degrees of freedom (Zheng et al., 2011). Unfortunately, the literature lacks bio-mechanical models
of humans that describe human vibration in various directions, even when the input vibration
is generated solely along one axis.
Creating a credible human spatial model is not an easy task. In addition to the anthropomet-

ric data of the human regarding its individual masses and structural dimensions of the body parts
(Chandler et al., 1975), the parameters describing visco-elastic connections (stiffness and damp-
ing coefficients) between particular masses are required. The vast majority of these parameters
can be identified by using different optimisation techniques. In (Desai et al., 2018), the authors
present a 2D multi-body model featuring 20 degrees of freedom (DOF) formulated for a seated
subject, with model parameters fine-tuned through the utilisation of a genetic algorithm (GA).
The empirical information are achieved from the existing literature (Mandapuram et al., 2011),
wherein the biodynamic response to an uncorrelated biaxial vibration is assessed. The impacts
of palm support, lumbar cushioning, and vibration intensity on the interplay between the body
and the seat and backrest are delineated through the utilisation of the apparent mass concept.
The model developed by the authors can replicate the observed seat-to-head transmissibility
responses (STHT) of the human physique.
A dependable representation of the human physique enables one to develop the seat suspen-

sion system in relation to its vibration isolation characteristics that can improve overall driving
comfort of the drivers. There are many studies describing the significance of safeguarding the
operator from vertical vibrations experienced in the seat suspension (Stein et al., 2008; Adam
and Jalil, 2017), but only a little work is reported on reducing the horizontal vibration (Sun
and Jing, 2016; Sun et al., 2015; Maciejewski et al., 2017; Maciejewski and Krzyzynski, 2020).
For instance. in the paper (Kim et al., 2005), the authors constructed a bio-mechanical repre-
sentation of the human physique for evaluating vibrations while in a seated posture. In their
work, the model comprises multiple concentrated masses interconnected by linear springs and
dampers.
The continuous exposure of the human physique to low-frequency vibration (below 20Hz)

may affect human well-being and comfort. Experimental study of the biodynamic responses
of the human physique can aid in comprehending the impacts of vibrations on drivers and as
a result to enhance the suspension control strategy. For this purpose, many control methods
are employed for enhancement of the operator comfort through semi-active (Maciejewski et al.,
2019) and active seat suspension systems (Maciejewski et al., 2022). The aim of this paper is
to put forth a bio-mechanical representation of the human physique while seated, which can be
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used for simulation studies of the effects of vibration on the drivers and to determine vibration
isolation characteristics of automotive seat suspension systems.

2. Physical and mathematical model

A methodology for developing the human model includes the following assumptions. The authors
of this paper adopt a strategy aimed at building a minimal model, i.e. as simple as possible and
thus computationally efficient. Furthermore, the reliability of this model should be experimen-
tally verified under laboratory conditions. First of all, the physical model of the human body is
determined to represent the seated human in a position typical for driving a car, working ma-
chine or other motor vehicle (Fig. 1). At this point, it is also decided on the type of coordinate
system in which the model is located.

Fig. 1. Posture of the seated human body in a vehicle: (a) side view, (b) front view

In order to simplify the problem formulation and its numerical solution, the three-mass model
is considered to represent the human pelvis, torso and head (Fig. 1). Assessing the layout of
the human body in the driver’s position, Fig. 1 shows two places of the input vibration, e.g.
transmitted by the backrest and seat cushion. It is assumed that the driver is mainly influenced
by forces transmitted through the seat. The forces acting on the feet and generated by the
steering wheel are not taken into account because they are insignificant for the whole-body
vibration (WBV) exposure.

2.1. Physical model

Assuming that each mass is a rigid body with finite dimensions (Fig. 2), the anatomical
connections between individual parts of the human body are represented by spring-damper
systems. Their dynamic properties are defined by appropriate values of the stiffness ki(i−1)j
and damping di(i−1)j coefficients. The indices next to the coefficients indicate the numbers of
bodies i = 1, 2, 3 between which these systems are placed as well as the direction j = x, y, z
in which the spring and damping forces are considered. Due to asymmetrical configuration of
the bio-mechanical model, the angular motion of bodies around particular axes is provided
and the corresponding torsional stiffness and damping follow from visco-elastic properties of
the applied connections. In this model, the locations of the centres of individual bodies are
important (symbol otimes in Fig. 2), at which kinematic values, i.e. displacements, velocities
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and accelerations, are determined. These are linear quantities measured along the xyz coordinate
system together with angular quantities θ, ϕ, ψ that are described around each axis.

Fig. 2. Physical model of the seated human body: (a) side view, (b) front view

An important feature of aforementioned model is the location of the spring-damper systems
in relation to the mass centres. This makes it possible to simulate the behaviour of human body
parts, such as head (mass No. 3 in Fig. 2) or torso (mass No. 2 in Fig. 2), whose centres of mass
are in fact not aligned (symmetrised) with and pelvis (mass No. 1 in Fig. 2). Possible locations
for mounting the visco-elastic elements are defined by their corresponding dimensions, i.e. aid
and aiu, bid and biu, cid and ciu, where the number i = 1, 2, 3 represents the selected human
body part. The another indexes indicate the mounting position of a given mass, i.e. the indexes
u and d mean the upper and lower fixation points, respectively. The physical model presented
in this paper (Fig. 2) allows one to develop its mathematical description for the purpose of
simulating mechanical reactions of the seated human body to vibration.

2.2. Mathematical model

The mathematical model takes into account linear and angular movements of individual
bodies (displacements xi, yi, zi and angles of rotation θi, ϕi, ψi) that are determined in local
coordinate systems with the orgines in the centres of each mass (Fig. 3). In this model, the input
vibration is transferred through spring-damper elements that are connected at the bottom and
top of particular bodies, and these visco-elastic elements generate reaction forces around each
axes, i.e. the bottom forces Fi(i−1)x, Fi(i−1)y , Fi(i−1)z and the top forces F(i+1)ix, F(i+1)iy , F(i+1)iz .
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Fig. 3. Forces transferred through spring-damper elements in the local coordinate system of an
individual mass

The following equations describe linear motion of particular bodies in different directions

miẍi = Fi(i−1)x + F(i+1)ix + F2x miÿi = Fi(i−1)y + F(i+1)iy + Fsky
miz̈i = Fi(i−1)z + F(i+1)iz i = 1, 2, 3

(2.1)

where: mi is mass of individual bodies (i = 1, 2, 3), ẍi, ÿi, z̈i are linear accelerations measured
along particular axes, F2x is the reaction force of the seat backrest (acting only in the longitudinal
x-direction on the torso), Fsky is the active force stabilising the human head in the lateral
y-direction.

The bottom and top forces connecting individual bodies of the human body model are
determined as follows:

— along the x-axis

Fi(i−1)x = di(i−1)x[−(ẋi − ẋ(i−1))− bid(ψ̇i − ψ̇(i−1))− cid(ϕ̇i − ϕ̇(i−1))] + . . .
+ ki(i−1)x[−(xi − x(i−1))− bid(ψi − ψ(i−1))− cid(ϕi − ϕ(i−1))]

F(i+1)ix = d(i+1)ix[(ẋ(i+1) − ẋi)− biu(ψ̇(i+1) − ψ̇i) + ciu(ϕ̇(i+1) − ϕ̇i)] + . . .
+ k(i+1)ix[(x(i+1) − xi)− biu(ψ(i+1) − ψi) + ciu(ϕ(i+1) − ϕi)]

(2.2)

— along the y-axis

Fi(i−1)y = di(i−1)y[−(ẏi − ẏ(i−1)) + aid(ψ̇i − ψ̇(i−1)) + cid(θ̇i − θ̇(i−1))] + . . .
+ ki(i−1)y [−(yi − y(i−1)) + aid(ψi − ψ(i−1)) + cid(θi − θ(i−1))]

F(i+1)iy = d(i+1)iy[(ẏ(i+1) − ẏi) + aiu(ψ̇(i+1) − ψ̇i)− ciu(θ̇(i+1) − θ̇i)] + . . .
+ k(i+1)iy [(y(i+1) − yi) + aiu(ψ(i+1) − ψi)− ciu(θ(i+1) − θi)]

(2.3)
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— along the z-axis

Fi(i−1)z = di(i−1)z [−(żi − ż(i−1))− aid(ϕ̇i − ϕ̇(i−1)) + bid(θ̇i − θ̇(i−1))] + . . .
+ ki(i−1)z [−(zi − z(i−1))− aid(ϕi − ϕ(i−1)) + bid(θi − θ(i−1))]

F(i+1)iz = d(i+1)iz [(ż(i+1) − żi)− aiu(ϕ̇(i+1) − ϕ̇i) + biu(θ̇(i+1) − θ̇i)] + . . .
+ k(i+1)iz [(z(i+1) − zi)− aiu(ϕ(i+1) − ϕi) + biu(θ(i+1) − θi)]

(2.4)

where di(i−1)j , d(i+1)ij and ki(i−1)z , k(i+1)iz are the damping and stiffness coefficients which rep-
resent visco-elastic connections between neighbouring bodies (i = 1, 2, 3) in the specific direction
j = x, y, z of the vibration exposure, aid, aiu, bid, biu, cid, ciu are the distances defining fixations
of the lower (index u) and upper (index d) visco-elastic elements to particular bodies. The above
equations (Eqs. (2.2)-(2.4)) take into account the linear displacements of individual masses as
well as their possible rotations around each axis. Assuming relatively small torsional movements,
the angular displacements are approximated by corresponding values of the angles θi, ϕi and ψi.
The force F2x representing contact of the human body with the seat backrest as well as the

active force Fsky stabilising the head are defined in the following way

F2x = −d2x(ẋ2 − ẋ0)− k2x(x2 − x0) Fsky = −dskyẏ3 (2.5)

where d2x, k2x are the damping and stiffness coefficients of the backrest, dsky is the sky-hook
damping ratio that reproduce the human action against vibration.
The next set of equations describe the angular motion of particular bodies around particular

axes

Jixθ̈i = −Fi(i−1)ycid − Fi(i−1)zbid − F(i+1)iyciu + F(i+1)izbiu
Jiyϕ̈i = Fi(i−1)xcid + Fi(i−1)zaid + F(i+1)ixciu − F(i+1)izaiu i = 1, 2, 3

Jizψ̈i = Fi(i−1)xbid − Fi(i−1)yaid − F(i+1)ixbiu + F(i+1)iyaiu
(2.6)

where Jix, Jiy and Jiz are mass moments of inertia for individual body segments (i = 1, 2, 3)
that are defined around each axis of the Cartesian coordinate system.

3. Measurement and data processing

The experimental set-up for measuring the body motion under vibration in various directions
is shown in Fig. 4. The vibration shaker is used to generate random oscillatory motion along
three orthogonal directions, i.e. longitudinal x-direction (Fig. 4a), lateral y-direction (Fig. 4b)
and vertical z-direction (Fig. 4c). Three-directional accelerometers are mounted to individual
human body parts such as pelvis, torso and head. Additionally, the fourth accelerometer is
utilised to measure the input vibration source of the shaker providing random vibration with a
frequency between 0.5Hz and 12.5 Hz. The data obtained from accelerators are recorded by a
PC-based data acquisition system with the sampling time of 1ms.
The originally measured acceleration signals are reduced to the sampling frequency of 200Hz

by averaging of every 5 samples and then converted into frequency-domain data. For each signal,
the power spectral density (PSD) is computed by employing Welch’s method (Stoica and Moses,
2005) with a Hamming window applied to 50% overlapping the segments of the measurement
data. The length of each data segment corresponds to the time period of 10.24 s that allows one
to achieve a frequency resolution of 97.66mHz. Based on such prepared frequency-domain data,
the vibration transmissibility of particular human body parts are calculated as follows

Tij(2πf) =

√
PSDij(2πf)

√
PSD0j(2πf)

i = 1, 2, 3 j = x, y, z (3.1)
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Fig. 4. Experimental set-up for measuring body motion exposed to vibration in different directions:
(a) longitudinal x-direction, (b) lateral y-direction, (c) vertical z-direction

where PSDij(2πf) is the power spectral density of the selected human body part (pelvis i = 1,
torso i = 2 and head i = 3), PSDi0(2πf) is the power spectral density of the base vibration that
is measured along a specific axis of the vibration transfer (the longitudinal axis j = x, lateral
axis j = y and vertical axis j = z), f is the frequency in Hz.
A scalar transmissibility function (Eq. (3.1)) is therefore estimated via PSD as a ratio between

two measured signals, i.e. the base vibration and vibration of the selected human body part. If
a magnitude of the transmissibility function is below 1, then the desired vibration reduction is
achieved. Otherwise, the unwanted amplification of a vibration magnitude is observed due to
resonances of the human body parts and organs.

4. Identification of model parameters

The identification of model parameters is conducted by minimising the root mean square error
(RMSE) of the transmissibility function determined above. Such a procedure is realised in the
following way

RMSE =
3∑

i=1

z∑

j=x

√√√√ 1
N

N∑

n=1

[Tij(2πfn)− T̂ij(2πfn)]2
i = 1, 2, 3
j = x, y, z

(4.1)

where Tij and T̂ij are magnitudes of the simulated and measured transmissibility functions, re-
spectively, that correspond to the frequency vector fn of N -elements. The proposed identification
method accepts fitting of more than one transmissibility function evaluated for individual human
body parts (i = 1, 2, 3) and along various directions (j = x, y, z) of the vibration transmission.
Assuming the averaged massesm1,m2 andm3 of the particular human body parts (Chandler

et al., 1975) as well as their mass moments of inertia J1j , J2j and J3j around different axes
(j = x, y, z – see Appendix), the objective function to be minimised is defined as follows

min
di(i−1)j ,ki(i−1)j ,d2x,k2x,dsky

RMSE(di(i−1)j , ki(i−1)j , d2x, k2x, dsky)
i = 1, 2, 3
j = x, y, z

(4.2)

where di(i−1)j and ki(i−1)j are the damping and stiffness coefficients determining visco-elastic
interactions between individual masses of the bio-mechanical model, d2x and k2x are the damping
and stiffness coefficients representing the transmission of fore-aft vibration through the seat
backrest (only in the longitudinal x-direction), dsky is the damping coefficient describing active
stabilisation of the head due to the human body’s ability to absorb vibrational energy (only in
the lateral y-direction). The block diagram for identification of the unknown model parameters
is presented in Fig. 5.
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Fig. 5. Block diagram for identification of the unknown model parameters

For the reason of finding a minimum of the objective function (Eq. (4.2)) of several variables,
the gradient method is utilised. Such a method is implemented in the MATLAB R○ environment
and can be employed for searching an optimal configuration of the unknown damping and
stiffness coefficients that have a significant influence on the model output. The initial estimate
of these parameters plays an important role in minimising the error between the simulation and
measurement results, therefore the proposed optimisation procedure is repeated many times by
using a large number of random starting points. The optimal model parameters that conform to a
global minimum of the RMSE are shown in Table 1. As follows from this table, if the stiffness and
damping coefficients are equal to zero along some axis (x, y or z) then the vibration transmission
of a model does not occur for these directions. The obtained results are strictly connected with
a specific geometrical configuration of the bio-mechanical model that depends on the complete
set of its dimensions such as aid, aiu, bid, biu and cid, ciu (i = 1, 2, 3) – see Appendix.

5. Simulation and experimental results

The bio-mechanical model discussed within the framework of this paper is investigated by means
of a numerical simulation and an experimental research under laboratory conditions. The male
subject of 90 kg is employed for measurements of the seated human body exposed to whole-body
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Table 1. Identified model parameters for different directions of the input vibration

Parameter
Input vibration

Unit
along x-axis along y-axis along z-axis

d10x 23.58 0 6711 Ns/m
k10x 27507 0 10.13 N/m
d10y 0 24069 0 Ns/m
k10y 0 171570 0 N/m
d10z 10000 0 1525 Ns/m
k10z 82931 0 14222 N/m
d21x 38.13 0 1.04 Ns/m
k21x 27646 0 16094 N/m
d21y 0 10 0 Ns/m
k21y 0 8522 0 N/m
d21z 2619 0 1266 Ns/m
k21z 6126 0 66258 N/m
d32x 50 0 85.65 Ns/m
k32x 3418 0 16860 N/m
d32y 0 2487 0 Ns/m
k32y 0 63442 0 N/m
d32z 2404 0 1325 Ns/m
k32z 500 0 24584 N/m
d2x 10 0 1684 Ns/m
k2x 8045 0 62046 N/m
dsky 0 35.51 0 Ns/m

vibration. The laboratory examination of the human dynamics are executed according to the
International Standard ISO-7096 (2000) that rigorously defines the person posture on a seat
as well as experimental instrumentation of the test rig (Fig. 4). The signals acquired from 3D
linear accelerometers measuring acceleration of the input vibration together with accelerations
of the particular human body parts (pelvis, torso and head) are used for further analysis. Based
on these signals, the transmissibility functions (Eq. (3.1)) are evaluated and compared with the
results obtained by computer simulation in the studied frequency range of 0.5 Hz to 12.5 Hz
(Fig. 6).

As shown in Fig. 6, the proposed model demonstrates good agreement with the measurement
results. The bio-dynamic response of the seated human body is captured in various directions
of the vibration influence even if the input vibration is generated along a single axis (vibration
generated along the longitudinal x-direction – Fig. 6a,b and vibration generated along the verti-
cal z-direction – Fig. 6d,e). Exception to this rule is observed when vibration is generated along
the lateral y-direction – Fig. 6c. Due to system symmetry around the z-axis, only the lateral
vibration response of both simulation model and human subject is shown. Note that other ge-
ometrical configurations of the bio-mechanical model can produce its dynamic response along
various axes (x, y and/or z) of the three-dimensional coordinate system.

Considering the system configuration depicted in Appendix , the transmissibility functions
for the input vibration applied in the x-direction are illustrated in Fig. 6a,b. There is a significant
increase of the vibration that are transferred from the human pelvis to the head (through the
torso) in both directions of the vibration transmission, i.e. from the x-direction to x-direction
(Fig. 6a) and also from the x-direction to z-direction (Fig. 6b). In turn, an application of
the input vibration in the y-direction (Fig. 6c) results in a different dynamic response of the
vibrating system. The torso points out high magnitudes of vibration at low frequencies and the
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Fig. 6. Transmissibility functions of the human body obtained for different directions of the vibration
exposure from: (a) x-direction to x-direction, (b) x-direction to z-direction, (c) y-direction to

y-direction, (d) z-direction to z-direction, (e) z-direction to x-direction

Table 2. RMS accelerations of different human body parts obtained by means of computer
simulation and laboratory measurement

Output
vibration

Human
body
part

Input vibration
along x-direction along y-direction along z-direction

RMS acceleration [m/s2]
simulation experiment simulation experiment simulation experiment

Pelvis 1.488 1.451 0 0.149 0.354 0.333
x-direction Torso 1.607 1.555 0 0.112 1.387 1.412

Head 2.449 2.544 0 0.170 0.846 0.883
Pelvis 0 0.189 1.289 1.370 0 0.182

y-direction Torso 0 0.163 1.429 1.410 0 0.151
Head 0 0.161 1.151 1.241 0 0.194
Pelvis 0.354 0.311 0 0.169 1.528 1.468

z-direction Torso 0.529 0.561 0 0.137 2.377 2.403
Head 1.042 1.148 0 0.175 2.852 2.796
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head vibration is actively reduced by the human due to enlarged postural control. Subsequently,
the vibration input in the z-direction (Fig. 6d,e) leads to an increase in vibration transmission
by individual parts of the human body, i.e. from the pelvis through the torso to the head, but
this phenomenon is observed only along the vertical axis (Fig. 6d). Similarly to the previous
direction of excitation, the human head shows lower magnitudes while vibration is transferred
from the vertical z-direction to the longitudinal x-direction (Fig. 6e).
The presented results well represent the dependence of human sensitivity to vibration in

terms of frequency. According to ISO-2631 (1997), the most dangerous range of frequencies for
horizontal vibration is between 0.5Hz and 3Hz (Figs. 6a and 6c) and for vertical vibration,
the frequency ranges from 4Hz to 8Hz (Fig. 6d), because several body eigenfrequencies of the
seated human are included within these scopes. The root mean square (RMS) accelerations of
different human body parts, which are obtained by means of computer simulation and laboratory
measurement, are listed in Table 2. Notice that the simulated RMS accelerations equal to 0m/s2

mean that no vibration transmission across the selected axes is obtained. Even then the measured
RMS accelerations have low values as a result of the measurement noise.

6. Conclusions

In the paper, a simplified model of the human body is proposed and investigated by means of
experimental tests under laboratory conditions. The presented model reproduces the dynamic
spatial response of a seated human subject to harmful vibration even if the model input is
selected as a single-axis excitation. The application of such a model leads to better prediction
of human reactions to the whole-body vibration than in commonly used uniaxial models. The
input vibration energy is transferred via the human body in various directions simultaneously,
which results in a reduction of vibration amplitudes measured along the axis compliant with the
excitation direction. As follows from the results shown in this paper, the recommended model
is helpful for explaining and predicting human behaviour in a vibrational environment and can
be satisfactorily used for simulation purposes of the seating dynamics. A developed simulation
model of the human body will be combined with the seat suspension system in further research.
The passive and active suspension systems of various mechanical structures will be investigated
in order to decrease the harmful influence of mechanical vibrations on humans.

Appendix – Constant model parameters of the seated human body

Parameter Value Unit

Masses of individual body parts
Pelvis (m1) 25.18 kg
Torso (m2) 46.77 kg
Head (m3) 8.04 kg

Mass moments of inertia around different axes
Pelvis around longitudinal axis (J1x) 0.3659 kg·m2
Pelvis around lateral axis (J1y) 0.6650 kg·m2
Pelvis around vertical axis (J1z) 0.9705 kg·m2
Torso around longitudinal axis (J2x) 1.412 kg·m2
Torso around lateral axis (J2y) 1.032 kg·m2
Torso around vertical axis (J2z) 0.867 kg·m2
Head around longitudinal axis (J3x) 0.0871 kg·m2
Head around lateral axis (J3y) 0.1020 kg·m2
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Head around vertical axis (J3z) 0.0687 kg·m2
Dimensions for mounting visco-elastic elements

Pelvis along longitudinal axis – lower fixation (a1d) 0 m
Pelvis along lateral axis – lower fixation (b1d) 0 m
Pelvis along vertical axis – lower fixation (c1d) 0.06 m
Pelvis along longitudinal axis – upper fixation (a1u) −0.15 m
Pelvis along lateral axis – upper fixation (b1u) 0 m
Pelvis along vertical axis – upper fixation (c1u) 0.06 m
Torso along longitudinal axis – lower fixation (a2d) 0 m
Torso along lateral axis – lower fixation (b2d) 0 m
Torso along vertical axis – lower fixation (c2d) 0.225 m
Torso along longitudinal axis – upper fixation (a2u) −0.025 m
Torso along lateral axis – upper fixation (b2u) 0 m
Torso along vertical axis – upper fixation (c2u) 0.225 m
Head along longitudinal axis – lower fixation (a3d) −0.045 m
Head along lateral axis – lower fixation (b3d) 0 m
Head along vertical axis – lower fixation (c3d) 0.15 m
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Noether’s theorem is applied into a multi-scale mechano-electrophysiological coupling model
of neuron membrane dynamics. The Euler-Lagrange equations in generalized coordinates of
this model are deduced by the nonconservative Hamilton principle. The Noether symmetry
criterion and conserved quantities based on the Lie point transformation group are given. The
influence of external non-potential forces and material parameters on the forms of Noether
conserved quantities is detailed discussed, which indicates that the conserved quantities are
very depending on the loading rate and mechanical parameters of the membrane.
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1. Introduction

Symmetry and first integrals are two fundamental structures of ordinary differential equations
(ODE), which can reduce the order of ODE and even can give solutions to ODE (Bluman and
Anco, 2002). Since Noether revealed the relation between symmetry and conserved quantity,
Noether’s theorem (Noether, 1918) has been extended to many fields. Kosmann-Schwarzbach
and Schwarzbach (2011) gave a comprehensive review of Noether’s theorem, such as theorem for
discrete equations in mathematics (Dorodnitsyn, 2001; Hydon and Mansfield, 2011; Peng, 2017;
Mansfield et al. , 2019; Peng and Hydon, 2022), physics (Wang, 2011, 2012; Wang and Zhu, 2011),
mechanics and engineering (Mei, 1993, 2004; Zhang and Chen, 2018; Zhang, 2022). Noether’s
symmetry always can refer to conserved quantities, it is also called variational symmetry (Peng
and Hydon, 2022). Besides Noether’s symmetry, there are Lie’s symmetry (Olver, 1986; Chen et
al., 2005), Mei symmetry (Mei, 2000; Fang et al., 2007; Wang and Xue, 2016; Luo et al., 2018)
and other symmetries (Wang, 2018).
Recently, a new model of an axon membrane that is a multi-scale memchano-

-electrophysiological coupling model (Drapaca, 2015) has been proposed to understand the prop-
agation of an action potential. Though there are different viewpoints on origin of the action po-
tential, this new model may bridge a simple way to compare micro-mechanical parameters with
experiments directly, which may be helpful in clinic applications. However, differential equations
describe those models as nonlinear and multi-scale, which is not easy to solve out. Symmetry
analysis based on Lie’s group is a powerful tool in reduction of nonlinear differential equations
and getting exact solutions (Olver, 1986). However, to our knowledge, Noether’s symmetry has
not been introduced into this problem.
In this paper, we will applied Noether’s theorem into this model, and give Noether’s sym-

metry criterion and conserved quantities.
The construction of this paper is as following. In Section 2, we will generalize the model in

(Drapaca, 2015) and give a generalized Lagrange equation of the axon dynamics. Because the
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author (Drapaca, 2015) supposes that the capacitor of the membrane is constant, and uses the
classical Hodgkin-Huxley equation to replace the equations of dynamics describing the mechano-
-transduction of ionic channel activation and inactivation, so that the results cannot reflect the
mechanical information of subcellular structure affecting the action potential, in fact returning
into the voltage active ionic channels scenario again. Furthermore, the author supposed no
external forces acting on the system, all the process is triggered by the input electric current. So,
in this part we will modified the model to be able to study a more general case, which considerd
parameters of the subcellular and non-potential forces model and suppose both mechanical
factors or voltage factors that can activate ionic gate control. Then we will deduce the Euler-
-Lagrange equation. In Section 3, Noether’s symmetry and conserved quantities of the neural
dynamics are studied. The criterion of Noether’s symmetry and the expression form of conserved
quantities are given. In Section 4, we will specifically discuss the deduced conserved quantities
on various conditions. The final Section concludes the paper.

2. The Euler-Lagrange equations of neural membrane dynamics

2.1. A review of the model

As we know, the membrane of an axon consists of a phospholipid bilayer with an embedded
channel protein. The propagation of electric signals in the neuron system is by producing ac-
tion potential accompanied with an ion channel open or shut. The action potential can induce
deformation of the neuron membrane, whereas the inverse deformation of the neuron mem-
brane can also induce the action potential, so it is a coupling process. Modelling the axon as

Fig. 1. The schematic of an axon (a) and mechano-electrical coupling of the axon membrane (b). The
axon is an axi-symmetric homogeneous circular cylinder with intracellular space filled with axoplasm
(light blue), and the outer layer is the membrane space between blue and red. By symmetry and

homogeneity of the column, we study half of the axon. In cellular scale, we model the intracellular space
as a viscoelastic material by the Kelvin model connects with the axon capacitor (the dotted box 1○),
where (kx̃1, x̃2, x̃3) is relative to the response of cytoskeleton, where (x̃1, x̃2, x̃3) is relative motion of the
cytoskeleton with different ionic channels, x is displacement of the membrane. Mechanical motion or
electrical stimuli can trigger the circuit. In the subcellular scale, the ionic exchange obeys the classic
Hodgkin-Huxley equations (dotted box 2○), but add mechanotransduction channel action that is

motion of the channel protein (x̃1, x̃2, x̃3)

an axi-symmetric cylinder with intracellular space and outer membrane and supposing the axon
is homogenous, we can use a linear visco-elastic Kelvin-Voigt model to formulate the macro-
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-mechanical process and Hodgkin-Huxley model to describe the electric process. The coupling
process is unified through capacitance and membrane displacement, see Fig. 1.
The axon can be considered as an axisymmetric cylinder with a circular cross section, so

we can study a half axon by symmetry. We can express the macro-mechanical kinetic energy as
T = 0.5Mẋ2, where M denotes half constant mass of the neuron of the constant cross-sectional
area A and x(t) is the macroscopic (cell level) displacement of the membrane depending on time,
because the movement of the membrane affects the axon capacitor, which consequently induces
depolarization electric current of the axon membrane. The macro mechanical potential energy is
V = −0.5kx(t)2. The mechanical dissipation function (work of the viscous force) ψm = 0.5ηẋ2,
where η is the viscosity coefficient. The micro relative kinetic energy of cytoskeleton structures or
ionic gate control movement is T ∗ = 0.5(m1ẋ21+m2ẋ

2
2+m3ẋ

2
3), where x1(t), x2(t) and x3(t) are

time-dependent micro displacements of the cytoskeleton regulating activations of Na+ and K+

channels and, respectively, the inactivation of Na+ channel, and varying with the deformation of
the neuron membrane or conduction of the action potential, andm1,m2,m3 are constant masses
of mechno-sensitive channel proteins or lipid rafts. Here, the explanation T ∗ and components
therein, is different from electrical kinetic energy in (Drapaca, 2015), but instead as the kinetic
energy of the cytoskeleton from the point of view of mechanotransduction in intracellular. The
electric energy of capacitor isWe = 0.5e2c/C(x), where C(x) is capacitance of the membrane. The
electric dissipation function is ψe = 0.5RNaė2Na+0.5RK ė

2
K +0.5Rlė

2
l +ENaėNa+EK ėK +Elėl,

where currents denote the transmembrane current induced by the membrane deformation or
action potential.

2.2. The Lagrange equation of the model

Based on the conservation law of charge, we have holonomic constraint to the charge:
eC − eNa − eK − el = 0, so the number if degrees of freedom of the coupling system is seven.
Introduce generalized coordinates to express universally the spatial and electrical variables qs
(s = 1, . . . , 4, 4 + 1, . . . , 7), where q1 = x, q2 = x1, q3 = x2, q4 = x3 and q5 = eNa, q6 = eK ,
q7 = el. The Lagrangian of the neuronal axon membrane mechano-electrophysiological model is

L(t, qs(t)q̇s(t)) = T + T ∗ − V −We (2.1)

The virtual work of nonconservative generalized forces is

δW (t, qs, q̇s) = −
(∂(ψm + ψe)

∂q̇s
−Qs

)
δqs (2.2)

The Hamilton principle of the nonconservative mechano-electrophysiological system of the axon
membrane is

t∫

0

(δL+ δW ) dt = 0 (2.3)

By expanding the above equation, and using the communication relation dδ = δd which holds
for holonomic constrained systems, and end points relations δq(0) = 0, δq(t) = 0, we can get
mechano-electrophysiological coupling Euler-Lagrange equations of the axon membrane dynam-
ics

d

dt

∂L

∂q̇s
− ∂L

∂qs
+
∂ψ

∂q̇s
= Qs s = 1, . . . , 7 (2.4)

where ψ = ψm+ψe. The coupling equations of motion describe the changes of ions between the
outer and intercellular space and micro and macro deformation of the neuron membrane.
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Take the very expression of Lagrangian L, Eq. (2.1), into Eq. (2.4), then we can obtain
Euler-Lagrange differential equations the same as in (Drapaca, 2015)

Mẍ+ kx+ ηẋ− 1
2
∂C

∂x

(qC
C

)2
= Q1 (2.5)

and

m1ẍ1 +
1
2
∂k

∂x1
= Q2 m2ẍ2 +

1
2
∂k

∂x2
= Q3 m3ẍ3 +

1
2
∂k

∂x3
= Q4 (2.6)

and

RNaėNa + ENa = V RK ėK + EK = V Rlėl + El = V (2.7)

where V = Ui = qC/C is potential of the capacitor. Kirchoff’s current law demands
q̇C = q̇Na+ q̇K + q̇l. Take Eqs. (2.7) into Kirchoff’s current law, the well-known Hodgkin-Huxley
equation of the membrane potential can be found

d

dt
(CV ) = I − 1

RNa
(V − ENa)−

1
RK
(V − EK)−

1
Rl
(V − El) (2.8)

where I is the external stimulus current.

Remark 1. (i) In Ref. (Drapaca, 2015), the author supposed external non-potential forces
Qs = 0, that is the coupling process is triggered all by electric current which is not ac-
cordance with other supposed mechanical signals which can also induce action potential
(Heimburg and Jackson, 2005), so for an alternative in the present paper, we suppose that
both of them can induce the action potential.

(ii) At the some time, Drapaca uses the Hodgkin-Huxley equation to replace equations (2.6)
which makes the parameters of m1, m2, m3, k, ENa, EK , El, R1, R2, R3 all depend on
voltage V , which may reduce the model into Hodgkin’s and Huxley’s electric paradigm.

(iii) Though the parameters m1, m2, m3, k, ENa, EK , El, R1, R2, R3 are difficult to pre-
scribe due to insufficient knowledge of neuronal mechanotransduction processes as Drapaca
said in (Drapaca, 2015), we try to discuss their influences on the conserved quantities of
the axon membrane in theory which may be useful for future experiment design.

In the following study we will treat the general cases by Noether’s symmetry analysis.

3. Noether’s symmetry and conserved quantities of the neuronal membrane
dynamics

We introduce a one-parameter infinitesimal Lie point transformation group in space (t, qs)

t∗ = t+ εξ0(t,q) q∗s = qs + εξs(t,q) s = 1, . . . , 7 (3.1)

where ε is an infinitesimal parameter, ξ0(t,q), ξs(t,q) are infinitesimal transformation genera-
tors. The infinitesimal generator vector

X(0) =
∂

∂t
ξ0(t,q(t)) +

∂

∂qs
ξs(t,q(t)) (3.2)
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which is the operator for the infinitesimal generator of the one-parameter Lie group of transfor-
mations (3.1) in space (t,q). The first prolongation of the infinitesimal generator vector is

X(1) = X(0) +
∂

∂q̇s
[ξ̇s(t,q(t)) − ξ̇0(t,q(t))q̇s(t)] (3.3)

The second prolongation of the infinitesimal generator vector is

X(2) = X(1) +
∂

∂q̇s
[ξ̈s(t,q(t)) − 2q̈s(t)ξ̇0(t,q(t)) − q̇s(t)ξ̈0(t,q(t))] (3.4)

which defines the first or second extended one-parameter Lie group of transformation in space
(t,q, q̇) or space (t,q, q̇, q̈) by partial derivatives, where ˙(•) means the first derivative to t, ¨(•)
means the second derivative to t.
The Hamilton action is

S(γ) =

t1∫

t0

L(t, qs, q̇s) dt (3.5)

Under the infinitesimal transformation, the curve γ is transformed to curve γ∗. The correspond-
ing Hamilton action is transformed to

S(γ∗) =

t∗1∫

t∗0

L(t∗, q∗s , q̇
∗

s) dt
∗ (3.6)

The variation ∆S of the Hamilton action S is the main linear part of the difference S(γ∗−S(γ))
to the infinitesimal parameter ε, then we have

∆S =

t1∫

t0

[∆L+ L(∆t)•] dt (3.7)

where ∆ denotes anisochronous variation, and δ denotes isochronous variation. Expanding the
above equation, we have

∆S =

t1∫

t0

(
L
d

dt
∆t+

∂L

∂t
∆t+

∂L

∂qs
∆qs +

∂L

∂q̇s
∆q̇s

)
dt (3.8)

Replace the infinitesimal transformation Eq. (3.1) into Eq. (3.8), and use the relation δqs =
∆qs − q̇s∆t = ε(ξs − q̇sξ0), ∆q̇s = (∆qs)• − q̇s(∆t)•, then the following expression can be
obtained

∆S =

t1∫

t0

{ d
dt

[
Lξ0 +

∂L

∂q̇s
(ξs − q̇sξ0)

]
+
( ∂L
∂qs
− d

dt

∂L

∂q̇s

)
(ξs − q̇sξ0)

}
dt (3.9)

Definition 1. If the variation of Hamilton action satisfies

∆S = 0 (3.10)

infinitesimal transformation (3.1) is the Noether symmetrical transformation.

Based on Definition 1, we can get the Noether symmetry criterion.
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Criterion 1. If the infinitesimal generators ξ0, ξs satisfy

Lξ̇0 +X1(L) = 0 (3.11)

the transformation invariance is named Noether’s symmetry, which is also called variational
symmetry.

For Noether’s symmetry, we can deduce the conserved quantities.

Theorem 1. For a Lagrangian system, if the generators ξ0(t,q), ξs(s,q) of infinitesimal trans-
formations is Noether’s symmetry, there exist conserved quantities as

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) = const (3.12)

which are called Noether conserved quantities. We can directly deduce this result from Eq.
(3.9).

In fact, we can generalize the Noether symmetry to non-conservative dynamical systems.

Definition 2. If the Hamilton action is a generalized quasi-invariant under an infinitesimal
transformation group, that is, the variation satisfies

∆S = −
t1∫

t0

[ d
dt
(∆G) +

(
Qs −

∂ψ

∂q̇s

)
δqs
]
dt (3.13)

infinitesimal transformation (3.1) is a generalized quasi-symmetrical transformation, where
G(t,q, q̇) is a gauge function, and (Qs−∂ψ/∂q̇s)δqs is the sum of virtual work of generalized
non-conservative forces.

Based on Definition 2, we can get the generalized Noether symmetry criterion.

Criterion 2. If there exists a gauge function G(t,q, q̇) making the infinitesimal generators ξ0, ξs
satisfy

Lξ̇0 +X1(L) +
(
Qs −

∂ψ

∂q̇s

)
(ξs − q̇sξ0) + ĠN = 0 (3.14)

the infinitesimal transformation is named a quasi-Noether symmetry.

The Noether symmetry always can lead to conserved quantities.

Theorem 2. For Lagrange equation Eq. (2.4) of the neuronal membrane dynamics, if the in-
finitesimal generators ξ0(t,q), ξs(s,q) satisfy Criterion 2, the system has the following first
integrals

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) +GN = const (3.15)

which are also Noether conserved quantities.

Proof: Expanding Definition 2, we have

∆S =

t1∫

t0

{ d
dt

[
Lξ0+

∂L

∂q̇s
(ξs−q̇sξ0)

]
+
( ∂L
∂qs
− d

dt

∂L

∂q̇s
−Qs+

∂ψ

∂q̇s

)
(ξs−q̇sξ0)

}
dt = 0 (3.16)

considering Eq. (2.4), we can get the results directly.
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4. Noether’s symmetry generators and conserved quantities

Take the exact form of Lagrangian L and dissipative function ψ into Noether identity Eq. (3.14),
then we have

ξ1
(
−kq1 +

V 2

2
∂C(q1)
∂q1

)
+Mq̇1(ξ̇1 − q̇1ξ̇0) + (Q1 − ηq̇1)(ξ1 − q̇1ξ0)− ξ2

1
2
q21
∂k

∂q2

+m2q̇2(ξ̇2 − q̇2ξ̇0) +Q2(ξ2 − q̇2ξ0)− ξ3
1
2
q21
∂k

∂q3
+m3q̇3(ξ̇3 − q̇3ξ̇0)

+Q3(ξ3 − q̇3ξ0)− ξ4
1
2
q21
∂k

∂q4
+m4q̇4(ξ̇4 − q̇4ξ̇0) +Q4(ξ4 − q̇4ξ0)

+ (Q5 −RNaq̇5 − ENa)(ξ5 − q̇5ξ0)− ξ5V + (Q6 −RK q̇6 − EK)(ξ6 − q̇6ξ0)− ξ6V
+ (Q7 −Rlq̇8 − El)(ξ7 − q̇7ξ0)− ξ7V + Lξ̇0 + ĠN = 0

(4.1)

Next, let us discuss the structures of Noether conserved quantities when the external nonpoten-
tial forces Qs 6= 0 (s = 1, 2, 3, 4). If k = const and the total charges of the systems is invariant,
we can get solutions

ξ0 = ±1 ξ1 = ±q̇1 ξ2 = ξ3 = ξ4 = 0 ξi = ±q̇s (s = 5, 6, 7) (4.2)

ξ0 = ±1 ξi = ±q̇s (s = 1, 2, 3, 4) (4.3)

ξi = ±q̇s (s = 5, 6, 7) (4.4)

ξ0 = ξ1 = 0 ξ2 = ξ3 = ξ4 = ±1 ξ5 = ξ6 = ξ7 = 0 (4.5)

ξ0 = ξ1 = 0 ξi = ±q̇s (s = 2, 3, 4) ξ5 = ξ6 = ξ7 = 0 (4.6)

The corresponding Noether conserved quantities are

IN11 = ±
(1
2
m2q̇

2
2 +
1
2
m3q̇

2
3 +
1
2
m4q̇

2
4 −Wq

)
IN12 = 0

IN13 = ±(m2q̇2 +m3q̇3 +m4q̇4 −Qq) IN14 = −IN11
(4.7)

Here, the composition of conserved quantities (4.7) depends on specific non-potential forces.
Wq has several forms

Q2 = q̈2 Q3 = q̈3 Q4 = q̈4 Wq1 =
1
2
(q̇22 + q̇

2
3 + q̇

2
4)

Q2 = q̈3 Q3 = q̈2 Q4 = q̈4 = 0 Wq2 = q̇2q̇3 +
1
2
q̇24 = 0

Q2 = q̈4 Q3 = q̈3 = 0 Q4 = q̈2 Wq3 = q̇2q̇4 +
1
2
q̇23 = 0

Q2 = q̈2 = 0 Q3 = q̈4 Q4 = q̈3 Wq4 = q̇3q̇4 +
1
2
q̇22 = 0

(4.8)

and Qq = q̇2 + q̇3 + q̇4 or a combination of q̇s (s = 2, 3, 4). We point out that for solution
(4.2)-(4.6), always holding ξs− q̇sξ0 = 0, the non-potential forces have no action on the Noether
identities.
If k = const , C = const , we also have solutions (4.2)-(4.6), and the corresponding conserved

quantities are

IN21 = IN11 ∓
e2C
2C

IN22 = −
e2C
2C

IN23 = IN13 IN24 = IN14 (4.9)

We can get that for infinitesimal generators (4.5) and (4.6), the capacitance does not affect the
conserved quantities.
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If k 6= const , C = const , we have one solution (4.4), and the corresponding conserved
quantities are IN31 = −e2C/2C. For k 6= const , C 6= const , we have one solution (4.4) with the
trivial invariant IN = 0.
There is a particular case Q1 = ηq̇1 in which the external non-potential force is synchronized

with viscosity of the axon membrane material. Let us study the conserved quantities for this
case. One solution of Noether’s identity is

ξ0 = ±1 ξ1 = ξ2 = ξ3 = ξ4 = 0 ξs = ±q̇s (s = 5, 6, 7) (4.10)

The corresponding Noether conserved quantities are

IN = ∓
(1
2
Mq̇21 +

1
2
kq21 +

e2C
2C
+
1
2
m2q̇

2
2 +
1
2
m3q̇

2
3 +
1
2
m4q̇

2
4

)
(4.11)

Furthermore, if k = const and the total charge of the system is invariant, we can get solutions
(4.2) and (4,4) and corresponding conserved quantities with IN61 = IN11, IN62 = 0, and other
two solutions

ξ0 = ±1 ξ1 = ∓q̇1 ξs = 0 (s = 2, 3, 4) ξs = ±q̇s (s = 5, 6, 7)
ξ0 = ±1 ξ1 = ∓q̇1 ξs = 0 (s = 2, 3, 4) ξs = ±q̇s (s = 5, 6, 7)

(4.12)

The corresponding Noether conserved quantities are

IN63 = ∓
(
Mq̇21 + kq

2
1 +

e2C
C
+
1
2
m2q̇

2
2 +
1
2
m3q̇

2
3 +
1
2
m4q̇

2
4 −Wq

)

IN64 = ±
(1
2
Mq̇21 +

1
2
kq21 +

e2C
2C

) (4.13)

If k = const , C = const , we also have solutions (4.2)-(4.6) and (4.12), and the corresponding
conserved quantities are IN71 = IN21, IN72 = IN22, IN73 = IN13, IN74 = IN14, and

IN75 = ∓
(
Mq̇21 + kq

2
1 +

e2C
2C
+
1
2
m2q̇

2
2 +
1
2
m3q̇

2
3 +
1
2
m4q̇

2
4 −Wq

)

IN76 = ±
(1
2
Mq̇21 +

1
2
kq21

) (4.14)

and other solutions and conserved quantities, for example,

ξ0 = 1 ξ1 = −q̇1 ξs = q̇s (s = 2, 3, 4, 5, 6, 7)

ξ0 = 1 ξs = −q̇s (s = 1, 2, 3, 4) ξs = q̇s (s = 5, 6, 7)
(4.15)

The corresponding Noether conserved quantities are

IN77 = −Mq̇21 − kq21 −
e2C
2C

IN78 = IN77 −m2q̇22 −m3q̇23 −m4q̇24 + 2Wq
(4.16)

In fact in (4.15), the generators ξs (s = 2, 3, 4) have a few combination types.
If k 6= const , C = const , we have one solution (4.4), and the corresponding conserved

quantities are IN = 0. For k 6= const , C 6= const , we have one solution (4.4) with the trivial in-
variant IN = −e2C/2C. For only k = const , we have solutions (4.5) and (4.6) with corresponding
conserved quantities as

IN81 = −
1
2

(
Mq̇21 + kq

2
1 +

e2C
2C
+m2q̇2(q̇2 − 1) +m3q̇3(q̇3 − 1) +m4q̇4(q̇4 − 1)−Wq +Qq

)

(4.17)IN82 = IN14

In this Section, we have discussed the effects of parameters k, C and non-potential forces Qs
on the forms of Noether conserved quantities.
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Remark 2. From the above calculation we can conclude that the Noether symmetry and Noether
conserved quantities are strongly determined by non-potential forces and material param-
eters.

5. Conclusion

Noether’s theorem is applied in a multi-scale mechano-electrophysiological model of an axon
membrane. Euler-Lagrange equations of the mechano-electrophysiological model of the neuron
membrane are given through which one can deduce the classical H-H equation. Noether’s sym-
metry criterion and Noether’s conserved quantities are given under the Lie point transformations
group. Through Noether criterion, we work out some solutions and give out the corresponding
Noether’s conserved quantities under different external stimuli. During calculation, we discov-
ered that the Noether symmetry and Noether conserved quantities are strongly determined by
non-potential forces and material parameters, which may be useful for an experiment design. As
solving Noether’s identities, we suppose that some material parameters are constants such as
k, η, However the value of material parameters are difficult to determine, and they may be found
by further stability analysis. As the axon membrane is an anisotropic diphasic soft material, the
fractional derivative model (Drapaca, 2017) may be more suitable to describe its behavior, and
we will analyze its Noether’s symmetry in another paper.
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