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AN INVESTIGATION OF SPHERICAL MICRO/NANOPARTICLE MELTING
USING ASYMPTOTIC MATCHINGS IN A WEAK FORMULATION

Yue Chan
Institute for Advanced Study, Shenzhen University, Nanshan District Shenzhen, Guangdong, China

e-mail: unimelbat@hotmail.com

In this paper, we investigate the speed of moving boundaries for melting micro/nanoparticles
in the initial and final stages using asymptotic matchings in a weak formulation of the prob-
lem. We find that such a speed is initially proportional to the flux across the moving bound-
ary, however a blowup occurs in a finite time when the surface tension is considered, both
numerically and theoretically, by assuming linear relations between thermal conductivities
and diffusivities, which paves the way to tackle the related two and higher phase change
problems. Last but not least, we verify our theoretical outcomes using a quasi-stationary
approximation approach.

Keywords: micro/nanoparticle, Stefan problem, blowup, weak formulation, asymptotic anal-
ysis

1. Introduction

Phase changes are ubiquitous in nature and technologies. Usually, bulk melting temperature is
independent on its size. However, micro/nanoparticle melting temperature depends on its size
owing to the higher value of surface by the volume ratio. Such an effect will lower the melting
temperature (Buffat and Borel, 1976), which can be described by the Gibbs-Thomson equation
(Langer, 1980) (see Eq. (2.3)). The lowering of the melting temperature will promote the molten
speed, especially towards the final stage of the melting process resulting in blowing up the
melting speed in a finite time (Herrero and Velázquez, 1996; McCue et al., 2009) (see Fig. 2).
It is found that the prescribed Gibbs-Thomson condition at the solid-molten interface leads

to mathematical complexity of solving the Stefan problems analytically (Carslaw and Jaeger,
1959; Crank, 1984) so that asymptotic techniques, for example using the large Stefan number
(Davis and Hill, 1982; Herrero and Velázquez, 1997; Kucera and Hill, 1986; McCue et al., 2008,
2009) and numerical methods (Crank, 1984; Meyer, 1973; Voller and Cross, 1981), are sought.
The existence and uniqueness of certain functions related to phase-change problems are also
studied (Ceretani et al., 2020). Moreover, the Gibbs-Thomson condition imposed on the mov-
ing boundary poses difficulty on using the Baiocchi transform so that one can not employ the
enthalpy method (Meyer, 1973; Voller and Cross, 1981) to tackle the governing equations nu-
merically (McCue et al., 2009). Due to the abundant aforementioned theoretical and numerical
methods on solving the two-phase Stefan problems taking into account the surface tension, here,
we extend our investigation by observing that such a condition can be naturally absorbed in the
weak formulation (Evans, 2010; Roubiček, 2013) of the problem. Therefore, upon using asymp-
totic matchings, the retreating speed of the moving boundary at the initial and final stages can
be estimated without directly solving the governing equations. We find that the initial speed
depends linearly on the incoming heat flux at the boundary while the final speed will experience
a finite time blowup, which is consistent with the existing literature (Herrero and Velázquez,
1996; McCue et al., 2009).
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In order to verify our outcomes, for simplicity, we assume that the solid temperature is
constant. As the system is tiny, the molten temperature can reach quasi-stationary states after
∆t so that a more complicated diffusion equation can be approximated by solving the Laplace
equation at a certain time t (Howison, 2005; Yi, 2005). The molten temperature can then
be solved using Eq. (3.1), from which the frontier of the moving boundary can be predicted
iteratively by taking into account both the curvature and the surface tension, i.e. Eq. (3.2)
by minimizing Eq. (3.3). The present author has successfully employed such methodology to
scrutinize the effects of curvature and surface tension on the solidification of micro/nanoparticles,
and designs certain smart materials (Gao et al., 2023).
The structure of the present paper is organized as follows: governing equations for the present

problem are given in Section 2, followed by a quasi-stationary approximation solution in Sec-
tion 3. While weak formulations and a brief discussion of the existence of weak solutions are
shown in Section 4, asymptotic analysis based on the weak formulations is ultimately made in
the final Section.

2. Governing equations

Governing equations for both the molten and solid regimes by assuming axisymmetric mi-
cro/nano particles, are given below

∂Tℓ(r, t)
∂t

= κℓ
[∂2Tℓ(r, t)

∂r2
+
2
r

∂Tℓ(r, t)
∂r

]
R < r < a

∂Ts(r, t)
∂t

= κs
[∂2Ts(r, t)

∂r2
+
2
r

∂Ts(r, t)
∂r

]
0 < r < R

(2.1)

where Tℓ(r, t), Ts(r, t), κℓ, κs denote the molten temperature, solid temperature, molten thermal
diffusivity and solid thermal diffusivity, respectively. For simplicity, we drop (r, t) for Tℓ(r, t) and
Ts(r, t). We comment that we investigate the simplest possible model in which no convective
and source effects are imposed on the system. The schematic of the present problem is shown in
Fig. 1.

Fig. 1. Schematic diagram of the present melting process where the micro/nano particle is axisymmetric
about the double arrow line

To obtain unique solutions of Tℓ and Ts, both initial and boundary conditions including the
Gibbs-Thomson moving boundary condition (Langer, 1980) are applied to give



An investigation of spherical micro/nanoparticle melting... 421

IC Ts = Tℓ on R(t = 0) = a

BC Tℓ = Ta on r = a
∂Ts
∂r
= 0 on r = 0

Tℓ = Ts = Tf (R) on r = R(t)

MBC kℓ
∂Tℓ
∂r
− ks

∂Ts
∂r
= −ρℓ

dR(t)
dt
[(cℓ − cs)(Tf (R)− Tm) + L] on r = R(t)

(2.2)

where kℓ, ks, ρℓ, cℓ, cs, Tf , Tm and L denote the thermal conductivity of the liquid, thermal
conductivity of the solid, density of the material, specific heat capacity of the liquid, specific heat
capacity of the solid, curvature dependent temperature of the melting point, melting temperature
and latent heat, respectively. For simplicity, we drop (t) for R(t). We also note that Ts ¬ Tℓ ¬ Ta.
In addition, the curvature-dependent melting point, known as the Gibbs-Thomson effect,

which basically implies a modification (decrease) of the melting temperature by surface tension,
is defined below

Tf (R) = Tm
(
1− ω

R

)
ω =

2σ
ρsL

(2.3)

where σ and ρs further denote the interfacial tension coefficient and mass density of the solid,
respectively. In addition, capillary pressure is radially dependent due to the term ω/R.

3. Quasi-stationary approximation simulation

To simulate the melting process, instead of solving more complicated diffusion equations, i.e.
Eq. (2.1), we adopt a quasi-approximation approach, where we assume that the system and the
Peclet number are tiny that it can reach a quasi-stationary state (Howison, 2005) for each time
step so that the time evolution of the moving boundary can be updated by simulations (3.4). We
assume Ts is constant for all times, which is valid due to the tiny size of particles as well as the
satisfaction of Eq. (2.1) as well as the boundary conditions. The aforementioned assumptions
will be relaxed in the later Sections. Using separation of variables, we obtain a general solution
of Tℓ, which is given by

Tℓ = e
λt

[
A sinh

(√
λ
κℓ
r
)
+B cosh

(√
λ
κℓ
r
)

r

]
(3.1)

where λ is the separation constant yet to be determined by the boundary conditions. Moreover,
λ, A and B are to be obtained from the initial and boundary conditions excluding the moving
boundary, which are given below

A sinh
(√

λ
κℓ
a
)
+B cosh

(√
λ
κℓ
a
)

a
= Ts

eλt
[
A sinh

(√
λ
κℓ
a
)
+B cosh

(√
λ
κℓ
a
)

a

]
= Ta

eλt
[
A sinh

(√
λ
κℓ
R
)
+B cosh

(√
λ
κℓ
R
)

R

]
= Tf (R)

(3.2)

To maintain the compatibility of the first and second equations of Eq. (3.2), we can estimate λ
as λ = (1/a) log(Ta/Ts), which makes sense when a temporal change in the molten temperature
depends on temperature differences between the embedding environment and solid temperature.
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It also depends on how big a micro/nanoparticle is. Therefore, the conditions of Eq. (3.2) reduce
from three to two. R is still unresolved, however the moving boundary condition provides an
extra condition to save us

min
0¬R¬a

{∣∣∣kℓ
∂Tℓ
∂r
+ ρℓ

a−R
∆t
[(cℓ − cs)(Tf (R)− Tm) + L]

∣∣∣
}

(3.3)

Now, Eqs. (3.2) and (3.3) can be used to obtain A, B and R. Since multiple solutions are possible,
we only select A and B, when R is close to a when a tiny time is chosen. Given that the trace of
the moving boundary can be estimated using the modified Euler method taking both the speed
and curvature into account

Rn+1 = Rn +∆t
dRn
dt
+
∆t2

2!
d2Rn
dt2

(3.4)

where n denotes the number of iterations to trace the moving boundary. We firstly use Eq. (3.4)
to simulate the moving boundary of gold microparticles of the size 1 nm using the parameters
given in Table 1. In addition, we let Ts = 300K and Ta = 2000K. Using Eqs. (3.2) and (3.3),
the coefficients A and B for gold are estimated to be −0.58822 and 0.00124, respectively. From
which, we can first estimate λ = 0.1897 ·107 . Parameters for Sn and Pb can be found in Table 1.
Now, we adopt Eq. (3.4) to simulate the location of the moving boundaries for the proposed
metals, where the numerical results are shown in Fig. 2.

Table 1. Parameters for Au, Sn and Pb (McCue et al., 2009)

Parameters Gold Sn Pb

ρs 19.3 · 103 kg/m3 7.27 · 103 kg/m3 11.34 · 103 kg/m3
ρℓ 17.31 · 103 kg/m3 6.99 · 103 kg/m3 10.66 · 103 kg/m3
L 63718 J/kg 59225 J/kg 23020 J/kg
Tm 1337.3 K 505.8K 600.6K
ω 0.2396 nm 0.4447 nm 0.6847 nm

κℓ = kℓ/(ρℓcℓ) 1.47 · 10−3m2/s 1.36 · 10−3m2/s 0.684 · 10−3m2/s
kℓ 320W/(m·K) 67W/(m·K) 35W/(m·K)
cs 0.128 J/gK 0.226 J/gK 0.13 J/gK
cℓ 12.55 J/gK 7.029 J/gK 4.799 J/gK

Fig. 2. Melting process for Au, Sn and Pb
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We can observe from Fig. 2 that the moving boundaries retreat steadily or initially linearly
but accelerate rapidly, even with a blowup after 2 ·10−8 s. Such behavior will be fully scrutinized
in Section 5.

4. Weak formulation

A weak formulation forms a basis for seeking weak solutions and the finite element method.
In this Section, we determine the weak formulation of Eq. (2.1). Upon multiplying both sides
of Eq. (2.1) by v ∈ C∞(I, V ), where I and V denote the usual temporal and spatial domains,
respectively, and upon integrating by parts and applying appropriate boundary conditions at R
and a, we obtain

a∫

R

∂Tℓ
∂t

v dr = −κℓ
(
v
∂Tℓ
∂r

∣∣∣
R
+
a∫

R

∂Tℓ
∂r

∂v

∂r
dr − 2

a∫

R

v

r

∂Tℓ
∂r

d r

)
(4.1)

Similarly, we obtain the weak formulation for Ts

R∫

0

∂Ts
∂t

v dr = κs

(
v
∂Ts
∂r

∣∣∣
R
−
R∫

0

∂Ts
∂r

∂v

∂r
dr + 2

R∫

0

v

r

∂Ts
∂r

dr

)
(4.2)

where the weak solutions for Eqs. (4.1) and (4.2) have been thoroughly studied using the coerciv-
ity of Tℓ and Ts, the first temporal derivatives, proper growth conditions and pseudomonotonic
or weakly continuous approaches for the nonlinearity (Roubiček, 2013).

5. Asymptotic analysis

Now we relax that Ts is a constant and illustrate the asymptotic behavior of the moving boundary
using an energy method as given in the previous Section. Replacing v in Eqs. (4.1) and (4.2) by
Tℓ and Ts, respectively, we obtain

1
2
∂

∂t

∥∥Tℓ
∥∥2
L2(R)

= −κℓ
(
Tf (R)

∂Tℓ
∂r

∣∣∣
R
+
∥∥Tℓ

∥∥2
H1(R)

− 2
a∫

R

Tℓ
r

∂Tℓ
∂r

dr

)

1
2
∂

∂t

∥∥Ts
∥∥2
L2(R)

= κs

(
Tf (R)

∂Ts
∂r

∣∣∣
R
−
∥∥Ts

∥∥2
H1(R)

+ 2
R∫

0

Ts
r

∂Ts
∂r

dr

) (5.1)

where we have used the boundary conditions that Tℓ = Ts = Tf (R) on r = R(t) to obtain
Eq. (5.1). For simplicity, we have dropped the notation of temporal and spatial domains. The
values in H(·) denote the integration limit for integrals in Eqs. (4.1) and (4.2), where R ∈ [0, a].
— In the initial stage, since the molten state is completely absent, we have

1
2
∂

∂t

∥∥Ts
∥∥2
L2(a)
= κs

(
Tf (a)

∂Ts
∂r

∣∣∣
a
−
∥∥Ts

∥∥2
H1(a)

+ 2
a∫

0

Ts
r

∂Ts
∂r

dr

)
(5.2)

— In the final stage, since the condensed state is completely absent, we have

1
2
∂

∂t

∥∥Tℓ
∥∥2
L2(0)
= −κℓ

(
Tf (0)

∂Tℓ
∂r

∣∣∣
0
+
∥∥Tℓ

∥∥2
H1(0)

− 2
a∫

0

Tℓ
r

∂Tℓ
∂r

dr

)
(5.3)
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— In the intermediate stage, both the solid and molten stages coexist so that by using
Eq. (5.1) the change in total kinetic energies for both the solid and molten regimes is obtained

1
2
∂

∂t

(∥∥Tℓ
∥∥2
L2(R)

+
∥∥Ts

∥∥2
L2(R)

)
= −Tf (R)

[
κℓ
∂Tℓ
∂r

∣∣∣
R
− κs

∂Ts
∂r

∣∣∣
R

]

− κℓ
∥∥Tℓ

∥∥2
H1(R)

− κs
∥∥Ts

∥∥2
H1(R)

+ 2

(
κs

R∫

0

Ts
r

∂Ts
∂r

dr + κℓ

a∫

R

Tℓ
r

∂Tℓ
∂r

dr

)

≈ −Tf (R)ρℓ
dR

dt

[
(cℓ − cs)

(Tmω
R

)
− L

]
− κℓ

∥∥Tℓ
∥∥2
H1(R)

− κs
∥∥Ts

∥∥2
H1(R)

+ 2

(
κs

R∫

0

Ts
r

∂Ts
∂r

dr + κℓ

a∫

R

Tℓ
r

∂Tℓ
∂r

dr

)

(5.4)

where we have assumed κℓ ≈ kℓ and κs ≈ ks (or else if there are linear relations between
thermal diffusivities and conductivities). We comment that there is a common relation between
them for simple metals, i.e. κi = ki/(ρici), where i = s, ℓ (McCue et al., 2009), and the moving
boundary condition is imposed in the second equation of Eq. (5.4). We might make rather
restrictive assumptions here for mathematical convenience as we can yield dR/dt and make
certain simplifications using the moving boundary condition as given in Eq. (2.2). Now, the
asymptotic speed of the moving boundary condition can be matched with the melting speeds of
the initial and final stages.

— In the nearly initial stage, upon ignoring Tℓ, Eq. (5.4) becomes

1
2
∂

∂t

∥∥Ts
∥∥2
L2(a)
= −Tf (a)ρℓ

dR

dt

[
(cℓ − cs)

( Tmω
a− ε

)
− L

]
− κs

∥∥Ts
∥∥2
H1(a)

+ 2κs

a−ε∫

0

Ts
r

∂Ts
∂r

dr

≈ −Tf (a)ρℓ
dR

dt

[ (cℓ − cs)Tmω
a

(
1 +

ε

a

)
− L

]
− κs

∥∥Ts
∥∥2
H1(a)

+ 2κs

a∫

0

Ts
r

∂Ts
∂r

dr +O(ε2)

(5.5)

where ε denotes an infinitesimal positive number. Now comparing Eq. (5.5) with Eq. (5.2), we
obtain

dR

dt
= −κsa

ρℓ

[ 1
(cℓ − cs)Tmω − aL

]∂Ts
∂r

∣∣∣
a
+O(ε) (5.6)

Hence, the melting speed is linearly proportional to the heat flux across the boundary. We
comment that in this formulation, whether the initial temperature is fusion or not, (Kucera and
Hill, 1986) it is not crucial.

— In the nearly melting stage, upon ignoring Ts and matching Eq. (5.4) with Eq. (5.3), we
obtain

dR

dt
=
κℓ
ρℓ

[
(cℓ − cs)

Tmω

ε
− L

]−1∂Tℓ
∂r
|ε (5.7)

where the melting speed blows up when

ε∗ =
(cℓ − cs)Tmω

L
(5.8)
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Hence, we can observe from Eq. (5.8) that no blowup is observed when the surface tension is
zero happening in the macroscopic melting problems. Figure 2 confirms the linear correlation
with the temperature flux and the blowup in the initial and final stages, respectively. ε∗ is
0.62466 · 10−10 m, 0.25837 · 10−10 m and 0.83407 · 10−10 m for Au, Sn and Pb, respectively, which
partially agrees with Fig. 2, where Sn supposes to melt the slowest but it melts the fastest
simply due to the fact that we neglect the heat transfer in the sold regime when we conduct the
quasi-stationary approach.

6. Conclusion

Using the weak formulation of the Stefan problem and asymptotic matchings, we find that
the retreating speed of the moving boundary of spherical micro/nanoparticles depends initially
linearly on the incoming heat flux but blows up in the finite time at the latter stage without
solving the original equations. No boundary problem occurs as the boundary conditions are
absorbed naturally in the weak formulation. Such techniques can be employed to two and multi-
phase change problems. A quasi-stationary approximation has also been employed to verify the
claims of our theoretical results.
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The traditional wave impeding block (WIB) is improved to a composite multilayer WIB
with the same thickness (tri-layer as an example). Firstly, a physical model of the composite
multilayer WIB installed in an unsaturated foundation is established, and the isolation effect
on the S-wave is studied based on the wave theory in unsaturated porous and elastic media.
The purpose of this study is to enhance the isolation frequency of WIB and to show the best
isolation effect achieved by selecting the appropriate wave impedance ratio. The influence
of saturation on its vibration isolation effect is also analyzed.

Keywords: unsaturated foundation, composite multilayer WIB, environmental vibration iso-
lation

1. Introduction

With the rapidly developing industry and transportation, while improving people’s living qual-
ity, artificial vibration problems caused by various industrial activities and traffic operations
seriously impact structures, precision instruments, and people’s normal lives. Therefore, it is of
great practical significance to study vibration damping and isolation measures for unsaturated
foundations under environmental vibration.
There is no wave propagation in soil when the excitation frequency is lower than the cut-off

frequency. In this principle, Chouw et al. (1991a,b) was first to propose that a hard interlayer
installed in the foundation forms a finite size artificial bedrock for vibration isolation, which is
named the wave impeding block (WIB). Yang and Hung (1997) compared the vibration isolation
effect of an open trench and WIB under a moving load in an elastic foundation. The results
showed that WIB has a better vibration isolation effect. Takemiya and Jiang (1993) established a
numerical model of WIB vibration isolation and found that WIB had a better vibration isolation
effect at a low frequency below 15.3 Hz. Li et al. (2011) compared the vibration isolation effect
of the entity wave impeding block (EWIB) and the honeycomb wave impeding block (HWIB)
in the elastic foundation and concluded that HWIB had a better vibration isolation effect. But
EWIB was more effective for low-frequency vibration at 0-10Hz. Zhou et al. (2016) and Ma
et al. (2019) investigated the ground vibration control with a fluid-saturated porous WIB and
graded WIB, and the results showed that the two types of WIB were superior than a single-phase
traditional WIB. Tian et al. (2019) and Gao et al. (2021) investigated the vibration isolation
effect of Duxseal materials in 2D homogeneous elastic foundations and proposed the method of
combined vibration isolation by filling Duxseal in the WIB. The results showed that DXWIB
could improve the frequency bandwidth of vibration damping, and the vibration isolation effect
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was better in the range of 5-70Hz. However, although the above-mentioned studies show that a
non-homogeneous WIB can improve the vibration isolation efficiency and performance compared
with the conventional WIB, these studies treat the foundation as an elastic or saturated two-
-phase medium to simplify the complex dynamic problem, which is far from actual engineering.
In the actual engineering, most of foundations are unsaturated soils, and the variation of

saturation has a significant influence on vibration wave propagation characteristics. Vibration
control measures for unsaturated foundations need to be further studied. Therefore, Shu and
Ma (2022) and Shu et al. (2022) investigated propagation characteristics of the P1-wave passing
through a single-layer and multilayer WIB in unsaturated foundations, respectively, and the
results showed that the wave impedance ratio, shear modulus and density of the WIB material
had a significant influence on the transmission and reflection amplitude ratio. Jiang and Ma
(2022) investigated the vibration isolation performance of a single-layer WIB in an unsaturated
foundation under S-wave incidence. The findings showed that the vibration isolation effect of
WIB increased with an increase in saturation, and the single-layer WIB failed to isolate the
middle and high frequencies. To enhance the frequency range for vibration isolation of WIB in
the unsaturated foundation, according to the literature (Sun and Li, 2011), it is known that
the more significant the difference between the interfaces of multilayer and thin-layer, the more
significant the vibration wave transmission and reflection effect. Hence, this paper proposes an
innovative vibration isolation system with a composite multilayer WIB as a barrier. Based on the
wave propagation theory in an unsaturated porous medium and a single-phase elastic medium,
and Snell’s theorem, the vibration isolation performance of the composite multilayer WIB in the
unsaturated foundation under the S-wave incidence is investigated. The analytical solution of
the surface vertical displacement after the S-wave incident from the bedrock to the unsaturated
soil through the composite multilayer WIB is derived. According to numerical calculations, the
influence of the wave impedance ratio at the interface between the unsaturated soil and WIB
and that between the layers of composite multilayer WIB on its vibration isolation effect were
analyzed, and the isolation effect of single-layer and composite multilayer WIB installed in
the unsaturated foundation were compared. The influence laws of various parameters such as
the incidence angle, incidence frequency and saturation on the vibration isolation effect of the
composite multilayer WIB in the unsaturated foundation were analyzed, thereby providing a
guideline for the application of the composite multilayer WIB vibration isolation in unsaturated
foundations.

2. Wave equation in unsaturated porous media

This paper is based on the mixture theory of unsaturated porous media (Borja, 2006; Chen et al.,
2011). The wave equation of a triphase solid-liquid-gas is expressed as follows. The solid, liquid
and gas phases in unsaturated soil layers are indicated by subscripts: S, L and G, respectively

nSρSϕ̈S = (γSS + nSλS + 2nSµS)∇2ϕS + γSL∇2ϕL + γSG∇2ϕG
+ ξL(ϕ̇L − ϕ̇S) + ξG(ϕ̇G − ϕ̇S)

nLρLϕ̈L = γSL∇2ϕS + γLL∇2ϕL + γLG∇2ϕG − ξL(ϕ̇L − ϕ̇S)
nGρGϕ̈G = γSG∇2ϕS + γLG∇2ϕL + γGG∇2ϕG − ξG(ϕ̇G − ϕ̇S)
nSρSψ̈S = nSµS∇2ψS + ξL(ψ̇L − ψ̇S) + ξG(ψ̇G − ψ̇S)
nLρLψ̈L = −ξL(ψ̇L − ψ̇S) + ξG(ψ̇G − ψ̇S)
nGρGψ̈G = −ξG(ψ̇G − ψ̇S)

(2.1)

where nα (throughout this paper, the character α = S,L,G) indicates the initial volume occupied
by the α phase. ρα denotes the actual mass density of the α phase. ∇2 represents the Laplace
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operator in the Cartesian coordinate. The expressions of γSS, γLL, γGG, γSL, γSG and γLG are
given in the literature (Chen et al., 2011). ξL and ξG are the drag force parameters representing
the viscous dissipation between the fluids (liquid and gas) and the solid skeleton, respectively.
The general solutions to Eqs. (2.1) are assumed to be

ϕα = Aα exp[ikp(lx+ nz − cpt)] ψα = Bα exp[iks(lx+ nz − cst)] (2.2)

where i =
√
−1. l and n denote the direction vectors of the respective waves. kp and ks are

the wave numbers of the P -waves and the SV -wave. cp and cs are the phase velocities of the
P -waves and the SV -wave, respectively.
Substituting Eqs. (2.2) into Eqs. (2.1), the P1-, P2-, P3- and SV -wave velocities in an unsat-

urated foundation can be obtained.

3. Physical model

The horizontal semi-infinite bedrock is covered by an unsaturated soil layer whose thickness
is H. A composite multilayer WIB whose thickness is Hw1+Hw2+Hw3 and burial depth H2 is
embedded in the unsaturated foundation. Assuming that the S-wave with frequency ω is incident
at any angle ϕ to the WIB in the unsaturated foundation, the transmission and reflection are
shown in Fig. 1.

Fig. 1. Propagation of the S-wave when setting the composite multilayer WIB in an unsaturated
foundation
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4. Analysis of the total wavefield

The bedrock and composite multilayer WIB are simulated with a single-phase elastic medium,
and the unsaturated foundation is simulated with an unsaturated porous medium. The wave field
in the two-dimensional xz-plane is obtained as we can obtain one compressional wave: P -wave
and one shear wave: SV -wave in the single-phase medium, and three compressional: P1-, P2-
and P3-waves as well as one shear: SV -wave in the unsaturated porous medium.

4.1. Wave potential functions

The displacement potential functions of the up-going and down-going waves can be indicated
as below.

(1) In the bedrock

ϕe1 = A1rp exp[i(ωt − k1rpxx− k1rpzz)]
ψe1 = B1is exp[i(ωt − k1isxx+ k1iszz)] +B1rs exp[i(ωt − k1rsxx− k1rszz)]

(4.1)

(2) In unsaturated soil layers I and II

The solid phase can be indicated as

I :




ϕS2 =

3∑

i=1

{
A2tpi exp[i(ωt − k2tpixx+ k2tpizz)] +A2rpi exp[i(ωt − k2rpixx− k2rpizz)]

}

ψS2 = B2ts exp[i(ωt − k2tsxx+ k2tszz)] +B2rs exp[i(ωt− k2rsxx− k2rszz)]

II :





ϕS6 =

3∑

i=1

{
A6tpi exp[i(ωt − k6tpixx+ k6tpizz)] +A6rpi exp[i(ωt − k6rpixx− k6rpizz)]

}

ψS6 = B6ts exp[i(ωt − k6tsxx+ k6tszz)] +B6rs exp[i(ωt− k6rsxx− k6rszz)]

(4.2)

The liquid and gas phases can be indicated as

I :





ϕF2 =
3∑

i=1

δIF i

{
A2tpi exp[i(ωt − k2tpixx+ k2tpizz)] +A2rpi exp[i(ωt− k2rpixx− k2rpizz)]

}

ψF2 = δ
I
FS

{
B2ts exp[i(ωt − k2tsxx+ k2tszz)] +B2rs exp[i(ωt − k2rsxx− k2rszz)]

}

II :






ϕF6 =
3∑

i=1

δIIF i

{
A6tpi exp[i(ωt − k6tpixx+ k6tpizz)] +A6rpi exp[i(ωt− k6rpixx− k6rpizz)]

}

ψF6 = δ
II
FS

{
B6ts exp[i(ωt − k6tsxx+ k6tszz)] +B6rs exp[i(ωt − k6rsxx− k6rszz)]

}

(4.3)

(3) In the WIB1, WIB2 and WIB3

WIB1 :

{
ϕw13 = A3tp exp[i(ωt − k3tpxx+ k3tpzz)] +A3rp exp[i(ωt− k3rpxx− k3rpzz)]
ψw13 = B3ts exp[i(ωt − k3tsxx+ k3tszz)] +B3rs exp[i(ωt− k3rsxx− k3rszz)]

WIB2 :

{
ϕw24 = A4tp exp[i(ωt − k4tpxx+ k4tpzz)] +A4rp exp[i(ωt− k4rpxx− k4rpzz)]
ψw24 = B4ts exp[i(ωt − k4tsxx+ k4tszz)] +B4rs exp[i(ωt− k4rsxx− k4rszz)]

WIB3 :

{
ϕw35 = A5tp exp[i(ωt − k5tpxx+ k5tpzz)] +A5rp exp[i(ωt− k5rpxx− k5rpzz)]
ψw35 = B5ts exp[i(ωt − k5tsxx+ k5tszz)] +B5rs exp[i(ωt− k5rsxx− k5rszz)]

(4.4)

where the superscript e indicates the bedrock, δI,IIF i (i = 1, 2, 3) are the three compression wave
participation parameters of the F phase. δI,IIFS is the shear wave participation parameters of the
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F phase. The subscripts i, t and r refer to quantities corresponding to the incidence, transmis-
sion and reflection, respectively. k1ipx, k1rpx, k2tpix, k2rpix, k2tsx, k2rsx, k3tpx, k3rpx, k3tsx, k3rsx,
k4tpx, k4rpx, k4tsx, k4rsx, k5tpx, k5rpx, k5tsx, k5rsx, k6tpix, k6rpix, k6tsx, k6rsx are the waves men-
tioned above that must have equal wave numbers in the x-direction, respectively. The Snell law
describing the relations between the angles of incidence, reflection and transmission are given
by

k1isx = k1rpx = k1rsz = k2tpix = k2rpix = k2tsx = k2rsx = k6tpix = k6rpix
= k6tsx = k6rsx = kx = ks sinϕ

(4.5)

4.2. Boundary conditions

The amplitudes A1rp, B1rs, A2tpi, A2rpi, B2ts, B2rs, A3tp, A3rp, B3ts, B3rs, A4tp, A4rp, B4ts,
B4rs, A5tp, A5rp, B5ts, B5rs, A6tpi, A6rpi, B6ts, B6rs can be determined by boundary conditions
at the interfaces. The boundary conditions of interfaces are: continuities of normal stresses,
tangential stress, normal displacements and tangential displacement.

— At the interface between the bedrock and unsaturated soil layer I

σezz

∣∣∣
z=H
= σSzzI

∣∣∣
z=H
+ σLzzI

∣∣∣
z=H
+ σGzzI

∣∣∣
z=H

σexz

∣∣∣
z=H
= σSxzI

∣∣∣
z=H

uez

∣∣∣
z=H
= uSzI

∣∣∣
z=H
= uLzI

∣∣∣
z=H
= uGzI

∣∣∣
z=H

uex

∣∣∣
z=H
= uSxI

∣∣∣
z=H

(4.6)

— At the interface between WIB1 and unsaturated soil layer I

σw1zz

∣∣∣
z=H−H1

= σSzzI
∣∣∣
z=H−H1

+ σLzzI
∣∣∣
z=H−H1

+ σGzzI
∣∣∣
z=H−H1

σw1xz

∣∣∣
z=H−H1

= σSxzI
∣∣∣
z=H−H1

uw1z

∣∣∣
z=H−H1

= uSzI
∣∣∣
z=H−H1

= uLzI
∣∣∣
z=H−H1

= uGzI
∣∣∣
z=H−H1

uw1x

∣∣∣
z=H−H1

= uSxI
∣∣∣
z=H−H1

(4.7)

— At the interface between WIB1 and WIB2

σw2zz

∣∣∣
z=H2+Hw2+Hw3

= σw1zz
∣∣∣
z=H2+Hw2+Hw3

σw2xz

∣∣∣
z=H2+Hw2+Hw3

= σw1xz
∣∣∣
z=H2+Hw2+Hw3

uw2z

∣∣∣
z=H2+Hw2+Hw3

= uw1z
∣∣∣
z=H2+Hw2+Hw3

uw2x

∣∣∣
z=H2+Hw2+Hw3

= uw1x
∣∣∣
z=H2+Hw2+Hw3

(4.8)

— At the interface between WIB2 and WIB3

σw3zz

∣∣∣
z=H2+Hw3

= σw2zz
∣∣∣
z=H+Hw3

σw3xz

∣∣∣
z=H2+Hw2+Hw3

= σw2xz
∣∣∣
z=H2+Hw3

uw3z

∣∣∣
z=H2+Hw3

= uw2z
∣∣∣
z=H2+Hw3

uw3x

∣∣∣
z=H2+Hw3

= uw2x
∣∣∣
z=H2+Hw3

(4.9)

— At the interface between WIB3 and unsaturated soil layer II

σw3zz

∣∣∣
z=H2

= σSzzII
∣∣∣
z=H2

+ σLzzII
∣∣∣
z=H2

+ σGzzII
∣∣∣
z=H2

σw3xz

∣∣∣
z=H2

= σSxzII
∣∣∣
z=H2

uw3z

∣∣∣
z=H2

= uSzII
∣∣∣
z=H2

= uLzII
∣∣∣
z=H2

= uGzII
∣∣∣
z=H2

uw3x

∣∣∣
z=H2

= uSxII
∣∣∣
z=H2

(4.10)

— At the free surface (z = 0)

σSzzII

∣∣∣
z=0
= σLzzII

∣∣∣
z=0
= σGzzII

∣∣∣
z=0
= σSxzII

∣∣∣
z=0
= 0 (4.11)
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With the introduction of a potential function, where the expressions of the potential function
are detailed in the literature (Jiang and Ma, 2022), the linear systems can be obtained by
substituting Eqs. (4.1)-(4.4) into Eqs. (4.6)-(4.11) and Snell law (4.5) as follows

MN = B1isQ (4.12)

where M is the coefficient matrix of wave amplitudes in N, Q is the coefficient matrix of wave
amplitude of the incident S-wave, and

N =
[
A1rp, B1rs, A2tpi, B2ts, A2rpi, B2rs, A3tp, B3ts, A3rp, B3rs, A4tp, B4ts, A4rp, B4rs,

A5tp, B5ts, A5rp, B5rs, A6tpi, B6ts, A6rpi, B6rs
]T

Supposing B1is = 1, the values of the elements in the matrix N can be derived, thereby
the displacements and stresses at each point in the wavefield can be calculated. This work
mainly considers the vertical displacement at the surface, which can be obtained by substituting
Eqs. (4.2) into the potential function

uz =
∣∣∣∣
3∑

j=1

(k6tpjzA6tpj − k6rpjzA6rpj)− k6tsxB6ts − k6rsxB6rs
∣∣∣∣ (4.13)

5. Numerical analysis

5.1. Model verification

The ground motion of the unsaturated soil layer-bedrock system excited by the S-wave,
as investigated by Li et al. (2018), is chosen to verify the accuracy of this work. Taking the
parameters consistent with the literature (Li et al., 2018), variation curves of the surface vertical
displacement amplification coefficient with the S-wave angle of incidence for n = 0.3, Sr = 0.8
and ω/ω1 = 1.0 are plotted in Fig. 2. It is shown in Fig. 2 that the present solution is in good
consistency with the literature solution, which verifies the validity of the present method.

Fig. 2. Comparison between the solution of this paper and the solution from literature

5.2. Effect of the wave impedance ratio on the isolation capacity of a composite multilayer
WIB

In this Section, MATLAB is used to analyze the effect of interlayers wave impedance ratio
between WIB1 and unsaturated soil, WIB1 and WIB2, and WIB2 and WIB3 on the surface
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displacement. The physical parameters were selected from the literature (Chen et al., 2011),
the parameters of the unsaturated foundation are shown in Table 1 and the parameters of the
bedrock and composite multilayer WIB are shown in Table 2.

Table 1. Physical and mechanical parameters of the unsaturated porous medium

Material
Porosity

Density of Bulk modulus of
parameters soil particle liquid gas soil particle liquid gas

Symbol n ρS ρL ρG KS KL KG
[unit] [–] [kg/m3] [kg/m3] [kg/m3] [GPa] [GPa] [MPa]

Magnitude 0.3 2700 1000 1.2 35 2.2 0.1

Material
parameters

Intrinsic Viscosity Viscosity
Lamé
constant

Lamé
constant

Van Van
permeabil. coefficient coefficient Genuchten Genuchten
of the soil of liquid of gas parameter parameter

Symbol k ηL ηG λS µS mvg αvg
[unit] [m2] [Pa·s] [Pa·s] [GPa] [GPa] [–] [Pa−1]

Magnitude 3.0 · 10−13 0.001 1.8 · 10−5 9.0 4.0 0.5 0.0001

Table 2. Physical and mechanical parameters of the WIB and bedrock

Material
Lamé constants in GPa

parameters

Symbol µw1 λw1 µw2 λw2 µw3 λw3 µe λe
Magnitude 8.0 12.0 8.0 12.0 8.0 12.0 8.0 12.0

When the S-wave incides from the single-phase bedrock medium to the unsaturated porous
medium, there exists a critical angle of incidence ϕcr, and the wave velocities of P - and
S-waves can be obtained from the formula in elastic mechanics: vis =

√
µe/ρe = 1721m/s,

vrp =
√
(λe + 2µe)/ρe = 3220m/s. In which ϕcr = sin−1(vis/vrp) ≈ 32.3◦. The transmission and

reflection of the wave will disappear when the incident angle of the S-wave exceeds the critical
angle, so the variation range of the incident angle is taken as 0◦-30◦ in the later discussion.
According to the literature (Sun and Li, 2011), it is known that the definition of wave

impedance is the multiplication of velocity v and density ρ. The ratio between the first medium
wave impedance ρ1v1 and the second medium wave impedance ρ2v2 is the wave impedance ratio,
which can be expressed as: γ = ρ1v1/ρ2v2. The wave impedance of the unsaturated soil is Z0, the
wave impedance of WIB1 is Z1, the wave impedance of WIB2 is Z2 and the wave impedance of
WIB3 is Z3. Then the wave impedance ratio at the interface between the WIB1 and unsaturated
soil layer would be

γ1 =
Z1
Z0
=

√
(λw1 + 2µw1)ρw1

ρsvp1

the wave impedance ratio at the interface between WIB2 and WIB1 would be

γ2 =
Z2
Z1
=

√
(λw2 + 2µw2)ρw2
(λw1 + 2µw1)ρw1

the wave impedance ratio at the interface between WIB3 and WIB2 would be

γ3 =
Z3
Z2
=

√
(λw3 + 2µw3)ρw3
(λw2 + 2µw2)ρw2



434 Y. Jiang et al.

According to the formula of wave impedance ratio, the material parameters which affect the wave
impedance ratio are mainly the density and Lamé constant. The surface vertical displacement
under simultaneous variation of the wave impedance ratio between material layers in the range
of 0.5-20 is calculated by MATLAB. The wave impedance ratio corresponding to the minimum
surface vertical displacement will be selected to determine the material parameters for vibration
isolation design: density and shear modulus of the composite multilayer WIB. Six cases of density
of WIB are discussed as follows:

Case 1: ρw1 < ρw2 < ρw3 which ρw1 = 2000 kg/m3, ρw2 = 2400 kg/m3, ρw3 = 2700 kg/m3

Case 2: ρw1 < ρw2 > ρw3 which ρw1 = 2000 kg/m3, ρw2 = 2700 kg/m3, ρw3 = 2400 kg/m3

Case 3: ρw1 > ρw2 < ρw3 which ρw1 = 2400 kg/m3, ρw2 = 2000 kg/m3, ρw3 = 2700 kg/m3

Case 4: ρw1 < ρw2 > ρw3 which ρw1 = 2400 kg/m3, ρw2 = 2700 kg/m3, ρw3 = 2000 kg/m3

Case 5: ρw1 > ρw2 > ρw3 which ρw1 = 2700 kg/m3, ρw2 = 2400 kg/m3, ρw3 = 2000 kg/m3

Case 6: ρw1 > ρw2 < ρw3 which ρw1 = 2700 kg/m3, ρw2 = 2000 kg/m3, ρw3 = 2400 kg/m3

Considering the saturation Sr = 0.8, incidence frequency ω = 10Hz, angle of incidence
ϕ = 30◦, thickness of the composite multilayer WIB Hw1 = Hw2 = Hw3 = 0.3m, and burial
depth H2 = 1.0m, 3D curves of the surface vertical displacement with simultaneous variation
of the wave impedance ratio γ1, γ2 and γ3 under six cases are plotted in Fig. 3, respectively.
As shown in Fig. 3, the surface vertical displacement decreases with an increase in the wave
impedance ratio, and the amplitude of the surface vertical displacement reaches the minimum
when the wave impedance ratio increases to a certain degree. In addition, it can also be seen
from the values of the axes in the right side of Fig. 3 that the range of the vertical displacement
amplitude at the surface in Case 3 is the minimum. The minimum value of the surface vertical
displacement and the corresponding wave impedance for six cases are calculated as follows:

(1) when ρw1 < ρw2 < ρw3, γ1 = 2.0, γ2 = 11.5, γ3 = 19.5, uzmin = 9.35 · 10−12,m
(2) when ρw1 < ρw2 > ρw3, γ1 = 16.0, γ2 = 2.5, γ3 = 10.5, uzmin = 5.14 · 10−10m
(3) when ρw1 > ρw2 < ρw3, γ1 = 16.0, γ2 = 2.5, γ3 = 10.5, uzmin = 8.68 · 10−12m
(4) when ρw1 < ρw2 > ρw3, γ1 = 14.5, γ2 = 11.5, γ3 = 13.0, uz min = 2.33 · 10−10m
(5) when ρw1 > ρw2 > ρw3, γ1 = 13.5, γ2 = 3.0, γ3 = 9.5, uzmin = 8.71 · 10−11m
(6) when ρw1 > ρw2 < ρw3, γ1 = 6.5, γ2 = 16.5, γ3 = 4.0, uzmin = 4.39 · 10−8m
The above six density cases show that the surface vertical displacement obtained in Case 3

is the minimum value. At this time, the composite multilayer WIB achieves the most ef-
fective isolation effect. And the shear modulus of the composite multilayer WIB, in this
case, can be back-calculated from the wave impedance ratio: µw1 = 3.53 · 1011 Pa for WIB1,
µw2 = 1.17 · 1014 Pa for WIB2, and µw3 = 1.39 · 1015 Pa for WIB3. In summary, the calculation
can find the wave impedance ratio corresponding to the optimal vibration isolation effect of the
composite multilayer WIB to determine the material parameters of the composite multilayer
WIB and derive design guidelines for multilayer vibration barriers. In the design of a multilayer
vibration barrier, physical material parameters with greater density on both sides, smaller den-
sity in the center and the shear modulus increasing gradually from the bottom to the top can
be selected to achieve the optimal vibration isolation effect.

5.3. Analysis of vibration isolation law for the composite multilayer WIB

In this Section, the material parameters are taken from Case 3, which is discussed in Sec-
tion 5.2 when the optimal isolation effect of the composite multilayer WIB is achieved, and the
vibration isolation performance is analyzed. For the evaluation of the vibration isolation effect
of the composite multilayer WIB, this paper adopts the amplitude attenuation ratio AR pro-
posed by Woods et al. (1974) to evaluate its vibration isolation effect. The formula is expressed
as: AR = uz/u

∗
z , where uz is the surface vertical displacement after installing the WIB in the
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Fig. 3. 3D curves of the vertical surface displacement with simultaneous variation of the wave
impedance ratio: (a) Case 1, (b) Case 2, (c) Case 3, (d) Case 4, (e) Case 5, (f) Case 6

unsaturated foundation, u∗z is the surface vertical displacement without installation of WIB in
the unsaturated foundation.

Figure 4 plots the comparison of the isolation effect of a single-layer WIB and the composite
multilayer WIB for burial depthH2 = 1.0m, saturation Sr = 0.8, incidence frequency ω = 10Hz,
total thickness of the soil layer H = 20m and other parameters taken from Table 1. The material
parameters of the composite multilayer WIB are taken from Case 3. The material parameters of
the single-layer WIB are taken as corresponding to those of each layer in the composite multilayer
WIB. Accordingly, thickness of the single-layer WIB is 0.9m, and density and shear modulus are
as follows: (1) ρw = 2000 kg/m3, µw = 1.17 · 1014 Pa; (2) ρw = 2400 kg/m3, µw = 3.53 · 1011 Pa;
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(3) ρw = 2700 kg/m3, µw = 1.39 · 1015 Pa. It can be seen from Fig. 4 that the isolation effect of
the single-layer homogeneous WIB with three kinds of materials is not as good as the composite
multilayer WIB. For the calculation in this paper, the effective isolation angle range of the
single-layer WIB is 12◦-28◦ when ρw = 2000 kg/m3, and the average amplitude attenuation
ratio is AR = 0.678 in this range. When ρw = 2400 kg/m3, the effective isolation angle range
of the single-layer WIB is 10◦-29◦, and the average amplitude attenuation ratio in this range
AR = 0.509. When ρw = 2700 kg/m3, the effective isolation angle range of the single-layer
WIB is 4◦-28◦, and the average amplitude attenuation coefficient in this range is AR = 0.36.
The composite multilayer WIB has effective vibration isolation in the critical angle range and
its average amplitude attenuation ratio is AR = 0.093. In summary, the vibration isolation
efficiency of the composite multilayer WIB is enhanced by 86.28% over the single-layer WIB for
ρw = 2000 kg/m3, 81.73% over the single-layer WIB for ρw = 2400 kg/m3, and 74.17% over the
single-layer WIB for ρw = 2700 kg/m3. Therefore, with the same thickness of vibration isolation
system, the isolation effect of the composite multilayer WIB is significantly better than that of
the single-layer homogeneous WIB.

Fig. 4. Comparison of AR with the angle of incidence for the single-layer and composite multilayer WIB

The effects of the same incidence frequency on the vibration isolation effect of the single-
-layer and composite multilayer WIB in the unsaturated foundation will be analyzed next. In
the analysis, the saturation is 0.8, thickness of the unsaturated soil layer H = 20m, burial
depth H2 = 1.0m, thickness of single-layer and composite multilayer WIB 0.9m, and other
parameters are taken from Table 1. Three cases of the incidence frequency, ω = 10Hz, 50Hz
and 100Hz are considered, respectively. As shown in Fig. 5, the average amplitude attenuation
ratio is AR = 0.91 for the single-layer WIB and AR = 0.066 for the composite multilayer WIB
when ω = 50Hz, in which case the isolation efficiency is 92.75% higher than for the single-layer
WIB. When ω = 100Hz, the single-layer WIB vibration isolation fails, its average amplitude
attenuation ratio is AR = 4.43 and AR = 0.036 for the composite multilayer WIB, whose
isolation efficiency is 99.18% higher than that of the single-layer WIB. Consistently, it is evident
that the composite multilayer WIB can improve the defect that the single-layer WIB has only
good vibration isolation effect at a low frequency. The composite multilayer WIB can isolate
the incidence frequencies at low, medium and high frequencies effectively, and the isolation
efficiency gradually increases with an increase in the incidence frequency. Among the common
types of environmental vibration in cities, the main vibration frequency caused by tamping is
concentrated in 10-20Hz, the main vibration frequency caused by elevators is within 20-25Hz,
and the main vibration frequency caused by subway is higher, between 50-80 Hz. On the whole,
the frequency of environmental vibration will not exceed 100Hz in general. Thus, the composite
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multilayer WIB is suitable for isolating common city environmental vibrations, especially those
caused by traffic.

Fig. 5. Variations of the vertical displacement amplitude attenuation ratio at the surface along with ω

The following Section investigates the effect of saturation on the vibration isolation effect
of the composite multilayer WIB in the unsaturated foundation for thickness of the soil layer
H = 20m, burial depth H2 = 1.0m, thickness of the composite multilayer WIB Hw1 = Hw2 =
Hw3 = 0.3m, incidence frequency ω = 10Hz, and other parameters taken from Table 1. The
saturation is Sr = 0.2, 0.4, 0.6 and 0.8, respectively. The variation curves of the surface vertical
displacement amplitude attenuation ratio with the angle of incidence for different saturations
when the composite multilayer WIB is set up in the unsaturated foundation are given in Fig. 6.
Firstly, it can be seen from Fig. 6 that the surface vertical displacement amplitude attenuation

Fig. 6. Variations of the vertical displacement amplitude attenuation ratio at the surface along with Sr

ratio exhibits irregularity with the variation of saturation. When Sr = 0.2, the average amplitude
attenuation ratio is AR = 0.0899, AR = 0.0508 when Sr = 0.4. The vibration isolation effect is
43.49% higher than that for Sr = 0.2. The average amplitude attenuation ratio AR = 0.0916
at Sr = 0.6 and its vibration isolation effect is 44.54% lower than that for Sr = 0.4, whereas
the vibration isolation effect at Sr = 0.8 is 1.51% lower than that for Sr = 0.6. It means that
the vibration isolation effect of the composite multilayer WIB in the unsaturated foundation
increases and then decreases with an increase of saturation. To sum up, the saturation has
a significant effect on the isolation effect of the composite multilayer WIB. It is difficult to



438 Y. Jiang et al.

simulate the actual situation by simplifying the foundation into a single-phase elastic and two-
-phase saturated foundation.

6. Conclusion

Combining the wave propagation theory and Snell’s theorem, the vibration isolation performance
of a composite multilayer WIB in an unsaturated foundation, which is more consistent with
reality, is investigated. The vibration isolation performance of the composite multilayer WIB and
a single-layer WIB under the same thickness have been compared and analyzed. The influence
laws of saturation and incidence frequency on the isolation effect of the composite multilayer
WIB in the unsaturated foundation have been investigated. Conclusions can be drawn as follows.

• Physical parameters of large density on both sides and small density in the center and a
gradually increasing shear modulus from bottom to top can achieve the optimal isolation
effect when designing a composite multilayer vibration barrier.
• Vibration multilayer barriers can isolate common environmental vibration sources in cities,
especially, medium and high frequency vibrations caused by traffic. For the same thickness
of the vibration isolation system, the isolation effect of the composite multilayer WIB
is better than thaf of a single-layer WIB. At a low incidence frequency (ω = 10Hz), the
vibration isolation efficiency of the composite multilayer WIB is 86.28% higher than that of
the single-layer WIB. At a medium incidence frequency (ω = 50Hz), the vibration isolation
efficiency of the composite multilayer WIB is 92.75% higher than that of the single-layer
WIB. At a high incidence frequency (ω = 100Hz), the vibration isolation efficiency of the
composite multilayer WIB is 99.18% higher than that of the single-layer WIB.
• The isolation effect of the composite multilayer WIB increases and then decreases with an
increase of saturation, and gradually increases with an increase of the angle of incidence.
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In order to effectively calculate dynamic characteristics of a sealed ends squeeze film damper
(SFD) under the influence of the inertial force, a computational fluid dynamics model of the
sealed ends SFD is established. The fluid inertia coefficient of SFD is investigated by using
an energy approximation method. Both the theoretical calculation and numerical simulation
are conducted to analyze the effects of eccentricity ratio and whirling frequency on stiffness
and damping. In this research, the oil film inertia force of the sealed ends SFD is solved by
using long bearing approximation (LBA) theory, which provides guidance for the design and
application of the sealed ends SFD.
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1. Introduction

Squeeze film dampers (SFDs) suppress vibration and enhance stability of rotating machines
(Miyachi et al., 1979). In the LBA to Reynolds equation, which is justified if a damper is long
in the axial direction, the flow in the damper is circumferential, and thus the circumferential
pressure gradient is much larger than the axial pressure gradient. In practice, if the damper is
tightly sealed, the flow is circumferential even if the dampers are physically short. In this case,
the LBA would describe the conditions better than the short bearing approximation (SBA)
(El-Shafei and Crandall, 1991). SFDs with sealed ends absorb more vibration than open ends
SFDs when passing critical speeds under the same operation condition as sealed SFDs produce
more damping (San Andrés and Seshagiri, 2013). But current and related investigations are not
sufficient in that matter.
Establishing accurate mathematical functions is difficult as fluid motion inside the oil film

clearance is complicated, so logical simplifications and assumptions are compulsive. In classi-
cal lubrication theory, fluid inertia is neglected and the Reynolds equation governing SFDs is
obtained (Szeri, 1980). However, past examinations have revealed that film forces calculated
by theoretical functions do not correspond with the results obtained from experiments due to
neglection of fluid inertia, and the error could even go up to 60%. The fluid inertia should be
taken into consideration when the Reynolds number is larger than 1.
Researchers paid attention to the effects of fluid inertia many years ago. Kuzma (1968)

demonstrated that the fluid inertia produced a significant squeeze film effect, and the theoretical
model considering the fluid inertia corresponded with experimental results well. Chen et al.
(2021) investigated dynamics of a rotor system supported on SFD considering the fluid inertia.
Numerical integration was employed to calculate the pressure and oil film force. The results
showed that oil film pressure was sensitive to fluid inertia when the journal eccentricity ratio
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was large. The radial force decreased while the tangential force increased. The fluid inertia
suppressed the resonance amplitude under high rotating speed and large eccentricity. San Andrés
investigated the effect of fluid inertia on rotor dynamics supported on an SFD and found that
increasing fluid inertia reduced the occurrence of bistable operation and jump phenomena (San
Andrés and Vance, 1988). Hamzehlouia and Behdinan (Hamzehlouia and Behdinan, 2016) did
numerical analysis towards a finite length SFD considering the unstable state inertia term, and
compared the results with the existing SFD model. The comparison showed that the fluid inertia
produced a significant effect on the oil film pressure and force even at small Reynolds numbers.
With the development of computers, computational fluid dynamics (CFD) software has been

employed to do simulations on SFDs. The CFD software make complex geometric model flow
analysis available (Guo et al., 2005). Lee et al. (2017) investigated the effect of oil supply groove
and sealed piston ring on the oil film at a small clearance using CFD software. The results
showed that the oil film pressure decreased as oil supply depth, piston ring radial clearance and
axial clearance increased, and the radial and tangential forces decreased accordingly. Dousti et
al. (2016) addressed the oil film pressure distribution and oil film force changing under different
groove depths and rotating speeds through CFX software. The results indicated that considerable
pressure was generated in a sealed groove, and the pressure changed along the circumferential
direction rather than the axial one. Zhou et al. (2020a,b) calculated SFD dynamic characteristics
with SBA, which provide more ideas for the open ends SFD design.
Szeri et al. (1982) added an acceleration term and pointed out that oil film reaction forces

were generated by both viscous and inertial forces. El-Shafei (1991) used momentum and energy
approximation to analyze the inertial term independently of the viscous term. The inertial term
was determined by the Lagrange equation and Reynolds transport law.
Through the above research, it is found that the effect of oil film fluid inertia on SFD

dynamic characteristic is mostly based on a short open ends SFD, but there are few theoretical
studies on the LBA considering the oil film inertia force and numerical simulation of dynamic
characteristics of the sealed ends SFD. This paper investigates the fluid inertia effect using the
energy approximation method (Crandall and El-Shafei, 1993) and derives stiffness and damping
coefficients with the LBA. The numerical simulation is conducted on CFX to verify the derived
functions. Based on the functions and simulations, the effects of frequency and eccentricity ratio
on SFD dynamic characteristics are analyzed.

2. Long bearing approximation theoretical analysis

2.1. Analysis of the long bearing approximation SFD viscosity term

The LBA theory assumes that if the axial length is long enough or there are seals at both
ends, the oil film pressure gradient along circumferential direction is much larger than that along
the axial one, and the changes in the circumferential direction are much larger than in the axial
direction. In order to study dynamic characteristics of the sealed ends SFD, the LBA theoretical
analysis was carried out.
The structure of an SFD is usually simplified for deducing dynamic characteristics formula

of the SFD and the corresponding coordinate system is established, as shown in Fig. 1a. Taking
the middle line of the central groove as the reference line, the left or right part of the structure
is extracted, which is shown in Fig. 1b, where Ob is the origin of the SFD coordinate system
in the center of the SFD housing, Oj is the center of the journal, h is thickness of the oil film,
θ measured from the positive r-axis of the rotating coordinate system (r, t, z), φ is the static
coordinate system (x, y, z) and from the positive x axis. The measured angle is θ = φ − ψ.
For stable circular precession ψ = ωt, where ω is the journal rotation speed, e is the dynamic
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eccentricity of the SFD journal, X is the circumferential direction, Y is the normal direction,
z is the axis direction of the journal, R is radius of the SFD journal, L is the SFD axial length.

Fig. 1. SFD coordinate system

Since the NS equation is a nonlinear partial differential equation, it cannot be directly used
to solve the SFD oil film pressure. The Reynolds equation is simplified from the NS equation
with several assumptions in the case of low viscosity flow. The pressure distribution and oil film
force of the SFD can be obtained with appropriate boundary conditions. The Reynolds equation
is as follows

1
R2

∂

∂θ

(h3

µ

∂P
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)
+

∂

∂z

(h3

µ

∂P

∂z
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= 6(ωj − 2ψ̇)

∂h

∂θ
+ 12

de

dt
cos θ (2.1)

Since the journal of the damper does not rotate and the housing is fixed, precession will only
occur due to an unbalanced excitation, so the journal rotation speed ωj is 0.
According to the geometric relationship shown in Fig. 1, the film thickness h at any given

location is given by

h = c(1− ε cos θ) (2.2)

where c is the clearance, ε is the eccentricity ratio of the journal, ε = e/c.
In a simplified analysis, it is considered that the oil film pressure does not change along the

thickness of the oil film, and the damper journal only performs stable circular motion. Neither
the damper housing nor the journal rotates, the SFD Reynolds equation is obtained as
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In LBA theory, the pressure gradient along axial direction is negligible comparing with the
circumferential direction, so ∂P/∂z term is omitted and the following equation is obtained
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)
= −12ψ̇µ∂h
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(2.4)

where µ is viscosity of the oil, R is radius of the journal, P is pressure, ė and eψ̇ are the radial
and tangential velocity of the journal, respectively.
Integrating twice with π-film boundary conditions (Booker, 1965), the oil film pressure is

P =
6µR2

c3
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1
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]
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}
(2.5)
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Area-integrating the pressure and decomposing it tangentially and radially
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(2.6)

The radial and tangential viscosity damping forces acting on the journal Frc and Ftc are deter-
mined, respectively.

2.2. Analysis of the SFD inertia term of long bearing approximation

Based on the assumption that the velocity distribution with inertia is the same as that of
inertialess fluids, the fluid inertial forces in the long damper are obtained by using the energy
approximation method (El-Shafei and Crandall, 1991). For a long damper, the circumferential
velocity is solved based on the Reynolds equation as

u =
6R
h

(Y
h
− Y 2

h2

)[
ė sin θ − eψ̇ cos θ + 3ε

2 + ε2
eψ̇
]

(2.7)

At a particular time t, it is convenient to establish a control volume consistent with the fluid
mass boundary. Over some time, the control volume remains fixed in space, while the fixed unit
of fluid mass changes its shape: the extrusion film becomes thinner and the suction film thickens.
Some fixed characteristic fluid near the end of the extrusion film is expelled from the control
volume, and some new fluid not belonging to the fixed characteristic mass is sucked into the
control volume at the end of the extrusion film. The dynamic coefficient of the fluid inside the
damper is
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−L/2

ρu2Rdθ dY dZ (2.8)

When the damper journal is in the steady state circular precession, ψ̈ = ë = ė = 0. The
dynamic coefficient of the fluid inside the damper can be calculated
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The inertia forces in the damper can be obtained by Lagrange’s equations. The radial and
tangential inertial forces obtained by combining the Reynolds transport theorem with the La-
grange equation are

Fir = Fri +Rri Fit = Fti +Rti (2.10)

where Fir is the radial inertial force, Fit is the tangential inertial force, Rri and Rti are inertial
forces due to the flux of fluid particles across the control surface along the radial and tangential
directions, respectively. Fri and Fti obtained by the Lagrange equation are given as follows
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Substituting (2.9) into (2.11), we get

Fri =
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Since the π-film theory and motion of the SFD journal are mainly studied, the flux terms
Rri and Rti are simplified and integrated

Rri = 0 (2.13)
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Substituting (2.14) and (2.12)2 into (2.10)2, the tangential inertial force becomes

Fit = e(ψ̇)2
ρR3L
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Substituting (2.13) and (2.12)1 into (2.10)1, the radial inertia force becomes
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The oil film tangential force formula is obtained by adding tangential viscous force formula
(2.6)2 and tangential inertial force formula (2.15). The tangential force becomes
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The equivalent oil film damping is
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The oil film radial force formula is obtained by adding radial viscous force formula (2.6)1
and radial inertial force formula (2.16). Then the radial force becomes
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The equivalent oil film stiffness is

K = −Fr
e
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From the solution analysis of the above equation, it can be seen that the inertia force of the
oil film fluid has a great influence on the oil film damping. When the journal speed is large, the
influence of oil film inertia force should be considered in the analysis of the squeeze oil film force.
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3. Nunerical simulation verification and analysis

3.1. SFD solution model and numerical simulation verification

According to the geometry of SFD shown in Fig. 2, the fluid domain model can be established
according to the parameters of SFD, as shown in Fig. 2a. It is considered a computational
domain. The hexahedral mesh has been generated by the Multizone mesh generation method.
The fluid domain model grid is shown in Fig. 2b. The model local mesh of the fluid domain
is shown in Fig. 2c. According to the assumption of the Reynolds equation, the flow condition
is usually regarded as laminar flow, which conforms to Newton’s viscosity law (Crandall and
El-Shafei, 1993). In the numerical simulation, the lubricating oil used in model 1 is ISO VG2
reference (Zhou et al., 2020b), and the room temperature is 23◦C. The dynamic viscosity of the oil
is µ = 0.0031 Pa·s and density ρ = 785 kg/m3. The lubricating oil used in model 2 is the mixture
of ISO VG2 and Aviation No. 8 lubricating oil. Its dynamic viscosity is µ = 0.0035 Pa·s, density
ρ = 850 kg/m3. In order to verify the derived models, CFD software simulation is conducted on
two different SFDs. Geometric parameters and lubricant properties are listed in Table 1 and 2.

Fig. 2. 3D SFD model: (a) SFD model, (b) SFD meshing, (c) local mesh of fluid domain

Table 1. Theoretical model 1 geometric dimensions and lubricating oil parameters

Journal Oil film Axial
Density ρ
[kg/m3]

Dynamic
diameter D clearance c length L viscosity µ
[mm] [mm] [mm] [Pa·s]
73.8 0.14 20.6 785 0.0031

Table 2. Theoretical model 2 geometric dimensions and lubricating oil parameters

Journal Oil film Axial
Density ρ
[kg/m3]

Dynamic
diameter D clearance c length L viscosity µ
[mm] [mm] [mm] [Pa·s]
74.92 0.15 18.2 850 0.0035

According to reference (Zhou et al., 2020a,b), the simulation is conducted on CFX. The grid
division adopts the oil film axial grid of 0.06mm, the oil film circumferential grid of 1mm and
the oil film radial grid of 10 layers. On the premise of considering both CFD simulation analysis
accuracy and calculation time, this paper adopts the number of calculation cycles as 3 cycles,
and the time step of each cycle takes 200 steps to obtain the convergent solution of the SFD oil
film damping and stiffness.
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Since the SFD Reynolds number is small, the flow state is set to a laminar flow. The boundary
conditions are shown in Fig. 3. According to the LBA, the axial end of the “end land” is modeled
as a wall to ambient pressure. The housing and journal of SFD is set to the “wall”. The housing
is stationary, while the journal moves as circular centered-orbit motion in the steady state as
follows (Zhou et al., 2020a,b)

X = e cos(Ωt) Y = e sin(Ωt) (3.1)

where e is the eccentricity and Ω the precession speed. By changing e and Ω, different precession
amplitudes and precession frequencies are simulated, and the conversion relationship between
the precession speed and frequency is Ω = 2πf .

Fig. 3. SFD boundary conditions

In order to better observe the movement of the oil film, the monitoring point 1 and point 2
are added to observe the pressure change. The monitoring point 1 is located at the axial edge of
the SFD, and the monitoring point 2 is located in the middle of the oil film, as shown in Fig. 3.
The tangential Ft and radial force Fr were obtained by integrating the oil film pressure

obtained by numerical simulation, and then the corresponding oil film damping C and oil film
stiffness K coefficients were obtained. The corresponding integral formula is shown in Eq. (3.2),
where θ1 and θ2 represent the boundary of the oil film pressure zone

Fr = −
L/2∫

L/2

θ2∫

θ1

P cos(θ)Rdθ dz Ft = −
L/2∫

L/2

θ2∫

θ1

P sin(θ)Rdθ dz (3.2)

3.2. Analysis of the effect of eccentricity ratio on vibration reduction characteristics of the
sealed ends SFD

In order to analyze the effect of journal eccentricity ratio on dynamic characteristics of the
oil film, the oil film damping and stiffness are calculated by the theoretical formula and CFX
simulation at a different eccentricity ratio of 100Hz. The comparison results are shown in Figs. 4
and 5.
Through comparative analysis, it can be seen that the damping and stiffness of SFD with end

seals roughly increase with an increase of the eccentricity ratio, but the increase range is small.
Therefore, considering the oil film inertia is conducive to reduce the amplitude and improve the
stability.
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Fig. 4. Model 1 curve of (a) damping and (b) stiffness with eccentricity ratio

Fig. 5. Model 2 (a) damping and (b) stiffness curve with eccentricity ratio

4. Comparative analysis of sealed ends and open ends SFD

4.1. Numerical solution of short bearing SFD simulation

Referring to derivation of the theoretical formula of the short bearing SFD considering the
inertia of the oil film, the oil film stiffness and equivalent oil film damping formula of the short
bearing SFD containing the inertia term during stable circular precession are obtained (Zhou et
al., 2020a,b)

K =
µRL3

c3

[ 2ε
(1− ε2)2

]
ω − πρRL3

70cε2

[
27− 27− 17ε

2

(1− ε2) 12

]
ω2

C =
µRL3π

2c3(1− ε2) 32
− 27ρRL

3

70cε

(
2 +
1
ε
ln
1− ε
1 + ε

)
ω

(4.1)

In order to study the vibration reduction performance of the short open ends SFD, a numer-
ical modeling of the short open ends SFD is firstly carried out. In order to compare the dynamic
characteristics of the the sealed ends SFD and the the open ends SFD, the same geometric
parameters and meshing are used to reduce the effect of the corresponding factors. Figure 6
shows the local oil film absolute pressure gradient distribution of the open ends SFD and the
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sealed ends SFD when the eccentricity ratio is ε = 0.1 and the precession frequency f = 50Hz,
respectively.

Fig. 6. SFD oil film pressure distribution: (a) open ends SFD oil film, (b) sealed ends SFD oil film

It can be seen from the pressure cloud diagram that because the short open ends SFD is
open at both ends in the axial direction, and the oil film pressure change is mainly concentrated
in the middle of the oil film, a certain gradient change from the middle to the two ends is
observed, whereas the short sealed ends SFD is sealed at both ends in the axial direction. In
the entire oil film area, there is a certain pressure gradient change. The oil film damping which
plays an important role in vibration reduction is obtained by integrating the oil film pressure
along the axial and circumferential directions to determine the tangential component of the oil
film force. So it can be seen from the cloud diagram that the actual working oil film area of the
short sealed ends SFD is larger than that of the short open ends SFD with the same structural
size. Since the reference pressure at the axial ends of the short open ends SFD is the ambient
pressure (0.1MPa), the peak value of the oil film pressure under the same working conditions is
also smaller than the short sealed ends SFD.

4.2. Comparative analysis of vibration reduction characteristics of the sealed and open
ends SFD

The oil film tangential and radial forces are obtained by integrating the oil film pressure, and
then the corresponding oil film damping and oil film stiffness are obtained. Taking the eccentricity
ratio of ε = 0.1 and precession frequency f of 50Hz, 75Hz, 100Hz, 125Hz and 150Hz as an
example to compare damping and stiffness of the sealed and open ends SFD under the same
structural parameters and working conditions, the theoretical results of model 1 are shown in
Figs. 7 and 8, and the results of model 2 are shown in Figs. 9 and 10. Theoretical formula 1
is the LBA damping and stiffness formula with the inertia term, and numerical simulation 1
corresponds to the sealed ends SFD. Theoretical formula 2 is the SBA damping and stiffness
formula with the inertia term, and numerical simulation 2 is made for the open ends SFD.
From the comparison curves Figs. 7-10, it can be seen that for both models 1 and 2, the

variation laws of oil film damping and oil film stiffness obtained by CFD simulation with the
precession frequency are in good agreement with the corresponding results obtained by the
theoretical formula. With an increase of the precession frequency, the corresponding oil film
damping of both sealed and open ends SFD shows an increasing trend, whereas the oil film
stiffness shows a decreasing trend. Both the LBA and SBA damping and stiffness formula with
the inertia term are obtained by logical simplification and assumption of oil film pressure and
velocity, so there is a small deviation from the simulation results. Under the same working
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Fig. 7. Model 1 oil film damping comparison verification curve: (a) the sealed ends SFD damping versus
frequency, (b) the open ends SFD damping versus frequency

Fig. 8. Model 1 oil film stiffness comparison verification curve: (a) the sealed ends SFD damping versus
frequency, (b) the open ends SFD damping versus frequency

Fig. 9. Model 2 oil film damping comparison verification curve: (a) the sealed ends SFD damping versus
frequency, (b) the open ends SFD damping versus frequency
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Fig. 10. Model 2 oil film stiffness comparison verification curve: (a) the sealed ends SFD damping versus
frequency, (b) the open ends SFD damping versus frequency

conditions, the sealed ends SFD reveals characteristics of larger oil film damping and smaller oil
film stiffness.

5. Conclusions

In this paper, an energy approximation method is used to deduce oil film damping and stiffness
formulas of SFD under the assumption of long bearings. A numerical model of SFD under the
LBA is established. The derived theoretical formulas are in good agreement with the numeri-
cal simulation results. The following conclusions are obtained through theoretical analysis and
numerical simulation:

• The oil film damping and oil film stiffness of the sealed ends SFD generally tend to increase
with a growth of the eccentricity ratio. The range of the increase of stiffness is small,
which shows that the SFD with sealed ends SFD considering the effect of inertial force is
conducive to reduce the amplitude and improve the stability.
• With an increase of the precession frequency of the sealed and open ends SFD, the oil film
damping generally shows an increasing trend, and the oil film stiffness decreases.
• The variation laws of sealed and open ends SFD damping and stiffness obtained by CFD
simulation with the precession frequency are in good agreement with the corresponding
results obtained by the LBA and SBA theoretical formulas.
• Under the same working conditions and structural dimensions, the sealed ends SFD has
greater oil film damping.
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In practical computational fluid dynamics simulations around industrial products with com-
plex surface shapes, the robustness of preprocessing to “dirty” geometry is an important
issue. The dirty STL (Standard Triangle Language) data contains errors such as gaps be-
tween facets, overlapping of facets, and flipping of normal vectors. These errors in the STL
data are difficult to avoid in 3D modeling of complex geometry. Using a Cartesian grid is
advantageous to the boundary-fitted grid in the aspect of preprocessing for dirty STL files.
In this study, a robust and automatic generation method of a signed distance function for
the preprocessing of Cartesian grid solvers is proposed. To ensure robustness to the complex
and dirty STL data, the proposed method uses information of all STL facets to determine
each grid point. The proposed preprocessing method is verified by numerical simulation of
the flow around the NASA common research model.

Keywords: Cartesian grid dolvers, computational fluid dynamics, signed distance function,
preprocessing

1. Introduction

The Cartesian grid system enables easy and automatic generation of computational grids. A
favorable aspect of the Cartesian grid is that it does not require the grid system to fit the shape
of the object. The voxel method (Ishida et al., 2008), immersed boundary method (Peskin,
1977; Iaccarino and Verzicco, 2003) and Cartesian cut-cell method (Hu et al., 2006; Takeda et
al., 2020a,b) are typical Cartesian grid solvers in computational fluid dynamics (CFD).
Cartesian grid solvers require an algorithm to detect the object surface to predict the flow

along the surface in body-unfitted grid systems. A scalar field function that defines the object
shape is commonly used in the surface detection algorithm. A signed distance function is a widely
used indicator to define the object shape in Cartesian grid solvers. In the case of a flow around
a rigid and static body, the signed distance function is generated in the preprocessing, and it is
not updated during the main process. The level-set function in the level-set method (Sussman et
al., 1994; Estellers et al., 2012) is a famous application of the signed distance function in CFD.
The absolute value of the signed distance function is equivalent to the distance function from

the object surface. The signed distance function has a positive value when the point is outside the
object and a negative value when the point is within the object. This function around a simple
object shape is easily generated by a combination of piecewise elementary scalar field functions.
However, object shapes associated with the computer-aided design (CAD) in practical numerical
simulations cannot be described by elementary functions.
The STL file format (Szilvási-Nagy and Mátyási, 2003) in CAD software is often used to

generate the signed distance function around complex geometry. In STL files, the object shape is
reproduced by triangular facets, and large curvature is represented by refinement of these facets
(Szilvási-Nagy and Mátyási, 2003). The STL file comprises vertices of triangular facets and unit
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normal vectors of the facets. The unit normal vector defines the front or back side of each facet.
Usually, the facet normal vector is defined in the outward direction of the object. However,
some so-called “dirty” STL files (Lahur et al., 2012) contain errors such as gaps between facets,
overlapping of facets, and flipping of normal vectors. These errors are caused by the treatment
of the 3D object shape in CAD software.
In 3D-CAD software, it is difficult to avoid generating of this dirty STL data. The robustness

of generation of the signed distance function to dirty geometry is effective in reducing the lead
time of CFD. In this study, a robust and automatic generation method of the signed distance
function for Cartesian grid-based CFD is proposed. The quality of the generated signed distance
function is verified by the benchmark problem in CFD.

2. Numerical method for calculating the signed distance field

2.1. Calculation of the distance from a triangular facet

An arbitrary triangular facet that constitutes STL data of an object surface is defined as a
triangle ABC, as shown in Fig. 1, and this section determines the distance to an arbitrary grid
point D in a 3D space. The volume V of tetrahedron ABCD is expressed using vectors

−−→
AB = b,−→

AC = c, and
−−→
AD = d as follows

V =
1
6
(b× c) · d (2.1)

The volume V is also expressed as

V =
1
3
SABC |

−−→
ED| (2.2)

where SABC = |b× c|/2 is the area of triangle ABC and |
−−→
ED| is height of tetrahedron ABCD.

From Eqs. (2.1) and (2.2), distance dE is expressed as follows

dE = |
−−→
ED| = (b× c) · d|b× c| (2.3)

Fig. 1. Geometry of tetrahedron ABCD and foot E

Let us introduce dABC as the distance between point D and the triangular facet. This
distance is calculated according to the positional relationship between triangle ABC and foot E
perpendicular to plane D, including triangle ABC. Expressing the vector

−→
AE = k1b+ k2c, the

vector
−→
AE is

−−→
ED = d− (k1b+ k2c) (2.4)
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The vector
−−→
ED is orthogonal to the vectors b and c

b · [d− (k1b+ k2c)] = 0 c · [d− (k1b+ k2c)] = 0 (2.5)

Coefficients k1 and k2 are obtained by solving simultaneous Eq. (2.5)
[
k1
k2

]
=
1
Det

[
c · c −b · c
−b · c b · b

] [
b · d
c · d

]

Det = (b · b)(c · c)− (b · c)2
(2.6)

The positional relationships between triangle ABC and point E expressed by k1 and k2 are
shown in Fig. 2. The distance dABC is determined via different formulas according to the values
of k1 and k2. In the case of point E inside the triangle, the distance dABC coincides with dE

dABC =
(b× c) · d
|b× c| (2.7)

Fig. 2. Distribution of the functions k1, k2, k3 and k4 around triangle ABC: (a) distribution of the
solutions k1 and k2, (b) relation between (k1, k2) and the position of foot E in the perpendicular

direction

If point E is outside the triangle, dABC is determined by Table 1 using the area division in
Fig. 2b. The coefficients k3, k4 and k5 are as follows

k3 =
b · d
b · b k4 =

c · d
c · c k5 =

(c− b) · (d− b)
(c− b) · (c− b) (2.8)

Table 1. Area division of point E placed outside the triangle ABC

Position of point E Range of coefficients ki and
(range of k1 and k2) value of dABC

Vicinity of side AB k3 ¬ 0 0 < k3 < 1 k3 ­ 1
(k1 > k2 and k1 + 2k2 < 1) |d| |b× d|/|b| |d− b|
Vicinity of side AC k4 ¬ 0 0 < k4 < 1 k4 ­ 1
(k1 < k2 and 2k1 + k2 < 1) |d| |c× d|/|c| |d− c|
Vicinity of side BC k5 ¬ 0 0 < k5 < 1 k5 ­ 1
(k1 + 2k2 > 1 and 2k1 + k2 > 1) |d− b| |(c − b)× (d− b)|/|c − b| |d− c|

The distance from the object surface is obtained by sweeping all triangular facets. The mini-
mum value of dABC is the absolute value |φ| of the signed distance function φ. To determine |φ|,
only the values of the nearest facet for point D are selected, and other facets have no effect after
the selection.
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2.2. Sign evaluation of the signed distance function φ

The sign of the signed distance function is determined by considering the positional rela-
tionship with the object. This inside/outside evaluation regarding the object (represented by a
polyhedron) is called the point-in-polyhedron test (Carvalho and Cavalcanti, 1995; Baerentzen
and Aanaes, 2005; Li and Wang, 2017). The ray casting method (Roth, 1982) and the method
using the sign of the inner product are well-known and simple implementations of the point-in-
-polyhedron testing. However, these implementations are non-robust against errors in the STL
data file because they refer to limited number of facets to detect the sign of a grid point. This
study implements a point-in-polyhedron testing method using summation of the solid angle. In
contrast to the conventional method, this method uses the information of all STL facets to deter-
mine the sign of each grid point. This method refers to the point-in-polyhedron testing method
originally proposed by Carvalho and Cavalcanti (1995) in the context of computer graphics.
The solid angle ω is defined as shown in Fig. 3 as the area of a spherical triangle on a unit

sphere centered at grid point D. The absolute value |ω| of the solid angle ω is given by

|ω| = α+ β + γ − π (2.9)

Fig. 3. Definition of the spherical triangle A′B′C′ on a unit sphere

We consider the interior angles α, β and γ. The intersection of the straight line DA and the
unit sphere centered at D is defined as point A′. Points B′ and C ′ are defined in the same way

a′ =
−−→
DA′ = − d|d| b′ =

−−→
DB′ =

b− d
|b− d| c′ =

−−→
DC ′ =

c− d
|c− d| (2.10)

The normal vector of the plane that includes the great circle A′B′ shown in Fig. 3 is expressed by−−→
DA′×−−→DB′, while the normal vector of the plane that includes the great circle A′C ′ is −−→DA′×−−→DC ′.
The angle between these two planes is equivalent to the interior angle α

α = arccos
(a′ × b′) · (a′ × c′)
|a′ × b′| |a′ × c′| (2.11)

Similarly, β and γ are expressed as follows

β = arccos
(b′ × c′) · (b′ × a′)
|b′ × c′| |b′ × a′| γ = arccos

(c′ × a′) · (c′ × b′)
|c′ × a′| |c′ × b′| (2.12)
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The sign of the signed solid angle ω is determined by considering the positional relationship
from grid point D to triangular facet ABC: front side or back side. An arbitrary point F on
triangle ABC is introduced as follows
−−→
DF = f = −d+ s1b+ s2c s1 ­ 0 s2 ­ 0 s1 + s2 ¬ 1 (2.13)

We take the inner product of f and the unit normal vector n that is directed to the front of the
triangle facet ABC

f · n = (−d) · n+ s1b · n+ s2c · n = (−d) · n (2.14)

where f · n is equal to (−d) · n and independent of the position of point F on triangle ABC.
Thus, the sign of the solid angle ω is determined as follows

{
ω > 0 if (−d) · n > 0 (D locates in the back-side of triangle ABC)
ω < 0 if (−d) · n < 0 (D locates in the front-side of triangle ABC)

(2.15)

The positional relationship of grid point D and the object surface is estimated by integrating
the signed solid angle ω as follows

∑

all facet

ω =

{
0 if D locates outside of the object

4π if D locates inside of the object
(2.16)

Considering the dirty STL data, the detection threshold is implemented as follows




φ > 0 : outside if
∑

all facet
ω ¬ 2π

φ < 0 : inside if
∑

all facet
ω > 2π

(2.17)

The estimation of the signed distance function φ is summarized as follows: 1. Calculate the
distance by Eq. (2.7) and Table 1 and 2 determine the sign by Eq. (2.17). In contrast to the
estimation of |φ|, the information of all facets is reflected for the estimation of the sign of the
signed distance function φ.

3. Numerical results of the signed distance function around complex and dirty
geometry

The signed distance function around the NASA Common Research Model (NASA-CRM)
(Uchiyama et al., 2019), a wind tunnel model of an airplane, is calculated to test the per-
formance of the present method for complex and dirty geometry. The NASA-CRM consists of a
body, main wing and tail wing, as shown in Fig. 4a. In this test, robustness to dirty STL data,
including gaps, overlaps or inversion of the normal vector of the facets, is evaluated.
Figure 4b shows an example of overlapping facets. Orange, blue and green triangles overlap

each other. On the other hand, triangle facets in Fig. 4c are colored by the direction of the
normal vector of the facet. Although the main wing consists of one convex surface, some facets
are colored red. This suggests an inversion normal vector.
A conventional simple point-in-polyhedron testing method is introduced for comparison.

The vector from grid point D to arbitrary point F on the nearest triangle facet is defined as f .
Considering the unit normal vector n is directed outside the object, the sign of the distance
function is estimated by the inner product f · n

{
φ > 0 : outside if f · n < 0
φ < 0 : inside if f · n > 0

(3.1)
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Fig. 4. Goemetry of NASA-CRM and typical errors in the STL data: (a) geometry of NASA-CRM,
(b) overlapped triangle facets, (c) triangle facets with the inversion normal vector (red facet),

(d) vicinity of the orange circle of the figure (c)

This inner product is independent of the position on the facet, similar to that shown in Eqs.
(2.13) and (2.14). Thus, the implementation is as follows

{
φ ­ 0 : outside if (−d) · n < 0
φ < 0 : inside if (−d) · n > 0

(3.2)

Figure 5 shows the isosurface φ = 0 of the signed distance function for NASA-CRM. In the
technique using the summation of solid angles, the sign is correctly determined. However, the
trailing edge of the main wing and the tail wing have a saw-like shape. This arises from the grid
resolution and has been confirmed to exhibit grid convergence.

Fig. 5. Distribution of the zero-level isosurface of the signed distance function φ: (a) estimation (2.17)
based on spherical trigonometry, (b) conventional estimation (3.2) based on the facet normal

In the result of the technique using the unit normal vector of the nearest facet, there are
many grid points where the sign of φ is misevaluated. When a facet includes inversion of the
unit normal vector, the misevaluation of the sign is radially distributed.
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Figure 6 shows the errors of volume estimation, and the error is defined as follows

Error =
|VEstimated − VSTL|

VSTL
(3.3)

Here, VEstimated is the volume of the NASA-CRM estimated by voxel estimation and cut-cell
estimation. The voxel volume estimation is applied to the signed distance function evaluated
by the unit normal vector of nearest facet (3.2) and the summation of solid angles (2.17). The
cut-cell volume estimation is applied to the signed distance function by the summation of the
solid angle. The error of volume estimation of the signed distance function using the summation
of the solid angles is converged with a grid refinement. However, the error of the method using
the unit normal vector of the nearest facet is independent of the grid resolution.

Fig. 6. Errors of volume estimation by two point-in-polyhedron methods: blue circle plots indicate
method (3.2) using the unit normal vector of the nearest facet (voxel estimation); green square plots
and gray triangle plots indicate method (2.17) using the summation of the solid angles (voxel

estimation and cut-cell estimation)

In order to confirm the influence of a facet on the solid angle at an arbitrary grid point, we
now calculate the solid angle for a single facet of an equilateral triangle with a side length of 1,
and the facet normal vector is n = [1, 0, 0]. It is assumed that the facet is in the y-z plane and
that the position of the center of gravity coincides with the origin. The maximum solid angle
for the facet is obtained in the surface. Figure 7 shows the distribution of the solid angle ω in
the x-y cross-section of z = 0. The absolute value of the solid angle is x→ 0, and the maximum
value is 2π. As |x| increases, the value of |ω| decreases rapidly. Therefore, when the direction of
the normal vector of a facet is reversed, its influence on the neighbor grid point is larger, and
grid points far from the facet are only minimally influenced.

The value of ω is negligible at the point shifted from the facet normal direction. Therefore,
even when the direction of the normal vector of two or more adjacent facets is reversed, the
effects are minimal.

When using the summation of solid angles, the evaluation inversion of the sign occurs if and
only if the grid point is extremely close to the facet which exhibits inversion of the normal vector.
Even in such a case, the inversion is limited to only one grid point. This indicates the robustness
of sign determination (2.17) using the summation of the solid angle when this approach is applied
to the data, including the inversion of the facet normal vector.
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Fig. 7. Distribution of ω along the facet normal coordinate x and the parallel coordinate y

4. Numerical example for application to computational fluid dynamics

4.1. Calculation conditions

In this study, the calculation condition refers to the experimental study by Uchiyama et al.
(2019). The object is a half-cut shape of the NASA-CRM composed of the main wing, body,
and tail wing. The average aerodynamic chord length c of the main wing is 7.00532m, and the
span length b is 29.38145m. The angle of attack α has two values: 11.05◦ and 13.08◦. The Mach
number of the far uniform flow is set at 0.168. The Reynolds number based on the average
aerodynamic chord length is 1.06 · 106. For details of the experimental settings, see Uchiyama et
al. (2019).
The CFD analysis is performed by the Cartesian cut-cell simulation code developed by

Takeda et al. (2020a). The Cartesian cut-cell method gives a better volume estimation than the
voxel method, as shown in Fig. 6. The calculation area is set to exceed 300m in both the x and y
directions and to exceed 900m in the z direction. The uniform grid is applied to 2m ¬ x ¬ 70m,
0m ¬ y ¬ 32m, and 2m ¬ z ¬ 15m. The nose of the NASA-CRM places at x = 2.36m. The
grid width of the uniform grid normalized by chord length ∆x/c is 7.14 · 10−3. The implicit
large eddy simulation (ILES) is employed in this study, and the wall-stress model by Kawai and
Larsson (2012) is used to estimate the wall shear stress.
The inflow boundary condition at the x and z boundaries corresponds to a uniform flow, and

the outflow boundary condition is a zero gradient. A symmetric boundary condition is applied
at y = 0, and the boundary condition at y = ymax corresponds to the uniform flow.

4.2. Flow around the NASA-CRM

Figure 8 shows the instantaneous distribution of the contour map of the Mach number in
an isosurface of the second invariant of the velocity gradient tensor (Q-criterion) around the
NASA-CRM. A leading-edge separation is observed on the suction side of the main wing along
the wide range of the wing span.
Figure 9 shows an oilflow visualization of the experiment (Uchiyama et al., 2019) and the

time-averaged surface streamlines in the present study. The blue arrow indicates the origin of
the leading edge separation in the spanwise direction. The starting point of the leading edge
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Fig. 8. Instantaneous distribution of the contour map of the Mach number in an isosurface of the second
invariant of the velocity gradient tensor at α = 11.05◦

Fig. 9. (a) Surface streamline from the present CFD analysis, (b) oilflow visualization of the experiment
(Uchiyama et al., 2019) at α = 11.05◦

separation agrees with the experimental results. Furthermore, the separation area around the
wingtip is also consistent with these results.

4.3. Aerodynamic coefficients

The lift coefficient CL, drag coefficient CD, and pitching moment coefficient CM are calcu-
lated using the following expressions

CL =
L

1
2ρ∞U

2
∞S

CD =
D

1
2ρ∞U

2
∞S

CM =
M

1
2ρ∞U

2
∞Sc

(4.1)

Here, S = 383.6895552 m2 is the reference area. The constants ρ∞ and U∞ indicate the free-
-stream density and velocity, respectively.
Figures 10a, 10b and 10c show the CL-α, CD-α and CM -α diagrams, respectively. The angle-

-of-attack dependency of the present CFD is consistent with the experimental results, and the
error of CL in the experiment at α = 11.05◦ is 6.4%. The underestimation of CD and CM at
α = 13.08◦ is caused by the underestimation of contribution of the underresolved tail wing.
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Fig. 10. Aerodynamic coefficients: blue filled circles indicate the present CFD analysis; open circles
indicate the experimental results (Uchiyama et al., 2019): (a) CL-α diagram, (b) CD-α diagram,

(c) CM -α diagram

5. Conclusion

A robust and automatic generation method of the signed distance function for the preprocessing
of CFD is proposed. The proposed method uses summation of the solid angle of all facets of
the object to ensure robustness for complex and dirty STL data. This generation method of
the signed distance function is compared with the conventional method using the facet normal
vector of the nearest facet.
In order to test the robustness, the signed distance function is generated from the STL data

of the NASA-CRM that contains errors. The summation of the solid angle gives an appropriate
signed distance function. However, the conventional method using a facet normal vector of the
nearest facet misrecognizes external points of the NASA-CRM as inside points of the object.
This misevaluation occurs at the grid point associated with facets with a flipped normal vector.
Computational fluid dynamics simulations of the external flow around the NASA-CRM are

conducted to verify the signed distance function generated using the solid angle. This CFD anal-
ysis appropriately predicts the starting point of the leading edge separation. The angle-of-attack
dependency of the aerodynamic coefficients (CL, CD and CM ) agrees with the experimental
results.

Acknowledgments

The authors express their profound gratitude to the Cyber Science Center of Tohoku University and
Earth Simulator Center of Japan Agency for Marine-Earth Science and Technology (JAMSTEC) for
providing computational resources for this research.

References

1. Baerentzen J.A., Aanaes H., 2005, Signed distance computation using the angle weighted
pseudonormal, IEEE Transactions on Visualization and Computer Graphics, 11, 3, 243-253

2. Carvalho P.C.P., Cavalcanti P.R., 1995, Point in Polyhedron Testing Using Spherical Poly-
gons, Graphics Gems V, Academic Press, Inc., 42-49

3. Estellers V., Zosso D., Lai R., Osher S., Thiran J.P., Bresson X., 2012, Efficient algo-
rithm for level set method preserving distance function, IEEE Transactions on Image Processing,
21, 12, 4722-4734

4. Hu X.Y., Khoo B.C., Adams N.A., Huang F.L., 2006, A conservative interface method for
compressible flows, Journal of Computational Physics, 219, 2, 553-578



Robust generation method of a signed distance function... 463

5. Iaccarino G., Verzicco R., 2003, Immersed boundary technique for turbulent flow simulations,
Applied Mechanics Reviews, 56, 3, 331-347

6. Ishida T., Takahashi S., Nakahashi K., 2008, Efficient and robust Cartesian mesh generation
for building-cube method, Journal of Computational Science and Technology, 2, 4, 435-446

7. Kawai S., Larsson J., 2012, Wall-modeling in large eddy simulation: Length scales, grid resolu-
tion, and accuracy, Physics of Fluids, 24, 1, 1-10

8. Lahur P.R., Hashimoto A., Murakami K., 2012, Automatic grid generation for dirty STL
data using approximate concave feature, 50th AIAA Aerospace Sciences Meeting Including the
New Horizons Forum and Aerospace Exposition, January, 1-10

9. Li J., Wang W., 2017, Fast and robust GPU-based point-in-polyhedron determination, CAD
Computer Aided Design, 87, 20-28

10. Peskin C.S., 1977, Numerical analysis of blood flow in the heart, Journal of Computational
Physics, 25, 3, 220-252

11. Roth S.D., 1982, Ray casting for modeling solids, Computer Graphics and Image Processing, 18,
2, 109-144

12. Sussman M., Smereka P., Osher S., 1994, A level set approach for computing solutions to
incompressible two-phase flow, Journal of Computational Physics, 114, 1, 146-159
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A long-term discontinuous development of the plastic zone and broken zone of weakly ce-
mented surrounding rock is the main reason for instability of the surrounding rock of a
roadway. The load-bearing support concept of “allowable deformation + releasable pres-
sure + limited deformation” for a weakly cemented soft rock roadway is proposed, and an
“allow-release-limit” support structure mechanical model with U-shaped steel as the main
body is established. Anchoring control measures of “U-shaped steel + flexible material wall
backfill + key parts strengthening” can solve problems of large deformation and long defor-
mation duration of weakly cemented roadways.

Keywords: weakly cemented soft rock, roadway support, deformation control, expansion,
support concept

1. Introduction

Hongqingliang mine is a modern large-scale mine at the background of China’s in-depth imple-
mentation of the western development strategy and acceleration of construction of key mining
areas and coal power as well as coal chemical bases in the Inner Mongolia Autonomous Region
(Zhao et al., 2020; Zhang et al., 2022a, 2023). The coal-bearing strata of Hongqingliang coal
mine are widely distributed in a special kind of soft rock, namely weakly cemented soft rock.
Fang et al. (2019) found through triaxial testing that the ultimate strength of wet rock blocks is
60%-85% of the ultimate strength of dry rock blocks. Theocharis et al. (2020) determined that
the softening coefficient of weakly cemented sandstone ranges from 0.22 to 0.92. Sharma et al.
(2010) confirmed that the failure mode of weakly cemented sandstone during water softening
is mainly due to detachment of cementitious materials. Weakly cemented soft rock has proper-
ties of low strength, poor cementation, and easy mudding in contact with water (Wang et al.,
2020; Zhang et al., 2022b; Li et al., 2018). The RQD (Rock Quality Designation) and uniaxial
compressive strength of weakly cemented soft rock are smaller than the common soft rock in-
dicators in the eastern mines in the past (Zhang et al., 2022c). According to the past domestic
and engineering experience, weakly cemented soft rock roadways have characteristics of short
self-stabilization time and large deformation, which often leads to traditional construction and
support methods that cannot effectively maintain long-term stability of the roadway, which se-
riously threatens safety of mine production (Mineo and Pappalardo, 2019; Aguilera et al., 2019;
Showkati et al., 2015).
In the recent years, many scholars have studied the engineering support method of soft rock

roadways from different aspects, among which the most representative theories are the Fenner
and Kastner formula, new Austrian method and energy support theory. Yang et al. (2019)
proposed a support method that used a rigid truss with sufficient strength to limit deformation
of soft rock. Luo et al. (2018) proposed a comprehensive reinforcement support method using
high prestressed and high-strength anchor rods. Kang et al. (2015) proposed a design concept of



466 W. Zhang

the step-by-step joint support. Bhuiyan et al. (2018) proposed a strong anchoring and grouting
support technology. The research on the instability mechanism of expansive cemented soft rock
roadways is not thorough, and there are few ideas for roadway supports, and a set of research
techniques suitable for weakly cemented soft rock roadways that are prone to disintegration
has not been formed. In the present application process, the support structure and roadway
deformation are often not coupled, or the support structure is wasted, or the support structure
cannot reach the strength. Therefore, studying deformation characteristics and stress patterns of
weakly cemented soft rock to solve the problems encountered in support design and construction
can provide experience and reference for similar research.
During the excavation process of Hongqingliang mine, there are notable features such as

poor roadway formation, large deformation of surrounding rock and long duration of a large
deformation rate. Yang and Jing (2011) found that the surface of the roadway is broken, and
the roadway tray is plunged into the anchor net by using the anchor net spray. Tu et al. (2022)
found that the anchor net became a pocket under the action of broken surrounding rock, the roof
and floor were seriously deformed. Zhang et al. (2020) found that the maximum value exceeds
800mm, and the volume of the bottom drum reached more than 600mm, which seriously affected
formation and safety of the roadway. Therefore, it is necessary to carry out research on the
instability mechanism and control technology of expansive weakly cemented soft rock roadways
to provide a guarantee for safe production of coal mines.
While the intensity of coal resource extraction has significantly increased, in order to meet the

requirements of coal mine intelligence and intensification, more large cross-section chambers need
to be arranged underground. The cavern group is generally characterized by a large cross section,
dense layout, long service life, etc., and the surrounding roadways are complex. Affected by
unpredictable geological conditions such as high ground stress, faults, folds, etc., it is difficult to
maintain the cavern group, the surrounding rock deformation is serious, and the surrounding rock
instability is easily induced, which is a major problem to be solved in the geotechnical engineering
field. At present, research on large cross-section chambers in high stress concentration areas near
the intersection of complex rock strata is relatively rare, and the design and support methods
are not yet mature. The research results have important significance in improving the current
situation of mine safety production, maintaining stable and sustainable development of mining
areas, and improving enterprise economic benefits. They have important practical significance
and certain reference value for achieving safe and efficient mining in mines with such geological
conditions. At the same time, they can further enrich the relevant theories of weak cemented
soft rock roadway surrounding rock control.

2. Analysis of instability mechanism and influencing factors of roadways

2.1. Instability form of a soft rock roadway

The coal-measure stratum in Hongqingliang mine is a weakly cemented soft rock, and the
surrounding rock of the roadway has characteristics of easy expansion, low strength, weak cemen-
tation, developed fissures, softening in contact with water, easy disintegration and rheological
properties.
At present, deformation and failure forms of the surrounding rock of the anchor-net-spray-

-cable support structure adopted in Hongqingliang mine are manifested in the following aspects:

• The surrounding rock on the roof is broken, and there are pockets, tearing of the mesh
and damage to the overlap of the mesh.
• The anchor rod and anchor cable are pulled or sheared, resulting in a reduction in the
support strength,
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Fig. 1. The failure mode of a weakly cemented soft rock roadway: (a) spray layer rupture, (b) roof
anchor cable slippage, (c) deformation of the bottom plate, (d) failure of the roof

• The lap joint of the mesh is cracked, the surface spray layer is cracked, and the spray layer
falls off.
• The rock around the pallet is crushed and sheared, and the bolt pallet falls into the anchor
net.

The anchor net becomes pocket-shaped under the action of broken surrounding rock, and the
support resistance is reduced.

2.2. Deformation characteristics of the weakly cemented soft rock roadway

The deformation characteristics of the surrounding rock in weakly cemented soft rock road-
ways are mainly manifested in a short self-stabilization time, large initial deformation rate, long
deformation duration, easy to be disturbed, and easy to become muddy when encountering
water. The deformation of the weakly cemented soft rock roadway is obvious after excavation,
which is embodied in:
• The self-stabilization time is short and the stress release is obvious. Within a few hours of
excavation or excavation of the roadway, the surface surrounding rock of the roof and the
two sides begins to break or even peel off.
• The initial deformation rate is fast and the deformation lasts for a long time. The max-
imum deformation rate of the roadway after one-time support is 50mm/d, the average
deformation rate of the roadway is 8-15mm/d, and the deformation rate of the roadway
gradually slows down into a stable state at about 60 d and keeps deforming at a low rate.
• The surrounding rock of the roadway is easily disturbed. Due to development of cracks,
low strength and disintegration in water, the stability of the roadway can easily be changed
and leads to deformation and damage when the stress of the rock mass changes under the
influence of dynamic pressure.

2.3. Analysis of the instability mechanism of the weakly cemented soft rock roadway

The excavation of the roadway destroys the original stress balance state of the surrounding
rock, resulting in redistribution of the surrounding rock stress and occurrence of stress con-
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centration in the surrounding rock of the roadway. The surrounding rock mass of the roadway
changes from the original three-way stress state to a two-way or even one-way stress state, and
the bearing capacity of the surrounding rock is greatly reduced, resulting in deformation or
even rupture of the surrounding rock, and a certain range of damage areas is formed. The fac-
tors affecting roadway stability of Hongqingliang mine are divided into two categories: mining
condition factors and construction quality factors.

• The mining condition factors are mainly affected by inherent characteristics of the coal
strata and coal-forming environment, which are embodied in:
– The roof and floor rocks are weakly cemented, soft and broken, easily disturbed, and
have low integrity.
– The rock strength is low. The average uniaxial compressive strength of mudstone is
3-7MPa, and the average uniaxial compressive strength of fine sandstone is 5-11MPa,
and the uniaxial compressive strength of coal generally does not exceed 6MPa.
– The initial in-situ stress field has a great influence. The maximum principal stress of
Hongqingliang mine is mainly horizontal stress, and it is easy to cause large defor-
mation of the bottom drum and the two sides.

• Construction quality factors are mainly determined by the level of design and construction
management, which are embodied in:
– The size and shape of the roadway section. There is a close relationship between the
size of the roadway section and the deformation of the surrounding rock.
– Design support strength is not reached. The flexibility or stiffness of the support
body is not up to the standard, and some surrounding rock is not coupled with the
deformation of the support structure, resulting in deformation and damage of the
roadway, or even instability.

3. Thinking and principle of the soft rock roadway support

3.1. Supporting ideas for the weakly cemented soft rock roadway

The key measures for the roadway support should be placed on making a full use of and
exerting the self-supporting capacity of the surrounding rock, so that the surrounding rock
pressure can be fully released while supporting in time. Combined with the present situation of
Hongqingliang mine, the support idea of “timely closure, combination of long and short supports,
secondary control, reinforcement of key parts, and long-term monitoring” and the load-bearing
support concept of “allowable deformation + releasable pressure + limited deformation” for
weakly cemented soft rock roadway are proposed as shown in Fig. 2.

3.1.1. Timely closure

The surrounding rock on the roadway surface of Hongqingliang mine is generally broken after
excavation. If it is not closed in time, the surrounding rock will be easily broken and extended to
depth under the condition of one-way or two-way force and weathering, resulting in formation
of fins or roofs rock falls. Therefore, after excavation, the surrounding rock should be sealed by
the initial injection in time, and a support should be carried out immediately after the initial
injection to ensure integrity of the surrounding rock on the roadway surface.

3.1.2. Combination of long and short supports

Because the plastic loosening area formed by the soft rock is generally large, the supporting
pressure is also relatively large, and the bearing ring formed by the anchor net spraying to
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Fig. 2. Support concept of the weak cementation roadway

stabilize the shallow surrounding rock often cannot achieve an effective supporting effect. It
is necessary to use an anchor cable to mobilize strength of deep surrounding rock and realize
combination of long and short structures, so that the entire support body and the surrounding
rock within the largest range can achieve the best supporting mechanical state.

3.1.3. Secondary control

In order to ensure that the deformation of the surrounding rock is controlled within a rea-
sonable range and realize safety and normal use of the roadway, the “allowable deformation”
should be fully considered when restoring the support, and the support body should leave a
certain deformation space for the surrounding rock of the roadway. The “releasable pressure”
allows the surrounding rock to release a certain amount of pressure. The “limited deformation”
keeps the surrounding rock deformation within a controllable range to ensure the shape of the
roadway section.

3.1.4. Reinforcement of key parts

The key point of the reinforcement is to determine the key parts, which can be judged
according to stress field distribution characteristics in numerical simulation results. The
U-shaped steel bracket has a certain shrinkability, which can realize full-section support of the
roadway, evenly bear the surrounding rock stress, and fully guarantee the cross-sectional shape
of the roadway. The concept of restoration and support requires a U-shaped steel shed as the
main support method. On the basis of the support of the retractable U-shaped steel bracket,
the cobblestone wall is backfilled, which has functions of flexible energy release and deformation
and conforms to the support and bearing concept of “allowable deformation” and releasable
pressure.

3.1.5. Long-term monitoring

The deformation of the surrounding rock is the most direct manifestation of the mechanical
shape change of the surrounding rock. By performing on-site deformation measurements, the
active state and time effect of surrounding rock deformation can be grasped, and the support-
ing structure and parameters can be determined. The deformation of weakly cemented strata
has characteristics of a long time effect, so insisting on long-term monitoring is of great signifi-



470 W. Zhang

cance for timely understanding the stability information of the surrounding rock and taking the
corresponding reinforcement measures.

3.2. Principles for maintaining residual strength of surrounding rock

The strength of weakly cemented soft rock will generally decrease after being affected by
water or weathering. Therefore, after excavation of the roadway, concrete should be shot in time
to seal the rock surface to prevent weathering and deliquescence of the surrounding rock, reduce
the loss of surrounding rock strength, and help maintain the surrounding rock strength. There
are four technical ways to improve the residual strength of the surrounding rock.

Fig. 3. Support concept of the weak cementation roadway: (a) effect of roadway roof repair, (b) effect of
roadway sides repair

• Enhance support resistance and improve surrounding rock stress state. After the roadway
is excavated, the support should be carried out as soon as possible to make the surrounding
rock change from a one-way or two-way stress state to a three-way stress state, so as to
improve the residual strength of the surrounding rock. The support body must not only
have a certain support strength, but also a considerable amount of deformation, and the
deformation of the support body should always occur under a higher support resistance.
• Give full play to the bearing capacity of the surrounding rock. Considering factors such
as the existence of voids and the broken surrounding rock after U-shaped steel repairs the
support wall, problems such as a poor contact state between the support and surrounding
rock and uneven stress on the support are caused. The surrounding rock is easy to damage
the U-shaped steel support to different degrees under the action of a concentrated load, or
even lose its function, resulting in a poor overall support effect and unnecessary economic
losses. Therefore, on the basis of the support of the retractable U-shaped steel bracket, the
backfilling of the cobblestone (flexible material) wall is performed. At the same time, the
shed anchors are added to the shed legs at the key parts of the surrounding rock support,
and the steel mesh + concrete is laid on the bottom plate.
• Focus on the secondary support. It is generally difficult to use a rigid support with a strong
resistance in soft rock roadways, because it is not suitable for characteristics of large initial
deformation and fast deformation speed of soft rock roadways. In order to adapt to the
deformation characteristics of soft rock, the method of the secondary support and repair
should be adopted. The primary support is mainly to strengthen the surrounding rock and
improve its residual strength. Under the condition of no excessive expansion and shear
deformation, the active support is used to control deformation of the surrounding rock
and relieve the pressure. The secondary repair and support should be completed in a
timely manner after the surrounding rock is deformed and stabilized, so as to provide the
final support strength and stiffness to the surrounding rock of the roadway and maintain
stability and safety reserves of the roadway for a long time.



Instability mechanism and anchoring control technology... 471

4. Engineering practice of soft rock roadway control

The auxiliary transportation roadway of Hongqingliang mine is arranged in 2 coal seams. The
lithology of the roof and floor is mainly muddy and sandy rocks, the uniaxial compressive
strength is 3-11MPa, and the cohesion is 1.8-3.4MPa. The surrounding rock is determined to
be expansive soft rock by physical component analysis, and its mineral composition is made of
quartz, albite, illite and chlorite, which belongs to the category of geological soft rock. During
construction of an auxiliary transportation roadway, the following problems occurred: after the
roadway was excavated, the roof of the newly excavated roadway sinked, and the shotcrete
layer was cracked and damaged. Secondly, the bottom plate bulged and the concrete floor was
damaged. Finally, the gangway was damaged. Roadway damage was mainly due to roof sinking
and bottom bulging. In view of the failure of the auxiliary transportation inclined roadway,
the supplementary anchor cable is used for support, but the effect is limited, and the roadway
deformation continues to increase. Finally, the support method of U-shaped steel + flexible
material wall backfill + reinforcement of key parts was used.

4.1. Engineering practice of the U-shaped steel support and backfilling

Combined with the original section size of the roadway, the parameters of the U-shaped steel
restoration support section are designed, and the spacing between the U-shaped steel restoration
and support sheds is determined by numerical simulation.

4.1.1. Determination of section size

As shown in Fig. 4, the section size of the roadway failure zone is 5.3 (5.0)m×4.35 (4.1)m
in width and height. The arch radius of the net section is 2.3m and the height of the right-
-angle side is 1.8m. In order to maintain the original shape of the roadway section and consider
installation of U-shaped steel into the roadway, the arch radius of the U-shaped steel support
section is 2.4m, and the installation space of the roof and the two gangs is 0.1m.

Fig. 4. Schematic diagram of the support section (unit: mm)

The maximum axial force of U-shaped steel is located at the spandrel position, where depth
of the brush and cobblestone filling needs to be increased. Considering the arch radius of the
U-shaped steel section with a radius of 2.4m and height of the right-angle edge of the U-shaped
steel of 1.9m, the filling thickness of the cobblestone is 0.5m. At the height of 3/4 of the
straight leg of the scaffolding (1.35m above the scaffolding foot), the bending moment is the
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largest, where it is easy to bend and deform, and the scaffolding anchor rod of ∅20mm×2400mm
is added to restrain the scaffolding deformation. The axial force at the lap joint of the roof and
shed is close to the maximum axial force of the U-shaped steel, which is easily subjected to
concentrated stress. By installing the U-shaped hoop, U-shaped steel expansion and relative
slippage are prevented. The foot of the U-shaped steel frame has a large force, and it needs to
be reinforced by shotcrete. The bottom plate reserves a shotcrete thickness of 0.3m to prevent
the bottom plate from extruding and deforming the U-shaped steel.

4.1.2. Determination of the U-shaped steel spacing

In order to fully compare the influence of U-shaped steel support parameters on the control
effect of roadway surrounding rock, three support schemes with U-shaped steel spacing of 0.8m,
1m and 1.2m were studied by numerical simulation. The numerical calculation model was
established by FLAC3D. The size of the model is 50m×50m×30m, 50m in the x direction,
50m in the y direction, and 30m in the z direction, as shown in Fig. 5. The Mohr-Coulomb
model is selected for the constitutive relationship, and the beam unit is used for U-shaped steel.
The top, left and right boundaries of the model are stress boundaries. The uniformly distributed
forces of 10MPa and 25MPa are applied to represent the ground stress, and the front, back and
bottom boundaries are displacement boundaries. The mechanical parameters of the rock stratum
are listed in Table 1. The U-shaped steel spacing is set to 0.8m, 1.0m and 1.2m, and the stress
and plastic zone corresponding to the three shed spacing schemes are calculated respectively.

Fig. 5. Schematic diagram of the support section

Table 1. Rock layer physical and mechanical parameters

Name of
Density
[kg/m3]

Bulk Shear Tensile
Cohesion
[MPa]

Internal
rock modulus modulus strength friction
stratum [GPa] [GPa] [MPa] angle [◦]

Siltstone 2450 0.70 0.49 0.96 4.84 40
Coal 1300 0.41 0.23 0.20 0.34 29
Mudstone 2620 0.39 0.24 0.25 2.42 40

According to Fig. 6, under the condition of different spacing support schemes, the vertical
and horizontal stress distribution are similar, and stress concentration occurs at the top and
bottom of the roadway. The difference is that the stress distribution range increases with an
increase of spacing. Compared with 1m and 1.2m spacing, the vertical stress distribution range
is reduced by 15% and 60%, and the horizontal stress distribution range is reduced by 20%



Instability mechanism and anchoring control technology... 473

Fig. 6. Calculation results of the stress and plastic zone

and 90% respectively when the spacing is 0.8m. It shows that shortening the spacing can fully
improve the bearing capacity of U-shaped steel, and the difference between 0.8m and 1m in
reducing the stress range is within 20%.

After the U-shaped steel support is adopted, the overall distribution range of the plastic zone
in the failure zone of the roadway is reduced. When the U-shaped steel spacing is 0.8m, the
plastic deformation is concentrated on the edge of the U-shaped steel. When the spacing is 1m,
the plastic zone is concentrated on the roof of the roadway, and the range of the plastic zone is
0.2m. When the spacing is 1.2m, the plastic zone expands more obviously on the roof and floor
of the roadway, and the scope of the plastic zone is increased to 0.5m, which is significantly
larger than that of the 0.8m and 1m spacing. It shows that shortening the spacing can reduce
the area of the plastic zone around the U-shaped steel, and the spacing of 0.8m and 1m is
similar in reducing the area of the plastic zone.

According to the deformation amount, the stress value and plastic zone distribution of the
surrounding rock, it is comprehensively analyzed that the spacing of 0.8m can effectively control
the deformation of the surrounding rock of the roadway compared with the spacing of 1m and
1.2m. The gap between the support effect of 0.8m and 1m spacing is small, but the 1m spacing
can save large economic cost compared with the 0.8m spacing.

4.2. Application practice of the support parameter optimization

The construction process of the U-shaped steel support on the roadway site mainly includes:
brush the roof and sides, brush the floor, reinforce the mesh on the floor, install I-beams and
shed legs, install the ceiling, backfill, lay the floor, repair shed anchor and shotcrete.
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4.2.1. Brush the roof and sides

As shown in Fig. 7, the brushing is performed by a rock drill. In the case of uneven rock, it
is necessary to use the air pick to further complete the brushing to ensure that the two bottoms
are brushed out on average 300mm each, and the waist is brushed out on average 500mm.

Fig. 7. Clear the roadway anchor

4.2.2. Brush the floor

After the top of the roadway is supplemented with anchor cables and the nets are laid on the
side to supplement the bolts, the fully mechanized excavator is used to sweep the bottom, and
then the forklift is used for leveling. Finally, manual leveling is performed to ensure that depth
of the roadway is about 300mm. The scope of sweeping the bottom is within 10m in front of
the U-shaped steel, and the gangue generated by the supplementary anchor cable, brushing and
bottom pulling is transported out through the belt.

4.2.3. Reinforcing mesh on the floor

After sweeping the floor of the roadway, use the explosion-proof vehicle to transport the steel
mesh to the floor of the roadway where the mesh is laid, and start laying the steel mesh at the
floor as shown in Fig. 8. The size of the steel mesh is ∅6.5mm, the mesh size is 100×100mm,
and the size of the steel mesh is 1200×2000mm. The roadway floor is completely covered by the
steel mesh, and the two steel meshes are tightened with steel wires.

Fig. 8. Laying reinforced mesh
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4.2.4. Install I-beams and shed legs

As shown in Fig. 9, after the net laying is over, the explosion-proof truck transports the 12#
I-beam to the net laying place, and manually arranges the I-beam at a spacing of 1m.

Fig. 9. Field installation of U-shaped steel shed legs

The laying length of the I-beam is within 10m in front of the U-shaped steel. The U-shaped
steel shed legs are erected from the side of the lane, and the base of the shed legs is placed on the
I-beam. There are four sets of screw holes on the base of the shed leg, and 2 U-shaped steels are
inserted into the screw holes from the bottom of the I-beam, and the screws are tightened with
a pneumatic wrench. At this time, it is necessary to prevent the shed leg from being sideways.

4.2.5. Install the ceiling

After the two sets of U-shaped steel are erected, the ceiling is erected from the initial erection
legs firstly, and the second channel steel tie rod of the lane is erected. The ceiling is lifted by
a forklift, and the ceiling is pulled by ropes and hung on the top of the roadway finally. Then
a 40mm U-shaped steel is installed in the groove with the upper end of the U-shaped steel
scaffolding down 500mm as a limit device to prevent the upper beam from sliding down and
expanding. Two 40mm U-shaped hoops are installed on both sides of the overlapping section
between the ceiling and the shed legs, as shown in Fig. 10.

Fig. 10. Erecting the ceiling in the roadway
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4.2.6. Backfill

As shown in Fig. 11, the order of filling behind the wall is to fill the gap between the
roadway and the U-shaped shed firstly. Then the cobblestone is lifted with a forklift, and the
worker stands above the bare netting shed and fills the gap between the top and the U-shaped
shed. The cobblestone filling of the roof and lanes is gradually advanced at a speed of 1m.

Fig. 11. Backfill with pebbles

4.2.7. Laying the floor

After the roof and sides of the roadway are filled with cobblestones, the floor will be laid.
The thickness of concrete laid on the floor is about 300mm, and the concrete burial depth of the
base of scaffolding is about 100mm (the floor is laid as shown in Fig. 12). The laying length of
the floor is within 10m in front of the shed, and the uneven area needs to be leveled manually.

Fig. 12. Laying concrete in the roadway floor

4.2.8. Repair shed anchor

After the roadway floor is laid with concrete, two shed anchors are installed at each of the
shed legs. The specification of the anchors is ∅20×2400mm. The specific arrangement is shown
in Fig. 13.
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Fig. 13. Repair shed anchor

4.2.9. Shotcrete

After the shed guard bolts of the two gangs of the roadway are finished, the shotcrete work
will be carried out. According to the construction requirements, the thickness of the shotcrete
layer is not less than 70mm, and the actual thickness of the shotcrete layer is about 100mm.
The on-site effect of the U-shaped steel shed is shown in Fig 14.

Fig. 14. Application diagram of the U-shaped steel support

4.3. On-site monitoring

After the roadway damage area is supported by the U-shaped steel, in order to detect the
support effect, two groups of monitoring stations 1# and 2# are arranged in the roadway. The
displacement of the roadway surface is observed by the cross point method, and the bolt force is
monitored by a bolt dynamometer. As shown in Fig. 15, the surface displacement of the roadway
1# and 2# measurement points are both 0 during the monitoring time. The minimum value
of the force monitoring of the 1# bolt is 19 kN, the maximum value is 23 kN, and the overall
force value fluctuates around 21 kN. The minimum value of the force monitoring of the 2# bolt
is 19 kN, the maximum value is 24 kN, and the overall force value fluctuates around 22 kN. The
monitoring data of the bolt stress gauge fluctuates around a certain value and is relatively stable,
indicating that the U-shaped steel-rod support plays an important role in the support of the
surrounding rock of the roadway. After the roadway in the damaged area is supported by the
U-shaped steel, the section is complete and the deformation of the surrounding rock is effectively
controlled.
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Fig. 15. Supporting effect monitoring method and equipment: (a) anchor dynamometer,
(b) deformation of 1#, (c) deformation of 2#

5. Conclusion

• The main reasons for deformation and failure of weakly cemented caverns and surround-
ing tunnels are the large cross-section of the cavern, complex geological and mechanical
conditions of the surrounding rock, low strength of the surrounding rock, and abundant
easily expandable clay minerals. The roof and floor of the tunnel are the key points for
reinforcement and support.
• The support idea of “timely closure, combination of long and short supports, secondary
control, reinforcement of key parts, and long-term monitoring” and the load-bearing sup-
port concept of “allowable deformation + releasable pressure + limited deformation” for
weakly cemented soft rock roadways are proposed, which effectively solves the problem of
excessive excavation deformation of the roadways and plays a key role in maintaining the
integrity of surrounding rock of the roadways.
• The location of adjacent weakly cemented chambers should be conducive to stability of the
surrounding rock, efficient production, convenient transportation and construction safety
while avoiding mutual interference between the chambers and other tunnels in the mine.
On this basis, a mechanical model of the cave group under complex geological conditions
is constructed to explore the mechanism of rock failure and instability in the cave group.
This can provide a theoretical basis for the layout design of large cross-section cave groups
and control of rock stability.
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In this study, the multiaxial ductility factor was analyzed based on the power-law creep
grain-boundary cavities growth theory under multiaxial stress states. Based on this theory,
the theoretical cavities growth rates under a multiaxial stress state were discussed and the
predicting model of a stress-state parameter α was revised by using an empirical fitting
expression denoted as αWu, which exhibited a good agreement to analytical results of the
stress-state parameter α and multiaxial cavities growth rates. Then, according to the re-
lationship between uniaxial and multiaxial creep failure strain, a new empirical predicting
model of multiaxial ductility factor MDFWu was established which involved the multiax-
ial parameter αWu and uniaxial parameter α0. Besides, the theoretical model of multiaxial
ductility factorMDF could also be established. By fitting the theoretical values ofMDF , an-
other predicting model MDFWM was proposed. The development of two multiaxial ductility
factor predicting models could be achieved. Finally, predictions of these two novel multiax-
ial ductility factor models and the Cocks-Ashby as well as Wen-Tu model were compared
with experimental data, and the prediction accuracy of MDFWu and MDFWM models was
significantly improved, especially for the latter one.

Keywords: multiaxial ductility factor, cavities growth theory, power-law creep, multiaxial
stress state

1. Introduction

Metallic components in modern industrial core equipment (such as aero engines, ultra super-
critical generator sets, nuclear motor sets, etc.) are subjected to higher temperature in order to
realize the continuous improvement of energy conversion efficiency. Thus, creep cracking is one
of the most important failure mechanisms of these components, especially when containing pre-
cracks, which will cause failures before their design life (Yatomi et al., 2004). A large number of
theories and experiments have proved that creep crack initiation and propagation are the main
causes of structural failure in service (Holdsworth, 1992).
For safety reasons, the structural integrity assessment of components operating in the creep

regime is imperative (Wen and Tu, 2014). The analysis of creep cracking and failure based upon
continuum damage mechanics has made a remarkable development in recent years, which makes
up for deficiency of fracture mechanics (Wen and Tu, 2014). Within this approach, the creep
cracking process will be directly correlated to the creep damage described by a damage variable
around the crack tip. Once the damage variable of one material point reaches the critical value,
it is thought to be failed, and the crack growth length can be measured by the whole damaged
area. To effectively describe the complex stress state around the crack tip, for example, the stress
state around the crack tip of a compact tension specimen should be a multiaxial distribution. A
multiaxial ductility factor (MDF ) is usually used to build the relationship between the multiaxial
ductility ε∗f and uniaxial ductility εf

ε∗f = MDFεf (1.1)
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To effectively characterize the relationship between them, various multiaxial ductility factor
(MDF ) models were proposed, which can be roughly divided into the following bases: empirical
formula; semi-empirical formula; physical mechanisms.
For empirical formula, Manjoine (1975) proposed an MDF model which was inversely pro-

portional to triaxiality according to mechanical performance of annealed 304 stainless steel

MDF =
ε∗f
εf
=

σeq
3σm

(1.2)

where σm and σeq are the hydrostatic stress and von Mises equivalent stress, respectively.
For a semi-empirical formula, Spindler (2004) modified the Rice-Tracey MDF model (Rice

and Tracey, 1969) and developed a semi-empirical MDF model considering the nucleation and
growth of creep voids

MDF =
ε∗f
εf
= exp

[
p
(
1− σ1

σe

)
+ q

(
0.5− 1.5σm

σeq

)]
(1.3)

where σ1 is the principal stress, and p and q are material coefficients.
For the MDF model based on physical mechanisms, different mechanisms such as cavity

growth (Rice and Tracey, 1969; McClintock, 1968; Cocks and Ashby, 1980) and cavity nucleation
(Spindler, 2004a,b) have been discussed. Typically, Cocks and Ashby (1980) proposed a creep
model based on micromechanical consideration of the void growth and coalescence and extended
it to multiaxial stress states as well as the most notable Cocks-Ashby MDF models

MDF =
ε∗f
εf
= sinh

(2
3
n− 0.5
n+ 0.5)

)/
sinh

(
2
n− 0.5
n+ 0.5

σm
σeq

)
(1.4)

where n is the steady-state creep exponent. Alang and Nikbin (2018) and Spindler et al. (2001)
also proposed other (semi) empirical models, which may be also suitable for different conditions.
Due to perfect establishment and application at the grain size level, the Cocks-Ashby MDF
has been widely used to estimate the multiaxial creep ductility during simulation or estimation
of creep damage (Wen and Tu, 2014; Yatomi and Tabuchi, 2010; Wu et al., 2018b,c,d) and
creep cracking life (Davies, 2006; Wu et al., 2018a,e, 2019, 2020). Nevertheless, the Cocks-Ashby
MDF may conservatively predict multiaxial creep ductility under some conditions. Thus, Wen et
al. (2014) developed another purely empirical Wen-Tu MDF based on the Cocks-Ashby MDF ,
which could more effectively estimate the experimental results

MDF =
ε∗f
εf
= exp

(2
3
n− 0.5
n+ 0.5)

)/
exp

(
2
n− 0.5
n+ 0.5

σm
σeq

)
(1.5)

However, the above models are approximate solutions of the theoretical model based on the
power-law creep growth of grain-boundary cavities theory, which will be explained in detail in
Section 2, and there is a large conservation under some conditions, so it is necessary to establish
a more accurate multiaxial ductility factor based on the creep cavity growth model. Therefore,
the critical task of the present study is to develop a more accurate MDF based on the grain
boundary void growth model.

2. Power-law creep regime based on growth of grain-boundary cavities

Experimental morphology from different steels of creep crack growth has indicated that creep
voids or cavities mainly nucleate and grow on grain boundary facets (especially when a tensile
stress is perpendicular to the facets), then the cavities may be coalescing to form a grain-size
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microcrack, and finally the coalescence of microcracks leads to creep crack propagation (Tan et
al., 2013; Wen and Tu, 2014; Wen et al., 2016; You and Lee, 1996; Al-Rifaie and Sumelka, 2019;
Al-Rifaie et al., 2021).
Cocks and Ashby (1980) proposed an approximate method to calculate the growth of grain-

-boundary cavities by a power-law creep under multiaxial stress states. In this theory, the cavity
growth was estimated by a volume change of the cylinder containing a void, and some strict
assumptions should be met, such as grain-boundary cavities grow by a power-law creep. The
creep rate is independent of hydrostatic pressure, the grain boundaries and take a relative rigid-
-body displacement, width of the cylinder is larger than its thickness, and it is constrained by
the surrounding material to contract laterally, the voids stay spherical during the creep process,
the material is incompressible and its total volume does not change.
The problem then arises with calculation of the volume change in the cylinder containing

voids, since they cause the cavities to grow.
A detailed view of a cylinder containing a void is shown in Fig. 1, in which d is the grain

size, rh is the void radius, 2l is the voids distance, 2w is a calculation bound, σa is the axial
stress in the cylinder and T is the superimposed triaxial stress.

Fig. 1. Grain-boundary cavities growth by a power-law creep under multiaxial stress states

Cocks and Ashby (1980) established the upper bound for the axial strain rate ε̇ss for uniaxial
stress by using the energy principles

1
1− fn

dfh
dt
= ε̇ss

[ 1
(1− fh)n+1

− 1
]

(2.1)
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where fh is the area fraction of holes on the grain boundary, fw = r2h/l
2, ε̇ss is the steady

creep rate in the absence of voids. And for a multiaxial stress condition, the axial strain rate is
described as

dfh
dt
= ε̇ss

fh
fw

[√
(1 +G)n+1

(1− fw)n
− (1− fw)

]
(2.2)

where fw is an area fraction entering the bound calculation, fw = r2h/w
2, and G is a stress-state

parameter defined by

G = 3
( n

n+ 1
1− fw
ln fw

T

σa

)2
(2.3)

The optimum value of fw was found by minimizing dfh/dt with respect to fw, with the
constraint that fw cannot be less than fh. The unconstrained optimum value was found using
the Newton-Raphson method.
Be aware of that it is difficult to directly obtain the relationship between the void growth

rate and stress triaxiality, and to make the predicting results more practical. Cocks and Ashby
(1980) fitted a semi-empirical equation to the curves of Fig. 2. It was fitted by a result which
closely resembled that for a imple uniaxial tension condition, Eq. (2.1), namely

dfh
dt
=
ε̇ss
α

[ 1
(1− fh)n

− (1− fh)
]

(2.4)

where α is a stress-state parameter defined by

α = sinh−1
[2(n − 0.5)
n+ 0.5

σm
σeq

]
(2.5)

As expected, cavity growth rates are increasing with the increasing stress triaxiality. It is
also observed from Fig. 5 that the results are not well fitted when the triaxiality σm/σeq < 0.8
or creep exponent n < 3. This is mainly because the most weight is artificially given to the
predicting results at high stress triaxiality in the Cocks and Ashby fitting process. To resolve
this conflict, Wen and Tu (2014) proposed another approximate model formulated as

α =
[
2− 0.5

( 1
5n

)n−1]/[2(n − 0.5)
n+ 0.5

σm
σeq

]
(2.6)

In the case of simple tension, substituting σm/σeq = 1/3 into Eq. (2.5) or Eq. (2.6) yields
the void growth rate under the uniaxial condition with α0.
Here, we try to propose a new formula for describing the relationship between the parameter α

and triaxiality σm/σeq, which is built by fitting the theoretical results.
First, the variations of αtrue against triaxiality σm/σeq for different n values are obtained

from Eq. (2.4) and Eq. (2.2)

αtrue =
[ 1
(1− fh)2

− (1− fh)
]/{

fh
fw

[√
(1 +G)n+1

(1− fw)n
− (1− fw)

]}
(2.7)

Moreover, the theoretical data of αtrue could be obtained by re-arranging the results from
Fig. 3, then the curves of lnαtrue against σm/σeq with different n can be described in Fig. 2.
It can be found that αtrue decreases as n is increasing, and the difference between the

curves is unobvious when n is larger than 6. Besides, it is concluded that with the increasing
stress triaxiality σm/σeq, the curves of lnαtrue against σm/σeq are rapidly decreasing when
σm/σeq is smaller than 1.5, while it becomes smooth when σm/σeq is larger than 1.5. By fitting
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Fig. 2. Variation of the stress-state parameter αtrue against σm/σeq under different n values

the relationship between the parameter αtrue and stress triaxiality for different n values, it is
indicated that all of the curves could be expressed by a similar type of mathematical expression,
and the fitting equation is expressed as follows using the parameter αWu

lnαWu =
[
a+ b

(σm
σeq

)c]/[
d+

(σm
σeq

)c]
(2.8)

or expressed by

αWu = exp
{[
a+ b

(σm
σeq

)c]/[
d+

(σm
σeq

)c]}
(2.9)

where a, b, c, d are all parameters related to n, which can be also correlated by the following
formula by using coefficients ai, bi, ci, di. Perfect fitting performance is also found here, and the
coefficient of determination R-square is larger than 0.999. These parameters could be obtained
directly from Table 1

a, c =
ai + bin

1 + cin+ din2
i is represented by a or c

b, d = aib
1
n

i n
ci i is represented by b or d

(2.10)

Table 1. The details of fitting coefficients (a, b, c, d) between above coefficients against n values

Coef. 1
Coefficient 2

ai bi ci di

a 0.020863 −0.51239 0.215807 −0.00294
b 0.090558 0.557567 0.57484 –
c −2.15624 −0.36378 0.227893 0.000304
d 0.30566 0.382147 −0.19855 –

Then the parameter αWu can be characterized by combining Eqs. (2.9) and (2.10), which is
related to the stress triaxiality σm/σeq and n values
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αWu = exp

{[
aa + ban

1 + can+ dan2
+ abb

1
n

b n
cb
(σm
σeq

) ac+bcn

1+ccn+dcn2

]/[
adb

1
n

d n
cd +

(σm
σeq

) ac+bcn

1+ccn+dcn2

]}

(2.11)

Figure 3 compares the predictions and true values of α for n = 18 and n = 20, where these
two conditions are not considered in the above fitting process, so the comparison between these
two conditions and predictions can effectively verify the accuracy of αWu model in predicting
the parameter α.

Fig. 3. Comparison between predictions of αWu and true values of α with n = 18 and n = 20

Finally, the normalized hole growth rate, ln[(dfh/dt)/(1/ε̇ssfh)] for different n is compared
by using different α models (i.e. Cocks-Ashby model in Eq. (2.5), Wen-Tu model in Eq. (2.6)
and Wu model in Eq. (2.11)), as shown in Fig. 4. The Cocks-Ashby approximate model shows
large conservativeness when n = 1, σm/σeq is smaller than 0.5 and n is larger than 5. The
Wen-Tu model is relatively more accurate than the Cocks-Ashby approximate model at n = 1
and small values of σm/σeq, but its prediction is still much too conservative when n is larger
than 5. Apparently, compared with the Cocks-Ashby approximate model and Wen-Tu model, the
proposed model (Wu model) is perfectly suitable to predict theoretical data of the hole growth
rate no matter how the stress triaxiality σm/σeq or creep exponent n varies. The predictions of
Wu model (solid line) nearly coincide with the theoretical data (dash line). Especially, there is
a significant improvement for the predicting accuracy when σm/σeq < 0.5 and creep exponent
n > 5 compared with other models.
The time to fracture at a constant stress is generally obtained by integrating the creep voids

growth rate between the limits, and the creep failure strain could be simply assumed by the
ratio of the time to fracture and the steady creep rate in absence of voids. And then there are
two conditions for assuming the time to failure: one is using theoretical differential equations,
the other is using approximate or fitting equations.
The first is using the theoretical differential equations.
To get the creep failure strain under the uniaxial loading condition, differential Eq. (2.1) can

be integrated between the limits

fh = fi at t = 0

fh = fc0 at t = tc0
(2.12)

where fi is the initial area fraction of the cavities, which is thought to be fi ≪ 1, fc0 is the area
fraction of the cavities at which the linkage occurs, which is taken to be fc0 = 0.25 (Wen and



The development of two multiaxial ductility factor predicting models... 487

Fig. 4. Comparison of predictions and theoretical results of the creep voids growth rate

Tu, 2014). And tc0 is the time to coalescence. The result for a constant stress is an equation for
the failure time

tc0 =
1

ε̇ss(n+ 1)
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.13)

Then the creep failure strain under a uniaxial loading condition is

εf = ε̇sstc0 =
1

n+ 1
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.14)

To get the creep failure strain under multiaxial loading conditions, differential Eq. (2.2) can
be integrated between the limits

fh = fi at t = 0

fh = fc at t = tc
(2.15)

where tc is the time to coalescence.
For theoretical differential Eq. (2.2) integrated between the above limits, the time to failure

could be expressed by

tc =
fw
ε̇ss
ln
fc
fi

/[√
(1 +G)n+1

(1− fw)n
− (1− fw)

]
(2.16)

Then, the creep failure strain under multiaxial loading conditions is calculated as

ε∗f = ε̇sstc = fw ln
fc
fi

/[√
(1 +G)n+1

(1− fw)n
− (1− fw)

]
(2.17)

Finally, the multiaxial ductility factor (MDF ) can be defined as

MDF =
ε∗f
εf
=

fw ln
fc
fi

ln 1−(1−fc)
n+1

1−(1−fi)n+1

/[√
(1 +G)n+1

(1− fw)n
− (1− fw)

]
(2.18)

In this formula, it is found that except for stress triaxiality σm/σeq, the initial area fraction of
the cavities fi also affects MDF , which will be studied in the following Section.
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The other condition for assuming the time to failure is using simplified differential equations.
For the multiaxial loading condition, differential Eq. (2.5) can be integrated between the limits,
the time to failure could be expressed by

tc =
α

ε̇ss(n+ 1)
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.19)

The creep failure strain under multiaxial loading conditions is described as

ε∗f = ε̇sstc =
α

n+ 1
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.20)

For the uniaxial condition, the void growth rate is described as α0 by substituting σm/σeq = 1/3
into Eq. (2.6). Hence, similarly, the time to failure under this condition is characterized by

tc0 =
α

ε̇ss(n + 1)
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.21)

The creep failure strain under uniaxial loading conditions is calculated by

εf = ε̇sstc0 =
α

n+ 1
ln
1− (1− fc)n+1
1− (1− fi)n+1

(2.22)

Finally, the MDF can be re-defined as

MDF =
ε∗f
εf
=

α

α0
(2.23)

In our study, according to the new αWu proposed in Eq. (2.12), the modified MDF is de-
scribed as

MDFWu =
ε∗f
εf
=

αWu
αWu0

=
exp

{[
a+ b

(
σm
σeq

)c]/[
d+

(
σm
σeq

)c]}

exp
{[
a+ b

(
1
3

)c]/[
d+

(
1
3

)c]} (2.24)

where a, b, c, d are all parameters related to n, which are described above.
Figure 5 compares MDF results for different predicting models and theoretical data with

varied values of fi. With an increase of fi, the curves of MDF are descended, and these curves
are almost coincident when fi < 10−4. The Wu model shows a perfect coincidence with the
theoretical results when n is small, while both the Cocks-Ashby and Wen-Tu models are con-
servative. As the creep power law exponent n increases, the difference between Wu model and
theoretical results becomes obvious, especially when the stress triaxiality is smaller than 1. This
is mainly caused by simplification using the creep void growth rate with α0 under the uniaxial
tension condition. Compared to the theoretical uniaxial creep void growth rate in Eq. (2.3),
α0 is not equal to 1 in the simplified creep void growth rate Eq. (2.7), and this difference will
be enlarged at high n values. Besides, for large n, the difference between Wu and Wen-Tu mod-
els is decreased, and the predictions of Wen-Tu model at large n may be overestimated when
σm/σeq > 1. Due to relatively poor predictions of these models at large n, a new model for
predicting MDF should be proposed.
Therefore, a fitting formula for MDF is obtained by fitting the theoretical results of MDF

with fi = 10−4, because the curves of MDF are almost coincident when fi < 10−4.
The theoretical results of lnMDF against σm/σeq with fi = 10−4 for different n are compared.

All of the curves could be well fitted by the following equation (WM means modified Wu model)

lnMDFWM =
a+ b

(
σm
σeq

)c

d+
(
σm
σeq

)c MDFWM = exp

[
a+ b

(
σm
σeq

)c

d+
(
σm
σeq

)c

]
(2.25)
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Fig. 5. Comparison of predictions and theoretical results of MDF

where a, b, c, d are parameters related to the creep power exponent n, and the following expres-
sion could be established

a, b, c =
ai + bin

1 + cin+ din2
i is represented by a, b, c

d = ai + bi + cni + din i is represented by d
(2.26)

The related parameters are summarized in Table 2.

Table 2. Fitting parameters of above parameters against n values

Coef. 1
Coefficient 2

ai bi ci di

a 0.037707 −0.51284 0.228236 −0.00278
b −0.00624 0.071408 0.085232 −8.17E-04
c −2.25401 −0.49529 0.29565 −3.88E-04
d 0.194207 −0.17086 0.375464 −0.00112

To further validate the suitability of the modified Wu (WM) model, the MDF for n = 8,
n = 15, n = 18 and 20 are also compared between different models in Fig. 6. The predictions from
the WM model (black solid line) are quite accurate compared to the theoretical data (scatters
data), while the other predictions are far below the theoretical data when σm/σeq < 0.5. Note
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that n = 18 and 20 conditions are not considered in the above fitting process, so the comparison
could effectively support the conclusion that the WM model could be the most competitive
theory in assessing the MDF .

Fig. 6. Comparison of predictions and theoretical results of MDF

Figure 7 shows the influence of stress triaxiality on the multiaxial ductility factor. The data
for steels of the pipe and rotor are collected from Wichtmann (2002), and the data for C-Mn steel
at 360◦C from Yatomi et al. (2004), 316H at 550◦C (Wen and Tu, 2014) and for 316 type steel
at 600◦C (Spindler, 2004b). As presented in Fig. 7, the Cocks-Ashby model may underestimate
the multiaxial creep ductility at high stress triaxiality, while the Wen-Tu and Wu models give
more closer results to the experimental data and may become close to the average results of
tested data. The WM model gives more improved solutions at small stress triaxiality while more
conservative predictions at higher stress state. This is due to theoretical solutions of the WM
model, which indeed have these variation laws as observed in Fig. 7, and which may be larger
than the predictions of the other three models at low stress triaxiality but may be less than
these predictions at high stress triaxiality. In general, it could be said that the new Wu and WM
models could give better predictions for the multiaxial ductility factor compared to the previous
models. The WM model may give a more precise upper bound of MDF for pipe and rotors steel
as well as for 316 steel at 600◦C, while WM predictions are also effectively consistent with the
average experimental results for C-Mn steel at 360◦C and 316H at 550◦C.
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Fig. 7. Comparison of predictions and experimental data of MDF : (a) for pipe and rotors, (b) for C-Mn
steel at 360◦C, (c) for 316H at 550◦C, (d) for 316H(L) at 600◦C

Figure 8 compares the predictions by using different models and experimental data of the
multiaxial ductility factor. The experimental data under the same stress triaxiality are simplified
by calculating the geometric mean values. It could be found for these limited data for different
materials and conditions, all predictions of the Cocks-Ashby model could be located within the
range with a scatter factor of 2, and for the Wen-Tu and Wu models, this error band is with a
scatter factor of 1.8 and 1.6, respectively. For the WM model, the predictions are located within
the range with a scatter factor of 1.4. This demonstrates the accuracy of the WM model in
predicting MDF based on growth of grain-boundary cavities by a power-law creep.

3. Conclusion

In this study, the multiaxial ductility factor was analyzed and two novel predicting models were
developed based on the power-law creep grain-boundary cavities growth theory under multiaxial
stress states proposed by Cocks and Ashby. The details are summarized as follows.

• The predicting model of stress-state parameter α was revised by using an empirical equa-
tion denoted as αWu, and the relationship between uniaxial and multiaxial creep failure
strain could be obtained, then an empirical multiaxial ductility factor MDFWu was built
by using αWu.
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Fig. 8. Comparison of predictions and experimental data of MDF : (a) for Cocks-Ashby model, (b) for
Wen-Tu model, (c) for Wu model, (d) for WM model

• The theoretical expression for multiaxial ductility factor MDF could also be established.
By fitting theoretical curves of MDF against stress traiaxiality σm/σeq, another predicting
model MDFWM could be developed.
• Predictions of these two novel multiaxial ductility factor models as well as C-A and W-T
models were compared with experimental data. The accuracy of MDFWu and MDFWM
models was obviously enhanced, especially for the MDFWM with a scatter factor of
only 1.4.
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The Griffith crack problem in bonded dissimilar half-planes is examined. To eliminate the
unrealistic oscillatory stress near the interface crack tips, the interfacial transition zone is
modeled by a very thin nonhomogeneous interlayer whose elastic properties vary contin-
uously between the bonded materials and adhesive material. The interlayer thickness is
assumed to be the sum of the maximum heights of asperities at the two bonded material
surfaces. The crack problem is reduced to a set of Cauchy integral equations which can be
solved numerically. The applicability of the generalized nonhomogeneous interlayer model is
investigated by comparing it with the classical interface crack model.
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fracture mechanics

1. Introduction

Interfaces are intrinsic to many modern composite materials since they are always layered. The
structural performance of such materials is generally dependent on their interfaces which are het-
erogeneities such as discontinuities in elastic and thermal properties as well as residual stresses.
Fracture mechanics of layered materials has been extensively used to characterize the initia-
tion and propagation of delamination (Hutchinson and Suo, 1992; Suo, 1990; Wang et al., 2021;
Zhang and Wang, 2016). The classical model for an idealized (or perfect) bonding bimaterial
structure containing an interface crack was established by Williams (1959) by assuming the
zero-thickness interface, which means that the stress and displacement vary continuously across
the interface. However, analytical solutions for interface crack problems show that there is an
oscillatory singularity which is physically unreasonable and results in material interpenetration
near the ends of the interface crack (England, 1965; Erdogan, 1965; Williams, 1959). In order
to eliminate the unrealistic oscillatory singularity, a closed crack tip model was developed by
Comninou (1977) based on classical solutions which assumed that the surfaces of interface crack
contact was frictionless near the tips. This model was further applied to interfacial fracture
analysis of anisotropic materials (Ayatollahi et al., 2022; Herrmann and Loboda, 1999), piezo-
electric materials (Govorukha et al., 2000; Sheveleva et al., 2015), thermopiezoelectric materials
(Qin and Mai, 1999). A modified interface dislocation model for interface fracture analysis was
presented by Zhang and Wang (2013), which represented an inverse square-root singularity at
the interface crack tips and avoided the oscillatory behavior.
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The idealized interface model for the fracture problem in bonded dissimilar homogeneous ma-
terials may be too unrealistic from the micromechanical point of view, and it does not capture
any effect of mechanical characteristics of the real transition layer (i.e., interlayer) between the
materials on the stress and displacement distribution. In fact, an interlayer forms whatever the
actual mechanism of binding is, and should be taken into account as a distinct chemical species
or a distinct phase. Physical properties in a thin interlayer are highly nonhomogeneous with the
steeply varying composition profile. The layer thickness ranges from nanometers to fractions of
a millimeter (Yang and Shih, 1994). Two attractive features emerge when the nonhomogeneous
interlayer model is used to the interface crack problems. Firstly, the stress oscillatory singularity
is removed so that the local mode mixity is independent of the distance ahead the crack tip.
Secondly, the conventional stress intensity factors (SIFs) can be defined as the crack problems
in a homogeneous medium. The nonhomogeneous interlayer model considering the interpene-
tration or interdiffusion of molecules in the interfacial zone was first theoretically developed by
Delale and Erdogan (1988) and successfully applied to fracture problems in bimaterial structures
(Erdogan et al., 1991; Ozturk and Erdogan, 1995). A more generalized interlayer model intro-
ducing a distribution parameter independent of interlayer thickness and material properties was
presented by Wang et al. (1996, 1997), and the Erdogan’s interlayer model could be obtained
when the distribution parameter tends to infinity.
On the other hand, there exist various roughnesses and asperities at each bonded material

surface, and the third material used as an adhesive may be filled with gaps between the surfaces
of two primary components as shown in Fig. 1a. As a result, a more generalized nonhomoge-
neous interlayer containing adhesive materials may also be emerged instead of the Erdogan’s
interlayer. The elastic constants of this nonhomogeneous interlayer are not only dependent on
the physical properties of bonded materials but also on those of the adhesive material. Thus,
the purpose of this paper is to develop a theoretical model of the Griffith crack in a generalized
nonhomogeneous interlayer considering the influence of surface roughness of bonded materials
and elastic properties of the adhesive material.

Fig. 1. The generalized nonhomogeneous interlayer model: (a) microstructures of the bonding zone
between two homogeneous elastic half-planes, (b) the effective nonhomogeneous interlayer

2. Mathematical model for a Griffith crack in a generalized nonhomogeneous
interlayer

2.1. Formulation of the generalized nonhomogeneous interlayer

Consider an interface mechanical problem in a bimaterial structure composed of two isotropic
and homogeneous materials with elastic moduli E1 and E2, and Poisson’s ratios ν1 and ν2. The
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thickness of the nonhomogeneous interlayer is assumed to be the sum of the maximum heights
of asperities at the two bonded material surfaces, assuming that the adhesive layer is much
thinner than the interlayer. It is noted that the assumption of the zero-thickness adhesive layer
is consistent with the classical model of interface mechanics (England, 1965; Erdogan, 1965;
Williams, 1959). In order to facilitate the complicated interfacial transition zone, a generalized
nonhomogeneous interlayer model with the thickness of h = h1 + h2 is developed as shown in
Fig. 1b. The mechanical properties of the interlayer may vary steeply, but it is crucial to maintain
continuity at the interfaces with the adjacent materials. Delale and Erdogan (1988) introduced an
interlayer model with material constants that exhibited an exponential variation, which ensured
an inverse square-root singularity at the crack tips and made the problem analytically tractable.
Therefore, in this paper, the material parameters along such an interlayer are assumed to be
only dependent on y, and the elastic modulus has a form of

Ejc(y) = Eceλjy (2.1)

where j = 1, 2 and Ec is the elastic modulus of the adhesive material, subscripts 1c and 2c are
corresponding to regions 0 ¬ y ¬ h1 and −h2 ¬ y < 0, respectively. The parameter λj can be
determined from the continuity conditions for E1c(h1) = E1 and E2c(−h2) = E2, that is

λj =





1
h1
ln
E1
Ec

0 ¬ y ¬ h1

− 1
h2
ln
E2
Ec

−h2 ¬ y < 0
(2.2)

Introducing Airy stress functions Fjc(x, y) as

σjcxx =
∂2Fjc(x, y)

∂y2
σjcyy =

∂2Fjc(x, y)
∂x2

σjcxy = −
∂2Fjc(x, y)
∂x∂y

(2.3)

Considering that the functions Ejc and νjc are independent of x, the compatibility condition is
expressed as

∇4Fjc(x, y)− 2λj
∂

∂y
∇2Fjc(x, y) + λ2j

∂2Fjc(x, y)
∂y2

−
[d2νjc(y)

dy2
− 2λj

dνjc(y)
dy

+ λ2jνjc(y)
]∂2Fjc(x, y)

∂x2
= 0

(2.4)

It is known that Poisson’s ratios do not influence the SIFs significantly (Delale and Erdogan,
1983; 1988). Thus, we further assume that

∇4Fjc(x, y)− 2λj
∂

∂y
∇2Fjc(x, y) + λ2j

∂2Fjc(x, y)
∂y2

= 0

d2νjc(y)
dy2

− 2λj
dνjc(y)
dy

+ λ2jνjc(y) = 0
(2.5)

By means of Eq. (2.5)2, Poisson’s ratios are obtained as follows

νjc(y) = (νc + νj0y)eλjy (2.6)

where ν10 = (Ecν1−E1νc)/(E1h1) and ν20 = −(Ecν2−E2νc)/(E2h2). Now, the elastic properties
and geometric dimensions of the generalized nonhomogeneous interlayer are totally determined.
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2.2. Griffith crack model in the generalized nonhomogeneous interlayer

Attention is now focused on the Griffith crack problem with a generalized nonhomogeneous
interlayer as shown in Fig. 2, where the physical length of the crack is designated by 2c. The
origin of the rectangular coordinate system x-y is fixed at the middle point of the crack and the
x-axis coincides with the crack line. The elastic properties are constant for y > h1 and y < −h2,
and the plane elasticity problem can be formulated by assuming that each material is perfectly
bonded along the planes y = h1, y = 0 and y = −h2 except for the crack.

Fig. 2. Geometry of the Griffith crack problem with a generalized nonhomogeneous interlayer

By using the Fourier transform technique, the solutions for Airy stress functions Fjc(x, y)
in the generalized nonhomogeneous interlayer and Fj(x, y) in the homogeneous materials have
forms of

Fjc(x, y) =
1
2π

∞∫

−∞

{
[Aj1(ξ) +Aj2(ξ)y]emj1y + [Aj3(ξ) +Aj4(ξ)y]emj2y

}
e−iξx dξ

Fj(x, y) =
1
2π

∞∫

−∞

[Bj1(ξ) +Bj2(ξ)y]e−δj |ξ|y−iξx dξ

(2.7)

where Ajk(ξ) (k = 1, 2, 3, 4) and Bjl(ξ) (l = 1, 2) are unknown functions, mjk and δj are defined
as

mj1 = mj3 =
λj
2
−
√

ξ2 +
λ2j
4

mj2 = mj4 =
λj
2
+

√

ξ2 +
λ2j
4

δj =

{
−1 y > h1
1 y < −h2

(2.8)

By substituting Airy stress functions (2.7) into Eq. (2.3) and using the constitutive equations
and stain-displacement relations, the stress fields and displacements in the bimaterial structure
are obtained as follows
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σjcyy(x, y) = −
1
2π

∞∫

−∞

ξ2[(Aj1 +Aj2y)emj1y + (Aj3 +Aj4y)emj2y]e−iξx dξ

σjcxy(x, y) =
1
2π

∞∫

−∞

iξ
{
[mj1Aj1 + (1 +mj1y)Aj2]emj1y

+ [mj2Aj3 + (1 +mj2y)Aj4]emj2y
}
e−iξx dξ

σjcxx(x, y) =
1
2π

∞∫

−∞

{
[m2j1Aj1 + (2 +mj1y)mj1Aj2]e

mj1y

+ [m2j2Aj3 + (2 +mj2y)mj2Aj4]e
mj2y

}
e−iξx dξ

(2.9)

σjyy(x, y) = −
1
2π

∞∫

−∞

ξ2(Bj1 +Bj2y)e−δj |ξ|y−iξx dξ

σjxy(x, y) =
1
2π

∞∫

−∞

iξ[−δj |ξ|Bj1 + (1− δj |ξ|y)Bj2]e−δj |ξ|y−iξx dξ

σjxx(x, y) =
1
2π

∞∫

−∞

[ξ2Bj1 + (ξ2y − 2δj |ξ|)Bj2]e−δj |ξ|y−iξx dξ

(2.10)

ujcx (x, y) = −
1
2π

∞∫

−∞

1
iξEjc(y)

{[(
m2j1 + ξ

2νjc(y)
)
Aj1

+ [(2 +mj1y)mj1 + ξ2yνjc(y)]Aj2
]
emj1y +

[(
m2j2 + ξ

2νjc(y)
)
Aj3

+ [(2 +mj2y)mj2 + ξ2yνjc(y)]Aj4
]
emj2y

}
e−iξx dξ

ujcy (x, y) = −
1
2πEc

∞∫

−∞

{[( ξ2

mj1 − λj
e−λjy +mj1(νc + νj0y)− νj0

)
Aj1

+
((mj1 − λj)y − 1
(mj1 − λj)2

ξ2e−λjy + (νc + νj0y)mj1y + νc
)
Aj2

]
emj1y

+
[( ξ2

mj2 − λj
e−λjy +mj2(νc + νj0y)− νj0

)
Aj3

+
((mj2 − λj)y − 1
(mj2 − λj)2

ξ2e−λjy + (νc + νj0y)mj2y + νc
)
Aj2

]
emj2y

}
e−iξx dξ

(2.11)

ujx(x, y) = −
1
2πEj

∞∫

−∞

1
iξ

{
(1 + νj)ξ2Bj1 + [(1 + νj)ξ2y − 2δj |ξ|y]Bj2

}
e−δj |ξ|y−iξx dξ

ujy(x, y) =
1
2πEj

∞∫

−∞

{
(1 + νj)δj |ξ|Bj1 + [(1 + νj)δj |ξ|y − νj + 1]Bj2

}
e−δj |ξ|y−iξx dξ

(2.12)

The boundary conditions of the Griffith crack problem are expressed as

u1cx (x, 0) = u
2c
x (x, 0) u1cy (x, 0) = u

2c
y (x, 0) |x| > c

σ1cyy(x, 0) = σ
2c
yy(x, 0) σ1cxy(x, 0) = σ

2c
xy(x, 0) |x| <∞

σ1cyy(x, 0) = −p(x) σ1cxy(x, 0) = −q(x) |x| ¬ c
(2.13)
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and

u1cx (x, h1) = u
1
x(x, h1) u1cy (x, h1) = u

1
y(x, h1) |x| <∞

σ1cyy(x, h1) = σ
1
yy(x, h1) σ1cxy(x, h1) = σ

1
xy(x, h1) |x| <∞

(2.14)

and

u2cx (x,−h2) = u2x(x,−h2) u2cy (x,−h2) = u2y(x,−h2) |x| <∞
σ2cyy(x,−h2) = σ2yy(x,−h2) σ2cxy(x,−h2) = σ2xy(x,−h2) |x| <∞

(2.15)

where p(x) and q(x) are known functions.

2.3. Integral equations and stress intensity factors

We now introduce functions fj(x) at the crack plane

f1(x) =
∂

∂x
[u1cx (x, 0) − u2cx (x, 0)] f2(x) =

∂

∂x
[u1cy (x, 0) − u2cy (x, 0)] (2.16)

The stress and displacement on the crack line for a bimaterial structure can be obtained based
on Eqs. (2.9) and (2.11), then the functions Ajk(ξ) are determined by making use of boundary
conditions (2.13)-(2.15), and after some lengthy manipulations, we have

Ajk(ξ) = γ
jc
k1(ξ)g1(ξ) + γ

jc
k2(ξ)g2(ξ) (2.17)

where j = 1, 2, k = 1, 2, 3, 4, and

g1(ξ) = Ec

∞∫

−∞

f1(t)eiξt dt g2(ξ) = Ec

∞∫

−∞

f2(t)eiξt dt (2.18)

The functions γjck1(ξ) and γ
jc
k2(ξ) are not given here due to tediousness, and can be obtained

by solving 12 linear algebraic equations in terms of g1(ξ) and g2(ξ) based on the boundary
conditions. By substituting Airy functions Eqs. (2.7), and Eq. (2.17) into Eq. (2.3), the stresses
on the crack line are obtained as follows

σ1cyy(x, 0) = −
Ec
2π

c∫

−c

∞∫

−∞

[P11(ξ)f1(t) + P12(ξ)f2(t)]eiξ(t−x) dξ dt

σ1cxy(x, 0) = −
Ec
2π

c∫

−c

∞∫

−∞

[P21(ξ)f1(t) + P22(ξ)f2(t)]eiξ(t−x) dξ dt

(2.19)

where

P11(ξ) = ξ2[γ1c11(ξ) + γ
1c
31(ξ)] P12(ξ) = ξ2[γ1c12(ξ) + γ

1c
32(ξ)]

P21(ξ) = −iξ[m11γ1c11(ξ) + γ1c21(ξ) +m12γ1c31(ξ) + γ1c41(ξ)]
P22(ξ) = −iξ[m11γ1c12(ξ) + γ1c22(ξ) +m12γ1c32(ξ) + γ1c42(ξ)]

(2.20)

It should be noted that P11(ξ), P22(ξ) are even functions and P12(ξ), P21(ξ) are odd functions
with respect to ξ. In addition, the following asymptotic properties of P11(ξ), P12(ξ), P21(ξ) and
P22(ξ) are further given

lim
ξ→+∞

P12(ξ) = lim
ξ→+∞

P21(ξ) = −
1
4

lim
ξ→+∞

P11(ξ) = lim
ξ→+∞

P22(ξ) = 0 (2.21)
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Therefore, the Griffith crack problem with a generalized nonhomogeneous interlayer can be
reduced to the first kind singular integral equations based on the analysis of Eq. (2.21) rather
than the second kind ones which represent physically unreasonable stress oscillatory singularity
and lead to overlapping near the ends of the crack surfaces. Using boundary condition Eq.
(2.13)3, the Cauchy singular integral equations are obtained as follows

Ec
π

c∫

−c

[Q11(t, x)f1(t) +Q12(t, x)f2(t)] dt −
Ec
4π

c∫

−c

f2(t)
t− x dt = p(x)

Ec
π

c∫

−c

[Q21(t, x)f1(t) +Q22(t, x)f2(t)] dt −
Ec
4π

c∫

−c

f1(t)
t− x dt = q(x)

(2.22)

where

Q11(t, x) =
∞∫

0

P11(ξ) cos[ξ(t− x)] dξ Q12(t, x) =
∞∫

0

[
iP12(ξ) +

1
4

]
sin[ξ(t− x)] dξ

Q21(t, x) =
∞∫

0

[
iP21(ξ) +

1
4

]
sin[ξ(t− x)] dξ Q22(t, x) =

∞∫

0

P22(ξ) cos[ξ(t− x)] dξ
(2.23)

It is clear from condition (2.13)1 that

c∫

−c

f1(t) dt = 0
c∫

−c

f2(t) dt = 0 (2.24)

Integral Eqs. (2.22)-(2.24) can be solved numerically by using the method developed by
Erdogan (1975). Furthermore, the undetermined functions f1(x) and f2(x) are of conventional
inverse square-root singularity at x = ±c according to the singular integral equation theory.
Normalizing the interval (−c, c) by changing variables as t = ct̃ and x = cx̃, integral equations
of (2.22)-(2.24) have solutions in the following form

f1(t) =
H1(t̃)√
1− t̃2

=
∑n−1
i=0 D1iTi(t̃)√
1− t̃2

f2(t) =
H2(t̃)√
1− t̃2

=
∑n−1
i=0 D2iTi(t̃)√
1− t̃2

(2.25)

where H1(t̃) and H2(t̃) are continuous bounded functions defined in the interval |t̃| ¬ 1, Ti(t̃) is
the first kind Chebyshev polynomial, and the coefficients D1i and D2i are constants as yet to be
determined. After discretization, the singular integral equations can be rewritten as

Ec
n

n∑

k=1

[
Q11(t̃k, x̃r)H1(t̃k) +Q12(t̃k, x̃r)H2(t̃k)−

H2(t̃k)
4(t̃k − x̃r)

]
= p(x̃r)

Ec
n

n∑

k=1

[
Q21(t̃k, x̃r)H1(t̃k) +Q22(t̃k, x̃r)H2(t̃k)−

H1(t̃k)
4(t̃k − x̃r)

]
= q(x̃r)

n∑

k=1

H1(t̃k) = 0
n∑

k=1

H2(t̃k) = 0

(2.26)

where the discretization points t̃k and x̃r are defined by

t̃k = cos
(2k − 1
2n

π
)

k = 1, 2, . . . , n

x̃r = cos
( r
n
π
)

r = 1, 2, . . . , n− 1
(2.27)
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The equation system in (2.26) includes 2n linear algebraic equations in terms of H1(t̃k) and
H2(t̃k), and the coefficients D1i and D2i can be easily solved. The SIFs at the crack tip are of
interest and are defined as

K1(c) =
√
2π(x− c)σ1cyy(x, 0) = −

Ec
4
√
πc
n−1∑

i=1

D2i

K2(c) =
√
2π(x− c)σ1cxy(x, 0) = −

Ec
4
√
πc
n−1∑

i=1

D1i

(2.28)

where the following integral property of the Chebyshev polynomial is used

1
π

1∫

−1

1
t̃− x̃

Ti(t̃)√
1− t̃2

dt = − |x̃|
x̃
√
x̃2 − 1

(
x̃− |x̃|

x̃

√
x̃2 − 1

)i
|x̃| > 1 (2.29)

The definition of fracture mode mixity is

ψ = arctan
K2(c)
K1(c)

(2.30)

The energy release rate for crack propagation at the crack tip can then be calculated by using
the crack closure concept as

G(c) =
1
Ec
[K21 (c) +K

2
2 (c)] (2.31)

3. Numerical results and discussions

The influence of elastic property and thickness of the generalized nonhomogeneous interlayer
on the SIFs is investigated in numerical examples. The material combination used is as follows
(Delale and Erdogan, 1988)

E1 = 20.685 · 1010
N
m2

ν1 = 0.3

E2 = 6.895 · 1010
N
m2

ν1 = 0.3
(3.1)

Poisson’s ratio of the adhesive material is νc = 0.3 since it has very little effect on the SIFs.
Without loss of any generality, we set

p(x) = p0 q(x) = q0 (3.2)

in the following numerical analysis. It is noted that the developed model for Griffith crack
problems in bonded dissimilar elastic half-planes can be reduced to the interfacial region model
(Delale and Erdogan, 1988) and the classical interface crack model (Williams, 1959) if the elastic
modulus of the adhesive material is given as Ec = E1(E2/E1)h1/h and the thickness h → 0,
respectively. To verify validity of the presented theoretical model, the normalized SIFs for a
Griffith crack with the thickness ratio h1/h = 0.5 are given in Table 1, and the corresponding
results calculated by Delale and Erdogan (1988) are also listed. The results show that the present
scheme achieves a good agreement of the accuracy.
Both Figs. 3 and 4 plot the influence of the elastic modulus of the adhesive material and

thickness ratio h1/c on the normalized SIFs at the crack tip with K0 = πc
√
p20 + q

2
0 , for different

combinations of p(x) and q(x). It is found that pure far-field uniform tension can produce mode II
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Table 1. Normalized SIFs calculated based on the generalized nonhomogeneous interlayer model
and the interfacial region model for h1/h = 0.5

c/h
Delale and Erdogan (1988) Present results

K1(c)/(p0
√
πc) K2(c)/(p0

√
πc) K1(c)/(p0

√
πc) K2(c)/(p0

√
πc)

0.1 1.004 0.023 1.0041 0.0257
0.25 1.014 0.058 1.0141 0.0584
0.5 1.026 0.092 1.0263 0.0924
1 1.036 0.127 1.0360 0.1223
5 1.046 0.169 1.0452 0.1661

SIF and a pure far-field uniform shear loading can also produce mode I SIF at the crack tip based
on the generalized nonhomogeneous interlayer model. This behavior is similar to the classical
interface crack problem. In addition, it may observed that the normalized SIFs tend to increase
as the elastic modulus of the adhesive material increases, and the thickness ratio h1/c has a very
significant effect on the crack-tip stress fields especially for small values of h1/c.

Fig. 3. Effect of the elastic modulus of the adhesive material on normalized (a) mode I and (b) mode II
SIFs, with p(x) = p0, and q(x) = 0

Fig. 4. Effect of the elastic modulus of the adhesive material on normalized (a) mode I and (b) mode II
SIFs, with p(x) = 0, and q(x) = q0

It is worth noting that the developed theoretical model introduces three new parameters,
namely h1, h2 and Ec, which have clear physical significance and can be measured. The singu-
larity obtained based on the classical interface crack model may result in a complex number (as
shown in Eq. (3.3)) and lead to stress oscillations and displacement interference at the crack
tips. However, the energy release rate is largely uninfluenced and has great practical guidance for
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the criteria of crack propagation. To better understand the numerical results discussed below,
it may be worthwhile to recall the crack-tip fields in the classical interface fracture mechanics.
The SIFs at crack tip are given as (Sun and Jih, 1987)

K1(c) + iK2(c) = (p0 + iq0)
√
πc(1 + 2iε)(2c)−iε (3.3)

where

ε =
1
2π
ln
1− β
1 + β

β =
µ2(κ1 − 1)− µ1(κ2 − 1)
µ2(κ1 + 1) + µ1(κ2 + 1)

κj = 3− 4νj µj =
Ej

2(1 + νj)
j = 1, 2

(3.4)

The energy release rate for crack propagation in the interface is (Malyshev and Salganik, 1965)

G(c) =
1− β2
E∗
[K21 (c) +K

2
2 (c)] (3.5)

with 1/E∗ = (1/E1 +1/E2)/2, and Ej = Ej/(1− ν2j ) for plane strain, Ej = Ej for plane stress.
The SIFs obtained by Eqs. (2.28) cannot be directly compared to those calculated using

the classical interface crack approach due to different singularities at the crack tips. However,
the energy release rates calculated based on the developed model can also offer an important
reference, similar to the classical interface crack model. The elastic modulus Ec of the adhesive
should be predetermined in real adhesively bonded components when the developed model in
this paper is used. On the other hand, if Ec is regarded as a more generalized parameter that
depends only on the physical properties of bonded materials, the applicability of the model may
be broader. Furthermore, the fracture criteria based on the energy release rates in the classical
interface crack problems agree well with the experimental results. Therefore, the elastic modulus
of the adhesive material can be determined as

Ec =
E∗

1− β2 (3.6)

by comparing with Eqs. (2.31) and (3.5). Figure 5 shows the influence of h1/c and Ec on the
normalized energy release rates G/G0, where G0 = 10−10(p20+ q

2
0)c. It can be seen that values of

G/G0 obtained based on both models have little difference for the pure tension case when Eq.
(3.6) holds, especially for small values of h1/c.

Fig. 5. Effect of the length ratio h1/c between the generalized nonhomogeneous interlayer and crack on
the normalized energy release rate

The influence of loading ratio q0/p0 for different thickness ratios of the interlayer h1/h on
the normalized SIFs, mode mixity and normalized energy release rate are plotted in Fig. 6 with
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Ec = E∗/(1−β2). The results indicate that the mode II SIF K2/K0 and mode mixity ψ increase,
while mode I SIFK1/K0 decreases with an increasing value of q0/p0. These tendencies are similar
to the experimental results of Liechti and Chai (1992). From Fig. 6d, we can see that differences
in the energy release rate G/G0 between the generalized nonhomogeneous interlayer model and
classical interface crack model are minimal when the thickness ratio of the interlayer is 0.75.
Moreover, these differences can be further significantly reduced by selecting an appropriate value
of h1/h between 0.5 and 0.75.

Fig. 6. Effect of the loading ratio q0/p0 on (a) normalized mode I SIF, (b) normalized mode II SIF,
(c) mode mixity, and (d) normalized energy release rate

Finally, it should be noted that dimensions of SIFs of the classical interface crack model given
by Eq. (3.3) depend on a complex factor iε, hence, it is challenging to employ SIFs to develop a
suitable fracture criterion for interface crack problems. However, the SIFs determined using Eqs.
(2.28) overcome this limitation and can be used to establish the SIF-based fracture criterion.
A quasi mode I (or quasi mode II) crack can be defined when the crack is subjected to simple
tension (or pure shear) at a remote distance since the singular crack tip field is dominated by
mode I (or mode II) fracture. Therefore, the SIF-based fracture criteria for quasi mode I and II
cracks respectively take the form

K1 = K1C K2 = K2C (3.7)

where K1C and K2C are the critical SIFs to be determined by experiments. For the mixed mode
crack, the criterion may be taken in the elliptical form as

( K1
K1C

)2
+
( K2
K2C

)2
= 1 (3.8)
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4. Conclusions

This paper proposes a Griffith crack model for two bonded dissimilar homogeneous isotropic
elastic half-planes, taking into account roughness at each material surface and the effect of the
adhesive material. A generalized nonhomogeneous interlayer is developed to model the adhesive
interface, where it is assumed that all material properties vary continuously between those of
the bonded materials and the adhesive material, and depend only on exponential functions of
the coordinate y (perpendicular to the interface). The Griffith crack problem is then reduced
to a set of singular integral equations which can be solved numerically. The influence of elastic
property and thickness of the interlayer on mode I and II SIFs, mode mixity and energy re-
lease rate is studied through numerical results. The applicability of the developed crack model
with the generalized nonhomogeneous interlayer is also investigated by comparing it with the
classical interface crack model. It is found that the energy release rates calculated by the two
models are very close when the elastic modulus and geometric dimensions of the generalized
nonhomogeneous interlayer are appropriately selected.
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In this study, a software has been developed for calculating static strength of bolted steel
plates. This software has been developed by adding equations covering the bending moment
that occurs during a tensile test as well as under real loading conditions. In order to test
the accuracy of this program, 5 samples with the M6 bolt connection were prepared. In
addition, the simulation result was compared with the experimental work performed with
tensile tests and the finite element analysis made in Ansys.

Keywords: bolt connection, MATLAB software, experimental work, finite element analysis

1. Introduction

When we examine fasteners in general, we notce that there are many fastening methods, and
some of them are used as main methods. Firstly rivets, then bolts, and then welded joints are
used (Albiez et al., 2022).
Shear stress has a significant impact on structural behaviour of bolted steel construction

assemblies. There are studies using bolted plates to increase the bending capacity of beams
(Yao et al., 2022). Bolts are known to show significant differences in strength under combined
loads (Pitrakkos et al., 2021). The aim of this study is to create an algorithm that analytically
calculates both the plate material and bolt strength under static loading conditions when the
same type of plates are connected by bolts and to investigate its industrial applicability. Ribeiro
dos Santos et al. (2022) presented a study on the behaviour of bolts. Zhou et al. (2022) investi-
gated buckling of stainless-steel pipes due to bending and carried out a study that numerically
determined them. Considering bolted parts, Rakotondrainibe et al. (2022) potentially optimized
the shape and topology of each part as well as the position and number of the bolts. Li and
Young (2021) conducted an experimental study on open section members under an eccentric
load used in steel structures. Fink and Camanho (2011) investigated how composite materials
affect joint stiffness of metal plywood sheets, which were made of the same material as the
fastener, to increase strength in metal bolt/rivet connections. Qi et al. (2021) simulated experi-
mentally materials with Abaqus software and compared the results. He et al. (2021) studied the
high-temperature load distribution of a bolt joint structure. A two-dimensional asymmetrical
model of the bolt connection structure was created and a modification of the standard metric
thread profile was made according to the thread load distribution, taking into account certain
properties. Giannella et al. (2021) carried out finite element analysis by modeling three different
connections of bolts that connected various components in gasoline engines. The results were
compared in terms of preprocessing time and accuracy. Li et al. (2020) performed calculations of
dynamic stiffness of mounted beam structures and connection surfaces according to an empiri-
cal formula. They created an equivalent model of bolted connections using springs and dampers
and virtual material addition methods in the Ansys software. In addition, they conducted a
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modal test of the beam structure. The simulation results obtained from the theoretical model-
ing method were compared with modal test results. Accordingly, they demonstrated that the
modeling method using spring and damping elements had higher accuracy. Guzas et al. (2015)
created a finite element model for bolts. They conducted physical experiments involving static
and dynamic stress tests. They verified the models based on test data for static and dynamic
stress experiments and reported achieving a good correlation. Ibrahim (2020) worked on a finite
element model of a standard bolted connection using Siemens NX software. It was observed that
the modal frequencies of the three simplified models were accurately captured. Additionally,
the study emphasized the effects of beam discretization and computation time. Żyliński and
Buczkowski (2010) conducted an analysis of bolted connections using the finite element method.
Nonlinear stiffness properties for the bolt and flange with gaskets were developed. Furthermore,
they compared the finite element analysis results with experimental results. Kim et al. (2007)
proposed four types of bolt models as finite element modeling techniques for a bolted connection.
The effectiveness and usability of the bolt models were validated by comparing static experi-
ments and modal test results. Piscan et al. (2010) conducted research on deformation of the
contact surface of a bolted connection using finite element analysis. In that study, the maximum
stress that the bolt can withstand due to the maximum stress it may be exposed to, based on
the bolt preload force, was determined. Additionally, the authors noted that surface contact
stiffness exhibited a nonlinear variation. Ramires et al. (2012) worked on a connection technique
they called a semi-rigid connection design. In this study, they optimized factors such as bolt di-
ameters and positions, spring coefficients and plate thicknesses using a genetic algorithm. They
managed to increase bolt stiffness while maintaining the same material cost.

2. Material and method

In this article, the aim is to examine the performance of plates of the same type connected
with bolted connections under static loading conditions. The goal is to develop an algorithm
that analytically calculates both the plate material and bolt strength. Today, metals, alloys and
composites are used in various manufacturing processes by combining them with dissolvable
connection techniques. In particular, quick assembly of different manufacturing plate-type con-
nections in steel structures is facilitated by joining them with bolted connections. From the past
to the present, bolts are frequently used as fasteners in steel construction assemblies, which is a
common type of structure. With the advancement of technology, there has been a growing need
for development of innovative designs of such bolts (Tanriver and Ay 2020).
Tensile tests can be performed to investigate tensile performance of fasteners (Guo et al.,

2020). In the literature, there are numerous studies where tensile load test results of bolts are
both experimentally conducted and analyzed using the finite element method (Liu et al., 2021).
In addition to these, in this study, calculations were made using software with an improved

equation. Furthermore, the results were compared using a triple validation method. The ultimate
goal here is to measure whether widely used fasteners can withstand static forces. The accuracy
of the software developed in this study was assessed by comparing the experimental results and
the finite element method.

2.1. Material

For this article, 5 test specimens of the same type and characteristics were prepared. As a
sample, two ST 37 plates with 10mm thickness (h1, h2), 100mm width le, and 100mm length l
were used. The ST 37 plate has a modulus of elasticity of 210GPa, yield strength of 235MPa
and tensile strength of 375MPa.
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A zinc-coated M6 steel bolt was used at the exact center of the plates for connection. The
bolts have a length of 60mm and were selected as hex head, 8.8 quality, and fully threaded
according to the DIN 933 standard. The test specimen is shown in Fig. 1.

Fig. 1. Test sample

2.2. Method

The international standards currently used in tensile tests of metal materials include ISO
6892-1: 2016 and ASTM E8: 2016 standards. The test setup for this article was prepared in
accordance with the ISO 6892-1: 2016 standard. The experiments were performed on the In-
stron 5569 tensile testing machine. The test specimen consists of two plates placed on top of
each other and connected by a single bolt in the exact center. In this case, five specimens with
the same properties were subjected to tensile load successively, with the lower jaw fixed and the
upper jaw moving, forcing the bolt to be cut between the two plates. For each specimen, the
tensile speed was set to 2mm/min, and the load was gradually increased until the bolts were
cut, ending the test. The first test specimen during the test and a visual of the test device are
shown in Fig. 2. The test specimens were named M6-Cv1, M6-Cv2, M6-Cv3, M6-Cv-4, M6-Cv-5,
respectively. The tensile test was applied to test specimens one by one in the order mentioned
above.

Additionally, to investigate the static behaviour of bolted connections, analytical methods
that provide stress distribution can be developed, and finite element models can be used to
check their suitability. In Ansys, which is the software using these methods, numerical analysis
of experimental studies on the buckling of shells and the shear load can be performed (Karasev
et al., 2020).

To examine the static behaviour of bolted connections, analytical methods that provide
stress distribution can be developed, and finite element models can be used to verify their
appropriateness (Hammami, 2022). In this article, finite element analysis was carried out using
the structural Ansys R19.2 analysis module. The shear stresses were investigated afterwards.
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Fig. 2. Test sample

3. Result and discussion

3.1. Experimental study and finite element analysis

Before performing the stress analysis, it is necessary to examine the loads applied to the
structure. The stress-strain curves obtained from the tensile tests of the specimens are given in
Fig. 3, respectively.

Fig. 3. Stress-extension curves
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Although the test specimens were geometrically identical to each other before the tensile
test, they showed differences in the test results. Some of them exhibited much more elongation
resulting in fracture at lower tensile forces compared to others. In some cases, more noticeable
bending occurred. A summary of the test results is given in Table 1.

Table 1. Tensile test results summary

Test specimen Tensile extension [mm] Tensile stress [MPa] Load [N]

M6-Cv-1 14.73 170.08 10204.56
M6-Cv-2 7.85 187.69 11261.14
M6-Cv-3 12.10 289.94 17379.37
M6-Cv-4 9.37 172.81 10368.61
M6-Cv-5 14.83 198.89 11933.46

Average value 203.88MPa 12229.42 N

Based on these results, the arithmetic mean of tensile stresses of the 5 test specimens with
M6 bolt connections is found to be 203.88MPa. Similarly, taking the average of shear forces
of the bolts according to the same results, the shear force is determined to be 12229.42 N. In
this study, the data obtained from the experimental results are planned to be used in both the
finite element Ansys R19.2 analysis and a MATLAB code for the targeted studies. Therefore,
in the “Software” Section, it is aimed to write a code based on the equations developed for
this study using the MATLAB code. In Ansys R19.2 structural analysis module, simulation was
performed by applying an average shear force of 12229.42 N obtained from the experimental
results for the same test specimen. The analysis used a total of 235 804 finite elements and
985 717 nodes. The sweep meshing method was used, and the mesh size was set to 1mm. The
contact between the plates was defined as a surface-to-surface contact. Similarly, the connection
contact between the plate-groove and the bolt threads was also defined as the surface-to-surface
contact. Furthermore, for the surface-to-surface contact, tangential and normal behaviour were
defined as the penalty friction and hard contact, respectively. To simulate the real constraints
in the tests and to limit the displacement of one of the plates, fixed support was defined in
the Y -direction. The problem was solved using the Maximum Shear Stress method. The finite
element model is shown in Fig. 4.

Fig. 4. Maximum shear stress analysis

Accordingly, in the finite element analysis, the maximum shear stress was found to be
221.72MPa. The ratio between the average of the experimental results in Table 1 and the
finite element result is 1.09. When we examine the studies conducted in the literature, the ratio
between the experimental results and the finite element results appears to be 1.77 (Guo et al.,
2020), 1.08 (Rajanyam et al., 2020) and 1.02 (Nguyen et al., 2022). It seems that the value in
this article is among the values in the current studies.
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3.2. Modeling the plate under moment

In the literature review, it has been indicated that bolt geometry and generation of moments
are improved when loads are connected eccentrically (Ansari et al., 2023; Esmaeili et al., 2014;
Hammami, 2022; Pitrakkos et al., 2021). However, no study formulating and explaining these
findings through additional formulas has been found.
There are studies that claim that the load exerted on bolted connections is not actually

proportional to the number of bolts and model and compare it with experimental results (Kon-
toleon et al., 2003). Actually, it should be noted that this is because of inability to perform
axial tension. The contact surface of the bolt holes providing the bolt-plate interaction should
be taken into account (Ye et al., 2022).
When plates are subjected to a tensile load, it is assumed that they are subjected to tensile

stress in the y-axis plane as shown in Fig. 5a, and calculations are made accordingly. However,
in tensile tests, it is known that this cannot be the case under real loading conditions, and the
eccentricity ratio in the load test can reduce load carrying capacities (Nguyen et al., 2022). Due
to a non-central application of the tensile load, the plates are forced to bend, and a moment is
generated.
When the stresses generated by this moment are added to simulations while calculating the

shear load on the bolts, and the calculations become more accurate. The bending moment occurs
at an angle in the section plane. The plate model under the moment loading is shown in Fig. 5b.

Fig. 5. The model of the plate under the moment: (a) theoretical (b) real condition

The angle α that will occur in the section plane, distance l1 of the vertical force to the pivot
point, distance l2 of the horizontal force to the pivot point, the vertical force Fy, the horizontal
force Fx generated by these forces, and the moments M1 and M2 formed by these forces are
given below

α = tan−1
l2
l1

l1 =
l

2
+m l2 = h+m h = h1 = h2

Fx = FT sinα Fy = FT cosα

M1 = Fxl1 M2 = Fyl2

(3.1)

Here, h represents plate thickness, l – length of the plate under tension, d – diameter of the
bolt to which the tension jaws are connected, m effective length of tension connection, and FT –
tensile force.
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The designed software consists of two stages. The first one is to determine whether the plate
can withstand the forces it is subjected to, and the second one is to investigate whether the
constructive strength of any bolts to be used as fastener is appropriate. In the first stage, it is
necessary to calculate whether the plates can withstand the tensile force statically, and then to
calculate the shear stress for bolt strength. The area affected by the tensile force A, moment of
inertia Iz, stress σ to which the plates are exposed, the safety stress σsaf and the plate material
strength condition are given below

A = leh Iz = le
h3

12

σ =
Fy
A
+
M1
Iz
h σsaf =

σy
s

σ ¬ σsaf
(3.2)

Here, h represents plate thickness, le – plate width, Fy – force acting on the plates in the y-axis,
Iz – moment of inertia, M1 – moment, σy – yield stress of the plate material, and s – safety
factor.
Now, we need to examine whether the constructive strength of any of the bolts to be used as

fasteners is appropriate, which is the second stage of the designed software. Due to the angled
effect of the tensile force, the M1 and M2 moments were generated in the plates. Since the
directions of these moments are opposite to each other, the resulting net moment Mnet, and the
tensile-compressive stress σtc generated by this moment are given as

Mnet =M2 −M1 σtc =
Mnet
Iz

h (3.3)

Here, h represents plate thickness and Iz – coefficient of the moment of inertia.
As a result of the tensile-compressive stress σtc generated in the plates, an additional virtual

shear force will be generated that acts in the opposite direction to the bolts in the plates. The
Fim virtual force is the maximum force that will act when the stress profile is assumed to be
triangular. The intensity of the bolt within the plates changes in proportion to the area of this
triangle. Therefore, the average force corresponding to the area of the triangle will be a half of
the Fim force. The virtual force Fim is shown in Fig. 6.

Fig. 6. Imaginary force

The crushing area Acr and the virtual shear force Fim, with plate thickness h, are expressed
by the following equations

Fim = σtcAcr Acr = hDbolt (3.4)
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Here, h represents plate thickness, and Dbolt – diameter of the bolt.
The total shear force per bolt Fsh, cross-sectional area per bolt Abolt, net shear stress per

bolt τnet, and the bolt shear stress strength condition are given below

Fsh =
Fy
n
+
Fim
2

Abolt = π
D2bolt
4

τnet =
Fsh
Abolt

τsaf =
τs
s

τnet ¬ τsaf
(3.5)

Here, n represents the number of bolts, Dbolt represents diameter of the bolt, Fy represents the
force acting on the plates in the y-axis, Fim is the virtual force, τs – shear stress of the bolt
material, and s is the safety factor.

3.3. Software

In this Section, the equations involving bending moment have been transferred into the
MATLAB code, and the code has been executed on a sample model. Additionally, to measure
its accuracy, the software results have been compared with both experimental and finite element
results. In the previous Section, the arithmetic average of the tensile test results for 5 samples
with M6 connections, shown in Table 1, was 12229.42 N for the Freal load. This load was used in
the Ansys maximum shear stress analysis, and the resulting stress value τans was 221.72MPa.

Fig. 7. Flowchart of the software procedure and result
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Now, to make a proper comparison, the MATLAB program has been run on the same model
dimensions shown in Fig. 1, which were used in the tensile test and finite element analysis. The
load used was again the arithmetic average of the tensile test results for the 5 samples with M6
connections, shown in Table 1, with a Freal load of 12229.42 N. As a result, the critical stress
calculated by MATLAB was 220.70MPa. The flowchart of the software procedure and the result
is shown in Fig. 7.
According to the results obtained here, the output of the MATLAB software designed for this

study is 16.70MPa higher than the average τreal (203.88MPa) of the experimental results for
the M6 bolted connection samples conducted in the laboratory environment. Additionally, it is
observed that the result is 1.18MPa lower than the output of the Ansys finite element analysis.
The error rates of the MATLAB results have been determined based on both the experimental
and Ansys finite element method results. The error rate relative to the laboratory test results is
given as Err test Rate, while the error rate relative to the Ansys finite element results is given
as Err ans Rate. The error rates are provided below

Err test Rate =
τnet − τreal

τreal
(3.6)

Here, with τnet = 220.70MPa and τreal = 203.88MPa, the error rate Err test Rate is found to
be +8.2%

Err ans Rate =
τnet − τans

τans
(3.7)

Here, with τnet = 220.70MPa and τans = 221.72MPa, the error rate Err ans Rate is found to
be −0.46%.
If this innovation and change was made, the simple shear stress would be given in the equation

below

Abolt = π
D2bolt
4

τbolt−old =
FT
Abolt

(3.8)

Here, with the bolt diameter Dbolt being 6mm, the bolt cross-sectional area Abolt is found to be
28.27mm2.
If the lowest stress value in Table 1, 10204.56 N FT force in M6-Cv-1 sample, is considered,

τbolt−old is found to be 288.48MPa. When considering the average value of 12229.42 N FT force,
τbolt−old is calculated as 432.58MPa. If the highest stress value in M6-CV-5 sample, 17379.37 N
FT force, is taken into account, τbolt−old is found to be 614.76MPa. Since 288.48MPa is a closer
value, the error rate is expressed below considering this value

Err test Rate =
τnet − τreal

τreal
(3.9)

Here, with τbolt−old = 288.48MPa and τreal = 203.88MPa, the error rate Err test Rate is found
to be +41.5%.
As can be seen here, if the conventional bolt shear stress calculation was done, the current

error rate would be 41.4%. However, with the modifications and calculations done by using the
MATLAB program, the error rate is found to be 8.2%. The new calculation provides 33.3% more
accurate results compared to the old calculation, offering designers a safer margin and benefits in
terms of staying within the safety zone. In addition to all of these, a regression analysis has been
performed between the values of different bolt diameters with the average force of 12229.42 N
using the program. The regression analysis graph is shown in Fig. 8.
Accordingly, the determination coefficient R2 is found to be 0.9816, approaching 1. With a

constant load of 12229.42 N, the equation predicts the critical stress per bolt with the indepen-
dent variable of bolt diameter at a rate of 98.16%. The critical stress values written opposite
the bolt diameter are taken from the MATLAB algorithm; therefore, it can be concluded that
the code provides a correct stress value at a rate of 98.16%.
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Fig. 8. Regression analysis graph

4. Conclusion

In the literature review, there are studies that show the improvement of bolt geometry and the
formation of moments when the loads are connected eccentrically when compared with existing
models. However, no study has been found that develops and explains this by converting these
quantities into equations and adding additional formulas. For that reason, codes have been
added to the MATLAB software in order to calculate the moments formed by eccentricity
during tension, in addition to conventional studies, and the software has been improved. The
designed software consists of two stages. The first stage is to determine whether the plate used
can withstand the forces it is subjected to, and the second stage is to investigate whether the
constructive strength of any of the bolts used as fasteners is appropriate.
In order to investigate tensile performance of fasteners, tensile tests are performed. Gen-

erally, there are studies comparing experimental results with finite element results. There are
also studies that validate numerical and experimental results for estimating the shear capacity
of bolted connections. In this study, additionally, calculations are made with the help of the
MATLAB software, and the results are compared in a triple validation method with both finite
element and experimental method.
Although the specimens were geometrically identical to each other before tensile tests, they

showed differences in the test results. In some of them, elongation was much greater compared
to others, resulting in failure at lower tensile forces. In others, more visible bending occurred.
According to the test results, an arithmetic average of stresses of 5 M6 connected samples with
the same properties was taken, and the average stress was found to be 203.88MPa. Also, based
on the same results, the average shear load was determined to be 12229.42 N. The finite element
analysis in the Ansys R19.2 structural analysis module was performed using the average shear
load of 12229.42 N. Consequently, the maximum shear stress in the finite element analysis was
found to be 221.72MPa. Considering these values, the ratio between the average of the test
results and the finite element analysis was 1.09. It is a value within the range of ratios between
experimental and finite element results found in the literature.
Additionally, the code written with the added equations was run in MATLAB using the

average shear load, which indicated a critical stress of 220.70MPa. Based on these results, the
MATLAB software developed with the improved additional formulas has error rates of +8.2%
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when considering the experimental results and −0.46% when considering Ansys finite element
results.
If this innovation was not made and the conventional bolt shear stress calculation was used,

the current error rate would be 41.4%. The new calculation offers a 33.3% more accurate estimate
compared to the old calculation, providing designers with a safer margin and benefiting them
by staying within the safety zone.
In addition to these, a regression analysis has been performed for different bolt diameters.

Accordingly, the coefficient R2 was found to be close to 1, 0.9816 in exact. With a constant load
of 12229.42 N, the critical stress per bolt, with the bolt diameter as an independent variable,
was predicted with an accuracy of 98.16%. Since these values were obtained in MATLAB, it wae
also concluded that the code provided stress values with an accuracy of 98.16%.
In the future, it is aimed to develop the presented study by adding an optimization module.

Thus, by preparing constraint functions for plates and bolts, the most suitable coordinates for
the bolts can be determined. This will provide a more efficient and effective design process,
ensuring that the connections are optimized for a specific application and requirements.
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To study the dynamic response of roads under non-stationary random excitation, a dynamic
differential equation is constructed firstly based on a two-axle half car model, and white noise
to simulate road roughness is then filtered. Finally, non-stationary responses of different
vehicle acceleration conditions are obtained. An infinite multi-layer plate on a viscoelastic
half-space foundation as a model of the road structure and an analytical solution for the
road dynamic response are obtained. Based on a numerical example, the dynamic response
of a four-layer road model under vehicle loads is discussed. The study fills the gap in the
theory of multi-wheel vehicle models.

Keywords: non-stationary filtered white noise, viscoelastic half-space, multi-layer plate,
vehicle-road coupling

1. Introduction

With the continuous improvement of the national economic level and the rapid development of
the road transportation industry, the number and types of various heavy-duty vehicles on the
road are increasing, and damage to the road is particularly serious. Among them, vibration is
an unavoidable topic when vehicles are driving on the road. Due to technical levels and other
uncontrollable factors, the road surface cannot be completely flat because it leads to excitation
of the road surface during driving of the vehicle. The vehicle vibration and its own gravity
influence also produce complex dynamic response problems on the road surface (Rahman and
Kibria, 2014; Awal et al., 2017). How to establish a more realistic and effective model to reflect
the dynamic response of the road under heavy loads has become a hot topic in the current road
research.
At present, the dynamic response of the pavement under an external load is generally selected

for a constant speed, and the upper load is described as a dead load or harmonic load. For the
pavement structure model, early scholars usually simplified it to a Kirchhoff’s thin plate on
a viscoelastic foundation. Dieterman and Metrikine (1997) studied the dynamic response of
single-layer soil under the action of a moving load as a simple harmonic load. Kim and Roesset
(1998) and Kim (2004) studied the dynamic response of the infinite Kirchhoff thin plate on
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the Kelvin foundation under a moving dead load and harmonic load by using the fast Fourier
transform method. Sun (2007) used the integral transformation and Green function method to
find the integral analytical solution of the transient deflection and the steady-state deflection of
the plate under the moving load. Later, Cai et al. (2009) and Cao and Boström (2013) extended
the road structure to an elastic half-space and porous saturated soil half-space volume models
on the basis of Sun (2007). Li (2011) and Li et al. (2013) optimized the pavement structure
model again: the infinite two-layer plate model on the viscoelastic half-space foundation was
proposed, and the dynamic response of the two-layer plate structure under the moving load
was studied. A relationship between the dynamic response of the plate structure and the elastic
modulus of the material was obtained. Si (2017) extended the virtual excitation method to
deal with random vibration of the viscoelastic half-space foundation under a train load, and
used the evolutionary power spectrum and corresponding standard deviation to express time-
varying random characteristics of the system. Mirsaidov and Mamasoliev (2020) established
a mathematical model and a calculation method of the internal force coefficient of a multi-
layer strip plate on an elastic foundation under various static loads and proved regularity of
infinite algebraic equations and obtained the corresponding estimation. Hamidi et al. (2021)
utilized the state space method in the Laplace domain. The influence of the elastic foundation
and viscoelastic interface on dynamic behavior of laminated magneto electro elastic rectangular
plates with simply supported boundary conditions was studied. The dynamic response of three-
-dimensional displacement, stress, electric displacement and magnetic displacement phase in the
thickness direction and orthotropic behavior under harmonic stress was analyzed. However, the
current speed of vehicles on the road is always changing, especially acceleration and deceleration
when the vehicle starts and stops, which result in that the load on the road can not be simply
described as a dead or harmonic loads.
The article combines the vehicle load with random road roughness excitation for the first

time. The authors use a two-axle and half-car model to build dynamic differential equations,
and used filtered white noise to simulate road roughness. At the same time, the viscoelastic half-
-space foundation model is further extended to a multi-layer plate on a viscoelastic half-space
foundation model. Based on Green’s function and Duhamel’s integral, the analytical solution of
the dynamic response of the infinite multi-layer plate on the viscoelastic half-space foundation
under the action of moving vehicles is obtained, and the generalized integral calculation program
for simulating singular and oscillating functions is compiled by using MATLAB software. Finally,
the algorithm in this paper is created and the dynamic response of the road structure under
non-stationary vehicle-road coupling conditions is obtained.

2. Vehicle and road model

2.1. Vehicle model

The vehicle model is a two-axle heavy vehicle, and the half-car model is shown in Fig. 1a.
The tire damping is relatively small compared to suspension damping, and for convenience of
numerical calculations, the vehicle model can be simplified as shown in Fig. 1b.
Based on the balance of the front and rear forces of the vehicle body, it is concluded that

m2f z̈2f +m2cz̈c
b

L
+ C2f (ż2f − ż1f ) +K2f (z2f − z1f ) = 0

m2rz̈2r +m2cz̈c
a

L
+ C2r(ż2r − ż1r) +K2r(z2r − z1r) = 0

(2.1)

Adding Eqs. (2.1), we get

m2z̈c + C2f (ż2f − ż1f ) +C2r(ż2r − ż1r) +K2f (z2f − z1f ) +K2r(z1r − z2r) = 0 (2.2)
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Fig. 1. Vehicle model: (a) two-axle half-car model, (b) simplified half-car model

Based on the balance of the front and rear forces of the non-suspended mass, it is concluded
that

m1f z̈1f + C2f (ż1f − ż2f ) +K2f (z1f − z2f ) +K1f (z1f − q1) = 0
m1rz̈1r + C2r(ż1r − ż2r) +K2r(z1r − z2r) +K1r(z1r − q2) = 0

(2.3)

Based on the principle of moment balance around the centroid, it is concluded that

Jφ̈− aC2f (ż2f − ż1f ) + bC2r(ż2r − ż1r)− aK2f (z2f − z1f ) + bK2r(z2r − z1r) = 0 (2.4)

According to the literature (Zhang et al., 2022), the road roughness of the front and rear wheels
in the time domain is expressed as

q̇f (t) + ṡ2πncq(t) = 2πn0
√
Gq(n0)ṡW (t) q̇r(t) = −

2v
L
qr(t)− q̇f (t) +

2v
L
qf (t) (2.5)

where q(t) is the road roughness under unsteady conditions in the time domain, s is the distance
traveled by the vehicle, nc is the lower cut-off space frequency, nc = 0.011m−1, n0 = 0.1m−1 is
the reference space frequency, Gq(n0) is the road roughness coefficient – if it is not stated in the
text, it is taken as Class C pavement (ISO, 1990), W (t) is the band-limited white noise, v is the
vehicle running speed, L is the distance between the front and rear wheels.

2.2. A multi-layer plate on the viscoelastic half-space foundation

Figure 2 shows an infinite multi-layer plate model on a viscoelastic half-space foundation.
The bottom layer shown in the figure is a viscoelastic half-space foundation and above it, is an
infinite multi-layer plate.

Fig. 2. An infinite multi-layer plate on a viscoelastic half-space foundation
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The density, Poisson’s ratio and elastic modulus of the viscoelastic half-space foundation
are represented by ρ, µ and E, respectively. The displacement in three directions of x, y, z is
represented by ui(ux, vy, wz), and the control equation for a homogeneous isotropic viscoelastic
half-space foundation represented by the displacement is

(λ+G)∇(∇ · uj) +G∇2uj = ρ
∂2uj
∂t2

(2.6)

where: λ, G are Lamé constants, λ = µE/[(1 +µ)(1− 2µ)], G = E/[2(1 +µ)], ∇2 is the Laplace
operator.
However, in practice, soil (i.e. viscoelastic half-space) should also consider the influence

of material damping. According to the linear hysteresis damping theory, material damping is
introduced, namely

E∗ = (1 + 2jξ)E G∗ = (1 + 2jξ)G λ∗ = (1 + 2jξ)λ (2.7)

where j is the imaginary unit, j2 = −1, ξ is the material damping ratio, where ξ = 0.05 is taken.
Smooth contact between the plate and the viscoelastic half-space foundation is assumed. The

thickness, elastic modulus, Poisson’s ratio and density of each layer are hi, Ei, µi, ρi (i = 1, 2, 3).
The upper surface of the uppermost plate is subjected to a moving load of F (x, y, t). P (x, y, t) is
the vertical reaction of the viscoelastic half-space foundation acting on the plate. In reference
(Yang et al., 2010), the differential equation of motion expressed by the vertical displacement of
the multi-layer plate is

D
(∂4wzb
∂x4

+
∂4wzb
∂y4

)
+ 2(Dxy + 2Dk)

∂4wzb
∂x2∂y2

+mb
∂2wzb
∂t2

= F (x, y, t)− P (x, y, t) (2.8)

where wzb is vertical displacement of the multi-layer plate, mb =
∑n
i=1 ρihi is mass per unit area

of the multi-layer plate, D is bending stiffness of the plate in either the x or y direction, Dxy is
bending stiffness in both the x and y directions, Dk is torsional stiffness. Its expression is

D =

h0∫

h0−h1

E1
1− µ21

z2 dz +

h0−h1∫

h0−h1−h2

E2
1− µ22

z2 dz + · · ·+
h0−
∑n−1

i=1
hi∫

h0−
∑n

i=1
hi

En
1− µ2n

z2 dz

Dxy =

h0∫

h0−h1

E1µ1
1− µ21

z2 dz +

h0−h1∫

h0−h1−h2

E2µ2
1− µ22

z2 dz + · · · +
h0−
∑n−1

i=1
hi∫

h0−
∑n

i=1
hi

Enµn
1− µ2n

z2 dz

Dk =

h0∫

h0−h1

E1
2(1 + µ1)

z2 dz +

h0−h1∫

h0−h1−h2

E2
2(1 + µ2)

z2 dz + · · ·+
h0−
∑n−1

i=1
hi∫

h0−
∑n

i=1
hi

En
2(1 + µn)

z2 dz

(2.9)

where h0 is the distance between the neutral layer of the multi-layer plate and the upper surface
of the uppermost plate. Since the stress in the neutral layer is zero (Hung and Yang, 2001), the
expression can be deduced as follows

h0 =

[
E1h

2
1+E2(2h1+h2)h1+E3(2h1+2h2+h3)h3+· · ·+En

(
2
n−1∑

i=1

hi+hn

)
hn

]
1

n
∑n
i=1Eihi

(2.10)

The boundary conditions and initial conditions of the problem can be expressed as

lim
x→±∞

∂nwzb
∂xn

= 0 lim
y→±∞

∂nwzb
∂yn

= 0 n = 0, 1, 2, . . .

wzb(x, y, t)
∣∣
t=0
=
∂wzb(x, y, t)

∂t

∣∣∣
t=0
= 0

(2.11)
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2.3. Description of the vehicle-road coupling system

The article studies the dynamic response of road structures based on the vehicle-road cou-
pling. The coupling relationship between the vehicle and the road surface can be described as
follows: when the vehicle passes through the road at a certain speed, the vehicle generates vi-
bration due to excitation of the road roughness, and the road structure also vibrates under the
dynamic load of the vehicle, and the vibration of the road surface causes secondary coupling
vibration of the vehicle.
In order to more accurately describe the interaction between the tire and road surface,

the vertical load force F (x, y, t) consists of two parts, namely the static load Mg (M is mass
distributed on the tire by the whole vehicle) and the dynamic load Fd (Lu et al., 2021)

F =Mg + Fd (2.12)

where Fd is the reaction force generated by the unsteady road excitation on the vehicle.

3. Analytical solution of the dynamic response

According to the Helmholtz theorem, the displacement vector of a viscoelastic half-space foun-
dation in a rectangular coordinate system can be decomposed into

ui(ux, vy, wz) = ∇Φ+∇×Ψi(Ψ1, Ψ2, Ψ3) (3.1)

where ux, vy and wz are displacements in the three directions x, y and z of the viscoelastic
half-space foundation, respectively, Φ is the scalar potential of displacement ui, Ψi is the vector
potential of the displacement ui.
By using Green’s function and generalized Duhamel’s integral, an analytical solution of the

dynamic response of an infinite four-layer plate on a viscoelastic half-space foundation under
moving loads can be obtained. The expression for the generalized Duhamel integral is (Li et al.,
2013)

uki(x, y, z, t) =
∫

S

t∫

0

F (ζ1, ζ2, τ)Gki(x− ζ1, y − ζ2, z, t− τ) dτ dS (3.2)

where on the right-hand there is a convolution integral of the moving load and Green’s function.
According to reference (Li et al., 2013), the vertical displacement of the viscoelastic half-space

foundation under the moving load can be obtained

w =
F

(2π)2G
ejω0t

+∞∫

−∞

+∞∫

−∞

sin(k1l1)
k1l1

sin(k2l2)
k2l2

1
∆
[Bp(k21 + k

2
1 +B

2
s )e
−Bpz

− 2Bp(k21 + k22)e−Bsz]ej[k1(x−vt)+k2y] dk1 dk2

(3.3)

where ω0 is the loading frequency of harmonic loads, ω0 = 0 represents the moving dead load,
l1 = 0.11, l2 = 0.16 are the rectangular areas of contact force distribution between the wheel and
ground. The rectangular area is {−l1 ¬ x ¬ l1, −l2 ¬ x ¬ l2}, and Bp, Bs, ∆ are intermediate
transition expressions. The derivation is more complex and will not be repeated, see Li et al.
(2013). v is the driving speed of the vehicle, and the range of it is 0-45m/s.
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4. Numerical calculation

4.1. Vehicle and road model parameters

The analytical solution for the multi-layer plate on the viscoelastic half-space foundation
has been given in Section 3. Next, the authors completed simulation of the dynamic response
using MATLAB (Xue, 2019; Kreines and Kreines, 2020). In fact, the making use of four layer
plates such as surface layer, base, subbase and cushion layer is sufficient to meet the needs of
the project. That is, n = 4 in Eqs. (2.9) and (2.10). The article takes the road structure of Laiqu
section of Taihang Mountain Expressway as the example (Yan et al., 2020), see Table 1 for
material parameters of the viscoelastic half-space foundation and the four-layer plate structure.
The parameter information of the two-axle heavy vehicle is given in Table 2 (Kim et al., 2005).

Table 1. Material parameters of the road structure

Pavement Thickness Elastic modulus Poisson’s Density
structure [m] [MPa] ratio [kg/m3]

AC-13C 0.04 9000 0.25 2300
ARHM-20 0.06 10000 0.25 2300
ATB-25 0.1 8000 0.25 2400
Subbase 0.54 9000 0.25 2300
Foundation +∞ 60 0.40 1850

Table 2. Parameters of the two-axle heavy vehicle

Parameter
Numerical

Parameter
Numerical

value value

Front wheel mass [kg] 500 Rear suspension damping [Ns/m] 3.3420 · 107
Rear wheels mass [kg] 725 Front suspension stiffness [N/m] 1.577 · 106
Vehicle mass [kg] 28500 Rear suspension stiffness [N/m] 4.724 · 106
Wheel base [m] 4 Front wheel stiffness [N/m] 3.146 · 106
Front suspension damping

1.120 · 107 Rear wheels stiffness [N/m] 4.724 · 106
[Ns/m]

4.2. Road surface excitation in an unsteady state

The roughness parameters corresponding to A-D grade roads refer to the current standard
GB/T 7031-2005 (Li et al., 2006), see Table 3. According to equations (2.5)2 and (2.6), filtered
white noise is used to simulate road roughness at the front and rear wheel positions.

Table 3. A-D pavement grade parameters in GB/T 7031-2005

Pavement Unevenness parameter Gd(n0) [10−6(m2/m−1)]
grade minimum geometric mean maximum

A – 16 32
B 32 64 128
C 128 256 512
D 512 1024 2048

Figure 3a shows the time history response of road roughness of different pavement grades
in an unsteady state. The vehicle speed uniformly increases from 0m/s to 45m/s. Negative
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values represent a situation below the road reference plane. At 12 seconds, the time history
response of road roughness under four different pavement grades A, B, C and D based on band-
-limited white noise is 7.855mm, 15.710mm, 31.420mm and 62.840mm, respectively. They are
all extreme values in 15 seconds. Except for A-level pavement, all of them are doubled on the
basis of the previous grade. Taking the D-level pavement as an example, a small speed from 0 s
to 2 s produces a small displacement response, and the response increases with an increase of
speed. When the speed is greater than 7m/s, its amplitude fluctuates within the range of 0mm
to 62.840mm. Figure 3b shows the time history response of road roughness at the front tire and
rear tire positions under non-stationary conditions. As shown in the figure, from 0 s to 15 s, the
road roughness curves at the front and rear wheel positions appear successively, and the two
curves gradually overlap as the vehicle speed increases. However, from 0 s to 2 s, the two curves
differ from the above conclusion due to wheelbase length of the front and rear wheels. Figure 3c
shows the road roughness with different accelerations. From the slopes of the two curves in the
figure, it can be seen that the greater the acceleration, the stronger the increase (or decrease)
in the amplitude of road roughness. This phenomenon conforms to Newton’s second law which
it states that the magnitude of the force acting (road roughness in the article) on an object is
proportional to acceleration.

Fig. 3. Road roughness: (a) of different pavement grades, (b) under various tires, (c) with different
accelerations

Figure 4a shows the vertical vibration time-history response of the unsprung mass of the
front axle. Its amplitude fluctuates around the w = 0 axis and increases with an increase of the
vehicle speed, which has a strong correlation with the road roughness response. According to
equation (2.12), the C-level road excitation under the non-stationary vehicle load, as shown in
Fig. 4b, can be obtained. Its amplitude fluctuates up and down around the static load generated
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by the vehicle self weight (Mg/4 = 7.5827·107 N), which shows an increasing trend as the vehicle
speed increases. From 0 s to 15 s, the maximum and minimum values of the road excitation are
7.584 ·107 N and 7.581 ·107 N, respectively. The difference between them is only 0.04%. Its value
directly affects the result of vertical displacement of the pavement.

Fig. 4. (a) Unsprung mass vertical vibration of the front axle; (b) road excitation in an unsteady state

4.3. Dynamic response of the vehicle-road coupling in an unsteady state

4.3.1. Algorithm validation

Hung used the direct integral transformation method to calculate the dynamic response of
a viscoelastic half-space foundation (Hung and Yang, 2001). Next, the article uses a self-made
MATLAB program to study the dynamic response of road structures. Some model parameters in
Hung’s article are as follows: v = 50 km/h, F = 5·104 N, G = 20MPa, µ = 0.25, ρ = 2000 kg/m3,
ξ = 0.02. To verify the correctness of the self-made MATLAB program, see Fig. 5, where a
comparison of the time-history response results of the vertical displacement W of viscoelastic
the half-space foundation is shown. The method in this paper is consistent with the calculation
results of Hung. Li et al. (2015) established a layered road structure using Ansys software and
verified the correctness of the algorithm proposed in this paper.

Fig. 5. Comparison of the vertical displacement results

4.3.2. Displacement response of the four-layer plate under an unsteady state

The force exerted by driving vehicles on the road surface can cause vertical displacement of
the road surface. This Section focuses on the displacement w of a four-layer plate on a viscoelastic
half-space foundation.
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Figure 6a shows the time history curve of the vertical displacement of the road surface, four
curves represent four different vehicle speeds. When the speed is 5m/s, 10m/s, 20m/s, and
30m/s, the vertical displacements are ±0.6 s are 0.131mm, 0.057mm, 0.027mm, and 0.018mm,
respectively. Figure 6b shows the vertical displacement under a single wheel in the direction
of x (driving direction) and y (perpendicular to the driving direction) when the moving speed
is 10m/s. At 6m from the reference point, their vertical displacement is 5.677 · 10−2mm and
5.796 · 10−2mm, respectively, with a difference of only 2.096%. For the observation point, the
vertical displacement gradually increases when the vehicle arrives, and decreases when the vehicle
leaves. Generally, it presents a “V” shape with flat ends and steep middle. Figure 6c shows three
curves representing the vertical displacement of the road surface at the front wheel position,
where the rear wheel and the front wheel act alone, and the front and rear wheels act together
(v = 10m/s). The maximum vertical displacement of a single wheel is 0.094mm, 0.340mm
respectively, and the maximum vertical displacement caused by the combined action of two
wheels is 0.434mm.

Fig. 6. (a) Time history curve of vertical displacement at different speeds; (b) vertical displacement in x
and y directions; (c) vertical displacement of each tire at the front wheel position

Figure 7a shows the vertical displacement response nephogram of the four-layer plate caused
by the single-wheel action. Figure 7b shows the interaction of the front and rear wheels
(v = 15m/s). The maximum vertical displacement is 0.340mm, 0.438mm, respectively. The
combined action of the front and rear wheels is 1.288 times of a single wheel. The vertical dis-
placement effect of a single wheel set on the pavement is shown as a “circle” extending from the
inside out on a plane. During the double-wheel action, due to the two “circular” coherent effects,
it gradually transits to “8-shaped” and “oval”, and finally approaches to “circular” infinitely.
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Fig. 7. Nephogram of vertical displacement: (a) under the action of a single wheel, (b) under the
coherent action of the front and rear wheels

5. Conclusions

By establishing a mathematical model and rigorous theoretical derivation, the unsteady vehicle-
-road coupling dynamic response of a multi-layer plate on a viscoelastic half space foundation is
studied, and the following conclusions are drawn:

• Based on band-limited white noise to simulate road roughness, the response of road rough-
ness is small at a low speed, but increases significantly with speed. At high speeds, the
response of road roughness is relatively large, but the increase in speed is relatively small,
and there may even be a decrease.
• Based on the non-steady road excitation of accelerating vehicles, its amplitude fluctuates
around the static load generated by the vehicle own weight, and increases with an increase
of vehicle speed.
• The vertical displacement effect of the vehicle load on the ground is almost the same in
the longitudinal direction (driving direction) and the transverse direction (perpendicular
to the driving direction). The transverse displacement at 6m from the loading position is
only 2.096% higher than the longitudinal displacement, and this effect decreases rapidly
with an increase of distance.
• The vertical displacement effect of a single wheel set on the pavement is shown as a
“circle” extending from the inside out on a plane. During the double-wheel action, due
to the two “circular” coherent effects, it gradually transits to “8-shaped” and “oval”, and
finally approaches to “circular” infinitely.
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The suspension hole of a gearbox case was cracked after the mining test vehicle has covered
7000km. In order to analyze and solve this problem, in this paper, based on the modal
analysis of the suspension system and failure analysis of the faulty parts, the finite ele-
ment model of the powertrain system was established using Ansys, and strength analysis
of the gearbox case was carried out. According to the analysis results, improvement and
optimization measures were proposed. The analysis results show that the maximum stress
of the optimized gearbox case was reduced by 6.9%, and the test vehicle could operate for
50 000km without failure after the improvement, which verified the effectiveness of those
measures. Accumulating experience in the gearbox case design and simulation, modal anal-
ysis and finite element analysis were combined to quickly identify the failure causes of the
suspension support hole, and targeted improvement measures were taken, which effectively
shortened the research and development cycle and saved production costs.

Keywords: gearbox case, modal analysis, failure analysis, optimization design, suspension
support holes

1. Introduction

The gearbox is mainly composed of gears, bearings, shafts, and case among other parts. It is an
important component of the vehicle powertrain and is widely used in machinery (Vilan et al.,
2010). As the main supporting part of the gearbox, the case is bolted to the motor externally
and supported on the vehicle frame by a suspension structure. The gearbox case of a complex
structure and large size is subjected to loads such as shock and vibration from complex road
conditions, as well as torque and gear meshing reaction forces applied to the bearing holes by
the internal drive shaft of the gearbox through bearings (Dong, 2011). Once the gearbox case
ruptures under complex loads, it will affect the performance and life of the vehicle and, in serious
conditions, it may cause accidents and generate significant economic losses (Li and Chen, 2017;
Liu, 2018; Fu et al., 2010; Hu et al., 2017; Wilk et al., 2011). Therefore, it is necessary to analyze
and study the strength of the gearbox case to ensure its reliability and structural strength.
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Xue (2019) conducted appearance analysis, metallographic structure analysis, hardness test-
ing, macroscopic fracture analysis and SEM analysis on a fractured part of the gearbox sus-
pension. Chen et al. (2018) carried out testing, diagnosis and finite element analysis, and found
that the mounting bracket at gearbox surface exhibited a high resonance at the corresponding
frequency, which negatively affected the mounting stability and increased interior noise of the
vehicle. Xiao established a dynamic model for the suspension system of the EV powertrain.
Through experiments, the researcher obtained inertia parameters of a pure EV powertrain and
a static stiffness curve of the suspension. He also examined the excitation force on the EV pow-
ertrain (Xiao, 2021). Wang et al. (2018) studied the influence of polygonal wear of wheels on the
dynamic performance of the gearbox housing of a high-speed train. Wu et al. (2019) established a
three-dimensional multibody system (MBS) railway vehicle model by considering the flexibility
of the gearbox shell and wheel set as well as nonlinear wheel rail contact, and studied the effect of
wheel polygonization on the fatigue of a gearbox shell installed on the wheel set of a high-speed
train. In order to reduce the radiated noise of the gearbox of agricultural electric vehicles, Son et
al. (2020) optimized the shape of the gearbox shell. There is great space for optimization of the
gearbox housing (Jin et al., 2021; Huang et al., 2021), but there are few literatures items that
specify or analyze suspension support holes of gearboxes. Therefore, in this study, we carried out
failure analysis and optimization design for the suspension support hole of the gearbox housing.
In this paper, upon the analysis of failure causes of suspension holes of a gearbox, improvement
and optimization measures are proposed, and the strength analysis of the gearbox case is carried
out by employing a simulation analysis method to verify the effectiveness of the improvement
measures, which is of great significance to promote vehicle research and development.

2. Fault description and detection

During the durability test of a pure electric mining test vehicle, when the vehicle covered 7000 km,
the problem of rupture of the suspension hole of the gearbox case appeared. The inspection of
the powertrain found that there were oil stains on the surface of the gearbox shell, and the
support holes on the left side of the shell (flange direction) were damaged. Two support holes
were broken in the middle of the screw thread, with the fracture not structurally loose. Figure 1

Fig. 1. Rupture position of the support hole

shows the lower left and upper right support holes. One support hole steel wire thread sleeve
and the inner wall of the hole were damaged in the middle of the thread against the lower end.
Figure 1 shows the lower right support hole. The thread of the broken support hole measured up
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to 10mm in depth, and the damaged support hole wall measured up to 10mm in depth. Still,
1/2 was unscrewed as shown in Fig. 2.

Fig. 2. Support hole thread the gearbox case

The inspection of the threaded holes was passed. The technical requirements of the four-hole
thread were M14, 20mm of thread depth, 25mm of hole depth; the outer circle of the tab was
∅30, and the height of the tab was 30mm. The support hole without damage was tested as:
M14, thread depth being 20mm, hole depth 27mm; the outer circle of the small end of the
tab 30.7mm, and the height of the tab 15.3mm (to the rib), which passed. After physical and
chemical analysis of the shell, the structure was free of defects, and the measured hardness was
105HB, which met the technical requirements (Liu et al., 2021).

The current bolt specification used is M14×25, with the actual screw-in size at about 15mm.
The effective thread connection length of aluminum alloy material is required to be 1.5-2 times
of the outer diameter of the thread. The preliminary judgment of the failure phenomenon is that
the cause of the failure is that the upper left and lower right bolts are loose and missing, leading
to a sudden increase in the load on the single bolt hole, which in turn leads to rupture of the
shell. In addition, there is a slight collision trace at the position of the suspension limit, which
can be determined that there was a rigid collision at the suspension limit during the operation.

3. Materials and methods

The gearbox housing is made of cast aluminum alloy with the modulus 6.9 · 104MPa, Poisson’s
ratio ν = 0.3, and density 2.7 g/cm3. The suspension bracket is made of Q235, with the modulus
2.5 · 1054MPa, Poisson’s ratio ν = 0.28, and density 7.7 g/cm3. All parameters have been set in
the material properties of Ansys.

Compared with traditional fuel vehicles, vibration of electric vehicles, which is produced
by the power transmission system, has significantly decreased. However, there are still various
vibration problems with the motor operation due to limitations of processing technology and
precision constraints. To analyze causes of cracking in the connection hole between the gearbox
of a mining vehicle and the suspension bracket, this article conducts modal analysis of the
powertrain suspension bracket. It analyzes the frequency and mode of vibration of the bracket
and performs finite element loading analysis on the overall model. By obtaining strength of each
component, it identifies the causes of problems for further optimization of the design.
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4. Results of finite element analysis

4.1. Modal analysis of the suspension bracket

The modal analysis is mainly used to determine dynamic characteristics of structural systems
to clearly calculate frequencies and vibration patterns of each order, and to further optimize the
performance of products in use. Currently, there are wide applications of modal analysis for
improvement of vehicle frames, power systems and other components (Fan and Pan, 2010; Guo
et al., 2015; Korka and Gillich, 2017; Liu and Gao, 2017; Wang et al., 2022; Walunj et al., 2015);
Zhang et al., 2022).
The powertrain suspension bracket is simulated by PSHELL unit, and the basic size of the

unit is 4mm. The finite element modal analysis models of gearbox suspension bracket 1 and 2
are established as showm in Fig. 3a and 3b, respectively.

Fig. 3. The finite element model of the bracket: (a) gearbox suspension bracket 1, (b) gearbox
suspension bracket 2

To constrain the six degrees of freedom at the connection between the bracket and the
powertrain, the third-order constrained modes of vertical vibration, advection and torsion are
solved. The first 3 order frequencies of each model are shown in Table 1, and the first 3 order
modes and vibration patterns of each model are shown in Fig. 4.

Table 1. The inherent frequency of the first 3 orders of each model

Frequency of Frequency of Target
No. Vibration type gearbox bracket 1 gearbox bracket 2 value

[Hz] [Hz] [Hz]

1 Vertical vibration 382.3 583.2
2 Horizontal vibration 521.3 704.7 ­ 350
3 Torsional vibration 1089 1332

From Table 1 and Fig. 4, it can be seen that differences in the inherent frequencies of each
order of different models are significant, indicating that the working conditions of different
frequencies have a large impact on the modal characteristics of the bracket, and the inherent
frequencies of each model under torsional working conditions peak. The inherent frequencies
of each order of suspension bracket 1 and 2 are greater than the target value of 450Hz. The
analysis shows that the cracking problem of the connection hole between the gearbox and the
suspension bracket of the mine car is not caused by vibration of the bracket (Yang et al., 2022).
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Fig. 4. (a) 1st order, (b) 2nd order and (c) 3rd order of each model

4.2. Powertrain strength analysis

For the problem of cracking of the connection hole between the gearbox case and the sus-
pension bracket, it is proposed to conduct strength analysis of the powertrain, focusing on the
stress distribution of the gearbox case to provide a basis for design of the optimized structure
of the case. Therefore, a finite element analysis model is established for the whole powertrain as
shown in Fig. 5.

Fig. 5. Finite element analysis model of the powertrain

In this paper, the finite element analysis is based on Ansys, and the suspension bracket of the
powertrain is simulated by PSHELL unit with a basic unit size of 4mm. The bolts and welds are
simulated by RBE2 unit; the suspension is simulated by CBUSH unit; mass of the powertrain is
670 kg, and is simulated by CONM2 unit (Fu et al., 2010; Li and Wang, 2008; Shen etal, 2014).
The gearbox case, suspension bracket and support arms are all made of cast aluminum alloy,
and the bolt is made of steel. If linear elastic properties of the materials are considered alone in
the model calculation, the materials are isotropic (Zhang et al., 2014; Zhang and Wang, 2020).
In the powertrain finite element model, 6 degrees of freedom are constrained at the connection

between the bracket and the body end, and 9 normal and 4 extreme conditions are selected based
on strength analysis. When the finite element method model is calculated, the maximum bolt
preload force needs to be considered, and the load information of specific working conditions is
shown in Table 2. All working conditions are considered for the self-weight of the powertrain.
The yield strength of the gearbox case material is 120MPa, tensile strength 295MPa, fatigue
strength 126MPa, and the stress results are shown in Table 3 as follows.
As can be seen from Table 3, the cracking areas of the support holes are smaller than the

yield limit, and the stress clouds under each working condition are shown in Figs. 6 and 7 down
below. The maximum von Mises stress of the gearbox shell is concentrated at the bolt hole
under each working condition, and the maximum value is 69.153MPa in working condition 9.
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Table 2. Strength working conditions

No. Description
Loading Target value

X(G) Y (G) Z(G) [MPa]

1 To the right 1G 1 −1

¬ 126MPa
(general
working
conditions)

2 Vertical downward 3G −3
3 Vertical downward 3G, forward 1G −1 −3
4 Vertical downward 3G, backward 1G 1 −3
5 Forward 3G −3 −1
6 Backward 3G 3 −1
7 To the left 3G −3 −1
8 To the right 3G 3 −1
9 Peak torque (12000Nm) 3 −1
10 Vertical backward 3G, upward 4G 4
11 Vertical downward 6G −6 ¬ 295MPa

(extreme
work. cond.)

12 Vertical downward 6G, to the left 3G −3 −6
13 Vertical downward 6G, to the right 3G 3 −6

Table 3. Strength stress results

No. Description
Loading

Transmission
Target
value
[MPa]

Maximum
Target
value
[MPa]

case deform. of

X(G) Y (G) Z(G)
maximum suspension
stress [MPa] [mm]

1 To the right 1G 1 −1 10.044

¬126MPa
(general
working
conditions)

0.462

¬5mm

2 Vertical downward 3G −3 14.843 1.814
3 Vertical downward 3G, −1 −3 19.618 2.271
forward 1G

4 Vertical downward 3G,
1 −3 16.135 1.686

backward 1G
5 Forward 3G −3 −1 27 2.815
6 Backward 3G 3 −1 24.134 2.369
7 To the left 3G −3 −1 28.636 3.718
8 To the right 3G 3 −1 22.511 3.882
9 Peak torque

3 −1 69.153 5.908
(14406 Nm)

10 Vertical backward 3G,
4 19.791 2.418

upward 4G
11 Vertical downward 6G −6 29.696 ¬295MPa

(extreme
working
conditions)

3.627
12 Vertical downward 6G, −3 −6 52.743 4.847
to the left 3G

13 Vertical downward 6G,
3 −6 42.072 5.566

to the right 3G

The maximum stress of the gearbox shell is less than the fatigue strength of the material in each
working condition, which meets the design requirements. The deformation of the suspension
pad is larger in working condition 9 and 13, and the deformation is 5.908mm and 5.566mm
respectively, which is larger than the target value. Therefore, working condition 9 is selected for
further optimization.
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Fig. 6. Stress cloud for each working condition except for 9

Fig. 7. Stress cloud for working condition 9
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In working condition 9, if the suspension rubber pad at the suspension bracket of the gearbox
is rigidized, the simulated suspension rubber pad is compressed to the limit, and the “iron
touching iron” situation occurs. As it can be seen from stress cloud 9, the maximum stress
of the original gearbox shell is 69.153MPa, and the maximum stress of the gearbox shell after
rigidization is 267.075MPa, which exceeds the allowable target value for the material. Therefore,
the limit gap size must be adjusted to avoid the collision between the rubber pad and the limit
block, as shown in Fig. 8.

Fig. 8. Stress cloud before and after rigidization of the suspension rubber pad under working condition 9

Under working condition 9, the effect of increased length of the bolt on the case stress is
analyzed. The bolt is simulated with RBE2 rigidity, the length of the bolt is increased (by about
10mm), and the maximum stress of the gearbox case is compared and analyzed. The maximum
stress of the original case is 77.064MPa, and after the bolt is increased by 10mm, the maximum
stress of the case is 69.153MPa, which is reduced by about 11.4%, which is shown in Fig. 9.

Fig. 9. Stress cloud before and after reducing the bolt length under working condition 9

Fig. 10. Stress cloud before and after cancellation of diagonal bolts under working condition 9

The case stresses are compared and analyzed by simulating working conditions with the loss
of diagonal bolts at the gearbox cases under working condition 9, as shown in Fig. 10. The
maximum stress in the gearbox case when the diagonal 2 screws were not lost was 69.153MPa,
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and the stress in the gearbox case after the loss of the diagonal 2 screws was 213.563MPa, which
all exceeded the allowable target value of the material.
In summary, the limit size of the mount foot pads, the connection length of the bolts, and

the number of bolt connections have a greater influence on strength of the bolt hole area of the
gearbox housing. According to the simulation analysis of the limit size of the suspension foot
pad, connection length of the bolts, and the number of bolt connections, these three factors have
a great influence on strength of the bolt hole area of the gearbox housing.

4.3. Validation of the optimized solution

Through fault tree analysis, problems such as material defects and machining process of the
gearbox shell were excluded. The causes of cracks, based on preliminary analysis of the cracking
location, testing data and bracket modal analysis of the integrated support holes of the gearbox
case, are: (1) the bolt length and screwing depth are not enough; (2) the bolt is loose and lost,
which results in an increase of individual bolt load-bearing beyond the limit; (3) the suspension
spacing is limited, resulting in “hard contact” in between.
In response to the aforementioned test and cause analysis, the following improvement and

optimization measures were taken: (1) bolt length increased by 10mm; (2) reinforcement bars
at the suspension position of the shell increased; (3) height of the limit block adjusted to 8mm,
which is greater than the maximum runout under normal working conditions.
The improved scheme was imported into the model of the original scheme and strength

analysis was performed. According to the results shown in Table 3, only the case under the most
severe working condition 9 is compared and analyzed.
Under working condition 9, the support holes of the gearbox case were reinforced with

additional ribs, and the maximum stress of the case before and after the reinforcement was
compared, see Fig. 11. The original maximum stress of the gearbox case was 69.153MPa, and
the maximum stress of the gearbox case after optimization was 64.364MPa, which was reduced
by 6.9%.

Fig. 11. Stress cloud before and after installation of additional reinforcing ribs under working condition 9

Fig. 12. Before the verification



542 L. Wei et al.

Fig. 13. Loaded status

Figures 12 and 13 show the gearboxes before and after loading verification, respectively. The
improved gearbox case has successfully completed the loading test and undergone a 50 000 km
road durability test, indicating that the optimized gearbox case meets the requirements of the
design target.

5. Conclusion

This paper adopts a simulation analysis method to determine the specific cause of the cracking
problem at the connection hole between the gearbox case and suspension brackets by establishing
a finite element analysis model for the powertrain to carry out strength analysis. According to the
cause of failure, an optimization strategy of the gearbox case was proposed, and the optimized
gearbox case was verified to comply with the design requirements by simulation. With the
solution to this problem, we come to the following conclusions accordingly:
• The modal analysis of the suspension bracket was carried out with the help of a finite
element analysis software, and the results showed that the working frequency of the bracket
was staggered with the intrinsic frequency, so that the resonance could be avoided, thus
excluding the cause of cracking at the connecting holes caused by non-bracket vibration.
• Based on the modal analysis of the bracket, strength analysis of the powertrain was car-
ried out by means of finite element simulation. Inspection and testing accurately identified
the cause of failure and the structure of the gearbox case was optimized. By compar-
ing the stress of the gearbox case before and after the improvement, the effectiveness of
optimization measures was verified, and the R&D cycle and cost were effectively reduced.
• The improved gearbox case the completed a road durability test of 50 000 km and reached
the design target. The method proposed in this study solved practical problems for en-
terprises and reduced their economic losses. Currently, the product is widely used and
accepted by the industry.
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In this study, a plate structure containing elliptical embedded cracks loaded under high
temperature is studied. The constraint effect and creep crack initiation of the plate con-
taining embedded cracks are discussed by using the finite element method based on the
creep ductility exhaustion model. It is indicated that the highest constraint level or the
load-independent parameter Q∗ is observed at the endpoint of the ellipse major axis of an
elliptical embedded crack, and the constraint levels increase with crack length or depth,
which represents a worse condition for the structure, such as higher stress concentration
and greater danger of failure for a larger crack depth ratio a/t or crack length ratio a/c.
Moreover, under the creep condition, the embedded crack with a larger a/t, a/c or loadings
is accompanied with a higher crack driving force, which can accelerate creep damage, creep
cracking initiation (CCI) and shorten the creep crack initiation (CCI) time. Additionally,
an empirical prediction equation and engineering approach to the constraint parameter and
the CCI time for elliptical embedded cracks are proposed, and the engineering approach to
the CCI time is validated.

Keywords: elliptical embedded crack, creep crack initiation time, creep ductility exhaustion
model, constraint parameter
Highlights:
(1) The constraint effect and creep crack initiation of a plate containing embedded cracks
are discussed by using the finite element method based on the creep ductility exhaus-
tion model.

(2) The highest constraint level is observed at the endpoint of the ellipse major axis of
the elliptical embedded crack, and the constraint levels increase with crack length or
depth, while the creep crack initiation time exhibits a contrary trend.

(3) An empirical prediction equation and engineering approach of the constraint param-
eter and creep crack initiation (CCI) time is proposed, and the engineering approach
is validated.

1. Introduction

In recent years, the modern industrial core equipment (such as aeroengines, ultra supercritical
generator sets, nuclear power generator sets, etc.) with higher energy conversion efficiency and
lower pollution emission rate is vigorously developed in order to conserve energy, reduce pollution
emission and protect the environment. To continuously improve energy conversion efficiency, all
of the modern industrial core equipment is designed for operating under higher temperature,
which will lead to increasingly harsh in-service conditions of the hot side components (Chen et
al., 2004).
The integrity assessment of high temperature in-service components such as power plants and

aeroengines is generally inseparable from reliable prediction of creep properties and creep life. For
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steam pipes, aeroengines and other structures operating in elevated temperature environment,
initial defects such as cracks may occur during their processing (such as welding) or after a
long time service, which will have a significant influence on components safety in the subsequent
service. Creep crack initiation and creep crack propagation are important failure mechanisms
for high temperature structures containing cracks, which usually leads to failure or fracture of
these structures before their allowable service life (Yamamoto et al., 2010; Murakami et al.,
1988; Zhao et al., 2012). Specially, the creep crack initiation time is the critical and longest
period of the whole creep life for high-temperature components. To ensure safety and reliability
of high-temperature service structures, taking investigation on the creep crack initiation time is
extremely important (Davies et al., 2007). The creep crack initiation time is generally defined as
the time when initial microcracks (or micro cavities) in the structure or material begin to connect
and form the main crack under the creep condition. The generation, growth and connection
processes of creep micro cavities and creep microcracks are referred as to creep damage. A large
number of theories and experiments have proved that the creep cracks initiation and creep cracks
propagation are the main failure forms of structures (Holdsworth, 1992).
Among the current evaluation methods of creep cracks initiation time, the finite element

simulation method or an analytical prediction model based on the continuous damage approach
have special advantages. The creep damage model mainly includes two types: one is the damage
constitutive model based on the stress variable (Hosseini et al., 2013), and the other is the damage
constitutive model based on the strain variable (Yatomi et al., 2004). The former typical type
of model are the Kachanov Rabotnov (K-R) model (Rabotnov et al., 1970) and Liu Murakami
(L-M) model (Liu and Murakami, 1998). For example, Mao et al. (2004), You et al. (2004) and
Chen et al. (2014) used K-R and L-M models to analyze creep damage and creep life prediction
of materials and structures by the finite element method, respectively, which allowed obtaining
satisfactory research results. In the latter type of model, the classic creep ductility exhaustion
model proposed by Cocks and Ashby (1980) adopts one single parameter as the damage variable
and involves few material parameters, so the model is simple and convenient to be applied in
engineering fields. The basic principle of the damage model is that when the cumulative creep
strain of a micro-element on the material reaches the creep fracture strain (or creep ductility), it
is considered that the damage of this micro-element reaches the critical value and fails. Riedel and
Rice (1980) were first to propose a definition of the creep crack initiation time under steady state
creep by using the critical equivalent strain produced at a specified distance, that is, when all the
microelements at a given distance fail, it is considered that the creep crack initiation time has
been reached. Davies (2006) established a prediction method of creep crack initiation time under
different stress states based on the creep ductility exhaustion model, Norton’s constitutive law
and crack tip fracture parameters. Among these theoretical models, the accuracy of the model
under transient creep condition was the best.
Wu et al. (2020) then applied the C∗-Q∗ two parameter method of the crack tip stress

field considering constraint parameters into the damage model, and proposed a two parameter
prediction approach of the creep crack initiation time. Because of considering the influence of
the constraint effect, this approach could be well applied to predict the creep crack initiation
time for different structures containing cracks. However, this prediction model is only applied to
predict the creep crack initiation time for some standard laboratory specimens or specific pipeline
structures containing surface cracks, while its applicability to other structures containing other
kinds of cracks needs further study.
The constraint effect refers to the influence of such factors as size and shape of a specimen,

crack size and loading configuration on the analytical stress field or strain field at the crack
tip, which will further affect the predicting accuracy of creep crack damage or creep crack life.
The results of theoretical and experimental studies showed that the geometrical shape, size and
loading configurations could all have different effects on the process of creep crack initiation,
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crack propagation and creep failure. For this reason, the HRR field based on a single parameter
cannot accurately characterize the stress field at the crack tip for different cracked structures
(Shih and German, 1981). In order to establish a theoretical modification to accurately describe
the stress field at the crack tip, researchers have focused on various two-parameter models of
the stress field considering the constraint effect which is suitable for elasto-plastic or creep
conditions. Budden and Ainsworth (1999) proposed an in-plane constraint parameter Q suitable
for high temperature conditions, and the C∗-Q two-parameter model describing the stress field
at the creep crack tip for a high-temperature cracked structure. Xu et al. (2016) proposed a load-
-independent constraint parameter Q∗, and the C∗-Q∗ two-parameter creep stress field applicable
to structures containing surface cracks at elevated temperature.
At present, the creep crack growth behavior is mainly focused on two-dimensional through-

-wall specimen cracks and surface cracks, but the research on embedded cracks is relatively rare,
while the embedded cracks are difficult to detect before failure and they are especially dangerous
crack types. Therefore, it is of great significance to investigate the distribution of creep stress,
creep damage, constraint effect and creep life for structures containing embedded cracks. In this
paper, based on a typical creep ductility exhaustion model, the finite element method is used to
simulate the creep damage of the plate structure containing embedded cracks. The distribution
law of the load-independent constraint parameter Q∗ along the crack front and the influence of
crack size on the creep crack initiation time are analyzed. Finally, the engineering prediction
methods of the constraint parameter Q∗ and creep crack initiation time are established by fitting
a mathematical relationship between the constraint parameter Q∗ and creep crack initiation time
as well as geometrical sizes of embedded cracks (i.e. crack length ratio a/c and crack depth ratio
a/t). The study provides a technical support and theoretical basis for creep crack life assessment
of high temperature service components containing embedded cracks.

2. Methodology

2.1. Creep ductility exhaustion approach

In this study, the strain-based creep ductility exhaustion approach proposed by Cocks and
Ashby (1980) is used to evaluate creep damage ahead of the crack tip. The typical form of the
creep damage rate can be described as follows

ω̇ =
ε̇c
ε∗f

(2.1)

where ε̇c and ε∗f are the creep strain rate and multiaxial creep ductility, respectively. For the
creep strain rate, Norton model is adopted

ε̇c = Aσn (2.2)

The multiaxial creep ductility can be obtained by multipying the uniaxial creep ductility and
multiaxial creep ductility factor (MCDF )

ε∗f = MCDFεf (2.3)

where the uniaxial creep ductility is generally taken as a constant, and multiaxial creep ductility
factor (MCDF ) can be effectively assessed by the Wen-Tu model (Wen and Tu, 2014)

MCDF =
exp

(
2
3
n−0.5
n+0.5

)

exp
(
2n−0.5n+0.5h

) (2.4)
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where h is the stress triaxiality which can be calculated by

h =
σm
σ

(2.5)

where σm is hydrostatic stress and σ is equivalent stress.
The above creep ductility exhaustion model can be compiled into Abaqus software as a

Creep subroutine using Fortran language. When submitting the finite element simulation, the
subroutine is loaded into the finite element model through the relevant interface for calculation,
so as to realize the simulation of creep damage (Wu et al., 2020). In this study, the creep crack
initiation (CCI) time is defined as the time when the damage value ω at 0.05mm ahead of the
crack tip reaches unity (Murakami et al., 1988). These CCI data are extracted from the output
of finite element simulation results.
In this study, the material properties of P92 heat-resistant steel under 650◦C in-service tem-

perature are used in the finite element model, and P92 steel is widely used in ultra supercritical
units. The details of the mechanical properties of P92 steel at 650◦C are summarized in Table 1,
where mainly elasto-plastic and creep parameters are given (Wu et al., 2020). The uniaxial creep
ductility is taken as a constant of 20%, as used in reference (Wu et al., 2020).

Table 1. Material properties of P92 steel at 650◦C

Young modulus Yielding stress Creep coefficient Creep exponent Uniaxial creep
E [MPa] σ0 [MPa] A [MPa−nh−1] n ductility εf [%]

125000 180 2.6353 · 10−16 5.23 20

2.2. Constraint parameter

Budden and Ainsworth (1999) proposed an in-plane constraint parameter Q suitable for high
temperature conditions, as well as a C∗-Q two-parameter model describing the stress field

σij = σ0
( C∗

ε̇0σ0Inr

) 1
n+1

σ̃ij(θ;n) +Qσ0δij (2.6)

where C∗ integral represents the fracture parameter under a steady state creep condition at
the crack front, which is extracted from the finite element simulation results. ε̇0 and σ0 are
the normalized creep strain rate and yield stress, respectively. r is the distance away from the
crack tip, and θ is the angle between the crack direction and research position. σ̃ij(θ;n) is a
dimensionless function of n and θ, and In is a parameter related to the creep stress-hardening
exponent n. δij is the Kronecker delta function (δij = 1 for i = j and δij = 0 for i 6= j). The
constraint parameter Q is always determined by the difference of crack opening stress between
the specimen structure and the analytical creep stress field

Q =
σFEM22 (r, 0) − σ22(r, 0)

σ0
(2.7)

where σFEM22 (r, 0) is the crack opening stress obtained from finite element simulation, and
σ22(r, 0) is the theoretical creep stress field calculated by

σij = σ0
( C∗

ε̇0σ0Inr

) 1
n+1

σ̃ij(θ;n) (2.8)
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Xu et al. (2016) then proposed a load-independent constraint parameter Q∗ and a C∗-Q∗ two-
-parameter creep stress field

Q∗ =
( C∗

ε̇0σ0InL

) −1
n+1

Q =
( C∗

ε̇0σ0InL

) −1
n+1 σFEM22 (r, 0) − σ22(r, 0)

σ0
σij
σ0
=
( C∗

ε̇0LInσ0

) 1
n+1
[(L
r

) 1
n+1

σ̃ij(θ;n) +Q∗RRssδij

(2.9)

where L is the normalized length generally set as 1mm (Xu et al., 2016).
In this study, the mechanical parameters of P92 steel at 650◦C are used, and more related

high temperature properties are summarized in Table 2.

Table 2. Mechanical parameters of P92 steel at 650◦C

Normalized creep Constant parameter Dimensionless function Normalized length
strain rate ε̇0 [1] In σ̃ij(θ;n) L [mm]

8.8183 · 10−5 4.99 0.48 1

2.3. Finite element method

A flat plate structure containing embedded cracks is used as the research objective in this
study. In general, non-penetration cracks are usually simplified as elliptical in engineering ap-
plications, as shown in Fig. 1. According to symmetry of the plate structure, only one eighth of
the plate structure is taken in the finite element model for simulation. The three-dimensional
finite element model is shown in Fig. 2. The length, width and thickness of the model are 50mm,
15mm and 2.5mm (= t/2), respectively. a is a half of the crack depth of the elliptical crack along
the thickness direction of the plate, and c is a half of the crack length along the width direction
of the plate. In order to conveniently characterize the distribution of constraint parameters at
the front of elliptical crack, the angle between the center of the ellipse and any point on the
elliptical crack front is denoted as Φ. For convenience of describing the position of the research
point, the center of the elliptical crack is taken as the origin, of which 2Φ/π = 0 represents the
rightmost endpoint of the elliptical crack, where there is a intersection of the elliptical crack and
the center line of the plate. 2Φ/π = 1 represents the uppermost endpoint of the elliptical crack,
which is the shallowest position of the elliptical crack in the structural thickness direction. Note
that in this study, the center of the elliptical crack is just set in the center position of the plate
structure. According to the symmetry, symmetrical constraints are set in the three symmetry
planes, respectively, and the uniformly distributed load along the length direction is set in the
section where it is far from the crack end to realize the loading process, as shown in Fig. 2.

Fig. 1. Geometrical illustrations of the plate structure containing an embedded crack

Figure 3 shows mesh distribution of the three-dimensional finite element model of the plate
structure containing the elliptical embedded crack. The area around the crack front adopts a
local refined mesh with the minimum mesh size of 0.01mm. This is to ensure that it is easy to
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Fig. 2. 1/8 finite element model of the plate structure containing an embedded crack

Fig. 3. Mesh of the finite element model of the plate structure containing an embedded crack

obtain the critical distance in the FE model (Wu et al., 2020) for extracting the creep initiation
time. The mesh size at other locations is about 0.1mm-2mm. The element type of the eight node
reduced integral (C3D8R) element is adopted for the model, which exhibits good mechanical
calculation accuracy for three-dimensional solid models. The total number of elements of all
finite element models with different embedded crack sizes is similar (Wu et al., 2020), because
the finite element models use the same mesh refinement size near the crack tip. The total number
of elements is about 1800-2100, and the total number of nodes is about 2500-2700.

3. Results and discussion

3.1. Results and analysis of constraint parameters

In order to avoid the influence of the plastic zone (r < 0.1mm) around the crack tip and to
ensure that the value of r is within the effective zone of stress concentration at the crack tip,
the constraint parameter Q∗ is defined by referring to the fixed distance r = 0.2mm (Wu et
al., 2020; Xu et al., 2016), and then a large Q∗ value can be obtained to ensure the accuracy of
calculation, as shown in Fig. 4.
Figure 5 compares the distribution of the constraint parameter Q∗ varied with the angle

position (0 ¬ 2Φ/π ¬ 1) ahead of the elliptical crack front with the crack depth ratio a/t = 0.25
and the crack length ratio a/c = 0.5, 0.7, 1.0, 1.2, 1.5. It can be seen from the figure that at the
position of 2Φ/π = 1, i.e the intersection point of the crack front and the center line of the plate



Study on constraint effect and creep crack initiation... 551

Fig. 4. Research position of the constraint parameter

Fig. 5. Distributions of the constraint parameter ahead of the crack front for embedded cracks with
various a/c and a/t = 0.25

or the rightmost endpoint of the elliptical crack, the constraint parameter Q∗ decreases with
an increase of the crack length ratio a/c, while at the position of 2Φ/π = 0, i.e the shallowest
position of the crack in the thickness direction of the plate or the uppermost endpoint of the
elliptical crack, the constraint parameter Q∗ increases with the crack length ratio a/c.
In addition, for an elliptical embedded crack with the same crack depth ratio a/t, the distri-

bution of the maximum constraint parameter Q∗ is affected by the crack length ratio a/c. For
the elliptical embedded crack with the transverse length c larger than the longitudinal length a
(i.e. a/c ¬ 1.0, refers to the three curves with a/c = 0.5, 0.7 and 1.0 in Fig. 5), the long axis
of the elliptical crack front is distributed laterally (the shape of the elliptical crack is shown at
the top right in Fig. 5), and the maximum value of the constraint parameter Q∗ is distributed
at the position of 2Φ/π = 1 (i.e. the uppermost endpoint of the elliptical crack front), and the
constraint parameter Q∗ at the position 2Φ/π = 0 (i.e. the rightmost endpoint of the elliptical
crack front) is the minimum. For the elliptical embedded crack with the transverse length c less
than the longitudinal length a (i.e. a/c ­ 1.0, refers to the three curves with a/c = 1.2 and 1.5 at
the bottom right in Fig. 5), the long axis of the elliptical crack front is longitudinally distributed
(the shape of the elliptical crack is shown at the top right in Fig. 5), and the maximum value
of the constraint parameter Q∗ is distributed at the position of 2Φ/π = 0 (i.e. the rightmost
endpoint of the elliptical crack front), and the constraint parameter Q∗ at the position 2Φ/π = 1
(i.e. the uppermost endpoint of the elliptical crack front) is the minimum.
Therefore, the maximum constraint level around the crack front always appears near the

endpoint of the actual major axis of the elliptical crack, while the minimum constraint level
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always appears at the endpoint of the actual minor axis of the elliptical crack, no matter whether
the major axis is distributed laterally or longitudinally. This phenomenon is caused by the
maximum crack propogation under tension at the end of the long axis of the crack. Briefly, with
an increase of the crack length ratio a/c, the constraint parameter at the end of the long axis
of the elliptical crack increases continuously, which means that the stress concentration here is
more severe, the material here is more endangered, and creep crack initiation occurs first. Such
conclusions are similar to those of other researchers on the distribution of constraint parameters
of semi elliptical surface cracks (Wu et al., 2020; Xu et al., 2016).
Taking the relevant data at the location where creep initiation is most likely to occur, the

relationship between the constraint parameter Q∗ and crack length a/c can be established with
a fixed crack depth a/t = 0.25. The specific formula obtained after fitting is as follows

Q∗ = α+ (1− α)
{
1− exp

[
−β1

a

c
− β2

(a
c

)2
− β3

(a
c

)3]}
(3.1)

where α, β1, β2 and β3 are fitting coefficients respectively, and the corresponding values are
σ = −3.273 · 10−1, β1 = 7.323 · 10−1, β2 = −9.20 · 10−1, β3 = 3.566 · 10−1. The constraint
parameters at other positions also basically satisfy this formula, but coefficients are different.

Fig. 6. Distributions of the constraint parameter ahead of the crack front for cracks with various depths
with a/c = 0.7

Figure 6 compares the distribution of the constraint parameter Q∗ varied with the angle
position (0 ¬ 2Φ/π ¬ 1) ahead of the elliptical crack front with the crack length ratio a/c = 0.7
and depth ratio a/t = 0.25, 0.30, 0.35, 0.40. It can be concluded that the variation of crack depth
ratio a/t has a negative correlation with the constraint parameter Q∗ around the crack front,
that is, the larger the crack longitudinal length a is, the smaller the constraint parameter Q∗ is.
This is due to the fact that with an increase of a, the outline of elliptical crack front is closer to a
circle, and the tension stress will be smaller at the endpoint of the crack front. Since the model is
only 1/8 part of the plate structure, the critical crack size must meet a/t < 0.5 according to the
actual value of a and t (that is, the crack length a in the plate thickness direction cannot exceed
half of the plate thickness t/2). By analyzing each group of data of the constraint parameter with
a fixed depth ratio, it can be found that the change of the constraint parameter Q∗ varies with
the angle 2Φ/π showing an upward trend, which is similar with what discussed in Fig. 5. For the
elliptical embedded crack with a/c ¬ 1.0, the maximum value of the constraint parameter Q∗ is
distributed at the position of 2Φ/π = 1, and for the elliptical embedded crack with a/c ­ 1.0,
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the maximum value of the constraint parameter Q∗ is distributed at the position of 2Φ/π = 0.
Additionally, with an increase of the crack depth ratio a/t, the constraint parameter at the
deepest point of the crack (the endpoint of the long axis of the elliptical crack) is larger, which
means that the stress concentration is more serious and the location is more dangerous.

3.2. Results and analysis of creep crack initiation

To study creep damage accumulation along the elliptical embedded crack front and to de-
termine creep crack initiation time, it is necessary to define the critical distance ahead of the
crack tip, which will be used in the finite element model to obtain the damage value and creep
crack initiation time. The definition of the critical location of creep crack initiation time should
follow the detailed principles: (i) firstly to determine the angle 2Φ/π ahead of the crack front
(that is, the maximum angle position of the constraint parameter obtained from analysis in the
previous Section), (ii) then a critical distance away from the crack front also needs to be chosen
as the research position of the creep crack initiation process, which is generally selected as the
characteristic grain size of P92 heat-resistant steel about d = 0.05mm. The details are depicted
by using the example shown in Fig. 7.

Fig. 7. Definition of the critical position of creep crack initiation time in the FE model

Fig. 8. Variations of the creep crack initiation time with: (a) a/c, (b) a/t

Figure 8a compares the relationship between the crack length ratio a/c and the creep crack
initiation time when the crack depth ratio a/t is fixed. The results show that the creep crack
initiation time decreases with a decrease of the crack length ratio a/c, which is similar with
the change of constraint levels. Figure 8b compares the relationship between the crack depth
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ratio a/t and the creep crack initiation time when the crack length ratio a/c is fixed. With an
increase of crack depth ratio a/t, the creep crack initiation time is shortened, which also keeps
consistent with the change of the constraint level. Therefore, it can be indicated that the longer
the crack length and the deeper the crack depth are, the stronger the constraint effect ahead of
the crack front is, the faster accumulation of creep damage and creep crack cracking, as well as
the shorter the creep crack initiation time, and the more endangered the structure. Note that in
this Section, the constant distributed load of 30MPa is applied for different sizes of embedded
cracks.
Meanwhile, it can be found from Fig. 8 that the relationship between the creep crack initiation

time ti and crack depth ratio a/t meets an exponential law. By fitting the data in Fig. 8a, the
engineering calculation method between the creep crack initiation time ti and crack depth ratio
a/t under different crack length ratio a/c can be established respectively

ti =





3E + 7exp
(
−11.06a

t

)
for

a

c
= 0.5

8E + 7exp
(
−11.05a

t

)
for

a

c
= 1.0

2E + 8exp
(
−11.05a

t

)
for

a

c
= 1.5

(3.2)

It can be found that the above formulas are basically similar, so the engineering calculation
method between the creep crack initiation time ti and crack depth ratio a/t can be summarized
by a unified expression

ti = A exp
(
B
a

t

)
(3.3)

where the exponent terms of the formula are basically the same −11.05a/t, that is, the exponent
coefficient B = −11.05. The coefficient term A of the formula is related to the crack length ratio
a/c. The relationship between A and a/c basically meet an exponential law, and it can be fitted
as follows

A = 1E + 7exp
(
1.8971

a

c

)
(3.4)

By taking Eq. (3.4) into Eq. (3.3), the relationship between the creep crack initiation time ti
and crack depth ratio a/t as well as crack length ratio a/c can be further written as

ti =
[
1E + 7exp

(
1.8971

a

c

)]
exp

(
−11.05a

t

)
(3.5)

In addition, the variation of creep crack initiation time under different loads is also studied.
Taking the model with crack sizes of a/c = 0.5, a/t = 0.3 as an example, the simulation results
of the creep crack initiation time for different loads are shown in Fig. 9. It is obvious that, with
an increase of load P , the creep crack initiation time of the plate structure decreases gradually,
and it changes linearly in the logarithmic coordinate. Based on the findings, we can draw a
conclusion that the load is an important factor which leads to a rapid increase of creep damage
and a reduction of creep life of the plate structure containing an elliptical embedded crack.
Moreover, it can be found that the relationship between creep crack initiation time ti and

load P satisfies the exponential relationship, namely, the engineering calculation method for the
creep crack initiation time and load can be expressed by the following formula

ti = 1.263E + 9exp(−0.23P ) (3.6)

Since the curves for creep crack initiation time ti against the load P under different crack sizes
are similar and show the exponential law, the relationship between creep the crack initiation
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Fig. 9. Variations of the creep crack initiation time under different loadings: (a) in rectangular
coordinate, (b) in logarithmic coordinate

time and crack depth ratio a/t as well as crack length ratio a/c and load P can be established
by referring to Eq. (3.5) and Eq. (3.6)

ti = 1.124E + 8exp
(
0.94855

a

c
− 5.525a

t
− 0.115P

)
(3.7)

Based on the above engineering prediction formula, the creep crack initiation time of the plate
structure containing the elliptical embedded crack with a specified crack size and load can
be predicted. In the following study, four groups of non-fitting data of plate structures with
embedded cracks are selected for finite element simulation as summarized in Table 3, and the
results are compared with the calculation results of the engineering prediction formula, see
Fig. 10. It can be found that the engineering predictions for different control groups have better
accuracy than the simulation results, and the error can be kept within ±5%, which verifies the
validity of the engineering prediction formula for the creep crack initiation time.

Table 3. Comparison of creep crack initiation times between FE results and predictions for
different conditions

Parameter
Specimen a/t a/c P Simulation results Predictions from Error

[MPa] [h] equation [h] [%]

1 0.32 0.8 23 2.997 · 106 2.911 · 106 −2.8
2 0.38 1.2 38 5.329 · 105 5.437 · 105 2.0
3 0.38 0.8 38 3.795 · 105 3.721 · 105 −1.9
4 0.32 1.2 23 4.167 · 106 4.252 · 106 2.0

4. Conclusion

In this study, a high temperature plate structure containing elliptical embedded cracks is taken
as the research object. Based on the creep ductility exhaustion model, the constraint effect
and creep crack initiation times are studied by using the three-dimensional (3D) finite element
method. The results show that:
• When the crack depth ratio a/t is fixed, with an increase of the crack length ratio a/c, the
constraint parameter near the shallowest point of the crack front (about 2Φ/π=1) increases
continuously. Whether the major axis of an elliptical crack is distributed transversely or
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Fig. 10. Comparison of creep crack initiation times between FE results and predictions for
different conditions

longitudinally, the maximum constraint level always appear at the endpoint of the actual
major axis of the elliptical crack, and the minimum constraint level always appear at
the end of the minor axis. When the crack length a/c is fixed, the constraint parameter
decreases with an increase of the crack depth ratio a/t, which is due to the fact that the
outline of the crack is close to circular.
• With a decrease of the crack length ratio a/c or an increase of the crack depth ratio
a/t, the creep crack initiation times decrease significantly. That is, with an increase of the
transverse crack length c or the longitudinal crack length a, the creep damage accumulation
rate increases, the creep crack initiation time shortens, and the lower the safety of the plate
structure is , the easier the creep crack propagation cracking occurs.
• The empirical relationship between the constraint parameter Q∗ and embedded crack
length and depth is established. The engineering prediction method of creep crack initiation
times is also established and validated with the influence of the embedded crack length,
crack depth as well as load taken into consideration.
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In this study, the buckling and vibration of a sigmoid functionally graded material (S-FGM)
shells are investigated. Two types of porosity distributions, even and uneven, are taken into
account. The material properties are estimated by a new modified rule of mixture. In the
framework of the classic thin shell theory, the governing equations are derived and Galerkin’s
integrate technique is employed to compute the critical load and natural frequency of porous
S-FGM shells. The influence of pores, ceramic mass fraction and materials power index are
discussed in detail.
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1. Introduction

In the past two decades, many studies have been devoted to the buckling and vibration of func-
tionally graded conical shells (Sofiyev, 2019). Sofiyev and his coauthors have made a prominent
contribution to those studies. By using the Donnell shell theory and the Galerkin method, they
obtained a series of analytical solutions to buckling loads and lowest natural frequencies of non-
homogeneous orthotropic conical shells (Sofiyev et al., 2009a), FGM cylindrical shells (Sofiyev,
2007; Sofiyev and Kuruoglu, 2014), FGM conical shells (Sofiyev, 2009; Sofiyev and Schnack,
2012), and FGM hybrid truncated shells (Sofiyev et al., 2008a,b; Sofiyev, 2019) subjected to
mechanical and thermal loads. In their studies, two-parameter elastic foundations were some-
times considered. The effects of foundation, materials and geometric parameters on the buckling
pressures and lowest natural frequencies were investigated in detail. Naj et al. (2008) employed
a first-order shell theory and Sander’s nonlinear kinematics equations to study mechanical and
thermal buckling behavior of FGM truncated conical shells. They found that the semi-vertex an-
gle, length-to-thickness ratio and radius-to-thickness ratio had significant effects on the buckling
mechanical and thermal loads. After investigating dynamic buckling characteristics of imperfect
FGM conical shells subjected to an impact load, Zhang and Li (2010) found that the maximal
dynamic deflection of an imperfect shell was larger than that of the corresponding perfect shell.
By studying buckling behavior of FGM hybrid conical shells reinforced with stiffeners, Dung
and Chan (2017) and Duc et al. (2018) found that the number of stiffeners could significantly
affect the critical loads. The vibration analysis of functionally graded conical and cylindrical
shell structures was presented by Tornabene (2009) and Qu et al. (2013). The FGMs with a
four-parameter power-law distribution was proposed. Vibration characteristics of FGM conical
shell panels were investigated by Zhao and Liew (2011). In their study, two types of FGMs,
Al/ZrO2 and Ti-6Al-4V aluminum oxide were taken into account. Using the differential quadra-
ture method (DQM), Heydarpour et al. (2014) studied vibration behavior of FGM truncated
conical shells subjected to internal pressures. For rotating FGM conical shells, Malekzadeh and
Heydarpour (2013) and Dey et al. (2015) discussed the effect of rotational speed on natural
frequencies. They found that the influence of Coriolis acceleration on the frequency depends
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on the shell boundary conditions. Using the variational principle in conjunction with the modi-
fied Fourier series, Su et al. (2014) obtained an analytical solution of thick FGM conical shells,
cylindrical shells and annular plate structures. In addition, vibration of FGM conical shells was
studied by Deniz et al. (2016) and Zarei et al. (2020).
In the above-mentioned studies, the conical shells were treated as perfect structures without

pores. However, porosities inevitably appear inside the materials in the process of fabricating
FGMs (Wu et al., 2020) and affect Young’s moduli (Sofiyev et al., 2009b). Hence, it is necessary
to investigate the influence of internal pores on buckling and vibration characteristics of FGM
conical shells. Hoa et al. (2020) investigated the effects of pores on the critical load of FGM
conical shells on elastic foundations. Buckling and vibration characteristics of porous FGM
conical shells were also studied by Cuong-Le et al. (2021) and Yan et al. (2020). All of the
results showed that the porosity distributions and porosity volume fraction could affect the
statics and dynamics of FGM conical shells. Moreover, the used model for evaluating FGM
material properties was based on the model of estimating typical mechanical properties of metal
foams, and not the law of mixture.
A sigmoid functionally graded material (S-FGM) is a new kind of composite in which the ce-

ramic volume fraction is described by a sigmoid distribution law. Compared with typical FGMs,
S-FGMs have the advantage of eliminating stress concentration in some interfaces where the
materials are continuous but quickly varying. Hence, S-FGMs can be used in some engineering
structures subjected to impact and thermal loads to avoid concentration of stress. Up to now,
few studies have been devoted to buckling and vibration of S-FGM truncated conical shells
(Dung et al., 2019; Nemati and Mahmoodabadi, 2020).
As reviewed above, the number of studies on the buckling and vibration of S-FGM conical

shells is still rather scarce. According to the authors’ knowledge, no previous research work
has been done for the buckling and vibration of porous S-FGM shells. Hence, the present study
attempts to present a modified model of estimating material properties and investigate the effect
of internal pores on the buckling and vibration of porous S-FGM conical shells.

2. A porous S-FGM truncated conical shell

As depicted in Fig. 1, a porous S-FGM truncated conical shell subjected to external pressures
P1 and P2 is considered. A curvilinear coordinate system (s, θ, z) is set in the middle surface of
the cone. s and θ axes lie along the generator and in the circumferential direction. The z axis is
perpendicular to the s-θ curve. The radii of the cone at the small and large ends are S1 and S2,
respectively. L, h and γ denote length, thickness and semi-vertex, respecively. The truncated
conical shell is made of ceramic and metal materials. Two types of porosity distributions, even
and uneven, are considered (see, Fig. 2).
In the previous open literature, the pore volume fraction α is usually assumed to be very

small α≪ 1 and neglected in calculating the total volume of porous structures, i.e. Vc+Vm = 1,
in which Vc and Vm denote the ceramic and metal volume fractions. To eliminate the assumption,
we now let Vc+Vm+α = 1 and Wc+Wm = 1, in which Wc and Wm are the ceramic and metal
mass fractions, respectively. Thus, Vc can be calculated as follows

Vc = (1− α)
Wc/ρc

Wc/ρc +Wm/ρm
(2.1)

where ρc and ρm are the ceramic and metal mass densities.
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Fig. 1. Scheme of a S-FGM truncated conical shell

Fig. 2. Porosity distributions: (a) even, (b) uneven

The ceramic volume distribution V ∗c of the S-FGMs is assumed to be

V ∗c (z) =





Vc1

(
1− 1
2

(h/2− z
h/2

)N)
for 0 ¬ z ¬ h

2
1
2
Vc1
(h/2 + z

h/2

)N
for −h

2
¬ z ¬ 0

(2.2)

but Vc∗ for typical FGMs is

V ∗c = Vc2
(
1 +
2z
h

)N
(2.3)

where N is the material volume index. The coefficients Vc1 and Vc2 can be calculated by

0.5h∫

−0.5h

V ∗c (z) dz =
0.5h∫

−0.5h

Vc dz (2.4)

Applying the modified rule of mixture, the effective Young’s modulus E(z), mass density ρ(z)
and Poisson’s ratio ν(z) of the conical shell can be expressed as follows

E(z) = EcV ∗c (z) +Em[1− V ∗c (z)− α∗(z)]
ρ(z) = ρcV ∗c (z) + ρm[1− V ∗c (z)− α∗(z)]
ν(z) = νcV ∗c (z) + νm[1− V ∗c (z)− α∗(z)]

(2.5)

where Ec and νc are Young’s modulus and Poisson’s ratio of the ceramics. Em and νm are the
corresponding values of the metals. The porosity volume distributions α∗ for the even distribution
(ED) is assumed to be

α∗(z) = α (2.6)

and the uneven distribution (UD) is assumed to be

α∗(z) = α1
(
1− 2|z|

h

)
(2.7)
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Assuming that the total porosity fractions for different distributions are equivalent, the
coefficient α1 can be determined as follows

0.5h∫

−0.5h

α1
(
1− 2|z|

h

)
dz =

0.5h∫

−0.5h

α dz (2.8)

3. Formulations

3.1. Governing equations

In the framework of the classical thin shell theory, the stress-strain relationship of the S-FGM
conical shell can be expressed as follows



σs
σθ
σsθ


 =

E(z)
1− ν2(z)



1 ν(z) 0

ν(z) 1 0
0 0 1− ν(z)







εs − z
∂2W

∂s2

εθ − z
( 1
s2
∂2W

∂ψ2
+
1
s

∂W

∂s

)

εsθ − z
(1
s

∂2W

∂s∂ψ
− 1
s2
∂W

∂ψ

)




(3.1)

in which σs, σθ and σsθ are the stresses of the middle surface, εs, εθ and εsθ are the corresponding
strains, W is the displacement in the circumferential direction and ψ = θ sin γ.
The membrane forces (Ns, Nθ, Nsθ) and moments (Ms,Mθ,Msθ) are calculated as

[(Ns, Nθ, Nsθ), (Ms,Mθ,Msθ)] =

h/2∫

−h/2

[1, z](σs, σθ, σsθ) dz (3.2)

Introducing stress function F (s, ψ, t), the membrane forces are expressed as

(Ns, Nθ, Nsθ) =
(
1
s2
∂2F

∂ψ2
+
1
s

∂ψ

∂s
,
∂2F

∂s2
,−1

s

∂2F

∂s∂ψ
+
1
s2
∂F

∂ψ

)
(3.3)

On the condition that the truncated conical shell is subjected to external pressures P1 and P2,
the initial membrane forces are given as (Sofiyev, 2009)

N0s = −
1
2
P1s tan γ N0θ = −P2s tan γ N0sθ = 0 (3.4)

Combined with the effects of the initial membrane forces N0s , N
0
θ and N

0
sθ, the dynamic equilib-

rium equations and the strain compatibility equations are built as follows

∂2Ms
∂s2

+
2
s

∂Ms
∂s
+
2
s

∂2Msθ
∂s∂ψ

− 1
s

∂Mθ
∂s
+
2
s2
∂Msθ
∂ψ
+
1
s2
∂2Mθ
∂ψ2

+
Nθ
s
cot γ

+N0s
∂2W

∂s2
+
N0θ
s

(1
s

∂2W

∂ψ2
+
∂W

∂s

)
+ 2N0sθ

∂

∂s

(1
s

∂W

∂ψ

)
− ρth

∂2W

∂t2
= 0

cot γ
s

∂2W

∂s2
− 2
s

∂2esθ
∂s∂ψ

− 2
s2
∂esθ
∂ψ
+
∂2eθ
∂s2
+
1
s2
∂2es
∂ψ2
+
2
s

∂eθ
∂s
− 1
s

∂es
∂s
= 0

(3.5)

where ρt =
∫ 0.5
−0.5 ρ(z) dz.

Substituting Eqs. (3.1)-(3.4) into equations (3.5) and introducing the independent variable
x = ln(s/s2), the governing equations of the S-FGM conical shell can be derived as follows

L1(F ) + L2(W ) + P1L3(W ) + P2L4(W )− ρths42
∂2W

∂t2
= 0

L5(F ) + L6(W ) = 0
(3.6)

where the linear operators Li (i = 1, . . . , 6) are given in Appendix A.
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3.2. The solution of the governing equations

In the present study, The free supported boundary conditions are assumed to be

s = s1 and s = s2 ⇒ W =Ms = Ts = 0 (3.7)

The solution to the governing equations is assumed as

W = w(t)eµx sin(β1x) cos(β2ψ)

F = f(t)e(µ+1)x sin(β1x) cos(β2ψ)
(3.8)

where β1 and β2 are the coefficients of the vibration mode (m,n), defined by

β1 =
mπ

x0
β2 =

n

sin γ
x0 = ln

s2
s1

(3.9)

The parameter µ is introduced to obtain the minimum values of the critical pressure and lowest
frequency. Multiplying Eq. (3.6)1 by s22 exp[(µ+2)x] sin(β1x) cos(β2ψ) and (3.6)2 by s

3
2 exp[(µ+

3)x] sin(β1x) cos(β2ψ), then applying Galerkin’s method over the shell area 0 ¬ ψ ¬ 2π sin γ
and −x0 ¬ x ¬ 0, the following differential equation with respect to time t can be derived

∂2w

∂t2
+
1
G7

(
−G1G6

G5
+G2 + P1G3 + P2G4

)
w(t) = 0 (3.10)

where the coefficients Gi (i = 1, . . . , 7) are defined by

G1 =
1
G4

0∫

−x0

2π sin γ∫

0

L1(F )s22e
(µ+2)x sin(β1x) cos(β2ψ) dx dψ

G2 =
0∫

−x0

2π sin γ∫

0

L2(W )s22e
(µ+2)x sin(β1x) cos(β2ψ) dx dψ

G3 =
0∫

−x0

2π sin γ∫

0

L3(W )s22e
(µ+2)x sin(β1x) cos(β2ψ) dx dψ

G4 =
0∫

−x0

2π sin γ∫

0

L4(W )s22e
(µ+2)x sin(β1x) cos(β2ψ) dx dψ

G5 =
0∫

−x0

2π sin γ∫

0

L5(F )s32e
(µ+3)x sin(β1x) cos(β2ψ) dx dψ

G6 =
0∫

−x0

2π sin γ∫

0

L6(W )s32e
(µ+3)x sin(β1x) cos(β2ψ) dx dψ

G7 = −
0∫

−x0

2π sinγ∫

0

ρfhs
6
2

∂2W

∂t2
e(µ+2)x sin(β1x) cos(β2ψ) dx dψ

(3.11)

If the conical shell is free from external pressures P1 = P2 = 0, the frequency ω of the free
vibration is obtained as

ω =

√
1
G7

(
−G1G6

G5
+G2

)
(3.12)
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According to equation (3.10), the critical hydraulic buckling pressures P1 = P2 = PHcr and
lateral buckling pressures P1 = 0, P2 = PL cr are obtained as

PH cr = −
G1G6 −G2G5
G5(G3 +G4)

PL cr = −
G1G6 −G2G5

G5G4
(3.13)

It is noted that the minimum values of buckling pressure and frequency obtained by Eqs.
(3.12) and (3.13) depend on the parameters m, n and µ. In the present study, the minimum
value of the shape mode (m,n) can be found by changing the value of the parameter µ from 0
to 5 with the step 0.1 (Sofiyev, 2009).

4. Results and discussion

4.1. Comparison studies

To validate the present method, two numerical examples are tested and the results are listed
in Tables 1 and 2.

Example 1. The buckling behavior of a typical FGM truncated conical shell is studied in this
example. The critical loads PH cr and PL cr are displayed in Table 1. The materials properties for
silicon nitride (Si3N4) are Ec = 0.32227 TPa, ρc = 2370 kg/m3 and νc = 0.24. Those for stainless
steel (SUS304) are Em = 0.2077877 TPa, ρm = 8166 kg/m3 and νm = 0.317756. The geometric
parameters are R1 = 1.0m, R2 = 3.0m, R2/h = 200 and γ = 30◦. It can be observed that the
present results agree well with those given by Sofiyev (2009). The maximum error is only 0.5%.

Table 1. Comparison of the critical pressures PH cr and PL cr for a typical FGM truncated
conical shell

N Method PH cr(n, µ) [MPa] PL cr(n, µ) [MPa]

Sofiyev (2009) 0.741(8,2.1) 0.779(8,1.9)
Si3N4 (N = 0) Present 0.739(8,2.1) 0.776(8,1.9)

Discrepancy 0.3% 0.4%
Sofiyev (2009) 0.578(8,2.1) 0.607(8,1.9)

1.0 Present 0.575(8,2.1) 0.604(8,1.9)
Disfrepancy 0.5% 0.5%
Sofiyev (2009) 0.551(8,2.1) 0.579(8,1.9)

2.0 Present 0.548(8,2.1) 0.577(8,1.9)
Discrepancy 0.5% 0.3%

Example 2. The free vibration of a typical FGM truncated conical is studied in the example.
The materials properties for silicon nitride (Si3N4) are Ec = 0.32227 TPa, ρc = 2370 kg/m3

and νc = 0.24, and the those for Nicknel (Ni) are Em = 0.205098 TPa, ρm = 8900 kg/m3 and
νm = 0.31. The geometric parameters of the shell are R2/h = 100, L = 2R1 and γ = 30◦.
The dimensionless fundamental frequency Ω1 = ω1R2

√
(1− ν2c )ρc/Ec is calculated and listed in

Table 2. It can be seen that the maximum deviation between the present results and those given
by Sofiyev and Schnack (2012) is 0.6%.

4.2. Parametric studies

After the present method is validated, the effects of the porosity volume fraction, porosity
distribution, material volume index, semi-vertex angle on the critical buckling loads and the
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Table 2. Comparison of the dimensionless fundamental frequency Ω1 for a typical FGM trun-
cated conical shell

Method Ni N = 1.0 N = 2.0 Si3N4
Sofiyev and Schnack (2012) 0.0723(7) 0.0997(7) 0.0887(7) 0.1763(7)
Present 0.0725(7,1.1) 0.1002(7,1.0) 0.0892(7,1.1) 0.1757(7,1.1)
Discrepancy 0.3% 0.5% 0.6% 0.4%

lowest natural frequencies of porous S-FGM truncated conical shells are discussed in this Sub-
section. The material and geometric parameters are given in Example 1. Unless specially stated,
the following parameters are used: Wc = 0.3, α = 0.1 and N = 1.0.
Tables 3 and 4 list the first five buckling pressures PH cr, PL cr and natural frequency ω

of the porous conical shell. The two kinds of pore distributions, even distribution (ED) and
uneven distribution (UD) are taken into account. It can be found that the minimum values of
the buckling pressures are obtained in mode (1,7). However, the lowest frequency is obtained
in mode (1,5). Also, it can be observed that the parameter µ for the critical buckling pressures
is about 2.7, but that for the lowest frequency it is 1.1. Moreover, it can be found that the
minimum values of the buckling pressures PH cr, PL cr and frequency ω for the even distribution
are smaller than the corresponding values for the uneven distribution, respectively. It can be
proved that the effective rigidity for the even distribution is larger than that for the uneven one.

Table 3. Buckling pressures PH cr, PL cr and frequency ω of different modes (m,n) for a porous
S-FGM truncated conical shell with evenly distributed pores

(m,n) (1,7) (1,6) (1,8) (1,5) (2,8)

PH cr(µ) [MPa] 0.442(2.7) 0.447(1.7) 0.462(3.8) 0.542(0.8) 0.574(3.0)
PL cr(µ) [MPa] 0.461(2.6) 0.465(1.6) 0.485(3.6) 0.567(0.8) 0.624(2.7)
(m,n) (1,5) (1,6) (1,4) (1,7) (1,8)

ω(µ) [Hz] 51.791(1.1) 54.699(1.9) 59.401(0.5) 61.732(3.0) 70.702(4.0)

Table 4. Buckling pressures PH cr, PL cr and frequency ω of different modes (m,n) for a porous
S-FGM truncated conical shell with unevenly distributed pores

(m,n) (1,7) (1,6) (1,8) (1,5) (2,8)

PH cr(µ) [MPa] 0.460(2.6) 0.462(1.7) 0.482(3.7) 0.557(0.8) 0.594(3.1)
PL cr(µ) [MPa] 0.481(2.7) 0.484(1.7) 0.507(3.7) 0.582(0.8) 0.645(2.7)
(m,n) (1,5) (1,6) (1,4) (1,7) (1,8)

ω(µ) [Hz] 52.461(1.1) 55.685(2.0) 59.706(0.5) 62.986(3.0) 72.231(4.1)

For the sake of revealing the effect of the parameter µ on the buckling and vibration behavior
of the truncated conical shell, the curves of the buckling pressure PH cr and PL cr versus the
parameter µ are displayed in Fig. 3a. As the parameter µ changes from 0.0 to 2.7, the buckling
pressures PH cr and PL cr decrease. However, the buckling pressures increase as the parameter
changes from 2.7 to 5.0. Thus, it can be found that the critical buckling pressures can be obtained
at µ ≈ 2.7. A similar variation of the natural frequency versus the parameter µ is observed in
Fig. 3b, but the lowest frequency ω can be obtained at µ ≈ 1.1.
The curves of the buckling pressures PH cr, PL cr and lowest frequency ω versus the ceramic

mass fraction Wc are shown in Figs. 4a and 4b. From the two figures, it can be observed that
the values of PH cr, PL cr and ω are increased with an increase in Wc. It is due to the fact that
Young’s modulus of Si3N4 is higher than that of Ni. Also, it can be seen that the critical buckling
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Fig. 3. Effect of the parameter on: (a) critical buckling pressures, (b) lowest frequency

Fig. 4. Effect of the ceramic mass fraction WC on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω

pressure PH cr for the even distribution is very close to the critical lateral pressure PL cr for the
uneven distribution. The lowest frequency for the uneven distribution is higher than that for
the even porosity distribution. Also, this demonstrates that the effective rigidity of the former
is larger than that of the latter.
In Fig. 5a, the influence of the porosity volume fraction α on the buckling pressures PH cr

and PL cr is revealed. It is clear that the values of PH cr and PL cr decreased with an increasing
value of α. The decrease in the buckling hydraulic pressure PH cr is more significant than that
of the buckling lateral pressure PL cr. If the value of α varies from 0 to 0.3, the value of PH cr for
the uneven and even distribution decreases by about 21% and 32%, respectively. It is evident
that the effect of the porosity volume fraction on the buckling hydraulic pressure for the even
porosity distribution is more significant than that for uneven porosity distribution.
The variation curves of the lowest frequency ω versus porosity volume fraction α are shown in

Fig. 5b. It can be observed that the variation is different for different porosity distributions. The
lowest frequency ω for the even distribution is decreased by increasing α. On the contrary, the
lowest frequency ω for the uneven distribution is increased as α increases. Also, one can notice
the turning point of the variation curves for the uneven distribution at α = 0.24. Furthermore,
the value of ω for α > 0.4 increases more slowly than that for α < 0.24.
The effects of the material index N on the buckling pressures PH cr and PL cr are shown

in Fig. 6a. It is clear that the values of buckling pressures are decreased with an increase of
the index N . This is because the increase of N indicates a decrease in the volume fraction of
Si3N4, which leads to a decrease in the shell effective rigidity. As expected, the curve of buckling
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Fig. 5. Effect of the pore volume fraction α on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω

Fig. 6. Effect of the material index N on: (a) buckling pressures PH cr and PL cr, (b) lowest frequency ω

hydraulic pressure PH cr for the uneven distribution is very close to the curve of buckling lateral
pressure PL cr for the even distribution. This proves that the effective rigidity of the former
nearly equals that of the latter. Figure 6b shows the effect of the material index N on the lowest
frequency ω. It is seen that the value of ω can be decreased by increasing the index N . This is
due to the fact that an increase in N leads to a decrease in the effective rigidity of the truncated
conical shell.

Fig. 7. Effect of the semi-vertex angle γ on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω
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The curves of the buckling pressures PH cr and PL cr versus semi-vertex angle γ are shown
in Fig. 7a. From the figure, it can be seen that the maximum values of buckling pressures PH cr,
PL cr and frequency ω are obtained at γ ≈ 40◦, which implies that the maximum of the shell
effective rigidity is obtained at γ ≈ 40◦. The variation of the lowest frequency ω varying with
the semi-vertex angle γ are shown in Fig. 7b. It can be observed that the maximum value of the
lowest frequency ω is reached at γ ≈ 50◦. Also, it can be observed that the porosity distribution
has an insignificant effect on the lowest frequency. The maximum difference is about 2.4%.

5. Conclusion

This paper presents a new reliable model to evaluate material properties of sigmoid functionally
graded materials. The buckling and vibration of porous S-FGM truncated conical shells are
investigated. The present results are compared with those available in the open literature. In
the parametric studies, the effects of ceramic mass fraction, porosity volume fraction, porosity
distribution, material index and semi-vertex angle are discussed in detail. The results show
that both the porosity volume fraction and distribution have significant effects on the buckling
pressures and lowest frequency. The buckling pressures and lowest frequency for the even porosity
distribution are decreased as the porosity volume fraction rises. However, the lowest frequency
for the uneven porosity distribution is increased. By increasing the ceramic mass fraction, the
values of buckling pressures and lowest frequency can be raised. As the semi-vertex angle γ
changes from 15◦ to 75◦, the critical buckling pressure and lowest frequency are obtained at
about 40◦ and 50◦, respectively.

A. Appendix
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(A.1)

In which coefficients Ai and Bi are defined by

A1 = c12 A2 = 2(c11 − c31) A3 = c13 A4 = 2(c14 + c32)

B1 = b11 B2 = 2(b31 + b12) B3 = b14 B4 = 2(b32 − b13)
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c11 = a111b11 + a
1
12b12 c12 = a211b12 + a

1
12b12 c13 = a111b13 + a

1
12b14 + a

2
11

c14 = a111b14 + a
1
12b13 + a

2
12 c31 = a166b31 c32 = a166b32 + a

2
66 (A.2)

b11 = a011d0 b12 = −a012d0 b13 = (a012a
1
12 − a111a011)d0

b14 = (a012a
1
11 − a112a011)d0 b31 =

1
a066

b32 = −
a166
a066

d0 =
1

a011a
0
11 − a012a012

In Eqs. (A.2), the coefficients akij are defined as follows

ak11 =
0.5h∫

−0.5h

zk
E(z)
1− ν2(z) dz ak12 =

0.5h∫

−0.5h

zk
ν(z)E(z)
1− ν2(z) dz

ak66 =
0.5h∫

−0.5h

zk
E(z)

2[1 + ν(z)]
dz

(A.3)
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Determining pressures and stresses that arise when mechanical components come into con-
tact is crucial for analysis of surface-related failures. In real situations, determining contact
pressure and stress distributions is challenging and depends on several factors, such as load,
material properties and surface characteristics. This paper describes the determination of
contact pressure on rough surfaces using a one-dimensional approach. Elastic, frictionless,
unilateral, normal contact between a rough surface and a smooth surface is considered. Lin-
ear elastic half-space theory is used, and the contact pressure distribution is obtained by
solving an associated optimisation problem. Results are given for a virtual wavy profile and
two engineering roughness profiles.
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1. Introduction

Contact problems in engineering have been studied for decades, particularly those related to
elastic contact between deformable bodies. Research in this field is of considerable importance
in mechanics since contact occurs between all interacting bodies that transmit forces and motion.
When two bodies are pressed against each other, a contact area is formed in the interface between
them, and a challenge is to determine the interfacial pressure and stress distributions developed
in the vicinity of the contact zone (Zhao et al., 2014). Jackson and Green (2006) and He et al.
(2021) noted that stress analysis in materials in contact is of significant importance for design of
mechanical components. According to Persson (2006), the study of contact between surfaces is
also essential due to its influence on heat transfer, wear, friction and adhesion phenomena that
significantly affect efficiency and durability of engineering systems.
All natural or manufactured surfaces are rough at the microscopic level and exhibit asperities

at various length scale regardless of how they have been produced and even if they appear
smooth macroscopically (Rey and Bleyer, 2018). The surface roughness also affects contact
characteristics with a significant impact on the interfacial pressure and stress distributions and,
consequently, on friction, wear and superficial damage behaviour (Jackson and Green, 2006).
Therefore, it is essential to understand the nature of roughness and its effect on contact problems
to analyse situations that correspond more closely to real applications (Weber et al., 2018).
According to Josso et al. (2002), surface topographies can be described as a superposition of
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three components: form, waviness, and roughness. The contact mechanics between rough surfaces
aims at explaining the complex interactions between asperities of the roughness component.
Understanding the nature of these interactions is of great practical interest as they play a vital
role in the tribological performance of different systems. However, understanding the relationship
between the contact variables – such as interfacial pressure, stresses, real contact area, contact
stiffness and many other aspects depending on morphological properties of the surfaces – remains
challenging (Hills et al., 1993; Bemporad and Paggi, 2015; Zhang et al., 2019; Fu et al., 2020).
In order to calculate the contact pressure distribution, the present work uses theory of elastic

half-spaces to describe the normal frictionless contact problem between two bodies. Then, the
contact regions of the bodies are discretised, resulting in a linear complementarity problem
(LCP), which is converted into an optimisation problem and solved with a classic optimiser
algorithm. Recently, LCPs have been used to solve optimisation problems, and in the last 20
years, elastoplastic analysis problems have also been solved by converting them into LCPs, which
have emerged as a unified solution for quadratic and linear programming. According to Cottle
et al. (1992) and Sushun (1995), the complementarity and linearity of an LCP provide necessary
fundamental elements for the analysis and understanding of the complex nature of mathematical
programming and equilibrium problems.
The contribution of this paper is twofold. First, it presents contact pressure solutions of real

roughness profiles, which are not extensively used in studies with rough surfaces that usually
represent asperities by analytic functions. The paper also uses an approach based on solving an
associated optimisation problem, performed numerically by quadratic programming, a method
that has not been widely used in the study of normal contact problems.

2. Formulation of the contact problem

2.1. Mathematical modelling of the contact problem

Two smooth non-conforming isotropic elastic bodies are considered to be initially in contact
at a single point P . After applying an external normal force, both bodies deform in the vicinity
of P , as shown in Fig. 1. At the interface between the bodies, contact pressures arise. The math-

Fig. 1. Schematic representation of two smooth elastic bodies in contact

ematical formulation adopted in the present work to calculate the contact pressure distribution
at the interface is based on the elastic half-space theory for normal frictionless line contact prob-
lems (Johnson, 1985; Zhao et al., 2014). According to this theory, when two homogeneous linear
elastic bodies with positive radii of curvature are brought into contact, and their deformations
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are small enough for the theory of linear elasticity to be applicable, the dimensions of the cor-
responding contact area will be small compared with the radii of curvature of the undeformed
surfaces. Since the region of interest is located in the vicinity of the contact area, the stresses
can be calculated to a good approximation by considering each body as a semi-infinite elastic
solid bounded by a flat surface, i.e., an elastic half-space. In addition, the following conditions
for normal contact problems are considered: (i) there is no penetration between the two bodies,
and thus the distance between the two surfaces is zero in the contact area and positive outside
it; (ii) the pressure is zero outside the contact area. Mathematically

e(x) = 0 p(x) ­ 0 (points in the contact area)

e(x) > 0 p(x) = 0 (points outside the contact area)
(2.1)

In the above equations, p(x) is the interfacial pressure at the point x, e(x) = u(x) + g(x) is the
normal distance between the points on the surfaces after deformation, g(x) is the initial gap
between the surfaces before deformation, and u(x) is the normal displacement at the point x.
Considering elastic half-spaces, the normal displacement at the point x, induced by the pressure
p(x) distributed in the interval I = [xa, xb] is given by Wang and Zhu (2020) as

u(x) =
−4
πE′

xb∫

xa

ln |x− x′|p(x′) dx′ (2.2)

where E′ is the effective Young’s modulus E′ = 2/[(1 − ν21)/E1 + (1 − ν22)/E2], E1 and E2 are
Young’s moduli, and ν1 and ν2 are Poisson’s ratios of the materials of body 1 and body 2,
respectively. The total normal force F is calculated as

F =
∫

I

p(x) dx (2.3)

The solution of the contact problem should satisfy the contact conditions of Eqs. (2.1) and
involves calculation of Eq. (2.2), which is generally obtained numerically by discretising the
interval I with a uniform mesh and approximating the pressure profile by a piecewise constant
function (see, for instance, Venner, 1991). Thus, the discretised form of Eq. (2.2) can be written
as

ui = u(xi) =
j=N∑

j=1

Kijpj or u = Kp (2.4)

where N is the number of discrete points and Kij are the influence coefficients that compound
the influence matrix K, i.e.

Kij =
−4
πE′

xj+h/2∫

xj−h/2

ln |xi − x′| dx′ =
−4
πE′

{∣∣∣xi −
(
xj +

h

2

)∣∣∣
[
ln
∣∣∣xi −

(
xj +

h

2

)∣∣∣− 1
]

−
∣∣∣xi −

(
xj −

h

2

)∣∣∣
[
ln
∣∣∣xi −

(
xj −

h

2

)∣∣∣− 1
]}

(2.5)

To solve the numerical problem, an N -dimensional vector x = [x1, x2, . . . , xN ] is constructed
with the coordinates of discrete points in the interval I = [xa, xb]. Likewise, the values of pres-
sure p(x), the gap between the surfaces before deformation g(x), the normal displacement u(x)
and the gap between the surfaces after deformation e(x) at each point xi are also represented
by the N -dimensional vectors p, g, u and e, respectively.
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In the present approach, the initial gap at the reference point g0 must be provided. Therefore,
the vector g containing the initial gap can be calculated based on the shapes (radii of curvature)
of the contacting bodies as

g = g01+ gs (2.6)

where gs is the normal distance between the contact surfaces defined from the reference point,
and 1 is an N -dimensional unit vector. The normal force is obtained from Eq. (2.3) after the
solution of p(x) is found. Notice that for smooth surfaces, to have contact between the bodies,
g0 should be negative (g0 < 0).
To account for the effect of surface roughness in the elastic half-space contact modelling

approach, the function r describing the roughness heights is considered to define the initial gap.
Accordingly, Eq. (2.6) can be rewritten as

g = g01+ gs + r (2.7)

where r is the N -dimensional vector containing the roughness heights at the discrete points xi.
Figure 2 depicts the initial undeformed contact geometry between a rough elastic flat surface

(body 1 in Fig. 2) and a smooth rigid plane (body 2 in Fig. 2). It is important to remark that
considering one of the surfaces smooth and rigid does not restrict the applicability of the current
modelling approach, since two rough elastic surfaces can be transformed into the contact problem
between a rough surface and a plane using equivalent parameters (Barber, 2018).

Fig. 2. Schematic representation of the initial undeformed contact gap between a rough flat elastic
surface and a smooth rigid plane

2.2. Elastic normal contact problem as a linear complementarity problem

The contact conditions defined in Eqs. (2.1), and the distance between the contact surfaces
after deformation can be written in discretised vector forms using Eq. (2.4) as

piei = 0→ pTe = 0 e = Kp+ g (2.8)

Therefore, to find the pressures at the discrete points, the following system of equations must
be satisfied

e = Kp+ g pTe = 0 p, e ­ 0 (2.9)

The above equations can be identified as a linear complementarity problem (LCP). An important
property of this LCP is that, as K is symmetric and positive definite, the solution is unique
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(Bemporad and Paggi, 2015). The LCP described by Eq. (2.9) can be written as the following
quadratic optimisation problem

min
p
f(p)→ min

p
(pTKp+ pTg)

subject to:

{
Kp+ g ­ 0
p ­ 0

(2.10)

The optimisation problem described in Eq. (2.10) is solved in Matlab using quadratic pro-
gramming and an interior point algorithm presented in Byrd et al. (1999) and Nocedal and
Wright (2006).

3. Numerical results and discussion

This Section discusses the numerical results obtained with the proposed calculation method for
contact pressure of the three case studies. First, the profile of an analytical wavy surface is
considered. Afterwards, the roughness profiles of two real engineering surfaces obtained from
optical profilometry are analysed. For all cases, body 1 (the upper body) is assumed rough and
body 2 (the lower one) smooth, following the formulation presented in Section 2.

3.1. Analytical wavy profile

This case evaluates the proposed calculation method for a wavy analytical profile. The geo-
metric and material properties of the two contact bodies are shown in Table 1.

Table 1. Parameters for simulations of the analytical wavy profile

Body
Radius of curvature Young’s modulus Poisson’s ratio

[mm] [Pa] [–]

1 20 210 · 109 0.3
2 50 210 · 109 0.3

The undulation of the wavy profile is chosen such that the peak heights are about 10 times
smaller than the initial distance g0 = −0.01mm. Mathematically, this undulation is prescribed
as

r(x) = 0.001 cos(50x) x ∈ [−1mm, 1mm] (3.1)

To analyse the influence of the mesh discretization, simulations with meshes containing 64,
256 and 1024 nodes have been performed, and the results are summarised in Table 2. Figure 3
depicts the distance between the bodies in the initial condition. While the total force and contact
width vary little as the number of nodes increases, the maximum pressure increases with the
number of nodes. This increase can be explained by the highly accurate representation of the
profile waviness as the mesh is refined, which yields a localized decrease in the real contact area
and an increase in the local pressure.
Figures 4 show the pressure and gap distributions between the contact surfaces before and

after contact for different meshes (64, 256 and 1024 nodes, respectively). The horizontal axis is
normalised by a half-width of the Hertzian contact (x = x/b). The contact pressure is normalised
by its maximum value (p = p/pmax) and is represented by the solid black line. The dotted blue
and solid red lines represent the normalised initial (g = gR/b2) and final (e = eR/b2) gaps,
respectively, where R = 1/(R−11 + R

−1
2 ) is the reduced radius of curvature, and R1 and R2 are

the radii of curvature of body 1 and body 2.
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Table 2. Simulation results of the analytical wavy profile.

No. of Normal force Maximum pressure Contact width
nodes [N/mm] [MPa] [mm]

64 856.7 2936 0.365
256 851.2 3991 0.341
1024 851.2 4036 0.333

Fig. 3. Initial gap for the virtual wavy profile

Fig. 4. Initial and final gaps and contact pressure for the analytical wavy profile. Results for meshes
with (a) 64, (b) 256 and (c) 1024 nodes. All quantities are normalised
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Overall, as can be observed in Fig. 4, wherever the pressure is nonzero and positive (p > 0)
the final gap is zero (e = 0), and wherever the final gap is positive (e > 0), the pressure is
zero (p = 0), thus satisfying the normal contact conditions of Eqs. (2.1). Figure 4 also shows
the contact region between the normalised interval x ∈ [−1, 1]. The pressure has a symmetrical
distribution with six peaks, the largest being closer to the contact centre. Outside the contact
region, as expected, the pressure is null. The pressure profile obtained with the 64-nodes mesh
(Fig. 4a) is not smooth, and the maximum pressure is lower than those of the refined meshes. The
pressure increases more smoothly with the 256-nodes mesh (Fig. 4b) but shows a flattening at
the peaks. When the mesh discretization is increased to 1024 nodes (Fig. 4c), the entire pressure
distribution becomes smooth, especially at the local maxima (peaks). In this latter case, the
pressure peaks are also higher than those obtained with coarser meshes. This trend is because
the greater the number of nodes, the more accurate the profile representation and solution near
the peaks.

3.2. Real engineering surfaces

The cases presented below aim at evaluating the proposed calculation method for real en-
gineering surfaces. To this end, a cylinder liner surface topography of an internal combustion
engine and a 1200-grit sandpaper polished surface are considered. Both surfaces have been mea-
sured with 3D optical profilometry; the samples have 0.8× 0.8mm and 702 × 702 mesh points.
The properties of the two surfaces are summarized in Table 3.

Table 3. Parameters for simulations of real engineering surfaces

Body
Radius of curvature Young’s modulus Poisson’s ratio

[mm] [Pa] [–]

1 1000 210 · 109 0.3
2 1000 210 · 109 0.3

To perform 1D simulations, five profiles in the y-direction are considered. The initial distance
g0 is chosen to be approximately 0.2 times the standard deviation of the roughness heights. This
value is defined following preliminary simulations and is intended to ensure that the real contact
area is 4% to 10% of the apparent area. The real area is estimated by identifying and counting
the regions of the discretized domain where the pressure is nonzero.

3.2.1. Surface of the cylinder of an internal combustion engine

Figure 5 shows, in three-dimensional and top views, the roughness profile obtained from
measurements in a mesh of 702 × 702 points on a sample of the surface of the cylinder of an
internal combustion engine.
In order to map the behaviour of the entire rough surface, analyses have been carried out

in five cross-sections with discretization points corresponding to those used to measure the
roughness profile (702 points). The sections were made parallel to the x axis, at positions
y = 0; y = 0.2; y = 0.4; y = 0.6 and y = 0.8mm. The initial reference gap value used was
g0 = 9 · 10−5mm.
Table 4 shows, for different sections, the force and maximum pressure obtained in the simula-

tions and height of the highest roughness peak in the section. The section where the highest con-
tact force, 48N/mm, occurs is the section with the highest roughness peak (section y = 0.2mm),
and sections that have the lowest force values (sections y = 0.6 and y = 0.8mm) are also the
sections where the highest roughness peaks are smaller than in the other sections. The same
behaviour does not occur in the case of maximum pressure, i.e., there is no direct relationship
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Fig. 5. Roughness profile of the surface of the cylinder of an internal combustion engine
(702× 702 mesh): (a) three-dimensional view, (b) top view – xy plane

Table 4. Results of simulations of the surface of the cylinder of an internal combustion engine

y Force Maximum pressure Highest roughness
[mm] [N/mm] [MPa] peak [mm]

0.0 35 6035 7.0 · 10−4
0.2 48 6480 9.0 · 10−4
0.4 32 8689 7.2 · 10−4
0.6 31 5181 6.4 · 10−4
0.8 31 5189 6.4 · 10−4

between the maximum pressure and the highest roughness peak, which occurs at y = 0.4mm at
the position x = 0.
Figure 6 shows, for the central section (y = 0.4mm), the initial gap (dotted blue line) and the

normal distance of each point on the surface after deformation (solid blue line) normalised by the
maximum initial gap value1. The contact pressure (solid red line) normalised by its maximum

Fig. 6. Normalised initial and final gaps and normalised contact pressure for simulation of the surface of
the cylinder of an internal combustion engine (section y = 0.4mm)

value is also shown. From this figure, it can be noted that pressure occurs only where the final
distance between the bodies is zero, i.e., where there is contact. Moreover, as expected, the final

1It is worth noting here that for this problem and the problem presented in Section 3.2.3 (i.e., for
real engineering surfaces cases), the normalisation of the initial and final gaps (normalisations of g and e,
respectively) are different from those used for the problem of Section 3.1. This is done aiming for clarity
in presentation of the results.
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shape of the piece undergoes changes. In addition, within a section, the point where the highest
pressure occurs is the region with the highest roughness peaks, which corresponds to the highest
initial “penetration”, as can be seen when the initial gap (dotted blue line) and pressure (solid
red line) are compared. For brevity, a graph of only a representative section is presented and
discussed here and in Section 3.2.2.

3.2.2. Surface polished with 1200-grit sandpaper

Figure 7 presents, in three-dimensional and top views, the roughness profile obtained from
measurements in a mesh of 702× 702 points on a sample of a surface polished with a 1200-grit
sandpaper. Because of the polishing, the roughness peaks are smaller compared with those of
the surface of the cylinder of an internal combustion engine.

Fig. 7. Roughness profile of the surface polished with a 1200-grit sandpaper (702× 702 mesh):
(a) three-dimensional view, (b) top view – xy plane

As performed for the surface of the cylinder, simulations have been carried out in five sections.
The initial reference gap value used was g0 = 1.4 · 10−6 mm.
Table 5 presents, for different sections, the force and maximum pressure obtained from the

simulations and the height of the highest roughness peak in the section.

Table 5. Results of simulations of the surface polished with a 1200-grit sandpaper

y Force Maximum pressure Highest roughness
[mm] [N/mm] [MPa] peak [mm]

0.0 1.11 309 2.0 · 10−5
0.2 1.04 153 1.6 · 10−5
0.4 1.20 203 2.0 · 10−5
0.6 1.11 310 2.0 · 10−5
0.8 0.86 114 1.3 · 10−6

Figure 8 shows, for the central section (y = 0.4mm), the initial gap (dotted blue line) and
the normal distance of each point on the surface after deformation (solid blue line) normalised
by the maximum initial gap value. The contact pressure normalised by its maximum value is
also shown (solid red line).
Because the surface has been polished, the roughness peaks have similar heights in all the

sections, and there are only a few isolated peaks. This can also be observed in Table 5, where
there are three sections, y = 0mm, y = 0.4mm and y = 0.6mm: the highest peak measures
2.0·10−5mm, and two other sections have lower values, but still close (1.3·10−5 and 2.0·10−5mm).
Thus, there is no significant variation in the contact force between the sections, and the highest
value is at y = 0.4mm. The highest maximum pressure occurs in the section with the highest
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Fig. 8. Normalised initial and final gaps and normalised contact pressure for simulation of the surface
polished with a 1200-grit sandpaper (section y = 0.4mm)

roughness peak (y = 0.6mm). As the heights of the peaks are more homogeneous than the
peaks on the surface of the cylinder engine, the relationship between maximum the pressure and
highest roughness peak is not so clear.

4. Concluding remarks

This work aims at developing and apply an efficient technique for determining contact pressure
distribution between elastic bodies with rough surfaces. The corresponding problem is formulated
as a linear complementarity problem (LCP), which is associated with an optimisation problem,
and this is then solved using a quadratic programming strategy.
Problems with rough surfaces in a one-dimensional domain are analysed. Initially, a virtual

surface is considered, i.e., with roughness generated by an analytic function, and then profiles of
real engineering surfaces based on experimental roughness measurements are evaluated. Overall,
the numerical results are coherent with what is observed in practice: the section where the
highest contact force occurs is the one with the highest roughness peak, and the surfaces with
higher roughness peaks have higher maximum pressures.
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e-mail: ahlem.alia@univ-lille.fr

Hasna Ben Said
Faculté des Sciences de Gafsa, Département des Filières Technologiques, Tunisia

IsoGeometric Analysis (IGA) is widely used because it links exact geometry to analysis.
When IGA is applied within the Boundary Element framework (IGBEM), and under cer-
tain boundary conditions, discretization errors can be suppressed leading to an accurate
estimation of the integration errors. By using the IGBEM for potential problems, the ef-
fect of Gauss quadrature on the accuracy of each term arising in the IGBEM is studied for
smooth geometry under constant boundary conditions. The results show that the method of
computing singular integrals in the IGBEM is efficient. Results can be improved by selecting
optimal numbers of Gauss points for both integrals.

Keywords: potential problems, isogeometric analysis, boundary element method, Gauss
quadrature

1. Introduction

In recent years, there has been an increasing interest in applying IsoGeometric Analysis (IGA)
for mechanical problems such as solid mechanics (Chasapi et al., 2022; Peng and Lian, 2022),
fluid mechanics (Opstal et al., 2015; Yan et al., 2019), acoustics (Coox et al., 2017; Alia, 2020;
Alia et al., 2022) and contact (Temizer et al., 2011; Matzen et al., 2013; Khanyile et al., 2022).
IGA has shown a superior precision over the conventional Finite Element Method (FEM) and
Boundary Element Method (BEM) for many applications (Hughes et al., 2005, 2010; Simpson
et al., 2012; An et al., 2018). Contrary to these standard methods, IGA is based on the exact
geometry because it links between the geometry design and mechanical analysis environments.
Due to Hughes (Hughes et al., 2005), this numerical method uses NURBS basis functions of

geometry to approximate unknowns. Since that pioneer work, other basis functions like Bsplines
and Bézier have been used, and other specific algorithms have been developed for IGA. In
fact, to discretize a problem, IGA is based on a patch, knot vector, control points and control
variables entities. The control entities are not physical but only fictive entities. They are used
to interpolate physical nodes and variables by using NURBS, Bsplines or Bézier functions. This
is why, for instance, a new contact algorithm knot-to-surface has been specifically developed for
IGA (Temizer et al., 2011).
Studies on the accuracy of the standard BEM focused on some specific aspects such as

the commonly applied rule of six elements per wavelength in acoustics for continuous elements
(Marburg, 2002) and the position of collocation points on discontinuous elements (Marburg and
Nolte, 2008). For 2D acoustic applications, Treeby and Pan (2009) have presented an interesting
classification of BEM errors into three categories. The first category of errors originates from
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discretization that is due to approximation of boundary variables, geometry, and their discon-
tinuities. The second category of errors concerns quadrature ones because of the approximate
evaluation of regular, singular and nearly singular integrals. Finally, the last category of errors is
related to system resolution which exhibits ill-conditioned matrices at some irregular frequencies
as well as additional errors due to the iterative solver. These three categories of errors are related
to each other, so it is difficult to separate them. This is why Treeby and Pan (2009) proposed
to set a global error constraint supposed to be appropriate within the engineering applications.
Then they discussed precision of the method when that global error was maintained.
Some numerical aspects related to errors in IGA were analyzed in previous works (Simpson et

al., 2012; An et al., 2018; Kostas et al., 2017) including development of new quadrature formulae
(Aimi et al., 2018; Calabrò et al., 2018) and the effect of Gauss quadrature on the accuracy of
singular integrals (Peng and Lian, 2022). In fact, even if the geometry is exact, a small number
of Gauss points can lead to wrong results as shown in (Alia, 2020) because the Gauss points play
the role of acoustic source points. To our knowledge, there was no direct interest in estimating
integration errors of different terms occurring in the boundary integral equation of potential
problems when solved by the IsoGeometric Boundary Element Method (IGBEM) in the case of
a standard Gauss quadrature.
The objective of this study is to identify the effect of the number of Gauss points on the

accuracy of integral involving Green’s function and the derivative of Green’s function, separately.
In fact, since in IGA simulation is performed on the exact geometry instead of the approximated
one, we suppress the discretization errors by choosing constant boundary variables on a smooth
geometry. In this article, before exploring in details the motioned numerical method (Section 3),
we review the conventional BEM in Section 2. Finally, we validate the IGBEM results in Section 4
for an annular region before studying the influence of Gauss quadrature on the accuracy of
integrals in the case of a circular domain.

2. Boundary element method for potential problems

Both the Laplace equation and the Green function are fundamental for the boundary integral
formulation of potential problems (Katsikadelis, 2016). Laplace equation (2.1) governs the po-
tential field φ in many problems like steady state heat conduction and potential flow inside a
domain V limited by a boundary S (Liu, 2009)

∆φ = 0 in V (2.1)

The Dirichlet and Neumann boundary conditions are given, respectively, by

φ = φD on SD q =
∂φ

∂n
= qN on SN (2.2)

where S = SD ∪ SN , n is the boundary normal pointing away the domain, and q is the normal
derivative of φ.
By using the second Green identity, the well-known Boundary Integral Equation (BIE) can

be derived from the preceding boundary value problem and expressed as in the following (Liu,
2009; Wu, 2000)

∫

S

(
G(P,Q)

∂φ(P )
∂n

− φ(P )∂G(P,Q)
∂n

)
dS(P ) = CQφ(Q)

CQ =





1 Q ∈ V
1
2

Q ∈ Ssmooth
0 Q /∈ (S ∪ V )

(2.3)
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Green’s function is expressed in two dimensions as G(P,Q) = −(1/2π) log r (Liu, 2009).
Here r is the distance between two points Q and P . The BIE is to be used with the Neumann
condition (describing ∂φN (P )/∂n on SN ) and Dirichlet condition (describing φD(P ) on SD).
To solve numerically the BIE for unknown boundary variables, the geometry is discretized

into ne elements and nd nodes. In the case of isoparametric boundary elements, both geometry
and boundary variables are represented by the same Lagrange shape functions Ni. Over an ele-
ment, a varying quantity f is approximated by f =

∑ℓ
i=1 fiNi(u) where u is the local coordinate

(−1 ¬ u ¬ 1) and ℓ is the number of nodes per Lagrange element. f can be the potential,
derivative of the potential, or node position given by x and y. The discretized form of the BIE
can be written as

( ne∑

e=1

ℓ∑

i=1

ℓ∫

−1

G(P,Q)NiJe dξ
)
qi +

( ne∑

e=1

ℓ∑

i=1

1∫

−1

∂G(P,Q)
∂n

NiJe dξ

)
φi = CQφ(Q) (2.4)

where Je is the Jacobian of transformation of the e-th element.
Despite the introduction of these boundary conditions, only half of the boundary values

are known from the boundary conditions (Wu, 2000). The other half needs to be calculated
by collocating the point Q on the entire boundary. Collocation consists in placing the point Q
successively in each node i of the boundary. For each collocation node i and element Sj, the
boundary integration based on Eq. (2.4) is performed to produce two elementary vectors in 2D
problems denoted by gi and hi. After assembling the elementary vectors into global matrices
and then arranging them in such a way that all the unknowns are located on the left-hand side,
solving the obtained system enables one to calculate the boundary unknowns (Wu, 2000).
Usually, the used geometry introduces errors because it is not exact. In what follows, the exact

geometry based on NURBS (Non-Uniform Rational BSplines) combined to BEM is adopted to
suppress the errors due to domain approximation. The next Section concerns the definition of
the NURBS basis functions and their introduction into the BEM.

3. Isogeometric boundary element method

3.1. Preliminary notions

Among the curves designed by control points, Bsplines and NURBS can be cited. It is known
that Bsplines are very flexible in geometry design. Their flexibility is originating from their
basis functions Ni,p which have quasi-local control. These basis functions are different from the
shape functions Ni of the standard BEM. Note the order of interpolation p in Ni,p. The basis
functions Ni,p are constructed for a knot vector, E = {u1, u2, . . . , un+p+1}, a non-decreasing
sequence of coordinates in the parametric space. Each knot vector corresponds to a patch of
elements. The knot vector can be uniform (nodes are equally-spaced in the parametric space) or
not (repeated nodes) (Hughes et al., 2005). It serves to divide the parametric space into elements
and to modify the shape of the curve.
Equation (3.1) defines a Bspline curve T of the order p (Hughes et al., 2005)

T (u) =
m∑

i=1

Ni,p(u)Pi = PTN(u) (3.1)

where Pi are the Bspline control points, m is the number of both basis functions and control
points. The basis functions Ni,p are calculated by the following recursive expression (Hughes et
al., 2005)
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Ni,0(u) =

{
1 ui ¬ u ¬ ui+1
0 otherwise

Ni,p(u) =
u− ui
ui+p − ui

Ni,p−1(u) +
ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u) p ­ 1
(3.2)

The most important properties of the Bspline basis functions are the partition of unity, Eq.
(3.3), linear independence, Eq. (3.3)2, and its quasi-local support because some control points
influence p+ 1 elements

m∑

i=1

Ni,p(u) = 1

m∑

i=1

aiNi,p(u) = 0 ⇐⇒ ∀i ai = 0

(3.3)

The rational basis functions of NURBS are defined as following

Ri,p(u) =
wiNi,p(u)∑m
i=1wiNi,p(u)

=
WN(u)
W (u)

(3.4)

where wi is the weight of the i-th basis function and W (u) is the weight function. Both Bsplines
and NURBS shared the same properties listed above, and the NURBS curve is deduced by

T (u) =
m∑

i=1

Ri,p(u)Pi = PTR(u) (3.5)

Besides the flexibility of Bsplines and NURBS, they present an important feature of easy
refinement without deploying a great effort. In fact, three types of refinement can be used in
IGA (Hughes et al., 2005). In h-refinement, the knot insertion consists in adding new knots
and, therefore, new elements. Each new element is located between knots of different values.
During this process, the number of control points is increased by one after each knot insertion.
Consequently, the control points require to be redefined at each new insertion. Moreover, the
new basis functions have to be recalculated for the new knot vector. p-refinement consists of
the order elevation by increasing the multiplicity of each knot component by one. This increases
the number of control points and basis functions but keeps the geometry and parameterization
unchanged. The last type, called k-refinement, is a combination of both knot insertion and order
elevation.

3.2. Computational aspects related to IGBEM implementation

Now it is easy to link the geometry design and the analysis based on the BEM environment.
Let us consider a geometry that is defined by NURBS. For a set of control points Pi(xPi , y

P
i ),

the geometry of the domain is defined by

x =
m∑

i=1

Ri,p(u)xPi y =
m∑

i=1

Ri,p(u)yPi (3.6)

where x, y are the coordinates of a boundary point, u is its parametric coordinate, and m is the
number of control points per element.
In IGA, the potential and its normal derivative are expressed in Eq. (3.7) by the same basis

functions that are used to define the geometry

φ =
m∑

i=1

Ri,p(u)φPi
∂φ

∂n
= q =

m∑

i=1

Ri,p(u)qPi (3.7)
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Unlike the traditional BEM, φpi and q
p
i represent the potential and its normal derivative at

the control points, respectively. For each collocation point Pi and element, Sej correspond two
elementary vectors hi and gi given by

hi =
∫

Se
j

∂G

∂n
Ri,p(u) dS =

1∫

−1

∂G

∂n
Ri,pJe du

gi =
∫

Se
j

GRi,p(u) dS =
1∫

−1

GRi,pJe du

(3.8)

Since the control points do not necessary belong to the boundary, they cannot play the role of
collocation points in the IGBEM. Instead, Greville abscissae are used as collocation points for
the IGBEM (Kostas et al., 2017; Johnson, 2005). Their expression is given by

ucoli =
p∑

j=1

ui+j
p

(3.9)

where ui is the i-th component of the knot vector.
When the collocation point Qi does not belong to the element Sej , the integral is regular and

Gauss quadrature can be used as expressed in Eq. (3.10). In Eq. (3.10), f (1)i = (∂G/∂n)Ri,p(uk)Je
and f (2)i = GRi,p(uk)J are two functions evaluated at the k-th Gauss point uk of weight wk.
Moreover, nGpR represents the number of Gauss points used in the regular integration

hi =
nGpR∑

k=1

f
(1)
i wk gi =

nGpR∑

k=1

f
(2)
i wk (3.10)

To show the superiority of the IGBEM over BEM in the case of regular integrals, we consider
convergence of I0 =

∫
dS/r2 over a quarter circle of radius 2 (Fig. 1). The calculation of the

L2 norm of the relative error is based on the analytical scheme provided by Mahajerin (1983)
for 19 points denoted by P in Fig. 1.

Fig. 1. Geometry of the quarter circle and location of points used to calculate integral I0 =
∫
dS/r2

Figure 2a represents a clear illustration of the accuracy of the IGBEM. Actually, only 4 ele-
ments and 4 Gauss points are required to integrate 1/r2 over the quarter circle. 4 Gauss points
and 10 elements are sufficient to achieve an error of the machine precision order. With only
2 Gauss points and 10 elements, we obtain an error of the order of 10−8. On the other hand, the
BEM seems to be less accurate than the IGBEM. In fact, BEM errors are greater than those
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Fig. 2. Errors in the evaluation of I0 =
∫
dS/r2 over the quarter circle with respect to the elements

number for different numbers of Gauss points in the case of (a) IGBEM and (b) BEM

of the IGBEM (Fig. 2b). In the BEM, the minimum error of the order of 10−7 is archived for
3 Gauss points and cannot be improved anymore by increasing the number of Gauss points.
When the collocation pointQi belongs to the element Sj, the integral is singular. To overcome

the singularity problem, the procedure proposed initially by Wu (2000) for the BEM is applied
and adopted here to the IGBEM. It consists in dividing the element at the collocation point
into left and right regions and improving the convergence rate by considering two successive
changes of variables (1) z2 = ε(up − u), and (2) z =

√
1 + εup(1 + η)/2 where up is the position

of the collocation point in the parametric space. The integration over the left region ε = +1
is performed separately from the right region ε = −1 in Eq. (3.11). For both regions, we use
the same number of Gauss points nGpS. These variable changes apply also to the elementary
vector hi. Therefore, Eq. (3.11) written for gi can be extended to hi by only replacing the Green
function by its normal derivative

g
(ε)
i =

√
1+εup∫

0

GRi,pJe2z dz =
1∫

−1

GRi,pJe2z
dz

dη
dη (3.11)

Finally, when the collocation point lies close to the element but not in, then the integral is
nearly singular. In this paper, we choose to treat the nearly singular integrals exactly as the
regular ones without any additional treatment. The consequences of this choice will be discussed
later. In what follows, the number of degrees of freedom is denoted by nDOF for IGBEM and
nDOFL for the BEM, where L is used for Lagrange.

4. Results

The previous equations have been implemented to handle several patches and closed domains,
and numerical simulation is performed only for quadratic elements. To validate the IGBEM
result, we consider an annular region for which the potential field φa is prescribed on the inner
boundary Sa of radius a. The outer boundary Sb of radius b is subjected to the normal derivative
∂φb/∂n.
The analytical solution of this axisymmetric problem is given by (Liu, 2009)

φ(r) = φa + b
∂φb
∂n
log

r

a

In simulation, we used the following parameters: a = 1 with φa = 100, and b = 2 with
∂φb/∂n = 200.
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For a clear illustration of the IGBEM mesh, a small number of elements of the same length
(ne = 24, nDOF = 32) have been used to plot Fig. 3a in the case of the IGBEM. Figure 3b
shows the internal field points used to calculate the potential field inside the annular region.
These internal field points are located between r = 1.1 and r = 1.9.

Fig. 3. (a) NURBS-based geometry and the IGBEM mesh of the annular region, (b) mesh of the
internal points

Contrary to the BEM, IGBEM looks to be in good agreement with the analytical solution in
terms of potential distribution inside the annular region (Fig. 4). Note that the BEM result has
been obtained for the same number and type of elements, i.e. 24 quadratic elements but with
nDOFL = 48.

Fig. 4. (Color online) Potential distribution calculated: (a) analytically, (b) by IGBEM, (c) BEM

For a better comparison, the relative error for the field points located on x-axis is plotted
in Fig. 5. One can see that the quality of the IGBEM solution is better than that of the BEM
but the IGBEM appears less accurate for points close to the boundaries in comparison to points
located far from the boundary. Consequently, we can conclude that: (1) nearly singular integrals
are poorly integrated and (2) treatment of the singular integrals is sufficient. To check this
initial conclusion, leting examine in detail the errors made separately on the integrals of the
Green function and its derivative noted, respectively, by

I1 =
∫
G(P, q) dS I2 =

∫
∂G

∂n
(P, q) dS

In what follows, instead of computing I1 and I2 over the annular region, the geometry is
simplified. From now on, let us limit the geometry to only the outer boundary of the last
example, i.e. a circle of radius 2 as shown in Fig. 6.
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Fig. 5. Errors in the potential at internal field points located on the x-axis for IGBEM and BEM

Fig. 6. NURBS-based geometry and the IGBEM mesh of the circle

4.1. Errors in I1 =
∫
[∂G(Q,P )/∂n] dS(P )

To examine the quadrature errors, we considered the case of an internal potential problem
consisting of a circle of radius 2. A simple way to study the quadrature error in the term
involving the normal derivative of Green’s function I1 =

∫
[∂G(P,Q)/∂n] dS(P ) is to calculate

CQ = −
∫
[∂G(P,Q)/∂n] dS(P ). The exact value of CQ is given by Eq. (2.3).

To show the superior precision of the IGBEM over BEM, the variation of the regular integral
error of CQ at an internal point as it gradually approaches the boundary of the circle along the
x direction is plotted in Fig. 7a. Note that in this figure, x varies from −1.99 to 1.99 with a space
step of 0.0025 in order to show all variations. As expected, the IGBEM behaves better than the
BEM. In fact, to obtain the same error, the IGBEM requires almost a half of the number of
degrees of freedom required by the BEM. When the point is far from the boundary, the regular
integral error is of the order of the machine precision (Fig. 7a) but it increases as the mesh gets
coarser (Fig. 7b).
For points close to the boundary, the integral is nearly singular. One way to improve the

precision is to increase the number of Gauss points for all elements (Fig. 8a). The other way
is to gradually increase the number of Gauss points as the point gets closer to the integration
element (Fig. 8b). To limit the maximum value of error to 10−8 in Fig. 8b almost everywhere,
30 Gauss points have been used to the points close to the boundary (within the size of an
element). According to their distance from the boundary, 8, 6, or 4 Gauss points have been
considered for the other points.
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Fig. 7. Variation of errors of CQ at an internal point as it gradually approaches the boundary of a circle:
(a) comparison between the BEM and IGBEM for 6 Gauss points per quadratic element, (b) effect of
DOF number for 6 Gauss points per quadratic element. nDOF and nDOFL denote the DOF numbers

in IGBEM and BEM, respectively

Fig. 8. Variation of errors of CQ at an internal point as it gradually approaches the boundary of a circle:
effect of (a) the number of Gauss points for 44 DOF and (b) gradual increase of the number of Gauss

points as the internal point gets closer to the boundary

To our surprise, the variation of CQ errors at collocation points presents an optimal number
of Gauss points denoted by nGp∗. This optimal number increases when the mesh gets coarser
as shown in Fig. 9a. For example, this optimal number is equal to 4 for 68 and 84 DOF. It is
equal to 5 for 52 DOF.

To examine this result, we perform integration by using different numbers of Gauss points
for singular and regular integrals that we denoted by nGpS and nGpR, respectively, in Figs. 9b
and 9c. These figures show variation of CQ errors for 52 and 84 DOF. According to Fig. 9a,
the error in the case of 84 DOF is minimal when nGp∗ = 4. In Fig. 9b, we can see that by
varying nGpR from 2 to 20 in the case of 84 DOF while maintaining nGpS = nGp∗ = 4,
the error decreases in comparison to the case when nGpS = nGpR and becomes constant for
nGpR ­ 4. However, if nGpR = nGp∗ = 4 then we obtain the same error as in the case of
nGpS = nGpR (see the case of 84 DOF in Fig. 9c). This is also true for 52 DOF.

We conclude that the overall error in I1 is dominated by the contribution of quadrature
errors of the singular integrals. The choice of the nGpS number is crucial for obtaining a better
precision. As soon as the optimal number nGp∗ is chosen to be equal to the number of Gauss
points for singular integrals, one can afford to use the lower number nGpR and obtain the same
quality of precision.
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Fig. 9. Influence of the number of Gauss points on convergence of CQ at collocation points:
(a) identification of an optimal number of Gauss points nGp∗ improving the convergence and effect of
selection of the number of Gauss points on the precision of (b) regular integrals and (c) singular

integrals for 52 and 84 DOF. nGpS and nGpR denote the number of Gauss points used in singular and
regular integrals, respectively. nGp∗ is the optimal number of Gauss points as obtained from Fig. 9a

4.2. Errors in I2 =
∫
G(Q,P ) dS(P )

In this Section, we study the quadrature error in the term involving Green’s function denoted
by I2 =

∫
G(Q,P ) dS(P ). The reference solution is computed using analytical integration on an

arbitrary line segment proposed by Liu (2009). In Fig. 10 the variation of the regular integral
error of I2 is plotted at an internal point as it gradually approaches the boundary of the circle.
According to this figure, I2 behaves like I1 for internal points. Firstly, the IGBEM is more

accurate than the BEM (see Figs. 7a and 10a). Secondly, when calculated with the IGBEM, the
precision of I2 can be improved by either increasing the number of Gauss points or by using fine
meshes (see Figs. 10b and 10c). Another similarity with I1 is that a better precision is achieved
far from the boundary contrary to points situated near the boundary for which computing of
nearly singular integrals is required. However, I2 convergence is obtained with a higher error
in comparison to I1. Actually, by comparing Fig. 10b to Fig. 7b, we can see that for the same
DOF number, the error is the highest in I2. Moreover, the effect of the nearly singular integrals
is less important in I2 than in I1: the range of points with the smallest error was wider in I2
than in I1. Therefore, far from the boundary, the regular terms in I2 require more Gauss points
than in I1 (see Figs. 10c and 8a), but close to the boundary, I2 behaves better than I1.

I2 behaves differently from I1 when the collocation points are involved in the integral. From
Fig. 11a, one can notice the absence of an optimal number of Gauss points. On the contrary, the
error decreases by increasing either DOF or number of Gauss points. Moreover, I2 convergence
has a higher error than I1 even by using 20 Gauss points in comparison, for example, to 10 in the
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Fig. 10. Variation of I2 errors at an internal point as it gradually approaches the boundary of a circle:
(a) comparison between the BEM and IGBEM for 6 Gauss points per quadratic element, and the effect
of (b) DOF number for 6 Gauss points per quadratic element and (c) the number of Gauss points

for 44 DOF

Fig. 11. Influence of the number of Gauss points on the convergence of I2 at the collocation points:
(a) for different DOF numbers and (b) effect of the number of Gauss points on errors for 84 DOF.

nGpS and nGpR denote the number of Gauss points used in singular and regular integrals, respectively

case of I1 (Fig. 9a). Since the regular integrals in I2 give small errors, consequently, the noticed
large error in Fig. 11a originates from the contribution of singular integrals. This conclusion
can be confirmed by examining Fig. 11b according to which for a given nGpS number (for
example 20) fewer nGpR Gauss points are needed (5 in our example) to obtain the same error.
A more interesting result is that for a given nGpS number, there is an optimal nGpR number
for which a smaller error is obtained (4 in our example).
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5. Conclusion

Thanks to isogeometric analysis, the geometry is exact and its discretization errors in the IGBEM
can be suppressed. This allows a better estimation of quadrature errors when constant boundary
conditions are assumed over a smooth geometry. In this article, we have examined separately
quadrature errors of the integral involving the derivative of Green’s function (noted I1) and
that one involving Green’s function itself (noted I2) in the case of a 2D potential problem. We
evaluated these integrals for points inside the domain (case of regular integrals only) and for
points on the boundary (case of both regular and singular integrals).
Our important result is the identification of an optimal number of Gauss points for singular

integrals of I1. Moreover, although this number is absent in the case of singular integrals of I2, we
found that for each number of Gauss points chosen for singular integrals in I2 there corresponds
an optimal number of Gauss points for regular integrals. These results indicate that with a
judicious choice of the number of Gauss points for the singular and regular integrals of I1 and I2
we can improve convergence of the IGBEM. Moreover, we found that I1 is more accurate than I2.
Nevertheless, convergence remains dictated in both cases by the number of Gauss points used
in the singular integrals.
In addition, the use of the Greville abscissae and the treatment of singularity by splitting

the integration domain into two regions limits generalization of these conclusions. The study of
the behavior of the errors for other techniques of singularity treatment and other collocation
point positions deserves further investigations. Finally, our choice to compute the regular and
nearly singular integrals in the same way led to large errors at points located near the boundary
compared to the singular integrals. Hence, we need to give more importance to these integrals
by treating them more rigorously.
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In practical engineering, vibration transmission between bolted structures supported by can-
tilever beams involves many factors. The vibration transmission effect is the embodiment
of coupling of various factors, so it is impossible to accurately and quantitatively evaluate
the influence degree of various factors. In this paper, the influence factors of vibration be-
tween bolted plates in the form of a cantilever beam are studied by a numerical calculation
method. The effects of the friction coefficient, bolt preload, temperature and pressure on
vibration characteristics are studied. Finally, the contribution of different influencing factors
to vibration transmission is given.

Keywords: bolted structures, vibration transmission, numerical calculation

1. Introduction

Bolt connection is a common connection form in large assemblies, which is widely used in me-
chanical structures such as nuclear power equipment. In numerical simulation of dynamic charac-
teristics of mechanical structures, different models of bolted connection (Rogers and Boothroyd,
1975; Du et al., 2018; Shen et al., 2020) have a great influence on the process and results of nu-
merical simulations. In a submersible interior, a power device is connected to the base through
a support which is usually connected by elastic or bolt connection. In the environment of a deep
sea, when connection with the base is by bolts, transmission of structural vibration (Tullini and
Laudiero, 2008; Li et al., 2017; Hao et al., 2021) is affected by many factors, including the fit
of bolts and holes, friction between the plate and plate joint surfaces, deformation of the shell
base, etc. Simulation of vibration transmission under bolted connection is complex. The vibra-
tion transmission mechanism and simulation modes are not clear, which needs to be further
studied. In this paper, vibration transmission between a submersible internal structure and the
base is studied. The model of bolted connection is established and the influencing factors of
vibration transmission are studied. The law of vibration of typical bolted connection is given
from the perspective of numerical simulation, which can be used as a reference for design.
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2. Simulation model of bolted connection

2.1. Geometric model

Taking a bolted plate structure as an example, the influence of various models of bolted
connection on dynamic characteristics of the example is studied. By analysing the bolted struc-
ture, nonlinear factors mainly exist in the connection position. The friction coefficient, preload,
temperature, pressure can lead to a change of vibration transmission in bolt connection. So the
influence laws of the friction coefficient, preload, temperature, pressure and other parameters
are studied. Combined with a vibration experimental model of the bolted plate structure, sug-
gestions for numerical simulation mode and vibration transmission contribution of the bolted
plate structure are given. The bolt connection mechanism model established in this paper is
shown in Fig. 1.

Fig. 1. The bolted plate

2.2. Size and coordinates of the model

The size of the flat plate is 200mm×40mm×5mm (overlapping length is 20mm). The di-
ameter of the through hole at the connection is 6.5mm and the diameter of the contact circle
between the end face of the bolt or nut and the flat plate is about 10mm. Both the flat plate
and the bolt are made of steel, as shown in Fig. 2.

Fig. 2. Size and coordinates of the model: (a) coordinate, (b) boundary conditions

The coordinate system: X axis is along the length direction, Y axis is along the thickness
direction, and Z axis is along the width direction of the plate. Rigid fixed constraints are adopted
at one end of the length direction.

3. Research on simulation model

In order to obtain a proper simulation method of the bolted connection, different simulation
methods are discussed. The bolt connection structure is complex, and it is inefficient to it in large
and complex structures. Therefore, the bolt connection structure is usually reasonably simplified.
This paper mainly studies the following five simplified models to explore the influence of the
bolt simulation mode on structural dynamic characteristics when the bolted flat plate structure
is connected. In the paper, the bolt is simulated by making use of five following elements:

1) Unthreaded solid element;
2) Cylinder solid element;
3) Byline element;
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4) Beam element;
5) Joint element.

Referring to the five simplified models and distinguishing details in the model, the following
12 calculation models are established to analyze dynamic characteristics of bolted structures.

Model 1A: unthreaded solid model with bonded contact, as shown in Fig. 3a;
Model 1B: unthreaded solid model with nodes of the contact surface combined (Fig. 3b);
Model 2A: cylinder solid model with bonded contact (Fig. 4a);
Model 2B: cylinder solid model with nodes of the contact surface combined (Fig. 4b);
Model 3A: line element with contact (beam constraint) (Fig. 5a);
Model 3B: line element with MPC contact (multipoint constraint) (Fig. 5b);
Model 4A: beam element with stress on the through-hole cylinder face (Fig. 6a);
Model 4B: beam element with stress on the through-hole sideline (Fig. 6b);
Model 4C: beam element with stress on the bolt contact surface (Fig. 6c);
Model 5A: joint connection with stress on the through-hole cylinder face (Fig. 7a);
Model 5B: joint connection with stress on the through-hole cylinder sideline (Fig. 7b);
Model 5C: joint connection with stress on the bolt contact surface (Fig. 7c).

Fig. 3. Model 1A (a) and model 1B (b)

Fig. 4. Model 2A (a) and model 2B (b)

Fig. 5. Model 3A (a) and model 3B (b)

Fig. 6. Model 4A (a), model 4B (b) and model 4C (c)
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Fig. 7. Model 5A (a), model 5B (b) and model 5C (c)

4. Modal theory

4.1. Modal analysis theory

The essence of modal analysis is a coordinate transformation. Its purpose is to put the
response vector originally described in the physical coordinate system into the so-called ”modal
coordinate system”. Each basis vector of this coordinate system is just an eigenvector of the
vibration system. In other words, in this coordinate, the vibration equation is a set of equations
without coupling with each other, which respectively describe vibration forms of each order of
the vibration system. Each coordinate can be solved separately to obtain a certain order of
structural parameters of the system.
After discretization, the dynamic characteristics of the structure can be described by n-order

matrix differential equation

Mẍ+Cẋ+Kx = f(t) (4.1)

whereM, K and C are the mass, stiffness and damping matrix of the structure, x, ẋ and ẍ are
n-displacement, velocity and acceleration response vectors, f(t) is the n-dimensional excitation
force vector.
Assuming that the initial state of the system is zero, the matrix equation with a complex

s variable (Eq. (4.2)) can be obtained by the Laplace transformation on both sides of Eq. (4.1)

[Ms2 +Cs+K]X(s) = F(s) (4.2)

The matrix in the formula is

Z(s) = [Ms2 +Cs+K] (4.3)

It reflects the dynamic characteristics of the system, which is the system dynamic matrix or
impedance matrix. Its inverse matrix is

H(s) = [Ms2 +Cs+K]−1 (4.4)

H(s) is the admittance matrix, that is, transfer function matrix. According to Eq. (4.2)

X(s) = H(s)F(s) (4.5)

Set s = jω in Eq. (4.5), the relationship between the output (response vector X(ω)) and
input (excitation vector F(ω)) in the frequency domain can be obtained

X(ω) = H(ω)F(ω) (4.6)
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where H(ω) is the frequency response function matrix. The elements in rows and columns of the
matrix H(ω) are

Hij(ω) =
Xi(ω)
Fj(ω)

(4.7)

Set s = jω in Eq. (4.3), the impedance matrix can be obtained

Z(ω) = (K− ω2M) + jωC (4.8)

Using the weighted orthogonality of a real symmetric matrix, matrix equations are obtained

ΦTMΦ =




. . .
mr

. . .


 ΦTKΦ =




. . .
kr
. . .


 (4.9)

The matrix Φ = [φ1, φ2, . . . , φN ] is the vibration mode matrix, and it is assumed that the
damping matrix also satisfies the orthogonality of vibration modes

ΦTCΦ =




. . .
cr
. . .


 (4.10)

Substitute equation (4.10) into equation (4.8), equation (4.11) is obtained

Z(ω) = Φ−T




. . .
zr
. . .


Φ
−1 (4.11)

where zr = (kr − ω2mr) + jωcr

Hij(ω) =
N∑

r=1

φriφrj
mr[(ω2r − ω2) + j2ξrωrω]

(4.12)

4.2. Modal test theory

The connection between the steel plate and the bolt is a continuous structural system, but in
vibration modal tests and analysis, it can only be described as a finite degree of freedom system.
In the frequency band of interest, such as (fa, fb), according to the complex mode theory, the
frequency response function of the structure can be expressed as

Hij(ω) =
1
2

k0∑

k=ka

[
rijkeθijk

(ωk − ω) + iσk
− rijke−θijk

(ωk − ω)− iσk

]
+Rij = Rij +

k0∑

k=ka

hijk(ω) (4.13)

where hijk(ω) is the k-th order single-mode expression, Rij stands for the residual term of the
frequency band. k0, ka are the lowest and highest modal orders in the (fa, fb) frequency band.
σk, ωk, rijk and θijk are the damping coefficient of the k-th mode, damped natural frequency and
amplitude, and the amplitude of the vibration mode vector component generated at the point i
when the excitation force is applied at the point j. Equation (4.13) shows that the measured
frequency response is the superposition of various modes.
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The coupling between the total vibration of the steel plate and bolt connection is weaker
than that of the lower modes. Therefore, it can be considered that the measured frequency
response function is only the contribution near the modal frequency, and the influence of the
adjacent modes can be neglected. According to the assumption of the single freedom model, the
frequency response function is reduced to the form

hijk(ω) =
rijk

Ω2k − ω2 + 2iξkΩkω
(4.14)

where ξk = σk/Ωk is the damping ratio; Ωk =
√
σ2k + ω

2
k is the undamped natural frequency.

In this test, if the pickup signal of the response is acceleration, then

hijk(ω) =
−ω2rijk

Ω2k − ω2 + 2iξkΩkω
(4.15)

From frequency response function (4.15)

Re[hijk(ω)] =
−ω2(Ω2k − ω2)rijk

(Ω2k − ω2)2 + (2iξkΩkω)2

Im[hijk(ω)] =
2iξkΩkω3rijk

(Ω2k − ω2)2 + (2iξkΩkω)2

|hijk(ω)| =
ω2rijk

(Ω2k − ω2)2 + (2iξkΩkω)2

(4.16)

After the measured frequency response function is obtained, the real frequency, imaginary fre-
quency and amplitude frequency curves can be obtained at the same time. From Eq. (4.16)1,
when ω = Ωk, Re[hijk(ω)] takes the zero value. In ω = Ωk, Eqs (4.16)2 and (4.16)3 is the mean
value. It can be seen that after measuring the frequency response function curve, each order of
the frequency is very easy to obtain.
Re[hijk(ω)] calculates the derivative, and making it zero one obtains the two extreme point

frequencies near the zero value frequency (modal frequency) on the real frequency curve ωa,
ωb(ωa > ωb)

ω2a =
Ω2k
1 + 2ξk

ω2b =
Ω2k
1− 2ξk

(4.17)

The above two equations are combined to find the damping ratio

ξk =
(ωb/ωa)2 − 1
2[(ωb/ωa)2 + 1]

(4.18)

The vibration mode vector component of the k-th mode is obtained by the following equation

φk = {Im[hijk(ω)]} (4.19)

5. Modal numerical analysis

According to the above, the modal analysis of the bolted structure is completed, and the results
are listed in Table 1. The corresponding vibration modes are shown in Figs. 8 and 9. We can
get the natural frequency when the right end of formula (4.1) is 0.
Since deformation of vibration modes calculated by different models are similar, the mode

of each order for 1B model are given as Figs. 8 and 9.
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Table 1. The natural frequency of the bolted plate structure

Model
One end rigid fixed frequency [Hz] Rigid fixed at both ends [Hz]
First Second Third Fourth First Second Third Fourth

1A 27.14 172.10 212.26 494.49 171.72 569.35 956.20 965.80
1B 28.26 175.75 219.01 494.98 174.50 575.32 968.42 979.57
2A 28.20 173.37 213.18 494.62 173.64 569.80 960.59 976.59
2B 28.32 177.15 219.49 494.93 176.46 574.96 977.58 984.01
3A 28.35 177.81 219.84 494.89 177.21 574.98 979.34 986.85
3B 28.44 178.37 219.73 496.73 177.78 574.49 982.62 986.41
4A 28.25 174.56 205.64 494.66 174.88 564.25 966.80 979.57
4B 28.17 161.14 172.45 492.25 172.96 534.09 895.70 955.41
4C 28.14 172.09 203.09 494.54 171.75 559.27 956.13 969.09
5A 28.23 174.26 216.37 494.65 174.71 571.34 965.56 974.48
5B 28.23 173.78 189.03 494.52 174.46 541.12 961.27 981.99
5C 28.28 175.20 213.82 494.66 175.78 565.08 969.43 982.49

Fig. 8. (a) First order mode, (b) second order mode: left – one end fixed, right – two ends fixed

Fig. 9. (a) Third order mode, (b) fourth order mode: left – one end fixed, right – two ends fixed

The solid element can simulate more rich information. From the calculation results, it can
be seen that the solid elements have little difference, so it can be inferred that the solid model
adopted by the bolt is the closest model to the real structure. And the calculation results are the
most accurate. However, the grid scale is much larger, especially when there are many bolts, the
grid scale increases significantly, and the grid scale directly determines computational efficiency.
When the grid scale is the same and there are many contacts, the computational efficiency
is lower than that of node merging. When the elements and nodes are numerous, the bolt is
recommended to be simplified by line or beam elements, and the bolt contact surface is set
to stress surface, which can reduce the scale of the finite element model, improve calculation
efficiency and high simulation accuracy. Using the simplified methods to simulate bolts can also
ensure their quality and stiffness characteristics. Line or beam elements can simulate the quality
and stiffness characteristics. From the natural frequency error calculated, we can see the error
is small. For the bolt connection of two flat plates, the solid unthreaded element is adopted to
analyse the impact of the parameters on dynamic characteristics.
The local structure of the bolted connection is free from structural deformation caused by

external pressure in the deep-sea environment. Therefore, the main factors affecting vibration
of bolted structures include friction, external pressure and temperature. Friction is reflected
by different preloads. As depth of a deep sea varies, the external pressure and temperature on
bolted structures vary with depth. This paper focuses on the influencing factors in 5.1-5.3. When
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friction, pressure, temperature and bolt preload are loaded on the right end of formula (4.1), we
can get results under different conditions.

5.1. The effect of the friction coefficient on vibration transmission

Based on model 1B, the influence of the friction coefficient on dynamic characteristics of the
bolted plate structure is studied by two restraint methods:

Model F1: one end is rigidly fixed, the bolt is in contact with the upper and lower surfaces of
the plate, and the upper and lower plates are in contact, the preload is 0;

Model F2: two ends are rigidly fixed, the bolt is in contact with the upper and lower surfaces
of the plate, and the upper and lower plates are in contact, the preload is 0.

The change of natural frequencies of each order with the friction coefficient is calculated,
which is listed in Table 2.

Table 2. Calculation results of models F1 and F2

Friction F1 natural frequency [Hz] F2 natural frequency [Hz]
coefficient First Second Third Fourth First Second Third Fourth

0.02 27.70 160.65 194.20 483.99 162.78 559.09 880.94 963.95
0.10 27.92 165.66 197.72 486.60 165.80 560.52 905.38 964.16
0.20 27.95 166.34 199.81 487.56 166.25 561.62 909.23 964.26
0.90 28.00 167.60 208.29 490.93 165.35 564.00 902.18 964.41

Automatic adjustment of contact with structural deformation can be realized by the penalty
function method. Through a change in the natural frequency with the friction coefficient, it can
be seen that bolted plates become a fixed overall structure and the stiffness changes little with
the friction coefficient. The natural frequency of each order increases with an increase of the
friction coefficient.

5.2. The effect of bolt preload on vibration transmission

Based on model 1B, the friction coefficient is taken as 0.2 to study the influence of preload
on the dynamic characteristics of the bolted plate structure:

Model P1: one end is rigidly fixed, the bolt is in contact with the upper and lower surfaces of
the plate and the upper and lower plates are in contact. The friction coefficient is 0.2.

The law of natural frequencies of each order of the bolted structure with preload calculated
are listed in Table 3.

Table 3. Calculation results of model P1

Preload
Natural frequency [Hz]

First Second Third Fourth

2550N 28.01 169.16 209.83 492.91
4200N 28.02 169.17 209.83 492.94
6750N 28.02 169.19 209.83 492.97
9000N 28.03 169.21 209.86 493.04
13200N 28.03 169.23 209.91 493.10
15500N 28.04 169.27 209.95 493.14

The analysis shows that the two flat plates connected by bolts become a fixed overall struc-
ture. Its stiffness does not change much with the preload, and the natural frequency of each
order increases with an increase of preload, but the change is not obvious.
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5.3. The effect of temperature on vibration transmission

Based on model 1B, the influence of temperature on dynamic characteristics of bolted plates
is studied, and the following two calculation models are established.

Model T1: one end is rigidly fixed, the bolt is in contact with the upper and lower surfaces of
the plate, the upper and lower plates are in contact. The friction coefficient is 0.2 and the
preload is 4200N.

Model T2: two ends are rigidly fixed, the bolt is in contact with the upper and lower surfaces
of the plate, the upper and lower plates are in contact. The friction coefficient is 0.2 and
the preload is 4200N.

According to calculations, the change of each order natural frequency with temperature is listed
in Table 4.

Table 4. Calculation results of model T1 and T2

Temperature
T1 natural frequency [Hz] T2 natural frequency [Hz]

First Second Third Fourth First Second Third Fourth

100◦C 27.88 167.20 207.83 492.03 69.42 468.10 839.41 955.32
22◦C 28.03 169.25 209.94 493.10 169.54 566.76 939.27 964.93
10◦C 28.04 169.50 210.34 493.43 178.34 578.20 943.49 966.13
0◦C 28.05 169.71 210.97 493.78 185.18 587.03 945.75 967.10
−10◦C 28.05 169.93 212.00 494.14 191.97 596.14 956.07 968.12
−20◦C 28.06 170.11 212.63 494.35 198.57 605.07 964.00 969.16
−30◦C 28.06 170.14 212.72 494.35 204.88 614.45 970.18 971.95
−50◦C 28.07 170.19 213.82 494.92 217.45 632.18 972.32 992.06

The calculation results show that the influence of temperature on the frequency change
is related to the connection form of the structure and boundary conditions. For the rigid fixed
boundary condition at one end, it is equivalent to a cantilever beam. When temperature changes,
its structure can expand or contract freely, and its internal stress (stiffness) changes little.
Although the natural frequencies of each order decrease with an increase of temperature, the
change is not obvious. For the rigid fixed boundary conditions at both ends, the connection form
is equivalent to the rigid fixed beam. When temperature changes, the structure cannot expand
freely. The temperature stress will be generated inside, which will affect the structural stiffness.
The natural frequencies of each order decrease with an increase of temperature, and the change
is obvious. When temperature drops from 22◦C to −50◦C, the first natural frequencies increase
by about 5%-28%.

5.4. The effect of pressure on vibration transmission

Based on model 1B, the following is established:

Model N1: one end is rigidly fixed, the bolt is in contact with the upper and lower surfaces of
the plate, the upper and lower plates are in contact. The friction coefficient is 0.2, preload
4200N and temperature 22◦C.

The change of natural frequencies of each order of the bolted structure with pressure is shown
in Table 5.
The calculation results show that the two flat plates connected by bolts become a fixed

overall structure, so stiffness changes little with pressure. The natural frequencies of each order
increase with an increase of water depth, but the change is not obvious.
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Table 5. Calculation results of model N1

Depth
Natural frequency [Hz]

First Second Third Fourth

50m 28.04 169.70 210.98 493.78
100m 28.05 169.70 210.99 493.80
150m 28.05 169.70 211.00 493.80
200m 28.05 169.70 211.02 493.81
250m 28.05 169.71 211.05 493.83
300m 28.05 169.71 211.08 493.83

6. Comparison between calculations and tests

6.1. Test device

In order to study the influence of bolted plates on structural vibration transmission charac-
teristics, the paper completes the modal test.
A cantilever beam is used to complete vibration modal analysis of bolted connection and

fit. The experimental beam is made of steel. As shown in Fig. 10, the size of two steel plates is
200mm×40mm×5mm, which are steel plates 1 and 2, respectively. The left side of steel plate 1
is rigidly fixed to restrict the translational and rotational degree of freedom. The overlap length
between steel plates is 20mm. The whole test piece is connected to the column and fixed on
the large stiffness base by means of bolt connection. The test device and location of measuring
points are shown in Fig. 10. The FEA testing tool is commercial. It is the special vibration
testing tool of the Brüel&Kjær, named PULSE.

Fig. 10. Test device: (a) schematic diagram, (b) actual lab stand

The structural modal test of the cantilever beam is carried out through Jiangsu Dong Hua
DH5922D data collector and Japan Riyin PV-91CH acceleration sensor. Because the length to
width ratio of the cantilever beam is large, the test model is simplified to a beam element.

6.2. Comparison analysis

In the test, vertical first-order, vertical second-order and vertical third-order vibration modes
appear, followed by a torsional first-order mode. The vibration modes are consistent with the
numerical simulation results. The modal test results are as follows:
Through the change of bolt preload of the cantilever beam structure, the simulation results

are compared with the experimental ones. Table 6 shows the test results of fit bolts under
different preloads. The fit bolts in real connections are also preloaded.



Analysis of the contribution degree of vibration transmission... 609

Table 6. Comparison of frequency from simulations and tests

Preload Natural frequency [Hz]
[N] First Second Third Fourth

2550 28.01 169.16 209.83 492.91
Calculation 4200 28.02 169.17 209.83 492.94

6750 28.02 169.19 209.83 492.97
2550 24.414 140.365 180.624 362.305

Test 4200 24.414 141.602 181.439 379.883
6750 24.414 141.602 182.001 380.654

Max difference [%] 14.7 20.5 16.2 36.0

Since the bolt preload has little effect on the natural frequency, the numerical calculation
results for preload 2550N are compared with the experimental results. The relative difference of
the first-order natural frequency value is 14.7%, the second-order one 20.5%, third-order 16.2%
and the fourth-order 36%. The first-order, second-order and third-order vertical mode appear
firstly in the numerical simulation, followed by the first-order torsional mode, the same law as
in experiment. And the change trend of the corresponding natural frequency value is roughly
the same.
In the beam, the natural frequency is ω =

√
k/m, where k is the stiffness coefficient and

m is the structural mass. The experimental value is higher than that from numerical simulation,
because when the boundary conditions are applied, the simulation can reach the stiffness of the
cantilever beam, while the actual cantilever beam will not reach the ideal boundary conditions.
In reality, the stiffness and natural frequency of the overall beam are reduced. The single mass
of the acceleration sensor used in this experiment accounts for 0.46%. Four sensors are used,
which makes the mass increase a little which, in turn, may reduce the natural frequency a little.

Fig. 11. Vibration response test points

The vibration response between simulation and test has been contrasted. In order to obtain
more obvious vibration phenomena, the excitation with the same resonant frequency as the
structure is used, so a force with a smaller excitation amplitude can also be used to obtain
more obvious vibration phenomena. The response points are shown in Fig. 11. Applying a force
with an amplitude of 1N at the exciting point and changing excitation frequencies, the vibration
response at different points is obtained. Comparing the vibration response of point 3 and 4



610 S. Liu et al.

under different preloads, the vibration change after transmission through the bolted connection
is detrmined.
Through analysis, it is found that the bolted connection structure can be regarded as a whole

structure under reaching the critical preload, and the stiffness of the bolted structure will not
change greatly. This way, the effect of connection stiffness on vibration transmission is explained.

Table 7. Differences in the vibration response between simulations and tests

Exciting frequency [Hz]
24.4 100 150 200

2550N 0.0% −3.3% −1.4% 0.8%
Preload 4200N 0.0% −2.4% −1.4% 0.8%

6750N 0.0% −3.3% −1.4% 0.8%

Fig. 12. The change trend of the response and mode (left: test vibration response; right: calculation
mode): (a) first natural frequency, (b) second natural frequency, (c) third natural frequency

In order to verify validity of the calculation results, the trend of vibration response and
vibration mode changes under the preload of 2550N is compared. The natural frequency (1st-3rd)
is as the exciting frequency. In Fig. 12, the displacement of modal nodes of natural frequencies
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is consistent with the change trend of the forced vibration response at the same excitation
frequency.

7. Conclusion

Two flat plates connected by bolts become a fixed overall structure, so their stiffness changes
little with the friction coefficient, preload, temperature and internal pressure. The natural fre-
quencies of each order increase with an increase of the friction coefficient, preload and pressure,
and decrease with an increase of temperature, but the overall trend is not obvious (except for
temperature). If the two flat plates connected by bolts cannot become a fixed overall structure,
or the bolted structure fails, the stiffness of the structure will change.
At present, according to the calculation and test results, it can be seen that the connec-

tion stiffness is the main factor affecting the dynamic characteristics of the bolted connection
structure. And various influencing factors studied in this paper will be examined further. An
appropriate simulation method for the bolt connection based on the actual situation can be
adopted.
In this paper, only two simple boundary conditions of bolted structures are studied. In the

case of other boundary conditions, the effects of the friction coefficient, preload and temperature
on the natural frequency of the structure need to be studied.
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In this article, we study dynamical behaviour of a 2-DOF mechanical system subjected to an
external harmonic force. This system which consists of the Duffing oscillator considered as a
bulk system and a linear dynamic vibration absorber (LDVA) attached to it. An analytical
approach for optimal choice of the parameters of the LDVA is suggested with the aim to
avoid the “superfluous” increase in the amplitude of forced oscillations of the main system.
The analysis performed shows that when using a linear absorber, its proper tuning (choice
of stiffness and damping coefficients) gives satisfactory results – the peak values of the
frequency-amplitude curve (FAC) are decreasing comparatively with the case of the linear
main oscillator.

Keywords: vibration absorber, averaging method, resonant frequency, peaks equalizing

1. Intoduction

Undesirable vibrations occur in many areas of human activity. They arise as a result of continuous
operation of machines in industry, as a result of earthquakes that are transmitted to neighboring
structural elements, due to motion of an object in a stream of a liquid or gas etc. Appearance
of such vibrations generates serious problems which may lead to malfunction of equipment
in many engineering areas including rotating machinery, aeronautics, seafaring, space-crafting
and robotics. Eliminating or mitigation of vibrations is the main goal of various industrial and
technical practices (Jangid, 2021; Kremer and Liu, 2017; Vakakis et al., 2009; Lu et al., 2018;
Balaji et al., 2021). One of the possible ways to counteract unwanted vibrations is the use of
passive vibration absorbers. For the first time, such a device was patented by Frahm (1911),
and later a mathematical model was presented and analyzed by Ormondroyd and Den Hartog
(1928), Den Hartog (1934) and Brock (1946).
Initially, a vibration absorber was considered as a linear single degree of freedom (DOF)

spring-mass system that abolishes or reduces excessive vibration of a harmonic-excited system.
In the literature, several terms are used for such devices: dynamic vibration absorber (DVA),
tuned mass damper (TMD) or inertial damper. Numerous types of non-linear absorbers are in
use today (Ocak et al., 2022). Among them are: pendulum-like absorbers, torsional absorbers,
absorbers with quasi-zero or negative stiffness, vibro-impact dampers and many others.
Over the past two decades the efforts of many authors have been directed to the study of

dynamics of a 2-DOF system with nonlinear coupling. The authors mainly used a combination of
the analytical approach and numerical methods. The following analytical methods are commonly
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used: multiple scale method (Jo and Yabuno, 2009; Ji and Zhang, 2010; Cirillo et al., 2017; Liu
et al., 2022), averaging method (Gendelman and Starosvetsky, 2007; Zhu et al., 2004; Yang et
al., 2014; Febbo and Machado, 2013) harmonic balance method (Habib et al., 2015; Peng et al.,
2012) and some combined techniques (Luongo and Zulli, 2012).
Many different aspects of the problem have been investigated and numerous kinds of DVA

design were suggested. In the paper by Yu and Luo (2019), analytical solutions were obtained for
periodic steady-state characteristics in a nonlinear vibration absorber under harmonic excitation.
The stability and bifurcations analysis of periodic responses were obtained through eigenvalue
analysis. Zhou et al. (2019) considered a DVA with negative stiffness, and their parameter
optimization was conducted according to two tuning methodologies: the fixed points theory and
the stability maximization criterion. Li and Zhang (2020) studied a 2-DOF system composed of a
linear main structure under harmonic excitation and a TMD mass block connected by nonlinear
with viscous damping. Special formula for a frequency of a tuned mass damper was suggested. A
similar system was studied by Awrejcewicz et al. (2020) with the assumption that the frequency
and amplitude of the excitation are not known. The noteworthy results based on experimental
study were obtained in papers by Gatti et al. (2010), Kremer and Liu (2017) and Bronkhorst et
al. (2018). In the paper by Islam and Jangid (2022), the performance of the LDVA was studied
using multiple objective functions of the damped SDOF structure. Namely, the impact of the
absorber damping ratio, frequency ratio, inertance ratio and structural damping ratio on its
performance were investigated. Tuning of the DVA for such a system subjected to stationary
white-noise earthquake excitation was discussed in the paper by Prakash and Jangid (2022).
At the same time, in the case of uncertain parameters, the problem is complex and numerical

study does not give a complete picture of dynamics of the system. From the theoretical point
of view, the problem cannot be considered closed because different aspects may be taken into
consideration, and some of them are more (or less) important depending on the situation. In
other words, there is no universal formula for DVA characteristics.
In the present paper, we discuss dynamics of a 2-DOF system which consists of a Duffing

oscillator subjected to simple harmonic excitation with a linear DVA attached and uncertain
parameters (frequency and amplitude of external excitation). The main attention is paid to the
development of an analytical technique for determining absorber parameters that contribute to
the maximum reduction in the amplitude of oscillations of the main system in the vicinity of
resonant frequencies. To simplify the mathematical model, the Krylov-Bogolyubov averaging
method is used. Then analysis of state-response maximal amplitudes was performed. Relations
for determining the characteristics of the absorber are presented. Finally, some numerical exam-
ples illustrate the results obtained.

2. Description of the model and preliminary simplifications

The mechanical system under study consists of the Duffing oscillator with a hardening spring
(primary system) with an attached linear DVA (Fig. 1).
The equations of motion of this system may be written in the following form

m1ẍ1 + ca(ẋ1 − ẋa) + klinx1 + knlx31 + ka(x1 − xa) = F0 cosωt
maẍa + ca(ẋa − ẋ1) + ka(xa − x1) = 0

(2.1)

where x1(t) and xa(t) are the displacements of the harmonically forced primary system and the
absorber. The Duffing oscillator has a hardening spring (knl > 0), the damping coefficient and
stiffness of the absorber are ca and ka, respectively. Introducing a new variable x2 = xa − x1,
system (2.1) may be rewritten in the following form
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Fig. 1. Mechanical system

(m1 +ma)ẍ1 +maẍ2 + klinx1 + knlx31 = F0 cosωt

maẍ1 +maẍ2 + caẋ2 + kax2 = 0
(2.2)

Let us introduce the dimensionless parameters and time by formulas

ω1 =

√
klin
m1

ωa =

√
ka
ma

µ =
√
ma
m1

q =
( ω
ω1

)2

γ =
ω2a
ω21

h̃ =
ca

maω1
α̃ =

knlF
2
0

klin
τ = ωt

(2.3)

Also, we introduce the dimensionless displacements by formulas

x̃1 =
x1
F0

x̃2 =
√
µ

F0
x2 (2.4)

and now the equations of motion are in the following form

Mx̃′′ +Dx̃′ +Kx̃ = Φ(τ, x̃2) (2.5)

where the matrices M, D, K, Φ are defined according to formulas

M = q

[
1 + µ

√
µ√

µ 1

]
D = diag (0, h⋆) K = diag (1, γ)

h⋆ = h̃
√
q Φ =

[
cos τ − α̃x̃31
0

]
x̃ =

[
x̃1
x̃2

] (2.6)

Here, the prime denotes the derivative with respect to time τ . For convenience, the superscript
“∼” over x1, x2 is subsequently discarded. After the transformation

xj = uj cos τ + vj sin τ x′j = −uj sin τ + vj cos τ j = 1, 2 (2.7)

equations (2.5) take the following form

cos τ [Mv′ + (−M+K)u+Dv]− sin τ [Mu′ +Du+ (M−K)v] = Φ
cos τ(u′ + v) + sin τ(v′ − u) = − sin τu+ cos τv (2.8)

Multiplying the previous system by the matrix

[
− sin τ cos τ
cos τ sin τ

]
(2.9)
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on the left throughout, we get the following equations

Mu′ +
1
2
[(1− c2)D+ s2(M−K)]u+

1
2
[−s2D+ (1− c2)(M−K)]v = Φ1

Mv′ +
1
2
[−s2D+ (1 + c2)(K−M)]u+

1
2
[(1 + c2)D+ s2(K−M)]v = Φ2

(2.10)

The expressions for the right-hand sides are described by formulas

Φ1 =
1
8

[
φ1
0

]
Φ=
1
8

[
φ2
0

]
(2.11)

where

φ1 = −4s2 + α̃[(2s2 + s4)u31 + 3(1− c4)u21v1 + 3(2s2 − s4)u1v21 + (3− 4c2 + c4)v31 ]
φ2 = 4(1 + c2)− α̃[(3 + 4c2 + c4)u31 + 3(2s2 + s4)u21v1 + 3(1− c4)u1v21 + (2s2 − s4)v31 ]
s2 = sin 2τ c2 = cos 2τ s4 = sin 4τ c4 = cos 4τ

Now, we apply the Krylov-Bogolyubov averaging method. Assuming that u, v vary slowly with
time τ , we obtain the averaged equations

Mu′ +
1
2
[Du+ (M−K)v] = 3

8

[
α̃v1(u21 + v

2
1)

0

]

Mv′ +
1
2
[(K−M)u+Dv] = 1

8

[
4− 3α̃u1(u21 + v21)

0

] (2.12)

Let us find the stationary points of system (2.12). Technically, it is easier to do this by
introducing the complex variables z = u+ iv. Then equations (2.12) take the following form

Mz′ +
1
2
(B+ iD)z =

1
2
i

[
1− αz21z1
0

]
Mz′ +

1
2
(B+ iD)z =

1
2
i

[
−1 + αz1z21
0

]
(2.13)

Here, the following notions are introduced

K−M , B =

[
b11 b12
b12 b22

]
(2.14)

where

b11 = 1− q(1 + µ) b12 = −µq b22 = γ − q α =
3
4
α̃

The condition z′ = 0 leads to the following system of algebraic equations

b11z1 + b12z2 − 1 + αz21z1 = 0 b12z1 + (b22 − ih)z2 = 0
CC1 = 0 CC2 = 0

(2.15)

where CC1, CC2 are corresponding complex conjugates.
Expressing the variable z2 from the second equation, we come to a pair of nonlinear equations

with respect to z1, z1

(b22 − ih̃)z21z1 + (b11b22 − b212 − ih̃b11)z1 − b22 + ih̃ = 0 CC = 0 (2.16)

Further, we rewrite equalities (2.16) in the form

[αr(b22 − ih̃) + detB− ih̃b11]z1 = b22 − ih̃
[αr(b22 + ih̃) + detB+ ih̃b11]z1 = b22 + ih̃ r = z1z1

(2.17)
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Now, multiplying separately the left- and right-hand sides of the two last equalities, we obtain
the real-valued equation

rq4 − r[2αr + 2(1 + µ)γ − h(1 + µ)2 + 2]q3 + {α2r3 + 2α[(2 + µ)γ − (1 + µ)h+ 1]r2

+ [(1 + µ)2γ2 + 2(2 + µ)γ − 2(1 + µ)h+ 1]r − 1}q2

− {α2(2γ − h)r3 + 2α[(1 + µ)γ2 + 2g − h]r2 + [2(1 + µ)γ2 + 2γ − h]r − 2γ + h}q
+ γ2[r(αr + 1)2 − 1] = 0 h = h̃2

(2.18)

This equation determines the frequency-amplitude hyper-surface in six-dimensional space
(related to equation (2.18)), where the square of amplitude of the primary mass r = (u21 + v

2
1)

depends also on dimensionless parameters µ, α, h, γ. When the mechanical parameters of both
masses are known, we have a traditional frequency-amplitude curve. Note that in the case α = 0
(linear system), equation (2.18) is equivalent to the well-known classical form (Den Hartog,
1934).

Remark 1. We do not present here the conditions for stability of stationary points, as well as
the conditions for the existence of three positive roots for r of polynomial (2.18). These
conditions can be obtained in a similar manner, as it was done in the paper by Awrejcewicz
et al. (2020).

3. Mitigation of the responses of the main mass

Assuming that the parameters m1, klin, knl of the main system are given, as well as the mass of
the absorber, we want to choose the damping coefficient and absorber stiffness in order to reduce
the maximum level of possible oscillation amplitude in the vicinity of resonant frequencies (i.e.,
the peaks of the frequency-amplitude curve). With respect to dimensionless parameters, which
means that µ and α are known, while the parameters h and γ should be determined.
The optimal case holds place when the ordinates of the peaks coincide, which geometrically

means that at these points the tangents r = r1, r = r2 to the curve r(q) coincide. In other words,
the equation f(r0, q) = 0 (r0 = const ) has three or four different real roots if r0 < rmax, and
two multiple roots if r0 = rmax (Fig. 2). Here rmax corresponds to the maximum value of r.

Fig. 2. Different number of solutions of equation f(r0, q) = 0 depending on values of h and γ
(µ = 0.02, α = 0.002): (a) r0 = rmax, (b), (c) r0 < rmax

The conditions for a fourth-degree polynomial

P (ξ) = a4ξ4 + a3ξ3 + a2ξ2 + a1ξ + a0 a1a3 6= 0 (3.1)

to have two roots of multiplicity are

ψ1 , a0a
2
3 − a21a4 = 0 ψ2 , a33 − 4a2a3a4 + 8a1a24 = 0 (3.2)
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Substituting the corresponding expressions for the coefficients aj, we have

ψ1(r) =
3∑

j=0

ψ1jr
j ψ2(r) =

6∑

j=0

ψ2jr
j (3.3)

where

ψ10 = 4[2(1 − µ)γ + h(1 − 2µ− µ2) + 2] ψ13 = 8µ2α2h

ψ11 = 4(1 + µ)2γ4 − 4h(1 + µ)3γ3 − [4 + 4µ(1 + µ)h− (1 + µ)4h2]γ2 + 8hγ − 2h2

ψ12 = 4h(1 + µ)3γ3 − [(1 + µ)4h2 − 4µ1 + µ)(1 − α)h + 8α]γ2 + 4h(1− 4α)γ − h2(1− 4α)
ψ20 = 4[−2(1 − µ)γ + h(1− 2µ− µ2) + 2
ψ21 = −4(1 + µ)2γ4 + 4h(1 + µ)3γ3 + [4 + 4µ(1 + µ)h− (1 + µ)4h2]γ2 − 8hγ + 2h2

ψ22 = −4h(1 + µ)3γ3 + [(1 + µ)4h2 − 4µ(1 + µ)(1 − α)h + 8α]γ2

+ 4h(1 − 4α)γ − h2(1− 4α)
ψ23 = −2α{4h(1 + µ)3γ3 − [(1 + µ)4h2 − 6µ(1 + µ)h+ 2α]γ2 − 4h(2 − α)γ + h2(2− α)}
ψ24 = −α2h{4(1 + µ)3γ3 + (1 + µ)[12µ− (1 + µ)3h]γ2 − 24γ + 6h}
ψ25 = −4α3h[µ(1 + µ)γ2 − 4γ + h] ψ26 = α4h(4γ − h)r6

(3.4)

Thus, we have two conditions ψ1 = 0, ψ2 = 0 connecting the function r and the optimization
parameters h, γ. Considering ψ1 = 0 as an implicit function of r(h, γ) and ψ2 = 0 as a constraint
(or vice versa), we arrive at the problem of finding a conditional extremum. Compiling a linear
combination ψ(y, h, γ) = ψ1+λψ2 (λ is the Lagrange multiplier), we obtain a necessary condition
for the existence of an extremum in the following form

∆(y, h, γ, µ, α) =
∂ψ1
∂h

∂ψ2
∂γ
− ∂ψ1

∂γ

∂ψ2
∂h
= 0 (3.5)

Thus, for given values of the parameters µ and α, we have a system of three algebraic equations
from which the corresponding values of the DVA parameters can be found numerically. Since the
polynomials ψ1, ψ2, ∆ have a very high degree, the direct solution of such a system of equations
is computationally costly and may need an extra effort to avoid errors. Therefore, it makes sense
to localize suitable ranges of values of γ and h firstly. It is convenient to do this geometrically,
that is, to approximately determine the intersection point of the surfaces

ψ1(γ, h, r) = 0 ψ2(γ, h, r) = 0 ∆(γ, h, r) = 0 (3.6)

as shown in Fig. 3.
By choosing the values h0, γ0, r0 found from Fig. 3 as an initial approximation, it is much

easier to determine appropriate corrections. For example, substituting h1 = h0+δh, γ1 = γ0+δγ ,
r1 = r0 + δr into expressions ψ1, ψ2, ∆, and expanding the latter into the Taylor series in δh,
δγ , δr, we can limit ourselves to a linear approximation while finding the refined approximation
(with subsequent comparison of errors for thr left-hand sides of system (3.5) in both cases). In
particular, for µ = 0.05, α = 0.002 we find h ≈ 0.07, γ ≈ 0.973, the corresponding FAC is shown
in Fig. 4. The evolution of FAC with optimized DVA parameters depending on the value of α is
presented in Fig. 5. With a growth of α, the value of γ slowly increases and the peaks go down.

Remark 2. Due to the fact that polynomials in system (3.5) are of extremely high degrees, it
seems impossible to obtain explicit expressions for h, γ, r as functions of µ, α. These ex-
pressions can be approximately obtained in the form of asymptotic expansions. However,



On mitigation of oscillations of a mechanical system... 619

Fig. 3. Geometrical interpretation of system (3.5), where orange, green and blue surfaces correspond to
ψ1 = 0, ψ2 = 0 and ∆ = 0, µ = 0.05, α = 0.002

Fig. 4. The frequency-amplitude curve with optimized DVA parameters (based on Eq. (2.18), µ = 0.05,
α = 0.002, h = 0.07, γ = 0.973

Fig. 5. Dependence of the responses of primary mass on the parameter α for µ = 0.05

taking into account that the problem contains three small parameters (µ, F0, knl), ob-
taining such expansions essentially depends on how these parameters relate to each other
(for example, knl can be considered an independent small parameter, it can be considered
proportional to µ or µ2 etc.). The conscientious obtaining of such formulas is a subject of
separate consideration.
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4. Discussion and numerical validation

The procedure described above makes it possible to make an optimal choice of the absorber
parameters, assuming that the parameter α is known. As can be seen from formulas (2.3),
this parameter depends not only on the nonlinear stiffness knl of the main system, but also on
the amplitude F0 of the external force. If its exact value is unknown, then what corrections
should be made? This issue was discussed, in particular, in (Habib et al., 2015), where the
authors proposed the use of a nonlinear absorber with “mirror” characteristics (proportional to
characteristics of the main system). Such an approach seems to be logical, but the complexity of
analysis significantly increases. For example, a cubic polynomial on r in formula (2.18) transforms
into a polynomial of the ninth degree, and even the problem of determining the number of real
roots is mathematically very difficult (and the numerical approach is not very reliable due to the
large number of unknown parameters). Thus, the question arises: is it possible to use a linear
absorber in conditions where the exact value of F0 is vague, but the interval of possible values
of the amplitude is known, i.e. F0 ∈ [F1, F2]. If this interval is not too wide, say F2/F1 ¬ 2, then
taking into account that with a growth of α, the value of γ also increases (and to a lesser extent
the value of h), as can be seen in Fig. 5, then we suggest that when choosing the value of γ we
should take the maximum possible value of the amplitude of the external excitation F2. This is
illustrated in Figs. 6 and 7.

Fig. 6. Evolution of the responses as F0 goes up for h = 0.07, γ = 0.999

Fig. 7. Shape of the FAC when DVA parameters are chosen for α corresponding to F0 = F2
for h = 0.071: (a) α = 0.008, γ = 1.109, (b) α = 0.008, γ = 1.12, (c) α = 0.005, γ = 1.12

Suppose that α ∈ [0.002, 0.008] and the “expected” value of α is equal to 0.003. Then
calculated values for the absorber are: γ ≈ 0.999, h ≈ 0.07. The corresponding FAC is shown in
Fig. 6. It has one branch and two equal peaks at r ≈ 34. The allowable frequency range is wide
enough. If the amplitude grows by 10%, the maximal amplitude increases up to 40 units, but the
curve remains “robust” – no bifurcations, no blow-up, etc. However with a further growth by
10%, we get bifurcations and a significant increase in the amplitude of oscillations for primary
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mass. From the other side, calculating the absorber parameters for the upper limit α = 0.008,
we get γ ≈ 1.09, h ≈ 0.071. The FAC for such values is presented in Fig. 7. It looks the same
as in the case of the linear system, the value of rmax decreases down to ≈ 28, and there is some
distance between the right peak and the upper branch, thus the “jump” from the lower branch
to the upper one as a result of some occasional perturbations is not expected. Moreover, if we
choose γ = 1.12, then rmax grows up to 30 units, but the point M now is far enough from the
upper branch (Fig. 7).
In order to verify the obtained analytical results, we carried out numerical integration of

averaged system (2.12) and equations (2.5). Also, in order to compare the efficiency of the
absorber based on the proposed approach with other results, we took of the parameters µ = 0.05,
α = (3/4) · 0.013, as it was done in the article (Habib et al., 2016) in Fig. 4a. Those authors
considered a nonlinear absorber, however the values for h and γ were taken as optimal values for
the linear system, namely γ = 0.95242, h = (2 ·0.134)2γ. The corresponding cubic component of
stiffness of the absorber was taken β = (4/3) · 0.0851 ·α1 . The maximum dimensionless response
of main mass was between 5.5 and 6.0. At the same time, solving system (3.6) (or using its
geometrical interpretation like it is shown in Fig. 3) for the LDVA we found: h = 0.081, γ = 1.15,
q = 1.39. Substituting these values into system (2.15), we have u1 = −2.624, u2 = −0.50619,
v1 = 2.70287, v2 = −2.79266 (two other solutions are complex with respect to u, v). After this,
we integrate the averaged equations for both cases LDVA and NLDVA (with identical initial
values), the results are shown in Fig. 8a. The distance from the origin to the attraction point
is shorter with our choice of parameters of the absorber. Also, as one can see, trajectories with
different initial values tend to the attraction point, and coordinates of this point correlate with
the found values of u1, v1. The fact that the averaged equations describe well the behavior of
the solutions of the original system is confirmed by integrating equations (2.5).

Fig. 8. (a) Phase trajectories for system (2.12) with different initial values (points A, B, C) and the
stationary point D, µ = 0.05, α = 0.00975. The point E is the attraction point for NLDVA with cubic
nonlinearity and parameters of the absorber taken according to (Habib et al., 2016); (b) trajectory for

non-averaged system (2.10) with the initial point A

As can be seen in Fig. 9a, the stationary point of system (2.12) corresponds to the limit cycle
of system (2.5). The projection of the phase trajectory on the plane x1, x′1 which corresponds to
the NLDVA with values according to (Habib et al. 2016), see Fig. 4a, is shown in Fig. 9b, and
a comparison of two time histories for the dimensionless response of main mass is presented in
Fig. 9c.

1The averaged equations for such a case will differ from (2.5) by appearing the term −βx3
2
in the

second row of the matrix Φ.
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Fig. 9. (a) Projection of the phase trajectory on the plane x1x′1 for dimensionless system (2.5) with the
proposed LDVA parameters, the frequency ratio corresponds to the maximum response value q = 1.39;
(b) trajectory corresponding to the NLDVA, q = 1.25; (c) comparison of two time histories for the

LDVA and NLDVA

5. Conclusions

The article considers the problem of determining the parameters of a DVA connected to a
Duffing’s oscillator, which is under the influence of a periodic external excitation. The goal is
to reduce the maximum possible oscillation amplitude of the main system under conditions of
uncertainty (frequency ratio and external excitation amplitude) in the vicinity of resonant fre-
quencies. We paid special attention to the development of an analytical procedure for selection
the DVA parameters. It is shown that an appropriate choice of absorber stiffness depends signif-
icantly on the amplitude of the external action. In the case when this amplitude can take values
from a certain range, it is advisable to focus on the upper limit of this range when choosing the
absorber frequency.
The future work will be related to obtaining asymptotic formulas for the absorber parameters,

more detailed comparison of the efficiency of using linear and non-linear absorbers and estimating
the region of attraction.
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By analyzing geological conditions of a coal gangue filling roadbed, stress characteristics and
settlement changes during the filling process of the coal gangue roadbed are simulated. The
following conclusions are drawn: (1) As height of the coal gangue filling increases, the stress
and settlement of each part will also increase. (2) During the filling process, the vertical
stress acts as the first principal stress, and the stress and strain at the centerline of the
roadbed are 10 times that of the roadbed. (3) The final stable value of uneven settlement of
the coal gangue roadbed is 18.85mm. (4) The monitoring results indicate that the settlement
of the coal gangue roadbed is stable, and the settlement amount is small ensuring safety of
the roadbed.

Keywords: coal gangue subgrade, subgrade stability, numerical analysis, stress characteristics

1. Introduction

As a subsidiary industrial waste in the process of coal mining, coal gangue belongs to historical
materials. Due to the influence of various factors such as high ground stress, high tempera-
ture and humidity and crustal movement in underground engineering, it has its particularity,
complexity and anisotropy. Spontaneous combustion, physical, chemical and biological changes
occur in coal gangue stored in the natural air resulting in changes in particle characteristics of
coal gangue. Especially for a coal gangue subgrade roller compaction under an external load,
coal gangue subgrade particles exhibit significant changes, reflected in the porosity attenuation
(Li and Wang, 2019). Finally, causing reconstruction of the coal gangue particle composition.
Li et al. (2020a) tested basic properties of coal gangue such as particle size distribution,

loss on ignition, strength changes under water softening and compression performance. Based
on this, a technology of using coal gangue as a railway roadbed filler was proposed. Through
on-site tests, it has been shown that the coal gangue roadbed has excellent performance. Chen
et al. (2020b) conducted a series of pressure plate tests on coal gangue fillers in the roadbed and
analyzed variation patterns of model parameters. The research has shown that the compacted
roadbed coal gangue filler has a double pore group structure, and its soil water characteristic
curve (SWCC) exhibits a double step phenomenon. Fan et al. (2022) analyzed the dynamic
evolution process, grading evolution law, and corresponding micromechanical properties of coal
gangue particles during the crushing process under stress. The research has shown that the
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interaction between lateral confinement and unidirectional compression of granular materials is
mainly compression. Zhang et al. (2020) studied the effects of the substitution rate (r (SCGA))
and particle size distribution of coarse SCGA on mechanical properties of concrete. The results
showed that coarse SCGA had a significant impact on the mechanical properties of concrete.
When the SCGA substitution rate was 100%, the compressive strength, splitting tensile strength,
and elastic modulus decreased by 19.4%, 36.1%, and 32.2%, respectively. Based on this, a predic-
tion method for coarse SCGA concrete was proposed. Chen et al. (2020a) systematically studied
the feasibility of using mineral waste as a roadbed filler. The optimal compaction parameters for
waste residue were determined. The effects of different factors on the particle size distribution
and mechanical properties of slag were evaluated and construction parameters of slag recom-
mended. Chang et al. (2019) validated the use of solid waste such as sludge as raw materials for
production of ecological cement, bricks, ceramic materials and lightweight aggregates through
sintering processes. In addition, suggestions for future research were also proposed to strengthen
high value-added application of sewage sludge. Zhang and Ling (2020) reviewed the effects of
four main activation methods, namely thermal activation, mechanical activation, microwave ac-
tivation and composite activation with a focus on discussing their interaction mechanisms with
coal gangue. This provides valuable ideas and guidance for better understanding of the pricing
of coal gangue, especially for its reuse in cement-based building materials. Li et al. (2020b)
developed a new type of green concrete using large volume fly ash and coal gangue aggregates.
The research results indicated that the fly ash coal gangue mixture had the advantages of acid
resistance, waste recycling and lower carbon emissions, making it more effective than previous
foundation improvement methods. Li et al. (2020c) simulated compression deformation of four
different particle sizes of coal gangue filling materials using PFC3D. The compression deforma-
tion law, particle cluster distribution and changes in the shape of coal gangue blocks of coal
gangue filling materials were analyzed. Based on the force chain distribution, the microscopic
mechanism of compression deformation of coal gangue filling materials was studied. Li and Wang
(2019) conducted a comprehensive literature review on the utilization of coal gangue in building
material production, energy production, soil improvement and other high value-added applica-
tions. The research results have opened up a new door for further application of coal gangue,
hoping to inspire future related research and guide decision-making. Long et al. (2019) studied
mechanical properties and durability of a new type of cement-soil mixture reinforced by locally
discarded coal gangue aggregates. The results indicated that the addition of coal gangue signif-
icantly improved strength, stiffness and corrosion resistance of the cement-soil mixture. Chen
et al. (2019) systematically analyzed mechanical properties and microscopic mechanisms of red
mud treated loess with a small amount of cement additive (RMCL). The results showed that
the content of red mud C-R had a significant impact on the unconfined compressive strength
(UCS) of RMCL. An appropriate amount of red mud waste can effectively improve mechanical
properties of loess roadbed fillers. Ashfaq et al. (2020b) conducted a carbon footprint analysis
of coal gangue to evaluate its CO2 emissions when used as an embankment material. The study
confirmed the fact that the utilization of coal gangue could significantly reduce generation of
carbon footprint, thereby having a positive impact on the environment. Ashfaq et al. (2020b)
showed through leaching research that there were trace elements in coal gangue, However, it was
found that their concentration levels were far below the allowable limits.

Based on characterization studies, it can be inferred that coal gangue is a potential substitute
for existing traditional geotechnical materials such as soil and other recycled materials. Leistner
et al. (2017) studied the use of an artificial binary model particle system with magnetite as
the target mineral and quartz as the gangue mineral to minimize problems related to ultrafine
gangue particles. The results showed that hen gangue particles were small, ultrafine magnetite
could also be recovered like fine magnetite. Ashfaq et al. (2022) conducted a comprehensive
assessment on physical, chemical, mineralogy, geotechnical engineering and environmental (trace
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metal mobilization and life cycle assessment) characteristics of coal gangue to assess its potential
in promoting sustainable development.
The above studies have carried out a lot of analysis on the mechanical properties of mix-

tures of coal gangue and different materials, put forward the experimental methods of various
properties of coal gangue and introduced the application of coal gangue to subgrade engineering.
However, there are few studies on the high-porosity coal gangue subgrade. Based on the above
investigations, the corresponding studies are carried out.

2. Engineering overview

The section of Beijing-Shanghai Expressway from Laiwu to Linyi (Rusujie) (hereinafter referred
to as “Beijing-Shanghai Expressway”) is located in Shandong Province. The starting point of
the main line of the project is located in the southeast of Malonggu Village, Fengcheng Street
Office, Laiwu City. It ends at the Rusujie of Beijing-Shanghai Expressway and connects to the
Jiangsu section of Beijing-Shanghai Expressway. The main line is 232.191 km long. The main line
of the project is based on the technical standards of a two-way eight-lane highway. The design
speed from the starting point to Bianjiaquan section (K477+442.25-K508+000) is 100 km/h,
and the design speed from Bianjiaquan to the end section (K508+000-K710+000) is 120 km/h.
The integral subgrade is widened to 42m, and width of the new single separated subgrade is
20.75m. The field coal gangue yard has been fully spontaneously combusted in the air for nearly
30 years, and the porosity of coal gangue particles is 51.4% (Fig. 1).

Fig. 1. Coal gangue yard

According to the geotechnical engineering investigation report, the engineering geological
conditions in this region are mainly divided into plain fill, silty clay and gravel soil. The strati-
graphic distribution is shown in Table 1, and the groundwater level is within the range of 20m
underground.

Table 1. Stratigraphic distribution

Soil type
Average Minimum Maximum Groundwater
thickness [m] thickness [m] thickness [m] level [m]

Plain fill 0.4 0.2 0.6 –
Silty clay 2.0 1.0 3.0 –
Stone 13.0 11 17.5 –
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3. Construction of the elastic-plastic model of s porous media coal gangue
subgrade

The coal gangue subgrade has characteristics of high porosity and particle break-age. The re-
modeling will occur under the effect of subgrade rolling, resulting in the evolution of the coal
gangue subgrade into porous media as shown by the physical and mechanical model in Fig. 2.

Fig. 2. Loading diagram of s porous medium of the coal gangue subgrade

3.1. Mathematical model

The coal gangue subgrade has characteristics of material heterogeneity and porous distribu-
tion. The coal gangue subgrade and foundation soil are both regarded as elastic-plastic materials,
and Drucker-Prager (Jiang, 2021) ideal elastic-plastic constitutive model is adopted for the con-
stitutive relation.
The following assumptions are used in the finite element analysis of the coal gangue subgrade:

• Each material is homogeneous, continuous and isotropic, an ideal elastic-plastic body, and
the constitutive relation of soil satisfies the D-P yield criterion;
• The consolidation deformation and compression deformation of the foundation under the
action of its own weight have been completed, and the embankment deformation is caused
by the self-weight of the filler, without considering the influence of traffic load and climate
factors on it;
• The coal gangue subgrade and foundation are unsaturated soil, without considering the
consolidation of the embankment filler and foundation soil, and the influence of pore water
pressure and embankment gravity load is applied once.

According to the effective stress principle of classical soil mechanics

σ = (1− n)σe + nµ (3.1)

where n is porosity, µ is pore water pressure, σe is effective stress and σ is total stress. The coal
gangue subgrade is in a dry state, µ = 0, therefore

σ = (1− n)σe (3.2)

The composite D-P criterion with the strength limit is the failure criterion of the model.
According to the D-P failure criterion f(τ, σ) = 0. From point A to point B on the graph,

the failure envelope f s = 0 is defined by the shear failure criterion

f s = τ + q∅σ − k∅ (3.3)
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Fig. 3. Failure criterion of the D-P model

From point B to point C, by tensile failure criterion f t = 0

f t = σ − σt (3.4)

In the formula, q∅ is the friction force of the D-P model, k∅ is the cohesive force, σt is the tensile
strength. For the material q∅ is not equal to zero, the ultimate tensile strength is

σtmax =
k∅
q∅

(3.5)

The potential function σ(τ, σ) = const , consisting of gs and gt, is used to describe shear and
tensile plastic flow, respectively. The function gs generally corresponds to an unrelated law in
the form of

gs = τ + qϕσ (3.6)

When the flow rule is applicable, qϕ is a constant, which is numerically equal to q∅. The function
gt corresponds to a relevant flow rule given below

gt = σ (3.7)

when the D-P failure criterion follows shear failure characteristics. First of all, considering the
shear failure, from Eq. (3.4) the partial differentials are

∂gs

∂τ
= 1

∂gs

∂σ
= qϕ (3.8)

Using f = f s, Eq. (3.1), we get

τN = τ I − λsG σN = σI − λsKqϕ λs =
f s(τ I , σI)
G+Kq∅qϕ

(3.9)

The stress tensor component can be expressed as a generalized stress by the transformation
equation. In form, Eq. (3.7) can be written as

τN = µτ I (3.10)

where µ is the known proportional factor τN = µτ I , where

µ = 1− λs G
τ I

(3.11)

Using the tensor component Sij to represent τ , we get

SNij = µS
I
ij (3.12)
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Eliminating µ from the last two expressions, we get

SNij = S
I
ij

τN

τ I
(3.13)

Finally, using this definition, new stress components can be calculated by Eq. (3.8), and

σNij = S
N
ij + σ

Nδij (3.14)

Equation (3.12) is modified as follows

(1− n)σNij = SNij + (1− n)σ′Nδij (3.15)

The boundary conditions: all directions of the foundation bottom are completely constrained,
and the foundation is horizontally constrained along the cross direction of the road foundation.

3.2. Calculation model

In order to eliminate the boundary effect and stress influence range, the calculation size of
the model is 100ṁ×10m×50m, in which the subgrade calculation area size is 60m×10m×22m,
the subgrade slope is 1:0.75, and the geometric model is shown in Fig. 4.

Fig. 4. Geometric model: (a) front view, (b) vertical view, (c) rear view, (d) side view, (e) graphic model

The model is generated by a hybrid grid, with the grid size transiting from 0.5m to 2m.
The coal gangue subgrade is divided into fine grids and coarse foundations with a total of 15615
units including 9284 units for the coal gangue subgrade. The bottom of the model adopts fixed
boundaries with theX-direction displacement limited on the left and right sides, and Y -direction
displacement limited on the front and rear sides.
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3.3. Physical and mechanical parameters

According to the laboratory test analysis, the physical and mechanical parameters of coal
gangue and stratum in the calculation model are shown in Table 2. The porosity is set to 0.5.

Table 2. Material parameters of subgrade soil

Soil type
Thick- Elastic Modulus of

Gravity
[kN/m3]

Poisson’s
ratio

Force of Angle of
ness modulus deformation cohesion internal
[m] [GPa] [MPa] [kPa] friction [◦]

Coal gangue 7.0 1.1 – 18.5 0.3 75 45
Silty clay 2.0 – 15 18 0.35 15 23
Stone 13.0 – 60 22.5 0.35 40 30

3.4. Boundary conditions

The boundary conditions of the model are as follows: the fixed boundary is used at the
bottom of the model, and the displacement in the X-direction is limited on both sides, and the
displacement in the Y -direction is limited on both sides. The model boundary conditions are
shown in Fig. 5.

Fig. 5. Model boundary conditions: (a) boundary division, (b) mesh subdivision

3.5. Calculation model scheme

In order to better study the stress characteristics of the high-porosity coal gangue subgrade
filling process, the calculation condition of coal gangue layered filling is 0.5m, and the specific
calculation model scheme is shown in Table 3.

Table 3. Calculation model scheme

Model calculation conditions Calculation contents

Condition 1 Initial stress equilibrium
Condition 2 Filling to 0.5m
Condition 3 Filling to 7.0m
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4. Mechanical characteristics analysis of the high-porosity coal gangue subgrade
during construction

4.1. Initial stress balance

When the numerical calculation model starts to calculate the first step, the initial stress bal-
ance is needed, that is, to eliminate deformation caused by the self-weight stress. As shown
in Fig. 6, when Z = 0, the gravity stress is zero. When Z = 15m, the gravity stress is
3.17 · 102 kN/m2. It can be seen from Fig. 5.b that when the silty clay Z = 0 on the surface and
the gravel layer Z = 10m at the bottom of the stratum, the deformation is zero.

Fig. 6. Initial cloud images of the model: (a) stress cloud, (b) deforming cloud

4.2. Coal gangue subgrade first layer (0.5m) filling

4.2.1. Stress nephogram

According to the numerical calculation results, the stress and deformation nephogram of the
first layer of coal gangue filling are extracted. The center position at the bottom of the subgrade
and the slope foot position at the bottom of the subgrade are mainly analyzed.
From Figs. 7a to 7c, it can be seen that when the layered filling height of coal gangue is 0.5m,

the total stress at the center of the subgrade bottom is 2.08 kPa, the horizontal (S-XX direction)
stress is 1.37 kPa, and the vertical (S-ZZ direction) stress is 3.02 kPa. The total stress at the
bottom slope foot of subgrade is 2.06 kPa, the horizontal (S-XX direction) stress is 1.58 kPa,
and the vertical (S-ZZ direction) stress is 3.37 kPa.
Analysis of Figs. 7d-7f shows that when the height of coal gangue layered filling is 0.5m, the

total displacement of the center of the subgrade bottom is 1.64mm, the horizontal (TX direction)
displacement is 8.37·10−4mm, and the vertical (TZ direction) displacement is 1.63mm. The total
displacement at the bottom slope foot of the subgrade is 0.41mm, the horizontal (TX direction)
displacement is 5.87 · 10−2mm, and the vertical (TZ direction) displacement is 0.32mm.

4.2.2. Differential settlement

Analysis of Fig. 8 shows that when the height of coal gangue layered filling is 0.5m, the line
at the bottom of the subgrade is extracted as the research object. The maximum settlement
at the center of the subgrade bottom is 1.54mm, and the maximum settlement at the foot of
the subgrade bottom is 0.585mm. It can be seen that an uneven settlement occurs between the
bottom slope toe of the subgrade and the center of the subgrade bottom, and the differential
settlement is 0.955m.



Study on stress characteristics of high-porosity coal gangue subgrade... 633

Fig. 7. Stress and deformation nephogram of the coal gangue filling first floor: (a) total stress,
(b) horizontal (S-XX direction) stress, (c) vertical (S-ZZ direction) stress, (d) total displacement (T ),

(e) horizontal (TX direction) displacement, (f) vertical (TZ direction) displacement
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Fig. 8. Settlement curve between the slope toe and subgrade center

4.3. Filling of a 14th floor (7.0m) of coal gangue subgrade

4.3.1. Stress nephogram

According to the numerical results, the stress and deformation nephogram of the fourteenth
layer of coal gangue filling are extracted. The center position at the bottom of the subgrade and
the slope foot position at the bottom are mainly analyzed.
From Figs. 9a to 9c, it can be seen that when the layered filling height of coal gangue is

7.0m, the total stress at the center of the subgrade bottom is 74.90 kPa, the horizontal (S-XX
direction) stress is 48.20 kPa, and the vertical (S-ZZ direction) stress is 125.00 kPa. The total
stress at the bottom slope foot is 11.20 kPa, the horizontal (S-XX direction) stress is 12.20 kPa,
and the vertical (S-ZZ direction) one is 12.60 kPa.
Analysis of Figs. 9d-9f shows that when height of the coal gangue layered filling is 7.0m, the

total displacement at the center of the bottom of the subgrade is the largest, which is 21.90mm,
and the maximum horizontal (TX direction) displacement is 3.17mm, which appears on both
sides of the subgrade center, and the maximum vertical (TZ direction) displacement is 21.90mm.
The total displacement at the bottom slope foot is 3.71mm, the horizontal (TX direction)
displacement is 2.48mm, and the vertical (TZ direction) displacement is 3.05mm.

4.3.2. Differential settlement

Analysis of Fig. 10 shows that when height of the coal gangue layered filling is 7.0m, the line
at the bottom of the subgrade is extracted as the research object. The maximum settlement at
the center of the subgrade bottom is 21.90mm, and the maximum settlement at the foot of the
subgrade bottom is 3.05mm. It can be seen that uneven settlement occurs between the bottom
slope toe and the center of the bottom, and the differential settlement is 18.85mm.

5. Study on the evolution of stress characteristics of the coal gangue filled
subgrade construction process

With an increase of coal gangue filling height, the stress at the bottom of the subgrade, the slope
foot and the middle line will increase, as shown in Fig. 11. The change curves of total stress,
S-XX and S-ZZ in the process of coal gangue filling are extracted. The results show that the
vertical stress (S-ZZ) of the middle line of the subgrade occupies the dominant position of the
stress change. As the main control factor of stress growth, it is the first principal stress in the
stress redistribution and particle incarceration of the subgrade. The stress of the coal gangue
subgrade increases linearly from 0m to 7m, and the vertical stress (S-ZZ) reaches 125 kPa.
The change of the vertical stress (S-ZZ) at the slope toe of the subgrade is the smallest, and it
grows slowly in the process of coal gangue filling. The third principal stress plays a role in the
stress redistribution and particle embedding of the subgrade. During the filling process of the
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Fig. 9. Stress and deformation nephogram of coal gangue filling of the 14th floor: (a) total stress,
(b) horizontal (S-XX direction) stress, (c) vertical (S-ZZ direction) stress, (d) total displacement (T ),

(e) horizontal (TX direction) displacement, (f) vertical (TZ direction) displacement
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Fig. 10. Settlement curve between the slope toe and subgrade center

coal gangue subgrade from 0m to 7m, the stress shows a linear growth trend, and the vertical
stress (S-ZZ) of subgrade slope toe reaches 12.2 kPa. The vertical stress change of the middle
line of the subgrade is 10 times that of the slope toe, and the stress change directly affects the
rigidity of the coal gangue subgrade, which varies the distribution of stress.

Fig. 11. Curve of stress variation with filling height

Fig. 12. Curve of settlement variation with filling height

With an increase of coal gangue filling height, the displacement at the bottom of the subgrade,
the slope foot and the middle line will increase, as shown in Fig. 12. The change curves of total
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displacement, TX and TZ during the coal gangue filling process are extracted. The results
show that the vertical displacement TZ of the subgrade midline occupies the dominant position
of deformation, which plays an important role in the uneven deformation of the subgrade as
the main control factor of deformation growth. The displacement of the coal gangue subgrade
increases linearly from 0m to 7m, and the vertical displacement TZ reaches 21.9mm. The
horizontal displacement of the subgrade slope toe TX changes minimum, and it grows slowly in
the process of coal gangue filling. The displacement of the coal gangue subgrade increases linearly
from 0m to 7m, and the slope TX reaches 2.48mm. The vertical displacement of the middle
line is 10 times of the horizontal displacement of the slope toe. The change of displacement
directly affects the overall safety and stability of the coal gangue subgrade, and it is easy to
achieve variable settlement, which results in cracking defects of the subgrade.
With an increase of coal gangue filling height, the uneven settlement of the bottom slope

foot and the bottom center of the subgrade will increase, as shown in Fig. 13. The variation
curves of the total displacement and the total displacement of the bottom slope foot and the
center of the bottom during the filling process of coal gangue are extracted. The results show
that the variation of uneven settlement shows a linear growth trend. In the range of 5m of coal
gangue filling, the variation rate of uneven settlement is fast. When the height reaches 7m, the
settlement tends to be stable, and the stable value is 18.85mm.

Fig. 13. Variation curve of differential settlement

6. Field stress and deformation monitoring

6.1. Field monitoring

In order to detect the state of coal gangue subgrade, it is necessary to control the coal
gangue subgrade. According to the existing norms and standards, the settlement variation,
elastic modulus and deflection value of coal gangue can be detected. However, the above is only
the traditional detection method. In order to directly reflect the filling quality of coal gangue,
the authors propose to use a set of key technologies for quality detection of coal gangue.
During the filling of the coal gangue subgrade, there are three test components, namely,

earth pressure box, pore water pressure gauge and fixed inclinometer probe. The on-site coal
gangue monitoring and sampling adopts a solar panel wireless transmission automatic monitoring
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system. After installation, the flow card is used to realize computer receiving data at any position,
as shown in Fig. 14a.
Through data collection and analysis of the above test elements, it is concluded that the coal

gangue subgrade structure is stable and there is no quality problem, as shown in Fig. 14b.

Fig. 14. (a) Setting diagram of test elements at each section, (b) data collection

6.2. Monitoring data analysis

Analysis of Fig. 15 shows that after nearly a year of monitoring data it turns out that the
coal gangue subgrade does not occur groundwater infiltration and better guarantee its stability
and safety.
Analysis of Fig. 16 shows that during the construction of the coal gangue subgrade the soil

pressure increased sharply, after 100 days it stabilized, and the stable value is 185 kPa-207 kPa.
Figure 17 shows that the deformation of coal gangue subgrade is mainly reflected in the

horizontal displacement and settlement change. The horizontal displacement and settlement
change rate are faster in the early stage of subgrade construction. After completion of subgrade
construction, the settlement reaches a stable state, with a horizontal deformation of 4.83mm
and settlement of 15.66mm. And with construction of the base and surface layer, the load of
the subgrade increases, which directly continues the deformation of the subgrade to increase.
When the frequency of coal gangue subgrade monitoring is 400 d, the horizontal displacement
and settlement reach a stable state. The horizontal displacement is maintained at 8.4mm, and
the settlement at 17.5mm. The monitoring results show that the settlement of coal gangue
subgrade is stable and the settlement is small, which ensures safety of the subgrade.

7. Conclusions

By analyzing geological conditions of the coal gangue filling subgrade, a three-dimensional ge-
ological mechanical model of coal gangue is established. Based on the Mohr-Coulomb failure
criterion, stress characteristics and settlement changes during the filling process of the coal
gangue roadbed are simulated. By extracting the stress and deformation cloud images of each
layer of coal gangue filling, the stress and deformation curves of the center position at the bot-
tom of the subgrade and the slope toe position at the bottom of the subgrade are analyzed. The
following conclusions are drawn:
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Fig. 15. Monitoring of pore water pressure variation of the coal gangue subgrade: (a) S1 pore water
pressure, (b) S2 pore water pressure, (c) S3 pore water pressure, (d) S4 pore water pressure

Fig. 16. Monitoring of earth pressure variation of the coal gangue subgrade

• As height of the coal gangue filling increases, the stress at the base of the road, the foot
of the roadbed slope, and the center line of the roadbed will increase, and the settlement
will also increase accordingly.
• During the filling process, the vertical stress (S-ZZ) plays a primary role in the stress
redistribution and particle squeezing of the roadbed. The vertical stress change in the
centerline of the roadbed is 10 times that of the vertical stress change at the foot of the
roadbed slope, and the vertical displacement change in the centerline of the roadbed is
10 times that of the horizontal displacement change at the foot of the roadbed slope.
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Fig. 17. (a) Monitoring of horizontal displacement change of the coal gangue subgrade, (b) monitoring
of settlement change of the coal gangue subgrade

• As height of the coal gangue filling increases, the uneven settlement between the foot of
the road base slope and the center of the road base will increase. The uneven settlement
during the filling process shows a linear growth trend, and within the 5m range of the coal
gangue filling, the uneven settlement change rate is faster. When reaching a height of 7m,
the settlement tends to stabilize, and the stable value is 18.85mm.
• The deformation of the coal gangue roadbed is mainly reflected in horizontal deforma-
tion and settlement changes. After completion of the roadbed construction, the horizontal
deformation is 4.83mm, and the settlement is 15.66mm. With construction of the base
and surface layers, the horizontal deformation increased to 8.4mm and the settlement re-
mained at 17.5mm. The monitoring results indicate that the settlement of the coal gangue
roadbed is stable and the settlement amount is small, ensuring safety of the roadbed.
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