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The main aim of the article is to define a criterion of dynamic stability based on the Flash-
-Hogan principle and the ZMP method. The gait researches were focused on analysis and
observation of the human biomechanism with the optical system Optitrack. The smooth
reference trajectory is defined forming a stability pattern. The optimal, due to the minimum
jerk criterion, ZMP trajectory is illustrated in the results Section in order to demonstrate the
dynamic stability pattern for the needs of rehabilitation in cases of neuromuscular damage
or injuries affecting gait stability.

Keywords: biomechanical stability, jerk, Flash-Hogan principle, ZMP, Optitrack

1. Introduction

Stability is the ability to retrieve the state of equilibrium lost as a result of existing destabilizing
factors. Loss of stability may be caused by incorrect setting of the foot, impaired control of
movements in joints of the lower limb, wrong construction of lower limbs, but also the appear-
ance of a slip phenomenon when foot touches the ground. Maintaining stability requires active
involvement of biological motors (actin-myosin systems). The effect of the neuromuscular process
is a human gait. An important biomechanical criterion for a human gait is dynamic stability.
In biomechanical studies of the equilibrium state, cases of postural stability and locomotion of
a human motor system are analyzed. Postural stability is related to a static issue. A biomech-
anism, by definition, is posturally stable when the projection of its mass center on the support
surface is within the designated polygon. The gait, being the subject of work deliberations, is a
two-legged and behavioral motor activity occurring with the interaction of human nervous and
muscular systems.

Locomotion studies are conducted after adoption of various definitions of stability due to
the diverse interpretation of the equilibrium state. A number of methods have also been defined
to formulate the criterion of dynamic stability. The most important methods are: ZMP (zero
moment point), FRI (foot rotation indicator) and CMP (centroidal moment pivot). In some
work, the author assumes that dynamic stability can be determined on the basis of the ZMP
method, in a combination with the minimal jerking theory formulated by Flash-Hogan (1985).
According to Flash and Hogan, the optimal trajectory characterized by smoothness can be
obtained by minimizing the integral criterion, which includes in itself a function of the square of
the jerk, which is the third derivative of the displacement. Obtaining such a result for the ZMP
trajectory makes it possible to achieve its smoothness.

The biomechanical criterion of dynamic stability in the work is formulated as: a human
biomechanical system or biomechatronic human with an exoskeleton is dynamically stable while
walking if the time integral has been minimized from the square of the jerk function point of
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the ZMP, specified by Flash and Hogan, and the ZMP point is inside the support polygon.
Acceptance of the above criterion ensures no jerks in the trajectory of the ZMP, which means
lack of the jerk in the biokinematical chain during the walk. The method for solving the case
when the minimum ZMP trajectory is not inside the support polygon is to use an algorithm for
controlling the dynamics of the biomechanical system with an exoskeleton, which will prevent
such a situation or will cause the ZMP trajectory to return inside the support polygon.

The presented work is associated with a significant number of important scientific views.
Researchers at various scientific centers have appointed multi-aspect methods for determining
the dynamic stability of a gait to find out the properties of the biomechanical system precipitated
from the equilibrium. In 1968, Miomir Vukobratovi¢ proposed a dynamic stability criterion for
bipedal robots, which was applied sixteen years later to construct a WL-10RD biped robot
in order to control its dynamics (Vukobratovi¢ and Borovac, 2004). The article gives various
interpretations of the ZMP method. An elementary work in determining the stability for bipedal
robots using the ZMP method is in the work (Vukobratovié¢ and Juric¢ié¢, 1968). The examination
method of static (postural) stability, defined as GCOM criterion in reference to the ZMP method,
was analyzed in the work (Mrozowski et al., 2008) by using an optical system consisting of two
perpendicularly arranged cameras. The graphs show the course of ZMP and GCOM trajectories.
In the following work, it is proposed to increase the accuracy of measuring the trajectory of the
spatial model using six digital cameras and the Optitrack system.

The use of three principles of determining the dynamic stability, i.e. ZMP (zero moment
point), FRI (foot rotation indicator), CMP (centroidal moment pivot) in robotics and biome-
chanics of gait is described in a complex way in the work (Popovic et al., 2005).

The works (Bruijn et al., 2012; Gouwanda and Muraledharan, 2012) describe the dynamic
stability of a gait based on analysis of the maximum of Lapunov’s exponent. The normal gait
and a gait with an attached knee orthosis joint were examined. Gyroscopic sensors connected
to s computer using a wireless network were used to measure the trajectory. These sensors are
an alternative to optical systems because during a gait test, however, it is compulsory to make
numeric integration of the measurement signal.

Analytical formulas defining dynamic stability based on the correlation of the trajectory of
the generalized center of gravity and the trajectory of the assumed points of the feet during
normal walking were also introduced (Antipov et al., 2018).

The application of the finite difference method for approximation of time derivatives of the
displacement during gait is described in the work (Ilewicz and Wojnarowski, 2012). Papers
(Zatziorsky, 1998; Zatziorsky and Seluyanov, 1983) present some ways of obtaining the mass
parameters of the human body.

Modeling of human walking patterns has been described in work (Kazemi and Ozgoli, 2019).
In this report, Pontryagin’s minimum principle was applied in order to obtain a smoother tra-
jectory.

The key studies in the area of minimum jerk are the papers (Flash and Hogan, 1995; Flash
et al., 2003).

Engelbrecht (2001) describes the use of mechanical minimum principles in a motor control.
It describes the principle of Flash-Hogan’s minimum jerk and the principle of Uno’s minimal
change of the moment.

The application of the minimum jerk principle and the minimum moment principle are shown
in the article (Fligge et al., 2015). The methods discussed were used to find a way to generate
a trajectory for a biped robot.

The principle of minimum jerk was used, stating that the trajectory of minimum jerk move-
ment on the surface of a sphere should be geodetic. A mechatronic robot for studying the
interaction of a human-machine system was used in the study (Sha et al., 2006).
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The simultaneous use of the ZMP criterion and the minimum jerk to generate a smooth
trajectory of a bipedal robot is described in (Suleiman, 2016).

Arisumi et al. (2008) dealt with problems of dynamic stability related to transport of objects
with the use of robotic systems. In the article (Xiang and Arefeen, 2020) an optimization problem
of the dynamic human system and the load being lifted is described.

The aim of this work is to achieve s criterion of dynamic stability based on the Flash-
-Hogan principle and the ZMP method. The accepted criterion is universal for various gait cases,
however, its usefulness in the case of a gait with the assistance of a supporting exoskeleton is
particularly evident. A premise for the adopted goal is to say that the optimization of human
body movements is a difficult issue that can be accomplished by using a supporting exoskeleton
with an optimal ZMP trajectory generator. It is also stated that the movement along a smoother
ZMP trajectory reduces wear of the musculoskeletal system, thus the exoskeleton with the
applied trajectory of the optimal ZMP can be used for early rehabilitation of injured patients.
Scientific researches (experimental and numerical) were carried out to seek for the criterion of
dynamic stability.

2. Materials and methods

The article focuses on obtaining a new method for determining dynamic stability. It was assumed
that the criterion sought would be based on the ZMP method. Coordinates of the ZMP point
on the surface were obtained on the basis of an experimental study using an optical system.
It is then demanded from the trajectory generator that the generated trajectory of the ZMP
point would be as smooth as possible. The above assumption will be fulfilled by using one of
the principles of the minimum mechanics of the so-called Flash-Hogan’s jerks theory (Flash and
Hogan, 1985). The principle resulting from this theory is called the principle of the minimum
jerk. A series of experimental tests were carried out with the usage of the Optitrack research
equipment consisting of six digital optical sensors in order to register the motion. The image
from optical sensors was recorded at 120 Hz. Despite the right preparation of the experimental
environment, it was necessary to correct the obtained trajectories by interpolating the appearing
discontinuities (their cause was a momentary lack of visibility of the marker by the optical
system) in positions by using parabolic polynomials. To determine the trajectory of the ZMP
point, Ha and Choi’s model (Ha and Choi, 2007), consisting of the lower limbs and torso was
used

oy mi(iii + g)mi — 30y madyi
i1 mi(iji + g)

Sy mialiji + 9)zi — Yoy miZiys
o1 ma(iii + g)

where: m; is mass of the link ¢, z,y, z are coordinates of the center of the mass of the link 1.

A criterion of dynamic stability was proposed, based on finding the minimum of the function
of the square of jerk for the trajectory of the ZMP. Such an assumption gives an opportunity to
state that the optimal trajectory can be found, therefore, there is no unexpected displacement
of the ZMP point on the walking surface. This corresponds to minimal jerks of the human
biokinematical chain and minimization of the usage of the musculoskeletal system. The jerk is
referred to as the third displacement derivative. It informs how fast the force will change over
time according to the equation

OF (i,x,t) iF _idF L OF
ot O o ot

where x is displacement, & — velocity, & — acceleration, T = j — jerk, m — mass.

Xzup(l) =

(2.1)

Zzmp(t) =

= mj (2.2)
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To determine the trajectory of the minimum ZMP jerk, one of the minimum mechanical
principles developed by Flash and Hogan (1985) is used. It postulates that the integral

t
/':b'2 dt — min (2.3)
0

where @ is jerk of ZMP point, reaches the minimum value. Then, the optimal trajectory of
the ZMP point is achieved. Most researchers, dealing with motor control, believe that this
principle reflects biological utility of the biomechanism. After solving Euler-Lagrange’s equation,
the smooth trajectory equation of the ZMP point is obtained

x(t)ZMp = C5t5 + C4t4 + 03t3 + CQtQ + c1t + 1o (2.4)

where ¢; are polynomial coefficients.
Polynomial coefficients (2.4) are gained from the equation

0O 0 0 0 0 1] [cs a
ot B3 2t 1] ey b
0 0 0 0 1 0fles| 1|0
3 2t 1 0| || O (2:5)
0 0 0 1 0 0|l 0
13 2 ¢t 1 0 0] [eo] O]

where a, b are boundary conditions.

Todorov-Jordan’s algorithm is a numerical modification of the theory given by Flash-Hogan
and describes the problem of optimal control assuming various cost functions such as maximizing
smoothness by minimizing jerks. Todorov and Jordan used a numerical approach to obtain
velocity profiles in perfect harmony with the experiment. Their numerical algorithm is based
on minimizing the jerk along the trajectory. The algorithm assumes that the trajectory of the
ZMP point is given, and only space of velocity profiles is minimized. The Flash-Hogan algorithm
requires both trajectory and velocity to be calculated. Details of Todorov-Jordan’s algorithm
are given in (Todorov and Jordan, 1998).

3. Results

Based on Todorov-Jordan’s algorithm, the important trajectories were obtained in the Matlab
environment. The trajectories of the ZMP point during normal gait of various qualities obtained
by the optical system are illustrated in Figs. 1 to 3. The trajectories of the minimum jerk shown
with the red line are the trajectories that give the result of minimal jerks of the biokinematical
chain during the gait. During the gait with an exoskeleton, some jerks may appear during
realization of the rehabilitation algorithm (braking, acceleration), whose influence on the ZMP
trajectory can be leveled based on the Flash-Hogan principle and the used algorithm. This gives
a positive effect of the smooth and rhythmic movement of the patient in the exoskeleton.

The used algorithm also gives the possibility of global smoothing of the ZMP trajectory
for various smoothing filter coefficients while minimizing the jerk phenomenon (Todorov and
Jordan, 1998; Meirovitch et al., 2016). Figures 1 to 3 illustrate the smoothing for a variety of
smoothing coefficients A. For A = 1, the trajectory is a straight line and it strongly deviates
from the trajectory of the minimum jerk. By increasing the value of the smoothing factor, it
increases the accuracy of matching the optimal trajectory to the ZMP trajectory points. Figure 2
illustrates the ZMP trajectory for the coefficient A equal to 12. There is an improvement in the
smoothness of the ZMP trajectory.
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Fig. 2. Optimal ZMP trajectory for the coefficient A = 12

For the value of the lambda smoothing filter equal to 36 (Fig. 3), a simultaneous effect of
minimizing the emerging or might occurring jerk and matching the smoothed trajectory to the
trajectory of the ZMP is obtained, whereas the trajectory becomes smooth.
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Fig. 3. Optimal ZMP trajectory for the coefficient A = 36

The errand of the optimal ZMP trajectory to the exoskeleton control system will allow one
to obtain better dynamic characteristics of the biokinematical chain during the gait. This will
also result in increasing the coordination of the structure of human movements. From the point
of biomechanics, it is stated that the movement on the optimal trajectory will minimize the
usage of the musculoskeletal system. Undoubtedly also, for this reason, it can be applied to the
exoskeleton control system for the early rehabilitation of injured patients.

4. Discussion

The obtained model determining the dynamic stability criterion can be added to the structure of
the exoskeleton control system and enable smooth, rhythmic and coordinated gait by a smooth
regulation of servomotors that drive individual degrees of freedom. Obtaining such an effect will
give favorable effects of rehabilitation enabling the rehabilitated patient’s gait to be adjusted with
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the help of an exoskeleton to the predetermined ZMP patterns, which can be described as optimal
or, from a medical point of view, to be correct. The conducted research works made it possible
to determine the innovative criterion of dynamic stability on the basis of Flash-Hogan’s jerk
principle. The adopted dynamic stability criterion specifies that human biomechanism during
gait is dynamically stable in the case when the integral function, containing the square of the
ZMP point jerk, is minimized and the ZMP point is within the designated support polygon. The
trajectory of the ZMP point, after obtaining the minimum of integral criterion (2.3), becomes
smooth and no jerks are observed in it. The obtained method of determining the dynamic
stability gives the possibility to apply it to the exoskeleton control program, therefore, it is
a significant innovation in relation to the exoskeleton control models created in research and
development centers around the world. The obtained effect also gives the possibility of using it
in the process of rehabilitation of patients, due to the fact that after applying the algorithm to
the exoskeleton control system, the rehabilitated patient’s movement can be forced in trajectories
of various smoothness and thus, achieve the desired therapeutic effects. Not without significance
is also the fact that the movement along the optimal trajectory will minimize wear of the
musculoskeletal system, so that the exoskeleton could be used for early rehabilitation of the
patient after the operation or injury.

5. Conclusions

The work proposes an innovative formulation of the criterion of dynamic stability. The outcome
of applying Flash-Hogan’s minimum principle is an optimal trajectory of the ZMP point, for the
integral squared jerk criterion. ZMP trajectories that deviate from the trajectory of the minimum
jerk and those which are not inside the support polygon are not being considered to be optimal
dynamic, so that the criterion of dynamic stability defined in this work is not met for them.
Optimality of the ZMP trajectory reflects the lack of jerks in the biokinematic chain during a
human walk. Conducting rehabilitation activities can be used to move toward the trajectory of
the ZMP of a patient with a damaged nervous system or trauma of the musculoskeletal system
to the given optimal trajectory. Rehabilitation research, which may be conducted in the future
using this criterion, rely on determining the optimal ZMP trajectory and the patterns that allow
gradual approach to its quality. It is evident that this type of rehabilitation can be carried out
with the help of an exoskeleton that emables sooner return to normal dynamic stability during
the gait. The function of this interactive medical robot with a rehabilitated patient, after losing
the ability to remain stable, will also take place with the lack of jerks resulting from actions of
the mechatronic system of the exoskeleton during contact with the ground.
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Firstly, in this paper, based on the theory of the porous elastic medium and combined with
the effective stress principle of unsaturated soil, a set of governing equations is established
to describe consolidation of the unsaturated soil. Secondly, an analytical expression under
any dynamic loads is obtained with the help of Laplace integral transformation. Finally,
analysis of numerical examples under specific boundary conditions is made to discuss one-
-dimensional consolidation characteristics under harmonic loads and the influence of factors
on the consolidation characteristics of unsaturated soil, such as excitation frequency and
initial saturation.

Keywords: unsaturated soil, consolidation characteristics, dynamic load, analytical solution,
numerical calculation

1. Introduction

Under an external load, the pore fluid is slowly discharged out of soil, and the process of gradual
compression of soil is called soil consolidation. Consolidation characteristics of soil under complex
conditions are of great significance to the actual construction process and operation stage of a
project. For example, due to the effect of vehicle vibration load, long-term consolidation and
deformation of the roadbed has a decisive impact on safety, durability, later operation and
maintenance of the project in highway or railway engineering. Therefore, the ability to describe
accurately the consolidation and deformation characteristics of soil is of great significance to
present engineering.

At present, scholars have done a series of research on the problem of static and dynamic
consolidation of the saturated soil foundation from different aspects (Pan et al., 2006; Xie et al.,
2008, 2014; Toufigh and Ouria, 2009; Wang et al., 2017a,b; Shi et al., 2018). Compared with
saturated soil, unsaturated soil not only contains the solid phase and liquid phase, but also
contains a certain amount of the gas phase. It is widely present in arid, semi-arid areas and
soil above the groundwater level. The research on consolidation of unsaturated soil began in the
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1960s, when Fredlund and Rahardjo (1993) considered the continuity of pore water and pore
gas, and established a relatively complete consolidation equation of unsaturated soil based on
three-phase coupling characteristics. When discussing the problem of one-dimensional consoli-
dation, the pore water dissipation equation is similar to the Terzaghi consolidation theory, but
in the derivation process many assumptions that are inconsistent with the actual situation are
introduced, such as constant total stress and so on. Since then, the analysis of the consolida-
tion of unsaturated soil had achieved a series of results whether in terms of theoretical analysis
(Sheng et al., 2019; Qin et al., 2010; Su and Xie, 2010; Ho et al., 2014; Lo et al., 2016; Wang
et al., 2017, 2018) or numerical simulation (Chen et al., 1999; Yin and Ling, 2007; Huang et
al., 2009; Pedroso and Farias, 2011). However, in the research on the consolidation theory of
unsaturated soil, most of the load forms imposed on the soil are dead loads or cyclic loads. In
contrast, analytical solutions under the action of other dynamic loads are rarely reported in
the literature. Based on the elastic theory of unsaturated porous media, this paper considers
a function of three-phase coupling in unsaturated soil and establishes the consolidation equa-
tion under any dynamic loads. The Laplace integral transformation is used to finally obtain an
explicit analytical solution for the problem of one-dimensional consolidation. Numerical exam-
ples under specific boundary conditions are used to discuss the law of influence of consolidation
characteristics of the soil, frequency and saturation under harmonic loads.

2. Governing equation

Without considering the body force, the momentum balance equation of unsaturated porous
media can be expressed as (Lo et al., 2002)
ou, Oug

Ry — ) =0Vh  Ba(G -
where u,, u,, and ug represent the displacement vectors of gas, water and solid soil skeletons,
respectively; 0, and 6,, represent the volume fractions of gas and water, respectively, and there
are 0, = Sy, 0, = Sy, where S, and S, are the saturation of gas and water, respectively, ¢ is
porosity of the soil; P, and P,, are pore gas pressure and pore water pressure, respectively; Ry =
—[02n1 /ks)krq is the viscous coupling coefficient of the solid phase and gas; Ras = —[0212/ks]krw
is the viscous coupling coefficient of the solid phase and water, where n; and 7, are viscosity
coefficients of gas and water, respectively; ks is the inherent permeability of porous media,
kro and k., describe the relative permeability of gas and water, respectively; o is the total
stress tensor.

Unsaturated soil theory based on the suction stress between solid particles and the effective
stress can be expressed as

ou, JOug

) =0,V P, V.o =pi, (2.1)

oc=0"—(P,+0°)6 (2.2)

where o’ is the effective stress tensor; o® — suction stress between solid particles, which is a
function related to the matrix suction and other factors, d — unit tensor. Regarding the expression
of inter-particle attraction, domestic and foreign scholars have given different forms (Lu et al.,
2010; Chen et al., 1993; Jiang et al., 2004). According to current needs, this paper adopts the
suction stress function with an explicit expression (Lu et al., 2010), namely

P,— P, for P,— P, <0

o’ = (2.3)
—Se(P, — Py) for P,— P, >0

where S, = (S — S;)/(Ss — S;) is the effective saturation, Ss — complete saturation, and

S, — residual saturation.
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Combining the deformation of the solid framework and the pore fluid, the stress-strain rela-
tionship can be obtained (Lo et al., 2014)

2
o = 2Ge + Kan — gG)e + aoe, + a13€w}5 (2.4)
and
—0,P, = a19e + ag9e, + a93ey, — 0, Py, = ajze + agze, + aszeqy (2.5)

where e = (Vug + Vul)/2 is the strain tensor of the framework; e = Vuy is the volumetric
strain of the solid-phase framework; ¢, = Vu, and ¢, = Vu, are volumetric strains of gas
and water, respectively; G is the shear modulus of the porous medium; o is the unit tensor; a;;
(i,5 = 1,2,3) are coefficients of elasticity.

Combining Egs. (2.2), (2.3) and (2.4), we can get

2
o = 2Ge+ [(an — §G+A1a12+A2a13> e+(a12 —|—A1a22—i—Agagg)&?a+(a13+A1a23+A2a33)5w} 0

(2.6)
where A; = (1 —S,)/0, and A = S./6,,.
Through simultaneous Egs. (2.5), the solution can be
€q = d1e + do P, 4+ d3 P, Ew = dge + ds P, + dgP,, (27)
where
d = a122az3 — a13a23 dy = — 04033 ds = 2—¢9wa23
G353 — A220G33 a53 — A220G33 a53 — A220G33
a12a22 — 12023 —0qa23 Owaoo
gy = 3 dy = —5 02 dg = ——w92
G53 — A220G33 a53 — A220G33 G353 — 22033

Take divergence on both the left and right-hand sides of Egs. (2.1), and substitute Egs. (2.7)
into it, then the coupled diffusion equation can be obtained

OP 0P, Oe 0
dy—=2 +d3—=2 + (dy — 1) = =2 V2P,
25 T +(dy )615 an (2.8)
OP, 0P, Oe 0 '
ds—=2 4+ dg—=2 + (dg — 1) = =2 V2P,
s T Tl g R22v

Substitute Egs. (2.7) into Eq. (2.6) to eliminate &, and &, the total stress expression can
be obtained as

U:2G€+(H16+H2PQ+H3P1U)(S (29)
the coefficients in Eq. (2.9) are

2
Hy =an — gG + Ajar2 + Asaiz + (a2 + Arage + Asags)dy + (a13 + Arags + Asass)dy
Hy = (a12 + Arags + Azasz)ds + (a13 + Arass + Asasz)ds
Hs = (a12 + Arage + Agazz)ds + (a13 + Ajags + Azass)ds

Finally, by combining Egs. (2.1)3 and (2.9), a balance equation expressed by skeleton dis-
placement, pore pressure and pore water pressure can be obtained

GV?u, + (H, + G)Ve + HVP, + H3VP,, = pii, (2.10)

Based on the above derivation process, it is found that Eqgs. (2.8) and (2.10) are three
phase-coupling partial differential equations, which can be used to describe the consolidation of
unsaturated soil.
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3. Analytical solution of the one-dimensional dynamic consolidation problem

Consider the unsaturated soil layer as shown in Fig. 1, where thickness of the soil layer is A, and
there is a dynamic load f(t) acting on the surface, ey; = €y, =0, e = €., = Jw/0x.

zA

EEENIIREEY

Permeable surface

h Unsaturated soil layer

2=0 Permeable surface

Fig. 1. Calculation model of unsaturated soil under the dynamic load f(t)
So control Egs. (2.8) and (2.10) can be written as

P, 9P, &P,  9f(t)

W T~ Ty (31)
O, | OPy _, Py 01
By TUTe T g2 TRy
and
ow f(t) Hy Hj
gw _ - P, — P, 2
0z 2G+H1 2G+H1 2G+H1 (3 )

where by /q4 represents the diffusion coefficient of pore water pressure, called the consolidation
coefficient, and is often expressed by the symbol ¢,. The coefficients q1, g2, q3, q4, b1, b2, V1, V2
are respectively

Hy(dy — 1) Hy(dy — 1) Ho(dy — 1)
N Ye =% 0, =% 0T H,
Hy(dy — 1) 0, 0,
1 ) by = by = 2
“=9% " o, T R, >~ Ry
d -1 d-1
NS Hy 2501 H,

Since the exhaust and drainage cannot be completed at the moment of applying the dynamic
load f(t), it is considered that the content of water and gas remains the same. From Egs. (3.1),

we get
(5 0t
0P, 0P,
bj—— dt = | bo—— dt = .
[ a= [ 0s

The formula: integral limit 0 and 0T, respectively, represents the time before and after the
load is applied.
From Eq. (3.2), we get

aw(z,OJr) f(t)OJr H2 H3
= — — P, — P, 4
0z 2G+H, 2G+H, * 2G+H; " (3.4)
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Combining Egs. (3.3) and (2.8), we find

dw(z, 0%
ul—1yﬂ%%—l+dﬂ%@¢ﬁ)+d¢%@¢ﬁ):o

(3.5)
dw(z, 0"
(@—Ul%jl+%&uﬂﬂ+%a@ﬂﬂzo

Substituting Eq. (3.4) into Egs. (3.5), respectively, the initial conditions of the problem can
be obtained as

Pa(zv 0+) = Tlf(t)OJr Pw(zv 0+) = 742]0(15)07L (3'6)
where
o (1-dy)ge— (1 —di)pu

vy — (1—di)gz — (1 —ds)qn
(2G + H1)(q194 — q243) (2G + H1)(q194 — 9243)

Assume that the soil layer can both drain and exhaust on both sides at z = 0 and z = h
and the boundary conditions are

P,(0,t) = P,(0,t) =0 P,(h,t) = Py(h,t) =

(3.7)
Without loss of generality, it is assumed that the pore gas pressure P,(z,t), pore water
pressure P, (z,t) and the Fourier series form 0f(t)/0t are

Z P, (t)sin(A,2) Z Py (t) sin(A,2) (3.8)
and

(e o]

Z B, (t) sin(\,2)

(3.9)
where \,, = mn/h, P,,, Py, and B,, are functions related to time ¢

Combining Egs. (3.8) and (3.1), we get

0.]

Z [Q1Pc/m(t) + qQPém(t) + bl)‘?’bPan(t)] Sln )‘ Z =N Z Bam Sln )

! (3.10)
> a3 P5, (1) + a3Pl () 4 baX) Py (1)] sin(X, 2) w}j&m sin (A
n=0

m?)

Using the orthogonality of trigonometric functions and Eq. (3.1), we can see that the number
of terms in m and n are equal, so that we obtain

qch/m(t) + q2Pl/UTL(t) + bl)‘%Pan(t)

= 'YlBan(t)
q3Pc/m(t) + q4P1/u

(3.11)
Considering the initial conditions in Egs. (3.6), integrating Eqgs. (3.8) one arrives at
Punl0) = an( Jor 1.~ cos(n)
P,n(0) = —rgf

(3.12)
o raf (o [1 = cos(nm)]
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Using Laplace integral transformation, Egs. (3.11) can be written as follows

Pan(s) — i 5qq + b2)\% —5G2 q1 92 Pan(o)
Pun(s) X —5q3 sq+ X2 | |g3 qa| | Pun(0)
(3.13)
LA —sa Y1 Ban (s)
—5q3 sq1 + bl)\% ’YQBwn(S)
where X = As? + A7 (b1gs + baq1)s + biba Ay, and A = q1q4 — gags.
Solving Eq. (3.13), we get
s boX2q1 B baga X2 By
Pan = 5 . olan 0 L an 0 L Pwn 0
O =g Ot g a0 Tag g )
QN s bo X2y By @2 s
— By
A sy @Ot g Ay g o) = TR g B ) (3.14)
bigsA2 By biA2qs B '
Pwn - Pano Pwno Pwno
(5) = 2P Pan(0) + i Panl) + 5 PO
Mgz s Q172 s Yo A2 B,
2 2y i)Y TR g B ¥ 15y g Buene)

where 32 = (1/A)A2(b1gs + baq1)s + (1/A)bibo ;.
Using Laplace inverse transformation, Eqs. (3.14) can be expressed in the time domain

Pun(t) = Pan (0) cos(Bnt) + bzq”" Pun(0) sin(But) + bQAqZA” Pun(0) sin(B,1)
+ Q4—A’Y1 cos(Bnt) Ban (t) + bz’n % sin(G,t) Ban (t) — Q2_A’Y2 cos(Bnt) Bun(t)
ndl (3.15)
Pun(t) = blAqZA” Poan(0)Sin(But) + Py (0) cos(Bat) + blﬂq4)\”P (0) sin(B,1)
_ Q3_A’y1 cos(,t) Ban (t) + % cos(Bnt) Bun(t) + 5151722 sin(B,t) Bun(t)

Combining Egs. (3.2), (3.8) and (3.15), the settlement expression of the unsaturated soil
layer under any dynamic load can be finally obtained

h
B ow ., Hy X1—cos(nn) f(t)h
S = o: = 2a nzo e O+ 3G Hy (3.16)
Hy & 1—cos(nm) '
2 5

Py (t)

4. Numerical example analysis

As a numerical example, consider the following simple harmonic load on the surface of the soil
layer

*

f(t) = 7[1 + cos(wt)] (4.1)

where P*/2 and w, respectively, represent the amplitude and frequency of the harmonic load.
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Then the analytical expression of settlement deformation is

B ow ., Hy 51— cos(nn) P*h|[1 + cos(wt)]
S = / 9z = 2G + Hy Z:O An an (?) 2(2G + Hy)
0 n= (4.2)
H; 1 —cos(nr)
P
* 2G + Hy nz::() An wn(t)

The specific expressions of each variable in Eq. (4.2) are shown in Appendix A.

The one-dimensional consolidation equation of unsaturated soil considering the pore liquid
phase and pore gas phase and their mutual coupling effects is derived and solved by the Laplace
transform. Numerical analysis is carried out on the present calculation example under the action
of a simple harmonic load. The law of influence of the excitation frequency, initial saturation
and depth on the one-dimensional consolidation deformation and characteristics of unsaturated
soil is discussed. Among them, physical characteristic parameters of unsaturated soil used in the
numerical examples, such as elastic coefficient, matrix suction and permeability coefficient of
the fluid phase are all related to saturated soil. Therefore, the expressions of specific parameters
are detailed in Appendix B. When considering a one-dimensional unsaturated clay layer, the
calculated parameter values are shown in Table 1.

Table 1. Basic physical parameters of clay

‘ Parameter type ‘ Symbol ‘ Numerical value
Porosity % 0.475
Fitting parameter ¢ 1.168 m~!
Fitting parameter n 1.165
Inherent permeability ks 1.699 - 10~ 4 m?
Shear modulus G 2.4 -10° Pa
Gas bulk modulus Ky 1.45 - 10° Pa
Bulk modulus of water Ky 2.25-10° Pa
Solid bulk modulus K 3.5-10'0 GPa
Consolidation bulk modulus K 4.5-10° Pa
Density of water Pw 997 kg/m3
Coefficient viscosity of gas m 18- 10~ %Pa-s
Coefficient viscosity of water 7o 0.001 Pa-s
Acceleration of gravity g 9.8 m/s?
Pore connectivity parameter 7 1.165

Figure 2 shows the influence of the excitation frequency on deformation under different initial
saturations. Figures 2a,b,c and 2d are change curves of settlement under different excitation
frequencies when the initial saturation S, is 0.65, 0.75, 0.85 and 1,00, respectively. In addition,
dimensionless depth, dimensionless pore water pressure and dimensionless time are defined as
z/h and T = (c,/h?)t. Firstly, the settlement curves under different saturations are discussed
separately, and it is found that when the excitation frequency is O Hz the settlements show
a steady development, which is shown as a consolidation curve under a constant load. When
the excitation frequencies are 0.1 Hz and 10 Hz, the settlement curves show obvious dynamic
load characteristics, and with an increases of the excitation frequency, the transient response
frequency of the settlement also accelerates.

By comparing the calculation results of the initial saturation S,, of 0.65, 0.75 and 0.85 in the
unsaturated state with the calculation results in the saturated state (S, = 1.00), it is found that
when the excitation frequency w = 0 Hz, the time for saturated soil clay to reach consolidation
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Fig. 2. Influence curves of the frequency on deformation under different saturations: (a) S, = 0.65,
(b) Sw = 0.75, (¢) Sy = 0.85, (d) S, = 1.00

stability is significantly longer than that for unsaturated soil clay. When the excitation frequency
w is 0.1 Hz and 10 Hz, the amount of sedimentation at a certain moment decreases with an
increase of the initial saturation. In addition, the transient response lasts longer in saturated
clay, while the initial saturation is higher, the transient response will disappear more quickly in
unsaturated clay. All in all, the value of settlement under the constant load (w = 0) is always
greater than that under the cyclic load (w > 0). However, for the settlement under the dynamic
load it is difficult to maintain stability during the load-bearing period, and the effect of saturation
on consolidation deformation is also significantly far from the load frequency.

Figure 3 shows the change curve of pore water pressure P,/P* along the soil depth z/h
when the dimensionless time 7" is 107°, 1073 and 10!, respectively. Figures 3a,b,c and 3d
show the distribution curve when the initial saturation is 0.65, 0.75, 0.85 and 1.00, respectively.
In addition, the dimensionless frequency is 2 = wh?/c,, and the dimensionless frequency is
calculated £2 = 107 according to specific conditions.

It can be observed from Fig. 3 that under the unsaturated condition, the pore water pressure
in the area near the top and bottom of the soil layer has different degrees of oscillation, but this
situation does not appear in the saturated state. The reason for this phenomenon is that the
frequency of the applied dynamic load is different for different saturation, which causes a change
of pore water pressure at the boundary. At the dimensionless frequency 2 = 107, when the
saturation S, is 0.65, 0.75 and 0.85, the corresponding excitation frequencies w are 0.013 Hz,
0.042 Hz and 0.114 Hz, respectively. When the soil is saturated, the corresponding excitation
frequency w is 857 Hz. Therefore, given a dimensionless frequency due to the difference in soil
saturation makes the excitation frequency vary greatly. This phenomenon strongly depends on
the size of the excitation frequency.
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Fig. 3. Distribution law of pore water pressure and depth under complex conditions: (a) S,, = 0.65,
(b) S =0.75, (c) Sy = 0.85, (d) S, = 1.00

5. Conclusion

Based on the theory of porous elastic media, an effective stress formula of unsaturated soil ex-
pressed by suction stress is adopted, and a analytical solution of one-dimensional consolidation
of unsaturated soil under dynamic load is obtained by the Laplace transformation. In addition,
specific numerical analysis and discussion of one-dimensional consolidation behavior of unsatu-
rated clay under specific boundary conditions of a simple harmonic load are carried out. It is
clear that the excitation frequency of the simple harmonic load and the initial saturation of the
soil affects consolidation settlement. The results show that the settlement of soil under the con-
stant load is always greater than the settlement under the dynamic load. For the dynamic load,
the settlement at a certain moment decreases with an increase of saturation, and the transient
response under the dynamic load is also closely related to the load frequency and saturation.
Moreover, pore water pressure exhibits an obvious oscillation phenomenon in the area near the
drainage boundary and an oscillatory trend in the unsaturated soil under the dynamic load.
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Appendix A
The Fourier coefficient of a simple harmonic load Eq. (4.1) is

By () = Zoloostmm) = 1} ooty = v, sin(wt)

mi

Combine Eq. (3.15) to get

Pon(t) = (D1 + G1)e™ "t 4 (Dg + Go)e™ 2t 4 G5 cos(wt) + G sin(wt)
Pun(t) = (D3 + G3)e™ N + (Dy + Gy)e™ %! 4+ Gy cos(wt) + Ggsin(wt)

The coefficients in Eqs. (A.2) are

(A.2)

A2 (qiba + qub 1 4b1b
C1 = 7(%4'\/24'(%624-6]451)2— Z2>
A2 (qiba + qub 1 4b1b
Co = 7(% - \/Z+(Q162+CJ461)2— 22>
b )\ by 2
Dy = [ (C1 q102 ) q202 nPwn 0)}
b
Dy = [P (‘“ 2) 4 272 ”Pwn (0)]
Q4b Q3bl n
Ds = 01 [P 0)(Cr — ) Pon(0)]
qubi\? Q3bl>\n

D4 Cl { ( A C2) + Pan 0)}
G = wMQ - ClMl Gy — CQMl - wMQ

"G - OD(CT W) LT (G- O)(CE W)
G — wM4 - ClMg Gy — CQMg - wM4

PTG - (O W) (G- O)(CE )
. — Ml(Cng — w2) — wMg(Cl =+ CQ) G — le(Cl + Cg) =+ M2(0102 — w2)

° (C2 + W) (C2 + w?) 0 (C2 + W) (C2 + w?)
G — Mg(Cng — w2) — wM4(Cl =+ CQ) G — Mgw(Cl + Cg) =+ M4(0102 — w2)

’ (C2 + w?)(C2 + w?) 8 (C2 + w?)(C2 + w?)

where
Yon — @2Yun)w b )\%Yan Yun —
M, = ((I4 ACJQ ) M, = 2 - My = (Ch ~
Appendix B

In the model of unsaturated soil, the relationship among physical, mechanical parameters and

the saturation is as follows.
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Coefficient of linear elasticity (Lo et al., 2005)

K
aj; = FZ {(1 = @)N1[K1 K3 + K1 N3Sq + KaNa(1 — Sg)]

—i—KbKS(p[Kl(l — Sa) + KQSl + Ng]}

B _ N1KK1S.(K3 + Na) B  N1K pK3(1 - S,) (K1 + No)
a2 = a1 = N a13 = a3zl = N
3 3
_ KiSor, No KyN1 Ny
agy = N [KSSO(K2+S—G) +T(1—Sa)}
Ky KpSa(1 = 8,)(N1 Ny — pK)
a3 = 432 = — Ns
Kg(l — Sa)(P 9 N2 KlNlNQSa
= B2 PP TR, (i
33 N [8¢(1+1—&)+ 1-S, }

where K} is the bulk modulus of the soil skeleton; Ky, Ky and K, respectively represent the
bulk modulus of air, water and solid soil particles. Among them, the parameters N1, No and N3
are defined as

dpe
"dsgsbu"_sh) (B.1)

N3 = Ny [K1N2S, + K1 Ky + KoNy(1 — So)] + K2[K1(1 — S,) + No + K38,]

leKs(l—gO)—Kb N2

where p, is the suction matrix. In the V-G model (Genuchten, 1980)
Se = [1 + (ChC)n]_m (B-Q)

where n, m and ( are fitting parameters, m =1 — (1/n).
Combining Eq. (B.2) the expression for Ny can be obtained

(B.3)

w SaSw [(1=8.  Su \Um U1 1-8, S, \-1-1/m
R ) )

T omnC S, — S, I\S, -5, S, — S, S;—S, S,— 5,
The relative permeability of pore gas and water (Wang et al., 2017) is

2

kro = (1 - Se)(l - %)27’” kro = Sg [1 - (1 - %)m‘| (B4)

where n represents a parameter related to pore connectivity.
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In this study, abnormal vibrations of 1 pump fluid in a crude oil efflux station in the
Changqing Oilfield was investigated. Kinetic simulation was applied to flow fields in the
crude oil efflux pump using Ansys to determine trends of the impeller static pressure, speed,
total pressure, wall pressure of the impeller, outlet pressure and pressure on the pump shell
and to identify the reasons behind the abnormal vibrations. The results indicated that the
axial vibration amplitude of the pump could be reduced from 1.3 mm down to 0.68 mm if
the operation parameters of the external control oil pump were set as 2500-2550r/min and
325-335m? /h, respectively.

Keywords: abnormal vibrations, internal flow field, Ansys

1. Introduction

Impellers of a centrifugal pump are typically subject to highly complex 3D flows. Here, the
fluid speed is distributed over several orders of magnitude; unidirectional flows and cross flow
of multiphase flows are observed; separated flow, backflow and secondary flow also occur due
to the effects of impeller rotation and surface curvature. As a result, fluid flows in an impeller
can be extremely complicated (Shen, 2007). Considering the immaturity of existing testing
methods, several researchers have used computational fluid dynamics (CFD) to numerically
simulate characteristics of internal flows in the impeller of a centrifugal pump for impeller
modeling and design, which has become an important research method in the modern pump
technology (Chen et al., 2014; Yu, 2008). Majidi (2005) solved an unsteady 3D viscous flow in
the impeller and volute of a centrifugal pump using CFD methods. Benra and Dohmen (1966)
investigated an unsteady flow field of a single-blade centrifugal pump using numerical simulation.
The results showed that the lift increased in direct proportion with the flow. Boehning et al.
(2011) investigated the effects of the volute structure on the radial force of a blood pump by using
transient numerical methods. The results showed that a dual-volute structure could effectively
reduce the radial force compared with the circumferential volute. Barrio et al. (2011) calculated
the radial force of the impeller of a centrifugal pump under undesigned flow conditions by using
a transient numerical method and found that the radial force was 40-70% of that under steady
conditions, while the radial force under unsteady conditions was closer to the experimental
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results. Mele et al. (2014) investigated correlation of vibrations and unsteady flows in a pump
under different speeds using both experimental and simulation methods. The results showed that
flow-induced vibrations increased with increasing pump speed and were significantly related to
pump efficiency.

In this study, the speed and pressure variations were simulated, and by combining the sim-
ulation results with the vibration condition of the centrifugal pump during operation, a flow
range that could reduce vibration was obtained to guide the actual production.

A crude oil pump group consists of feeding pumps, efflux pumps, heating furnaces, oil storage
tanks, reverse feeding pumps and other components. The two feeding pumps and three eflux
pumps were double-suction centrifugal pumps purchased from the Hunan Tane Ocean Pump Co.,
Ltd. (China). The oil pump had a lift of 480 m, a flow of 500 m?3/h, a rated speed of 2980 r/min,
a maximum allowed working pressure of 8.8 MPa, a bearing model of 7316B/DB, and a rated
motor power of 800 kW. To increase the pump lift, 1 feeding pump worked in tandem with 1 and
2 efflux pumps during the operation of the pump group. The actual working speed and flow of
the efflux pumps ranged from 2400 to 2750 1/min and about 350m?/h, while the rated speed
and flow of the eflux pumps were 2980 r/min and 500 m?/h, respectively.

The three efflux pumps at the oil eflux station were put into operation on September 15,
2015, and the accumulated operation time until the end of June 2019 was 23,835 hours for 1 efflux
pump, 25,511 hours for 2 eflux pump and 23,509 hours for 3 efflux pump, all of which have
been operating alternately for nearly four years. For 1 efflux pump, cavitation occurred during
operation, the impeller in the pump shell had indications of being subjected to cavitation, and
there was obvious crackling sound from the inside. Uninterrupted monitoring for the past five
years indicated that vibration at the low-pressure end of 1 eflux pump has become increasingly
large, and the transient vibration tested on February 24, 2020 exceeded 9.0 mm/s. After the
mode of operation was adjusted using different methods, the vibration perpendicular to the
axial direction at the low-pressure end of the pump often exceeded 7.1 mm/s.

With regard to vibrations of an oil pump, this paper proposed a rational speed and flow
range using Ansys based on the change law of the flow field and fluid pressure in the pump, to
guide the actual production and reduce the vibration amplitude of the pump so as to ensure
unhindered production.

2. The pump model

2.1. Geometric parameters of the pump model

A double-suction centrifugal pump was used as the model in this study. This pump had a
designed flow of ¢, = 500 m? /h, designed lift of H = 480 m, designed speed of n = 2980 r/min,
specific speed of ng = 40, designed efficiency of n = 78%, blade number of z = 6, impeller inlet
diameter of Dy = 180 mm, impeller outlet diameter of Dy = 541 mm, and impeller outlet width
of by = 21.1 mm. Additionally, ¢, = 357m?/h, and speed n = 2554 r/min.

2.2. Meshing of the pump model

The centrifugal pump model was simplified using SolidWorks 2019 and fluid domains were
selected in SpaceClaim. Figure 1 shows the established model.

The model consists of inflow runners, rotors, guide vanes, volutes, outflow runners and other
components. To ensure the overall quality of the mesh a