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Jerzy Mrozowski, Jan Awrejcewicz, Bartłomiej Zagrodny, Michał Ludwicki
Lodz University of Technology, Faculty of Mechanical Engineering, Lodz, Poland

The main aim of the article is to define a criterion of dynamic stability based on the Flash-
-Hogan principle and the ZMP method. The gait researches were focused on analysis and
observation of the human biomechanism with the optical system Optitrack. The smooth
reference trajectory is defined forming a stability pattern. The optimal, due to the minimum
jerk criterion, ZMP trajectory is illustrated in the results Section in order to demonstrate the
dynamic stability pattern for the needs of rehabilitation in cases of neuromuscular damage
or injuries affecting gait stability.

Keywords: biomechanical stability, jerk, Flash-Hogan principle, ZMP, Optitrack

1. Introduction

Stability is the ability to retrieve the state of equilibrium lost as a result of existing destabilizing
factors. Loss of stability may be caused by incorrect setting of the foot, impaired control of
movements in joints of the lower limb, wrong construction of lower limbs, but also the appear-
ance of a slip phenomenon when foot touches the ground. Maintaining stability requires active
involvement of biological motors (actin-myosin systems). The effect of the neuromuscular process
is a human gait. An important biomechanical criterion for a human gait is dynamic stability.
In biomechanical studies of the equilibrium state, cases of postural stability and locomotion of
a human motor system are analyzed. Postural stability is related to a static issue. A biomech-
anism, by definition, is posturally stable when the projection of its mass center on the support
surface is within the designated polygon. The gait, being the subject of work deliberations, is a
two-legged and behavioral motor activity occurring with the interaction of human nervous and
muscular systems.
Locomotion studies are conducted after adoption of various definitions of stability due to

the diverse interpretation of the equilibrium state. A number of methods have also been defined
to formulate the criterion of dynamic stability. The most important methods are: ZMP (zero
moment point), FRI (foot rotation indicator) and CMP (centroidal moment pivot). In some
work, the author assumes that dynamic stability can be determined on the basis of the ZMP
method, in a combination with the minimal jerking theory formulated by Flash-Hogan (1985).
According to Flash and Hogan, the optimal trajectory characterized by smoothness can be
obtained by minimizing the integral criterion, which includes in itself a function of the square of
the jerk, which is the third derivative of the displacement. Obtaining such a result for the ZMP
trajectory makes it possible to achieve its smoothness.
The biomechanical criterion of dynamic stability in the work is formulated as: a human

biomechanical system or biomechatronic human with an exoskeleton is dynamically stable while
walking if the time integral has been minimized from the square of the jerk function point of
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the ZMP, specified by Flash and Hogan, and the ZMP point is inside the support polygon.
Acceptance of the above criterion ensures no jerks in the trajectory of the ZMP, which means
lack of the jerk in the biokinematical chain during the walk. The method for solving the case
when the minimum ZMP trajectory is not inside the support polygon is to use an algorithm for
controlling the dynamics of the biomechanical system with an exoskeleton, which will prevent
such a situation or will cause the ZMP trajectory to return inside the support polygon.

The presented work is associated with a significant number of important scientific views.
Researchers at various scientific centers have appointed multi-aspect methods for determining
the dynamic stability of a gait to find out the properties of the biomechanical system precipitated
from the equilibrium. In 1968, Miomir Vukobratović proposed a dynamic stability criterion for
bipedal robots, which was applied sixteen years later to construct a WL-10RD biped robot
in order to control its dynamics (Vukobratović and Borovac, 2004). The article gives various
interpretations of the ZMP method. An elementary work in determining the stability for bipedal
robots using the ZMP method is in the work (Vukobratović and Juričić, 1968). The examination
method of static (postural) stability, defined as GCOM criterion in reference to the ZMP method,
was analyzed in the work (Mrozowski et al., 2008) by using an optical system consisting of two
perpendicularly arranged cameras. The graphs show the course of ZMP and GCOM trajectories.
In the following work, it is proposed to increase the accuracy of measuring the trajectory of the
spatial model using six digital cameras and the Optitrack system.

The use of three principles of determining the dynamic stability, i.e. ZMP (zero moment
point), FRI (foot rotation indicator), CMP (centroidal moment pivot) in robotics and biome-
chanics of gait is described in a complex way in the work (Popovic et al., 2005).

The works (Bruijn et al., 2012; Gouwanda and Muraledharan, 2012) describe the dynamic
stability of a gait based on analysis of the maximum of Lapunov’s exponent. The normal gait
and a gait with an attached knee orthosis joint were examined. Gyroscopic sensors connected
to s computer using a wireless network were used to measure the trajectory. These sensors are
an alternative to optical systems because during a gait test, however, it is compulsory to make
numeric integration of the measurement signal.

Analytical formulas defining dynamic stability based on the correlation of the trajectory of
the generalized center of gravity and the trajectory of the assumed points of the feet during
normal walking were also introduced (Antipov et al., 2018).

The application of the finite difference method for approximation of time derivatives of the
displacement during gait is described in the work (Ilewicz and Wojnarowski, 2012). Papers
(Zatziorsky, 1998; Zatziorsky and Seluyanov, 1983) present some ways of obtaining the mass
parameters of the human body.

Modeling of human walking patterns has been described in work (Kazemi and Ozgoli, 2019).
In this report, Pontryagin’s minimum principle was applied in order to obtain a smoother tra-
jectory.

The key studies in the area of minimum jerk are the papers (Flash and Hogan, 1995; Flash
et al., 2003).

Engelbrecht (2001) describes the use of mechanical minimum principles in a motor control.
It describes the principle of Flash-Hogan’s minimum jerk and the principle of Uno’s minimal
change of the moment.

The application of the minimum jerk principle and the minimum moment principle are shown
in the article (Fligge et al., 2015). The methods discussed were used to find a way to generate
a trajectory for a biped robot.

The principle of minimum jerk was used, stating that the trajectory of minimum jerk move-
ment on the surface of a sphere should be geodetic. A mechatronic robot for studying the
interaction of a human-machine system was used in the study (Sha et al., 2006).
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The simultaneous use of the ZMP criterion and the minimum jerk to generate a smooth
trajectory of a bipedal robot is described in (Suleiman, 2016).
Arisumi et al. (2008) dealt with problems of dynamic stability related to transport of objects

with the use of robotic systems. In the article (Xiang and Arefeen, 2020) an optimization problem
of the dynamic human system and the load being lifted is described.
The aim of this work is to achieve s criterion of dynamic stability based on the Flash-

-Hogan principle and the ZMP method. The accepted criterion is universal for various gait cases,
however, its usefulness in the case of a gait with the assistance of a supporting exoskeleton is
particularly evident. A premise for the adopted goal is to say that the optimization of human
body movements is a difficult issue that can be accomplished by using a supporting exoskeleton
with an optimal ZMP trajectory generator. It is also stated that the movement along a smoother
ZMP trajectory reduces wear of the musculoskeletal system, thus the exoskeleton with the
applied trajectory of the optimal ZMP can be used for early rehabilitation of injured patients.
Scientific researches (experimental and numerical) were carried out to seek for the criterion of
dynamic stability.

2. Materials and methods

The article focuses on obtaining a new method for determining dynamic stability. It was assumed
that the criterion sought would be based on the ZMP method. Coordinates of the ZMP point
on the surface were obtained on the basis of an experimental study using an optical system.
It is then demanded from the trajectory generator that the generated trajectory of the ZMP
point would be as smooth as possible. The above assumption will be fulfilled by using one of
the principles of the minimum mechanics of the so-called Flash-Hogan’s jerks theory (Flash and
Hogan, 1985). The principle resulting from this theory is called the principle of the minimum
jerk. A series of experimental tests were carried out with the usage of the Optitrack research
equipment consisting of six digital optical sensors in order to register the motion. The image
from optical sensors was recorded at 120Hz. Despite the right preparation of the experimental
environment, it was necessary to correct the obtained trajectories by interpolating the appearing
discontinuities (their cause was a momentary lack of visibility of the marker by the optical
system) in positions by using parabolic polynomials. To determine the trajectory of the ZMP
point, Ha and Choi’s model (Ha and Choi, 2007), consisting of the lower limbs and torso was
used

XZMP (t) =

∑5
i=1mi(ÿi + g)xi −

∑5
i=1miẍiyi

∑5
i=1mi(ÿi + g)

ZZMP (t) =

∑5
i=1mi(ÿi + g)zi −

∑5
i=1miz̈iyi

∑5
i=1mi(ÿi + g)

(2.1)

where: mi is mass of the link i, x, y, z are coordinates of the center of the mass of the link i.
A criterion of dynamic stability was proposed, based on finding the minimum of the function

of the square of jerk for the trajectory of the ZMP. Such an assumption gives an opportunity to
state that the optimal trajectory can be found, therefore, there is no unexpected displacement
of the ZMP point on the walking surface. This corresponds to minimal jerks of the human
biokinematical chain and minimization of the usage of the musculoskeletal system. The jerk is
referred to as the third displacement derivative. It informs how fast the force will change over
time according to the equation

∂F (ẋ, x, t)

∂t
=
ẍF

∂ẋ
+
ẋ∂F

∂x
+
∂F

∂t
= mj (2.2)

where x is displacement, ẋ – velocity, ẍ – acceleration,
...
x = j – jerk, m – mass.
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To determine the trajectory of the minimum ZMP jerk, one of the minimum mechanical
principles developed by Flash and Hogan (1985) is used. It postulates that the integral

t∫

0

...
x 2 dt→ min (2.3)

where
...
x is jerk of ZMP point, reaches the minimum value. Then, the optimal trajectory of

the ZMP point is achieved. Most researchers, dealing with motor control, believe that this
principle reflects biological utility of the biomechanism. After solving Euler-Lagrange’s equation,
the smooth trajectory equation of the ZMP point is obtained

x(t)ZMP = c5t
5 + c4t

4 + c3t
3 + c2t

2 + c1t+ t0 (2.4)

where ci are polynomial coefficients.
Polynomial coefficients (2.4) are gained from the equation












0 0 0 0 0 1
t5 t4 t3 t2 t 1
0 0 0 0 1 0
t4 t3 t2 t 1 0
0 0 0 1 0 0
t3 t2 t 1 0 0























c5
c4
c3
c2
c1
c0












=












a
b
0
0
0
0












(2.5)

where a, b are boundary conditions.
Todorov-Jordan’s algorithm is a numerical modification of the theory given by Flash-Hogan

and describes the problem of optimal control assuming various cost functions such as maximizing
smoothness by minimizing jerks. Todorov and Jordan used a numerical approach to obtain
velocity profiles in perfect harmony with the experiment. Their numerical algorithm is based
on minimizing the jerk along the trajectory. The algorithm assumes that the trajectory of the
ZMP point is given, and only space of velocity profiles is minimized. The Flash-Hogan algorithm
requires both trajectory and velocity to be calculated. Details of Todorov-Jordan’s algorithm
are given in (Todorov and Jordan, 1998).

3. Results

Based on Todorov-Jordan’s algorithm, the important trajectories were obtained in the Matlab
environment. The trajectories of the ZMP point during normal gait of various qualities obtained
by the optical system are illustrated in Figs. 1 to 3. The trajectories of the minimum jerk shown
with the red line are the trajectories that give the result of minimal jerks of the biokinematical
chain during the gait. During the gait with an exoskeleton, some jerks may appear during
realization of the rehabilitation algorithm (braking, acceleration), whose influence on the ZMP
trajectory can be leveled based on the Flash-Hogan principle and the used algorithm. This gives
a positive effect of the smooth and rhythmic movement of the patient in the exoskeleton.
The used algorithm also gives the possibility of global smoothing of the ZMP trajectory

for various smoothing filter coefficients while minimizing the jerk phenomenon (Todorov and
Jordan, 1998; Meirovitch et al., 2016). Figures 1 to 3 illustrate the smoothing for a variety of
smoothing coefficients λ. For λ = 1, the trajectory is a straight line and it strongly deviates
from the trajectory of the minimum jerk. By increasing the value of the smoothing factor, it
increases the accuracy of matching the optimal trajectory to the ZMP trajectory points. Figure 2
illustrates the ZMP trajectory for the coefficient λ equal to 12. There is an improvement in the
smoothness of the ZMP trajectory.
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Fig. 1. Optimal ZMP trajectory for the coefficient λ = 1

Fig. 2. Optimal ZMP trajectory for the coefficient λ = 12

For the value of the lambda smoothing filter equal to 36 (Fig. 3), a simultaneous effect of
minimizing the emerging or might occurring jerk and matching the smoothed trajectory to the
trajectory of the ZMP is obtained, whereas the trajectory becomes smooth.

Fig. 3. Optimal ZMP trajectory for the coefficient λ = 36

The errand of the optimal ZMP trajectory to the exoskeleton control system will allow one
to obtain better dynamic characteristics of the biokinematical chain during the gait. This will
also result in increasing the coordination of the structure of human movements. From the point
of biomechanics, it is stated that the movement on the optimal trajectory will minimize the
usage of the musculoskeletal system. Undoubtedly also, for this reason, it can be applied to the
exoskeleton control system for the early rehabilitation of injured patients.

4. Discussion

The obtained model determining the dynamic stability criterion can be added to the structure of
the exoskeleton control system and enable smooth, rhythmic and coordinated gait by a smooth
regulation of servomotors that drive individual degrees of freedom. Obtaining such an effect will
give favorable effects of rehabilitation enabling the rehabilitated patient’s gait to be adjusted with
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the help of an exoskeleton to the predetermined ZMP patterns, which can be described as optimal
or, from a medical point of view, to be correct. The conducted research works made it possible
to determine the innovative criterion of dynamic stability on the basis of Flash-Hogan’s jerk
principle. The adopted dynamic stability criterion specifies that human biomechanism during
gait is dynamically stable in the case when the integral function, containing the square of the
ZMP point jerk, is minimized and the ZMP point is within the designated support polygon. The
trajectory of the ZMP point, after obtaining the minimum of integral criterion (2.3), becomes
smooth and no jerks are observed in it. The obtained method of determining the dynamic
stability gives the possibility to apply it to the exoskeleton control program, therefore, it is
a significant innovation in relation to the exoskeleton control models created in research and
development centers around the world. The obtained effect also gives the possibility of using it
in the process of rehabilitation of patients, due to the fact that after applying the algorithm to
the exoskeleton control system, the rehabilitated patient’s movement can be forced in trajectories
of various smoothness and thus, achieve the desired therapeutic effects. Not without significance
is also the fact that the movement along the optimal trajectory will minimize wear of the
musculoskeletal system, so that the exoskeleton could be used for early rehabilitation of the
patient after the operation or injury.

5. Conclusions

The work proposes an innovative formulation of the criterion of dynamic stability. The outcome
of applying Flash-Hogan’s minimum principle is an optimal trajectory of the ZMP point, for the
integral squared jerk criterion. ZMP trajectories that deviate from the trajectory of the minimum
jerk and those which are not inside the support polygon are not being considered to be optimal
dynamic, so that the criterion of dynamic stability defined in this work is not met for them.
Optimality of the ZMP trajectory reflects the lack of jerks in the biokinematic chain during a
human walk. Conducting rehabilitation activities can be used to move toward the trajectory of
the ZMP of a patient with a damaged nervous system or trauma of the musculoskeletal system
to the given optimal trajectory. Rehabilitation research, which may be conducted in the future
using this criterion, rely on determining the optimal ZMP trajectory and the patterns that allow
gradual approach to its quality. It is evident that this type of rehabilitation can be carried out
with the help of an exoskeleton that emables sooner return to normal dynamic stability during
the gait. The function of this interactive medical robot with a rehabilitated patient, after losing
the ability to remain stable, will also take place with the lack of jerks resulting from actions of
the mechatronic system of the exoskeleton during contact with the ground.
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Firstly, in this paper, based on the theory of the porous elastic medium and combined with
the effective stress principle of unsaturated soil, a set of governing equations is established
to describe consolidation of the unsaturated soil. Secondly, an analytical expression under
any dynamic loads is obtained with the help of Laplace integral transformation. Finally,
analysis of numerical examples under specific boundary conditions is made to discuss one-
-dimensional consolidation characteristics under harmonic loads and the influence of factors
on the consolidation characteristics of unsaturated soil, such as excitation frequency and
initial saturation.

Keywords: unsaturated soil, consolidation characteristics, dynamic load, analytical solution,
numerical calculation

1. Introduction

Under an external load, the pore fluid is slowly discharged out of soil, and the process of gradual
compression of soil is called soil consolidation. Consolidation characteristics of soil under complex
conditions are of great significance to the actual construction process and operation stage of a
project. For example, due to the effect of vehicle vibration load, long-term consolidation and
deformation of the roadbed has a decisive impact on safety, durability, later operation and
maintenance of the project in highway or railway engineering. Therefore, the ability to describe
accurately the consolidation and deformation characteristics of soil is of great significance to
present engineering.
At present, scholars have done a series of research on the problem of static and dynamic

consolidation of the saturated soil foundation from different aspects (Pan et al., 2006; Xie et al.,
2008, 2014; Toufigh and Ouria, 2009; Wang et al., 2017a,b; Shi et al., 2018). Compared with
saturated soil, unsaturated soil not only contains the solid phase and liquid phase, but also
contains a certain amount of the gas phase. It is widely present in arid, semi-arid areas and
soil above the groundwater level. The research on consolidation of unsaturated soil began in the
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1960s, when Fredlund and Rahardjo (1993) considered the continuity of pore water and pore
gas, and established a relatively complete consolidation equation of unsaturated soil based on
three-phase coupling characteristics. When discussing the problem of one-dimensional consoli-
dation, the pore water dissipation equation is similar to the Terzaghi consolidation theory, but
in the derivation process many assumptions that are inconsistent with the actual situation are
introduced, such as constant total stress and so on. Since then, the analysis of the consolida-
tion of unsaturated soil had achieved a series of results whether in terms of theoretical analysis
(Sheng et al., 2019; Qin et al., 2010; Su and Xie, 2010; Ho et al., 2014; Lo et al., 2016; Wang
et al., 2017, 2018) or numerical simulation (Chen et al., 1999; Yin and Ling, 2007; Huang et
al., 2009; Pedroso and Farias, 2011). However, in the research on the consolidation theory of
unsaturated soil, most of the load forms imposed on the soil are dead loads or cyclic loads. In
contrast, analytical solutions under the action of other dynamic loads are rarely reported in
the literature. Based on the elastic theory of unsaturated porous media, this paper considers
a function of three-phase coupling in unsaturated soil and establishes the consolidation equa-
tion under any dynamic loads. The Laplace integral transformation is used to finally obtain an
explicit analytical solution for the problem of one-dimensional consolidation. Numerical exam-
ples under specific boundary conditions are used to discuss the law of influence of consolidation
characteristics of the soil, frequency and saturation under harmonic loads.

2. Governing equation

Without considering the body force, the momentum balance equation of unsaturated porous
media can be expressed as (Lo et al., 2002)

R11
(∂ua
∂t
− ∂us

∂t

)

= θa∇Pa R22
(∂uw
∂t
− ∂us

∂t

)

= θw∇Pw ∇ · σ = ρüs (2.1)

where ua, uw and us represent the displacement vectors of gas, water and solid soil skeletons,
respectively; θa and θw represent the volume fractions of gas and water, respectively, and there
are θa = Saϕ, θw = Swϕ, where Sa and Sw are the saturation of gas and water, respectively, ϕ is
porosity of the soil; Pa and Pw are pore gas pressure and pore water pressure, respectively; R11 =
−[θ2aη1/ks]kra is the viscous coupling coefficient of the solid phase and gas; R22 = −[θ2wη2/ks]krw
is the viscous coupling coefficient of the solid phase and water, where η1 and η2 are viscosity
coefficients of gas and water, respectively; ks is the inherent permeability of porous media,
kra and krw describe the relative permeability of gas and water, respectively; σ is the total
stress tensor.
Unsaturated soil theory based on the suction stress between solid particles and the effective

stress can be expressed as

σ = σ′ − (Pa + σs)δ (2.2)

where σ′ is the effective stress tensor; σs – suction stress between solid particles, which is a
function related to the matrix suction and other factors, δ – unit tensor. Regarding the expression
of inter-particle attraction, domestic and foreign scholars have given different forms (Lu et al.,
2010; Chen et al., 1993; Jiang et al., 2004). According to current needs, this paper adopts the
suction stress function with an explicit expression (Lu et al., 2010), namely

σs =

{

Pa − Pw for Pa − Pw ¬ 0
−Se(Pa − Pw) for Pa − Pw ­ 0

(2.3)

where Se = (Sw − Sr)/(Ss − Sr) is the effective saturation, Ss – complete saturation, and
Sr – residual saturation.
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Combining the deformation of the solid framework and the pore fluid, the stress-strain rela-
tionship can be obtained (Lo et al., 2014)

σ = 2Ge+
[(

a11 −
2

3
G
)

e+ a12εa + a13εw
]

δ (2.4)

and

−θaPa = a12e+ a22εa + a23εw − θwPw = a13e+ a23εa + a33εw (2.5)

where e = (∇us + ∇uTs )/2 is the strain tensor of the framework; e = ∇us is the volumetric
strain of the solid-phase framework; εa = ∇ua and εw = ∇uw are volumetric strains of gas
and water, respectively; G is the shear modulus of the porous medium; σ is the unit tensor; aij
(i, j = 1, 2, 3) are coefficients of elasticity.
Combining Eqs. (2.2), (2.3) and (2.4), we can get

σ = 2Ge+
[(

a11−
2

3
G+A1a12+A2a13

)

e+(a12+A1a22+A2a23)εa+(a13+A1a23+A2a33)εw
]

δ

(2.6)

where A1 = (1− Se)/θa and A2 = Se/θw.
Through simultaneous Eqs. (2.5), the solution can be

εa = d1e+ d2Pa + d3Pw εw = d4e+ d5Pa + d6Pw (2.7)

where

d1 =
a12a23 − a13a23
a223 − a22a33

d2 =
θaa33

a223 − a22a33
d3 =

−θwa23
a223 − a22a33

d4 =
a12a22 − a12a23
a223 − a22a33

d5 =
−θaa23

a223 − a22a33
d6 =

θwa22
a223 − a22a33

Take divergence on both the left and right-hand sides of Eqs. (2.1), and substitute Eqs. (2.7)
into it, then the coupled diffusion equation can be obtained

d2
∂Pa
∂t
+ d3

∂Pw
∂t
+ (d1 − 1)

∂e

∂t
=

θa
R11
∇2Pa

d5
∂Pa
∂t
+ d6

∂Pw
∂t
+ (d4 − 1)

∂e

∂t
=

θw
R22
∇2Pw

(2.8)

Substitute Eqs. (2.7) into Eq. (2.6) to eliminate εa and εw, the total stress expression can
be obtained as

σ = 2Ge+ (H1e+H2Pa +H3Pw)δ (2.9)

the coefficients in Eq. (2.9) are

H1 = a11 −
2

3
G+A1a12 +A2a13 + (a12 +A1a22 +A2a23)d1 + (a13 +A1a23 +A2a33)d4

H2 = (a12 +A1a22 +A2a23)d2 + (a13 +A1a23 +A2a33)d5

H3 = (a12 +A1a22 +A2a23)d3 + (a13 +A1a23 +A2a33)d6

Finally, by combining Eqs. (2.1)3 and (2.9), a balance equation expressed by skeleton dis-
placement, pore pressure and pore water pressure can be obtained

G∇2us + (H1 +G)∇e+H2∇Pa +H3∇Pw = ρüs (2.10)

Based on the above derivation process, it is found that Eqs. (2.8) and (2.10) are three
phase-coupling partial differential equations, which can be used to describe the consolidation of
unsaturated soil.
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3. Analytical solution of the one-dimensional dynamic consolidation problem

Consider the unsaturated soil layer as shown in Fig. 1, where thickness of the soil layer is h, and
there is a dynamic load f(t) acting on the surface, exx = eyy = 0, e = ezz = ∂w/∂z.

Fig. 1. Calculation model of unsaturated soil under the dynamic load f(t)

So control Eqs. (2.8) and (2.10) can be written as

q1
∂Pa
∂t
+ q2

∂Pw
∂t
= b1

∂2Pa
∂z2
+ γ1

∂f(t)

∂t

q3
∂Pa
∂t
+ q4

∂Pw
∂t
= b2

∂2Pw
∂z2
+ γ2

∂f(t)

∂t

(3.1)

and

∂w

∂z
= − f(t)

2G+H1
− H2
2G+H1

Pa −
H3

2G +H1
Pw (3.2)

where b2/q4 represents the diffusion coefficient of pore water pressure, called the consolidation
coefficient, and is often expressed by the symbol cv . The coefficients q1, q2, q3, q4, b1, b2, γ1, γ2
are respectively

q1 = d2 −
H2(d1 − 1)
2G+H1

q2 = d3 −
H3(d1 − 1)
2G+H1

q3 = d5 −
H2(d4 − 1)
2G+H1

q4 = d6 −
H3(d4 − 1)
2G+H1

b1 =
θa
R11

b2 =
θw
R22

γ1 =
d1 − 1
2G +H1

γ2 =
d4 − 1
2G+H1

Since the exhaust and drainage cannot be completed at the moment of applying the dynamic
load f(t), it is considered that the content of water and gas remains the same. From Eqs. (3.1),
we get

0+∫

0

b1
∂2Pa
∂z2

dt =

0+∫

0

b2
∂2Pw
∂z2

dt = 0 (3.3)

The formula: integral limit 0 and 0+, respectively, represents the time before and after the
load is applied.
From Eq. (3.2), we get

∂w(z, 0+)

∂z
= − f(t)0+

2G+H1
− H2
2G+H1

Pa −
H3

2G+H1
Pw (3.4)
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Combining Eqs. (3.3) and (2.8), we find

(d1 − 1)
∂w(z, 0+)

∂z
+ d2Pa(z, 0

+) + d3Pw(z, 0
+) = 0

(d4 − 1)
∂w(z, 0+)

∂z
+ d5Pa(z, 0

+) + d6Pw(z, 0
+) = 0

(3.5)

Substituting Eq. (3.4) into Eqs. (3.5), respectively, the initial conditions of the problem can
be obtained as

Pa(z, 0
+) = r1f(t)0+ Pw(z, 0

+) = r2f(t)0+ (3.6)

where

r1 =
(1− d4)q2 − (1− d1)q4
(2G+H1)(q1q4 − q2q3)

r2 =
(1− d1)q3 − (1− d4)q1
(2G +H1)(q1q4 − q2q3)

Assume that the soil layer can both drain and exhaust on both sides at z = 0 and z = h,
and the boundary conditions are

Pa(0, t) = Pw(0, t) = 0 Pa(h, t) = Pw(h, t) = 0 (3.7)

Without loss of generality, it is assumed that the pore gas pressure Pa(z, t), pore water
pressure Pw(z, t) and the Fourier series form ∂f(t)/∂t are

Pa(z, t) =
∞∑

n=0

Pan(t) sin(λnz) Pw(z, t) =
∞∑

n=0

Pwn(t) sin(λnz) (3.8)

and

∂f(t)

∂t
=
∞∑

m=0

Bm(t) sin(λmz) (3.9)

where λm = mπ/h, Pan, Pwn and Bm are functions related to time t.

Combining Eqs. (3.8) and (3.1), we get

∞∑

n=0

[q1P
′

an(t) + q2P
′

wn(t) + b1λ
2
nPan(t)] sin(λnz) = γ1

∞∑

m=0

Bam(t) sin(λmz)

∞∑

n=0

[q3P
′

an(t) + q3P
′

wn(t) + b2λ
2
nPwn(t)] sin(λnz) = γ2

∞∑

m=0

Bwm(t) sin(λmz)

(3.10)

Using the orthogonality of trigonometric functions and Eq. (3.1), we can see that the number
of terms in m and n are equal, so that we obtain

q1P
′

an(t) + q2P
′

wn(t) + b1λ
2
nPan(t) = γ1Ban(t)

q3P
′

an(t) + q4P
′

wn(t) + b2λ
2
nPwn(t) = γ2Bwn(t)

(3.11)

Considering the initial conditions in Eqs. (3.6), integrating Eqs. (3.8) one arrives at

Pan(0) =
2

hλn
r1f(t)0+ [1− cos(nπ)]

Pwn(0) =
2

hλn
r2f(t)0+ [1− cos(nπ)]

(3.12)
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Using Laplace integral transformation, Eqs. (3.11) can be written as follows

[

Pan(s)
Pwn(s)

]

=
1

X

([

sq4 + b2λ
2
n −sq2

−sq3 sq1 + b1λ
2
n

] [

q1 q2
q3 q4

] [

Pan(0)
Pwn(0)

]

+

[

sq4 + b2λ
2
n −sq2

−sq3 sq1 + b1λ
2
n

] [

γ1Ban(s)
γ2Bwn(s)

]) (3.13)

where X = ∆s2 + λ2n(b1q4 + b2q1)s+ b1b2λ
4
n and ∆ = q1q4 − q2q3.

Solving Eq. (3.13), we get

Pan(s) =
s

s2 + β2n
Pan(0) +

b2λ
2
nq1

βn∆

βn
s2 + β2n

Pan(0) +
b2q2λ

2
n

∆βn

βn
s2 + β2n

Pwn(0)

+
q4γ1
∆

s

s2 + β2n
Ban(s) +

b2λ
2
nγ1

βn∆

βn
s2 + β2n

Ban(s)−
q2γ2
∆

s

s2 + β2n
Bwn(s)

Pwn(s) =
b1q3λ

2
n

∆βn

βn
s2 + β2n

Pan(0) +
s

s2 + β2n
Pwn(0) +

b1λ
2
nq4

βn∆

βn
s2 + β2n

Pwn(0)

− γ1q3
∆

s

s2 + β2n
Ban(s) +

q1γ2
∆

s

s2 + β2n
Bwn(s) +

γ2b1λ
2
n

∆βn

βn
s2 + β2n

Bwn(s)

(3.14)

where β2n = (1/∆)λ
2
n(b1q4 + b2q1)s + (1/∆)b1b2λ

4
n.

Using Laplace inverse transformation, Eqs. (3.14) can be expressed in the time domain

Pan(t) = Pan(0) cos(βnt) +
b2q1λ

2
n

βn∆
Pan(0) sin(βnt) +

b2q2λ
2
n

∆βn
Pwn(0) sin(βnt)

+
q4γ1
∆
cos(βnt)Ban(t) +

b2γ1λ
2
n

βn∆
sin(βnt)Ban(t)−

q2γ2
∆
cos(βnt)Bwn(t)

Pwn(t) =
b1q3λ

2
n

∆βn
Pan(0) sin(βnt) + Pwn(0) cos(βnt) +

b1q4λ
2
n

βn∆
Pwn(0) sin(βnt)

− q3γ1
∆
cos(βnt)Ban(t) +

q1γ2
∆
cos(βnt)Bwn(t) +

b1λ
2
nγ2

βn∆
sin(βnt)Bwn(t)

(3.15)

Combining Eqs. (3.2), (3.8) and (3.15), the settlement expression of the unsaturated soil
layer under any dynamic load can be finally obtained

S(t) = −
h∫

0

∂w

∂z
dz =

H2
2G+H1

∞∑

n=0

1− cos(nπ)
λn

Pan(t) +
f(t)h

2G+H1

+
H3

2G +H1

∞∑

n=0

1− cos(nπ)
λn

Pwn(t)

(3.16)

4. Numerical example analysis

As a numerical example, consider the following simple harmonic load on the surface of the soil
layer

f(t) =
P ∗

2
[1 + cos(ωt)] (4.1)

where P ∗/2 and ω, respectively, represent the amplitude and frequency of the harmonic load.
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Then the analytical expression of settlement deformation is

S(t) = −
h∫

0

∂w

∂z
dz =

H2
2G+H1

∞∑

n=0

1− cos(nπ)
λn

Pan(t) +
P ∗h[1 + cos(ωt)]

2(2G +H1)

+
H3

2G+H1

∞∑

n=0

1− cos(nπ)
λn

Pwn(t)

(4.2)

The specific expressions of each variable in Eq. (4.2) are shown in Appendix A.
The one-dimensional consolidation equation of unsaturated soil considering the pore liquid

phase and pore gas phase and their mutual coupling effects is derived and solved by the Laplace
transform. Numerical analysis is carried out on the present calculation example under the action
of a simple harmonic load. The law of influence of the excitation frequency, initial saturation
and depth on the one-dimensional consolidation deformation and characteristics of unsaturated
soil is discussed. Among them, physical characteristic parameters of unsaturated soil used in the
numerical examples, such as elastic coefficient, matrix suction and permeability coefficient of
the fluid phase are all related to saturated soil. Therefore, the expressions of specific parameters
are detailed in Appendix B. When considering a one-dimensional unsaturated clay layer, the
calculated parameter values are shown in Table 1.

Table 1. Basic physical parameters of clay

Parameter type Symbol Numerical value

Porosity ϕ 0.475

Fitting parameter ζ 1.168m−1

Fitting parameter n 1.165

Inherent permeability ks 1.699 · 10−14m2
Shear modulus G 2.4 · 106 Pa
Gas bulk modulus K1 1.45 · 105 Pa
Bulk modulus of water K2 2.25 · 109 Pa
Solid bulk modulus Ks 3.5 · 1010GPa
Consolidation bulk modulus Kb 4.5 · 106 Pa
Density of water ρw 997 kg/m3

Coefficient viscosity of gas η1 18 · 10−6 Pa·s
Coefficient viscosity of water η2 0.001 Pa·s
Acceleration of gravity g 9.8m/s2

Pore connectivity parameter η 1.165

Figure 2 shows the influence of the excitation frequency on deformation under different initial
saturations. Figures 2a,b,c and 2d are change curves of settlement under different excitation
frequencies when the initial saturation Sw is 0.65, 0.75, 0.85 and 1,00, respectively. In addition,
dimensionless depth, dimensionless pore water pressure and dimensionless time are defined as
z/h and T = (cv/h

2)t. Firstly, the settlement curves under different saturations are discussed
separately, and it is found that when the excitation frequency is 0Hz the settlements show
a steady development, which is shown as a consolidation curve under a constant load. When
the excitation frequencies are 0.1 Hz and 10Hz, the settlement curves show obvious dynamic
load characteristics, and with an increases of the excitation frequency, the transient response
frequency of the settlement also accelerates.
By comparing the calculation results of the initial saturation Sw of 0.65, 0.75 and 0.85 in the

unsaturated state with the calculation results in the saturated state (Sw = 1.00), it is found that
when the excitation frequency ω = 0Hz, the time for saturated soil clay to reach consolidation
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Fig. 2. Influence curves of the frequency on deformation under different saturations: (a) Sw = 0.65,
(b) Sw = 0.75, (c) Sw = 0.85, (d) Sw = 1.00

stability is significantly longer than that for unsaturated soil clay. When the excitation frequency
ω is 0.1Hz and 10Hz, the amount of sedimentation at a certain moment decreases with an
increase of the initial saturation. In addition, the transient response lasts longer in saturated
clay, while the initial saturation is higher, the transient response will disappear more quickly in
unsaturated clay. All in all, the value of settlement under the constant load (ω = 0) is always
greater than that under the cyclic load (ω > 0). However, for the settlement under the dynamic
load it is difficult to maintain stability during the load-bearing period, and the effect of saturation
on consolidation deformation is also significantly far from the load frequency.

Figure 3 shows the change curve of pore water pressure Pw/P
∗ along the soil depth z/h

when the dimensionless time T is 10−5, 10−3 and 10−1, respectively. Figures 3a,b,c and 3d
show the distribution curve when the initial saturation is 0.65, 0.75, 0.85 and 1.00, respectively.
In addition, the dimensionless frequency is Ω = ωh2/cv , and the dimensionless frequency is
calculated Ω = 107 according to specific conditions.

It can be observed from Fig. 3 that under the unsaturated condition, the pore water pressure
in the area near the top and bottom of the soil layer has different degrees of oscillation, but this
situation does not appear in the saturated state. The reason for this phenomenon is that the
frequency of the applied dynamic load is different for different saturation, which causes a change
of pore water pressure at the boundary. At the dimensionless frequency Ω = 107, when the
saturation Sw is 0.65, 0.75 and 0.85, the corresponding excitation frequencies ω are 0.013Hz,
0.042 Hz and 0.114Hz, respectively. When the soil is saturated, the corresponding excitation
frequency ω is 857Hz. Therefore, given a dimensionless frequency due to the difference in soil
saturation makes the excitation frequency vary greatly. This phenomenon strongly depends on
the size of the excitation frequency.
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Fig. 3. Distribution law of pore water pressure and depth under complex conditions: (a) Sw = 0.65,
(b) Sw = 0.75, (c) Sw = 0.85, (d) Sw = 1.00

5. Conclusion

Based on the theory of porous elastic media, an effective stress formula of unsaturated soil ex-
pressed by suction stress is adopted, and a analytical solution of one-dimensional consolidation
of unsaturated soil under dynamic load is obtained by the Laplace transformation. In addition,
specific numerical analysis and discussion of one-dimensional consolidation behavior of unsatu-
rated clay under specific boundary conditions of a simple harmonic load are carried out. It is
clear that the excitation frequency of the simple harmonic load and the initial saturation of the
soil affects consolidation settlement. The results show that the settlement of soil under the con-
stant load is always greater than the settlement under the dynamic load. For the dynamic load,
the settlement at a certain moment decreases with an increase of saturation, and the transient
response under the dynamic load is also closely related to the load frequency and saturation.
Moreover, pore water pressure exhibits an obvious oscillation phenomenon in the area near the
drainage boundary and an oscillatory trend in the unsaturated soil under the dynamic load.
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Appendix A

The Fourier coefficient of a simple harmonic load Eq. (4.1) is

Bm(t) =
P ∗ω[cos(mπ)− 1]

mπ
sin(ωt) = Ym sin(ωt) (A.1)

Combine Eq. (3.15) to get

Pan(t) = (D1 +G1)e
−C1t + (D2 +G2)e

−C2t +G5 cos(ωt) +G6 sin(ωt)

Pwn(t) = (D3 +G3)e
−C1t + (D4 +G4)e

−C2t +G7 cos(ωt) +G8 sin(ωt)
(A.2)

The coefficients in Eqs. (A.2) are

C1 =
λ2n
2

(

q1b2 + q4b1
∆

+

√

1

∆
+ (q1b2 + q4b1)2 −

4b1b2
∆

)

C2 =
λ2n
2

(

q1b2 + q4b1
∆

−
√

1

∆
+ (q1b2 + q4b1)2 −

4b1b2
∆

)

D1 =
1

C1 − C2
[

Pan(0)
(

C1 −
q1b2λ

2
n

∆

)

− q2b2λ
2
n

∆
Pwn(0)

]

D2 =
1

C1 − C2
[

Pan(0)
(q1b2λ

2
n

∆
− C2

)

+
q2b2λ

2
n

∆
Pwn(0)

]

D3 =
1

C1 − C2
[

Pwn(0)
(

C1 −
q4b1λ

2
n

∆

)

− q3b1λ
2
n

∆
Pan(0)

]

D4 =
1

C1 − C2
[

Pwn(0)
(q4b1λ

2
n

∆
− C2

)

+
q3b1λ

2
n

∆
Pan(0)

]

G1 =
ωM2 −C1M1

(C2 − C1)(C21 + ω2)
G2 =

C2M1 − ωM2
(C2 − C1)(C21 + ω2)

G3 =
ωM4 −C1M3

(C2 − C1)(C21 + ω2)
G4 =

C2M3 − ωM4
(C2 − C1)(C21 + ω2)

G5 =
M1(C1C2 − ω2)− ωM2(C1 + C2)

(C21 + ω
2)(C22 + ω

2)
G6 =

M1ω(C1 + C2) +M2(C1C2 − ω2)
(C21 + ω

2)(C22 + ω
2)

G7 =
M3(C1C2 − ω2)− ωM4(C1 + C2)

(C21 + ω
2)(C22 + ω

2)
G8 =

M3ω(C1 + C2) +M4(C1C2 − ω2)
(C21 + ω

2)(C22 + ω
2)

where

M1 =
(q4Yan − q2Ywn)ω

∆
M2 =

b2λ
2
nYan
∆

M3 =
(q1Ywn − q3Yan)ω

∆

Appendix B

In the model of unsaturated soil, the relationship among physical, mechanical parameters and
the saturation is as follows.
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Coefficient of linear elasticity (Lo et al., 2005)

a11 =
Ks
N3
{(1− ϕ)N1[K1K2 +K1N2Sa +K2N2(1− Sa)]

+KbKsϕ[K1(1− Sa) +K2S1 +N2]}

a12 = a21 =
N1KsK1Sa(K2 +N2)

N3
a13 = a31 =

N1KsϕK2(1− Sa)(K1 +N2)
N3

a22 =
K1S

2
aϕ

N3

[

K2sϕ
(

K2 +
N2
Sa

)

+
K2N1N2

Sa
(1− Sa)

]

a23 = a32 = −
K1K2ϕSa(1− Sa)(N1N2 − ϕKs)

N3

a33 =
K2(1− Sa)ϕ

N3

[

K2sϕ
(

K1 +
N2
1− Sa

)

+
K1N1N2Sa
1− Sa

]

where Kb is the bulk modulus of the soil skeleton; K1, K2 and Ks respectively represent the
bulk modulus of air, water and solid soil particles. Among them, the parameters N1, N2 and N3
are defined as

N1 = Ks(1− ϕ)−Kb N2 =
dpc
dSa

Sa(1− Sa)

N3 ≡ N1[K1N2Sa +K1K2 +K2N2(1− Sa)] +K2s [K1(1− Sa) +N2 +K2Sa]
(B.1)

where pc is the suction matrix. In the V-G model (Genuchten, 1980)

Se = [1 + (ζhc)
n]−m (B.2)

where n, m and ζ are fitting parameters, m = 1− (1/n).
Combining Eq. (B.2) the expression for N2 can be obtained

N2 =
ρwg

mnζ

SaSw
Ss − Sr

[( 1− Sr
Ss − Sr

− Sa
Ss − Sr

)−1/m
−1
](1/n)−1( 1− Sr

Ss − Sr
− Sa
Ss − Sr

)−1−(1/m)
(B.3)

The relative permeability of pore gas and water (Wang et al., 2017) is

kra = (1− Se)
(

1− m
√

Se
)2m

kra = S
η
e

[

1−
(

1− m
√

Se
)m
]2

(B.4)

where η represents a parameter related to pore connectivity.
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In this study, abnormal vibrations of 1 pump fluid in a crude oil efflux station in the
Changqing Oilfield was investigated. Kinetic simulation was applied to flow fields in the
crude oil efflux pump using Ansys to determine trends of the impeller static pressure, speed,
total pressure, wall pressure of the impeller, outlet pressure and pressure on the pump shell
and to identify the reasons behind the abnormal vibrations. The results indicated that the
axial vibration amplitude of the pump could be reduced from 1.3mm down to 0.68mm if
the operation parameters of the external control oil pump were set as 2500-2550r/min and
325-335m3/h, respectively.

Keywords: abnormal vibrations, internal flow field, Ansys

1. Introduction

Impellers of a centrifugal pump are typically subject to highly complex 3D flows. Here, the
fluid speed is distributed over several orders of magnitude; unidirectional flows and cross flow
of multiphase flows are observed; separated flow, backflow and secondary flow also occur due
to the effects of impeller rotation and surface curvature. As a result, fluid flows in an impeller
can be extremely complicated (Shen, 2007). Considering the immaturity of existing testing
methods, several researchers have used computational fluid dynamics (CFD) to numerically
simulate characteristics of internal flows in the impeller of a centrifugal pump for impeller
modeling and design, which has become an important research method in the modern pump
technology (Chen et al., 2014; Yu, 2008). Majidi (2005) solved an unsteady 3D viscous flow in
the impeller and volute of a centrifugal pump using CFD methods. Benra and Dohmen (1966)
investigated an unsteady flow field of a single-blade centrifugal pump using numerical simulation.
The results showed that the lift increased in direct proportion with the flow. Boehning et al.
(2011) investigated the effects of the volute structure on the radial force of a blood pump by using
transient numerical methods. The results showed that a dual-volute structure could effectively
reduce the radial force compared with the circumferential volute. Barrio et al. (2011) calculated
the radial force of the impeller of a centrifugal pump under undesigned flow conditions by using
a transient numerical method and found that the radial force was 40-70% of that under steady
conditions, while the radial force under unsteady conditions was closer to the experimental
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results. Mele et al. (2014) investigated correlation of vibrations and unsteady flows in a pump
under different speeds using both experimental and simulation methods. The results showed that
flow-induced vibrations increased with increasing pump speed and were significantly related to
pump efficiency.

In this study, the speed and pressure variations were simulated, and by combining the sim-
ulation results with the vibration condition of the centrifugal pump during operation, a flow
range that could reduce vibration was obtained to guide the actual production.

A crude oil pump group consists of feeding pumps, efflux pumps, heating furnaces, oil storage
tanks, reverse feeding pumps and other components. The two feeding pumps and three efflux
pumps were double-suction centrifugal pumps purchased from the Hunan Tane Ocean Pump Co.,
Ltd. (China). The oil pump had a lift of 480m, a flow of 500m3/h, a rated speed of 2980 r/min,
a maximum allowed working pressure of 8.8MPa, a bearing model of 7316B/DB, and a rated
motor power of 800 kW. To increase the pump lift, 1 feeding pump worked in tandem with 1 and
2 efflux pumps during the operation of the pump group. The actual working speed and flow of
the efflux pumps ranged from 2400 to 2750 r/min and about 350m3/h, while the rated speed
and flow of the efflux pumps were 2980 r/min and 500m3/h, respectively.

The three efflux pumps at the oil efflux station were put into operation on September 15,
2015, and the accumulated operation time until the end of June 2019 was 23,835 hours for 1 efflux
pump, 25,511 hours for 2 efflux pump and 23,509 hours for 3 efflux pump, all of which have
been operating alternately for nearly four years. For 1 efflux pump, cavitation occurred during
operation, the impeller in the pump shell had indications of being subjected to cavitation, and
there was obvious crackling sound from the inside. Uninterrupted monitoring for the past five
years indicated that vibration at the low-pressure end of 1 efflux pump has become increasingly
large, and the transient vibration tested on February 24, 2020 exceeded 9.0mm/s. After the
mode of operation was adjusted using different methods, the vibration perpendicular to the
axial direction at the low-pressure end of the pump often exceeded 7.1mm/s.

With regard to vibrations of an oil pump, this paper proposed a rational speed and flow
range using Ansys based on the change law of the flow field and fluid pressure in the pump, to
guide the actual production and reduce the vibration amplitude of the pump so as to ensure
unhindered production.

2. The pump model

2.1. Geometric parameters of the pump model

A double-suction centrifugal pump was used as the model in this study. This pump had a
designed flow of qv = 500m

3/h, designed lift of H = 480m, designed speed of n = 2980 r/min,
specific speed of ns = 40, designed efficiency of η = 78%, blade number of z = 6, impeller inlet
diameter of D0 = 180mm, impeller outlet diameter of D2 = 541mm, and impeller outlet width
of b2 = 21.1mm. Additionally, qv = 357m

3/h, and speed n = 2554 r/min.

2.2. Meshing of the pump model

The centrifugal pump model was simplified using SolidWorks 2019 and fluid domains were
selected in SpaceClaim. Figure 1 shows the established model.

The model consists of inflow runners, rotors, guide vanes, volutes, outflow runners and other
components. To ensure the overall quality of the mesh and shorten the computational time, all
the overflow components were divided using unstructured meshes in this paper. Each component
was structurally divided into blocks to pre-generate the mesh, and by adjusting the distribution
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Fig. 1. 3D model of the centrifugal pump: (a) volute fluid domain, (b) pump shell fluid domain,
(c) impeller fluid domain, (d) impeller

of nodes and the number of nodes, the mesh domain of each overflow component was encrypted
in the targeted manner (Zhao et al., 2005).

The boundary conditions were determined for meshing in FLUENT, with the impeller fluid
having 956,000 elements and the shell fluid domain having 1.245 million elements. Figure 2 shows
the developed mesh.

Fig. 2. Model meshing

2.3. Boundary conditions

Given the designed flow and lift of the target pump, the inlet boundary condition was set as
the mass flow inlet, and the outlet boundary condition was set as a pressure outlet. Numerical
simulation results were used to calculate the corresponding lift and efficiency. The rotating
boundary was set as the rotor, the non-slip boundary condition was set as the wall, and the
standard wall function was used for the near-wall region (Han et al., 2004). Due to the complex
working conditions of the pump station, and influenced by many factors such as pipelines, valves,
feeding pumps and discharges, the measured data were averaged in this study. Table 1 lists the
specific boundary conditions.

Table 1. Boundary conditions

Inlet Flow rate
Speed
[r/min]

Center-of-mass Gravitational
pressure at inlet coordinates acceleration
[(MPa] [kg/s] of impeller model [m/s2]

0.6134 single inlet, 49.603, 2554.44 X = −0.0541268 9.81
two inlets, 99.206 Y = −0.0281454

Z = 0.413535
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2.4. Selection of the turbulence model

The SST k-ω turbulence model is used to convert between the k-ω model for the near-
-wall region and the k-ω model for the far-field region using a blending function. It combines
the accuracy of the k-ω model for calculating viscous flows in the near-wall region with the
reliability of the k-ω model for calculating free flows in the far-field region. The advantage of
this model is that it considers turbulent shear stresses and can obtain accurate results even when
flow separation occurs. In this study, the SST k-ω turbulence model was chosen for computation.
Herein, the pressure term adopted the second-order central difference format; the momentum
term and the turbulent viscosity correction were computed using the second-order windward
format. The speed and pressure in the flow field were coupled using the Simple algorithm (Wang,
2004).

Fig. 3. Boundary condition settings

Mass flow inlet conditions were used for the inlet, and the data were exchanged between the
overflow components of the pump using interfaces. The inflow and outflow runner walls of the
model pump and the cavity walls of the pump were set as stationary walls. The walls of the blade
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and the impeller that rotate with the impeller were set as rotational boundaries. The no-slip
boundary conditions were used for solid walls, and the standard wall function was used for near
walls. The convection term was discretized using the second-order windward scheme, the diffusion
term was discretized based on a central difference format with the second-order accuracy, and the
speed and pressure were coupled by the Simple algorithm. To ensure convergence, the monitoring
residual value was set to 10−5. Figure 2 shows the developed mesh. The boundary conditions
are set in Fig. 3.

2.5. Mesh-independent verification

To exclude the influence of the total number of meshes on the results, 56 sets of meshes
with different amounts were divided for mesh-independent verification. The lift of the centrifu-
gal pump was used as a dependent variable for the mesh-independent verification. When the
lift fluctuation was less than 1%, the meshes were considered to meet the computational re-
quirements. Meanwhile, by considering both the computational time and resources required for
numerical computation, 2.2 million elements were finally selected as the computational require-
ment. Figure 4 shows the trend of curve change, between 2.1 and 2.3 it is gentle and stable, so
2.2 was selected.

Fig. 4. Relationship between lift and mesh

3. Fluid analysis

3.1. Unstable flow characteristics in the centrifugal pump

A centrifugal pump comprises impellers and volutes. The complex structure and flow patterns
result in the formation of unstable unsteady turbulence flows. When a centrifugal pump operates,
the internal flows of the pump have many unstable flow characteristics, such as backflow at the
impeller inlet, a wake-jet structure of the impeller outlet, and induced vibrations and noise. These
unsteady flow characteristics determine the operating performance of the centrifugal pump.

3.1.1. Backflow

Backflow generally occurs at the inlet and outlet of the impeller. The backflow at the impeller
inlet is mainly caused by an uneven force of high-speed rotating blades on the internal fluid.
Due to the centrifugal force during operation, a pressure difference exists between the fluid flow
at the outer edge of the inlet and the fluid in the inlet pipe near the shaft. The pressure at the
outer edge is higher than that at the shaft, thus resulting in the fluid backflow from the impeller
inlet to the inlet pipe (Zhu, 2008). Figure 5 shows the schematic of the backflow.
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Fig. 5. Schematic of backflows at the inlet and outlet of the centrifugal pump

3.1.2. Wake-jet structure

As mentioned above, the flow rate near the blade pressure surface accelerates, while the fluid
flow near the blade suction surface slows down, resulting in a wake-jet structure. A jet zone with
a relatively high flow rate and almost zero viscosity exists near the blade pressure surface, while
the wake zone with a relatively low flow rate is near the blade suction surface (Zhang, 2001).
Figure 6 shows the wake-jet structure.

Fig. 6. Wake-jet structure in the sub-impeller

3.2. Analysis of streamlines

Fluent has a wide range of analytical functions and a series of flow models including those
for asteady flow, laminar flow, turbulent flow and unsteady flow. The computation and display
of streamlines is a fundamental technique in the visualization of flow fields. In this study, the
CFD computational mesh was divided into tetrahedral cells first, and the topological relation
between the adjacent tetrahedra was set. Subsequently, the “compass” method based on the
tetrahedral side method was used for fast point location, and an adaptive step numerical inte-
gration method was used to trace the streamlines directly in the physical space. By doing so, the
conversion between the physical space, computational space and resulting errors were avoided,
and the accuracy and efficiency of streamline tracing were improved (Zhang, 2007). After the
computation was completed, Ansys was used to generate streamlines.
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Figure 7 shows the distribution of streamlines in the flow field. As observed, the fluid flows
in from the fluid domain inlet, and at this point, the streamline is distributed in a regular and
orderly manner. After rotation of the impeller, the flow pattern of the streamline changes, and
the streamline moves in a spiral shape and flows out from the outlet. The fluid in the pump
cavity accelerates, and the fluid in the impeller shows a gradient distribution in terms of the flow
rate. Since diameter of the outlet is smaller than that of the inlet, the flow speed at the outlet is
significantly higher than that at the inlet. Additionally, the presence of a wake-jet structure and
boundary layer separation in the flow runner will lead to increased hydraulic losses, low pump
efficiency, and even vibrations.

Fig. 7. Distribution of streamlines in the flow field: (a) distribution of the encrypted streamline,
(b) distribution of the unencrypted streamline

3.3. Numerical analysis of the impeller

3.3.1. Static pressure

Figure 8 shows the distribution of impeller pressure. As observed, the absolute pressure at
the root of the blade in the suction inlet section is lower than that at the blade edge, and the
pressure at this position is the same as the outlet pressure of the feeding pump (about 6.4 kPa),
which facilitates normal suction of the fluid flowing out from the feeding pump. The pressure at
the blade edge is 1.3MPa, and the pressure gradually increases from the root to the edge of the
blade. Given that the blade edge and discharge outlet are closely positioned, the fluid can flow
smoothly from the suction inlet to the discharge outlet under low-pressure suction. In summary,
the impeller shows good suction and discharge capacity.

3.3.2. Speed

Figure 9 shows the distribution of impeller speed. As observed, the blade edge speed increases
from the root to the end surface with a maximum speed of 75.1m/s, and the speed at the suction
inlet section is lower than that at the blade edge. The inlet flow rate is calculated as

v =
Q

S
=

357.14

3600 · (0.09)2 · π = 3.90
m

s
(B.1)

where Q is the average inlet flow at the centrifugal pump and S is the area of the inlet section
with a diameter of 180mm.
Therefore, the fluid with a relatively low flow rate can be significantly increased after flowing

through the impeller. Nevertheless, due to the influence of the secondary flow in the impeller
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Fig. 8. Distribution cloud of impeller pressure: (a) front view, (b) side view

Fig. 9. Distribution cloud of impeller speed: (a) front view, (b) side view

flow runner, high-energy fluid microclusters are clustered at the blade pressure surface, which
accelerates the fluid flow rate and thus reduces the possibility of boundary layer separation at the
blade pressure surface. On the other side, the low-energy fluid microclusters enter the boundary
layer near the suction surface of the blade, which reduces the flow rate near the suction surface,
makes the boundary layer thicker and intensifies boundary layer separation at the suction surface
of the blade (Wang et al., 2022), which also becomes a triggering factor for pump vibrations.

3.3.3. Total pressure

Figure 10 illustrates the distribution of total pressure on the impeller.

As observed, the total pressure at the impeller blade surface is higher than that at the blade
edge and shows an increasing trend from the root to the edge of the blade. Since the total
pressure is the sum of static pressure and dynamic pressure, the dynamic pressure at the blade
edge is higher than that at the root and its value is the highest, which is also consistent with the
trend of speed distribution. The lower part of Fig. 10b shows that the pressure at the outlet is
much higher than in other parts after the fluid flows across the impeller of the centrifugal pump.
As shown in Fig. 10a, the work done by the blade on the fluid is not uniform, boundary layer
separation occurs in the fluid in the impeller flow runner, and a separation vortex is formed
in the flow runner. Boundary layer separation may cause vibrations, thus leading to low pump
efficiency.
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Fig. 10. Distribution cloud of total pressure on the impeller: (a) front view, (b) side view

3.3.4. Analysis of impeller inner wall

Figure 11 shows the distribution of the impeller inner wall pressure. As observed, the pressure
distribution in the inner profile of the impeller is basically the same as that in the blade.
Since the blade pressure distribution may be described in terms of absolute pressure, the outer
profile is described in terms of the surface pressure (static pressure). As observed, the maximum
and minimum pressures were 1.2MPa and 4.0 kPa, respectively. This is partly a result of the
combined effect of the impeller centrifugal force and the lifting force. The center of the impeller
is the suction zone where the pump sucks the fluid, and the edge is the discharge zone for lifting
the liquid pressure for discharge, which forms the work done in the fluid (Chu et al., 2009).

Fig. 11. Distribution cloud of pressure on the inner wall of the impeller

3.3.5. Pressure on the inner wall of the pump

Figure 12 shows the distribution of pressure on the inner wall of the pump. As observed,
the maximum and minimum pressures were 1.2MPa and 4.0 kPa, respectively. This is partly
a result of the combined effect of the impeller discharge pressure and the pump shell. Thus,
as the impeller radius increases, the pressure also increases, while the local pressure increases
significantly due to the outlet backflow.
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Fig. 12. Distribution cloud of pressure on the inner wall of the pump

3.3.6. Outlet analysis

Figure 13 shows the distribution of the efflux pump outlet pressure. The centrifugal rotation
and backflow at the discharge outlet cause backflow near the bottom of the pump cavity. As a
result, the bottom has a relatively low flow rate due to the impact of speed and pressure, while
the centrifugal force at the top is relatively high, resulting in higher kinetic energy and higher
total pressure at the top than at the bottom (Archard, 1953). The outlet pressure was calculated
to be 1.3MPa according to the surface average. The backflow at the impeller outlet is due to
the combined effect of non-uniform fluid flows at the outlet and turbulent flows in the volute.
The absolute speed of a portion of the fluid is greater than the flow rate in the volute, so this
part of the fluid will hit the fluid in the volute with a relatively high kinetic energy. This fluid
will be subjected to secondary work in the impeller and will consume more energy, while the
flow rate of the rest of the fluid will be lower and will be pressed back into the impeller. Thus,
a severe backflow may induce pump vibrations and lead to low pump efficiency.

Fig. 13. Distribution cloud of outlet pressure of the output pump

3.3.7. Analysis of the pump shell

Figure 14 shows the distribution of pressure on the pump shell. The center of the pump shell is
influenced by the centrifugal lifting force, cavity volume and outlet diameter. The pressure at the
center is significantly higher than the suction inlets on both sides, and the pressure decreases
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symmetrically along the center surface under the influence of the pump impeller, eventually
dropping down to the inlet suction pressure (Chen et al., 2017). The fluid flows in from the inlet
negative pressure zone (pressure is relatively low) and flows out of the pump cavity along the
tangential direction after the work done by the impeller. Figures 15 and 16 show the cross-section
of the shell.

Fig. 14. Distribution cloud of pressure on the pump shell: (a) absolute pressure, (b) total pressure,
(c) static pressure

After the centrifugal pump is started, the pump shaft will drive the impeller to facilitate
a high-speed rotational movement, forcing the pre-filled fluid between the blades to rotate.
Under the action of the inertial centrifugal force, the fluid moves radially from the center of the
impeller to the outer circumference. In the process of flowing through the impeller, the fluid will
gain energy, resulting in an increased static pressure energy as well as an increased flow rate.
When the fluid flows out of the impeller into the pump shell, the flow rate decelerates with a
gradual expansion of the flow runner in the shell. In this process, a part of the kinetic energy is
converted into static pressure energy, and finally, the fluid flows into the discharge pipe along the
tangential direction. While the fluid is thrown from the center of the impeller to the periphery,
a low-pressure zone will be formed in the center of the impeller, and the fluid is sucked into the
center of the impeller under the action of the total potential energy difference between the liquid
surface in the storage tank and the center of the impeller. Depending on continuous operation
of the impeller, the liquid will be continuously sucked and discharged. The mechanical energy
absorbed by the liquid in the centrifugal pump may be observed in the form of an increase of
static pressure energy (Blais et al., 2016; Li et al., 2019).
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Fig. 15. Vertical center cross-section of the pump shell: (a) distribution of static pressure,
(b) distribution of total pressure (difference between the pressure and the static pressure is one

atmosphere), (c) total pressure, (d) speed vectorgraph

Based on the results of the simulation analysis of pressure variation, the following operational
verification parameters were obtained (Table 2). The results indicated that when the speed and
flow rate of the efflux pump was 2300-2550 r/min and 325-335m3/h, the maximum vibration
value was less than 1.3mm/s, respectively.

Table 2. 1 pump verification parameters under actual working conditions (high-pressure end)

1 efflux pump Output volume Axial vibration
[r/min] [m3/h] [mm]

2519 331 0.68

2575 334 0.91

2325 332 1.05

2475 333 1.03

2525 331 1.08

2550 354 1.18

2450 355 1.1

2400 356 1.3

4. Conclusions

Based on the results of the simulation analysis of pressure variation, the following operational
verification parameters were obtained.
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Fig. 16. Horizontal center cross-section of the pump shell: (a) speed vectorgraph, (b) static pressure,
(c) absolute pressure

In summary, the pump axial vibration was minimized down to 0.68mm/s, and the speed
and output volume of 1 efflux pump were 2519 r/min and 331m3/h, respectively. The abnormal
vibrations of the efflux pump during operation were investigated by kinetic simulation of the flow
fields in the efflux pump using Ansys. A rational speed and flow rate range through parameter
verification was proposed to guide the current production. The results indicated that when the
speed and flow rate of the efflux pump was 2500-2550 r/min and 325-335m3/h, respectively, the
vibrations of the efflux pump could be significantly decreased. The vibration value was reduced
to 1.3mm/s, which is 85.6% lower than the original instantaneous needle movement (9mm/s)
and less than 4.5mm/s allowable for pump vibration. The normal production can be guaranteed.
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Structural components are often operated under combined stress conditions (primary and
secondary stresses), but the stress levels generated by residual stress (or secondary stress) is
hardly ever evaluated. Hence, stress intensity factors at the crack tips of a compact tension
(CT) specimen under a pre-compressed load condition are analyzed using the finite element
method. Then, the average residual stress intensity factor is calculated and analyzed. As
the crack length a0/W increases, the average residual stresses σave/σ0 grows under the
same pre-compression load. σave/σ0 increases rapidly at a low range of the pre-compression
load but tends to a constant in a high range of the load. The distribution of the average
residual stress intensity factorsKave and σave/σ0 of the CT specimen with same crack length
under different pre-compression loads have the same tendency. Additionally, the distribution
of Kave and KFEM under different pre-compression loads are also similar. Nevertheless,
Kave estimated by the average residual stress is too conservative and not accurate, and
the method is complex, which depends on the analysis of simulation. Therefore, a simple
method for calculating Mode I stress intensity factor K for this model is presented. A group
of examples is presented to verify the accuracy of the method.

Keywords: pre-compressed load, residual stress, CT specimen, stress intensity factor, finite
element method

1. Introduction

The stress intensity factor (SIF) K is used to describe stress intensity or the stress state gen-
erated by a remote load or residual stresses near the crack tip in studies related to fracture
mechanics (Anderson, 2005). It is usually determined for homogeneous, linear elastic materials
and materials that exhibit small-scale yielding at the crack tip. The magnitude of K depends
on sample geometry, size and location of the crack, magnitude and model distribution of loads
acting on the material. Since the introduction of the SIF (Tada et al., 2000), there have been
various investigations regarding K under the primary load condition. Three modes of the SIF
under different types of loads have been discussed (Rooke and Percy, 1976), and Mode I is the
most common load type encountered in engineering design. Moreover, several of examples of
SIFs are investigated in detail (Rooke and Percy, 1976; Sih et al., 1974; Sneddon, 1946; Isida,
1966; Sih and Macdonald, 1974; Erdogan, 1962), such as in infinite plate with uniform uniaxial
stress (Rooke and Percy, 1976) and infinite plate (Sneddon, 1946), etc. The American Society for
Testing and Materials (ASTM) has proposed fracture toughness testing standard for different
specimen modes (ASTM, 2013). The specific calculation equations of Mode I SIF for different
specimens are listed in Ref. (Bower, 2009), especially the compact tension (CT) specimen, which
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is a common type of specimen. However, the aforementioned studies are conducted considering
the primary load, but in-service components invariably develop residual stress introduced during
fabrication or service processes (Chen et al., 2013) (usually by thermal gradients or non-uniform
plastic deformation) which may cause fracture failure. Hence, it is significant to propose com-
putation equations to predict the SIF under the residual stress condition. Webster et al. (2011)
obtained K of the residual stress by estimating residual stress distributions. Zhao et al. (2013)
used this method to analyse K of the residual stress. However, the SIF is overestimated due to
the residual stress field, which results in an excessively pessimistic defect assessment. To analyze
the effect of residual stress on the SIF, a simple and repeatable technique of obtaining the resid-
ual stress is the pre-compression on a specific specimen (CT specimen) (Chen et al., 2013; Zhao
et al., 2013; Xu et al., 2016; Song et al., 2015a,b; Shirahatti et al., 2014). A tensile residual stress
field in the vicinity of the crack tip can be introduced by loading a pre-compressed specimen
beyond the yield strength and then unloading it (Zhao et al., 2013; O’Dowd et al., 2005; Turski
et al., 2008). Therefore, in this study, the technique of pre-compressing the CT specimen is used
to investigate the effect of residual stress on the SIF. It is significant to make an appropriate
prediction and derive computation equations of the SIF resulting from the residual stress.

In this study, the finite-element (FE) method was carried out to assess the effects of local
tensile residual stress on the SIF. The residual stress was generated by pre-compressing the CT
specimen and then unloading it. The average residual stress intensity factor was calculated and
analyzed. The law of change of the SIF varied with the pre-compression load, thickness and
crack length of the pre-compressed CT specimen were concluded. An analysis with a series of
original computation equations was proposed to predict the SIF of the CT specimen with pre-
compressed residual stress. Finally, the suitability and accuracy of the analytical method were
studied and validated by comparing them with a range of examples.

2. Finite element models and material properties

2.1. Finite element models

In this study, a three-dimensional finite element (3D FE) model of the CT specimen is
employed. A tensile residual stress field in the vicinity of the crack tip can be introduced by
loading the pre-compressed specimen beyond the yield strength and then unloading it. This
technique was previously developed by Zhao et al. (2013), O’Dowd et al. (2005), Turski et al.
(2008).

Figure 1 shows geometry of a specified CT specimen. Thickness, width, crack depth and
notch root radius of the specimen respectively are B = 10mm, W = 20mm, a0/W = 0.5 and
r = 0.20mm, respectively. Only a half of the symmetric CT geometry is modelled. And the
loading process is achieved by the movement of an analytical rigid shell, which is used as the
punch tool. The rigid shell is constrained in the horizontal and rotational directions but free to
move in the vertical direction during the loading process. The crack is inserted at the end of
the notch tip after the pre-compression. Hard contact of contact control, finite sliding of sliding
formulation and surface to surface of the discretization method are used in the pre-compression
process. Firstly, the residual stress filed could be simulated by using the elastic-plastic finite
element model, then the residual stress intensity factor can be obtained when the residual stress
filed is loaded in the elastic finite element model.

Figure 2a depicts the FE mesh for the CT specimen, and the local fine mesh distribution
around the crack tip is shown in Fig. 2b. The smallest element size is 15µm, which is approx-
imately one third of the average grain size of P92 steel (which is about 40µm to 50µm). The
model in Fig. 2 contains 8802 eight-node linear grid reduced integration elements (C3D8R) and
11060 nodes. All analyses are carried out using ABAQUS code (Hibbitt et al., 2014).
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Fig. 1. Geometry of the notched compact tension (CT) specimen

Fig. 2. Finite element model of the notched CT specimen: (a) meshes in the whole model, (b) local fine
meshes around the crack tip

Different thicknesses of CT specimen, i.e. 10, 15, 25 and 30mm, and different crack depth
ratios a0/W (a0 and W are the initial crack depth and width, respectively) are employed. The
specific geometric parameters of CT specimens are listed in Table 1.

Table 1. Geometric parameters of CT specimens used in the FEM

Specimen thickness Crack depth Pre-compressed
B [mm] a0/W load P [N]

10 15 20 25 30 0.3 200-20000

10 15 20 25 30 0.4 200-20000

10 15 20 25 30 0.5 200-20000

10 15 20 25 30 0.6 200-20000

10 15 20 25 30 0.7 200-20000

2.2. Material properties

The isotropic hardening model and mechanical properties of P92 steel are used. The power-
-hardening stress-strain relation (Song et al., 2015a) at room temperature is expressed as follows

σ =

{

Eε σ ¬ σ0
KP ε

np σ > σ0
(B.1)

where E is Young’s modulus of 206000MPa. np is strain-hardening exponent of 0.155, σ0 is the
yeilding stress of 320MPa, and Kp is the strain-hardening coefficient of 861MPa (Zhao et al.,
2012).
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3. FEM results and a method of average stress intensity factor predictions

Webster et al. (2011) and Zhao et al. (2013) obtained an average stress intensity factor Kave
of the residual stress by estimating average residual stress distributions. The average stress
intensity factor Kave is calculated by

Kave = σave
√
2πrave (B.1)

where σave is the average residual stress ahead of the crack tip, rave the average distance of
residual stress distributions ahead of the crack tip.
Figure 3 shows the residual stress distribution ahead of the crack tip of the CT specimen

with thickness B = 10mm, crack length a0/W = 0.3, and pre-compression load P = 5000N.
The residual stress σ22 is normalised by σ0, and we could obtain the average residual stress
intensity factor Kave = 224.22MPa·mm−1/2. Similarly, we could calculate Kave values under
different load levels and specimen sizes.

Fig. 3. The distribution of residual stress and average stress ahead of the crack tip

Fig. 4. Comparision of the average stress distribution under different crack depth a0/W , specimen
thickness B = 10mm

Figure 4 depicts distribution of the average residual stresses σave/σ0 of the CT specimen
with thickness B = 10mm and different crack length under different pre-compression loads. The
pre-compression load P is normalised as P ′ = P N. It is clearly seen that as the crack length
a0/W increases, the average residual stresses σave/σ0 grows under the same pre-compression
load. In addition, σave/σ0 increases rapidly at a low range of the pre-compression load but tends
to a constant in a high range of the load.
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Figure 5 compares the simulated stress intensity factors KFEM (which are directly obtained
by using the history output variables from FE results) and the average residual stress intensity
factors Kave of the CT specimen with thickness B = 10mm and different crack length under the
different pre-compression loads. The distribution of Kave and σave/σ0 with the same crack length
under different pre-compression loads have the same tendency. Additionally, the distribution of
Kave and KFEM for different pre-compression loads are also similar. It is indicated that the
average stress intensity factor Kave of the residual stress estimated by the average residual
stress could underestimate the residual stress intensity factor, but it is much too conservative
and not accurate, which may endanger in-service components. Moreover, the prediction method
of the residual stress intensity factor is complex and it needs analysis of simulation. Therefore,
a simple and accurate method is needed to predict the residual stress intensity factor.

Fig. 5. Comparision of stress intensity factors between the FEM solutions and the results calculated by
the average stresses

4. Methodology

The results of the normalised SIF under different specimen thickness B and different crack depth
a0/W are listed in Fig. 6. To simplify the analysis, the parameters are normalised as follows:
K ′ = K [MPa·m−1/2], and B′ = B [mm]. It is found from Fig. 6 that K ′ increases rapidly in the
low range of P ′ and smoothly increases in the high range of P ′. The change rules of the K ′-P ′

line may be related to the change rules of the residual stress, because the SIF is a vital term
in the stress distribution near the crack tip (Tada, 2000). Moreover, for the same specimen,
thickness B, K ′ line moves left and upward as the crack depth a0/W increases. In addition,
for the same crack depth a0/W , the K

′-P ′ line moves right and downward as the specimen
thickness B increases.

By comparing several types of function expressions, a perfect relationship between K ′ and P ′

is approximated to a complex exponential function (Fig. 6), which can be expressed by the
following equation

K ′ = aebP
′

+ cedP
′

(B.1)

K ′ is the normalised SIF (K ′ = K [MPa·m−1/2]) and P ′ is the normalised pre-compressed load
(P ′ = P [N]). Additionally, a, b, c and d are parameters related to the normalised specimen
thickness B′ (B′ = B [mm]) and crack depth a0/W . All parameters for different geometrical
conditions are obtained by fitting the curves, as seen in Fig. 6.
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Fig. 6. Comparision of K ′ solutions under different crack depth a0/W , (a) specimen thickness
B = 10mm, (b) B = 15mm, (c) B = 20mm, (d) B = 25mm, (e) B = 30mm

Figure 7 shows the fitted curves of parameters (a, b, c and d) and the normalised specimen
thickness B′ under different crack depths a0/W . It is obvious that a-B

′ and c-B′ curves are
linear, whereas b-B′ and d-B′ curves are approximately quadratic. The fitted curves can be
expressed as follows

a = a1 + a2B
′ b = b1 + b2B + b3B

′2

c = c1 + c2B
′ d = d1 + d2B + d3B

′2
(B.2)

It is indicated that as the crack depth increases, a-B′ and b-B′ curves move upward but c-B′

and d-B′ curves move downward. The variation trend in the fitted curves is constantly related
to the crack depth a0/W . Therefore, it is important to analyse the relationship between the
parameters a1, a2, b1, b2, b3, c1, c2, d1, d2 and d3 and a0/W .



Study on the stress intensity factor of a compact specimen... 43

Fig. 7. Fitted curve of parameters and normalised specimen thickness B′, (a) parameters a and B′,
(b) b and B′, (c) c and B′, (d) d and B′

Figure 8 shows the fitted curve of parameters a1, a2, b1, b2, b3, c1, c2, d1, d2, d3 and the crack
depth a0/W . It can be concluded that a1-B

′ and c1-B
′ curves show a good linear relationship,

a2-B
′ and c2-B

′ curves are horizontal, and the other curves are approximately quadratic. The
fitted curves can be expressed as follows

a1 = a11 + a12
a0
W

a2 = −1.6 b1 = b11 + b12
a0
W
+ b13

a0
W

2

b2 = b21 + b22
a0
W
+ b23

a0
W

2
b3 = b31 + b32

a0
W
+ b33

a0
W

2

c1 = c11 + c12
a0
W

c2 = −40 d1 = d11 + d12
a0
W
+ d13

a0
W

2

d2 = d21 + d22
a0
W
+ d23

a0
W

2
d3 = d31 + d32

a0
W
+ d33

a0
W

2

(B.3)

All the coefficients a1, a2, b1, b2, b3, c1, c2, d1, d2 and d3 obtained by fitting the curves shown
in Fig. 8 are listed in Table 2.

By substituting the coefficients into Eqs. (4.3) and substituting these equations into Eqs.
(4.2), we could obtain a general equation to predict the SIF of the CT specimen under the
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Fig. 8. Fitted curve of coefficients and normalised crack depth a0/W : (a) a1, (b) a2, (c) b1, (d) b2,
(e) b3, (f) c1, (g) c2, (h) d1, (i) d2, (j) d3
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Table 2. Coefficients of the fitted curves in Fig. 8

a11 a12 a2 b11 b12 b13

194.5 60 −1.6 0.15075 −0.47518 0.79486

b21 b22 b23 b31 b32 b33

−0.0075 0.02322 −0.0429 0.00011 −0.00031 0.00066

c11 c12 c2 d11 d12 d13

−80 −600 −40 −2.831 10.815 −29.73
d21 d22 d23 d31 d32 d33

0.11576 −0.467 1.67914 −0.0015 0.00658 −0.0289

pre-compressed condition wherein only the following two variables are involved: specimen thick-
ness B and crack depth a0/W . The rearranged functions can be expressed as follows

K ′ =
(

a11 + a12
a0
W
+ a2B

′

)

exp
{[

b11 + b12
a0
W
+ b13

( a0
W

)2

+
(

b21 + b22
a0
W
+ b23

( a0
W

)2)

B +
(

b31 + b32
a0
W
+ b33

( a0
W

)2)

B′
2
]

P ′
}

+
(

c11 + c12
a0
W
+ c2B

′

)

exp
{[

d11 + d12
a0
W
+ d13

( a0
W

)2

+
(

d21 + d22
a0
W
+ d23

( a0
W

)2)

B +
(

d31 + d32
a0
W
+ d33

( a0
W

)2)

B′
2
]

P ′
}

(B.4)

5. Verification of the function

To validate the function, we compare the SIFs between the FE method results, the calculated
solutions obtained by this function and the average residual stress intensity factors. The follwing
two cases of CT specimens with different geometry are chosen for the study under the pre-
-compressed condition:

• Case 1: specimen thickness B = 18mm and the crack depth a0/W = 0.35;
• Case 2: specimen thickness B = 28mm and the crack depth a0/W = 0.65.

First, according to Eq. (4.4), we can obtain specific calculation equations for specimens of
each geometry under the pre-compressed condition. After substituting different normalised pre-
-compressed loads P ′ into the equations, the data of the normalised SIF K ′ can be obtained.

It can be seen from Fig. 9 that the calculated solutions are a good fit to the FE solutions, and
the function is more appropriate and larger than the average residual stress intensity factors. In
conclusion, this approach is satisfactory and accurate in enabling the engineering estimates for
fracture related problems.

6. Conclusions

The finite-element method is applied to assess the effects of local tensile residual stress on the
stress intensity factor. A simple method for calculating Mode I stress intensity factor of residual
stress is presented. The main results obtained are summarized as follows:

• As the crack length a0/W increases, the average residual stresses σave/σ0 grows, under
the same pre-compression load. σave/σ0 increases rapidly at the low range of the pre-
-compression load but tends to a constant value in the high range of load.
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Fig. 9. Comparison of K ′ between the FE solutions, average results and calculated solutions:
(a) specimen thickness B = 18mm, crack depth a0/W = 0.35, (b) B = 28mm, a0/W = 0.65

• The distributions of average residual stress intensity factors Kave and σave/σ0 of the CT
specimen with the same crack length under different pre-compression loads have the same
tendency. Additionally, the distribution ofKave andKFEM under different pre-compression
loads are also similar. Nevertheless, Kave estimated by the average residual stress is too
conservative and not accurate. The method is complex and needs analysis of simulation
results.

• A simple method for calculating Mode I stress intensities for the CT specimen under the
pre-compressed condition is proposed. The approach is very easy and simple, which consists
of two variables only if the geometry is defined: specimen thickness B and the crack depth
a0/W . A comparison between the calculation and FE solutions suggests that the approach
is satisfactory and accurate in estimating Mode I stress intensities for the CT specimen
under the pre-compressed condition for engineering fracture related problems.
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This paper shows the impact of material nonlinearity of a dam-foundation rock system on
seismic performance of Oued Fodda concrete gravity dam, located at northwestern side of
Algeria. For the purpose, a three-dimensional dam-foundation rock system finite element
model is employed in analyses. The hydrodynamic interaction between reservoir water and
dam-foundation system is implicitly taken into consideration by the Westergaard approach
using surface finite elements added to dam-fluid and foundation-fluid interfaces. The concrete
material model is used to present the cracking of dam concrete under a seismic load the using
smeared crack approach based on the Willam and Warnke failure criterion. The materially
nonlinear analysis for both dam concrete and foundation rock is performed using Drucker-
-Prager model. According to numerical results, tensile stresses and maximum strains reduce
significantly in the materially nonlinear model. In addition, the cracking areas in the dam
decrease also when material nonlinearity characteristics of the dam-foundation rock system
is considered in analyses.

Keywords: concrete gravity dam, dynamic dam-foundation rock interaction, Drucker-Prager
model, cracking, nonlinear earthquake analysis, finite element method

1. Introduction

The dynamic response analysis of concrete gravity (CG) dams is influenced by a number of
factors; among them there is soil-structure interaction, fluid-structure interaction and material
nonlinear performance of a dam-foundation rock system itself. Burman et al. (2008) studied the
response of CG dams to seismic loading considering foundation rock nonlinearity. The results
illustrated that nonlinear behavior of foundation rock affected the dam response. The influence
of materially nonlinear properties of Sariyar gravity dam exposed to near-fault seismic move-
ments was performed by Akköse and Şimeşk (2010). The study demonstrated that the concrete
dam nonlinearity gave a significant impact on the dam-water-foundation system response. Bur-
man et al. (2010) presented seismic analysis of a dam-foundation system considering the effect
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of materially nonlinear foundation domain. The taking into account of the nonlinear material
response of foundation rock generates higher displacements and stresses in the dam compared
to the results extracted from linear analysis. Wang et al. (2015) used linear and nonlinear com-
putation approaches to study seismic behavior of CG dams considering the effect of integrated
duration. Ouzandja and Tiliouine (2015) investigated the effect of conditions of contact at the
dam-foundation interface on seismic behavior of Oued Fodda CG dam employing linear and
nonlinear analyses. Their results showed that nonlinear analysis led to lower responses. Yazdani
and Alembagheri (2017) utilized material and geometric nonlinearities to study the seismic re-
sponse of Pine Flat dam. Khazaei-Poul and Zerva (2018) conducted nonlinear seismic analyses
of CG dams considering the influence of foundation rock.

In three-dimensional (3D) models, Wang et al. (2012) investigated seismic nonlinear per-
formance of CG dams including dam-foundation interaction. An earthquake nonlinear analysis
of roller-compacted concrete (RRC) dams was presented by Kartal (2012) considering the fric-
tion contact formulation at the dam-foundation-reservoir interface. The results indicated that
displacements increase in the materially nonlinear response, whereas the principal stress com-
ponents decrease, in contrast, under hydrodynamic pressure. Hariri-Ardebili (2014) revealed the
effect of foundation rock nonlinearity on the stability of concrete dams subjected to earthquakes.
His study showed that considering the nonlinear model of foundation rock increases the response
and damaged area in the dam. Arici et al. (2014) and Yilmazturk et al. (2015) presented non-
linear seismic studies on a RCC dam using 2D and 3D models. The results illustrated that
3D analysis of the dam was significantly different from that resulted from 2D analysis. This
comparative study revealed the necessity and importance of taking into account 3D analysis
as these gravity structures are constructed in relatively narrow canyons for seismic safety as-
sessment. A materially nonlinear analysis of CG dams considering the dynamic fluid-structure
interaction was performed by Ouzandja et al. (2017). Wang et al. (2017) studied seismic damage
of Guandi gravity dam using hard and soft contact models. The study was based on transient
nonlinear seismic analyses. A linear and nonlinear earthquake performance of Cine RCC dam
was investigated by Kartal and Karabulut (2018). Larger tensile stresses were noticed in lin-
ear analysis according to their study. Moradloo et al. (2018) studied seismic damage of arch
concrete dams through transient nonlinear analysis. Their results manifested that the index of
displacement failure was more conservative and impractical in the assessment of seismic damage
than the index of tensional failure. Karabulut and Kartal (2020) exposed the impact of bound-
ary conditions on earthquake response of a RCC dam in linear and nonlinear analyses. They
found that the dam performance increases under effects of viscous boundary conditions. The
influence of earthquake epicenter distance on the fracture response of concrete dams was exam-
ined by Karalar and Çavuşli (2020). The study demonstrated that the dam nonlinear seismic
response depends on the epicenter distance of the earthquake. Pirooznia and Moradloo (2021)
presented seismic cracking of concrete arch dams using a nonlinear dynamic model considering
dam-reservoir interaction.

The current paper exhibits the impact of material nonlinearity of a dam-foundation rock
interaction system on the response of CG dams during earthquake. To this end, a 3D finite
element model of the dam-foundation rock system is employed in different analyses using the
ANSYS software (2018). Oued Fodda CG dam, located in Chlef town at northwestern Algeria,
is chosen in this study. The added mass approach (Westergaard, 1933) is used to model the
hydrodynamic effect of the reservoir fluid using 3D surface finite elements that are applied
on the dam-fluid and foundation-fluid interfaces. The concrete material model, available with
element Solid65, is used to predict seismic cracking of dam concrete due to a multiaxial stress
state using the smeared crack approach based on the Willam andWarnke (1975) failure criterion.
The Drucker-Prager criterion (Drucker and Prager, 1952) is selected in a materially nonlinear
response for the dam-foundation rock coupled system.
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2. Drucker-Prager model

The Drucker-Prager model (Drucker and Prager, 1952) is widely used in finite element numerical
modeling codes, especially dedicated to geotechnical and geomechanical applications. This model
represents a simple approach of materials behavior with internal friction, coherent or not (soils,
rocks, concrete and various granular materials). The Drucker-Prager criterion is a generalization
of the von Mises criterion for materials with internal friction. The failure surface representing
the von Mises criterion is a cylinder parallel to the trisector of the principal stress space. And
that representing Drucker-Prager criterion is a cone with a circular section admitting the same
axis as the symmetry axis (Fig. 1) (Chen and Mizuno (1990). The equation of this surface can
be expressed as

f = αI1 +
√

J2 − k (B.1)

where α and k are constants that depend on the angle of internal friction ϕ and cohesion c of
the material presented by

α =
2 sinϕ√
3(3− sinϕ)

k =
6c cosϕ√
3(3− sinϕ)

(B.2)

in Eq. (2.1), I1 is the first stress tensor invariant of σij written as follows

I1 = σ11 + σ22 + σ33 (B.3)

and J2 is the second invariant of the deviatoric stress tensor sij formulated by

J2 =
1

2
sijsij (B.4)

where sij is the deviatoric stresses given as follows

sij = σij − δijσm i, j = 1, 2, 3 (B.5)

Fig. 1. Failure surface of Coulomb, Drucker-Prager and von Mises (Chen and Mizuno, 1990)
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In Eq. (2.5), δij is the Kronecker delta, which is equal to 1 for i = j; 0 for i 6= j, and σm is
the mean stress given as

σm =
I1
3
=
σ11 + σ22 + σ33

3
=
σii
3

(B.6)

If the terms in Eq. (2.5) are determined by Eq. (2.6) and replaced in Eq. (2.4), the second
invariant of the deviatoric stress tensor can be presented as follows

J2 =
1

6
[(σ11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ11)2] + σ212 + σ213 + σ223 (B.7)

3. Numerical model

3.1. Material properties

The numerical application treats Oued Fodda CG dam existing in Chlef territory at the
northwest of Algeria, which is classified as high seismic activity zone in the national seismic
code. This region suffered a strong earthquake known as the 1980 El Asnam earthquake (M7)
that destroyed more than 70% of the city. The studied dam-foundation system is shown in Fig. 2.

Fig. 2. Geometry of Oued Fodda dam-foundation rock system: (a) dam-foundation rock system, (b) dam

Mechanical properties of dam-foundation system materials are summarized in Table 1. Non-
linear analyses for both dam concrete and foundation rock are defined using the Drucker-Prager
model (Drucker and Prager, 1952) (Table 1). The tensile and compressive strengths of dam
concrete are 2.2MPa and 24.1MPa, respectively.

Table 1. Mechanical properties of the concrete dam and its foundation rock

Material properties
Material

Concrete dam Foundation rock

Modulus of elasticity [MPa] 24600 20000

Poisson’s ratio 0.20 0.33

Mass density [kg/m3] 2640 2000

Cohesion [MPa] 2.7 1.9

Angle of internal friction 37 28
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3.2. Dam-foundation rock system discretization

The dam-foundation rock system is discretized with a 3D finite element model illustrated in
Fig. 3 using ANSYS computer Code (2018). The model exhibits 39750 finite elements, among
them 2700 solid elements (Solid65) employed for the dam, and 37050 solid elements (Solid45)
considered for the foundation rock. The hydrodynamic effect of the reservoir fluid is modeled
employing the Westergaard (1933) approach. This method, which is an approximate approach,
replaces the fluid with mass distributed uniformly on the dam-fluid and foundation-fluid inter-
faces, i.e., the fluid is represented as structural masses added to that of the dam and foundation.
In this study, 3D surface finite elements (Surf154) are used to model the added mass approach,
resulting in 900 elements.

Fig. 3. Finite element discretization of Oued Fodda dam-foundation rock system: (a) dam-foundation
rock system, (b) dam

4. Nonlinear seismic analyses of Oued Fodda dam-foundation rock system

This work shows the earthquake nonlinear response of Oued Fodda dam-foundation rock system.
The dam region incurred a severe earthquake, 1980 El Asnam earthquake (M7), which caused
significant material and human losses. However, there was available only seismic replica record of
this earthquake. The stream direction was subjected to the horizontal component of the seismic
replica record with peak ground acceleration (PGA) of 0.132 g, which was scaled by factor 2.5
to attain to a PGA of 0.33 g (Fig. 4) equal roughly to the evaluated PGA of the 1980 El Asnam
earthquake (M7).

Fig. 4. Horizontal component of the 1980 El Asnam earthquake replica record after scaling
operation of 2.5

Two different models are provided in earthquake analysis: the first model prescribes that the
dam concrete is modeled using element Solid65 based on the smeared crack approach, whereas
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the foundation rock is presumed to be elastic linear. The second model presents that the dam
concrete is modeled using element Solid65 based on the smeared crack approach, while both the
dam and foundation rock are modeled by an elastic-plastic model. The horizontal displacements,
principal stress and strain components as well as cracking response resulted from the first and
second models and are compared to each other.

4.1. Displacements

Figure 5 exhibits the distribution of horizontal displacements in upstream and downstream
faces along the dam crest in the first and second models. The envelopes of maximum horizontal
displacements of the dam during earthquake are presented in Fig. 6 for both two models. As
can be shown from Figs. 5 and 6 that the horizontal displacements obtained from the second
model are lower than those ones from the first model. Therefore, the material nonlinearity of
the dam-foundation rock coupled system can lead to a decrease in the displacement response of
the dam.

Fig. 5. Distribution of horizontal displacements in two faces along the dam crest: (a) downstream face,
(b) upstream face

Fig. 6. Envelopes of maximum horizontal displacements for the dam, [m]: (a) model 1, (b) model 2

Figure 7 compares the horizontal displacement time history at the upstream middle crest
located along the dam central axis, in which the maximum displacement at the crest decreases
from 11.13 cm in the first model to 9.53 cm in the second one. This indicates a 14% reduction for
the crest displacement amount in the second model. The horizontal displacement time history at
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the heel and toe located along the dam symmetry central axis is plotted in Fig. 8. It is evident
that the displacement time histories for both heel and toe of the dam in the first and second
models are similar to each other, which the maximum displacement of 1.68 cm at the heel and
1.58 cm at the toe.

Fig. 7. Horizontal displcement time history at the dam crest for two models 1 and 2

Fig. 8. Horizontal displacement time history at the heel and toe of the dam: (a) at the dam heel,
(b) at the dam toe

4.2. Principal stresses

The envelopes of maximum principal tensile and compressive stresses in the upstream face of
the dam appear in Figs. 9 and 10, respectively, for the two models. On the other hand, Figs. 11
and 12 show also the envelopes of principal stress components in the downstream face. As can
be seen, the tensile stresses resulted from the second model are much lower than those from the
first model, while the values of compressive stresses are convergent to each other. It is observed
that the maximum principal stress components occur at right and left upper lateral extremities
and middle bottom parts for both upstream and downstream faces in the two models.

The time history of principal stresses at the dam middle heel is presented in Fig. 13, in
which the maximum principal tensile stress reduces from 11254.74 kN/m2 in the first model to
3747.09 kN/m2 in the second one. This denotes a decrease of 67% for the amount of principal
tensile stress in the second model. In contrast, the value of maximum compressive stress is



56 D. Ouzandja et al.

Fig. 9. Envelopes of maximum principal tensile stresses in the dam upstream face, [Pa]:
(a) model 1, (b) model 2

Fig. 10. Envelopes of maximum principal compressive stresses in the dam upstream face, [Pa]:
(a) model 1, (b) model 2

Fig. 11. Envelopes of maximum principal tensile stresses in the dam downstream face, [Pa]:
(a) model 1, (b) model 2
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Fig. 12. Envelopes of maximum principal compressive stresses in the dam downstream face, [Pa]:
(a) model 1, (b) model 2

Fig. 13. Time history of principal stresses at the dam heel: (a) principal tensile stress, (b) principal
compressive stress

Fig. 14. Time history of principal stresses at the dam toe: (a) principal tensile stress, (b) principal
compressive stress
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convergent in the two models and equal to −10874.37 kN/m2. According to Fig. 14 illustring the
time history of maximum principal stresses at the middle toe, the maximum principal tensile
stress decreases from 8065.77 kN/m2 in the first model to 3457.57 kN/m2 in the second analysis,
i.e, a diminution of 43% for the amount of principal tensile stress in the second model. In
contrast, the value of maximum compressive stress is convergent in the two models and equal
to −7604.92 kN/m2.

4.3. Principal strain

The envelopes of maximum and minimum principal strains in the dam upstream face are
depicted in Figs. 15 and 16, respectively, for both two models. On the other hand, Figs. 17
and 18 illustrate also the envelopes of principal strain components in the downstream face. As
can be shown, the maximum principal strains found from the second model are much lower than
those from first one, whereas the values of minimum strains are convergent to each other. It is
obvious that the maximum principal strain components appear where the maximum principal
stress components occur.

Fig. 15. Envelopes of maximum principal strain in the dam upstream face, [m/m] : (a) model 1,
(b) model 2

Fig. 16. Envelopes of minimum principal strain in the dam upstream face, [m/m]: (a) model 1,
(b) model 2
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Fig. 17. Envelopes of maximum principal strain in the dam downstream face, [m/m]: (a) model 1,
(b) model 2

Fig. 18. Envelopes of minimum principal strain in the dam downstream face, [m/m]: (a) model 1,
(b) model 2

Fig. 19. Time history of principal strains at the dam heel: (a) maximum principal strain, (b) minimum
principal strain
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The time history of principal strains at the dam heel is compared in Fig. 19, in which the
maximum principal strain decreases from 0.422‰ in the first model to 0.141‰ in the second
one. In contrast, the value of minimum strain is convergent in the two models and is equal to
−0.437‰. According to Fig. 20 representing the time history of principal strains at the toe,
the maximum principal strain reduces from 0.313‰ in the first model to 0.130‰ in the second
one. In contrast, the value of minimum strain is convergent in the two models and is equal to
−0.318‰.

Fig. 20. Time history of principal strains at the dam toe: (a) maximum principal strain, (b) minimum
principal strain

4.4. Cracking profiles

The final cracking profiles in upstream and downstream faces of Oued Fodda dam are shown
in Figs. 21 and 22, respectively, for both models. As may be seen, cracks occur in tensioned parts
in two models, where the maximum tensile stresses appear. In the second model, the cracks occur
at the right and left upper lateral extremities and middle bottom parts for both upstream and
downstream faces, while the cracking includes large parts on upstream and downstream faces in
the first model according to the distribution of maximum principal tensile stresses into the dam
faces (see Figs. 9a and 11a). These big cracked areas affect significantly stability and safety of
the dam structure. In general, the materially nonlinear properties of the dam and foundation
rock can significantly reduce damage areas in the dam body.

Fig. 21. Cracking profile in the dam upstream face: (a) model 1, (b) model 2
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Fig. 22. Cracking profile in the dam downstream face: (a) model 1, (b) model 2

5. Conclusions

The current study presents the effect of material nonlinearity of both the dam and foundation
rock on the earthquake response of Oued Fodda dam. The hydrodynamic interaction between
the reservoir water and dam-foundation system is modeled by the Westergaard approach using
3D surface finite elements. The Drucker-Prager criterion is employed in materially nonlinear
analysis for the dam-foundation rock coupled system. From this numerical investigation, one
can obtain the following inferences:

1. The tacking into account the materially nonlinear model of the dam-foundation rock cou-
pled system can:

– lead to a decrease in the horizontal displacements of the dam,

– significant decrease in the tensile stresses and maximum strains in the dam,

– reduction of cracked areas in the dam body.

2. The dam real behavior is obtained in the second model, which is a more realistic model,
compared to the first one.

3. The results obtained from this study demonstrate the need for a substantially nonlinear
model of the coupled dam-foundation rock system in order to assess the design and to
predict the dam reliable earthquake performance.

4. The material nonlinearity should be taken into account in numerical analyses to achieve
more reliable and practical findings.

According to this study, taking into account the materially nonlinear model of the dam-
-foundation coupled system can have an impact on displacements, magnitude of tensile stresses
and failure zones in concrete of the dam. In order to achieve reliable, accurate and realistic
findings of the seismic performance of the dam-foundation coupled system, it has therefore
become crucial and necessary to do substantially nonlinear analysis.
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The finite element method (FEM) is developed to simulate a discontinuous cutting in the
whirlwind milling. Firstly, a simplified arc-cutting model for simulating the actual circular
cutting, and a plane-cutting model for simplification were both developed and verified by
experiments. Then, the effects of cutting parameters on the cutting force and residual stress
were effectively investigated based on the plane-cutting model. Moreover, a plane-second-
-cutting model was further developed. It showed that a minor decrease of cutting force and
a higher maximum compressive stress were generated in the second cutting. Those results
were conducive to predict and improve the whirlwind milling.

Keywords: whirlwind milling (WM), cutting force, residual stress, finite element method
(FEM)

1. Introduction

Among different cutting methods, the Whirlwind Milling (WM) (Wang et al., 2020b) is one of
the most efficient and environmental ways, especially for processing a large screw. Properties of
the surface and the sub-surface of a machined screw are known to depend on cutting parameters
and physical states. Thus, the cutting force and residual stress were chosen to reflect the state of
cutting and surface (Cao et al., 2019; Bobzin et al., 2021). The favor cutting force can improve
machined surface quality and tool life. Residual compressive stress can suppress fatigue failure of
the product and prolong fatigue life. Combining with experiments, the Finite Element Method
(FEM) (Kundrák et al., 2021) can describe the changing process of some physical quantities
with time in the processing as realistically and intuitively as possible. For the cutting force
and residual stress, the FEM with experiments were used to study and improve the whirlwind
milling.
Previous studies analyzed the cutting force and residual stress. Wang et al. (2020b) proposed

linear and nonlinear cutting force models based on cutting coefficients in helical milling. Zhou
and Ren (2020) modeled the shear cutting force based on unequal division in the parallel-sided
shear zone in orthogonal cutting. Wang et al. (2019) presented a cutting force model based on the
geometrical and mechanical nature of the tool and workpiece. Salonitis et al. (2015) predicted the
residual stress profile as a function of process parameters and the thermo-mechanical response
in grind-hardening of AISI 1045 steel. Masmiati et al. (2016) predicted a mathematical model
of residual stress, cutting force and surface roughness in end milling. Son et al. (2015) studied
deformation and residual stress. The prediction methods, such as an analytical model and finite
element analysis, were verified by firing and cooling experimental results.
The FEM is regarded as a useful method to study the cutting process. It can provide the

information of the cutting force, residual stress, chip morphology and so on (Cai et al., 2019).
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Kara et al. (2016) applied FEM to predict cutting temperatures in orthogonal turning of AISI
316L stainless steel. Huang et al. improved the thermal model by FEM which can provide a more
clear description of temperature distribution in the workpiece. Chang et al. (2017) performed
FEM simulations of hard turning aluminum 2024-T3 to predict the distribution of residual
stresses. Huang et al. (2015) proposed FEM based analytical model of the stress field to calculate
the residual stress. Tounsi and El Wardany (2015) conducted four cutting simulations of titanium
alloy Ti6Al4V. The results showed that the tangential force of the last three cuttings were almost
the same as the first one, and the normal force was significantly smaller than that of the first
cutting. For whirlwind milling, Yan et al. (2018) proposed a time-varying heat source modeling
method and analyzed transient temperature in the cutting zone.

For WM, the technology has been applied in precision machining. But due to technical
confidentiality and other reasons, there are few paper reported on the basic theory and cutting
mechanism. Lee et al. (2008) modeled the tool-nose trajectory by the internal and external
WM method and predicted the over-cut amount of the screw surface. Zanger et al. (2017)
modeled the surface profile of a screw in dry WM. Han and Liu (2014) analyzed the theoretical
machining error by dividing the scallop height into axial and cross-sectional errors. Wang et al.
(2020a) applied an analytical approach to investigate WM forming errors, including circularity
error, scallop height and surface roughness. With the help of cutting experiments, Guo et al.
(2020a) investigated firstly the effect of cutting parameters on three characteristic parameters of
the residual stress, then developed a prediction model of residual stress by the response surface
methodology (Guo et al., 2019), and finally minimized the tangential cutting force by optimizing
cutting parameters (Guo et al., 2020b).

The above researches have made great contribution to study the cutting process. However,
the cutting depth in some models was assumed to be constant, which did not represent the
machining characterics of whirlwind milling. Additionally in WM, the tests of cutting force and
residual stress are difficult, complicated, time-consuming, and almost unpractical under every
cutting parameter. Thus, the paper would develop different FEM models for simulating different
thermo-mechanical processes in whirlwind milling. These work would be helpful to optimize the
whirlwind milling parameters and improve the machined surface integrity of screw.

2. Finite element model

2.1. Simplified geometry model of whirlwind milling

The whirlwind milling in Fig. 1 is a complicated cutting process. For simulating, some sim-
plifications and assumptions are made as follows:

(1) The workpiece is assumed to be fixed during the cutting process since rotational speed of
the tools is much higher than that of workpiece.

(2) The small lead angle (around 2.28◦) is neglected. The small lead angle has little influence
on simulation results, so it can be ignored in a arc-cutting model.

(3) The first cutting is assumed to be accomplished and ignored due to chips different from
those of the following cutting.

Due to the fact that the screw in whirlwind milling generates chips with arc-characteristics.
Therefore, it is necessary to establish an arc-cutting model. Figure 1 shows the geometric forming
process in which the number of tools on the whirling ring is nd, workpiece rotational speed Nw,
whirling ring rotational speed Nt, workpiece radius r, tool noses’ circular radius R, eccentricity e
for the segment OwOt. The parameter d is formed by the first cutting process. The cutting depth
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Fig. 1. Simplified geometry model of (a) cutting principle and (b) chip of whirlwind milling

changes during one cutting process. The maximum cutting depth hmax during one cut after the
first one satisfies

hmax =
√

r2 + e2 − 2er cos(α+ γ)−R (B.1)

Here γ and α are calculated as follows

γ = 360Nw
∆t

60
(B.2)

In Eq. (2.2), γ is the rotation angle of the workpiece from the beginning of cutting processKn
to the beginning of cutting process Kn+1 (n ­ 2) while ∆t is the time interval, which can be
calculated as

∆t =
60

ndNt
(B.3)

2.2. Settings and configurations of the FEM models

The Abaqus software was used to model the cutting. The arc-cutting model was established
based on the plane strain assumption to simulate the whirlwind milling. The workpiece was of
AISI 52100 steel, and the tools of PCBN. The material properties are shown in Table 1.
The Johnson-Cook constitutive model was used to describe the flow stress under high tem-

perature, high strain and high strain rate in whirlwind milling. The Johnson-Cook failure model
in Eq. (2.4) and parameters in Table 2 were adopted to describe the chip separation

w =
∑ ∆ε

εf

εf =
(

d1 + d2e
d3
σp

σe

)(

1 + d4 ln
ε̇

ε̇0

)(

1 + d5
T − Tr
Tm − Tr

)
(B.4)

where ∆ε is the equivalent plastic strain increment, εf is the failure strain, d1-d5 are failure
parameters measured by tensile torsion tests, ε̇0 is the reference strain rate.
In the study, a revised Coulomb equation was used to describe the friction between the tool

and the chip. The expression was shown as

τ =

{

µσn τ < τmax (in sliding area)

τmax τ > τmax (in sticking area)
(B.5)
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Table 1. Material properties of PCBN and AISI52100

Physical characteristics Workpiece-GCr15 Temperature [K] Tool-PCBN

Density [kg/m3] 7812 – 3480

Elasticity modulus [MPa] 2.17E+0o5 – 7.2E+005

Poisson’s ratio [–] 0.3 – 0.3

Thermal conduction [W/(mK)] 46.6 – 79.54

Coefficient of expansion [K−1]

1.14E-005 373

5.6E-006
1.24E-005 473
1.34E-005 573
1.30E-005 673
1.17E-005 773

Specific heat capacity
[J/(kgK)]

552 318
500788 798

724 1254

Contact of properties
GCr15-PCBN

Tangential properties –
0.2

coefficient of friction
Normal properties Hard contact

Heat conduction
Conductance Clearance
28000 0
0 0.001

Table 2. Shear failure criterion parameters of Johnson-Cook model

Failure parameters d1 d2 d3 d4 d5

Value 0.0368 2.34 −1.484 0.0035 0.411

where µ is the friction coefficient of the sliding zone, τmax is the shear yield stress, σn is the
normal stress of the tool-chip contact surface. In the study, the value of µ is assigned to be 0.35,
the value of τmax is 570MPa, which can achieve good agreements with the experiments in terms
of the cutting force and residual stress distribution.

The mesh is an important part in the finite element simulation, and the quality of the mesh
would directly determine the accuracy of simulation results. The CPE4RT element was selected
for the chip, the joint and workpiece. The CPE3RT element was selected for the cutting tool. The
workpiece was considered to be isotropic while the tool was assumed to be rigid. The boundary
conditions were set as follows: the upside of the workpiece was free while the rest sides were
fixed, as shown in Fig. 2. The velocity was assigned on the rigid body reference point of the tool

Fig. 2. Sketch of FEM
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so that the tool moved straightly or circumferentially. The initial temperature of the workpiece
and tool was 22◦C. Only the upside of the workpiece exchanged heat fluxes with the environment
if a cool-down step was set.

3. Finite element model validation

To validate the arc-cutting model, experiments were conducted. The validation experiments are
shown in Fig. 3a. The cutting parameters were selected as cutting speed of 3.33m/s, rake angle
of −7◦, a clearance angle of 5◦ and hmax of 0.062mm. In Fig. 3b, a 3D piezoelectric force sensor
was chosen, and the data was recorded using a standard quartz dynamometer (Kistler 9602A3)
allowing measurements from −1 to 1KN. By a team self-developed testing system (Ni et al.,
2012), the WM cutting forces were acquired as shown in Fig. 3c. During the data collecting,
see Fig. 3d, the sampling frequency of data was set at 5000Hz. The force signals acquired were
analyzed for a cutting time of 1.5 s.

Fig. 3. Validation of cutting force experiments

In simulation, some simplifications and assumptions in the arc-cutting model were made.
The tool edge was simplified and assumed as a sharp one, the tool as a rigid body by neglecting
the energy absorption and deformation which was used to simulate the actual circular cutting.
To reduce difficulties of building the arc-cutting model, a simplified plane-cutting model was
developed. It simplified an equal-depth cutting depth, and could avoid effectively the complex
mesh distortion appearing in the arc-cutting model. In addition, the plane-cutting model con-
sidered the tool wear and absorption of mechanical and thermal energy, thus could simulate the
actual thermo-mechanical process.
For the tangential force Ft and radial force Fr, comparisons between the experiments and

simulations are listed in Table 3. The results indicated that the predicted cutting forces in the
arc-cutting model agreed well with the experiments. However, the predicted cutting force was
9.3% smaller than the experimental one in the radial direction and 3.6% smaller in the tangential
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direction. The arc-cutting model, therefore, resulted in a small drop of the cutting force. While
for the plane-cutting model, the cutting force was 3.1% smaller than the experimental one in
the tangential direction and 21.6% smaller in the radial direction.

Table 3. Values and errors of the experiment and simulation

Experiments Arc-cutting simulation Plane-cutting simulation

Tangential force Ft [N] 151.2 145.7 146.5

Radial force Fr [N] 57.9 52.5 45.34

Error of Ft 3.6% 3.1%

Error of Fr 9.3% 21.6%

Through the comparison in Fig. 4, it could be found that the predicting accuracy of the
arc-cutting model was higher than of the plane-cutting model. Although, the error of the plane-
-cutting model was much larger, especially in predicting the radial force. The error of the tan-
gential force between the arc-cutting and plane-cutting model was only 0.5%, which could be
ignored for the tangential cutting force. Therefore, for improving the calculation efficiency, the
plane cutting model was used to simulate the screw in whirlwind milling.

Fig. 4. Comparison of cutting forces between arc-cutting and plane-cutting

4. Simulation results

Due to the features of incremental forming with multi-tools in whirlwind milling, the vibration,
temperature and residual stress of one cutting had important effects on the subsequent cutting.
Therefore, the adjacent cuttings were simulated by employing the plane-cutting model.

4.1. Simulation of the cutting force and residual stress in the first cutting

The single-factor sets of simulations, assigned in Table 4, were designed to study the effects
of cutting parameters.
The predicted cutting forces under different cutting parameters were calculated and illus-

trated. Figure 5 shows relationships between cutting parameters and cutting forces. As the
cutting depth increased, the tangential force varied from 110N to 210N, and the radial force
from 40N to 60N. The tangential force increased more rapidly because it is the main cutting
force for forming. As the cutting speed increased from 1m/s to 5m/s in Fig. 6, the tangential
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Table 4. Investigated cutting parameters

hmax [mm] Cutting speed [m/s] Rake angle Clearance angle

0.06, 0.08, 0.10, 0.12 3 −7◦ 5◦

0.08 1, 2, 3, 4, 5 −7◦ 5◦

0.08 3 ±7◦, ±5◦, 0 5◦

force decreased at first and then increased slowly while the radial force kept approximately the
same magnitude. Figure 7 shows the tendency that tangential and radial cutting forces change
with different rake angles. As the rake angles increased, the radial force changed from 5N to
45N while the tangential force increased insignificantly. Hence, the rake angle was the main
influence factor of the radial forces.

Fig. 5. Variation of (a) tangential, (b) radial cutting force and (c) comparisons under different
cutting depths

The residual stresses have significant effects on the quality and life of machined parts. The
simulation process was divided into several steps: (1) cutting; (2) retracting tools; (3) transform-
ing constraint; (4) cooling of the workpiece to room temperature. For investigating the influence
of cutting depth, three values 0.08mm, 0.10mm, 0.12mm were constructed to predict the resid-
ual stress. The other cutting parameters were fixed, as the cutting speed at 3.33m/s, rake angle
at −7◦ and clearance angle at 5◦, respectively.
For simulation, the workpiece was assumed to be residual stress free before the first cut.

Figure 8 shows the distribution of residual normal stress S11 under different cutting depths. It
could be found that the residual stress generated a peak at a certain depth below the machined
surface and then decreased gradually to a stable state, fluctuating within a little amplitude. The
residual stresses were tested by X-350A Stress Analyzer. A Cr Ka radiation was applied to scan
the 211 peak of α-Fe steel. Every layer was successively removed by electrochemical etching to
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Fig. 6. Variation of (a) tangential, (b) radial cutting force and (c) comparisons under different
cutting speeds

Fig. 7. Variation of (a) tangential and (b) radial cutting force under different rake angles

avoid additional alternation. The tube voltage was set as at 27 kV, and the current 7.5mA. A
1mm collimator was used to minimize divergence of the X-ray beam. Under the cutting depth
of 0.08mm, the predicted maximum residual stress was -333 MPa, which was verified by tested
data in Fig. 9.

In Table 5, the residual stress S11 under three cutting depths was compared. Consistently,
as the cutting depth increased, the maximum residual stress and depth of the steady state both
increased correspondingly. In the case of cutting depth 0.12mm, the residual stress reached a
peak value of −372MPa at 0.06mm below the machined surface and a stable state at depth of
0.24mm.
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Fig. 8. Variation law of residual stress under different cutting depths

Fig. 9. Tested residual stress under cutting depth of 0.08mm

Table 5. Residual stress under different depths

Cutting depth Maximum residual Depth of maximum Depth of steady
[mm] stress [MPa] residual stress [mm] state [mm]

0.08 −333 0.04 0.10

0.10 −347 0.04 0.18

0.12 −372 0.06 0.24

4.2. Simulation of the cutting force and residual stress in the second cutting

For the FEM modeling of the second cutting, the physical state of the machined surface after
unloading in the previous cutting was used as the initial condition for the next cutting. Two
unloading steps were implemented after each cut: (1) releasing the cutting force; (2) cooling
the workpiece down to the room temperature. As depicted in Fig. 10, the next and previous
cutting were under the same cutting parameters, that is for the maximum depth 0.08mm, rake
angle −7◦, clearance angle 5◦ and cutting speed 3m/s. Steps were made as follows step 1 for
the first cut (0.06 s), step 2 for the second cut (0.04 s), step 3 for retracting tools, and step 4 for
cooling the workpiece down to the room temperature (3 s).

The cutting forces in Fig. 11a decreased slightly and were more stable in the next cutting
process. The tangential force decreased by about 3%, and the radial force by about 2%. The
residual stress S11 in Fig. 11b reached a peak of −333MPa at 0.04mm below the machined
surface in the first cutting, while compared to that of −351MPa at 0.045mm in the second
cutting process. The result indicated that the second-cutting process would increase the max-
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Fig. 10. The cutting morphology under the next cutting and precious cutting

Fig. 11. Comparison of (a) cutting forces, (b) residual stress between the next and previous cutting

imum compressive stress and its distance from the machined surface. Moreover, the depth of
compressive stress distribution also increased in the second cutting process.

5. Conclusion

Considering the periodic amplitude-variation of the cutting depth, the FEM models, namely the
arc-cutting model, plane-cutting model and plane-second-cutting model, have been developed
to analyze the thermo-mechanical process in whirlwind milling of a screw. The effects of cutting
parameters on the cutting force and residual stress have been analyzed. Conclusions can be
drawn as follows:

• The arc-cutting and plane-cutting FEM model were developed to study the whirlwind
milling. The arc-cutting model was used for simulating the actual circular cutting, and the
plane-cutting model for simplification and efficient computation. Both models were verified
to be effective in predicting the tangential force, while the precision of the plane-cutting
model was slightly lower than that of the arc-cutting model for predicting the radial force.
Due to the fact that the tangential force is dominant for forming, combined with high
efficiency of prediction, the plane-cutting model was preferred to analyze the whirlwind
milling.

• The cutting force increased rapidly with the cutting depth, but slowly with the cutting
speed and rake angle. The maximum depth of the cut was the dominant factor on the
cutting force. The maximum residual stress value as well as depth of the maximum com-
pressive stress layer increased correspondingly with the cutting depth.
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• In the plane-second-cutting model, the second cut lowered the cutting force but generated
a larger maximum residual stress at a deeper distance. These results would be helpful to
optimize the cutting parameters and improve the machined surface integrity in the screw
whirlwind milling.
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In the study of wear behavior of tribo-pairs in reciprocating pumps, the tribo-pairs can be
considered as contact pairs consisting of a disc and pin. In this paper, pin-on-disc wear tests
were carried out by using two types of cast iron pin specimens with different materials.
Additionally, the effects of the lubrication condition, test load, diamond-like carbon (DLC)
coating and plateau honing cross-hatch pattern on wear behavior of the tribo-pairs were
investigated. Experimental results based on surface topography analysis and scanning elec-
tron micrograph (SEM) analysis show that the lubricant and DLC coating have a positive
effect on wear resistance of test specimens. Disc specimens of three material types (i.e. ISO
185/JL/250, tin-bronze, zirconia) are able to show good anti-wear behavior. The tribo-pairs
composed of spheroidal graphite cast irons as well as implementation of the plateau honing
cross hatch on disc specimens have no significant effect on the wear resistance. The Archard
model was used to estimate abrasive wear under dry conditions, which was over-predicted
compared to the experimental results.

Keywords: reciprocating pump, tribo-pairs, cast iron pin, wear behavior, wear resistance

1. Introduction

Tribo-pairs in reciprocating pumps consist of crossheads and crosshead bushings, which are often
subjected to reverse loads during normal service operation (Li et al., 2021). A potential failure of
tribo-pairs is usually associated with destructive debris produced by wear. Due to fragility of the
crosshead, it is critical to use compatible materials for the crossheads and crosshead bushings to
improve wear resistance. It is therefore important and necessary to understand and be able to
predict wear behavior of high-speed tribo-pairs of reciprocating pumps (Miller, 1987). Several
standard test methods are available for measuring the friction coefficient and wear performance
of tribo-pairs, such as ASTM D6425 and DIN 51834 (ASTM, 2010; Woydt and Ebrecht, 2003).
Cast iron is widely used in the manufacturing of many reciprocating pump parts, such as

crankshaft case, crossheads, crosshead bushings, etc. Numerous studies have been carried out
on the wear behavior of different cast irons. Mohamadzadeh et al. (2009) reported on sliding
wear behavior of a gray cast iron surface remelted by tungsten inert gas. Saeidi et al. (2016)
studied the effect of laser surface texturing on friction behavior and lifetime of grey cast iron
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reciprocating under starved lubrication conditions. Through development of fractional factorial
design, five geometrical texture parameters (feature depth, diameter, length, area fraction and
sliding direction) were studied using a design of experiments (DoE), and the reciprocal sliding
tests were carried out for a cast iron-steel tribo-pair at a pressure of 24MPa and a frequency of
6Hz. Ausserer et al. (2016) investigated the influence of various industrially used gases (Ar, N2,
CO2 and air) on tribological behavior of steel-steel contacts. Cabanettes et al. (2015) proposed
to map variations in roughness of a cylinder liner by using confocal 3D measuring equipment,
and computed tailor made parameters extracting honing texture information. Khanlari et al.
(2018) conducted a series of ball (WC)-on-plate reciprocating sliding wear tests under moderate
and extreme sliding induced stress conditions to illustrate how 58Ni39Ti-3Hf responds as com-
pared to 60NiTi. In addition, to fully understand the reasons causing divergence in the wear
response of both materials, they investigated and compared mechanical and micro-tribological
properties of these two alloys by means of indentation, hardness and scratch tests. Carrera-
-Espinoza et al. (2016) evaluated tribological properties at the surface of borided and unborided
steel employing the ball-on-flat method with sliding reciprocating wear tests, using an Al2O3
ball as the counterpart. In addition, they evaluated coefficients of friction (CoFs) on the boride
layers from sliding reciprocating wear tests for dry and lubricated conditions. Ayyagari et al.
(2018) evaluated reciprocating sliding wear behavior of two high entropy alloys, CoCrFeMnNi
and Al0.1CoCrFeNi, in dry and marine environments. Onuoha et al. (2016) evaluated sliding
wear resistance of TiC cermets in a reciprocating motion using a WC-Co counter face sphere
paired against the TiC cermets. Kim et al. (2018) compared lubricity of sliding cylinder liner sur-
faces under different plateau honing marks by friction and wear tests with reciprocating motion.
Balarini et al. (2020) investigated the influence of both reciprocating and unidirectional rotating
tribotests on the tribological performance of MoDTC-containing oils. Dang et al. (2020) first
systematically studied the effect of Mo element concentration on the crystal lattice constant,
microhardness and reciprocating dry sliding friction and wear properties of face-centered cubic
(FCC) single phase based CoCrFeNiMo high entropy alloys (HEAs). Liu et al. (2021) studied
tribological behavior of two types of DLC coatings deposited on GCr15 substrates. Okubo et
al. (2021) investigated tribological properties of DLC network nanostructures in contact with
DLC/steel in a formulated engine oil. Many studies (Malburg et al., 1993; Jocsak et al., 2005;
Gore et al., 2011) have shown that the plateau honing cross hatch surface finish method can
effectively reduce friction and wear. Kim et al. (2021) investigated performance and side effects
of uneven plateau-honed surfaces, and conducted friction, wear and failure tests to compare the
the performance of the plateau-honed surfaces with different levels of roughness and different
profiles.

In this paper, the results of pin-on-disc wear tests carried out on two types of cast iron
pin specimens (i.e. ISO 1083/JS/600-3, ISO 185/JL/250) and disc specimens made of different
materials under dry, lubrication and DLC coating conditions, were presented. Moreover, the
effects of lubrication conditions, test loads, DLC coating and plateau honing cross-hatch patterns
on wear behavior of tribo-pairs were investigated. The results of the wear tests were determined
on the basis of the friction coefficient and wear weight. Surface topography analysis and scanning
electron micrograph (SEM) analysis were conducted on the surface of the test disc, which was
helpful to reveal the wear mechanism of test specimens.

2. Experiments

The test specimens of pin and disc used in this paper are shown in Fig. 1. The test pin has a
diameter of 15mm and a height of 22 ± 0.05mm; the test disc has a diameter of 24mm and
a height of 7.85 ± 0.05mm. The test pin specimens are made of two basic materials, namely
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spheroidal graphite cast iron (ISO 1083/JS/600-3) and grey cast iron (ISO 185/JL/250). Some
ISO 1083/JS/600-3 test pin specimens were deposited by DLC coating. Six materials were used
for test specimens of disc, namely ISO 1083/JS/400-18, ISO 1083/JS/500-10, ISO 185/JL/250,
grey cast iron (L161), tin-bronze and zirconia. The material properties of L161, tin-bronze,
zirconia are shown in Table 1.

Fig. 1. Test specimens of pin and disc

Table 1. Material properties of L161, tin-bronze, zirconia [wt%]

Materials L161 Tin-bronze Materials Zirconia

C 2.9-3.7 – CaO 0.0074

Si 1.8-2.6 0.005 MgO 0.0096

Mn 0.5-1.0 – K2O 0.00058

P 0.1-0.4 1.5 Na2O 0.0011

S < 0.12 0.08 Fe2O3 0.0052

Cr 0.1-0.4 – SiO2 0.36

Cu 0.3-0.5 81.0-85.0 Al2O3 0.75

B 0.03-0.08 – TiO2 0.014

Sn – 6.3-7.5 ZrO2 92.54

Pb – 6.0-8.0 Y2O3 5.84

Zn – 2.0-4.0

Al – 0.005

The DLC coating was deposited on the test disc using a non-equilibrium magnetron sputter-
ing process, including two layers of Cr/WC on the bottom and TAC on the top. The L161 test
disc was made using a complete liner whose inner surface was plateau honed in a 45◦ cross-hatch
pattern. The test disc specimen and its position in the complete liner are shown in Fig. 2. The
unhoned surface of the pieces cut from the complete liner was machined flat to assist in the
installation of the test disc.

The SRV R○ IV test apparatus was used in this study. Figure 3 shows the test chamber of the
SRV R○ IV test apparatus. The apparatus consists mainly of the upper specimen holder, lower
specimen holder, swing arm and the pressure sensor. The upper and lower specimen holders are
designed to accommodate the pin and disc specimens, respectively. The swing arm is used for
providing vibratory movements of the pin specimens. The pressure sensors are used to interpret
the test data. The constant test parameters, i.e., a frequency of 50Hz, temperature of 50◦C,
stroke of 1mm, test duration of 1 h, were applied to the wear test.

Three groups of wear tests were designed and performed under ISO-VG 220 lubricant and
dry conditions with test loads of 30N and 100N, respectively. The first group of tests was
designed for investigating the effect of DLC coatings on friction and wear behavior for the ISO
1083/JS/600-3 test pin specimens sliding against ISO 1083/JS/400-18 and ISO 185/JL/250 test
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Fig. 2. Representation of L161 disc specimens made from the complete liner

Fig. 3. (a) Test chamber of the SRV R○ IV test apparatus, (b) schematic representation of the
pin-on-disc test specimens

disc specimens. The second and third groups of tests were designed for studying friction and
wear behavoir for the ISO 1083/JS/600-3 and ISO 185/JL/250 test pin specimens sliding against
different materials, which aims at distinguishing the more suitable tribo-pairs in reciporcating
pumps.

3. Results and analysis

3.1. Test results of the friction coefficient and wear weight

Figure 4 shows the typical result for variation in friction coefficients of the ISO 185/JL/250
sliding against ISO 185/JL/250. An electronic balance with accuracy of 0.01mg was used to
measure wear weight of the test discs. The wear rate W +s [mm3/Nm] of materials, as proposed
by previous studies (Zhang et al., 2015; Yin et al., 2021), is given by

Ws =
∆m

ρNL
(B.1)

where ρ is density of the worn material, N is the normal load, L is the total sliding distance,
and ∆m is the wear weight.
Table 2 summarises the test results expressed by the friction coefficient of all specimens

and the wear weight and wear rates of the test discs. As can be seen from Table 2, the friction
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Fig. 4. Variation in friction coefficients of the ISO 185/JL/250 sliding against ISO 185/JL/250

Table 2. Test conditions and test results

Test
Pin specimen Disc specimen

Lubri- Normal
COF

Wear Ws [10
−6

gr. cation force [N] weight [mg] mm3/Nm]

1

ISO 1083/JS/600-3
ISO 1083/JS/400-18 Dry 30 1.088 2.88 37.558
ISO 185/JL/250 Dry 30 1.023 3.98 54.194

ISO 1083/JS/600-3 ISO 1083/JS/400-18 Dry 30 0.567 1.78 23.213
with DLC coating ISO 485/JL/250 Dry 30 0.496 2.08 28.322
ISO 1083/JS/600-3 ISO 1083/JS/400-18 Dry 100 0.678 14.7 57.512
with DLC coating ISO 185/JL/250 Dry 100 0.601 3.12 12.745

2 ISO 1083/JS/600-3

ISO 1083/JS/400-18 VG 220 100 0.175 0.11 0.430
ISO 185/JL/250 VG 220 100 0.16 0.19 0.776
ISO 1083/JS/500-10 VG 220 100 0.166 0.26 1.017

L161 VG 220 100 0.157 0.59 2.410
Tin-bronze VG 220 100 0.167 0 0
Zirconia VG 220 100 0.155 0.04 0.190

3 ISO 185/JL/250

ISO 185/JL/250 VG 220 100 0.163 0.37 1.511
L161 VG 220 100 0.164 0.38 1.552

Tin-bronze VG 220 100 0.163 0 0
Zirconia VG 220 100 0.164 0.08 0.380

coefficients of ISO 1083/JS/600-3 test pins with DLC coating and without DLC coating vary from
0.496 to 1.088 under the dry condition, and the friction coefficients for both ISO 1083/JS/600-3
and ISO 185/JL/250 test pins sliding against different test discs are almost the same, i.e. by
a value of 0.16 under the lubrication condition. For the lubraication condition, the smallest
wear rates are obtained for the tin-bronze and zirconia test discs sliding aginst both the ISO
1083/JS/600-3 and ISO 185/JL/250 test pins.

3.2. Test results of the surface profile

In order to investigate the effect of the DLC coating and lubrication conditions on wear
of the test discs, the surface profile of the specimens was analyzed in detail using the white
light interferometry method. This method can measure the rough surface profile of an object, as
shown in Figs. 5 and 6, which are the surface profiles of ISO 185/JL/250 and ISO 1083/JS/400-
-18 test disc specimens under different working conditions. Figure 5a shows the surface profile
of an ISO 185/JL/250 test disc specimen tested with an ISO 1083/JS/600-3 test pin specimen
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Fig. 5. The profiles of ISO 185/JL/250 test discs under different conditions: (a) 3D profile under dry
condition, (b) 2D profile in depth under dry condition, (c) 3D profile under lubrication condition,

(d) 2D profile in depth under lubrication condition

Fig. 6. The profiles of ISO 1083/JS/400-18 test discs under different condition: (a) 3D profile of the ISO
1083/JS/400-18 test disc tested with the ISO 1083/JS/600-3 test pin with DLC coating, (b) 2D profile
in depth of the ISO 1083/JS/400-18 test disc tested with the ISO 1083/JS/600-3 test pin with DLC
coating, (c) 3D profile of the ISO 1083/JS/400-18 test disc tested with the ISO 1083/JS/600-3 test pin
without DLC coating, (d) 2D profile of the ISO 1083/JS/400-18 test disc tested with the ISO

1083/JS/600-3 test pin without DLC coating
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under the unlubricated condition and a test load of 30N. Figure 5b shows the corresponding 2D
profile curve, Fig. 5c shows the surface profile of an ISO 185/JL/250 test disc specimen tested
with an ISO 1083/JS/600-3 test pin specimen under the condition of lubrication and a test
load of 100N, Fig. 5d shows the corresponding 2D profile curve. As can be seen from the 2D
profile curve (Fig. 5b), the wear depth in the x-coordinate direction is approximately 23µm for
unlubricated conditions. Comparing the 2D profile curves ((b) and (d)) under the two working
conditions, it can be seen that the surface profile of the test area of the ISO 185/JL/250 test disc
is relatively flat under lubrication conditions despite the increased test load, which indicates that
the introduction of lubrication has a significant impact on roughness of the ISO 185/JL/250 test
disc. Figures 6a-6d show the surface profile of ISO 1083/JS/400-18 test disc specimens tested
using two types of ISO 1083/JS/600-3 test pin specimens (with and without DLC coating)
with lubrication and a test load of 100N. As can be seen from the 2D profile curve (Fig. 6b),
the wear depth in the x-coordinate direction is approximately 11µm. The surface of the ISO
1083/JS/400-18 test disc tested with ISO 1083/JS/600-3 test pin specimens with DLC coating
shows good wear resistance.

3.3. Wear surface morphology analysis

Figure 7 shows SEM photographs of the wear scar of test disc specimens tested with the
ISO 1083/JS/600-3 test pin under different conditions. It can be seen from Fig. 7a that severe

Fig. 7. SEM morphology of test disc specimens: (a) ISO 1083/JS/400-18 test disc,
(b) ISO 1083/JS/400-18 test disc, (c) ISO 1083/JS/500-10 test disc, (d) ISO 185/JL/250 test disc,
(e) L161 test disc, (f) tin-bronze test disc, (g) zirconia test disc, (h) ISO 1083/JS/400-18 test disc tested
with test pin specimens with DLC coating, (i) ISO 185/JL/250 test disc tested with test pin specimens

with DLC coating

adhesive wear occurs on the ISO 1083/JS/400-18 test disc under dry conditions. Compared with
that, the wear degree of the ISO 1083/JS/400-18 test disc is alleviated due to the introduction of
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lubrication, as shown in Fig. 7b. The wear behavior of the ISO 1083/JS/500-10 test disc under
lubrication condition is shown in Fig. 7c. It can be seen from Fig. 7c that the delaminated areas
are associated with the abrasive grooves and microcracks formed on the contoured surface of
the ISO 1083/JS/500-10 test disc. In Fig. 7d, it is observed that the ISO 185/JL/250 test disc
shows good wear resistance. Abrasive grooves can be clearly seen on L161 test disc in Fig. 7e,
similar to the results shown in Fig. 7b,c. As shown in Fig. 7f,g, it is observed that there are
shallow furrow scratches on the surface of the tin-bronze test disc, while the zirconia test disc
has good wear resistance. Figures 7h,i show the effect of test pin specimens with DLC coating
on the sliding wear performance of the ISO 1083/JS/400-18 and ISO 185/JL/250 test discs. It is
found that for the ISO 1083/JS/400-18 test discs, the wear resistance can be improved by using
DLC coating on the end face of the test pin. However, the introduction of DLC coating on the
back of the test pin has no significant effect on the ISO 185/JL/250 test disc.

Figure 7 shows SEM photographs of the test disc specimens tested with the ISO 185/JL/250
test pin, and SEM photographs of the test disc specimens made of various materials under
the test load of 100N and lubrication conditions. Similar to the results shown in Fig. 7i, the
ISO 185/JL/250 test disc has good wear resistance as shown in Fig. 8a. It can be seen form
Fig. 8b, the wear degree of L161 test disc is relatively weak compared with the wear results of
the test disc tested with the ISO 1083/JS/600-3 test pin (Fig. 7e). The wear behavior of the tin
bronze and zirconia test discs is consistent with the wear results of the wear test using the ISO
1083/JS/600-3 test pin, as shown in Fig. 7d.

Fig. 8. SEM morphology of test disc specimens: (a) ISO 185/JL/250 disc, (b) L161 disc, (c) tin-bronze,
(d) zirconia disc

4. Discussion

4.1. Influence of lubrication

The friction coefficient of tribo-pairs of the ISO 1083/JS/600-3 test pin and ISO 185/JL/250
test disc and the ISO 1083/JS/600-3 test pin and ISO 1083/JS/400-18 test disc under unlubri-
cated conditions (test load of 30N) is approximately 5 times higher than that under lubrication
conditions (test load of 100N).
The well-know adhesive wear model proposed by Archard is shown as

Vc = K
LS

H
(B.1)
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where Vc is the volume wear per unit sliding stroke, L is the load, H is the hardness, S is the
sliding stroke, and K is the abrasive wear coefficient. The abrasive wear coefficient of a cast
iron/cast iron pair under dry conditions is approximately 9.9 · 10−4 (Rajkumar and Aravindan,
2013).

The hardness H and density ρ of the ISO 185/JL/250 test disc are 180HV and 7.0 g/cm3,
respectively. Therefore, the wear weight of the ISO 185/JL/250 test disc can be calculated as the
product of the volume wear per unit sliding stroke Vc, frequency f , test duration t and density ρ,
which is in a value of 208mg. The result obtained based on the Archard model overpredicts the
adhesive wear, which may be due to the estimation of the abrasive wear coefficient K of the
tribo-pairs of the 1083/JS/600-3 test pin and ISO 185/JL/250 test disc.

4.2. Material selection of crosshead liners

It is very important to select appropriate materials for crosshead liners, which can minimize
wear caused by reciprocating motion of the crosshead in a reciprocating pump. As shown in Sec-
tion 3, for ISO 1083/JS/600-3 and ISO 185/JL/250 test pin specimens, test disc specimens made
of ISO 185/JL/250, tin-bronze, zirconia materials have good wear resistance. The test results
suggest that the ISO 185/JL/250, tin-bronze, zirconia discs may be more suitable considering
raw materials of the crosshead liner in a reciprocating pump.

4.3. Influence of DLC coating and plateau honing

Under the test load of 100N and lubrication conditions, the friction coefficient between the
ISO 1083/JS/500-10 and ISO 185/JL/250 test disc and the ISO 1083/JS/600-3 test pin end face
is very similar to that between the ISO 1083/JS/500-10 and ISO 185/JL/250 test disc and test
pin without DLC coating. Under dry conditions, the DLC coating method using the test load of
100N shows good wear resistance in terms of the friction coefficient and wear weight compared
with the results of the ISO 1083/JS/600-3 test pin without DLC coating using the test load of
30N. The effect of the plateau honing method on wear resistance is not significant. For L161
test disc, the surface should be matched to ISO 1083/JS/600-3 and ISO 185/JL/250 test pins.
Zhang et al. (2015) reported that the plateau honing method resulted in higher steady-state
friction levels compared to other surface finish methods, which might relate to the intersection
angle, surface roughness and lubrication conditions.

5. Conclusions

In this study, in order to explore wear behavior of tribo-pairs in a reciprocating pump, pin-
-on-disc wear tests under dry, lubrication conditions and DLC coating were carried out. The
conclusions are as follows:

• The presence of a lubricant has a significant effect on wear behavior of tested specimens.
The friction coefficients under a normal load of 30N under dry conditions are approx-
imately 5 times higher than those under a normal load of 100N in VG 220 lubricated
conditions.

• The tribo-pairs consisting of spheroidal graphite cast iron materials are most likely to
cause abrasive wear. Test disc specimens made of ISO 185/JL/250, tin-bronze and zirconia
show good wear resistance against two cast iron test pin specimens, which indicates the
capability to be used as the linear raw material for crossheads.

• The DLC coating can improve tribological behavior of test pin substrate materials under
lubricated sliding conditions. However, the plateau honing approach has little effect on the
wear resistance of the tested disc specimens.
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In numerically controlled grinding of aeroengine blades, a sharp change in a rotating shaft
caused by a singular zone greatly reduces grinding precision and quality. This paper proposes
an algorithm to optimize the tool-path that combines optimization of the C-axis rotation
angle, a modification to the tool orientation and adjustments to the tool position by taking
a four-array machine tool with two rotational axes (B-axis and C-axis) as an example. The
algorithm was verified using VERICUT software, furthermore, in machining experiments,
the rotation amplitudes of the rotary axis in singular areas was effectively reduced, which
ensured grinding quality of blades.

Keywords: aeroengine blade, smoothness of tool orientation, five-axis machine tool, singular
area

1. Introduction

As blades play an important role in aeroengines, their surface accuracy and integrity greatly
influence their fatigue life and aerodynamic performance under service environments. Therefore,
blades are generally ground and polished to ensure surface integrity and accuracy in their final
shape (Huang et al., 2016; Chen and Zhao, 2015). The fixed-track grinding of blades with a super-
-abrasive elastic grinding wheel can solve grinding problems for hard-to-manufacture features,
such as the leading edge, exhaust edge and the filet to realize complete blade grinding. However,
it is important to avoid the interference between the tool axis and edge plates and to realize
blade-body grinding without tool markings while machining blades with upper- and lower-edge
plates. Therefore, tool orientation without the interference is generally specified at the upper-
and lower-edge plates of blades based on shape parameters of the tool, whetras the planning
of tool orientation is performed by the computer-aided machining (CAM) system through an
interpolation vector (Ma et al., 2015). As shown in Fig. 1a, due to the upper-edge plate, the tool
orientation vu is inclined to the right relative to the blade axis when the grinding tool is near
the upper-edge plate of the blade in the blade grinding process. As shown in Fig. 1d, due to the
lower-edge plate, the tool orientation vl is inclined to the left relative to the blade axis when
the grinding tool is near the lower-edge plate of the blade. As shown in Figs. 1b and 1c, due to
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the opposite inclination direction of the tool position at the upper- and lower-edge plates, the
tool orientation will be approximately parallel to the axis of the blade when the grinding tool is
machining the middle part of the blade. If the blade axis is parallel to the axis of the machine tool
turntable during the five-axis grinding process, singular areas from the five-axis computerized
numerical control (CNC) machine tool inevitably occur during processing (Pal, 2005). In singular
areas, the tool orientation is approximately parallel to the axis of the machine tool turntable
for the five-axis tool, which causes small fluctuations in the tool orientation leading to large
variations in the rotation shaft of the machine tool. This significantly increases the non-linear
errors of the machine tools, worsens the processing state in these areas, and can even cause
machining scrap (Chen et al., 2020). Therefore, optimizing the five-axis tool-path in singular
areas is essential to improve the machining precision and surface quality.

Fig. 1. The grinding process of the blade with the upper- and lower-edge plates: (a) attitude of tool
orientation relative to the blade when machining the upper-edge plate, (b) attitude of the tool relative
to the blade when machining the middle of the blade, (c) attitude of the tool relative to the blade when
machining the middle of the blade, (d) attitude of tool orientation relative to the blade when machining

the lower-edge plate

The existing five-axis machining singularity-avoidance method can be performed in two
stages tool-path planning and post-processing without changing the workpiece clamping form
(Cripps et al., 2017; Wang, 2007) or rotating shaft configuration (Anotaipaiboon et al., 2006). In
the tool-path planning stage, singular regions can be avoided by optimizing the tool orientation.
Affouard et al. (2004), Yang and Altintas (2013) and Wan et al. (2018) fitted the tool orienta-
tion for each tool position into spline curves and fine-tuned the control points to ensure that the
tool orientation avoided the singular region of the five-axis machine tool, which improved the
smoothness of the tool orientation. Castagnetti et al. (2008) and Lin et al. (2014, 2016) defined
the feasible region of the tool orientation and optimized it within the feasible region to avoid
singular regions and obtain better machining quality. Wang (2012) optimized the tool position
in the singular region by monitoring the angle between the tool orientation and the rotation
axis. Tajima and Sencer (2020) avoided singular regions through real-time path planning. Lar-
tigue et al. (2004) and Lu et al. (2016) modified the tool-path by adjusting the control points
for side milling, which improved the smoothness of the rotating shaft near the singular points
and ensured machining accuracy. In the post-processing stage, Sørby (2007) modeled kinematics
of a non-orthogonal machine tool and fine-tuned motion of the rotating axis near the singu-
lar point in post-processing to improve the robustness of the tool-path in the singular regions.
It is noted that such a method inevitably introduces machining errors when adjusting motion
of the rotating shaft. Munlin et al. (2004) reduced motion errors near singular points through
the shortest-path planning during post-processing. Wang et al. (2008) and Chen et al. (2020)
improved the machining accuracy of singular regions through linear interpolation.
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In the planning stage of tool-path, the singular problem of tool-path can be realized by
combining the structure of the machine tool. However, at present, the universal CAM system
does not have this function, so it needs to carry on a secondary development based on the
development interface provided by CAM, which is difficult to realize and is characterized by
poor versatility. In the post-processing stage, the smoothness of the tool-path in singular regions
is improved, and the non-linear errors in these areas are reduced by fine-tuning of motion of the
rotating shaft, shortest-path planning and interpolation. However, the problem of an excessive
rotation amplitude for the rotating shaft in singular regions is not fundamentally solved, and
fine-tuning of motion introduces new machining errors. Interpolation causes machine-tool feed
fluctuations due to tool points that are too dense, and this affects the machining efficiency and
quality.

In this study, an algorithm to optimize the tool-path that combines optimization of the
C-axis rotation angle, a modification of the tool orientation and adjustment to the points is
proposed by taking a four-array machine tool with two rotational axes (B and C) as an example
based on the previous research. This method improves the smoothness of the tool-path in the
singular region, and the effectiveness of this method is proved by experiments.

2. Algorithm research

2.1. Overall algorithm flow

A flow chart of the overall algorithm is shown in Fig. 2, and it shows the following steps.
Step 1: post-process the original tool-path data. Step 2: obtain tool-path segments located in
the singular region based on the normal Z component of the tool position and fluctuations of
the C-axis. Step 3: adjust the swing angles of the B-axis and C-axis corresponding to the tool
position in the singular area based on the angular travel of the C-axis at the beginning and end
of the tool rail section in the singular area so that these axes rotate uniformly. Step 4: smooth
the B-axis and C-axis swing angles of the tool positions before and after the beginning and end
points of the singular tool rail section to ensure connection between the singular section and
the front and rear sections. Step 5: adjust tool orientation corresponding to the tool position
according to the adjusted B-axis and C-axis swing angles. Step 6: calculate the tool position
based on the adjusted tool orientation combined with the contact position, normal vector of the
contact and cutter parameters. Step 7: reprocess the adjusted tool-path data after processing
its position data in all singular areas to complete the tool-axis smoothing.

2.2. Kinematic analysis of the machine tool

The machine tool used in this study is a four-spindle rectangular array five-axis machine tool
to achieve blade grinding and grinding, whose one rotary axis (C-axis) is on the table and the
other one (B-axis) on the spindle, as shown in Fig. 3a. The tool is a drum-shaped tool, as shown
in Fig. 3b. The coordinate system of the five-axis machine tool with a swing head and turntable
is shown in Fig. 3c. The OWXWYWZW , OMXMYMZM , and OTXTYTZT sets of axes are the
coordinate systems of the workpiece, machine, and tool, respectively, and pointB is the rotation
center of the B-axis. The rotation center of the C-axis coincides with the origin of the workpiece
coordinate system. The vectorB is the tool coordinate origin OT in the machine coordinate sys-
tem relative to the coordinates of point B. The initial coordinates of the tool in the coordinate
system are PTt (0, 0, 0, 0, 0, 1). The coordinate of point P

T
t in the workpiece coordinate system

should be consistent with the corresponding tool position PWn (xn, yn, zn, in, jn, kn) after coordi-
nated movements for each machine tool axis (Geng et al., 2018). If (mxn,myn,mzn,mbn,mcn)
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Fig. 2. Overall flow of the proposed algorithm

Fig. 3. (a) Four-spindle rectangular array five-axis machine tool, (b) drum-shaped tool, (c) coordinate
system of the five-axis machine tool with a swing head and turntable: OWXWYWZW , OMXMYMZM ,
and OTXTYTZT sets of axes are the coordinate systems of the workpiece, machine and tool,

respectively, and pointB is the rotation center of the B-axis

are the coordinates of the corresponding axes of the machine tool in the component coordinate
system, there is a transformation relation as shown as

PWn = P
T
t Trans(vectorB)Rot(B,mbn)Trans(mx,my,mz)Rot(C,mcn) (B.1)

When solving motion for each axis of the machine tool in reverse, the expansion of Eq. (2.1)
gives two cases for motion of the B-axis and C-axis of the machine tool as

mbn1 = arccos(kn)

mcn2 =

{

arctan(jn/in) in ­ 0
90◦ sgn (jn)− arctan(jn/in) in < 0

(B.2)



A tool orientation smoothing method for five-axis machining... 93

or

mbn2 = − arccos(kn)

mcn2 =

{

arctan(jn/in) in ¬ 0
arctan(jn/in)− 90◦ sgn (jn) in > 0

(B.3)

Equation (2.4) is used to calculate the total rotations ∆1 and ∆2 of the B and C axes
corresponding to the two solutions, and the smaller value is selected as the current solution

∆1 = |mbn1 −mbn−1|+ |mcn1 −mcn−1|
∆2 = |mbn2 −mbn−1|+ |mcn2 −mcn−1|

(B.4)

2.3. Determination of the singular area

Because the singularity problem is only related to the direction of the tool axis and not to
the position of the tool, only the relationship between the rotation axis and the direction of the
tool axis needs to be solved. The tool orientation vn(in, jn, kn) is a unit vector which satisfies
i2n+j

2
n+k

2
n = 1, therefore, a unit sphere (radius of the sphere has unit length, and it is commonly

referred to as a Gaussian sphere in which each point corresponds to a blade-axis direction) is
taken as an example. As shown in Fig. 4a, the tool orientation is expressed by v, the center
point of the axis is located at the center of the sphere, and the end points are distributed on
the sphere. Figure 4b shows a top-down view, which indicates that the initial position of v is
parallel to the Z-axis, i.e., v = (0, 0, 1), based on the analysis in Section 2.2. The included angle
between any two tool orientations v1 and v2 on the unit circle is set as ϕv1 and can reach v2 in
two simultaneous steps: firstly, rotation by α degrees around the Y -axis to vm, and then rotation
by β degrees around the Z-axis to v2.

Fig. 4. (a) Gaussian sphere, (b) its top view

According to Eqs. (2.2) and (2.3), when kn is equal to 1, bn is 0 and cn can be any value; this is
called a singular point of the tool-path. At this time, the C-axis rotation angle corresponding to
the previous tool position is taken as cn to avoid the singular-point problem. When kn approaches
but is not equal to 1, small changes of in and jn result in large changes in the C-axis rotation
angle. Therefore, the singular area discrimination threshold is set as ε, while the corresponding
kn, kn+1, . . . , kn+m for each tool position and the size of ε are determined successively. The track
segment of the tool that is continuously less than ε is the track segment in the singular area.
Through a large number of experiments and analysis, ε is set from 0.9848 to 0.9962 (3◦-5◦

corresponding to the swing angle of the B-axis).
To explain the machine-tool singularity phenomenon more intuitively, Fig. 5a shows the tool

pose at two adjacent positions of the tool in the grinding process of the middle part of the
blade body of the example blade. The tool orientations at the two adjacent tool positions are v1
and v2, respectively. As shown in Fig. 4b, the tool orientations are represented on the Gaussian
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sphere O (O is the center of the Gaussian sphere), the circle Os is a small-diameter circle with
the Z-axis near the north pole on the surface of the Gaussian sphere O, which corresponds to
a smaller conical angle ϕ (¬ 10◦). The tool orientations v1 and v2 are on the circle Os, and the
angle ϕ between v1 and v2 is less than ϕ, which meets the maximum in the five-axis machining
path-planning stage. However, as shown in Fig. 5c, in the top view of the Gaussian sphere O,
v̇1 is the projection of v1 onto the XOY plane, v̇2 is the projection of v2 onto the XOY plane,
∠v̇1Ov̇2 is the projection of ∠v1Ov2 onto the XOY plane, the ∠v̇1Ov̇2 is obviously larger than
the ∠v1Ov2, which produces a singularity phenomenon when the tool-path is from v1 to v2.
The maximum angle of the C-axis can reach 90◦ in one cycle, which is much larger than the
maximum allowable angle in a single cycle. For a five-axis machine tool with two rotational axes
(B and C), singularity problems may occur only when the tool orientation appears in a circle
with a smaller radius at the north pole for the Gaussian sphere, which is usually called a singular
area.

Fig. 5. Generation mechanism of a singular cone: (a) relationship between the tool and workpiece pose,
(b) singular cone and tool orientations in the singular cone, (c) top view of the Gaussian sphere and
C-axis rotation angle corresponding to the tool orientation in the singular area, (d) singularity of the

machine tool in the C-axis

To further illustrate the singularity of the machine tool, the top view of the Gaussian sphereO
(O is the center of the Gaussian sphere) is shown in Fig. 5d, where the circle Os is the singular
cone, and v0, v1, . . . , v6 are continuous tool orientations, connecting the lines between O and
each of the tool orientations. The angle between two adjacent lines is the angle of C-axis of
the machine tool between two adjacent tool points when the machine tool is running. It can
be seen from the figure that during transformation of the tool orientation from v1 to v5, the
C-axis changes greatly. In this case, the tool-path segment from v1 to v5 is a singular tool-path
segment. Here v1 is the first tool point corresponding to the tool orientation before the tool-path
enters the singular region, v5 is the first tool point corresponding to the tool orientation after
the tool-path leaves the singular region. In order to better describe the algorithm in this paper,
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v1 is defined as the tool head orientation of the singular tool-path segment, and v5 is the tail of
the tool orientation of the singular tool-path segment.

2.4. Normal vector adjustment principle of tool position

According to distribution of the head and tail of the singular tool-path segment, the tool
orientations in the singular region are adjusted in two cases. In the first case, the projection
angle of the tool orientation corresponding to the head and tail points in the singular area is
less than 90◦ in the top view of the Gaussian sphere. As shown in Fig. 6a, v11 , v

1
2 , v
1
3 and v

1
4 are

tool orientations corresponding to the tool position points in the singular area, v10 is the tool
orientation corresponding to the tool position before the tool-path enters the singular area, and
v15 is the tool orientation corresponding to the first tool position after the tool-path leaves the
singular area, with ∠v10Ov

1
5 being less than 90

◦. During the movement of the cutter shaft from
v10 to v

1
5 , the C-axis of the machine tool rotates significantly, which causes a singularity problem.

The shortest line connection is between points v10 and v
1
5 on the Gaussian sphere surface. From

v10 , v
1
1 , v
1
2, v
1
3 , v
1
4 and v

1
5 the distance relationship between the corresponding tool positions of

v11 , v
1
2 , v

1
3 and v

1
4 will correspond to the adjustments in the connection of v

1
0 and v

1
5 on the

connecting line. As shown in Fig. 6b, the amplitudes of motion for the B-axis and C-axis of the
machine tool are remarkably small and uniform as the tool position is changed from v10 to v

1
5 ,

which avoids singular problems in the machining process.

Fig. 6. According to the projection angle, different strategies are adopted to adjust tool orientation in
the singular region: (a) projection angle less than 90◦ of tool orientation before the adjustment,

(b) projection angle less than 90◦ of tool orientation after the adjustment, (c) projection angle greater
than 90◦ of tool orientation before the adjustment, (d) projection angle greater than 90◦ of tool

orientation after the adjustment

In the second case, the projection angle of the tool orientation corresponding to the head
and tail points in the singular area is more than 90◦ based on the Gaussian sphere. As shown
in Fig. 6c, the circle Os is a top view of the singular cone, and v

2
1, v
2
2 , v
2
3 and v

2
4 are the tool

orientations corresponding to the tool positions in the singular area. v20 is the tool orientation
corresponding to the tool position before the tool-path enters the singular area, and v25 is the
tool orientation corresponding to the first tool position after the tool-path leaves the singular
area. The graph shows that the C-axis of the machine tool rotates significantly as the tool
position changes from v20 to v

2
5 , which causes singularity problems. The shortest line connection

is made between point v20 , the north pole of the Gaussian sphere, and point v
2
5 on the surface

of the Gaussian sphere. From v20 , v
2
1, v
2
2 , v
2
3 , v
2
4 and v

2
5 , the distance relationships between the

corresponding tool positions are v21 , v
2
2 , v
2
3 and v

2
4 , which corresponds to the adjustments in the

connecting line from v20 to v
2
5 . As shown in Fig. 5d, the amplitudes of motion for the B-axis and

C-axis are remarkably small and uniform as the tool position is changed from v20 to v
2
5 , which

avoids singularity problems in the machining process.



96 C. Cui et al.

2.5. Adjustment algorithm of swing angle corresponding to tool position in a singular
region

Fig. 7. Adjustment process of the tool orientation in a singular region

Figure 7 shows a flow chart of the tool-position normal-vector adjustment algorithm in a
singular region. Pk is the starting point of the tool-path segment in the singular region, Pk+n is
the end point, and the rotation angles of the axis are bk, bk+1, . . . , bk+n and ck, ck+1, . . . , ck+n.
The tool-path length li corresponding to each tool point is calculated in turn with Pk as the
starting point. Then, Pk+i is calculated for each tool position corresponding to ti = li/

∑
li.

Therefore, the procedure to adjust the tool orientation is as follows.
1. Calculate the rotation angle of the C-axis between the adjacent tool positions ∆ci =
ck+i − ck+i−1, and then calculate the motion rate of the C-axis between the adjacent
tool positions Rci = ∆ci/li by traversing ck, ck+1, . . . , ck+n, where i = 1, 2, . . . , n. If the
value of Rci (i = 1, 2, . . . , n) is too large to indicate that there is a large fluctuation in
the C-axis in this singular region, the threshold value θ of the C-axis is preset when the
program is executed, θ is set to 1-3 in a lot of experimental analysis, judge whether Rci > θ
(i = 1, 2, . . . , n) is established. If yes, perform Step 2; otherwise, the singular region is not
necessary for optimization, and the program is stopped.

2. Set i = 1; calculate the effective motion stroke of the C-axis and B-axis during the ma-
chining stage from Pk to Pk+n. The effective travel of the C-axis is then ∆c = ck+n − ck,
and that of the B-axis is ∆b = bk+n− bk when |∆c| > 180◦. Step 3 is performed by adding
or subtracting m× 360 so that ∆c is in the range −180◦ to 180◦.

3. Judge whether |∆c| ¬ 90◦ is valid. If |∆c| remains unchanged, carry out Step 4; otherwise,
implement Step 5.

4. If ∆bk+i = ∆b× ti, ∆ck+i = ∆c× ti; perform Step 11.
5. If ∆c > 90◦, ∆c = −(180 −∆c), e.g., ∆c < −90◦, ∆c = 180 +∆c; perform Step 6.
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6. If ∆ch = |∆c|/2, ∆ck+i = ∆c× ti; perform Step 7.
7. Judge whether |∆ck+i| ¬ ∆ch is true. If true, execute Step 8; otherwise, skip to Step 9.
8. ∆bk+i = 2× bk × ti; perform Step 11.
9. ∆bk+i = bk + 2× bk+n × (ti − 0.5); perform Step 10.
10. If ∆ck+i ­ 0 is true, then ∆ck+i = ∆ck+i+180◦; otherwise ∆ck+i = ∆ck+i−180◦, perform
Step 11.

11. Determine whether i = n is true. If true, the adjustment process is over; otherwise, i = i+1
and move to Step 3.

2.6. The change of head and tail normal vectors for the tool-path in singular regions by
smoothing

After adjusting the tool orientation in a singular region, the relationship that describes the
original normal vector variations for the tool position is changed so that the swing angles of the
B-axis and C-axis mutations occur at the boundary transition of the singular region. Figures 8a
and 8b, respectively, show changes in the tool orientation corresponding to the tool position
before and after tool-orientation adjustments along the cutter track section in the singular
region. There is a sudden change in the normal vector of the tool axis at tool positions v2
and v7, which correspond to the head and tail of the tool-path section in the adjusted singular
region. If this is left untreated, speed fluctuations will appear when the machine tool operates
here, which will affect the machining quality.

Fig. 8. Smoothing of the head and tail normal vectors for the tool-path in singular regions: (a) normal
projection of tool orientation before the adjustment, (b) normal projection of tool orientation after the

adjustment, (c) normal vector projection of tool orientation after the smoothing

As shown in Fig. 8b, there are two front tool positions P0 and P1, and two rear tool positions
P3 and P4 corresponding to the tool position P2, which takes the length of the tool-path section
as a parameter. Then, the swing angles of the B-axis and C-axis corresponding to the five tool
sites are fitted to quadratic Bezier curves using the least-squares method, which is then inversely
calculated based on the corresponding parameters of each tool site for P1, P2 and P3. The tool-
-axis smoothing at the head of the tool-path section in the singular region is then completed
based on the corresponding swing angle of the B-axis and C-axis.

Taking the swing angle of the B-axis as an example, the specific processing approach is
explained starting from P0. The corner of bi (i = 0, 1, . . . , 4), which corresponds to the normal
vector of each tool-position contact is calculated, and the tool-path length li corresponding to
each tool position is calculated with P0 as the starting point

li =

{

0 i = 0
li−1 + dis(Pi − Pi−1) i = 1, 2, . . . , 4

(B.5)

where dis(Pi − Pi−1) is the distance between Pi−1 and Pi.
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The value ti = li/l4 (i = 0, 1, . . . , 4) is taken as the corresponding bi parameters. Refer to
the description of quadratic B-spline in reference (Riesenfeld, 1975), the planning node vector
U(0, 0, 0.5, 1, 1) is combined with ti (i = 0, . . . , 4) to calculate the basis function corresponding
to Nj,i (i = 0, . . . , 4), where j = 0, 1, 2, 3 as

Nj,0 =

{

1 uj ¬ ti < uj+1

0 otherwise

Nj,p(ti) =
ti − ui
ui+p − ui

Nj,p−1(ti) +
ui+p+1 − ti
ui+p+1 − ui+1

Nj+1,p−1(ti)

E =






N0,2t0 · · · N2,2(t0)
...

. . .
...

N0,2(t4) · · · N2,2(t4)






(B.6)

where bi (i = 0, . . . , 4) is written in the form of the column vector B = [b0, . . . , b4]
T. Equation

(2.7) is used to solve each control point of the fitted B-spline, where X = [x0, x1, x2]
T, X is a

3× 1 matrix, x0, x1 and x2 are the values of B-spline control points

X = (ETE)−1ETB (B.7)

Finally, bi (i = 0, . . . , 4) is fitted to a B-spline curve, which can be inversely calculated
through the fitted spline curve of bi (i = 1, 2, 3) to obtain smooth B-axis motion data.

2.7. Recalculation of tool position

The tool and workpiece surfaces have common normal vectors at the cutter contact point
during machining. Therefore, the coordinates of the tool position (Xu and Chen, 2014) can be
solved by combining the tool orientation and parameter information of the cutter when the
normal vectors of the contact point are known. Commonly used tools for blade grinding and
grinding are drum-shaped, as shown in Fig. 9. Given the tool diameter D, fillet radius R, contact
point Pc, contact normal vector vc, and normal vector of tool orientation v0, the tool position P0
can be obtained from

P1 = Pc +Rvc v1 = v0 × (vc × v0)

P2 = P1 +
(D

2
−R

)

v1 P0 = P2 −Rv0
(B.8)

Fig. 9. Calculation of the normal vector for contact in a drum cutter

Similarly, for the commonly used ball cutters in milling, the radius R of the cutter, contact
point Pc, contact normal vector vc and tool orientation v0 can be used to obtain the tool
position P0 from Eq. (2.8). The round-corner cutters commonly used in milling are similar
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to drum cutters in that given the tool diameter D, radius R, contact point Pc, contact normal
vector vc and tool orientation v0, the tool position P0 can be obtained from

P0 = Pc +Rvc −Rv0 (B.9)

Other commonly used tools can be derived in turn.

3. Verification example

As shown in Fig. 1, to realize full profile grinding of concave or convex surfaces with upper- and
lower-edge plates in a certain model, the cutter shaft of the upper- (lower-) edge plate needs to
tilt to the right (left) to avoid interfering with the cutter shaft. The cutter shaft in the middle
is determined from the CAM system based on the interpolation of the built-in rules. Therefore,
the blade-axis normal is nearly parallel to the blade axis when machining the middle part of
the blade body. The blade axes are installed parallel to the C-axis of the rotating axles when a
four-array machine tool has two rotational axes (B and C). Figure 10 shows the swing values

Fig. 10. Comparison of the B-axis and C-axis rotation angles (a) before and (b) after optimization

of the B-axis and C-axis corresponding to the fifth row of the tool-path in the program before
and after optimization. Figure 10a indicates that the entire swing amplitude of the C-axis in
the original tool-path is large with a sharp change. Meanwhile, there is a sudden change in the
B-axis direction, which causes sharp acceleration and deceleration of the machine tool to produce
large non-linear errors. Figure 10b shows the corresponding swings in the B-axis and C-axis after
tool-path optimization. The total rotation angle of the C-axis is reduced significantly and the
overall operation is smooth, while there is no sudden change in the direction of the B-axis. This
can ensure smooth operation of the machine tool and plays a positive role in improving the
processing quality.
It should be emphasized that because of the particularity of the structure of the array machine

tool, the 840D numerical control system can not realize the RTCP function, so the machine tool
is sensitive to the nonlinear error caused by the singular problem, and so the cutting simulation
of the tool path before formal machining is particularly important. Cutting simulations were
performed using the VERICUT software package, as illustrated in Fig. 11. In the simulation
results, the light-yellow part of the blade is the surface of the workpiece, and the purple part is
the surface of the workpiece after processing. From the simulation results shown in Fig. 11b, it
can be clearly seen that when the tool-path is not optimized, large nonlinear errors are generated
due to the singular region of the tool-path, which leads to a serious over-cutting problem, leading
to the scrap of the processed workpiece. The simulation results in Fig. 11c show that there is no
obvious over-cutting after optimization.
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Fig. 11. VERICUT simulation model and its results, showing: (a) simulation model, (b) tool-path
cutting simulation before optimization, (c) tool-path cutting simulation after optimization

In the grinding process, grinding process parameters directly affect quality of the surface
processing of blades. Considering the surface profile and roughness requirements of titanium
alloy fan blades, and combined with the experimental experience of grinding process parame-
ter optimization in the early stage of our research group, the grinding processing parameters
are shown in Table 1. A blade is machined using the optimized tool-path, as illustrated in
Figs. 12a and 12b, and there is no undercut on the surface of the blade after machining. In
the vertical section curve shown in Figs. 12a and 12b, 40 equidistant points are accurately de-
tected with a coordinate-measuring machine which is equipped with a Renishaw SP25M contact
scanning probe (Beijing, Hangruisiwei PONY866, Metrolog XG13 contact measuring system,
MPE=(2.5+4L/1000)um and the diameter of the probe is 1.5mm). The results are shown in
Fig. 12c, where the maximum surface error is less than 0.02mm, which meets the design re-
quirements (profile tolerance −0.03mm-+0.05mm). Therefore, it can be said that the proposed
optimization method can meet the actual processing requirements.

Table 1. Grinding process parameters

Convex Concave
Leading-edge and
trail-edge

Tool D38r1.5 (Drum wheel) D38r1.5 (Drum wheel) D26r1.5 (Drum wheel)

Parameters

Speed 5000 r/min Speed 5000 r/min Speed 7000 r/min
Feed 1200mm/min Feed 1200mm/min Feed 1000mm/min
Preloading 0.2mm Preloading 0.2mm Preloading 0.2mm
Single tool-path Single tool-path Single tool-path

Fig. 12. Grinding effect on the back/basin surface of a double-ended blade model: (a) concave,
(b) convex, (c) data for accuracy detection
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4. Summary

To solve the problem of singular regions in the tool-path for five-axis grinding and grinding of
full-profile aircraft-engine blades, a tool-path optimization algorithm that combines optimization
of the B-axis and C-axis rotation angles, modifications of the tool-axis vectors and adjustments
to the tool position is proposed in the post-processing stage of the tool-path. This method is
easier to implement the tool orientation smoothing than the secondary development of CAM
software.

The smoothness of the tool-path in singular regions is improved without interpolating or
encrypting the original path. Problems such as rapid rotations of the rotating shaft in the
singular regions and excessive non-linear errors are avoided. VERICUT simulation and actual
processing verification can meet the actual machining requirements.
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The progressive collapse of a space grid structure which has a large number of members and
a large span is the focus of current research. Before the progressive collapse of the structure,
there is a problem of instability of the members. In this paper, dynamic nonlinear analysis
of a super-long span latticed steel arch structure is carried out to study its progressive
collapse process using a Kinematic Hardening Plasticity constitutive model compiled by
Vumat material subprogram in Abaqus, which takes into account instability of the members.
Differences in the dynamic response process of the structure at the collapse moment and the
failure sequence of the members using the member stability model and the material failure
constitutive model are compared. Compared with the material failure constitutive model,
when the member stability constitutive model is used, the proportion of compressive buckling
members in the structural failure is higher, and the bearing capacity of the structure is lower
when the initial failure occurs. The structure suffers from localized member compressive
failure rather than material yielding, which leads to the progressive collapse of the structure.

Keywords: progressive collapse, steel arch truss structure, compression instability

1. Introduction

The steel arch truss structure, as one of the common forms of space grid structures, combines
the advantages of arch and truss, light self-weight, large span, good force performance and short
construction period, which make it to be widely used in large-span public buildings such as
stadiums, terminals and industrial plants (Zhu et al., 2013; Cai et al., 2010; Zhao and Wu,
2016). The progressive collapse of such large public buildings will pose a great threat to people’s
life safety and public property once it occurs. The traditional concept believes that the spatial
grid structure itself has a high degree of redundancy, thus not collapsing on a large scale. In
1978, the overall collapse and damage of a stadium with a quadrangular pyramid grid system in
the center of Hartford City in the United States occurred in a heavy snowstorm, which aroused
the attention of domestic and foreign scholars to the progressive collapse of space grid structures
(Jiang and Chen, 2012).

Progressive collapse is a process of overall collapse or disproportionate large-scale collapse
caused by local failure of the structure (GB50068, 2018). The research on the progressive collapse
resistance of structures has been going on for more than 40 years. At present, the research on the
progressive collapse resistance of frame structures (Song and Sezen, 2013; Zhang, 2013; Koh and
Krauthammer, 2019; Wang and Wang, 2021) and truss structures (Zhao et al., 2019; Miyachi et
al., 2012) is relatively mature, and the research focus is shifting to large-span space structures.
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For space grid structures, the occurrence of progressive collapse is mainly caused by stability
failure of compression members and strength failure of the node zone (Tian et al., 2019). The
failure of members is the key to structural design, which can be divided into two types: strength
failure and instability failure. The ultimate bearing capacity of the instability failure, generally
occurring in compression members, is far less than the yield strength of the strength failure,
generally occurring in tension members. Before the overall failure of the space grid structure,
there will be a problem of instability of the members, hence finding the key members is an
important problem in analysis of the progressive collapse of the structure. The transformed
load path method is the most commonly used analysis method to study the progressive collapse
of space structures. Tian et al. (2019) proposed a dynamic analysis method to simulate the
progressive collapse of large-span spatial lattice structures, and analyzed the progressive collapse
resistance mechanism of large-span single-story spatial lattice structures. By assuming failure
of some key members, the structure is analyzed to determine whether a new load transfer path
can be formed and thus whether the progressive collapse of the structure will occur. For the
purpose of considering the instability of the member, some scholars use the Vumat subprogram
provided by Abaqus to compile the constitutive model of the member, and use the self-defined
failure criterion of the member to find the key member (Ding et al., 2011; Ge, 2012). Wilkes
and Krauthammer (2019) proposed a method based on energy flow to analyze failure members
in a structure. Han et al. (2018) identified two forms of collapse of the grid structure through
the displacement criterion and found the key members based on the sensitivity method. Han et
al. (2021) used a transformed load path method to analyze the progressive collapse performance
of a single layer latticed shell structure and determined the effect of key members and member
groups on the progressive collapse resistance of the structure.

At present, the research on progressive collapse performance of space grid structures is mainly
focused on single-layer or double-layer latticed shell structures, and the analysis on truss struc-
tures is mainly focused on a plane truss, relatively less than a spatial truss. It should be high-
lighted that most of Vumat subprograms are only available for pipe section members, while the
constitutive model compiled by the Vumat subprogram used in this paper can be applied to ar-
bitrary sections, taking into account instability of the member. The force status of the member
is monitored by the subprogram and the failure member is removed in real time, making it easier
to find the location of key members. In this paper, an explicit dynamic calculation method for
a super-long span space steel arch truss structure is conducted to study the difference between
the material failure constitutive model and the member stability constitutive model compiled by
the Vumat subprogram in progressive collapse analysis of the structure, verifying the feasibility
of the Kinematic Hardening Plasticity constitutive model compiled by the Vumat subprogram
in practical engineering applications.

2. Materials and methods

2.1. Model information

The model is based on a super-long span latticed steel arch structure divided into two parts
and arranged symmetrically. Its plane size is 211m×460m and the height is about 60m. A
total of 32 main trusses are arranged longitudinally with a distance of 15m, and each part
has 16 trusses. The main spatial arch truss has an inverted triangle section, width of 4m and
variable height from 5.5m to 7m. Seven connecting trusses and a number of spaced cross struts
are arranged between the main trusses to ensure the out-of-plane stability of the main truss.
The arch curve is a three-center circular arch with height of about 60m, forming an inverted
quadrangular pyramid space arch truss structure system with a rise-to-span ratio of 0.28. Figure 1
plots the top view of half of the arch truss model that has been established in Abaqus. In order
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to describe the instability of the members during progressive collapse of the model more clearly,
the key positions of the first truss on both sides have been marked with I-IV in the structure
top view.

Fig. 1. Top view of the model

2.2. Material performance and section type

Section types of the simplified model members are all steel pipe, and the section materials
are all Q345 steel whose main material parameters are shown in Table 1.

Table 1. Material parameter

Yield Elastic Density Poisson’s Breaking
stress fy modulus E ρ ratio ν strain

345MPa 206GPa 7850 kg/m3 0.3 0.02

The members are mainly divided into the upper chord, lower chord and web member ac-
cording to their positions in the truss. Table 2 is a summary of the member section types used
in different parts of the structure, where ∅ represents pipe section, the former number and the
latter one represent the outer radius and thickness of the pipe section, respectively.

Table 2. Section types of the members

Member parts Section type

Upper and lower ∅560 × 25, ∅500 × 24, ∅450 × 24, ∅400 × 24, ∅377 × 20, ∅351 × 18,
chord ∅351 × 16, ∅325 × 16, ∅299 × 14, ∅273 × 14, ∅273 × 10, ∅245 × 12
Web members

∅245 × 12, ∅219 × 10, ∅219 × 8, ∅194 × 8, ∅180 × 8, ∅159 × 6,
∅140 × 5, ∅114 × 4, ∅89× 4

2.3. The constitutive model

In this paper, two constitutive models are employed to study progressive collapse performance
of the arch truss structure considering compression instability of the members. The first one is
the material failure constitutive model which applies material failure as the failure criterion for
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element members. As Q345 steel is adopted, the stress-strain curve of Q345 steel is simplified
to a two-stage folding line for simplified model calculation. When the compressive and tensile
stresses of the members reach the yield stress, the modulus of elasticity of the member is reduced
by 0.01 times of the original value. The ultimate strain of Q345 steel is 0.025, and when the
material strain is close to the ultimate strain, the maximum stress and strain fluctuate less and
have less influence on the calculation results. The member is determined to fail when strain of
the member exceeds the failure strain of the material which is set to 0.02 in this paper. The
stiffness change of the material at different stress stages is described by multiplying the elastic
modulus by different coefficients k, that is, E′ = kE. The stress-strain equations of the material
failure constitutive model is given in Eq. (2.1), where εy represents the strain at which the
member stress reaches the yield strength fy. In the process on progressive collapse of the space
grid structure, slender compression members are peculiarly prone to buckling and tend to fail
before reaching the yield load, making the actual bearing capacity of the member lower

k =

{

1 for −εy ¬ ε ¬ εy
0.01 for |ε| > εy

(B.1)

Vumat is a program interface provided by Abaqus finite element software for users to compile
self-defined materials. The second one is based on the Vumat subprogram in Abaqus to develop a
Kinematic Hardening Plasticity constitutive model considering compression instability of mem-
bers. This model introduces the Marshall model and the stability coefficient of the compressed
member. The Marshall model (Marshall et al., 1977) is based on the hysteresis curve obtained
from a steel circular tube test, which describes the hysteresis performance of an inelastic mem-
ber containing initial defects and a decrease of axial stiffness after compression instability. The
model is optimized on the basis of the Marshall model, and the stress-strain curve of the opti-
mized model is shown in Fig. 2. The optimized model consists of several straight lines, indicating
that the elastic modulus of the member differs at different stages. When the axial strain of the
member, represented by the X-axis, is greater than 0, the member is in tension. The stiffness
change of the material at different stress stages is described by multiplying the elastic modulus
of the material by different coefficients k, that is E′ = kE

k =







0.01 for ε > εy
1 for εcr ¬ ε ¬ εy
α for ε′ ¬ ε < εcr
β for ε < ε′

(B.2)

where εcr represents the strain at which the stress reaches the yield strength Pcr. Pcr repre-
sents the critical stress when instability of the compression member occurs, calculated by the
stability coefficient ϕ of the compression member in the Standard for Design of Steel Structures
(GB50017-2017), that is Pcr = ϕfy. ϕ is calculated according to parameters such as section type,
length, elastic modulus and radius of gyration of the member, and the physical meaning of crit-
ical control point ϕ is the same as the stability coefficient of pressure brace in the Standard for
Design of Steel Structures. When the compressive stress of the member exceeds the compressive
instability critical stress Pcr of the member, the axial stiffness will decrease. α and β represent
the initial weakening coefficient of the elastic modulus and the deep weakening coefficient of
stiffness after instability of the compression member occurs, respectively. ε′ represents the crit-
ical strain at the initial weakening and deep weakening of the elastic modulus of the member.
The calculation formula is as follows

ε′ = εcr −
(1− γ)σcr
−αE (B.3)
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where α, β, γ are coefficients summed up from the hysteresis curve of the steel round tube test,
and the values in this model are as follows

α = 0.13 β = 0.02 γ = 0.28

σu, εu are the stress and strain when the member is unloaded under compression, and the
calculation formula for k is as follows

k =
σy − σu
εy − εu

(B.4)

When strain of the member reaches point D, which is the failure strain of the member, it
indicates that the member has completely lost its bearing capacity. At this time, it is determined
that the member is failed and then deleted.

Fig. 2. Member-stabilized constitutive model

In order to introduce this model into the subprogram, some important material parameters
need to be defined. Table 3 shows description of the main material parameters in the Vumat
subprogram, and these nine parameters need to be added in the Abaqus user-defined material.
With the input material parameters, the subprogram will automatically calculate the compres-
sion instability critical pressure Pcr and other related parameters of each member. The Vumat
subprogram monitors the stress state of the members and updates parameters like the elas-
tic modulus in real time by using the feature of transferring specific variables with the main
program at the beginning and end of each incremental step, which simulates member stiffness
degradation. The strain of the member is also used as an indicator to determine failure of the
member. When the member is in compression, the failure is judged when the strain is greater
than the D point, and when the member is in tension, the failure is judged when the strain is
greater than the ultimate strain.
When using the Vumat subprogram, Abaqus cannot automatically calculate the transverse

shear stiffness of the section, and the user needs to define and input the transverse shear stiffness
K23 and K13 of the section. The calculation formula for the shear stiffness of the beam section
is as follows

K13 = K23 = mGA G =
E

2(1 + ν)

where G is the shear modulus, A is the cross-sectional area and m is the shear non-uniformity
coefficient of the section, which is selected according to the section category (parameter 9) in
Table 1. When the section type is circular, take 0.89.
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Table 3. Vumat main parameters

Material parameters Illustrate

1 Elastic modulus

2 Poisson’s ratio

3 Yield strength

4 Weak axis radius of inertia

5 Hardening factor (0.01)

6 Marshall simplified model parameter α(−0.13)
7 Marshall simplified model parameter β(−0.02)
8 Marshall simplified model parameter γ(0.28)

9 Section category (1)

2.4. Load

The explicit module of Abaqus is employed to simulate the progressive collapse process of
the calculation structure, and only a dynamic display analysis step with a time length of 4 s is
added. To simulate the load condition of the upper part of the steel arch truss structure, 5 times
gravity load (49m/s2) is added along the z-direction, which increases linearly to the maximum
value in the first 2 s, and remains constant in the last 2 s so as to avoid oscillations in the results.
The load amplitude curve is shown in Table 4.

Table 4. Load amplitude

Time/frequency Amplitude

0 0

2 1

4 1

Fig. 3. Constraints and loads
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The supports on both sides of the structure are all hinged. The displacement of nodes in x,
y and z directions are constrained. Figure 3 shows the constraint position and load application
direction of the structure.

2.5. Structural failure criterion

At present, there are many failure criteria for determining structure collapse. Displacement
criteria are applied in this paper to determine whether progressive collapse occurs. When the
vertical displacement of the structural node exceeds 1/50 of the span, it is considered that the
structure has collapsed. The maximum span of this structure is 211m, hence when the maximum
vertical displacement of the structure exceeds 4.2m, the collapse of the structure is judged.

3. Analyses and results

3.1. The material failure constitutive model

3.1.1. Vertical displacement of the structure

Figures 4-8 are displacement diagrams at different times when the material failure constitu-
tive model is used for progressive collapse analysis. In Figs. 5-11, positions of failed members
at different times are marked with red circles. Figure 4 shows the displacement diagram of the
structure at t = 2.0 s, which is the moment when all loads are applied to the structure. It can be
seen that the vertical displacement is basically symmetrically distributed along the central axis
of the main truss. The vertical displacement of the middle zone of the truss is larger than that
of the two sides. Figure 5 shows the displacement at t = 2.9 s, when the first failure member
appears, the maximum vertical displacement of the structure reaches 3.891m, which does not
exceed 1/50 of the span. Figure 6 shows the displacement at t = 3.0 s, after the member failure,
the vertical displacement increases rapidly, the maximum node displacement is 6.34m, which
exceeds 1/50 of the span, and the collapse of the structure is judged. Figures 7 and 8 display
displacement diagrams of the structure at different angles at t = 4.0 s. It can be found that
during the whole process from the beginning of loading to the end, the vertical displacement
of zone III is larger than that of other positions. The maximum displacement point appears at
the mid-span position of the first truss, on the left in Fig. 8. When t = 4.0 s, the maximum
nodal displacement of the structure reaches 57.43m, leading to serious overall deformation of
the structure. In Fig. 7, zone I and III are the most severely damaged, and the structure failure
occurs basically.

3.1.2. Member failure order

At t = 2.0 s, the structural load reaches the maximum value, and there is no failure member
in the structure. At t = 2.9 s, the first failure member appears at the marked position of zone III
in Fig. 5, which is the upper chord of the truss, and the failure form is compression failure. It
can be seen from Fig. 6 that during the time from 2.880 s to 3.000 s, with the position of the
first failure member as the center, spreading along the direction of the connecting truss, more
failure members appear in the adjacent positions. Meanwhile, a part of the trusses in zone I has
failure members, all of which are the upper chords of the truss, and the failure mode is tensile
failure. It can be seen from Fig. 7 that during the time from 3.0 s to 4.0 s, due to influence of the
internal force redistribution of the structure, the load originally borne by the failure member is
transferred to the surrounding members, and a large number of failure members appear, thus
resulting in further structural damage. It is worth noting that the locations of failure members
are mainly concentrated in zone I and III. Most of the failure members in zone I are the upper
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Fig. 4. Structure displacement diagram, t = 2.0 s

Fig. 5. Structure displacement diagram, t = 2.9 s

chord members of the truss, and a small part contains diagonal web members. At first, only a few
upper chords of the trusses are damaged by tension, and finally the upper chords of all trusses
in the same position are damaged. Zone III is the one where the failure member occurs first,
with the largest vertical displacement of the structure. After the first failure member appears,
other failure members spread from zone III to zone IV. In general, the largest number of failure
members and the most serious structural damage lie in zone III.
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Fig. 6. Structure displacement diagram, t = 3.0 s

Fig. 7. Structure displacement diagram, t = 4.0 s

3.2. Member-stabilized constitutive model

3.2.1. Vertical displacement of the structure

The displacement process at different times with the member stability constitutive model
is shown in Figs. 9-12. Figure 9 depicts the displacement of the structure at t = 1.32 s, which
is the moment when the first instable member appears in the structure. It can be seen from
the figure that the overall vertical displacement distribution of the structure at the moment of
initial loading is basically consistent with Fig. 4, with the vertical displacement in the middle of
the truss being larger and gradually decreasing to both sides. As can be seen from Fig. 10, the
maximum nodal vertical displacement of the structure is 4.52m, which exceeds 1/50 of the span
of the structure at t = 1.76 s, at this time the structure has collapsed. The displacement diagram
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Fig. 8. Top view of structure, t = 4.0 s

Fig. 9. Structure displacement diagram, t = 1.32 s

of the structure at t = 2.48 s, shown in Fig. 11, illustrates that the maximum nodal vertical
displacement is 30.5m. At this moment the superstructure collapses as a whole and severe
outward deformation occurs at the arch shoulder. When t = 3.291 s, the support is basically
destroyed and the structure completely failed. Zone III is the zone with the largest vertical
displacement of the structure, where the vertical displacement is larger than that in zone IV and
basically the same as that in zone II. Compared with the material failure constitutive model, the
collapse of the structure occurs earlier when considering compression instability of the members.
When the load does not reach the maximum value, the structure has collapsed. Furthermore,
the collapse of the structure occurs faster and the bearing capacity of the structure is lower.
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Fig. 10. Structure displacement diagram, t = 1.76 s

Fig. 11. Structure displacement diagram, t = 2.48 s

3.2.2. Member failure sequence

At t = 1.320 s, the earliest failure members of the structure appear in the first truss on the
left, located in zone I on both sides of the truss. They belong to the lower chords of the truss,
and their failure type is compression failure. During the time from 1.320 s to 1.760 s, the lower
chords with compression failure appear in zone I of all trusses (the failure members in zone I
on the other side are not marked in Fig. 10). In addition, there are diagonal web members
that fail under compression near zone I and II, and the failure members of the superstructure
are mainly concentrated in left trusses. From 1.76 s to 2.48 s, the lower chord with compression
failure begins to appear in zone III, and more failure members appear near zone II, expanded
from the left truss to the right truss. It can be seen from the failure members marked in Fig. 11
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Fig. 12. Structure displacement diagram, t = 3.29 s

that at t = 2.48 s, a large number of failure members appear in the structure, most of which
are compression failure members, mainly located in zone I and II. The connecting truss near
zone II, with many compression failure members which are mainly lower chord and diagonal
web members, is seriously damaged. A part of the connecting truss is broken, and the overall
structure deformation is large. A large number of compression failure members in zone I leads
to the collapse of the truss, which means that the truss has lost its bearing capacity and the
vertical displacement of the structure increases rapidly. Figure 12 shows the vertical displacement
diagram of the structure at 3.29 s, and the structure completely fails at this time.

3.3. The difference between calculation results of the two constitutive models

3.3.1. The first failure member

Figure 13 reveals the location of the first failure member and the node with the maximum
vertical displacement for both constitutive models. The first failure members, which are all
compression failure members, all appear on the lowermost truss (corresponding to the first truss
on the far left in Fig. 1), whereas location and time are not the same. When adopting the
double broken linear constitutive model, the structure firstly exhibits the compression failure
at t = 2.880 s, located in the middle of the first truss on the left, which is the upper chord in
member 1 in Fig. 13. When using the member stability constitutive model considering member
instability, the first compression failure member appears at t = 1.320 s, much earlier than when
adopting the double broken linear constitutive model. At this moment the structural load just
reached about 3/5 of the maximum load. The failure member is the lower chord of the truss, as
shown in member 2 in Fig. 13.

3.3.2. Type and location of failed members

The failure members of the structure using the material failure constitutive model are mainly
concentrated in zone I and III. The failure members appear first in zone III, among which the
number of tension failure members and compression failure members is similar. The failure
members in zone I are mainly the upper chord members of the truss with tension failure, such
as the position of member 3 in Fig. 13. The failure members of the structure using the material
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Fig. 13. The failure members and maximum displacement node

failure constitutive model compiled by Vumat and considering member instability are mainly
concentrated in zone I and II, most of which are compression failure members. Zone I is the
earliest location where the failure member occurs, which is mainly the lower chord of the truss
with compression failure, such as the position of member 2 in Fig. 13. The failure members in
zone II, more than those in zone III, are mainly diagonal web members and upper chords of the
connecting trusses.

3.3.3. Maximum nodal vertical displacement

During the loading process using the two constitutive models, the maximum vertical dis-
placement occurs in the middle of the first truss on the left in zone III. The displacement time
history curve of selected node 36241 with the maximum displacement of the structure is depicted
as Fig. 14, from which it can be observed that at the same moment, the vertical displacement of
node 36241 when using the member stability constitutive model is larger than that when using
the material failure constitutive model. Moreover, when using the member stability constitutive
model, the structure progressive collapse occurs earlier and the vertical displacement increases
faster, indicating that the structural failure process is more rapid.

Fig. 14. Displacement time history curve of node 36241

4. Conclusions

In this paper, numerical simulation is used to analyze the progressive collapse process of a
super-long span latticed steel arch structure using two constitutive models. The similarities and
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differences of the collapse time of the structure and the failure sequence of the members are
compared, and the conclusions are as follows:

• From the calculation results using the two constitutive models, the first failure member
appears in the first truss on the left which is the weak point of the structure. In the
structure using the constitutive model considering member compression instability, the
first compression instability member appears earlier, before the load reaches the maximum
value.

• Using the member stability constitutive model the failure of most members in the structure
is compression failure. For example, the failure type of members in zone I of the truss is
primarily compression failure of the lower chord members. However, the failure type of
members in zone I is primarily tension failure of the upper chord members when using the
material failure constitutive model.

• In the structure using the member stability constitutive model, the collapse of the structure
occurs earlier and the collapse process is more rapid. Considering the member compression
instability, the actual ultimate bearing capacity of the member is lower.
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In the process of reliability modeling and design of a wind power gearbox, the influence of
failure correlation of system components and random dynamic loads can not be ignored.
In this paper, taking the output power of each shaft of the gearbox as the starting point,
distribution parameters of stress and strength for critical failed components (gear and bear-
ing) of the gearbox are solved. After normalization of these parameters, and when there is a
linear correlation between the loads of each component, finally, the time-varying reliability
related to failure correlation is calculated based on a full probability differential method by
using the stress strength interference theory at the system level, and the results are verified
by the Monte-Carlo simulation method. It is found that the failure correlation caused by
the external dynamic loads between components can significantly reduce reliability of the
gearbox system. The stronger the correlation, the lower the reliability of the gearbox system.
Meanwhile, the time-varying reliability conforms to characteristics of the “failure bathtub
curve” of typical mechanical products. This paper can lay a foundation for the time-varying
reliability optimization design and structural robustness design of the wind power gearbox.

Keywords: wind power gearbox, failure correlation, stress-strength, time-varying reliability

1. Introduction

Wind power is a renewable energy with great resource potential and mature technology. The
gearbox in the wind power transmission system is a necessary and high cost component in the
whole wind turbine. Its main function is to realize transmission of energy from the impeller to
the generator and change the transmission speed. Its reliability has always been a major problem
in the wind power industry. Qin et al. (2012) deeply studied gearbox reliability considering the
coupled action of gear and bearing under random dynamic loads. They used the test coefficient
distribution method to deal with failure correlation, and reliability calculation depended on dy-
namical equations. Lewis (2001) proposed an approximate numerical method for estimating the
static failure probability of a gearbox by using the stress-strength interference model. Consid-
ering the time-varying effect of loads, Wang et al. (2014) studied the dynamic reliability of a
gear transmission system of a wind turbine. Giger and Armando (2011) revised the structure of
a wind power gearbox for improving reliability, but this structure was difficult to manufacture
and its life could not be calculated quantitatively. Zhou et al. (2013) only evaluated the dynamic
reliability of a wind power gearbox according to correlation between two failure modes of a
pair of gears. They only aimed at meshing of a pair of gears and did not study reliability of
the system. Ditlevsen (1979) proposed a second-order reliability interval estimation method by
considering the correlation between two failure modes of the whole gearbox, but calculation of
the correlation coefficient was empirical. The latest research on the reliability of a wind power
gearbox was made by Guo et al. (2020), Bhardwaj et al. (2019), Jiang et al. (2018), Liu et al.
(2016), Bejger et al. (2021), Hosseinzadeh and Salmasi (2016), Röder et al. (2021) and so on.
Although the above references adopted reliability analysis and structural optimization design of
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a gearbox from different aspects, and achieved some corresponding theoretical results, but there
are few studies considering component failure correlation and system time-varying reliability at
the same time.

Due to complexity of the internal and external excitation and the correlation between the
coupling effects of various components in the wind power gearbox system, stress of the gear and
bearing is time-varying and has failure correlation. The data in the references (Jantara et al.,
2020; Mo et al., 2018) show that the reliability of the gearbox is dynamic and has attenuation
characteristics, and the data in the references (Inturi et al., 2022; Srinivasan and Robert, 2021)
show that the parts of the whole gearbox system are not independent, and there is a certain
correlation between failure of gearbox parts. So the time-varying reliability of a wind power gear-
box with failure correlation is more accurate and in line with the actual situation. In this paper,
taking a MW type of a wind power gearbox as the research object, we establish a time-varying
reliability evaluation model considering failure correlation. Specifically, using relevant standards
of the mechanical design, the distribution of parameters determines the dynamic meshing force
of each gear pair and the dynamic contact force of each support bearing. On this basis, ac-
cording to the stress-strength interference model at the system level, and using a sequential
statistical method in a random process, the law of change with time of the gearbox reliability
considering multiple actions of a random load and failure correlation is solved. The accurate
evaluation of the reliability of the wind power gearbox system considering failure correlation
has great practical significance for safe operation and maintenance strategy of the whole wind
turbine.

2. Model of the wind power gearbox

Because the planetary gear transmission adopts multiple planetary gears to share the load and
realize power diversion, it has an advantage of small volume, light weight and strong bearing
capacity. However, considering the relatively complex structure and difficult processing of a large
internal gear ring, the transmission structure with one-stage planetary plus two-stage parallel
shafts (NGW type) is usually adopted for a large wind power gearbox. Its transmission structure
(Chen et al., 2011) is shown in Fig. 1.

Fig. 1. A sketch of a wind power gear transmission system
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Here, the planet carrier is the input and the inner gear ring is fixed, r, s, p, c, g, Tin, Tout
represent the inner gear ring, solar gear, planetary gear, planetary frame, helical gear, input
torque and output torque, respectively.
According to the main failure modes of gears and rolling bearings in the wind power gearbox,

gears usually adopt a hard tooth surface, so wear and plastic deformation of the gear tooth sur-
face are not the main causes of gearbox failure. In this paper, the reliability of the gear tooth root
bending fatigue strength is evaluated. The reliability of the rolling bearing is calculated accord-
ing to the pitting failure mode of the rolling element inner and outer ring raceway. According to
current working conditions and empirical data of the wind turbine transmission system during
operation, the reliability of the input and output shaft, planetary carrier, planetary shaft and
spline connection in the system are generally very high, so calculation of the reliability of the
transmission system mainly considers the influence of the gear and bearing. It is defined that as
long as one of the three planetary gears in the row star drive fails, the row star drive cannot work
normally. In this way, the failure mode of the whole wind power gearbox system is divided into
sixteen failure unit events. Therefore, the reliability block diagram of the wind power gearbox
is shown in Fig. 2.

Fig. 2. Reliability block diagram of the gearbox

Here, 1-16 is internal gear 1, solar gear 2, planetary gears 3-5, helical gears 6-7, helical
gears 8-9 and rolling bearings 10-16.

3. Stress and strength distribution of components

3.1. Fatigue reliability analysis of the gear root

For an involute spur gear, the tangential load is the circumferential force, which is a quotient
of torque and radius. For the multiple gears split, according to equal division, the tangential
loads of wind power gears in Fig. 1 are calculated according to GB/T3480-1997, as shown in
Table 1.

Table 1. Tangential loads of gears in the wind power gearbox

Tangential load s and p p and r 1 and 2 3 and 4

Fτ 2Ts/(nwds) ≈ 2Ts/(nwds) 2T4/d4 T6/d6

Here, nw is the number of planetary gears, di is the dividing circle diameter of gears, and
Ti is the output torque of gears.
The diameter of the gear pitch circle and the tooth load distribution coefficient can be cal-

culated, the service coefficient and dynamic load coefficient can borrow dynamic characteristics
of the existing wind power gearbox, and the other coefficients can be found in the mechanical
design manual. Each correction coefficient under known conditions is calculated according to
the GB/T3480-1997. According to the ISO6336 standard, the calculation formulas of contact
fatigue stress and strength of the gear are

SH =
KAKVKFβKFαFτ

bmn
YFαYsαYεYβ = wFτKA

σH = σF limYNYSYδrelYRrelYX

(B.1)



122 M. Zheng

Here, SH is the root bending stress, σH is the bending fatigue strength, w is a constant, KA is the
usage coefficient, KV is the dynamic load factor, b is the working tooth width, mn is the normal
modulus, KFβ is the load distribution coefficient along the tooth direction, KFα is the load
distribution coefficient between teeth, Fτ is the tangential load, YFα is the tooth top coefficient,
Ysα is the top stress correction coefficient, Yε is the coincidence coefficient, Yβ is the helix angle
coefficient, σF lim is the nominal bending fatigue limit stress of the test tooth root, YS is the
correction coefficient of the tested gear, YN is the life coefficient, Yδ rel is the sensitivity coefficient
of the relative root fillet, YRrel is the surface condition coefficient of the relative root, YX is the
size coefficient.
Setting the standard deviation of the transmission power P according to the 3σ principle,

the mean and standard deviation of the tangential load on the gear can also be calculated, and
then the mean and standard deviation of each stress distribution of the gears can be found. In
mechanical design, it is generally believed that the above relevant random parameters all obey
the normal distribution, and then the stress and strength also obey the normal distribution.

3.2. Reliability analysis of the rolling bearing

Under the action of an external random wind load, the contact stress of the rolling bearing in
the wind power gearbox is alternating, and the contact fatigue failure is the main failure form of
the rolling bearing. A large number of tests show that the contact fatigue life of rolling bearing
obeys the Weibull distribution (Wu and Li, 2002), so the corresponding time-varying reliability
evaluation model is

Rbp(t) = exp
[

−0.10536
( t

t90

)q]

t90 =
16670

nb

( Cz
fbP

)ε
(B.2)

Here, q = 3/2, ε = 10/3, Cz is the rated dynamic load, nb is the working speed of the bearing,
P is the equivalent momentum load, fb is the load bearing coefficient.
According to the modern mechanical design manual, the fatigue characteristics δ−1 of bearing

steel can be found, so the fatigue strength of the bearing is

δbp =
δ−1βq
Kδc

(B.3)

Here, δ−1 is the fatigue strength of standard specimens, βq is the reinforcement coefficient,
Kδc = (Kδ/εδ) + (1/β) − 1 is the comprehensive correction coefficient, Kδ, εδ, β are selected
according to the conventional design.

4. Time-varying reliability of the gearbox with failure correlation

Due to the coupled action and load correlation between the components of the wind power
gearbox system, it is impossible to directly multiply each component by using the independent
series theory to calculate the reliability of the gearbox system, nor to solve its reliability by using
the completely related weak link theory. At the same time, the load borne by the wind power
gearbox system is random and repeated for many times, and the influence of load action times on
the system reliability must be considered. According to the method in (Wang et al., 2010), the
random variable of maximum stress Smax as the equivalent load of the dynamic stress stochastic
process S(t) in the design reference period T is calculated by sequential statistical theory. So,
we can obtain the probability distribution function, the mean and the variance of Smax.
We assume that there is a linear correlation between different load stresses borne by each

gear. Not considering strength degradation, the strength of each component is independent.
For the load and strength are non-normal distributions, they are transformed into approximate
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normal distributions and normalized. The reliability model (Xie et al., 2009) of a wind power
gearbox system considering failure correlation when different structural components bear the
same external load is obtained, and the reliability expression is

Rn =

+∞∫

0

f0(S)
n∏

i=1

( +∞∫

ui+σiS

gmin(δ) dδ

)

dS (B.1)

Here, gmin(δ) = PDF (min(δ1, δ2, δn)) is the probability density function of minimum order-
-strength statistics, f0(S) is the standard normal probability density function, ui, σi are the
mean and standard deviation of stress distribution.
So, the time-varying reliability and failure rate of the wind power gearbox system in Fig. 1

are

R(m) =

[ +∞∫

0

m[F0(S)]
m−1f0(s)

16∏

i=1

( +∞∫

µi+σiS

gmin(δ) dδ

)

dS

]

=

( +∞∫

0

m[F0(S)]
m−1f0(S)[1 −Gmin(µ1 + σ1S, µ2 + σ2S, . . . , µ16 + σ16S)]

)
(B.2)

and

Gmin(δ1, δ2, . . . , δn) = 1−
n∏

i=1

[1−Gi(δi)]

λ(m) =
−R′(m)
R(m)

(B.3)

Here, R(m) is the reliability function, λ(m) is the failure rate function, m is the number of
peak occurrences in T , in this paper m = t, Gmin(δ) is the probability distribution function
of minimum order-statistical strength, F0(S) is the standard normal probability distribution
function of stress.
For comparison, assuming that all loads and strengths are independent of each other, the

time-varying reliability of the wind power gearbox under random wind loads is as follows

R′(t) =
9∏

i=1

( +∞∫

0

fsmaxi(s)

+∞∫

s

gi(σ) dδ

)
7∏

i=1

Rbpi(t) (B.4)

5. Example analysis

For convenience, the seven rolling bearings are selected to be of the same type 23076CC/W33.
Specific physical and geometric design parameters of a MW type of the wind power gearbox are
given in reference (An et al., 2013). According to the method in this paper and the mechanical
design manual, the calculation results of dynamic parameters of the wind power gearbox are
brought into Table 2.
Considering the repeated action of loads and the failure correlation of gears, the results

of Table 2 are brought into Eqs. (4.2) and (4.3)2 according to the method presented in this
paper. Through numerical integration, the first-second moment method and the perturbation
method (Wang et al., 2013; Liu et al., 2016; Hu et al., 2014), the change laws of the time-varying
reliability and failure rate of the wind power gearbox during the working life are calculated, as
shown in Fig. 3.
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Table 2. Distribution parameters of the wind power gearbox

Name
Sun Planet Inner Helical Helical Helical Helical
gear gear gear gear 1 gear 2 gear 3 gear 4

Mean stress usH 450.7 505.7 604.3 644.3 704.4 506.9 501.2

Standard deviation stress σsH 2.3 2.6 3.2 3.3 3.6 1.3 1.3

Fatigue strength uσH 754.5 754.5 627.4 754.5 754.5 754.5 754.5

Standard deviation strength σσH 25.7 20.6 25.7 25.7 25.7 25.7 25.7

Rolling bearing
Contact stress N(454, 342)
Fatigue strength N(875, 502)

Reliability function R(t) ≈ exp[−105(t/87)3/2]

Fig. 3. (a) The time-varying reliability of system, (b) failure rate of the system

As can be seen from Fig. 3a, the reliability of the wind power gearbox gradually decreases with
time, and the decreasing slope first grows and then diminishes. Comparing with the independent
failure of components, the reliability of the wind power gearbox has a positive correlation with
the correlation of components, that is, the better correlation, the lower reliability. With an
increase of time, the impact of correlation is more obvious. As can be seen from Fig. 3b, the
failure rate curve of the wind power gearbox shows characteristics of an early failure period
and accidental failure period in the “bathtub” curve, that is, it gradually decreases and tends
to be stable with an increase of time, so the failure is in line with life characteristics of typical
mechanical products.

In order to verify the accuracy of calculation results, the Monte-Carlo method is used to
determine the reliability of the gear and bearing respectively, and according to the reliability
formula of a series system (Xie et al., 2016, 2017), the reliability of the gearbox system is
presented in Table 3.

Table 3. The result of Monte-Carlo simulation

Number of times Reliability

One hundred thousand 0.865442

Two hundred thousands 0.865421

Five hundred thousands 0.865386

One million 0.865342

Two millions 0.865321

Five millions 0.865321
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As can be seen from Table 3, with an increase of number of times, the reliability tends to be
stable numerically, and the larger the number of simulation time is, the closer is the result of
reliability to reality. When the number of times reaches two millions, that is, the time t is 56 h,
the reliability value is close to the calculation result of Eq. (4.3)1 (when the time t is 56 h, the
value of the integral formula is 0.8653), so the above calculation model is effective.

6. Conclusion

Under the action of an external random wind load, gear meshing forces and rolling bearing
contact forces of a wind power gearbox change with time, and its reliability index should be time-
-varying. Moreover, there is a statistical correlation between failure modes of various components
of the system. An estimation method for time-varying reliability of the wind power gearbox
with failure correlation is proposed. The main contents are: (1) Taking the output power of the
wind power gearbox as the starting point, the transmission power of various components in the
gearbox is calculated according to the mechanical design manual. Then through the relationship
between power and load, stress distribution parameters of the failed components are found.
(2) According to the stress-strength interference theory at the system level and the sequential
statistical method in a random process, a reliability model of the wind power gearbox considering
both failure correlation and time-varying is established. The function curves of reliability and
failure rate are solved by numerical integration. (3) Comparing with the system reliability of
the independent failure of components, it can be seen that the correlation between components
greatly reduces reliability of the system, that is, the failure of one unit in the gearbox will
accelerate the failure of another unit. (4) The reliability of the wind power gearbox working
continuously for 56 hours is 86.53%, and characteristics of the failure rate conform to the life
“bathtub curve” of typical mechanical products.

By making use of modern manual for mechanical design, a practical method for evaluation
the reliability without complex calculation is presented in this paper. Further, we can continue
to study the reliability of the wind power gearbox assuming that there is correlation between
strength degradation of the components.
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This article presents an analysis of vibration evolution of a ball bearing without the cage.
A vibration model in which time-varying displacement, time-varying stiffness, contact force
and collision force are comprehensively considered, is proposed. On this basis, the law of
motion of the bearing is studied. It is shown that a variable-diameter raceway affects the
radius of curvature, which effects the dispersion of rolling elements. The damaged variable-
-diameter raceway leads to discrete failure, contact force and collision force of rolling ele-
ments, which are main reasons that cause vibration mutation. The bearing motion changes
from quasi-periodic to chaotic motion.

Keywords: ball bearing, vibration evolution, variable-diameter raceway, damage

1. Introduction

Rolling bearings are one of the essential supporting parts in rotating machinery. Severe friction
and collision between the cage and the rolling element will make the bearing significantly warm
up in a short time. Therefore, a ball bearing without the cage plays an important role in the
field of high precision machinery instead of a traditional bearing. However, the designed local
variable-diameter raceway of a ball bearing without the cage can realize automatic discretization
of rolling elements. It can reduce wear and vibration caused by random collisions. High frequency
contact between a rolling element and the variable-diameter raceway is the main reason for an
increase of vibration. The damaged variable-diameter raceway leads to collision and discrete
failure of rolling elements (Zhao et al., 2021, 20221).

Although a large number of scholars studied the influence of the bearing damage model on
vibration characteristics, vibration behavior caused by different damage forming factors is far
from being well understood. McFadden and Smith (1984) considered the influence of geometric
shape, rotational speed, contact load, acceleration sensor sensitivity, vibration attenuation and
other factors. The local damage induced by a pulse excitation is simplified. The influence of
damage on vibration characteristics of bearings was studied. Fan et al. (2017) considered addi-
tional contact deformation caused by the inner and outer ring damage combined with bearing
damage and bearing seat in the horizontal direction under an unbalanced force. Eight degrees
of freedom vibration differential equation was established. Behzad et al. (2011) believed that
the form of bearing damage was a random variation of the roughness amplitude in a particu-
lar range. Khanam et al. (2015) proposed that a periodic pulse generated by bearing damage
seriously affects vibration characteristics of the bearing.

Vibration characteristics of bearings are affected by the impact force generated by rolling
over the damaged raceway. According to the principle of engineering mechanics, the function
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expression of an impact force is established to simulate the response of the bearing seat. A rel-
ative importance of variable stiffness and ball mass to the raceway impact was further studied.
The elastic deformation of bearing members under a centrifugal force and external load was
considered by Liu et al. (2019). They analyzed the influence of roll deformation, flange defor-
mation, external load and rotational speed on flexible and rigid vibration. Yang et al. (2019)
investigated bending-torsional coupling vibration of an aeroengine blade shell tribological dy-
namic model, which was caused by thermal load. Zheng et al. (2021) proposed a dynamic model
of a rolling bearing based in an impact system. Considering the collision between the rolling
element and damage, they regarded contact between the rolling element and the raceway as a
nonlinear spring.

Cui et al. (2019) established a dynamic model considering geometrical characteristics and de-
formation of the rolling element. Vibration response characteristics under different damage sizes
were studied. They further deduced a functional relationship between vibration characteristics
and damage size. Liu et al. (2018) proposed a new bearing vibration model with a notch, which
gave a time-varying contact force between the notch and the shoulder. Parmar et al. (2021) ver-
ified the vibration response law of rolling bearings with local defects and dynamic misalignment
by numerical simulation and experiment. Shah and Patel (2019) established mechanical vibration
models of deep groove ball bearings under healthy and damaged conditions. A dynamic model
of an angular contact ball bearing and floating displacement bearing system was reformulated
by Xi et al. (2019). They studied the dynamic-frequency response function of a spindle bearing
system at different speeds and the time-history response of the spindle bearing system under
different cutting forces. Yang et al. (2018) analyzed vibration signals of bearings and casings,
and established a dynamic model of a nonlinear rolling bearing rotor-bearing-casing system. Liu
et al. (2022) used Hertz’s contact theory and the relative relationship between rolling element
and damage to determine the additional contact area. Liu et al. (2022) adopted the locomotive-
-track space coupling dynamic model with traction power transmission to obtain the dynamic
vibration response of the system.

There are many studies on damage vibration of bearings. The study of bearing damage is
limited to single damage geometry, and most of the papers establish specific dynamic models of
bearing damage. At present, few scholars studied vibration characteristics of ball bearings wihout
the cage. The vibration effects caused by rolling body collisions are also rarely considered.

In this paper, the vibration evolution model of a ball bearing without the cage under local
variable-diameter raceway damage is established. By analyzing dynamic characteristics of rolling
elements of a ball bearing without the cage under the condition of local variable-diameter raceway
damage, a relationship equation between damage width and discrete spacing of rolling elements
is established. This paper analyzes the impact force of the element rolling along a variable-
-diameter raceway when damage of the variable-diameter raceway occurs. A rolling element
impact model is established. Combined with time-varying contact stiffness of the rolling element
in the collision model, the bearing vibration equation was established. The vibration law and
displacement velocity phase diagram of the bearing inner ring in the time domain and frequency
domain are researched. Finally, this paper discusses the vibration evolution law of bearings under
different damage degrees of local variable-diameter raceways.

2. Motion analysis of the rolling element under damage

In order to realize automatic discretization of the rolling element, we changed the radius of
curvature of the local outer ring, which is defined as the variable-diameter raceway. The change
of curvature radius affects rotational speed of the rolling body. The rotational speed of the
rolling element decreases when it enters the variable-diameter raceway and increases when it
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leaves. This keeps a certain distance between the rolling elements until the variable-diameter
raceway is damaged and fails. Figure 1 shows a schematic diagram of a cage free bearing with
a local variable-diameter raceway. Periodic motion of the rolling element is the cause of damage
of the variable-diameter raceway, which varies in the contact point between the rolling element
and the variable-diameter raceway. Contact points e1 and e2 expand outwards to e

′

1 and e
′

2,
respectively. The inner ring extrudes the rolling body outwards, which causes that the junction
points p1 and p2 between the variable-diameter raceway and the conventional raceway expand
to p′1 and p

′

2. When the radius of curvature decreases to a certain value with the expansion of
damage, the distance between adjacent rolling elements decreases continuously and a collision
occurs. This is defined as a discrete failure.

Fig. 1. Diagram of a ball bearing without the cage: (a) variable-diameter raceway structure; (b) rolling
element contact

According to geometrical characteristics of the variable-diameter raceway, the circumferential
span angle and the discrete spacing of the damaged variable-diameter raceway are obtained

θd = θh + 4arcsin
wd

dm +Dw cosα

∆Y ′ =
πdn
180

(

θh + 4arcsin
wd

dm +Dw cosα

)( Dw
2(∆r − hd)

) (B.1)

where θd and θh denote circumferential span angle corresponding to the undamaged and damaged
variable-diameter raceway, respectively. ∆Y ′ is the discrete distance between two rolling element
after damage. It can be used as a condition to judge the discrete failure. Damaged width and
length of the variable-diameter raceway are respectively expressed as wd and hd. Dw is diameter
of the rolling element, dm is diameter of the bearing pitch circle and α is the rolling element
contact angle. The radius of rotation is expressed by ∆r.
Based on equation (2.1)2, when the variable-diameter raceway is damaged, the discrete spac-

ing parameter that affects the rolling element is mainly the effective radius of gyration. Con-
ventional raceway rolling speed can be expressed as V1 = ωmdm/2, V2 is the rolling speed of the
variable-diameter raceway. Therefore, the velocity difference between adjacent rolling elements
∆V can be calculated from

V2 = ω
′

m

(dm
2
+ (Dw −∆r′) cosα

)

∆V =
ωidm
4

(

1− Dw
dm
cosα

)

−
ωb∆r

′

(

(Dw −∆r′) cosα+ dm2
)

Dw cosα+
dm
2

(B.2)



132 E. Zhou et al.

where ωm and ω
′

m are angular velocities in revolution of the conventional and local variable-
-diameter raceway, respectively. When the variable-diameter raceway is damaged, the corre-
sponding radius of rotation is expressed as ∆r′. ωi and ωb are rotational angular velocities of
the inner ring and rolling element, respectively.

Fig. 2. Collision diagram for discrete failures

The rolling elements with the increasing velocity difference collide when ∆Y ′, and
∆Y ′ ­ 2∆Y . Then the variable-diameter raceway undergoes a discrete failure, which is il-
lustrated in Fig. 2. The radius of curvature ∆r′ is

∆r′ ¬ Dw
∆rθd

2(Dw − 2∆r)θh + 2∆rθd (B.3)

Due to the short collision action time of the rolling element, there is no residual deformation
after the collision, the collision deformation between the rolling element is regarded as elastic
deformation. When the two rolling bodies collide at the speed V1 and V2, respectively, the
relationship between deformation and velocity can be expressed as

∆V =
dδimp
dt
= V1 − V2 (B.4)

The force normal to the collision between the rolling bodies at any instant is

F1 = m
dV1
dt
= −mdV2

dt
= Kbbδ

3/2
imp (B.5)

The maximum collision deformation dδimp/dt is zero. Combined with Eq. (2.5), the integral and
quadratic integral are solved to obtain the dynamic expression t∗ of the deformation time in
collision

t∗ =
δ∗imp
∆V

∫ d(δimp/δ
∗

imp)
√

1− (δimp/δ∗imp)5/2
(B.6)

where δ∗imp is the maximum deformation caused by collision of the rolling body.
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After the moment of maximum compression t∗ has been reached, deformation at the time of
the rolling element collision can be fully recovered, and we obtain the total collision time Tc

Tc = 2t
∗ = 2

δ∗imp
∆V

1∫

0

d(δimp/δ
∗

imp)
√

1− (δimp/δ∗imp)5/2
= 2.94

δ∗imp
∆V

(B.7)

The contact deformation of the rolling element affects the friction force at the collision point.
The instantaneous force of rolling element 1 on the bearing inner ring is calculated by using the
angular momentum conservation law

(fimpDw
2
− µQt2

Dw
2

)

(ωb − ω′b)Tc =
1

2
Iω2b −

1

2
Iω′b
2

(B.8)

Rolling element 2 disconnects from the inner ring at the variable-diameter raceway, when rolling
element 2 hits rolling element 1. We believe that the speed of rolling element 1 does not change
at this time, and rotational speed ω′b = ωb, so we obtain

Qt2 =
fimp
µ
− 2Iω′b∆V

2.94δ∗impµDw
(B.9)

where Qt2 is the load on the inner ring when the rolling body collides, µ is the coefficient of
sliding friction, I is the moment of inertia of rolling elements.

3. Establishment of the vibration model under damage

In order to establish the proposed vibration model when the variable-diameter raceway is dam-
aged, the time-varying stiffness, time-varying displacement and contact force of the rolling ele-
ment rolling over the variable-diameter raceway are analyzed.

Fig. 3. Diagram of displacement change between the rolling element and inner ring

As shown in Fig. 3, when the rolling element passes along the variable-diameter raceway,
the inner ring is detached. The rolling element position changes to produce the time-varying
displacement H. The distance between the rolling element and the two contact points of the
local variable-diameter raceway is W (ϕj). The distance from the contact point of the rolling
body to the beginning of the reducer raceway is L(ϕj). The time-varying displacement of the
rolling element in the variable-diameter raceway can be calculated from

L(ϕj) =
L

2
−
(Dw
2
cosα+

dm
2

)

tan
(3π

2
− mod(vpj)

)

W (vpj) =W

√

1− [L(vpj)− L/2]
2

L2/4

(B.1)
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and

H(ϕj) =
√

r2o −W 2(ϕj)−
√
(Dw
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Dw
2
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Hr2(ϕj) = Hr
mod

((
3π
2 +

θd
2 − ϕj
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(B.2)

where H(ϕj) is the time-varying displacement of the elliptical variable-diameter raceway with-
out damage, see Fig. 3, the damage variable-diameter raceway is divided into three regions.
H1(ϕj) caused by the damage width wd and the damage depth hd of the variable-diameter
raceway is time-varying displacement of the element rolling on the damaged elliptical variable-
-diameter raceway in the ψ2 − ψ3 region. Hr1(ϕj) and Hr2(ϕj) are the time-varying displace-
ments of the rolling element in two sections of ψ1 −ψ2 and ψ3 −ψ4. The reason of time-varying
displacement is that the contact point of the raceway with the conventional raceway extends
outward after the damage of the raceway.

The damage of the variable-diameter raceway is related to the position of the contact point
of the conventional raceway and the annular span angle. Thus the location of the two ends of
damage can be expressed as

ψ1 =
3π

2
− 1
2

(

θh + 4arcsin
wd

dm +Dw cosα

)

ψ4 =
3π

2
+
1

2

(

θh + 4arcsin
wd

dm +Dw cosα

) (B.3)

The total deformation of the rolling element and the collar is divided into two parts. It is the
deformation amount of the rolling element when it rolls along the conventional raceway and the
damaged variable raceway. The rolling element enters the ψ1 − ψ4 region and extrudes radially
towards the outer ring. At this time, the reason for the decrease of time-varying displacement H
is the contact deformation between the rolling element and the inner ring. Therefore, the to-
tal deformation δj for the time-varying displacement H segmentation function is given by the
following formula

δj =







√

(ex cosϕj + ey cosϕj −H cosα)2 + (ez −H sinα)2 ψ1 ¬ ϕj ¬ ψ4
√

(ex cosϕj + ey cosϕj)2 + e2z other
(B.4)

The contact force Qj between the rolling element and the raceway is related to the elastic contact
displacement δj , which can be analyzed and calculated by the Hertz contact theory

Qj = K
√

δ3j (B.5)

where K is time-varying contact stiffness of the rolling element in the bearing.

The contact force of the inner ring is the combined force of each rolling element and the
contact force of the inner ring when the rolling element is in the bearing region. The contact
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force generated by deformation of the inner ring is decomposed along the coordinate axis xyz
in the three directions, respectively. Its components F = [Fix, Fiy , Fiz] are

Fix = −
N∑

j=1

Qj cosϕj cosαj Fiy = −
N∑

j=1

Qj sinϕj cosαj

Fiz = −
N∑

j=1

Qj sinαj

(B.6)

The time-varying displacement of the damaged variable-diameter raceway is not enough to offset
the contact deformation of the ring due to circumferential expansion. Therefore, we need to solve
the contact stiffness Kedge and equivalent contact stiffness Kedge between the rolling element and
the damaged variable-diameter raceway

Kedge =
4

3

E2(1− v21) + E1(1− v22)
E1E2

4

√

D2wror

(Dw + 2r)(2fo −Dw)

K ′edge = 2
(

Kedge cos
2 βd
2
+
2T sin[ρ sin(βd/2) ∓Dw/2]

ρDw

)
(B.7)

where E1 and E2 are moduli of elasticity of the materials, ρ denotes the curvature radius of the
trajectory of mass center of the rolling element, βd is the support force angle and T is the rolling
element support force.

After the equivalent contact stiffness of the rolling element and the damaged variable-
-diameter raceway is obtained, the time-varying contact stiffness K of the rolling element around
the revolution can be obtained

K =







[
K
−2/3
i +K ′edge

−2/3]−3/2 ψ1 < mod(ϕj , 2π) < ψ4
[

K
−2/3
i +K

−2/3
o

]
−3/2

other
(B.8)

where Ki is the contact stiffness between the rolling element and the bearing inner ring, Ko is
the contact stiffness between the rolling element and the outer ring in the conventional raceway.

Vibration characteristics of the bearing inner ring are caused by the contact collision between
discrete failure of the rolling element and bearing. This collision occurs only in the radial plane
of the bearing, without considering vibration caused by the extrusion of the bearing inner ring.
Therefore, this paper establishes the vibration equation of the bearing inner ring, which simplifies
calculation on the following assumptions.

• The contact deformation between the rolling element and raceway is considered, the plastic
deformation caused by the contacting materials is ignored. We do not take into account
microscopic slip friction in the contact region.

• The rolling element performs pure rolling motion on the raceway, the influence of gyro
motion and sliding of the rolling body is ignored.

• We ignore the effect of lubricant film between the rolling element and raceway on motion
and contact characteristics.

• The load and inner ring speed are stable without fluctuation during operation of the
bearing.

From what has been discussed above, the time-varying stiffness, time-varying displacement and
contact force of the rolling element rolling along the raceway with variable diameter are obtained.
In order to establish the vibration model of the damaged raceway, the bearing is simplified as a
spring-damping system. The vibration model of variable-diameter raceway damage is established.
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Fig. 4. Bearing vibration model

The vibration model of the ball bearing without the cage under the damage condition is shown
in Fig. 4.

According to Newton’s second law, based on variable-diameter raceway damage caused by
time-varying displacement and time-varying stiffness excitation, a differential equation of vibra-
tion of the inner ring with the damaged variable-diameter raceway is established

miẍi + cẋi = λj
(

−
N∑

j=1

Qj cos(φjα) cosαj
)

+
(fimp
µ
− 2Iω′∆V
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)

+
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− 2Iω′∆V

2.94δ∗impµDw

)

cosα sinψ1 − Fr

miz̈i + cżi = λj
(

−
N∑

j=1

Qj sinαj)
)

+
(fimp
µ
− 2Iω′∆V

2.94δ∗impµDw

)

sinα− Fa

(B.9)

where mi are masses of the bearing inner ring and spindle, ẋi, ẏi and żi are velocities in the x,
y and z directions of the inner circle, ẍi, ÿi and z̈i are vibration accelerations in the x, y and z
directions of the inner circle, Fa and Fr are the axial and radial loads borne by the bearing,
λj denotes the control coefficient of contact deformation between the rolling elements.

4. Simulation research

Taking the angular contact ball bearing without the cage as an example, the radial load of
the bearing is set to 500N. Vibration characteristics of damaged variable-diameter raceway are
found. The basic parameters of the damaged variable-diameter raceway bearing are shown in
Table 1, and the material parameters of the bearing without the cage are shown in Table 2.

According to the discrete failure conditions obtained by Eq. (2.1)2, the critical value of wd
is calculated. Figure 5 presents a relationship between the discrete distance of rolling elements
and damage width of the variable-diameter raceway. Equation (2.2)2 shows that the discrete
spacing of the rolling element is 1.361mm when the discrete failure occurs. In this paper, wd is
selected as 0.1mm and 0.59mm, MATLAB is used for programming, and the vibration equation
is numerically solved by using the four-order Runge-Kutta algorithm with a fixed step.
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Table 1. Basic parameters of damaged variable-diameter raceway bearings

Bearing parameters Numerical values

Bearing inner diameter di [mm] 30

Bearing outer diameter do [mm] 62

Bearing width B [mm] 16

Section circle diameter dm [mm] 46

Rolling element diameter Dw [mm] 9.525

Variable-diameter raceway length L [mm] 11.5

Variable-diameter raceway width W [mm] 3.5

Damage width wd [mm] 0.1 (0.59)

Bearing contact angle α 15

Number of scrolling bodies N 10

Table 2. Bearing material parameters without the cage

Inner and outer rings Values Rolling element Values

Modulus of elasticity of
2.08 · 105 Modulus of elasticity of 2.08 · 105

bearing steel [MPa] bearing steel [MPa]

Poisson’s ratio of bearing steel 0.3 Poisson’s ratio of bearing steel 0.3

Bearing steel density [kg/mm3] 7.85 · 10−6 Bearing steel density [kg/mm3] 7.85 · 10−6

Fig. 5. Plot of bearing damage width versus discrete spacing

4.1. Simulation results and analysis of motion models

According to the differential equation of bearing vibration, the relation between the velocity
and displacement of the inner ring and the damaged variable-diameter raceway is obtained. In
Figs. 6 and 7, the bearing inner ring along the x-axis and y-axis direction displacement – velocity
phase diagram is shown.

At three operating speeds, the inner ring of the bearing presents multiple closed rings along
the x and y axes, and the bearing exhibits quasi-periodic motion, see Fig. 6.

As can be seen in Fig. 7, the phase diagram of the inner circle along the x- and y-axis
directions does not repeat and fills a certain part of the phase space. Therefore, the inner circle
motion is chaotic.

The displacement-velocity phase diagram of the inner ring at different rotational speeds is
analyzed. When the damage width of the variable-diameter raceway is 0.1mm, the inner ring
motion is quasi-periodic under three rotational speeds. When the damage width of the variable-
-diameter raceway is 0.59mm, the inner ring motion is chaotic at three speeds. With an increase
of the damage width of the variable-diameter raceway, when the damage width is greater than or
equal to 0.59mm, the discrete failure of the rolling element occurs. The rolling element squeezes
the inner ring to produce an instantaneous force, so motion of the inner ring changes from
quasi-periodic to chaotic motion.
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Fig. 6. Displacement-velocity phase diagram at 0.1 mm damage width of the variable-diameter raceway:
(a) in x-axis direction, (b) phase in y-axis direction

Fig. 7. Displacement-velocity phase diagram at 0.59mm damage width of the variable-diameter
raceway: (a) in x-axis direction, (b) phase in y-axis direction
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After the law of motion of the rolling element is obtained, velocity changes of the two adjacent
rolling elements passing along the variable-diameter raceway are simulated. Figure shows the
velocity simulation result curve of the selected adjacent rolling elements.

It can be seen in Fig. 8a, the velocity change of the adjacent rolling elements in the con-
ventional raceway is not obvious. The speed of roll 1 and 2 is kept at 1750-1780 mm/s. The
radius of curvature of the damaged raceway changes and the velocity of two rolling elements
fluctuates obviously. Figures 9 and 10 display the local magnification of motion within the range
of 0.45-0.47 s, and the spacing curves of the adjacent rolling elements respectively.

Fig. 8. Velocity curve: (a) damage to the adjacent rolling elements on the variable-diameter raceway,
(b) local magnification curve of the adjacent rolling elements velocity

As shown in Fig. 8b, rolling element 1 enters the damaged variable-diameter raceway. Rolling
element 1 is not detached from the damaged variable-diameter raceway. At this point, element 2
enters the damaged deceleration raceway. The time during which the rolling element passes
along the damaged variable-diameter raceway is about 0.007 s. The damage width of the variable-
-diameter raceway increases. Although the acceleration between rolling elements decreases, there
is still a time when the common acceleration is positive. When the acceleration difference between
rolling element 3 and 2 is greater than that between rolling element 2 and 1, the distance between
rolling element 1 and 2 and the distance between rolling element 2 and 3 both increase. As the
acceleration becomes negative, the velocity starts to decrease. The velocity difference between
rolling element 2 and 1 is getting smaller and smaller, which eventually leads the adjacent rolling
element to the discrete failure.

The discrete spacing of adjacent rolling bodies reflects the degree of damage to the variable-
-diameter raceway and is represented by the ball spacing of three adjacent rolling elements. The
effect of variable-diameter raceway damage on rolling element dispersion is studied, as shown in
Fig. 9

The acceleration difference between rolling element 2 and 3 is larger than that between rolling
element 2 and 1. The ball spacing between rolling element 2 and 3 varies greatly from Fig. 9a.
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Fig. 9. Ball spacing between adjacent rolling bodies: (a) ball distance between rolling element 2 and 3,
(b) ball distance between rolling element 1 and 2

The average pitch is about 0.3mm. When the ball spacing of the rolling element is 0, adjacent
rolling elements 3 and 2 collide. It can be seen from Fig. 9b that the ball spacing between rolling
element 1 and 2 remains unstable. The average ball distance between the two rolling elements is
about 0.25mm, which is less than that of rolling elements 1 and 2. In the time range of 0.1 s-0.7 s,
the ball spacing between rolling element 1 and 2 is always about 0. Adjacent rolling elements 1
and 2 collide.

4.2. Simulation results and analysis of vibration models

According to equations (3.9), the vibration acceleration of the inner ring is calculated. This
time, the bearing speed is 1800 r/min. The damaged width of the variable-diameter raceway is
0.1mm, 0.3mm and 0.59mm, respectively. The width of 0.1mm, 0.3mm and 0.59mm represent
the degree of mild, moderate and severe damage of the variable-diameter raceway, respectively.

Figure 10 shows the vibration acceleration curve with a damaged width of 0.1. The amplitude
of acceleration has obvious periodic characteristics in Fig. 10a. It shows that the amplitude is
stable and the rolling elements are loaded uniformly. It can be seen from Fig. 10b that the
maximum amplitude of the acceleration curve is about 70m/s2, and the interval between the
two peaks is about 0.006 s.

The amplitude of vibration acceleration of the bearing increases with an increase of the
damage width, but changes periodically in Fig. 11a. The amplitude change is small. In the
local enlargement of Fig. 11b, the maximum value of acceleration curve change caused by the
damaged raceway is about 100m/s2. At this time, the rolling element remains discrete in the
movement process. A1 and B1 respectively represent vibration values of the rolling element
when it enters and leaves the variable-diameter raceway. The interval between the two peaks is
about 0.006 s, which is the same as monopulse vibration with mild damage. With an increase
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Fig. 10. wd = 0.1mm: (a) vibration acceleration curve, (b) partial enlarged drawing

Fig. 11. wd = 0.3mm: (a) vibration acceleration curve, (b) partial enlarged drawing

of damage, the rolling element generates an impact excitation at the variable-diameter raceway
and the vibration amplitude increases.

As shown in Fig. 12a, the maximum change in the acceleration curve due to damage to the
reducer raceway is approximately 100m/s2. There are several locations in the diagram where the
peak acceleration is approximately zero, indicating that 14 rolling elements are packed together
at this time. Figure 12b shows that when the damage width is 0.59mm and the circumferential
span angle of the damaged variable-diameter raceway is 26.28◦, p′1 and p

′

2 are at the moment
when the rolling element enters and leaves the damaged variable-diameter raceway. Due to the
increase of the damage width of the variable-diameter raceway, the number of rollers changes,
and the collision force between the rollers causes an instantaneous force act on the roller on the
bearing inner ring. Therefore, the acceleration amplitude of the inner ring increases significantly
when the damage width of the variable diameter raceway is 0.59.
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Fig. 12. wd = 0.59mm: (a) vibration acceleration curve, (b) partial enlarged drawing

Fig. 13. Frequency-domain waterfall diagram: (a) wd = 0.1, (b) wd = 0.30, (c) wd = 0.59

In order to further investigate the effect of different speeds on vibration in the frequency
domain, three speeds of 1800 r/min, 3000 r/min, and 8000r/min are selected for numerical sim-
ulation in this paper.
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Figure 13 shows that the amplitude of vibration acceleration of the bearing inner ring in-
creases significantly with an increase of rotational speed. However, the vibration amplitude of
mild damage is higher than that of moderate damage under the condition of low and high speed.
Although most of the rolling elements are dispersed at this time, there is still a small part of
the rolling elements in contact, which does not affect motion of the bearing. Although most of
the rolling elements have been dispersed under the influence of rotational speed, there is still
a small part of the rolling bodies in contact with each other, which does not affect motion of
the rolling bodies. The corresponding frequency peak of each rotational speed is approximately
a multiple relationship of its theoretical frequency, and the bearing rollers can be dispersed at
three rotational speeds at wd = 0.1 and wd = 0.3. The corresponding frequency amplitudes at
each speed are greater than the theoretical values of wd = 0.59. Moreover, asymmetry of the
inner ring rotation center intensifies with an increase of rotational speed. It results in a larger
frequency characteristic peak of bearing vibration, which leads to the aggravation of bearing
vibration.

The analysis of the time and frequency domain shows that vibration of the inner ring of the
ball bearing without the cage becomes more complex, and the vibration amplitude increases
with an increase of damage width.

5. Experimental research

The outer ring with a variable-diameter raceway machined by EDM is installed on the ball
bearing without the cage. The experiment is carried out on a T10-60 machine. Vibration data of
the ball bearing without the cage under different working conditions are measured. The T10-60
machine is shown in Fig. 14a. The outer ring of the ball bearing without the cage is shown in
Fig. 14b. The experimental scheme is shown in Table 3.

Fig. 14. Experiment equipment: (a) model T10-60 bearing vibration tester, (b) diagram of the damaged
variable-diameter raceway

The vibration data was collected after the bearings entered steady operation. The vibration
curves of the bearings were given for radial forces of 300N, 500N and 800N at a speed of
1800 r/min without the ball bearings cage, as shown in Fig. 15.

As shown in Fig. 15, the amplitude range of the vibration curve of the damaged variable-
-diameter raceway bearing under the action of a 300N radial force is about (1.2-1.5) mm/s2.
The amplitude range of the vibration curve under the action of a 500N radial force is
(1.25-1.45) mm/s2. There is almost no change compared with the bearing vibration under the
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Table 3. Experimental scheme

Rotational speed [r/min] 1800 3000 8000

Radial load [N] 300 500 800 500 500

Lubrication method Oil lubrication

Mounting method
Reducing raceway at lowest point

of load area

Damage to variable-diameter raceway position Outer ring

Fig. 15. Vibration acceleration test curve for bearings at 1800 r/min: (a) Fr = 300N, (b) Fr = 500N,
(c) Fr = 800N

radial force of 300N. For a 800N radial force, the amplitude is (1.15-1.35) mm/s2. Compared
with 300N and 500N radial forces, the bearing vibration is slightly reduced. The load has little
influence on the vibration amplitude, which can be seen from the vibration curves of bearings
under three loads.

In order to further verify the influence of speed of the damaged variable-diameter raceway
bearing on vibration, the operating speeds of 3000 r/min and 8000 r/min were selected, and the
vibration data of the damaged variable-diameter raceway were measured under the same radial
load of 500N, as shown in Fig. 16.

Fig. 16. Vibration acceleration experiment curve of the bearing: (a) speed is 3000 r/min,
(b) speed is 8000 r/min

It can be seen from Fig. 16 that the vibration acceleration range of the bearing at 3000 r/min
is (1.55-1.75) mm/s2. The vibration acceleration range of the bearing at 8000 r/min is (1.7-
-2.3)mm/s2. Obviously, with the increase of rotational speed, vibration of the damaged variable-
-diameter raceway intensifies. Compared with Fig. 15b, the radial load is the main factor affecting
the vibration amplitude. This shows that the operational speed has a significant correlation with
vibration of the damaged variable-diameter raceway.
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The precision electronic analytical balance BSM220.4 is used in this paper, and the measure-
ment accuracy is 0.1mg. In order to ensure the weighing accuracy, the experimental samples are
cleaned by ultrasonic waves for 10 minutes. Then they are blown dry and weighed. According to
the literature (Zhao et al., 2021), it can run for 300 hours under dry friction. Table 4 shows the
amount wear extent of the damaged variable-diameter raceway at the same time and different
speed.

Table 4. Wear extent at different speeds

Bearing Rotate speed Initial mass Damaged mass Wear extent
number [r/min] [g] [g] [mg]

1 1800 90.1779 90.1727 2.2

2 3000 89.7026 89.6995 3.1

3 8000 89.8427 89.8303 12.4

The wear degree of the raceway becomes worse with an increase of rotational speed. The
wear extent at high speed is much higher than that at middle and low speed, which may be due
to the violent collision force of the rolling element at high speed. Wear occurs on the surface of
rolling elements.

The experimental results for three rotational speeds show that the vibration amplitude of
the bearing without the cage in the damaged variable-diameter raceway does not change sig-
nificantly with the load. But vibration intensifies with an increase of rotational speed. This is
consistent with the comparison results of the damaged frequency-domain waterfall diagram in
the simulation.

6. Conclusions

The damage of the variable-diameter raceway leads to an increase of bearing vibration, which will
accelerate the failure of the machine. This paper analyzes the influence of the damaged variable-
-diameter raceway on dynamic characteristics of the rolling element. The vibration equation of
the ball bearing without the cage is established. Vibration of the damaged variable-diameter
raceway is studied by numerical solution, simulation analysis and experiment. The specific con-
clusions are as follows:

• With deterioration of the variable-diameter raceway, the vibration amplitude of the bearing
increases obviously. Vibration fluctuation caused by the discrete failure of the rolling ele-
ment indicates that the collision force between rolling elements is the main factor resulting
in violent vibration.

• The vibration acceleration of the bearing in the conventional raceway is less than that in
the variable raceway. The contact point changes from point 1 to point 2 when the rolling
element enters the variable-diameter raceway. This leads to time variation of displacement
and contact stiffness.

• The velocity-displacement phase diagram is analyzed. Damage visibility of the local
variable-diameter raceway increases. Due to the discrete failure of the rolling element,
an instantaneous force is generated in the rolling element extrusion inner ring. Therefore,
the inner-loop motion is transformed from quasi-periodic to chaotic motion.

• The local variable-diameter raceway is slighty damaged and does not affect the disper-
sion effect. Vibration occurs only at the theoretical frequency or its multiple. However,
when damage of the local variable-diameter raceway is large, the dispersion effect is af-
fected. Vibration is greater than that of the theoretical frequency value or its multiple.
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The frequency variation of damage can be used as the basis for monitoring the state of
the machine system in the future.
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A novel analytical model to predict fracture resistance of a quasi-brittle material, like wood,
is presented. The model is based on a scaling parameter introduced into the non-local fracture
theory to take into account the specimen size effect on the development of the damage zone.
An expression for length of the critical process zone, which can be used in damage tolerant
design of wooden structures is derived from this theory. The model is validated with mixed-
mode bending tests. A numerical analysis using cohesive elements is performed to understand
the role of specimen size in the development of the damage zone. The analytical predictions
of the fracture resistance and the critical process zone length for wood are compared with
numerical results and experimental data available in the literature.

Keywords: mixed-mode bending test, process zone length, resistance curve, fracture criteria,
cohesive zone model

1. Introduction

Two approaches have been reported in the literature to consider damage processes occurring
ahead of the crack tip in quasi-brittle materials: the concept of cohesive fracture models orig-
inated by Barenblatt (1962) and Dugdale (1960) and the concept of non-local fracture models
introduced by Novozhilov (1969). The first approach is through decohesion of the upper and
lower surfaces of the process zone ahead of the crack tip. The second approach involves av-
eraging of the stresses over this zone. It can be seen in Fig. 1 that the averaged stress over
the length Lcz cannot exceed the strength of the material in the non-local model, whereas the
cohesive model assumes a gradual loss of stiffness over the length Lcz.

Fig. 1. Stress distribution ahead of the crack tip

Development of the fracture process zone (FPZ) in a quasi-brittle material like wood leads
to a stable crack growth before the complete fracture (Morel et al., 2005). The ability to predict
the stable growth of a pre-existing crack under a mixed-mode loading is a key requirement in
damage tolerant design of wooden structures. In recent studies (de Moura et al., 2010; Phan et
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al., 2016), the initiation and propagation fracture toughnesses of wood under the mixed-mode
loading have been typically described by an empirical power law combining energy release rates
in mode I and II with their critical values, i.e. (GI/GIc)

m + (GII/GIIc)
n = 1, where m, n are

constants.

Originally developed by Reeder and Crews (1990) to study the mixed-mode interlaminar
fracture toughness of composite laminates, the mixed-mode bending test (MMB) was also used to
investigate the resistance to crack growth in wood (de Moura et al., 2010; Phan et al., 2016). The
use of this test is justified by the fact that it is capable of keeping a constant mixed-mode ratio
during crack growth. In the framework of equivalent linear elastic fracture mechanics (LEFM)
proposed by Bazant and Kazemi (1990), the secant compliance estimated from any point of the
load-displacement curve corresponds to the initial elastic compliance of the cracked specimen, in
which the crack length is given by the actual one plus a correction due to the FPZ development,
i.e. aeq = a0+∆a. Using this approach, it has been found that variations of mode I and mode II
energy release rates with crack length (R-curves) for wood follow an initially increasing trend
before reaching a plateau, which indicates the appearance of self-similar propagation of the main
crack with its critical FPZ.

Numerous analytical and numerical models have been proposed to calculate the variation
of the energy release rate directly from the MMB test data. Within the framework of simple
beam theory, the cracked specimen is considered as an assemblage of three rigidly connected
sublaminates (Reeder and Crews, 1990). In order to take into account the effects of deflections
and rotations at the crack tip, crack length corrections are introduced into the simple beam
theory (Williams, 1989; Wang and Williams, 1992). According to enhanced beam theory, the
two sublaminates are partially connected by a deformable interface to take into account the crack
propagation. Splitting of the two sublaminates is modeled by applying elastic brittle (Bennati et
al., 2013a,b) or elastic damaging constitutive laws (Xie et al., 2016a,b). Compared to the simple
beam theory, the enhanced beam theory is capable of capturing the pre-peak nonlinearity of load-
-displacement response. However, due to the assumptions of the beam theory, it over-predicts the
pre-peak stiffness and process zone length. Numerical simulations of the MMB test are typically
performed in the framework of the finite element method by using the virtual crack closure
technique (Xie and Biggers, 2006; Oliveira et al., 2007) or the cohesive zone model (Alfano and
Crisfield, 2001; Camanho and Dávila, 2002). The main difference between them is that the latter
has the capability to model damage mechanisms, whereas the former does not. However, since
numerical predictions are mesh-dependent, care must be taken to ensure that element sizes are
capable of capturing strain and stress gradients near the crack tip.

The objective of this paper is to show that the non-local fracture theory proposed by Seweryn
and Mróz (1998) is capable of predicting the propagation fracture toughness of wood under
mixed-mode loading conditions. To date, only the initiation fracture toughness of wood has
been analyzed by using this fracture theory (e.g. Romanowicz, 2019). In previous papers, it
has been assumed that the compliance within the damage zone and the process zone length
are material properties. Extension of the non-local fracture theory to the study of the crack
propagation resistance requires redefining these concepts. In this paper, the quasi-brittle fracture
characteristics predicted from the extended non-local theory are verified against MMB test
data available in the literature and numerical simulations accounting for cohesive properties of
wood.

2. Non-local theory of quasi-brittle fracture

In this Section, a novel analytical approach for estimating the critical process zone length Lcz
based on the non-local fracture theory is presented. According to the non-local fracture theory
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proposed by Seweryn and Mróz (1998), a crack starts to grow when a stress function R(σθ, τrθ)
averaged over the process zone length lcz reaches the maximum value

max

(

1

l

lcz∫

0

R(σθ, τrθ) dr

)

= 1 (B.1)

where σθ, τrθ are the stress components in a polar coordinate system (r, θ) originated at the
crack tip. This fracture theory is motivated by the fact that the stress distribution within the
process zone is difficult to estimate precisely. For this reason, it is convenient to use the average
value of stress. For a damage zone weakened by microcracks, Seweryn and Mróz (1998) proposed
the following elliptic function for calculating the fracture toughness

R(σθ, τrθ) =

√
(σθ
σc

)2
+ ρ

(τrθ
σc

)2
(B.2)

where σc is the tensile strength representing the ratio of the sliding and extensional compliance
of the material within the damage zone. Maximizing the average value of R(σθ, τrθ) with respect
to θ, the location of the critical plane is determined. The non-local model of crack propagation
is formulated by assuming that the process zone length is much less than the crack length. On
this assumption, the stress distribution associated with damage mechanisms occurring ahead of
the crack tip is dominated by a singular crack tip solution of the type r−0.5. It was reported
by Romanowicz (2019) that the stress function (2.2) has for orthotropic materials its maximum
at θ = 0◦ if the reinforcement direction coincided with the crack axis. Thus, in the case of
self-similar crack growth, stress function (2.2) can be expressed as

R(σθ, τrθ) =
1

σc

√

K2I
2πr
+ ρ

K2II
2πr

(B.3)

where KI , KII are stress intensity factors for pure opening and pure sliding modes, respectively.
Substituting (2.3) into (2.1) and integrating from r = 0 to r = lcz the non-local criterion of
crack propagation is given in terms of stress intensity factors as

K2I + ρK
2
II =

lczσ
2
cπ

2
(B.4)

On the assumptions of LEFM, the stress intensity factors for orthotropic materials are related
to strain energy release rates by the relationship proposed by Sih et al. (1965)

G = GI +GII =
K2I
EI
+
K2II
EII

(B.5)

where: G, GI , GII are total, mode I and II energy release rates, respectively, EI , EII are
generalized elastic moduli. The procedure for calculating EI , EII is provided in Appendix A.
One potential limitation in application of Eq. (2.4) is that the compliance ratio is, in general, an
unknown parameter. In order to overcome this limitation, the ratio can be calibrated by fitting
theoretical predictions to experimental data. In this paper, the compliance ratio is thus defined
as some multiple of the ratio between EI and EII

ρ =
EI
nEII

(B.6)

where n is an empirical parameter. In the previous papers on the initiation fracture toughness
of wood (Romanowicz, 2019), the compliance ratio was assumed to be ρ = (KIc/KIIc)

2, where
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KIc and KIIc are mode I and II critical stress intensity factors. By using Eqs. (2.5) and (2.6),
the non-local criterion of crack propagation (2.4) can be now expressed in terms of mode I and II
energy release rates as

nGI +GII =
lczσ

2
cπn

2EI
(B.7)

When the process zone is fully developed lcz = Lcz, the fracture resistance can be estimated from
the strain energy release rate as G = GR. Formally, substituting lcz = Lcz into (2.7) means that
the non-local criterion predicts the moment of complete fracture. In this paper, the value of Lcz
is chosen so as to make non-local criterion (2.7) equivalent to the semi-empirical mixed-mode
propagation criterion proposed by Benzeggagh and Kenane (1996). According to this criterion,
the total fracture resistance is a power function of the mixed-mode ratio GII/G

GR = GIR + (GIIR −GIR)
(GII
G

)m
(B.8)

where: GR, GIR , GIIR are total, mode I and II fracture resistances,m is an empirical parameter.
Since the strength σc and modulusEI are constants, it is reasonable to assume that the length Lcz
occurring in non-local criterion (2.7) should follow the same trend as the fracture resistance GR
predicted by the Benzeggagh and Kenane criterion. It should be noted that it is possible to
rewrite the Benzeggagh and Kenane criterion so that the left hand sides of Eqs. (2.7) and (2.8)
are equal when lcz = Lcz

nGIR +GIIR = nGIR + (GIIR −GIR)
(GII
G

)m
(B.9)

Finally, by equating the right hand sides of Eqs. (2.7) and (2.9), the length of the fully developed
process zone can be written as a power function of the mixed-mode ratio GII/G

Lcz =
2EI
σ2cπn

[

nGIR + (GIIR −GIR)
(GII
G

)m]

(B.10)

Substituting (2.10) into (2.7), the non-local criterion takes the form of the Benzeggagh and
Kenane criterion. Mode I and II process zone lengths are calculated by setting GII/G = 0 and
GII/G = 1 in (2.10), as follows

LIcz =
2EIGIR
σ2cπ

LIIcz =
2EI
σ2cπn

[GIIR + (n− 1)GIR] (B.11)

Figure 2 shows solutions of the dimensionless characteristic length Lcz for a fixed value of m and
various values of n. It is interesting to note that the variation of process zone length with ratio
GII/G becomes smaller as n increases and for large values of n, a constant process zone length
equal to LIcz is observed. From Eqs. (2.11), mode I process zone length is not influenced by the
parameter n and when n = 1, mode II process zone length can be written in terms of GIIR only.
Based on these findings, the parameter n controls the value of mode II process zone length and
the steepness of the curve describing the relationship between the process zone length and the
mixed-mode ratio. It can be interpreted as a scaling parameter for the ratio of the sliding and
extensional compliance of the material within the damage zone.

3. Finite element simulations of quasi-brittle fracture

In this Section, the finite element implementation of a bilinear cohesive zone model proposed
by Alfano and Crisfield (2001) and Camanho and Dávila (2002) is presented to predict damage
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Fig. 2. Effect of the parameter n on the variation of dimensionless process zone length with the
mixed-mode ratio

evolution in wood. Finite element analyses have been conducted under mode I, mode II and
mixed-mode loading using the double cantilever beam (DCB), end notched flexure (ENF) and
mixed-mode bending (MMB) specimens, respectively. The deformed finite element meshes and
boundary conditions corresponding to these cases are shown in Fig. 3. The MMB test uses a lever
to simultaneously apply the loads which are similar to those applied to the DCB and ENF tests.
Mixed-mode ratios are controlled by the lever length c. Five different lever lengths c = 160, 200,
235, 335, 435mm are studied. The length 2L, width B and thickness 2h of the specimens are
750mm, 30mm and 30mm, respectively. The length of the support span 2l is fixed in all tests
at 650mm. The length of the pre-crack a0 measured from the beam support point is 227mm.
These specimens correspond to those used in experiments performed by Phan et al. (2016) on
Norway spruce in the TL crack system. The specimen material is assumed to be linearly elastic
and orthotropic (Table 1). The specimen geometry is meshed with two-dimensional plane strain
4 node elements in Ansys (PLANE182). The mesh is refined along a predefined crack path
located at the midplane of the specimen. The elements ahead of the crack tip have the length
0.6mm. Frictionless contact is assigned between the crack surfaces. The MMB test apparatus is
modeled explicitly using beam elements (BEAM188) with material properties much stiffer than
those of the specimen. In order to connect the rigid beam elements with the plane elements and
to enforce the appropriate boundary conditions, multi-point constraints (MPC184) are used.

Fig. 3. Finite element meshes and boundary conditions used in the simulations: (a) DCB test,
(b) ENF test, (c) MMB test
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Table 1. Elastic properties of Norway spruce (Dourado et al., 2008) and its tensile strength in
the tangential direction (Pedersen et al., 2003)

EL ER ET νTL νRL νTR GTL GRT GRL σTc
[MPa] [MPa] [MPa] [–] [–] [–] [MPa] [MPa] [MPa] [MPa]

9900 730 410 0.018 0.032 0.306 610 22 500 2.7

Crack propagation is modeled by using zero-thickness cohesive elements (INTER202) based
on a bilinear traction-separation constitutive relationship, σi = σi(δi), with i = I, II. The
response of cohesive elements is linear-elastic up to the onset of damage. After the damage onset,
the interface elements start losing their stiffness linearly. When the stiffness of the cohesive
elements reduces to zero, crack growth occurs. Mode I and mode II energy release rates are
calculated in Ansys as

GI =

δI∫

0

σI dδI GII =

δII∫

0

σII dδII (B.1)

The mixed-mode cohesive zone model implemented here requires two cohesive strengths σ0I
and σ0II , two separations at the onset of damage δ

0
I and δ

0
II , and two separations at the moment

of fracture δcI and δ
c
II to predict the evolution of damage. In order to ensure that both tractions

vanish simultaneously at complete separation, the ratios δ0I/δ
c
I and δ

0
II/δ

c
II are assumed to be

equal in the present study. For more information about the bilinear cohesive zone model, see
Appendix B.

Fig. 4. Development of the fracture process zone

A model of the fracture process zone and its finite element implementation is shown in
Fig. 4. The fracture process zone is a region ahead of the crack tip where the finite elements
experience irreversible deformation. The numerical process zone length Lcz is calculated by
adding the lengths of cohesive elements that are currently damaged Lcz =

∑
li. In order

to investigate the influence of cohesive strength on the load-deflection response and the pro-
cess zone length of Norway spruce, parametric studies under mode I and mode II conditions
have been conducted for experimentally established values of mode I and II fracture resistances
GIR = 0.286N/mm, GIIR = 0.979N/mm (Phan et al., 2016). It can be seen in Figs. 5a and 5b
that as the cohesive strength increases, the peak load increases and the load-deflection response
gets closer to the linear elastic solution obtained by using the simple beam theory. Details of the
analytical solutions for the load-deflection response of the beam specimens can be found by Xie
et al. (2016a). It should be noted that the analytical solutions are for the case of infinitely stiff
interface with brittle failure (δ0I and δ

0
II → 0, σ0I and σ0II → ∞) and the observed deviation of
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the initial stiffness from the linear elastic solution is typical for numerical simulations that use
the bilinear cohesive zone model (e.g. Xie et al., 2016b).

Fig. 5. Effect of cohesive strength on the load-displacement response for (a) mode I and
(b) mode II loading

Fig. 6. Variation of the process zone length with cohesive strength for (a) mode I and (b) mode II
loading (experimental data from Phan et al. (2016))

As shown in Figs. 6a and 6b, the process zone length, on the contrary, decreases with the
increasing cohesive strength. This trend is found to agree with the analytical solution based on
the enhanced beam theory (Xie et al., 2016b)

LIcz =
1

2
4

√

EeffGIRh3

(σ0I )
2

LIIcz =
1

2

√

EeffGIRh

(σ0II)
2

(B.2)

where Eeff = EL(1 − νLRνRL) is found using the elastic constants (Table 1). Since the exper-
imental load-deflection curves for Norway spruce are not available in Phan et al. (2018), the
cohesive properties are calibrated in such a way that they satisfy equations

GIR =
1

2
σ0Iδ
c
I GIIR =

1

2
σ0IIδ

c
II (B.3)

and simultaneously the fracture process zone lengths predicted from the finite element mod-
els correspond closely to the reference values obtained from the experiments LIcz = 29mm,
and LIIcz = 42.8mm (Phan et al., 2016). Taking the above into account, the interface with
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σ0I = 1.25MPa and σ
0
II = 6MPa is chosen for the rest of the study. It is interesting to note that

the adjusted value for the cohesive strength σ0I of Norway spruce is in good agreement with the
literature data σ0I = 1.66MPa (Dourado et al., 2008) obtained for different specimen types. All
cohesive properties used in the present study are summarized in Table 2.

Table 2. Cohesive properties of Norway spruce

σ0I δ0I δcI σ0II δ0II δcII
[MPa] [mm] [mm] [MPa] [mm] [mm]

1.25 0.04576 0.4576 6 0.03263 0.3263

Loads and deflections obtained from numerical simulations are processed with the compliance
based beam method (CBBM) proposed by de Moura et al. (2010) to achieve mode I and II
fracture resistances. CBBM is an example of the data reduction method which enables the
determination of strain energy release rates on the assumptions of equivalent LEFM based on
the theoretical specimen compliances

GI =
P 2I
2B

dCI
da

GII =
P 2II
2B

dCII
da

(B.4)

where PI , PII are mode I and II components of the applied load, CI , CII are mode I and II
compliances, B is the specimen width. For more information about this method, see Appendix C.

4. Results and discussion

In this Section, the theoretical and numerical predictions of the fracture resistance and the pro-
cess zone length of Norway spruce under combined mode I and mode II loadings are compared
with the experimental results reported by Phan et al. (2016). The key difference between exper-
imental and numerical techniques for analyzing the crack growth resistance lies in the way of
determining the crack length. In the experimental study performed by Phan et al. (2016), the
crack length is calculated by setting the experimental specimen compliance to the relationship
C(a) = δ/P between the compliance and crack length obtained from a linear-elastic finite ele-
ment analysis. In the present study, the crack length required by CBBM is estimated by setting
the numerical specimen compliance to the compliance function C(a) derived from the beam
theory (Appendix C).
Figures 7a and 7c show numerical predictions of the load-deflection and crack evolution

curves by the cohesive zone model for different loading conditions. It is interesting to note that
the crack starts to grow long before the peak load is reached. The observed pre-peak behavior is
associated with the formation of the fracture process zone. The location of the transition point
from stable to self-similar crack propagation on the crack evolution curve is found to appear
just behind the peak load on the load-deflection curve. The critical loads are depicted by arrows
in Figs. 7a-7c. It can be seen from these figures that the post-peak behavior under pure mode I
loading differs from those under pure mode II and mixed-mode loading. In the case of pure
mode I loading, the post-peak slope of both curves is almost constant, which is attributed to
the self-similar crack growth regime. In the cases of pure mode II and mixed-mode loading, the
post-peak slope of both curves changes because the specimens exhibit a load recovery when the
crack approaches the central loading point, a = 325mm.

In the framework of equivalent LEFM, the crack stability is characterized by a resistance
curve (R-curve) which indicates changes in the energy release rate as a function of crack length.
Evolutions of the resistance to crack growth in Norway spruce obtained from CBBM for dif-
ferent loading conditions are shown in Figs. 8a-8c. They start from initial nonzero values of
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Fig. 7. The load-displacement and crack evolution curves from (a) DCB test, (b) ENF test and
(c) MMB test

the energy release rate and consist of three distinct phases: the initial ascending phase followed
by a plateau, and then another ascending phase. The numerical results are compared with the
available experimental data (Phan et al., 2016) to assess the performance of CBBM for the pre-
diction of fracture resistance. Figure 9 compares the numerical predictions of R-curves obtained
for the lever length c = 160mm using average material properties with the test data obtained
from one specimen. It can be seen from this figure that CBBM fits the shape and magnitude of
the experimental data reasonably well.

As discussed in the previous Section, fracture simulations using the cohesive zone model are
capable of analyzing the development of the fracture process zone. The length of the process
zone is calculated as the maximum distance between the centers of two cohesive elements located
to the right of the current crack tip which have experienced damage. Numerical modeling of the
process zone length in Norway spruce as a function of the crack length for different mixed-mode
loading conditions is shown in Figs. 8a-8c. It can be seen that after the initial increase, the
process zone length reaches for each loading case its maximum value and then remains constant
over some increment of the crack length. The maximum value of the process zone length allows
us to estimate the onset of self-similar crack propagation and, in this way, to clearly identify the
point on the resistance curve where the fracture resistance is established. The fracture resistances
are depicted by arrows in Figs. 8a-8c. The total fracture resistances GR and the fully developed
cohesive zone lengths Lcz calculated in this way for seven different mixed-mode ratios GII/G
are shown in Figs. 10 and 11, respectively.
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Fig. 8. The resistance curves and variations in the process zone length during crack propagation for
(a) mode I, (b) mode II and (c) mixed-mode loading

Fig. 9. Comparison between the predicted and measured resistance curves for c = 160mm
(experimental data from Phan et al. (2016))
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Fig. 10. Comparison between the predicted and measured fracture resistance of Norway spruce
(experimental data from Phan et al. (2016))

Fig. 11. Comparison between the predicted and measured process zone length of Norway spruce
(experimental data from Phan et al. (2016))

Furthermore, Figs. 8a-8c show that it is only in the case of pure mode I loading that the
specimen is capable of keeping the maximum value of the process zone length during the entire
crack growth process. In the cases of pure mode II and mixed-mode loading, the process zone
length beyond the maximum value decreases with the increasing crack length. This is because
when the crack approaches the central loading point, the compressive stress zone at the center
of the specimen disturbs the development of the fracture process zone. Thus, the development of
the damage zone is influenced not only by the mixed-mode ratio but also by the specimen size.
This finding sheds new light on the role of the scaling parameter n in the theoretical solution of
the Lcz given by Eq. (2.10). It should be noted that there is a similarity between the theoretical
and numerical solutions of the process zone length for pure mode I loading, namely that the
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theoretical solution of the LIcz is not influenced by the parameter n, whereas the numerical
solution of LIcz is free from the specimen size effect.

Figures 10 and 11 compare the theoretical and numerical predictions of the fracture resistance
and critical process zone length of Norway spruce with the experimental data reported by Phan
et al. (2016). The measured fracture resistance and critical process zone length of wood increase
with an increase in the mixed-mode ratio. It can be seen from these figures that both the
numerical prediction as well the analytical solution follow the trend of experimental points. In
the case of the fracture resistance, the Benzeggagh and Kenane criterion with the parameter m
taking the value of 2 is in a better agreement with the experimental data than the numerical
prediction. In the case of the critical process zone length, the non-local fracture criterion with
the parameter n taking the value of 3 provides a slightly better fit to the experimental data
than the numerical prediction. The deviation of numerical predictions from experimental points
is caused by the approximation of the true cohesive behavior of wood by the bilinear traction-
-separation law. The discrepancy between the theoretical predictions and experimental points is
due to the fact that the fracture behavior is dependent not only on the specimen geometry and
loading conditions but is also affected by the cohesion between the crack surfaces, which is not
explicitly taken into account in the fracture criteria.

It should be noted that, similar to the parameter m, the parameter n is experimentally
calibrated. Since the value of LIcz is independent of n, only the value of LIIcz is fitted in the
calibration such that the shape of the theoretical curve describing the relationship between the
process zone length and mixed-mode ratio matches the shape obtained experimentally. The
value of mode II critical process zone length calculated for n = 3 is LIIcz = 39.2mm, whereas
the same length obtained without scaling the compliance of the damage zone, for n = 1, has
the value LIIcz = 74.3mm, which is far from the measured value. This finding shows that
the introduction of the parameter n into the non-local fracture model can be regarded as an
advantage. The physical explanation of the parameter n is as follows. Since geometry of the body
affects the development of the damage zone, it is reasonable to assume that the coalescence of
microcracks in infinite bodies differs from that in slender bodies, such as beams. This means that
the compliance of the damage zone depends on the specimen size and needs to be calibrated.
Furthermore, it should be noted that a similar calibration procedure, as described above, is
applied to the numerical model to estimate cohesive properties.

5. Conclusions

The applicability of non-local fracture theory to characterize fracture behavior of wood has been
verified by comparing theoretical predictions with experimental data available in the literature
and with numerical simulations accounting for cohesive properties of wood. The theoretical,
numerical and experimental results presented in this paper have shown that not only the fracture
resistance but also the process zone length depends nonlinearly on the mixed-mode ratio. The
non-local fracture theory offers the ability to model the quasi-brittle fracture in wood without
the need for using cohesive parameters which are difficult to estimate in practice. The concept
of introduction of a scaling parameter into the non-local fracture theory has been proposed
to take into account the specimen size effect on the development of the damage zone. The
use of this scaling parameter has significantly improved the accuracy of the prediction of the
critical process zone length. The ratio of the sliding and extensional compliance of the material
within the damage zone has been defined as the ratio between the generalized elastic moduli,
which has made it possible to achieve equivalence between the non-local and Benzeggagh and
Kenane predictions of the fracture resistance. In this way, for the first time, the non-local theory
has provided a physical explanation for the Benzeggagh and Kenane empirical criterion. The
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comparison has shown that with much lower computational complexity, the proposed non-local
model achieves a better efficiency than the numerical simulations.
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Appendix A. Calculation of generalized elastic moduli

Following Sih et al. (1965), energy release rates can be related to stress intensity factors through
generalized elastic moduli. Under plane strain conditions, the generalized elastic moduli EI
and EII in the global coordinate system (x1, x2, x3) aligned with the principal axes of orthotropy
(L, T,R) are given by

EI =

[

S′11S
′

22

2

(√

S′22
S′11
+
2S′12 + S

′

66

2S′11

)]−0.5

EII =

[

(S′11)
2

2

(√

S′22
S′11
+
2S′12 + S

′

66

2S′11

)]−0.5

(A.1)

where the constants S′11, S
′

12, S
′

22 and S
′

66 are related to components of the compliance ma-
trix {Sij} by

S′ij = Sij −
Si3Sj3
S33

i, j = 1, 2, 6 (A.2)

where the compliance matrix {Sij} relates the stress and strain components in the principal
material directions according to generalized Hooke’s law

εi = Sijσi i, j = 1, 2, . . . , 6 (A.3)

Appendix B. Bilinear mixed-mode cohesive zone model

The behavior of the material in the cohesive zone is assumed to be linear-elastic up to the
onset of damage, and after that, elastic damaging with linear softening is observed (Alfano and
Crisfield, 2001; Camanho and Dávila, 2002). The constitutive relationships between stresses σi
on the crack plane and the corresponding relative displacements δi are as follows

σi = ki(1− di)δi i = I, II (B.1)

where ki are the initial stiffness values and di are damage variables which satisfy the following
conditions

di =

{

0 when δi ¬ δ0i
1 when δi = δ

c
i

(B.2)

where δ0i , δ
c
i are separations at the onset of damage and at the moment of fracture, respectively.

When the material is under mixed-mode loading, the separation at damage onset is calculated
based on the quadratic stress criterion

(σI
σ0I

)2
+
(σII
σ0II

)2
= 1 (B.3)
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where σ0I and σ
0
II are cohesive strengths. Using (B.3), the mixed-mode relative displacement

corresponding to the onset of softening is given by

δ0m =

√

(δ0I )
2(δ0II)

2
1 + β2

(δ0II)
2 + β2(δ0I )

2
(B.4)

where β = δII/δI is the mixed-mode ratio. The separation at fracture is calculated based on the
linear energetic criterion

GI
GcI
+
GII
GcII
= 1 (B.5)

where GcI and G
c
II are the critical strain energy release rates. Using (B.5), the mixed-mode

relative displacement corresponding to total decohesion is given by

δcm =
2(1 + β2)

δ0m

( kI
GcI
+
β2kII
GcII

)−1
(B.6)

Appendix C. Equations of the compliance based beam method

In this paper, the strain energy release rates GI and GII are calculated using the Compliance
Based Beam Method proposed by de Moura et al. (2010). Since the MMB test combines the
DCB and ENF tests, equations for the strain energy release rate from these tests are used to
calculate individual components of G for the MMB test. Mode I component is given by

GI =
6P 2I
B2h

( 2a2eqI
EfIh2

+
1

5GLT

)

(C.1)

where aeqI is the equivalent crack length in mode I estimated from the current specimen com-
pliance

CI =
8a2eqI
EfIBh2

+
12aeqI
5BhGLR

(C.2)

and EfI is the flexural modulus in mode I estimated from the initial specimen compliance C0I

EfI =
8(a0 +∆)

3

Bh3

(

C0I −
12(a0 +∆)

5BhGLT

)−1
(C.3)

where a0 is the initial crack length, B and h are width and half-thickness of the specimen,
respectively, constants ∆ and Γ are given by

∆ = h

√

EfI
11GLT

[

3− 2
( Γ

1 + Γ

)2]

Γ = 1.18

√
EfIET
GLT

(C.4)

where EL, ET and GLT are the longitudinal, tangential and shear moduli, respectively. Mode II
component is given by

GII =
(9P 2IIa

2
eqII

16EfIIB2h3
(C.5)

where EfII is the flexural modulus in mode II estimated from the initial specimen compli-
ance C0II

EfII =
3a30 + 2l

3

8Bh3

(

C0II −
3l

10GLTBh

)−1
(C.6)
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and aeqII is the equivalent crack length in mode II estimated from the current specimen com-
pliance CII

aeqII =
[ CcorrII
C0corrII

a30 +
2

3

( CcorrII
C0corrII

− 1
)

l3
]1/3

(C.7)

where

CcorrII = CII −
3l

10GLTBh
C0corrII = C0II −

3l

10GLTBh
(C.8)

The load P applied to the MMB test can be separated into mode I and mode II loading com-
ponents as follows

PI =
3c− l
4l

P PII =
c+ l

l
P (C.9)

where l is the half span length of the beam, c is the lever length.
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To explore the mechanical response of anchored rock mass with an interaction of fatigue and
creep, this paper selects the fatigue amplitude and fatigue frequency as influencing factors
to carry out a fatigue-creep experiment of the anchored rock mass. Based on fractional order
theory and binary perturbation theory, a new fractional order creep model is constructed.
The results show that compared with the Burgers model, the newly proposed creep model
can better describe the whole process of creep deformation of the anchored jointed rock mass
under fatigue loading.

Keywords: shear creep, anchored jointed rock mass, fractional order, fatigue load, damage

1. Introduction

With in large-scale strategic engineering of deep rock mass in China, ensuring stability of a deep
rock mass structure and preventing catastrophes have become the first priority. The existing
research shows: Deep rock mass has obvious rheological characteristics, and it is very easy to
aggravate its rheological state due to blasting, earthquake and other disturbances, thus causing
instability and failure of deep rock mass (Feng et al., 2022; Wiatowski et al., 2021). Therefore,
the influence of load on deep rock masses cannot be ignored.

In the recent years, many scholars have conducted a series of studies on rheological properties
of rock mass: Chen et al. (2014) used acoustic emission testing (AE) to record creep behavior of
granite at different temperatures, and proposed a creep model based on a damage mechanism.
Fu et al. (2008) used CT testing technology to study microdamage evolution characteristics of
mudstone under an impact disturbance load. Hu et al. (2019) carried out long-term compressive
creep tests and numerical simulation tests on single-fractured sandstone by means of a single-
-stage loading, and established a creep model considering rock damage. Huang et al. (2017)
established a disturbance factor function based on plastic deformation, and further established
the evolution equation of the creep disturbance factor through change characteristics of plastic
deformation with time. Liu and Zhang (2020) established a creep equation, considering dual
effects of stress and time, by analyzing the deterioration law of creep parameters under the
action of time. Nadimi and Shahriar (2014) attempted to predict a long-term creep parameter
using triaxial creep tests and to define time-dependent characteristics of the bounding material.
It was observed that the creep rate of a grouting material specimen directly depends on the
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deviator of stress. Wu et al. (2020) proposed a variable-parameter fractional derivative element
based on fractional theory, and developed a mathematical model describing rock shear creep.
The above research mainly analyzed the damage evolution law of rock under creep load

(Chen et al., 2013; Güneyisi et al., 2016; Luo et al., 2020). However, in the deep rock mass, creep
deformation of rock will be aggravated under a fatigue load disturbance such as blasting and
earthquake. At present, there are few reports on the research of this engineering phenomenon.
Therefore, this paper studies the mechanical response of anchored jointed rock mass under creep-
-fatigue interaction, analyzes shear creep characteristics, and establishes a shear creep model by
introducing fractional order theory and a binary disturbance principle.

2. Test overview

2.1. Experimental design

Marble is selected as a raw material for this test. First, marble is cut into a
100mm×100mm×50mm rectangular block as the hanging wall and footwall of the joint test
piece. Secondly, cement mortar (cement: river sand: water = 1:1.5:0.8) is selected for the joint
part; it is used to bond the hanging wall and footwall. Third, the bolt adopts HRB335 steel
with a yield strength of 335MPa, and the grouting part adopts cement mortar. The test piece
is shown in Fig. 1a.

Fig. 1. Specimen and loading path: (a) specimen and (b) loading path

This experiment adopts the method of controlling variables. Creep fatigue tests were car-
ried out for four fatigue frequencies of 0.02Hz, 0.04Hz, 0.06Hz and 0.08Hz and four fatigue
amplitudes of 2 kN, 4 kN, 6 kN and 8 kN. The test grouping is shown in Table 1.

Table 1. Trial grouping

Influencing factors Group Fatigue amplitude [kN] Fatigue frequency [Hz]

Fatigue amplitude

1-1 2 0.02
1-2 4 0.02
1-3 6 0.02
1-4 8 0.02

Fatigue frequency

2-1 2 0.02
2-2 2 0.04
2-3 2 0.06
2-4 2 0.08
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2.2. Loading scheme

The shear device of a TAW2000 triaxial tester is utilized in this test. As a step-by-step loading
can avoid the discrete phenomenon of the test results, the shear creep test of the anchored jointed
rock mass is carried out by a step loading in this test. The loading path is shown in Fig. 1b.
The specific loading steps are listed as follows:

(1) Normal load: Apply the normal stress to the test piece at a loading rate of 0.05MPa/s
and keep the normal load unchanged when the normal stress reaches the established stress
level of 0.2MPa.

(2) Creep load: Based on the direct shear test, the primary shear stress is determined to
be 0.1MPa. When the creep load reaches the predetermined value of 0.1MPa, the load
remains constant for a certain period. Afterward, the creep shear stress of each stage
increases by 0.1MPa.

(3) Fatigue load: According to the experimental groups shown in Table 1, the fatigue load is
applied after the creep of each load level in the test piece. The loading path is shown in
Fig. 1b.

3. Test overview

3.1. Test curve analysis

Through sorting and analyzing the test data, the data with typical curve characteristics are
selected and plotted as shown in Figs. 2 and 3. In this study, the stress threshold of creep failure
refers to the stress value at the time of failure in the process of creep. The following results can
be obtained from the figures.

When the fatigue amplitude is increased from 2kN to 8 kN, the creep failure stress thresholds
of the specimen are 0.56MPa, 0.50MPa, 0.45MPa and 0.40MPa in turn, and the degrees of
decline were 9.28%, 18.73% and 28.19%. When the fatigue frequency is increased from 0.02Hz
to 0.08Hz, the creep failure stress thresholds of the specimen are 0.56MPa, 0.50MPa, 0.46MPa
and 0.40MPa in turn, and the degrees of decline of the creep failure stress threshold are 9.60%,
18.17% and 28.14%, respectively, as shown in Fig. 2. The creep failure stress thresholds for the
two groups of specimens show a linear decreasing trend, and the degree of decline is similar.
This finding shows that the sensitivities of the fatigue amplitude and fatigue frequency to the
creep failure stress threshold of the anchored jointed rock mass are equivalent.

Fig. 2. Stress-strain curve: (a) fatigue amplitude and (b) fatigue frequency
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Fig. 3. Strain time history curve: (a) fatigue amplitude and (b) fatigue frequency

According to Fig. 3, the change trend of the shear creep fatigue curve with different fatigue
factors, which is similar, can be divided into four stages: attenuation creep stage, stable creep
stage, fatigue creep stage and accelerated creep stage. When the fatigue amplitude is increased
from 2 kN to 8 kN, and the fatigue frequency is increased from 0.02Hz to 0.08Hz, the speed
of the specimen entering the accelerated creep stage is obviously accelerated. Specifically, when
the influence factor is the fatigue amplitude, the failure time of the specimen decreases from
4.83d to 2.98d, with a decrease of 38.30%. When the influence factor is the fatigue frequency,
the failure time of the specimen decreases from 5.12d to 3.47d, with a decrease of 32.22%.

3.2. Isochronal shear stress-strain curves

According to the stress-strain curve, the strain-time history curve and the Boltzmann super-
position principle, isochronous curve clusters of shear stress-strain of the specimen are drawn.
The time intervals of the curves are 0.0d, 0.2d, 0.4d and 0.6d. Thus, the long-term strength for
accelerated creep deformation of the specimen with different fatigue amplitudes is determined,
where 0d is the relative starting time when each level of shear stress is applied. Due to the
limited scope of the article, only isochronous curve clusters with a fatigue amplitude of 4 kN and
a fatigue frequency of 0.04Hz are given, as shown in Fig. 4.

Fig. 4. Stress-strain isochronous curve cluster: (a) 4 kN and (b) 0.04Hz

When the fatigue amplitudes are 2 kN, 4 kN, 6 kN and 8 kN, the corresponding long-term
strengths of the test piece are 0.403MPa, 0.300MPa, 0.199MPa and 0.202MPa. When the
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fatigue frequency is increased from 0.02Hz to 0.08Hz, the corresponding long-term strengths
of the specimen are 0.403MPa, 0.302MPa, 0.298MPa and 0.300MPa. These results conclude
that the long-term strength of the specimen shows an initially decreasing and then stabilizing
trend. The main reason is that when the fatigue load is at a low level, it can promote rapid
development of internal cracks of the specimen, thereby reducing the long-term strength of the
specimen. When the fatigue amplitude is large, the specimen can quickly form through cracks
and, simultaneously, the strength of the joint part is weakened to a great extent so that the
shear strength of the specimen is mainly provided by the anchor bolt. Therefore, the long-term
strength of the specimen will be stabilized.

3.3. Equivalent Shear Modulus

To further evaluate creep mechanical properties of the anchored jointed rock mass under
fatigue loading, the concept of Equivalent Shear Modulus is proposed in this paper. Namely,
the equivalent shear modulus is the ratio of shear stress to shear strain corresponding to the
long-term strength of the specimen. Equivalent Shear Modulus can be obtained by sorting and
analysing the stress-strain isochronous cluster curve data. To quantitatively evaluate the change
law of Equivalent Shear Modulus, the author uses the Origin software to fit the data; the fitting
curve is shown in Fig. 5. Under the action of different fatigue amplitudes and fatigue frequencies,
the change law of Equivalent Shear Modulus of the specimen shows a downward quadratic curve.
When the influence factor is the fatigue amplitude, Equivalent Shear Modulus of the specimen
decreases from 0.827MPa to 0.321MPa, with a decrease of 61.18%. When the influence factor is
the fatigue frequency, the long-term shear modulus of the specimen decreased from 0.827MPa to
0.519MPa, with a decrease of 37.24%. Under the effect of fatigue amplitude, Equivalent Shear
Modulus decreases more sharply. Therefore, the fatigue amplitude is more sensitive to Equivalent
Shear Modulus of the specimen.

Fig. 5. Fitting curve: (a) fatigue amplitude, (b) fatigue frequency

3.4. Failure mode of joint surface

Figure 6 is the typical failure mode of the joint surface during the test. It can be seen
from the figure that, with an increase of fatigue load, the influence of shear stress on the joint
surface gradually increases, which makes the crack gradually expand from one end to both ends,
specifically, the crack shape of the joint surface changes from V to X.
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Fig. 6. Failure diagram of joint surface

4. Establishment of the shear creep model

4.1. Abel element

As fractional order theory can solve complex mechanical models, an increasing number of
scholars worldwide have tried to apply fractional calculus theory to research of rock rheological
models in recent years. The most commonly utilized definition of fractional calculus is the
definition method of Riemann-Liouville (R-L) fractional calculus (Chen et al., 2010), which is
defined as follows: the function f is piecewise continuous in the interval (0,+∞), and it is
integrable in any subinterval of (0,+∞)

d−γf(t)

dt−γ
=
1

Γ

t∫

0

(t− ξ)γ−1f(ξ) dξ (C.1)

It is known that the ideal elastic body satisfies Hooke’s law, while the Newtonian fluid
satisfies Newton’s law. Based on the above theory, we can estimate the rheological element

Fig. 7. Abel element: (a) Abel element, (b) creep curve

(Abel element) between the ideal elastomer and the Newtonian fluid, as shown in Fig. 7a. The
constitutive relation may satisfy

τ(t) = η
dαγ(t)

dtα
γ(t) =

τ

η

tα

Γ (α+ 1)
0 < α < 1 (C.2)
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where γ(t) is the shear strain, τ(t) is the shear stress, η is the viscosity coefficient, and α is the
derivative order.
As is apparent from Fig. 7b, when the derivative order decreases, the slope of the curve

gradually increases. This phenomenon is consistent with the characteristics of the accelerated
creep stage of soft rock, which shows that the smaller the derivative order is, the easier it is for
the Abel element to characterize the accelerated creep stage of soft rock.

4.2. Damage function

Desai and Zhang (1998) proposed a concept of the relative disturbance state. This theory
can provide a unified theoretical basis for elastic, plastic and creep deformation, microcracks,
damage and softening, hardening and cyclic fatigue. Based on this theory, Desai proposed theory
of duality disturbance (TDD). He suggests that engineering materials gradually change from a
relatively undisturbed dynamic state to a relatively completely disturbed dynamic state through
self-regulation of microcrack structures, producing a mixed response. This approach is not con-
sidered by classical damage theory. Therefore, the theory of duality disturbance can be applied
to better describe the damage of rock mass under a complex stress state. The basic equation is

σ0 = (1−D)σn +Dσc dσ0 = (1−D)dσn + dDσc − dD(σn − σc) (C.3)

where 0, n, and c represent the apparent state, relatively undamaged state and relatively com-
pletely damaged state, respectively. D is the disturbance function and it is a measure of the
degree of disturbance. Since the internal mechanism of the disturbance is not clear, for the sake
of simplification and application, it is assumed that it is only related to a certain internal vari-
able f . For typical elastoplastic materials, it is assumed to be related to the equivalent shear
modulus. And it is usually represented by Weibull curves

D = D(f) = Duσ
c[1− exp(−AfB)] (C.4)

where Du is the ultimate fatigue damage variable, usually taken as 1, A and B are material
related constants, f is the equivalent shear modulus.
From Section 3.3, under the action of different fatigue amplitudes and fatigue frequencies,

the long-term shear modulus of the anchor body changes in a quadratic curve, as shown in
Fig. 5. The specific expression of the equivalent shear modulus is

f = ax2 + bx+ c (C.5)

where a, b, c are correlation coefficients.

4.3. Fractional damage creep model

The anchored jointed rock mass is a composite material body, and its internal stress dis-
tribution is extremely complex and changeable. To simplify the stress calculation process, the
bolt, joint and rock mass are regarded as a unified whole, and we only consider the macroscopic
mechanical response of the jointed rock mass with anchors. As we know, the classical rheological
model can better characterize decay creep and stable creep, but it lacks a quantitative descrip-
tion of the accelerated creep stage of soft rock. This problem is also an urgent problem to be
solved.
According to the investigation, the generalized Kelvin model has characteristics of instan-

taneous deformation, attenuation creep and elastic aftereffect, and it can better characterize
viscoelastic rock with attenuation creep and stable creep properties. As described in Section 3.1,
the Abel element is a rheological element between the elastic element and the Newtonian ele-
ment. The rheological rate of the Abel element gradually increases with the decreasing derivative
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order. Therefore, the Abel element can effectively represent the accelerated creep stage of the
rock mass. To establish a creep model capable of characterizing the acceleration stage of soft
rock, the author concatenates the generalized Kelvin style with Abel elements to establish a
new fractional shear creep model. In this model, the long-term strength serves as the acceler-
ated creep stress threshold. When the shear stress is less than the long-term strength, the new
model degenerates into the generalized Kelvin one. A schematic of the model is shown in Fig. 8.
The creep equation of the fractional order creep model is expressed as follows

γ =







τ

G1
+

τ

G2

[

1− exp
(

−G2
η1
t
)]

0 < τ < τs

τ

G1
+

τ

G2

[

1− exp
(

−G2
η1
t
)]

+
τ − τs
η2

tα

Γ (α+ 1)
τ ­ τs

(C.6)

With the interaction of fatigue and creep, the shear modulus of the anchored jointed rock mass
is bound to decay with the continuous expansion of cracks. As previously mentioned, the long-
term shear modulus of the specimen shows a quadratic curve decay trend with the increasing
fatigue load. Therefore, the author establishes a damage factor by combining binary disturbance
theory and damage theory to characterize the process of the specimen gradually changing from
a relatively undisturbed dynamic state to a relatively completely disturbed dynamic state. The
fractional creep constitutive equation considering damage is expressed as follows

γ =







(1−D)
{ τ

G1
+

τ

G2

[

1− exp
(

−G2
η1
t
)]}

0 < τ < τs

(1−D)
{ τ

G1
+

τ

G2

[

1− exp
(

−G2
η1
t
)]}

+D
τ − τs
η2

tα

Γ (α+ 1)
τ ­ τs

(C.7)

where there are shear moduli of the elastic body and viscosity coefficients.

Fig. 8. Schematic of the nonlinear fractional Burgers model

4.4. Parameter identification

To solve the relevant parameters of the fractional damage creep model, this paper mainly
adopts the segmented solution method to process the experimental data. Now, the solution
method of the model at different shear stress levels is given:

(1) The first step is to judge the long-term strength of the specimen under different fatigue
loads. The long-term strength can be determined according to the isochronous stress-strain
curve cluster, as shown in Section 3.2.

(2) The second step is to determine the damage function. First, we can fit and determine the
value of damage functions f = ax2 + bx + c, as shown in Section 3.3. Then, according to
the research results of Deng et al. (2017), we determine the damage variable parameters
A and B.

(3) The mathematical expression of the nonlinear fractional model, Eqs. (4.7), is programmed
into the Origin software, and the Levenberg-Marquardt method is used to fit the rheological
parameters of the nonlinear fractional model for the test data of each stress level, so as to
determine values of G1, G2, η1, η2, α.
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To verify the accuracy of the model, the author selects a group of experimental data from the
two variables of the fatigue amplitude and fatigue frequency and solves the relevant parameters
according to the above steps. The fitting results are shown in Fig. 9 and Table 2. The results
show that the fractional damage model proposed in this paper can fit the accelerated creep
stage of the anchored jointed rock mass better than the Burgers model, which indicates that the
model can better reflect the overall shear creep process of the anchored jointed rock mass under
different fatigue loads.

Fig. 9. Schematic of the fitting curve: (a) 4 kN and (b) 0.04Hz

Table 2. Summary of model parameters

Grading G1 G2 η1 A B a b c η2 α R2

4 kN

1 1.89 49.53 0.71 0.42 5.69 0.49 −0.13 1.07 – – 0.99
2 2.11 72.44 0.46 0.44 4.59 0.49 −0.13 1.07 – – 0.97
3 2.61 19.64 0.82 0.56 4.76 0.49 −0.13 1.07 – – 0.97
4 4.95 41.22 0.44 0.76 5.68 0.49 −0.13 1.07 1.27 0.29 0.92

0.04Hz

1 1.98 13.56 0.72 0.56 1.26 0.46 −0.61 0.86 – – 0.96
2 2.66 49.55 0.29 0.36 1.34 0.46 −0.61 0.86 – – 0.95
3 3.14 14.03 0.46 0.34 4.23 0.46 −0.61 0.86 – – 0.95
4 5.21 47.59 0.39 0.12 1.35 0.46 −0.61 0.86 1.49 0.34 0.93

5. Conclusion

To reveal the accelerating effect of low cycle fatigue loads such as earthquakes and blasting on
the shear creep instability of deep rock mass, we adopt the control variable method to investigate
the effect of different fatigue amplitudes and fatigue frequencies on the creep characteristics of
the rock mass with anchored joints. According to the experimental results, we use the Abel
element to characterize the accelerated creep stage and simulate the transition process of the
specimen from a relatively undisturbed dynamic state to a relatively fully disturbed dynamic
state with the theory of duality disturbance. The conclusions are summarized as follows:

• A comparison of the shear creep stress-strain curves of the anchored jointed rock mass
with different influence factors reveals that the creep failure stress threshold of the spec-
imen linearly decreases with the increasing fatigue amplitude and fatigue frequency. The
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sensitivity of the two to the creep failure stress threshold is equivalent, which indicates
that the fatigue load has an obvious accelerating effect on the anchored jointed rock mass.

• To evaluate the macro performance of the anchored jointed rock mass, we propose a concept
of the long-term shear modulus. Through the Origin software fitting, it is determined that
the long-term shear modulus of the specimen decreases in a quadratic curve with the
increasing fatigue amplitude and fatigue frequency. The difference between them is that
the fatigue amplitude is more sensitive to the long-term shear modulus of the specimen,
and the decrease is larger.

• In this paper, we connect the generalized Kelvin model and the Abel element in series.
Combined with the theory of duality disturbance, a nonlinear fractional order creep model
is constructed, which can describe the transition process of the anchored jointed rock
mass from a relatively undisturbed to relatively fully disturbed state. Compared with the
Burgers model, this model can well simulate the whole process of three stages of rock
specimens: attenuation creep, stable creep and accelerated creep
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ON THE YIELD SURFACE OF A TYPICAL BENDING-DOMINANT
PERIODIC LATTICE METAMATERIAL

Yongjun Wang, Jinxing Liu
Faculty of Civil Engineering and Mechanics, Jiangsu University, Zhenjiang, China

Corresponding author Jinxing Liu, e-mail: jxliu@mails.ucas.ac.cn

A theoretical method for analyzing the initial yield of a typical bending-dominant peri-
odic lattice (BDPL) is established. Based on the principle of strain energy equivalence, the
macroscopic effective stiffnesses of lattices are calculated. An empirical formula is employed
to consider the contributions of both the axial force and bending moment. The initial yield
surface of BDPL can be figured out by comparing the effective stress of each strut to the
yield strength of the matrix material. The method is applicable to various BDPLs, which
we believe is a helpful extension to the method for lattices comprising axial-tension bars in
the literature.

Keywords: bending-dominant periodic lattice (BDPL), yield, metamaterial, strain energy
equivalence

1. Introduction

With recent developments of additive manufacturing technologies, lattice metamaterials have
been attracting more and more attentions from both industry and academia. It is a promising
option in designs of metamaterials to choose lattice-type microstructures. Lattice materials can
be divided into two types: stretching-dominant lattice and bending-dominant lattice (Deshpande
et al., 2001). Stretching-dominant lattices are famous for lightweight, high specific strength and
stiffness (Evans et al., 2001; Evans, 2001) and have been applied in many areas. Unlike stretching-
-dominant lattices, the bending-dominant lattices are used to provide other extraordinary me-
chanical properties such as negative Poisson’s ratio (Chen et al., 2017), compression-induced
twist (Frenzel et al., 2017), negative effective swelling (Liu et al., 2016) and so on.

The macroscopic effective yield strength of lattice materials is an important index to eval-
uate its mechanical performance. It is also considered that yield behavior is a failure precursor
of lattice materials and it plays a significant role in engineering designs. Thus, a comprehen-
sive understanding on the yield behavior is of great necessity. An analytical initial yield surface
equation of the octet-truss lattice material, which is a typical stretching-dominant lattice, was
established by Deshpande et al. (2001). Wang and McDowell (2004, 2005) made a detailed
theoretical derivation of six kinds of two-dimensional beam lattice structures and gave corre-
sponding initial yield surfaces under both biaxial and triaxial stresses. Yield behavior of a range
of honeycombs under uniaxial loads have also been investigated so far (Gibson, 2003; Wang and
McDowell, 2005). Xue et al. (2005) proposed a phenomenological elliptic yield surface criterion
based on the yield strength of stressing in different directions. Fan and Yang (2006) deduced
three-dimensional yield surfaces of several stretching-dominant lattice materials.

To date, unlike stretching-dominant lattices, yield properties of BDPLs have been rarely
reported. It can be imagined that BDPLs can have a very different yield response when compared
with the stretching-dominant lattices because of the coupling of axial deformation and bending
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deformation. This is our present focus. We assume that the in-plane (xy plane) deformation can
be taken as a plane strain problem.

This paper is structured as follows. In Section 2, a new method used to investigate the
yield behavior of BDPL is briefly presented. In Section 3, based on the principle of strain energy
equivalence (PSEE) and finite element simulation, we obtain the constitutive equation of BDPL.
The geometry equation is derived in Section 4. In Section 5, the stiffness matrix of a unit cell is
calculated. The initial yield surfaces of BDPL are obtained in Section 6. The paper ends with
conclusions in Section 7.

2. Material and methods

2.1. Material

The schematic diagram of BDPL is shown in Fig. 1a. Based on the previous work (Wang
et al., 2020), we adopt a specimen with an enough number of cells to reduce the influence of
boundary conditions. Geometric parameters T , H and W the thickness, height and width of
BDPL, respectively. The unit cell is shown in Fig. 1b, which is composed of four curved bars
with the same curvature radius r and central angle α. For each strut, its thickness is b and the
spacing between two ends is L. The dimensions of BDPL are as follows: H = W = 100mm,
T = 10mm, b = 1mm, L = 4.762mm and the central angle α = 60◦. The adopted matrix
material is Aluminum, with density ρ = 2700 kg/m3, Young’s modulus E and Poisson’s ratio ν
70GPa and 0.33, respectively, and yield strength σY = 110MPa.

Fig. 1. Schematic of the lattice: (a) the whole structure and (b) the unit cell

2.2. Methods

The present research roadmap is shown in Fig. 2. Based on the principle of strain energy
equivalence, the macroscopic effective stiffnesses of the lattice are calculated. The relation be-
tween the displacements of lattice joints and the macroscopic uniform strain prescribed can be
obtained by combining a method of particular displacement fields (MPDF) and finite element
analyses. Furthermore, by analyzing the relation between deformation and stress of a single pe-
riodic unit cell, forces on both ends of each curved strut can be expressed as a linear function
of the macroscopic stresses. An empirical formula for calculating the effective stress is employed
to consider the contributions of both the axial force and bending moment. Finally, the initial
yield surface of BDPL can be figured out by comparing the effective stress of each curved strut
to the yield strength of the matrix material.
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Fig. 2. The present research roadmap

3. Constitutive equation

A representative unit cell is used to replace BDPL, as shown in Fig. 3. The effective modulus of
elasticity of BDPL is calculated by using an equivalent uniform medium with the same effective
mechanical properties. This equivalence is established by equalizing the strain energies of two
media (discrete and continuous) under the same loading and boundary conditions. Usually,
a uniform strain field is prescribed for simplicity. According to the principle of strain energy
equivalence, we have

Udiscrete = Ucontinuum (C.1)

The strain energy of the discrete unit cell is expressed as

Udiscrete =
n∑

i=1

U i (C.2)

where U i represents the energy stored in the i-th curved strut, n stands for the total number of
struts in a single unit cell. The strain energy of the equivalent continuum is written as

Ucontinuum =
1

2

∫

V

σε dV (C.3)

It is notable that in Eq. (3.3), V = At under the assumed plane strain condition, and the
integral over V is actually over A. This meaning for volume V remains unchanged throughout
this article.

Fig. 3. Geometry of discrete and continuum unit cells

Under the plane stress conditions, the continuum constitutive equation is given in terms of
the effective stiffness matrix Cij by







σ11
σ22
σ12







=






C11 C12 0
C21 C22 0
0 0 C66












ε11
ε22
ε12







(C.4)
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where the elastic constants C11, C22, C12 and C21 in the matrix are calculated by finite ele-
ment simulations one by one by prescribing proper uniform strain εij fields. The designated
displacements on the boundaries are given by

ui = εijXj i, j = 1, 2 (C.5)

and Xi represents the coordinate of the boundary. Considering C12 = C21, the strain energy of
continuum is written as

U =
V

2
σijεij = [C11(ε11)

2 + C22(ε22)
2 + C66(ε12)

2 + 2C12(ε11)(ε22)] (C.6)

Equation (3.6) can be numerically determined once the corresponding strain energy is obtained
from finite element examples. For example, under the loading conditions shown in Fig. 4a, namely
ε11 is specified and ε22, ε12 = 0, the strain energy can be expressed as

U =
V

2
C11(ε11)

2 (C.7)

from which, the elastic constant C11 can be obtained. Similarly, the other elastic constants C22,
C12 and C66 can also be obtained by various specific finite element examples:

— for C22: ε11 = ε12 = 0, ε22 = const

U =
V

2
C22(ε22)

2 (C.8)

— for C12: ε11 = const , ε12 = 0, ε22 = const

U =
V

2
[C11(ε11)

2 + C22(ε22)
2 + 2C12(ε11)(ε22)] (C.9)

— for C66: ε11 = ε22 = 0, ε12 = const

U =
V

2
C66(ε12)

2 (C.10)

Once the values of C11, C22, C12 and C66 are obtained, Young’s modulus and Poisson’s ratio
of BDPL can be given as

E1 =
C11C22 − C212

C22
E2 =

C11C22 − C221
C11

ν12 =
C12
C22

ν21 =
C21
C11

(C.11)

The finite element software Abaqus is used to simulate the response of lattice plates under above
various boundary conditions. The BDPL plate has 21 curved struts along horizontal and vertical
directions respectively. Element B21 with a mesh sweeping seed size of 0.1mm was employed for
simulations. Each strut between joints is divided into 10 beam elements to ensure the accuracy
of simulation results, which is confirmed by comparing with the results under finer 15 elements
per strut (error less than 1%). The parameter setting mentioned in Section 2.1 is employed. In
the following, we list out the boundary conditions for calculating the effective moduli.

For calculating C11 (Fig. 4a and Eq. (3.7))

u(0, y, z) = v(0, y, z) = 0 v(x, 0, z) = v(x,H, z) = 0

u(W,y, z) = const w(x, y, 0) = w(x, y, T ) = 0
(C.12)
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Fig. 4. (a), (c), (e) and (g) – Loading and boundary conditions for calculating C11, C22, C12 and C66,
respectively; (b), (d), (f), (h) – comparison between undeformed and deformed configurations

where, under the plane strain condition, three displacement components are functions of x
and y, and are irrelated to z, i.e. u(x, y, z) = u(x, y). The formula including z is simple for
explicit prescribing the boundary conditions in FEM simulations.
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For calculating C22 (Fig. 4c and Eq. (3.8))

u(0, x, y, z) = u(W,y, z) = 0 u(x, 0, z) = v(x, 0, z) = 0

v(x,H, z) = const w(x, y, 0) = w(x, y, T ) = 0
(C.13)

For calculating C12 (Fig. 4e and Eq. (3.9))

u(0, y, z) = 0 v(x, 0, z) = 0

u(W,y, z) = v(x,H, z) = const w(x, y, 0) = w(x, y, T ) = 0
(C.14)

For calculating C66 (Fig. 4g and Eq. (3.10)

u(0, y, z) = v(0, x, y, z) = 0 v(x,W, z) = const

u(x,W, z) = 0 w(x, y, 0) = w(x, y, T ) = 0
(C.15)

where u, v and w represent the displacements along the x, y and z direction, respectively.
Young’s modulus and Poisson’s ratio of BDPL in the x and y direction are obtained from

Eq. (3.11)

E1 = E2 = 6.50GPa ν12 = ν21 = −0.32 (C.16)

It can be seen that the studied BDPL has a negative Poisson’s ratio.
The continuum constitutive equation under the plane stress condition is expressed by the

stiffness matrix






σ11
σ22
σ12







=






C11 C12 0
C21 C22 0
0 0 C66






︸ ︷︷ ︸

Effective stiffness matrix







ε11
ε22
ε12







= 109






7.24 −2.31 0
−2.31 7.24 0
0 0 1.00












ε11
ε22
ε12







(C.17)

Then the compliance matrix S can be obtained by inverting the effective stiffness matrix
shown in equation (3.17), i.e.







ε11
ε22
ε12







= 10−10






1.54 0.49 0
0.49 1.54 0
0 0 10.00






︸ ︷︷ ︸

S







σ11
σ22
σ12







(C.18)

4. Geometry equation

The relation between the displacements of lattice joints and the macroscopic uniform strain
prescribed can be obtained by combining the method of particular displacement fields and
finite element analyses. As shown in Fig. 5, a unit cell comprises five joints and each joint has
translational and rotational degrees of freedom. Symbols ui, vi and ϕi, represent horizontal,
vertical displacement and rotation angle, respectively, and the subscript i is the joint number.
The specified uniform strain fields on the BDPL shown in Fig. 4a are ε11 = 10

−3, and
ε11 = ε22 = 0. The displacements and rotation angle of each unit cell joint are extracted,
as shown in the second column of Appendix A. Similarly, under the uniform strain fields like
ε22 = 10

−3, ε11 = ε12 = 0 (Fig. 4c) and ε12 = 5 ·10−4, ε11 = ε22 = 0 (Fig. 4g), the displacements
and rotation angle of each unit cell joint are also obtained in Appendix A. The relation between
displacements of each joint in the unit cell and different macroscopic uniform strain fields can
be derived from Appendix A. The geometry equation is simply written as
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Fig. 5. (a) Schematic of the studied BDPL, (b) translational and rotational degrees of freedom and
(c) the curved beam composing the unit cell

{

u0 v0 ϕ0 · · · u4 v4 ϕ4
}T
= B15×3

{

ε11 ε22 ε12
}T

(C.1)

The specific equation is found as given in Appendix B.

5. Stiffness matrix of unit cell

In order to obtain the stiffness matrix of a unit cell, it is needed to investigate the stiffness
matrix of each curved strut in the unit cell firstly. We continue to use the method of particular
displacement fields. We take out a curved strut from the unit cell, fix five degrees of freedom
and give a prescribed value to the remaining one. The forces and bending moments of endpoints
can be obtained from Abaqus. In this Section, the prescribed displacement and rotation angle
are 10−4mm and 10−4 rad, respectively.
Taking 1-0 strut as an example, the stiffness matrix of a single curved strut is obtained as







Fx1
Fy1
M1

F
(1−0)
x0

F
(1−0)
y0

M
(1−0)
0







= A(1−0)







u1
v1
ϕ1
u0
v0
ϕ0







(C.1)

The calculated parameters of A(1−0) are given in Appendix B.
The incidence matrices in Eqs. (4.1) and (3.18) are denoted as B and S, respectively. The

displacement and strain incidence matrix B(1−0) for the joint pair comprising 0 and 1 can be
extracted from B. Finally, the forces on both ends of each curved strut can be expressed as a
linear function of the macroscopic stresses







Fxi
Fyi
Mi

F
(i−0)
x0

F
(i−0)
y0

M
(i−0)
0







= A(i−0)B(i−0)S







σ11
σ22
σ12







i = 1, 2, 3, 4 (C.2)
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6. Initial yield surfaces of BDPL

6.1. Empirical formula

An empirical formula (Liu et al., 2008) for calculating the effective stress is employed to
consider the contributions of both the axial force and bending moment. The effective stress in
the curved strut is defined as

σ =
N

A
+ a
(|Mi|, |Mj |)max

Wz
(C.1)

As shown in Fig. 6, where N is the normal force in the considered strut, Mi and Mj are the
bending moments at the joint i and j of the strut, Wz is the section modulus. The coefficient a
plays a role in regulating the contribution of the bending moment to the effective stress. Lilliu
and van Mier (2003) set the coefficient to 0.005 (Karihaloo et al., 2003; Liu et al., 2007). In order
to investigate the effects of this parameter, a is set to 0.005 and 0.0075.
For a particular stress status, it is necessary to find out the curved strut easiest to yield

among the unit cells subjected to the prescribed macroscopic strain field.

Fig. 6. (a) Curved strut, (b) schematic of end forces and moments of the unit cell

6.2. Yield surface calculations

According to the geometric parameters in Section 2.1, the section area A of the strut and
section modulus Wz are 10

−5m2, (1/6) · 10−3m3, respectively. The linear function between the
effective stresses and forces in (ε11, ε22) space is easily obtained from Eq. (5.2).
For 1-0 strut, we have

N = Fx1 cos 30
◦ + Fy1 sin 30

◦ (C.2)

From equation (6.1), the effective stress can be expressed in the form

|σ| =
∣
∣
∣
∣
∣

(N

A

)

max

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣
a
M0
Wz

∣
∣
∣
∣
∣
max

= |(−4.77σ11 + 0.36σ22)max|+ |(600aM0)max| (C.3)

where, the operation of simply considering the maximum effective normal stress indicates that
the source material has been assumed as isotropic.
The value of a is set to 0.005, the effective stress can be calculated as

|σ| =
∣
∣
∣
∣
∣

(N

A

)

max

∣
∣
∣
∣
∣
+
∣
∣
∣α
M0
Wz

∣
∣
∣
max
=







7.05σ11 + 2.73σ22 for σ11 > 0, σ22 > 0

7.05σ11 − 2.73σ22 for σ11 > 0 σ22 < 0

−7.05σ11 + 2.73σ22 for σ11 < 0 σ22 > 0

−7.05σ11 − 2.73σ22 for σ11 < 0 σ22 < 0
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(C.4)

the yield surface of 1-0 strut is given by

σ22
σY
=







−2.58σ11
σY
+ 0.37 for σ11 > 0 σ22 > 0

2.58
σ11
σY
− 0.37 for σ11 > 0 σ22 < 0

2.58
σ11
σY
+ 0.37 for σ11 < 0 σ22 > 0

−2.58σ11
σY
− 0.37 for σ11 < 0 σ22 < 0

(C.5)

where σY is the yield stress of the matrix material.

Similarly, for curved struts 2-0, 3-0 and 4-0, the yield surfaces are calculated as follows:
— 2-0

σ22
σY
=




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−0.39σ11
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σ11
σY
− 0.14 for σ11 > 0 σ22 < 0
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σ11
σY
+ 0.14 for σ11 < 0 σ22 > 0

0.39
σ11
σY
− 0.14 for σ11 < 0 σ22 < 0

(C.6)

— 3-0
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σY
=
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(C.7)

— 4-0:

σ22
σY
=


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(C.8)

From equations (6.5) to (6.8), we find that strut 1-0 has the same yield surface with strut
3-0, while strut 2-0 has the same yield surface with strut 4-0. The initial yield surface of BDPL
in (σ11, σ22) space is sketched in Fig. 7. The region beyond dashed lines represents the yield of
each strut in the stress space. It can be considered that the area within the red solid lines keeps
elastic without any strut yielding. In Fig. 8, the influence of parameter a is discussed. With
an increase of a, the area surrounded by the yield surface decreases. The straight struts lattice
can be considered as a special curved strut lattice with the central angle α = 0◦. In Fig. 9, the
yield surface of the straight struts lattice is calculated, and it can be seen that the tensile and
compressive strength of the straight struts lattice is better than the curved struts lattice.
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Fig. 7. The initial yield surface in (σ11, σ22) space of unit cell of BDPL

Fig. 8. The influence of a on initial yield surfaces of the unit cell of BDPL in (σ11, σ22) space

7. Conclusions

In this study, based on the principle of strain energy equivalence, the macroscopic effective
stiffnesses of the corresponding equivalent continuum are calculated. The relation between the
displacements of lattice joints and the macroscopic uniform strain prescribed have been obtained
by combining the particular-displacement method and finite element analyses. By analyzing the
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Fig. 9. The initial yield surface of the straight struts lattice (α = 0◦) and the curved struts lattice
(α = 60◦) in (σ11, σ22) space

relation between deformation and stress of a single periodic unit cell, the forces on both ends
of each curved strut can be expressed as a linear function of the macroscopic stresses. The
yield surfaces are calculated successfully. Compared with the existing methods in the literature,
the proposed method is convenient to deal with the yield problem of bending-dominant lattice
metamaterials such as the curved strut lattice.
Particularly, an empirical formula for calculating the effective stress has been employed

to consider the contributions of both the axial force and bending moment, by introducing a
parameter a adjusting the relative contribution of bending to yield strength. It is found that a
larger value of a leads to a lower yield strength.
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Appendix A

Table 1. Displacements and rotation angle of each unit cell joint

Displacement [mm]
Rotation angle [rad]

Uniform strain fields

ε11 = 10
−3, ε22 = 10

−3, ε12 = 5 · 10−4,
ε22 = ε12 = 0 ε11 = ε12 = 0 ε11 = ε22 = 0

u0 4.76 · 10−2 −3.39 · 10−5 7.42 · 10−6
v0 −3.38 · 10−5 4.76 · 10−2 4.75 · 10−2
ϕ0 1.65 · 10−3 1.65 · 10−3 5.33 · 10−4
u1 4.28 · 10−2 −1.02 · 10−4 6.52 · 10−6
v1 −3.38 · 10−5 4.76 · 10−2 4.24 · 10−2
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ϕ1 −1.65 · 10−3 −1.65 · 10−3 5.31 · 10−4
u2 4.76 · 10−2 −3.38 · 10−5 2.59 · 10−5
v2 −1.02 · 10−4 4.28 · 10−2 4.75 · 10−2
ϕ2 −1.65 · 10−3 −1.65 · 10−3 5.33 · 10−4
u3 5.24 · 10−2 3.38 · 10−5 7.42 · 10−6
v3 −3.38 · 10−4 4.76 · 10−2 5.25 · 10−2
ϕ3 −1.65 · 10−3 −1.65 · 10−3 5.33 · 10−4
u4 4.76 · 10−2 −3.38 · 10−5 −7.42 · 10−6
v4 3.38 · 10−5 5.24 · 10−2 4.75 · 10−2
ϕ4 −1.65 · 10−3 −1.65 · 10−3 5.33 · 10−4

Appendix B

The specific parameters of the matrices mentioned in the article are as follows

A(1−0) = 106












1.19 · 102 0 −4.99 · 10−2 −1.19 · 102 0 4.99 · 10−2
4.51 · 101 1.07 · 10−1 0 −4.51 · 101 1.07 · 10−1

1.45 · 10−3 4.99 · 10−2 −1.07 · 10−1 −9.36 · 10−4
Sym 1.19 · 102 0 −4.99 · 10−2

4.51 · 101 −1.07 · 10−1
1.45 · 10−3












(B.1)






u0
v0
ϕ0
u1
v1
ϕ1
u2
v2
ϕ2
u3
v3
ϕ3
u4
v4
ϕ4







= 10−6

































4.76 · 104 −3.38 · 101 1.49 · 101
−3.38 · 101 4.76 · 104 9.49 · 104
1.65 · 106 1.65 · 106 1.07 · 106
4.28 · 104 −1.02 · 102 1.30 · 101
−3.38 · 101 4.76 · 104 8.48 · 104
−1.65 · 106 −1.65 · 106 1.06 · 106
4.76 · 104 −3.38 · 101 5.19 · 101
−1.02 · 102 4.28 · 104 9.49 · 104
−1.65 · 106 −1.65 · 106 1.07 · 106
5.24 · 104 3.38 · 101 1.49 · 101
−3.38 · 101 4.76 · 104 1.05 · 105
−1.65 · 106 −1.65 · 106 1.07 · 106
4.76 · 104 −3.38 · 101 −1.49 · 101
3.38 · 101 5.24 · 104 9.49 · 104
−1.65 · 106 −1.65 · 106 1.07 · 106

































︸ ︷︷ ︸

B(15×3)







ε11
ε22
ε12







(B.2)
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Considering vibration of centrifugal air-conditioning chillers at working conditions of 300Hz
and 386Hz, a vibration reduction method for centrifugal air-conditioning chillers based on
particle damping is proposed. Firstly, the vibration transfer path of the chillers is determined
based on dynamic characteristics analysis of the chillers. Secondly, the vibration sensitive
area of the compressor is determined by finite element analysis. Then the energy dissipation
is calculated by the discrete element method (DEM) to determine the optimal installation
scheme of the damper. Finally, the vibration reduction effect of the chillers after arranging
the damper is verified by experiments.

Keywords: centrifugal air-conditioning chiller, particle damping, DEM, optimal scheme, vi-
bration reduction

1. Introduction

As a new type of high-efficiency air-conditioning technology, centrifugal air-conditioning chillers
have attracted a lot of attention in recent years due to their high energy-saving efficiency and
excellent load performance (Hassan et al., 2020; Deng and Yang, 2020). As the core equipment of
air-conditioning, chillers are widely used in all walks of life. During operation of centrifugal air-
-conditioning chillers, vibrations will directly affect their safety. After the vibration intensity of
the chillers exceeds a certain value, it will affect the precision of related equipment, extremely
easy to cause deterioration of structural stress and thus affecting the service life of the chillers.
Moreover, because structural vibration of the chillers is transmitted to the installation foun-
dation, it will cause vibration damage to the installation and reduce comfort of the working
environment (Geng et al., 2021; Jiang, 2015). Therefore, it is particularly necessary to conduct
vibration reduction research on centrifugal air-conditioning chillers.

At present, the commonly used method to reduce vibration for chillers is to arrange rub-
ber shock isolation pads, spring vibration isolators and additional vibration damping supports
between the chillers support and the foundation, or to change the resonance frequency of the
chillers through structural design (Mo and Ding, 2019). Wang (2004) distributed rubber damping
pads and low-frequency large-load damping spring shock absorbers evenly between the chillers
support and the foundation, and used multi-layer damping pads in series to improve the damping
effect. The vibration reduction measures adopted for the chillers are to install vibration damping
rubber pads at the foundation, and to use expansion joints as a flexible connection between the
compressor and the pipeline to absorb the vibration displacement of the chillers (Xing, 2016).
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According to the test results of the electric motor balance, Fang et al. (2019) modified the mo-
tor by adding counterweight to adjust the electric motor balance, which solved the problem of
excessive vibration of the chillers. However, whether it is to improve dynamic balance of the
compressor or to install rubber and spring shock absorbers on the chillers, there are defects.
Dynamic balancing will change the original structure of chillers, making it difficult to ensure
balance accuracy, making the assembly process more complicated and bringing difficulties to the
design process of the chillers. In the installation of rubber and spring shock absorbers, due to
defects of rubber and springs such as oil resistance and deformation, the chillers require frequent
replacement of the installed materials during use. Over time, vibration isolation performance
will be significantly reduced.

Particle damping is a type of passive control technology (Lu et al., 2018). Based on theory
of energy dissipation mechanism, the technology fills particles inside a structure or a specific
cavity container. It consumes vibration energy of the system through the damping effect formed
by friction and collision between particles and the container wall as well as between particles,
so as to achieve the purpose of suppressing vibration of the system. (Xiao and Xu, 2021; Nal-
lusamy et al., 2020; Zhang et al., 2020). Particle dampers are arranged flexibly and insensitive
to temperature and environmental changes (Lei et al., 2018). They are suitable for use in harsh
environments with high reliability (Wang and Li, 2011). At the same time, particle dampers
introduce minor changes to the original structure and are suitable for use in narrow spaces such
as chillers (Severson et al., 2008; Cheng and Yang, 2014; Romdhane et al., 2013). Due to the
above advantages, particle dampers are widely used in aerospace, mechanical vibration control,
civil engineering and other fields (Lu et al., 2020).

In this paper, considering advantages and disadvantages of the traditional air conditioning
damping method and design requirements of the centrifugal chiller, particle dampers is intro-
duced into the centrifugal air-conditioning chillers. Dynamic characteristics of the chiller are
analyzed and the vibration transfer path is obtained. Through modal analysis of the compres-
sor, the vibration sensitive region of the compressor is found, and the installation position of
dampers is preliminarily determined and designed. The effects of different particle sizes and
excitation on energy dissipation of particles of the chiller and the optimal installation scheme of
dampers on the chiller were studied by DEM. Finally, experimental results show that particle
dampers can effectively reduce vibration of the chiller.

2. Dynamic characteristics of a centrifugal chiller

A centrifugal air-conditioning chiller is excited by special equipment to cause vibration during
the actual working process. The compressor is the main vibration source in the chiller. In order
to better design a particle damper, it is necessary to analyze vibration characteristics of the
compressor to find the root cause of the vibration and optimize and improve the structure
according to the principle of particle damping.

2.1. Analysis of vibration characteristics of the centrifugal chiller

A centrifugal chiller is mainly composed of a compressor, pipeline, condenser, evaporator,
support frame and raft frame. Regular frequency multiplication in the dynamic response curve
of the compressor indicates that the main source of vibration is the fixed frequency excitation
of the compressor rotor. When the compressor is running at a frequency of 386Hz, acceleration
sensors are arranged at a total of 6 measuring points from the compressor to the raft frame.
According to the vibration test standard, the sensors are all arranged vertically. The positions
of measuring points 1-6 are shown in Fig. 1. The root mean square of vibration acceleration is
measured, and the vibration transmission path is analyzed and identified.
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Fig. 1. Composition and location of the measurement point of the chiller

There are two main paths for vibration transmission in the chiller. One is compressor →
compressor support frame → condenser → condenser support frame → raft frame → vibration
isolator → platform. The second is compressor → pipeline → condenser → condenser support
frame→ raft frame→ vibration isolator → platform. According to the actual test, the dynamic
response of the whole chiller decreases gradually from top to bottom. The response of the
compressor top and pipeline is the largest, followed by the response of the compressor foot, and
the bottom of the raft has the smallest response.

2.2. Finite element analysis of the chiller

Modal parameters are the basis for the optimal design of structural dynamic characteristics
of the chiller. Through modal analysis, the vibration mode of the chiller is obtained when it
is subjected to external excitation, especially the vibration mode with greater vibration, which
lays a foundation for design of particle dampers and optimization of the chiller in the next step.

As a continuous structure, the chiller can be discretized into a system with n degrees of
freedom during finite element analysis. Since finite element analysis is only applicable to linear
steady systems, assuming that the chiller has linear dynamic characteristics at a certain stage and
does not change with time, a multi-degree of freedom dynamic differential equation belonging to
the linear system is established considering damping characteristics of the structure, as follows

Mü(t) +Cu̇(t) +Ku(t) = F(t) (B.1)

Among them, M, C, K are the mass, damping and stiffness matrices of the chiller system.
ü(t), u̇(t) and u(t) are the acceleration, speed and displacement response vectors of the system.
F(t) are the external stable excitations that the chiller bears.

The characteristic equation of the system can be obtained as

(K− ω2M)ϕ = 0 (B.2)

where ω2 is the eigenvalue corresponding to the characteristic equation, and ϕ is the eigenvector.
In order to make the equation easy to solve, Eq. (2.2) needs to be decoupled. Introduce the
coordinate transformation

u(t) = ϕq(ω)ejωt (B.3)
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Decouple Equation (2.3)

−ω2Mϕq(ω) +Kϕq(ω) = f(ω) (B.4)

Solving the above formula, the i-th natural frequency ωi and the i-th displacement ui, that
is, the modal vibration shapes of the chiller system can be obtained.

2.3. Modal analysis of the chiller compressor

There are many parts in the actual compressor model. In order to improve calculation effi-
ciency, the compressor model is simplified under the premise of satisfying the real performance.
The material of the compressor is steel. Its material parameters are elastic modulus of 200GPa,
Poisson’s ratio of 0.3, and density of 7850 kg/m3. The boundary condition is that the lower end
of the support frame connected to the compressor is set to a fixed constraint, and the compressor
foot and the upper end of the support frame are constrained by bolts. Too large mesh size can
lead to insufficient accuracy, and mesh size that is too small consumes computer resources. To
ensure precision and accuracy of meshing and to avoid excessive calculations, the mesh element
size is set to 5mm to divide the model into tetrahedral elements. Extracting the first 6 modes
of the compressor, the frequency distribution is shown in Table 1, and the mode shape cloud
diagram is shown in Fig. 2.

Table 1. Compressor mode

Mode order 1 2 3 4 5 6

Frequency [Hz] 51.35 173.87 334.36 479.18 509.54 525.34

Fig. 2. Compressor modal vibration shape diagram: (a) first-order mode, (b) second-order mode,
(c) third-order mode, (d) fourth-order mode, (e) fifth-order mode, (f) sixth-order mode

According to Table 1 and Fig. 2, it can be seen that the first and second modes are mainly
bending and deformation of the upper part of the support frame and the compressor. The third
and fourth modes are bending and deformation of the compressor foot and the support frame.
The fifth and sixth modes are bending and deformation of the support frame.
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The modal analysis shows that the top, middle and the support frame of the compressor
are vibration sensitive areas, and the installation area of the particle damper is preliminarily
determined. For the compressor, the particle damper is mounted on the top of the compressor
and installed in parallel at the position of the supporting plate and rigidly installed in series
between the compressor and the supporting plate.

3. Discrete element model of the particle damper

3.1. Design of the particle damper for the compressor

In order to better suppress generation and propagation of vibration from the source, consid-
ering actual characteristics of a relatively uneven structure of the compressor, a particle damper
was rigidly installed between the compressor and the support frame in this paper. The instal-
lation scheme of the particle dampers is shown in Fig. 3. J1 and J2 are two types of particle
dampers glued to the compressor top. J3 and J4 are two types of particle dampers bolted to the
compressor foot. J5 is a type of particle damper bolted to the compressor support frame. The
damper housing is made of steel.

Fig. 3. The installation scheme of particle dampers: (a) on top, (b) on foot, (c) on support frame

The size of J1 is 120mm×60mm×50mm and the size of J2 is 110mm×60mm×50mm.
The sizes of J3, J4 and J5 are 250mm×150mm×50mm,165mm×150mm×50mm and
127mm×50mm×40mm, respectively. Two types of particle dampers J1 and J2 are glued on top
of the compressor. The damperd raised the compressor vertically by 50mm. Several through-
-holes with a diameter of 6mm were opened on the support frame, and particle damper J5 was
bolted to the support frame.

3.2. Mechanical model of the compressor particle dampers

When the compressor runs at the excitation frequency, it sets the particle dampers in motion,
causing collision and friction between particles in the dampers and between the particles and
the damper wall. In this process, a force between the particles must be generated. Based on the
Hertz-Mindlin contact theory, the mechanical contact model of particle damping is shown in
Fig. 4.
When the compressor is running under rated conditions, the equation of motion of the

particles at a certain moment is

mi
d2Xi
dt2
−mig =

Si∑

j=1

(Fnij + Ftij) + Fij(t) Ii
d2ϕi
dt2
=
Si∑

j=1

Tij (B.1)

where Fnij is the normal contact force between the particle i and j, Ftij is the tangential contact
force between the particle i and j, Fij(t) is the external excitation of the particle system. Tij is
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Fig. 4. Particle contact model of the compressor

the torque generated by the tangential contact force.mi is mass of the particle i. Ii is the moment
of inertia of the particle i. g is the acceleration of gravity. Xi is the displacement vector of the
particle i. ϕi is the angular displacement vector of the particle i. si is the number of particles
in contact with the particle i at a given moment.

The normal contact force between the particles is

Fnij = Fkn + Fcn (B.2)

and

Fkn =
4

3
E∗
√
R∗α3 Fcn = −2

√

5

6
β
√

Snm∗v
rel
n (B.3)

where E∗ is the equivalent elastic modulus. R∗ is the equivalent particle radius. α is the amount
of normal overlap. m∗ is the equivalent mass. vreln is the value of the normal component of the

relative velocity. Sn is normal stiffness. β = ln e/
√

ln2 e+ π2. e is the coefficient of restitution.

The tangential contact force between the particles is

Ftij = Fkt + Fct (B.4)

and

Fkn =
4

3
E∗
√
R∗α3 Fcn = −2

√

5

6
β
√

Snm∗v
rel
n (B.5)

where St is tangential stiffness, δ is tangential overlap, v
rel
t is tangential relative velocity.

The torque generated by the tangential contact force is

Tij = −µtFnijRiωi (B.6)

where µt is the rolling friction coefficient, Ri is the distance between the center of mass and the
point of contact, ωi is the unit angular velocity of the object at the contact point.
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3.3. Energy consumption mechanism in the compressor particle dampers

Under an external excitation, the movement of the particle damping system mainly includes
collision and friction between particles themselves and between particles and the wall of the
damper. Therefore, damping particles mainly consume energy by collision and friction. According
to the law of momentum conservation, when the particles i and j collide, the total energy
consumption is

∆E =
∑

∆Ecollision +
∑

∆Efriction (B.7)

and

∆Ecollision =
mimj(1− e2)
2(mi +mj)

|∆v|2 ∆Efriction = µFnij∆S (B.8)

where Ecollision is collision energy consumption, and Efriction is friction energy consumption. e is
the particle coefficient of restitution. ∆v is the relative velocity before the collision. µ is the
friction coefficient between the two particles. ∆S is the relative tangential displacement of the
particles i and j.

4. Influence of different parameters on the energy consumption of dampers

4.1. Particle size

In order to make particle dampers achieve the purpose of energy dissipation and vibration
reduction, it is necessary to ensure that the particles have geometrical characteristics of the rigid
body and the flow state of a fluid, and the particle size is the main influencing factor.
The optimal particle size for different dampers is simulated as shown in Fig. 5. Considering

the application environment of damping particles in the chiller, iron-based particles are used as
the material. Material density is 7800 kg/m3, elastic modulus is 210GPa, Poisson’s ratio is 0.3,
particle recovery coefficient is 0.63, and the damper filling rate is 80%. The model is imported
into DEM software, the excitation frequency is 386Hz and the amplitude is 1mm.

Fig. 5. Different particle sizes

The energy dissipation of each damper at different particle sizes and different times is shown
in Fig. 6, and the energy dissipation trend of each damper particle is shown in Fig. 7. As can
be seen from Figs. 6 and 7, when the particle size increases from 1mm to 5mm, the optimal
particle size of different dampers varies. The optimal particle size of the top dampers of the
compressor is 2mm, for the foot dampers it is 5mm, and for the support frame is 3mm.

4.2. Excitation frequency and amplitude

According to the energy dissipation mechanism of particle damping, the more energy dis-
sipated by particles, the better the effect of vibration reduction. In this paper, the influence
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Fig. 6. Energy dissipation of dampers at different times: (a) compressor top, (b) compressor foot,
(c) compressor support frame

Fig. 7. Optimal particle sizes of different dampers

of excitation frequency and excitation amplitude on particle energy consumption is studied ac-
cording to vibration reduction requirements of different frequency bands in practical operation.
Based on DEM, the energy dissipation of dampers under different excitation frequencies and
different excitation amplitudes is simulated, and the results are shown in Fig. 8.

Fig. 8. Effects of different excitation frequencies and amplitudes on particle energy consumption:
(a) different excitation frequencies, (b) different excitation amplitudes
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It can be seen from Fig. 8 that the energy consumption of particles increases with an increase
of frequency assumming that the excitation amplitude remains unchanged. Under the premise
of constant excitation frequency, the energy consumption per unit time increases with growth
of the amplitude, indicating that the energy dissipation effect of particles is superior for large
amplitudes.

4.3. Optimal arrangement of particle dampers

According to the modal results, four installation schemes are designed, and the correspond-
ing damper arrangement is shown in Fig. 9. The corresponding damper models and energy
consumption at different excitation frequencies are shown in Table 2. The energy dissipation of
particles with different damper schemes at different excitation frequencies is shown in Fig. 10.

Fig. 9. Damper layout scheme: (a) scheme 1, (b) scheme 2, (c) scheme 3, (d) scheme 4

Table 2. Total energy consumption of the system in different schemes

Scheme J1 J2 J3 J4 J5 300Hz 386Hz 500Hz

1
√ √ × × × 43.36182 51.40913 61.16093

2 × × √ √ × 87.1398 105.8247 149.9172

3 × × × × √
15.74722 18.88648 21.72246

4
√ √ √ √ √

114.9274 148.2866 195.4099

Fig. 10. Damping effect of different damper schemes

As can be seen from Table 2 and Fig. 10, particle dampers installed at different positions
of the compressor have different energy dissipation levels under different excitation frequencies.
The sequence from high to low is: scheme 4 > scheme 2 > scheme 1 > scheme 3. The combined
installation is the optimal scheme.
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5. Experimental verification of the vibration reduction effect of the centrifugal
chiller

In order to verify the actual vibration reduction effect of the chiller in the optimal arrangement an
experimental platform is built based on the centrifugal air-conditioning chiller, and experimental
tests are carried out. The actual installation of the damper is shown in Fig. 11.

Fig. 11. Field experimentation

Acceleration sensors are arranged on the foot of the chiller compressor in the vertical direc-
tion. The particle dampers are instaled according to the optimal solution and the test system
is calibrated, including the acceleration sensor and signal processing system. After setting the
specified working conditions of the compressor (conversion frequency 386Hz and 300Hz), the
data are collected at the vibration signal acquisition end, and the signal is transmitted to the
computer end after being calculated and processed by the signal acquisition instrument. The
waveform is displayed in the corresponding Date Acquisition & Signal Processing (DASP) soft-
ware, and the signal data are recorded. The experimental data are shown in Table 3.

Table 3. Experimental data

Centrifugal air conditioner chiller (unit: dB)

Measuring Excitation Without particle With particle
Damping

point frequency damper damper

Compres-
sor
foot

300Hz 105.81 96.57 9.24
386Hz 107.25 96.63 10.62

10-315 Hz (at 386Hz) 97.74 90.81 6.93
10-10kHz (at 386Hz) 125.3 118.88 6.42
10-315 Hz (at 300Hz) 107.63 97.16 10.47
10-10kHz (at 300Hz) 117.08 110.04 7.04

The frequency spectrum of compressor acceleration in the target vibration reduction fre-
quency band before and after installing the dampers is shown in Fig. 12. It can be seen from
Table 3 and Fig. 12 that the particle dampers installed on the compressor have a significant
damping effect, and the total vibration level of the compressor is reduced by 10.62 dB at 300Hz.
At 386Hz, the total vibration level is reduced by 9.42 dB. When the compressor is running at
386Hz, the total vibration stage value is reduced by 6.93 dB in the frequency range of 10Hz-
-315Hz. At 10Hz-10 kHz, the total vibration stage value decreases by 6.42 dB. When the com-
pressor runs at 300Hz, the total vibration stage value decreases by 10.47 dB in the frequency
range of 10Hz-315Hz. At 10Hz-10 kHz, the total vibration stage value decreases by 7.04 dB.
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Fig. 12. Experiment effect. Vibration reduction effect diagram of: (a) 10Hz-315Hz unit (at 386Hz),
(b) 10Hz-10 kHz unit (at 386Hz), (c) of 10Hz-315Hz unit (at 300Hz), (d) 10Hz-10 kHz unit (at 300Hz)

6. Conclusion

• Based on the dynamic model of a centrifugal air-conditioning chiller, dynamic character-
istics of the chiller were analyzed, and the vibration transmission path of the chiller was
obtained. Based on the finite element analysis, the vibration sensitive area of the chiller was
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obtained, and the installation area of the dampers was determined. The particle dampers
were installed on the top of the compressor, and installed in parallel at the support frame
position and mounted rigidly in series between the compressor and the support frame.

• Based on the particle damping and DEM, the optimal particle size and the optimal instal-
lation scheme of each damper of the unit were studied. According to simulation results,
the optimal particle size of the top damper was 2mm, the optimal particle size of the foot
was 5mm, and the optimal particle size of the support frame was 3mm. Among the four
installation methods of particle dampers, the combined installation occurred to be the best
one.

• The damping effect of the compressor in the optimal configuration of dampers was verified
by experiments. The experimental results showed that under the optimal configuration,
the total vibration level was reduced by 10.62 dB at 300Hz and was reduced by 9.42 dB at
386Hz. When the compressor was running at 386Hz, the total vibration stage value was
reduced by 6.93 dB in the frequency range of 10Hz-315 Hz and was reduced by 6.42 dB
in the frequency range of 10Hz-10 kHz. When the compressor ran at 300Hz, the total
vibration stage value decreased by 10.47 dB in the frequency range of 10Hz-315 Hz and
decreased by 7.04 dB in the frequency range of 10Hz-10 kHz.

• A vibration reduction method for centrifugal chiller based on particle damping was pro-
posed. Based on dynamic analysis and DEM, particle dampers were introduced to reduce
vibration of the chiller. Simulation calculations and experimental results verified feasibil-
ity of the particle discrete element model, and the a method was proposed for vibration
control of a centrifugal air-conditioning chiller.
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