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INFLUENCE OF AIR VENT GEOMETRY IN BRAKE ROTORS
ON THE PERFORMANCE OF A CAR BRAKING SYSTEM

Mateusz KITA*, Jarostaw KACZMARCZYK, Stawomir DUDA

Department of Theoretical and Applied Mechanics, Silesian University of Technology, Gliwice, Poland
*corresponding author, Mkita@polsl.pl

The growing mass of modern vehicles increases kinetic energy and thermal stress on braking
systems, elevating rotor temperatures and the risk of brake fade. In ventilated disc brakes, heat dis-
sipation depends strongly on the geometry of internal vents. This study uses finite element method
(FEM) simulations to examine the thermal behaviour of passenger-car ventilated rotors with differ-
ent vent designs, including motorsport-inspired configurations, under high thermal loading. While
previous studies have examined heat generation and dissipation in disc brakes, direct comparative
FE analyses of vent geometries remain limited. The results demonstrate that vent shape signifi-
cantly affects cooling performance during and following intense braking.
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1. Introduction

Brakes are essential vehicle components, enabling safe deceleration and speed control. Increas-
ing vehicle mass and performance have driven continuous development of braking technology.
Braking systems are commonly classified as stopping, holding, or retarding brakes, reflecting
their functions. Early progress included the drum brake, introduced by Renault in 1902, and the
disc brake concept proposed by Frederick William Lanchester in the same year; subsequent
advances led to assistive technologies such as anti-lock braking systems (ABS), electronic brake-
force distribution (EBD), and ultra-high-performance (UHP) tyres. The proliferation of electric
vehicles has introduced regenerative braking; however, conventional friction-based systems re-
main critical for emergency braking, particularly in heavy vehicles (Nadig et al., 2017; Cristescu
& Tlie, 2023). Consequently, brake discs must combine high thermal capacity with efficient heat
dissipation (Stefanelli et al., 2024; Zhang & Zheng, 2024).

The primary objective of this study is to assess the influence of internal vent geometry on
heat transfer and structural performance in ventilated rotors subjected to high-energy brak-
ing. Previous studies have developed theoretical models of disc temperature evolution (Talati &
Jalalifar, 2008), applied FE methods to transient rotor heating (Gao & Lin, 2002), and demon-
strated the predictive capability of FE-based thermal analyses (Belhocine & Bouchetara, 2013).
However, systematic comparative investigations of internal vent geometries remain limited, thus
motivating the present work.
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2. Object of research

The analysed braking system is based on that of a Porsche Cayenne S Diesel (2013-2016). The
front ventilated brake rotor has a diameter of 360 mm, which is typical for heavy sport utility ve-
hicles (SUVs) and comparable to many electric vehicles in terms of thermal loading. The calliper
is a six-piston design with pistons of 36 mm diameter each. In the numerical model, both pad-
disc interfaces are accounted for through the normal force applied to the disc, calculated using
Eq. (2.1), where A denotes the total effective area of all pistons acting on both sides of the rotor:

F=p- A, (2.1)

where F' is the normal force acting on the brake pistons [N], p is the hydraulic pressure at the
calliper inlet [Pa], A is the total effective area of all pistons acting on both sides of the rotor [m?].

This axial force is transmitted to the brake disc, generating tangential friction force which
depends on the coefficient of friction between the brake pad material and the disc:

Ff=F -y, (2.2)

where F} is the friction force [N], u is the coefficient of friction [-].
Since the brake pad contacts the disc at a finite radial distance from the disc axis, a braking
torque is generated that enables the deceleration. This can be calculated as

M =F;-R, (2.3)

where M is the braking torque [Nm], R’ is the effective (nominal) braking radius [m)].
Using the above formulas, the following input data are presented in Table 1 (Kalamegam
et al., 2025).

Table 1. Input parameters for braking torque estimation.

Total contact area of six brake pistons [mm?] 6104.16

Hydraulic pressure at the brake calliper inlet [bar] 120

Normal force acting on brake pistons [N] 75081
Coefficient of friction (assumed) 0.45
Average effective radius of friction force [mm] 150
Braking torque [Nm] 5000

2.1. Dynamometer tests of the friction coefficient

The experimental tests were conducted on a dynamometer stand designed to reproduce
emergency braking conditions. The stand enables the simulation of braking torque, normal
pressure, and disc rotational speed representative of real road conditions (Fig. 1). Pressure and
torque were continuously monitored using high-precision sensors, while disc temperature was
measured using thermocouples embedded in the disc body.

The hydraulic pressure measured at the outlet of the brake hose was approximately 12.6 MPa.
This value corresponds to the actual pressure recorded on the vehicle under maximum braking
conditions using a manometer. On the dynamometer stand, pressure was measured at an equiv-
alent location corresponding to the brake hose connection; therefore, the same measurement
approach was applied in both the experimental and numerical investigations.

Figure 2 presents the hydraulic pressure recorded during consecutive emergency braking
events. The braking pressure remains within comparable limits; however, during the second
emergency braking, the pressure increases to the maximum value achievable by the test stand,
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Fig. 1. (a) Rotational speed of the disc as a function of time; (b) braking torque as a function of time.
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Fig. 2. Measured maximum temperature and pressure as functions of time during the test.

approximately 18 MPa. This increase can be attributed to phenomena such as partial degradation
of the pad material, the onset of local fade and increased frictional instability. Although higher
pressure is recorded, the effective contact stress at the pad—disc interface is reduced due to the
distribution of forces over the piston area.

The friction coefficient was determined based on the measured braking torque, rotational
speed, and hydraulic pressure using the following general relationship:

pu(t) = m, (2.4)

where p(t) is the friction coefficient, p(t) is the hydraulic inlet pressure [Pa].

This equation reflects the actual test conditions, as both braking torque and hydraulic pres-
sure were directly recorded during the experiments. The relationship between the torque and
pressure signals was used to compute the temperature-dependent friction coefficient, providing
a realistic pu(T") characteristic for simulation purposes.

The results indicate that the brake pad can maintain effective performance across a relatively
wide temperature range. However, a noticeable drop in the friction coefficient occurs when tem-
peratures exceed approximately 800 °C, as shown in (Fig. 2). During the second emergency brak-
ing event the dynamometer attempted to maintain constant braking torque and system inertia
by automatically compensating for the falling friction coefficient through an increase in hydraulic
pressure. Consequently, the pressure curve reached a maximum value of about 18 MPa, while
the disc surface temperature exceeded 1000 °C. This phenomenon corresponds to brake fade,
effectively concluding the simulation, since subsequent data no longer reflect realistic operating
conditions.

The obtained data highlight the ineffectiveness of the tested braking system under high-
temperature operating conditions. The primary issue lies in the insufficient cooling rate of the
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brake disc. As a result, the disc temperature before the second braking event remained at
approximately 300 °C, in contrast to 100 °C at the beginning of the first braking.

2.2. Determination of the friction coefficient using experimental data

To improve the performance of the investigated braking system, the friction coefficient was
determined as a function of temperature. Experimental data from Table 1, together with recorded
time-dependent pressure and braking torque, were used to calculate the temperature-dependent
friction coefficient employing the Coulomb—Moreau model. Subsequently, the LuGre friction
model was implemented, utilising the friction coefficient obtained from the Coulomb-Moreau
formulation. The LuGre friction coefficient was calculated according to Eq. (2.4), following
Andrzejewski (2005):

2
e(0) = c(t) + (s — () + 0 ((2)7), (25)
where u7,(t) is the LuGre friction coefficient as a function of time [-], o (¢) is the Coulomb—Moreau
friction coefficient as a function of time [-], fimax is the maximum calculated Coulomb—Moreau fric-
tion coefficient [-], vs is the theoretical initial vehicle velocity, determined from the effective tyre
radius at the road contact point [m/s|, and v is the actual initial vehicle velocity [m/s]. The
parameters used in the calculations are summarized in Table 2.

Table 2. Parameters utilised in the friction coefficient calculations.

Tyre size 295/35/R21
Nominal tyre radius [mm] 369.95
Tyre deflection during braking [mm] 1

Effective tyre radius at contact [mm]| 359.95
Actual initial vehicle speed [km/h] 230
Theoretical vehicle speed v [km/h] 226.89

Using the parameters listed above, friction coefficient-temperature characteristics were ob-
tained and are presented in Fig. 3.
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Fig. 3. Friction coefficient as a function of temperature calculated using Eqs. (2.4) and (2.5).

3. Numerical simulation of the original brake disc

The braking system was modelled using ANSYS Workbench. The geometry of the brake
disc was developed and a finite element model was subsequently generated. The discretisation
consisted of 441440 tetrahedral elements and 739 304 nodes. The resulting geometry and finite
element mesh are shown in Fig. 4.
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Fig. 4. Finite element mesh of the braking system.

Boundary conditions were applied to the model in the form of heat fluxes representing
the thermal load generated by the brake pads during braking. These heat fluxes were imposed
on the friction surfaces of the brake disc, where heat generation occurred. In addition, convective
heat transfer was applied to the disc surfaces to account for cooling by the surrounding air.

Based on the experimental data, convective heat transfer was divided into two distinct mech-
anisms:

— localised convective heat transfer acting in regions characterised by intensified air turbu-
lence, such as the ventilation channels and friction tracks of the disc,

— temperature-dependent surface convection applied exclusively to the inner and outer faces
of the disc, with the heat transfer coefficient defined as a function of surface temperature.

The time-dependent convection coefficients used in the numerical simulations are summarised
in Table 3.

Table 3. Convective heat transfer coefficients [W/(m? - °C)] as a function of time [s]
for a temperature of T'= 22°C.

Places where turbulent fluid flow is suspected Places where laminar fluid flow is suspected
Time Convection coefficient Time Convection coefficient
[s] [W/(m?-°C)] [s] [W/(m?-°C)]
0 90 0 70
1 90 1 70
2 92 2 72.5
3 94 3 75
4 97 4 77.5
5 106 5 80
6 120 6 87
6.67 110 6.67 88
7 95 7 85
20 76 20 76
40 72 40 72
83 70 83 70

Subsequently, the remaining material properties were introduced into the model, including
temperature-dependent Young’s modulus, Poisson’s ratio, and specific heat capacity (Agrawal
et al., 2024). These properties are essential for accurately capturing the coupled thermal and
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structural response of the brake disc under elevated-temperature conditions (De Freitas et al.,
2023; Kalamegam et al., 2025). The applied material data are presented in Fig. 5 and Table 4.
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Fig. 5. Thermal conductivity as a function of temperature (Bentz & Prasad, 2007).

Table 4. Specific heat as a function of temperature (Kim et al., 2012).

Temperature Specific heat
°C] kg K
1 0 447
2 100 470
3 200 505
4 300 555
5 400 610
6 500 670
7 600 740
8 700 850

To determine the heat flux applied to the brake disc surface during braking, the following
procedure was adopted. The total kinetic energy of the vehicle was first calculated as

mAv? 2700 - 63.52

KE =
2 2

= 5645150 [J], (3.1)

where KF is the total kinetic energy of the moving vehicle [J], m is the vehicle mass with a full
fuel tank and full load [kg], and v is the vehicle velocity [m/s].

The calculations were based on experimental data and standard assumptions. It was assumed
that 3% of the generated heat was absorbed by the brake pad material, while 5% of the to-
tal kinetic energy was dissipated due to aerodynamic drag. After accounting for these losses,
80 % of the remaining energy was assigned to the front axle, in accordance with the ECE R90
regulation. This approach ensures that the energy distribution corresponds to standardised ve-
hicle homologation conditions. Although the exact energy distribution may vary for a specific
vehicle, the use of ECE R90 assumptions ensures comparability and reproducibility of the re-
sults. Consequently, the portion of kinetic energy dissipated by a single front brake disc was
calculated as

E=KE-~v-k=5645150-(1—0.03)-(1—0.05)-0.8-0.5=2080802[J], (3.2)
where F is the kinetic energy dissipated by one brake disc [J], k is the coefficient accounting for

additional energy losses (e.g., aerodynamic drag), and ~ is the fraction of energy assigned to the
disc under consideration.
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The average braking power was then obtained by dividing the dissipated energy by the
braking time:

E 2080802
t 585
where ¢ is the braking time [s].

The heat flux ¢ [W/mm?] applied to the disc friction surfaces was calculated by dividing the
braking power by the effective friction surface area A, [m?] of the two brake pads in contact
with the disc:

P,  356117.8
A, 019

P, = = 356 117.8 [W], (3.3)

= 1874304 [W/m?] ~ 2[W/mm?], (3.4)

where A, is the effective contact area of the pads on both sides of the rotor [m?], ¢ is the heat
flux [W/mm?].
Finally, the stopping distance s [m] was calculated as
s v? B 63.52
~2-a  2-10.87
where a is the vehicle deceleration achieved with OE Yokohama Advan Sport V105 tyres [m/s?].

Based on these results, the input parameters listed in Table 5 were defined for the transient
thermal simulation conducted in ANSYS.

= 185.51 [m], (3.5)

Table 5. Input parameters used in the transient thermal and structural simulations conducted in ANSYS.

Number of steps 12

Time step Program controlled
Heat flux [W/m?] 2000000
Number of nodes 739304
Number of elements 481440
Initial temperature [°C] 100

After configuring the aforementioned parameters (Lopez-Flores et al., 2024; Piasecka-
Belkhayat & Kowalski, 2018; Najmi et al., 2021; Sainath et al., 2021), the numerical simu-
lation was performed. The finite element analysis yielded the temperature distribution at the
instant of maximum thermal loading, as shown in Fig. 6.

Time: 67822 ni
12.11.2025 17:55 Time: 6.7822 5
12.11.2025 17:55
702.12 Max
634.69
567.26
499.83
43239
364.96
207,53
230.1
162.67
95.239 Min

702.12 Max
634,69
567.26
499,83
43239
364.96
20753
2301
162.67
95.239 Min

Fig. 6. Temperature distribution in the brake disc: (a) top view; (b) bottom view.

Subsequently, a transient structural analysis was conducted using the temperature field ob-
tained from the thermal simulation as input. This analysis was performed to evaluate the stress
and deformation response of the brake disc under thermo-mechanical loading conditions rep-
resentative of emergency braking. The resulting stress and deformation fields are presented in
Fig. 7.
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D: Transient Structural
Directional Deformation
Type: Directional Deformation(Z Axis)
unit: mm
Global Coordinate System
Time: 83 ¢

12.11.2025 17:56

025325 Max
0.2024
015154
0.10069
0.04984
-0.0010122
-0.051865
-0.10272
-0.15357
-0.20442 Min

Fig. 7. Contour plots of deformation along the z-axis obtained from the transient structural analysis.

4. Upgrade of the brake disc ventilation

The original brake disc model was upgraded, based on design principles observed in ceramic
brake discs commonly used in high-performance applications, including Formula 1 vehicles (Di-
nesh Kumar & Darius Gnanaraj, 2023). The use of small 13-inch rims constrained the maximum
allowable rotor diameter. Consequently, a compact disc rotor with an increased number of smaller
ventilation channels was developed. The primary design objectives were to accelerate the cooling
process during dynamic driving and to minimise thermally induced deformation of the disc (Al
Riyami et al., 2023; Skonieczna & Ptaszny, 2017).

Figure 8 presents the geometry of the upgraded brake disc, together with the corresponding
temperature and deformation distributions. To reduce computational cost, only a four-degree
sector of the full disc geometry was modelled in the numerical simulations.

(a) (b)

Model
12.11.2025 17:57

(c) (d)

I: optimisation_holes _steel G: Copy of Transient Structural
Temperature Total Deformation

Type: Temperature Type: Total Deformation

unit. °C Unit: mm

Time: 6.67 Time: 83 5

1211.2025 18:17 12.11.2025 19:57

549.07 Max 0.15186 Max
B 013400

H o1

L 00126

L] cosszee
0.067495
 0.0s0621

L 0033747
0016874

0 Min

Fig. 8. Braking system: (a) upgraded disc rotor; (b) three-degree part of the rotor; (c¢) contour plots
of temperature during braking; (d) contour plots of deformation during braking.
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5. Comparison of temperature variation between the original and upgraded discs

Figure 9 illustrates the temperature distributions obtained for both the original and upgraded
brake discs designs under high-load braking conditions. Both variants reached their maximum
temperature after approximately 4 s of braking. However, the upgraded disc exhibited a signif-
icantly lower peak temperature and a faster cooling rate compared to the original design. This
improvement is attributed to enhanced airflow through the redesigned internal ventilation chan-
nels, which increased the effective convective heat transfer surface area of the rotor. As a result,
the upgraded disc experienced lower average temperatures leading to reduced thermal stress and
deformation.

800
06 ‘ — Original rotor — Upgraded rotor ‘
o] A o
= p——
g 400
o
é 200

0 -
0 20 40 60 80

Time [s]

Fig. 9. Relationship between maximum temperature and time for the original rotor, and the upgraded rotor.

Subsequently, the size and number of ventilation holes in the brake disc were optimised to
minimise both temperature and stress, while simultaneously reducing the mass of the brake disc
(Dinesh Kumar & Darius Gnanaraj, 2023). Disc thickness was also included in the optimisation
process. To reduce computational effort, the thermal optimisation objective was restricted to
minimising the maximum temperature at the end of the disc cooling simulation. This approach
was justified by earlier results, which had already demonstrated the improved thermal perfor-
mance of the modified disc design.

The optimisation was conducted using the multi-objective genetic algorithm (MOGA) im-
plemented in the ANSYS software. The following parameters were applied:

— an initial population of 42 samples,

— 42 samples per iteration,

— identification of the 3 best candidate solutions,

— a maximum number of 7 iterations.

This methodology enabled an efficient exploration of the design space while balancing com-
peting objectives, including thermal performance, structural integrity, and mass reduction.

Three candidate design configurations were identified (Table 6).

Table 6. Three best candidate configurations found during optimisation.

Parameter Canf:lidate Canfiidate Canfiidate
point 1 point 2 point 3
1| P1-Holes H [mm] 3.3 3.2246 2.7389
2 | P2-Holes_Number 180 179 166
3 | P3-Holes_H2 [mm)] 3.3093 2.7261 3.0257
4 | P4-Holes_Distance-V [mm] 9.5198 9.3847 9.4606
5 | P5-Thick_Rotor [mm)] 38.168 41.34 40.876
6 | P6-Temperature_Maximum [°C| 184.94 260.91 260.45
7 | P7-Solid Mass [kg] 0.17938 0.21588 0.2164
8 | P8-Equivalent Stress Maximum [MPa] 446.13 526.91 525.77
9 | P9-Total Deformation Maximum [mm] 0.24265 0.34941 0.35174
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Among these, candidate one exhibited the lowest maximum temperature and stress levels
among all analysed configurations. Its parameters were as follows: hole height of 3.3 mm, axial
spacing of 3.3 mm, disc thickness of 38.1 mm, distance from the first hole of 9.5 mm, total number
of holes of 180, and rotor mass of 15.5kg.

At the time of the initial study, the mass of the upgraded disc was slightly higher than that
of the original model due to the thicker central web required to accommodate the revised duct
geometry. Further design development led to the introduction of a honeycomb-style ventilation
system, which significantly improved both thermal and structural performance. The honeycomb
pattern provided an optimal balance between rigidity and cooling surface area, resulting in
a measurable reduction in rotor mass while maintaining lower peak operating temperatures
compared to the original design.

6. Conclusions

This study presented a coupled thermal and structural analysis of a ventilated brake disc
from the Porsche Cayenne S Diesel braking system. Dynamometer testing demonstrated that
the original disc design provided insufficient cooling during repeated emergency braking events,
whereas the modified vented design, inspired by motorsport ceramic brake concepts, achieved
lower peak temperatures and faster cooling rates, thereby reducing the risk of brake fade.

The LuGre friction model, calibrated using dynamometer data, successfully captured the
temperature-dependent behaviour of the pad—disc interface and improved the accuracy of numer-
ical simulations. Optimisation using genetic algorithms identified an optimal disc configuration
that effectively balanced thermal efficiency, structural durability, and mass reduction.

Overall, the results emphasise the importance of integrated thermal-structural analysis and
optimisation in contemporary brake system design. The proposed methodology offers practical
guidance for improving braking systems in heavy SUVs and electric vehicles, where extreme
thermal loads are increasingly common.
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For the thermal fatigue problem of the hypersonic aircraft’s plate, a loose coupling analysis
method is proposed to conduct vibration fatigue behaviour analysis of the cracked plate under
a uniform temperature field. The temperature field is converted into additional loads, and the
interaction mechanism between thermal coupling and crack propagation is explored. The modal,
dynamic response and fatigue life analyses are conducted synchronously. The numerical simulation
method is applied to verify this theoretical method. The results indicate that the analytical method
proposed has sufficient computational accuracy, and the influence of the temperature field on vi-
bration fatigue behaviour cannot be ignored.
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1. Introduction

Hypersonic aircraft refers to the aircraft that travel at speeds exceeding 5 Mach. These types
of aircraft have revolutionary potential in military, aerospace, and civilian fields due to extremely
high speed, but also face technological problems. During prolonged hypersonic flights, aircraft
fuselage plates generate extremely high temperatures due to air friction, posing significant chal-
lenges to the dynamic design and thermal protection. In a high-temperature and high-frequency
vibration environment, there is an interaction between thermal coupling and crack propagation.
Therefore, conducting the vibration fatigue behaviour analysis of the plate under a uniform
temperature field has high engineering value.

Vibration fatigue behaviour analysis includes three parts: modal analysis, dynamic response
analysis, and fatigue life analysis. In modal analysis, scholars have conducted extensive research
work. Based on Kirchhoff’s thin plate theory, Huang et al. (2018) derived the displacement tol-
erance function of a thin plate with elastic boundary conditions, and conducted modal analysis
of the cracked rectangular plate using the Rayleigh-Ritz method. Xue and Wang (2019) used
the Kirchhoff plate theory to describe the singularity of the stress field at the crack tip through
a special allowable function, and the Ritz method was applied to investigate the influence of
cracks on modal behaviour. Moradi et al. (2019) derived the vibration differential equation
of a cracked plate based on the Mindlin plate theory, and analysed the influence of load and
crack on a model of the plate by the differential quadrature element method. Heo et al. (2020)
validated the boundary dynamics Mindlin plate equation through numerical methods, and con-
ducted the free vibration analysis of the cracked plate. Song et al. (2022) derived the allowable
function within the Kirchhoff plate theory framework based on Jacobi orthogonal polynomials,
and applied the Ritz method to analyse the free vibration of a cracked polygonal thin plate.
Dynamic response analysis mainly investigates the vibration response of the plate under external
excitation. Useche (2020) established a numerical model of cracks by the double boundary ele-
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ment equation, and proposed a method to investigate the bending vibration response of cracked
plates based on the double reciprocity boundary element method. Based on the Kirchhoff plate
theory, Jalili and Daneshmehr (2018) established a non-linear model of cracked plates and in-
vestigated the time-domain response of cracked plates characterized. Motaharifar et al. (2020)
applied an improved line spring model to simulate through cracks, and conducted non-linear
vibration response analysis of cracked von Karméan plates. Based on the Mindlin plate theory,
Xue et al. (2020) simulated the stress field at the crack tip by angle displacement tolerance
functions, and studied the non-linear vibration response of the cracked plate using Hamilton’s
principle. In fatigue life analysis, scholars have proposed various analytical methods. Jameel and
Harmain (2019) applied the meshless Galerkin method to discretize the crack area, and pro-
posed a fatigue crack propagation and life prediction method for a cracked plate. Ilie and Ince
(2022) established the numerical model of a cracked plate using the ANSYS reduced order model
and embedded the Paris equation into the fatigue crack growth module to conduct vibration
fatigue life analysis. Tazoe et al. (2020) simplified cracks into a set of particle voids and proposed
a crack propagation algorithm based on smooth particle fluid mechanics to analyse the crack
propagation behaviour. Yadzhak et al. (2022) established a deformation parameter model for

Crack type Temperature distribution

Crack parameters Temperature variation

~ e — ——————

Stress
intensity
factor

Vibration fatigue life

Fig. 1. Research process on vibration fatigue behaviour of the cracked plate.
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crack tip opening displacement based on the energy method, and studied the crack propagation
law under type II and III mixed loads to determine the fatigue life. The aforementioned research
proposes multiple methods for vibration fatigue behaviour analysis of the cracked plate at room
temperature, but does not consider the influence of temperature field distribution. The vibration
fatigue behaviour analysis method in a normal temperature environment is not applicable to
a variable temperature field environment.

In this paper, a loose coupling analysis method is proposed to investigate the vibration fatigue
behaviour of the cracked plate. Based on the plate constitutive equation, the temperature field
and stress field distribution can be investigated. Considering the interaction between thermal
coupling and crack propagation, the additional thermal stress matrix and thermal deformation
stiffness matrix can be derived. According to the Paris equation, the influence of the tempera-
ture field on the plate’s fatigue life can be analysed. Based on the thermal stress and thermal
modal analysis, the influence of temperature on vibration fatigue life is investigated, and the
possibility of health monitoring of plates in service is provided. The research process of the loose
coupling analysis method is shown in Fig. 1.

2. Vibration fatigue behaviour analysis

2.1. Vibration differential equation

Assumptions of the thin plate are as follows: the material is fully elastic, homogeneous, and
isotropic; the thickness of the thin plate is uniform and much smaller than the other sizes;
all strain components are small enough and satisfy Hooke’s law; all transverse normal stress
components and shear deformations, and the cross-sections satisfy the plane assumption; the
moment of inertia and shearing forces of the plate are neglected. Based on the Kirchhoff plate
theory (Israr, 2008), the vibration differential equation of the cracked plate can be expressed as
follows:

h827w+D 84w+2 M*w +84w _n827w+2n 0*w i 82w+82m
P o T\ 921 0x20y? oyt ) T ox? Y 9x0y Y oy? Ox?
M, __Pw __Puw
Ny Ny P, 2.1
+ 0y +7m 52 + 7y 0 + (2.1)

where Dy = Eph? / 12 (1 — v2) is the flexural rigidity, w is the displacement in the z-direction
of the mid-surface, p is the density, h is the thickness, Er is the elastic modulus at different
temperatures, v is Poisson’s ratio and t is time, n, and 7n, are unit length additional surface
forces in - and y-axis directions caused by cracks, n, and n, are unit length additional sur-
face forces in z- and y-axis directions caused by temperature changes, M, and M, are the unit
length additional bending moments in the z- and y-axis directions caused by cracks, P, is the
external load on the plate.

Let us assume that P, = 0, and Eq. (2.1) becomes the free vibration differential equation.
The crack is parallel to the z-axis and only the additional surface load n, acts, affected by
temperature. Therefore, Eq. (2.1) can be simplified:

0w 0*w 0*w 0*w 0w 0°M, 0*w
phw + Dr (8:64 + 26902@2 + ay4> =g+ 8y2y + 7y, % + P.. (2.2)

According to the singularity of the stress field at the crack tip, relationships between the
nominal tensile stress and bending stress at the crack location and the nominal tensile stress
and bending stress away from the crack location are as follows (Rice & Levy, 1972):

o = [(1+yap)0e — NH0boo] /@, (2.3)

oy = [—Yup0s0 + (1 4 Nt opee] / Q, (2.4)
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oy = 290.18¢10 — 460.87¢% + 437.12¢% — 211.98¢7
+99.19¢% — 33.64¢° + 18.6¢% — 0.54¢3 +1.97¢2,
apy, = 61.58¢10 — 127.86¢% + 147.8¢% — 103.66¢7
+63.7765 — 31.34€5 + 14.46¢* — 3.29¢3 + 1.98¢2,
oy = 133.68¢10 — 244.67¢° + 257.08¢% — 153.95¢7
+ 84.07¢% — 34.8765 4 16.06* — 1.91€3 + 1.97¢2,

(2.5)

where o, oy, are the nominal tensile stress and bending stress at the crack location, oss, Tpeo
are the nominal tensile stress and bending stress away from crack location, n = (1 — V2) h/(2a),
y=3B+v)(1-v)h/(2a), Q = (1 4+ nag) (1 + yaw) — ny(aw)?, o, aw, and az are the local
flexibility caused by cracks, a is the half width of the crack, £ is the relative depth of the crack.

In fact, 0o, Opeo, and the nominal stress magnitude are consistent with the absence of cracks
at the crack location, and are expressed as follows:

h/2
O0so = Noo/h = / (1ij(x,0,2)/h)dz, (2.6)
—h/2
h/2
Ohoo = 6Moo/h? = / (62735(x,0,2)/h?) dz, (2.7)
—h/2

where Ny, and M, are the tension and bending moment per unit length in the y-axis direction,
respectively, when y = 0, 7;;(«,0, 2) is the stress on the cross-section when y = 0.

By replacing nominal tensile stress and nominal bending stress with tension and the bending
moment, the additional tension and bending moment caused by cracks can be obtained as follows:

ny = [_(1 + 7abb)Noo + Gnathoo/h]/Q> (2'8)
M,y = [yamhNeo /6 — (1 + nowe) Moo] / Q. (2.9)
Let us substitute Eqgs. (2.8) and (2.9) into Eq. (2.2), and Eq. (2.2) can be simplified as follows:
0*w M*w 0w 0w 0w 0%w
r (8374 T ooy T 8y4> Phige +agg — PNy
02 M d%w
_ AM oo —, 2.10
where Ny, is determined by the middle surface strain, M., is determined by internal force
conditions of the Kirchhoff plate, other parameters are as follows: My, = —D7(0%w / oy? +

v0?w/0x?), ¢ = (1 +you)/Q, ¢ = (1 +naw)/Q, X = 6nag/(hQ).

2.2. Modal and dynamic response analysis

In order to simplify the analysis process, the influence of high-order modes is ignored, and
the cracked plate is simplified into a single degree of freedom system by the Galerkin method.
The general solution of the vibration differential equation for the cracked plate is as follows:

w(z,y,t) = Z Z Apg XpYqthpg(t), (2.11)

g=1p=1

where X, and Y; are vibration mode functions of the cracked plate, A,, is the first-order am-
plitude, 1p,4(¢) is the modal coordinate function of the cracked plate.
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Convert the horizontally concentrated load into a uniformly distributed load by a ¢ function:
P, = Ry(t)d(x — 20)d(y — yo)- (2.12)

Let us substitute Egs. (2.11) and (2.12) into Eq. (2.10), and Eq. (2.10) can be simplified as
follows:

hthpg A X, Y,
PRS0 (VX0 4 20 4 X YD) LY 4 XY At
(*”mX;,)/Yq + d’NooXpY;;”)qud’pq

Dp
Dy
Based on the strain energy caused by the second invariant of the applied surface strain,
Berger (1955) determined the deformation of the same magnitude, and the surface load n, and
N can be obtained in the following way:

2 2
Ny = DTFlqupquqv

+AXZ(Y))? + v XY XY A2 02, +

(2.14)
Noo == DTFquAZQ)qw;Q;qu
( 6 o oo U l2
2v2 242
Fipg = WZZ// [(X,)°Y) 4+ v(Y)* X, ] dady,
L (2.15)

Iy 1o
6 — 22 2v2
Fopg = WZZ// [(Y)2X2 + v(X))*Y2] dz dy.
=1p=179 o

Let us substitute Eq. (2.14) into Eq. (2.13), and integrate Eq. (2.13) within the plate area:

. ) 5
Mpgbpg + Kpq¥pg + Hpgpg + Gpg¥pg = Fogs (2.16)
( n 0o 00 i
P 2y/2
My, = DTZZAM//XPYq dz dy,
e=lp=1 9 0
0o oo b lp
Kpg = Z Z Apq // [—o(XpY"" + v X, "Yy") + Yo X,
e=lpr=1 9 0

_|_2Xp//}/q//+Xpyq////j| Xqu dmdy,

— I (2.17)
Hy =) > A, / / X,y [(X,Y)")? 4+ vX) Y, X, Y,"] da dy,

9=1p=1 00

SRS iy
Gpg = Z Apg / / XpYy (—Fipg Xy Yq + 0 Fopg X, Yy") da dy,

=lp=1 3 7

Ppq = PO(t)qu/DTa

Qpq = Xp(xo)Y;I(yO),
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where M), is the generalized mass, K, is the generalized stiffness, H,, is the quadratic non-
linear term, Gy, is the cubic non-linear term, P, is the generalized external load.

The vibration differential equation of the cracked plate under sinusoidal excitation Py(t) =
pcos(£2pqt) is transformed into:

¢pq + W§q¢pq + apqz/f,q + 6pq¢gq = XpgP €08({2pqt)/ D, (2.18)

where wp, = \/Kpq/Mpq is the generalized natural frequency, apq = Hpg/Mpg, Bpg = Gpg/Mpqg,
Xpq = @pg/Mpq.

2.3. Fatigue life analysis

Based on the coupling degree between thermal coupling and fatigue crack propagation, this
paper makes the following assumptions: assuming that the time domain is discretized according
to the external excitation period, the geometric sizes of the fatigue crack remain unchanged at
each time step, and the fatigue crack pattern expands at the moment when each time step ends.
Based on this assumption, the temperature field and stress field are in real-time data transmission
form, while the analysis of fatigue crack propagation is in segmented data transmission form
(data transmission occurs once at the end of each time step). Therefore, a loose coupling analysis
method is proposed to carry out modal, dynamic response, and vibration fatigue life analysis of
the cracked plate at each time step simultaneously, while achieving decoupling of stress and
temperature fields in thin plate structures.

Under normal circumstances, the relationship between the dynamic stress intensity factor at
the crack tip and the crack depth can be expressed as

AK = F(¢)Aogy/ma, (2.19)

where a is the half width of the crack, F(£) is the crack correction factor, Aoy is the amplitude
of the dynamic stress.
In states of low to medium stress, the Paris equation can simulate crack propagation well:

da m
Fa C(AK)™, (2.20)

where N is the number of the vibration cycles, C' and m are the material constants.
Under cyclic loading, the half width length of the crack after i cycles is as follows:

%
a; = ag + Z ACL]', (221)
=1

where ag is the initial half width of the crack.
When estimating vibration fatigue life of thin plate structures with cracks, three failure

criteria are used: frequency, half width, and strength (Ostiguy & Evan-Iwanowski, 1982; Shih &
Wu, 2002):

1) when the first natural frequency of a cracked thin plate decreases by 5%, the plate fails,
2) when the relative half width of the crack reaches 5%, fatigue failure occurs in the plate,

3) when the stress intensity factor reaches material fracture toughness, fatigue failure occurs
in the plate.

3. Numerical simulation analysis

The numerical simulation analysis is applied to verify the correctness and feasibility of the
theoretical method proposed in this paper. The geometric model and mesh model of the plate
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with a transverse crack are established by ANSYS. The crack is simulated by the discontinuity of
meshes, and the crack will be always in an open state. In order to objectively describe breathing
behaviour of the alternating open-closed crack in a vibration environment, the contact elements
are established on both surfaces of the crack. The presence of contact elements prevents the
intersection of the crack grids when crack surfaces come into contact, which effectively simulates
breathing behaviour of the crack alternating open-closed.

The cracked plate is simply supported on all edges, and the dimensional drawing and finite
element model are as shown in Fig. 2 and Fig. 3. Geometric sizes of the cracked plate are as
follows: Iy = 1m, Iy = 0.5m, h = 0.01m, agp = 0.01m, p = 2770kg/m3, Young’s modulus (20°)
is Fogoc = 69 GPa. Young’s modulus at different temperatures can be obtained:

ET = OéEQO °oC, (31)
where a is a scale factor, « = —17.2x 107 27T*+11.8 x 107973 —34.5x 10772 +15.9 x 10~°T +1.

TZ

Np(t)

'

Fig. 2. Geometric dimensions of cracked plate .

Fig. 3. Finite element model of cracked plate.

4. Results and discussion

4.1. Validation

Assuming that the cracked plate is actuated by two period excitations, one excitation is
the in-plane force N¢(t) = Ny + Nicoswit, and the other is a uniformly distributed load
q(t) = gqicoswat in the z-direction. The natural frequency of the first mode lateral vibration
(Ostiguy & Evan-Iwanowski, 1982) is as follows:
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NO ) 1/2
wrp=wr|1-— , 4.1
< NCT ( )
. o 2D . . cps
where wyp is the natural frequency of the plate, N, = m is the static critical load.

The dimensionless natural frequencies can be derived as follows:

2 = wra®\/ph/D, (4.2)

where wy, is the linear natural frequency of the cracked plate.

As shown in Table 1, for the non-destructive plate, the maximum error of the first order
natural frequencies is less than 0.51 %, compared with the results in (Ostiguy & Evan-Iwanowski,
1982), and the first natural frequency error obtained by the numerical simulation method is lower.
Therefore, for modal analysis of the plate, the theoretical method proposed in this paper has
really high computational accuracy.

Table 1. Dimensionless natural frequencies of the plate without cracks.

Aspect ratios|a/l; | No/Ne, | Ostiguy and Evan-Iwanowski (1982)| Theoretical | Numerical | Error rate [%)]
0.2 17.66 17.572 17.60 0.49
I/l =1 0 0.4 15.29 15.218 15.24 0.47
0.6 12.48 12.425 12.45 0.44
0.2 44.14 43.914 43.97 0.51
Ii/]la=2 0 0.4 38.22 38.031 38.12 0.49
0.6 31.21 31.052 31.15 0.51

As shown in Table 2, for the plate with different depth of cracks, the maximum error of the
first order natural frequencies is less than 1.88 %, compared with the results in (Shih & Wu,
2002), and the first natural frequency error obtained by the numerical simulation method is
lower. Therefore, for modal analysis of the cracked plate, the theoretical method proposed in
this paper has sufficiently high computational accuracy.

Table 2. Dimensionless natural frequencies of the cracked plate.

Aspect ratios | a/ly | No/Ng | Shih and Wu (2002) | Theoretical | Numerical | Error rate [%)]
0.2 17.62 17.579 17.59 0.23
l1/la =1 0.01 0.4 15.15 15.223 15.21 0.48
0.6 12.20 12.430 12.30 1.88
0.2 44.25 43.959 44.12 0.66
li/ls =2 0.01 0.4 38.13 38.070 38.82 0.16
0.6 30.95 31.084 31.02 0.43

4.2. Temperature field

Let us assume that the cracked plate is actuated by the temperature field, and the temper-
atures are as follows: —20°, 20°, 50°, 100°. First order natural frequencies and dimensionless
natural frequencies obtained by the theoretical method proposed in this paper are as shown in
Table 3.

As shown in Table 3, the influence of the temperature field on the first order natural frequen-
cies and dimensionless natural frequencies is significant and cannot be ignored. The natural fre-
quency of the plate varies considerably when the temperature is within the two ranges [—20°, 20°]
and [50°, 100°]. Under the same temperature field, as the in-plane load ratio increases, the first
order natural frequency of the cracked plate gradually decreases.
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Table 3. Dimensionless natural frequencies of the cracked plate at different temperatures.

Aspect ratios | a/l; | Temperature [°C] | wy [rad/s] | No/New | 2 = wra®y/ph/D

0.2 17.8085

—20 300.0158 0.4 15.4226

0.6 12.5925

0.2 17.5974

20 297.1507 0.4 15.2398

0.6 12.4432

hflz=1 | 0.05 02 17,5972
50 297.2512 0.4 15.2396

0.6 12.4431

0.2 17.6205

100 296.2710 0.4 15.2598

0.6 12.4596

4.3. Dynamic response analysis

Let us assume that the cracked plate is under a uniformly distributed load ¢(t) = g; coswat,
where ¢ = 0.8kN/m?, and excitation frequencies are w_sgoc = 300.0158rad/s, wagoc =
297.1507 rad/s, wspoc = 297.2512rad/s, wigpoc = 296.2710rad/s. When the temperature field is
—20°, 20°, 50°, 100°, the vibration responses of the cracked plate are shown in Fig. 4 to Fig. 6.
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Fig. 4. Vibration response of the cracked plate when wy = 300rad/s, 297rad/s, 297rad/s, 296 rad/s.
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As shown in Fig. 4 to Fig. 6, the influence of the external excitation frequency and tem-
perature field on the vibration response of the cracked plate is significant. In Fig. 4, external
excitation frequencies wy are replaced by first order natural frequencies 300rad/s, 297 rad/s,
297rad/s, 296 rad /s, and the cracked plate will experience resonance phenomena, which causes
the vibration amplitude to increase exponentially. In Fig. 5, the external excitation frequency
wy is 0.98 times the first order natural frequency, and the vibration response of the cracked plate
exhibits a beat phenomenon. As the temperature increases, the beat period gradually shortens.
In Fig. 6, the external excitation frequency wo is 1/3 of the first order natural frequency, and
the vibration response of the cracked plate exhibits a general response phenomenon.

4.4. Fatigue life analysis

Let us assume that the cracks’ initial half widths are 0.03 m, 0.05 m, and 0.07 m, and tempera-
ture fields are —20°, 20°, 50°, 100°. The external excitation is q(t) = ¢; cos wat, and ¢; = 10N /m?.
The material constants are as follows: C' = 1.17 x 10712, m = 3.447 (Shih & Wu, 2002). Vi-
bration fatigue life curves of the cracked plate derived by the theoretical method proposed are
shown in Fig. 7. The crack propagation process of the plate obtained by the numerical method
is shown in Fig. 8, and fatigue life comparison obtained by theoretical and numerical methods is
shown in Table 4.
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Fig. 7. Fatigue crack growth diagram of a cracked plate with different initial crack length.

As shown in Figs. 7 and 8, the temperature field has a certain influence on the vibration
fatigue life of the cracked plate, but the initial mid width of the crack has a significant impact.
As the initial half width of the crack increases, the vibration fatigue life rapidly decreases.
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Fig. 8. Cracking process of the fatigue crack.
Table 4. Number of load cycles with a crack length of 0.2m (x10000).

ol —20° 20° 50° 100° Max error

! Numerical | Theoret. | Numerical | Theoret. | Numerical | Theoret. | Numerical | Theoret. [%]
0.03| 45.07 37.90 44.01 36.98 43.59 36.69 43.65 36.55 19.1
0.05 15.39 12.99 14.83 12.53 14.81 12.48 14.84 12.50 18.7
0.07 6.81 5.76 6.75 5.71 6.81 5.75 6.81 5.74 18.6

According to the data comparison in Table 4, there is a certain error between the fatigue life
of the plate obtained by the theoretical method proposed and the numerical results, with the
maximum error being 19.1 %. There are probably three reasons for the large error:

1) the crack theory model proposed in this paper differs from the numerical model, resulting
in significant errors in the lifespan of thin plates,

2) the loose coupling analysis method assumes that the stress at the crack tip remains constant
during each cycle, but in numerical analysis, the stress at the crack tip varies periodically,
resulting in errors in the incremental expansion of the crack during each vibration cycle,

3) in numerical analysis, cracks exhibit alternating breathing behaviour of opening and clos-
ing, and meshes on both crack surfaces interfere, which affects the accuracy of fatigue life
calculation.

5. Conclusions

In this paper, the loose coupling analysis method is proposed to conduct the vibration fatigue
behaviour analysis of the cracked plate, and investigate the influence of the temperature field
on the modal, dynamic response, and vibration fatigue life behaviour. The change in the tem-
perature field alters the elastic modulus of the plate and causes additional temperature stress in
the plate. Therefore, the influence of the temperature field on the vibration fatigue behaviour
of thin plate structures cannot be ignored. Considering the interaction between thermal cou-
pling and crack propagation, the loose coupling analysis method can effectively investigate the
vibration fatigue behaviour of the cracked plate. The theoretical method proposed in this article
provides a solution for the life estimation of thin plate structures in service, and also provides
theoretical possibilities for the health monitoring of thin plate structures in service.
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Aiming at the position control system of digital hydraulic cylinders with multiple nonlinear
factors and coupled forces, this study proposes a switched fuzzy sliding mode adaptive control
strategy (TDAFSMC). This study proposes a TDAFSMC strategy that employs fuzzy logic to
approximate switching terms for chattering suppression, while utilizing a tracking differentiator
to enhance dynamic response characteristics. Lyapunov theory ensures stability through adaptive
weight adjustment. Simulations show 41.7 % faster response and 2.0 % lower error versus PID. With
response speed error maintained below 8.0% and tracking error under 1.0%, they confirm the
feasibility, effectiveness, and superior performance of the proposed control strategy.

Keywords: tracking differentiator; fuzzy control; sliding mode variable structure control; adaptive
control; digital hydraulic cylinder.
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1. Introduction

Compared with traditional hydraulic transmission systems and electro-hydraulic servo con-
trol systems, digital hydraulic cylinders have gained widespread industrial applications due to
their structural simplicity, precise control capability, and relatively low cost. However, the in-
herent nonlinearity, time-varying characteristics, and strong coupling effects of digital hydraulic
cylinders have made their precise and stable control a key focus in both academic research and
industrial practice (Qi et al., 2024; Zhang et al., 2025; Wang et al., 2019). While conventional
PID or single-loop control strategies offer simplicity in implementation, they often fail to meet
the requirements for high precision and rapid response when dealing with complex nonlinear
systems. Consequently, the development of advanced control strategies to enhance the position-
ing accuracy and operational stability of digital hydraulic cylinders has emerged as a critical
challenge demanding immediate solutions.

Significant research efforts have been made by scholars worldwide to enhance the perfor-
mance of electro-hydraulic servo position control systems. Gao et al. (2023) applied digital
hydraulic cylinders to semi-active suspension systems, designing a fuzzy control-based multi-
mode switching control strategy for suspension damping. This control strategy demonstrates
enhanced vibration attenuation performance and contributes to improved ride comfort in vehi-
cles. Yu et al. (2024) introduced a novel integrated robust control strategy that simultaneously
improved system response speed, effectively suppressed system uncertainties, and enhanced high-
frequency tracking performance. In addressing the nonlinearities and uncertainties inherent in
hydraulic systems, He et al. (2023) proposed a hybrid SAC-PID control strategy. This approach
employs the soft-actor critic (SAC) algorithm to dynamically adapt control parameters based on
real-time system states, thereby enhancing the system’s robustness. However, the reinforcement
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learning framework necessitates substantial computational resources, while the initial phase of
parameter tuning and optimization presents significant complexity. Liu et al. (2022a) proposed
a self-tuning fuzzy PID positioning controller based on particle swarm optimization (PSO),
which optimizes control parameters through real-time adjustment of quantization and scaling
factors, thereby significantly improving the system’s tracking accuracy. However, the iterative
optimization process of the PSO algorithm requires considerable computational effort, which may
compromise the real-time control performance. Zhang et al. (2024) presented an enhanced beetle
antennae search (BAS) algorithm-optimized fuzzy PID controller for improving electromechan-
ical actuator performance. The proposed control scheme demonstrates superior stability across
various signal response tests, achieving significant performance enhancement. Guo et al. (2022)
developed a Kalman-GA-optimized PID controller to improve response time, accuracy, and anti-
interference in position control. Results show enhanced performance versus traditional methods,
though it requires accurate modeling and lacks online self-tuning. Liu et al. (2022b) investigated
a variable-domain fuzzy PID static compensation algorithm to address nonlinearities induced by
valve dead-zone and friction in electro-hydraulic proportional servo systems. Simulation results
demonstrate significant improvement in system response speed, though with relatively modest
enhancement in control accuracy.

While the aforementioned control methods have improved system performance to varying
degrees, the enhancement in system responsiveness remains relatively limited. To address this
challenge, sliding mode variable structure control (SMC) has emerged as a prominent approach
for response improvement. Dao et al. (2023) proposed a sliding mode controller incorporating
PID direct parameter adjustment (SMCPID) for hydraulic cylinder systems. While this control
strategy effectively mitigates chattering, the inherent high-frequency switching characteristics of
sliding mode control may still induce actuator wear, potentially compromising long-term relia-
bility. Sun et al. (2022) addressed the issues of prolonged reaching time to sliding surfaces and
high-frequency chattering by proposing an adaptive reaching law-based control method with an
auxiliary sub-reaching law. Simulation results on electro-hydraulic position servo systems demon-
strate improved robustness, though minor chattering persists. Yang et al. (2019) presented an
enhanced adaptive sliding mode control scheme for electro-hydraulic position servo systems ex-
hibiting parameter uncertainties and bounded disturbances. The proposed approach employs
a saturation function to replace the adjustable signum gain coefficient, effectively mitigating
control chattering. Comparative experimental results conclusively demonstrate the scheme’s effi-
cacy. Ji et al. (2021) proposed a backstepping-based adaptive sliding mode controller for electro-
hydraulic systems with parametric uncertainties and random disturbances. While improving
system performance, the backstepping approach requires iterative virtual control design and
Lyapunov functions, potentially causing “complexity explosion” in high-order systems. Ghani
et al. (2022) proposed a fuzzy sliding mode method for trajectory tracking in electro-hydrostatic
actuators (EHA). Experimental results demonstrate superior effectiveness, though simultaneous
tuning of fuzzy membership functions, sliding surface parameters, and switching gains increases
implementation complexity. Zhang et al. (2022) presented a variable-approaching-law fuzzy slid-
ing mode control (FSMC) strategy to enhance the trajectory tracking performance of omni-
directional wheeled robotic mobile platforms. Simulation experiments validate the method’s
effectiveness in achieving robust dynamic stability. Dang et al. (2021) addressed tracking ac-
curacy degradation in hydraulic servo systems caused by nonlinear friction and unstructured
uncertainties. An improved adaptive backstepping integral sliding mode control with incom-
plete differentiation (ID-BIABISMC) is proposed, demonstrating superior tracking precision in
comparative experiments.

Li and Cao (2021) proposed a tracking differentiator combined with adaptive nonlinear PID
(TD-NPID) to address low synchronization accuracy in multi-cylinder cooperative propulsion
control of shield hydraulic systems under heavy load variations, demonstrating effective improve-
ment in system synchronization performance. To achieve precise tracking control of the voice
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coil actuator fast steering mirror (VCA-FSM) with large measurement noise, a nonsingular ter-
minal sliding mode (NTSMC) method based on a differentiator (TD) is proposed. Experimental
results from the hardware-in-the-loop (HIL) test bench validate the method’s effectiveness in
meeting both dynamic response and steady-state accuracy requirements (Li et al., 2023).

The aforementioned studies have systematically investigated the performance of electro-
hydraulic servo systems through numerical simulations and experimental validations, estab-
lishing a solid theoretical foundation. These research efforts reveal that while sliding mode
variable structure control effectively enhances system rapidity, increasing switching gains in-
evitably induces chattering phenomena. To address this limitation, fuzzy control is employed
to approximate the switching term, thereby achieving term continuity and significantly miti-
gating chattering effects. Furthermore, the incorporation of a TD provides comprehensive dy-
namic characteristics for the controller. Building upon these insights, this paper proposes a novel
TD-based switched fuzzy sliding mode adaptive control (TDAFSMC) strategy that synergisti-
cally integrates these three control methodologies. The fuzzy adaptive law is rigorously derived
through Lyapunov stability theory, with adaptive weight adjustments ensuring both stability
and convergence of the entire closed-loop system. For a comprehensive evaluation, MATLAB
simulation software is utilized to model and analyze the performance of digital hydraulic cylin-
der positioning systems under the proposed TDAFSMC strategy. Additionally, an experimental
testbed is constructed to empirically validate the control strategy’s effectiveness under practical
operating conditions.

2. Double-loop digital hydraulic cylinder state space model

The double-loop digital hydraulic cylinder system primarily consists of five key components:
a servo motor, coupling mechanism, four-way spool valve, internal indirect feedback mechanism,
and a conventional hydraulic cylinder. The internal indirect feedback mechanism comprises a ball
screw assembly and spool feedback linkage. The thrust bearing tightly presses the ball screw
against the cylinder cover, allowing the screw only one rotational degree of freedom. Both the
piston and the screw nut are fixed in position. A threaded piston pair is formed between the screw
and piston, while the other end of the screw is threadedly connected to the right end of the spool,
forming a threaded spool pair. The right end of the servo motor is connected to the left end of
the spool through the coupling. The spool has only one axial degree of freedom relative to the
output shaft of the servo motor, forming a sliding spool pair. The schematic diagram of this
structural principle is shown in Fig. 1.

The operational principle of the system is as follows: When the command signal is zero, the
zero-opening four-way spool valve remains stationary, keeping the hydraulic cylinder piston rod
at rest. With a positive command signal, a potential difference is generated to drive the servo
motor, causing the spool to move leftward and open the valve port. Under the high-pressure
oil, the piston moves leftward while the ball screw rotates circumferentially in the opposite di-
rection to the servo motor. This screw rotation drives the spool rightward to close the valve
port until the deviation reaches zero. A negative command signal triggers the reverse process.
Thus, the position of the digital hydraulic cylinder changes according to the command signal
variations. The structural diagram of this double-loop digital hydraulic cylinder position control
system is shown in Fig. 2.

Jiang et al. (2022) provided a comprehensive theoretical analysis of the digital hydraulic
cylinder’s working principle and established an enhanced mathematical model that incorporates
the dynamics of both the digital spool valve and feedback mechanism. This advanced model
integrates critical nonlinear factors including transmission backlash, spool valve radial leakage,
and LuGre friction characteristics, thereby achieving more accurate representation of actual sys-
tem behavior. Building upon this established theoretical foundation, the present study directly
presents the consolidated nonlinear state-space model without redundant elaboration.



32 S. Jiang, Q. Chen

Displacement

transducer
Data . (
acquisition
system
1

Comparator
i B Digital
hydraulic
cylinder
Hydraulic
station

Fig. 1. Working principle diagram of digital hydraulic cylinder: 1 — servo motor; 2 — coupler, 3 — valve
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Fig. 2. Double closed-loop digital hydraulic cylinder position control system structure diagram.

The system control input is ug, the output piston rod displacement is y = x1 = z,, the
system state variable is x:

T
T = [xla X2, T3, T4, T5, g, L7, T8, L9, L10, L11, L12, T13, $14]

. . . T
= (@, @p, P1, Py, 2y, @y, Oy, by, 00, b, 0+, 67, z,iq] . (2.1)
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Therefore, the state equation of the system can be expressed as
T = 2,

Ay (x5 — may) — Fypcosay — Fypsina, — (kla:l + /{:31:*;’)

To = My 4+ wr,
|z2]
—00r13 + 01—~ %14 + (02 — 01) 22
g (r2)

13 = [Q1 — Arx2] Be/(Vor + A121) + w2,

tg = [~Q2 — Azxa] Be/(Vo2 — A1) + w3,

T5 = g,

6 = [Fy cos oy — Fyy sinay — Fya — Bupae — Fig — Firo] /Mo,

7 = g, (2.2)
&g = [rysFno Sin ay + 75 Fyy €08 0y + 1ps Fp sin oy, — 1ps Fyyp cos oy — Ts — Bgag)/ Js,

T9 = 10,

T10 = [1-Fng — rsFup sin oy — 175 Fy, cos ay — By.x10 — Tpo)/ Jo,

T11 = 212,

T12 = [kix1a — Box1a — 1 Fpgl/J,

| 2] "
Fc + (Fsc - FC) 67(3:2/”5’6)2

T13 = T2 — 09 3,

T14 = [uq — R4 — kex12]/L07

where

[—Coxz — Cy (23 — 34)] Be _ [=Coxy + O (23 — 24)] 5e.

wy = —Fr /My, wo = , w3 =
! o/ M 2 Vor + A1y s Voo — Aoxy

Let us consider the hydraulic cylinder load force and leakage as disturbances in the system,
namely

BePs (Cl + CO)

w2 > )
|V1|rnin
(2.3)
BePs (C1 + Co)
wy < ———.
‘V2|min
Therefore, the disturbances wy, ws, and w3 are bounded:
w=1[0 w wy w3 0 ... 0]1X14. (2.4)
And the system state space expression is
i = f(z) + gla)u+ p()w,
(2.5)
z = h(x)x.
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In formula (2.5):
Ty = w2,

To = x9]

Ay (x5 — maxy) — Fppcosay — Fypsinay, — (k‘ll‘l + k‘gﬂ??)
Mt7
—oopx13 + 01

x14 + (02 — 01) T2

2
g (x2)
i3 = [Q1 — A1z2] Be/ (Vo + A121),

iy = [~Q2 — Agwo] Be/ (Vo2 — Az1),

I5 = g,

&6 = [Foy cos ay — Fyysinay, — Fyg — Bypre — Fig — Fpy| /Moy,

7 = ws,
f(z) = (2.6)
TwsFnp SN 0y + 75 Py €OS iy + Tps Flyp sin ay /
.i?g - Jsa
—rpsFypcosay, — Ty — Bsxg
T9 = w10,

i'10 - [rTan - Tanv sin Ay — TsFtv COS vy — szxlo - va]/JU7
T11 = X12,
&9 = [kyw14 — Baxio — v Fg)/J,

|22]
F.+ (Fye — F.) e~ (@2/vsk)

13 = T — 09 5 T13,

| #14 = [~ Rx14 — kex12]/ Lo,
T
gx)=1[0 ... 00 1], .,
plz)=[01 110 ..0], (2.7)
hMz)=[100 .. 0], ,-

3. Design of the TDAFSMC controller

TD is essentially a signal processing technique that filters the input signal and extracts its
derivative. Particularly when the input signal undergoes abrupt changes, the TD can provide
a smooth input signal for the controller. Meanwhile, its filtering capability mitigates the impact
of sudden signal variations, preventing system overshoot. This effectively resolves the inherent
conflict between “rapid response” and “overshoot”, thereby enhancing system stability. The
TD can achieve the dynamic performance metrics of closed-loop systems, ensuring high-quality
real-time tracking curves for the system.

In this study, the digital hydraulic cylinder is modeled as a second-order system. For continu-
ously differentiable input signals, a conventional second-order TD in cascade configuration would
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suffice. However, when the input signal is a step function, its derivative theoretically approaches
infinity. To address this fundamental limitation, a third-order TD is proposed in this work.

The third-order TD formulation constructed using the inverse hyperbolic sine function arsh
is presented as follows:

01 = V2,
1')2 = V3, (31)
’(.)3 == R3 {—alarsh [bl (Ul (t) - T(t))] - agarsh [bgvg(t)/R] - agarsh [bgUg(t)/R2] } .

In formula (3.1), r(t) represents the input signal, and all parameters are positive constants.

For any bounded integrable input signal r(t), given a sufficiently large parameter R, the
solution of Eq. (3.1) can asymptotically converge to r(¢) within arbitrary finite time, yielding
outputs wva(t) = 7(t) and v3(t) = #(t). The proposed TD demonstrates superior differential
tracking capability while effectively suppressing derivative noise amplification, making it widely
applicable in engineering implementations.

To enhance the system’s rapid response capability, this paper employs sliding mode variable
structure control. However, increasing the switching gain may induce chattering phenomena.
To address this issue, fuzzy control is adopted to approximate the switching term, thereby
achieving term continuity and effectively mitigating chattering. Below we present the design of
a fuzzy sliding mode adaptive controller.

The switching function is formally defined as follows:

s(x,t) = kie + koé + ... + k1™ 407D = ke, (3.2)

. . T . .
where the matrices e = x — x4 = (e, €, ..., e(”*l)) and ki, ko, ..., kn—1 satisfy the Hurwitz poly-
nomial condition.
The sliding mode control law is designed as follows:

n—1
ut) = — (—f(x,o—Zkiemxg”)—um). (3.3)
=1

g(z,1)

In formula (3.3), usyw = nsgn(s), n > D. Thus:

n—1 n—1
sa,t) = 3 kie® 4 e =37 kie® 4 2 — (Y
=1 i=1

n—1
= " kie® + fla,t) + gla, tyu(t) + d(t) — . (3.4)
i=1

Substituting formula (2.5) and formula (3.3) yields:
s(z,t) - $(x,t) =ds —n|s| <0. (3.5)

When the upper bounds of f, g, and d are unknown, the control law (3.3) becomes inappli-
cable. To address this limitation, fuzzy systems f, g, and h are employed to approximate f, g,
and 7 sgn (s), respectively.

The fuzzy systems are constructed using a product inference engine, singleton fuzzifier, and
center-average de-fuzzifier, with their respective outputs designated as f, g, and /}\L, whereby the
control law is consequently modified to:

n—1
u(t) = ’g\(; ) <—J/”\(x,t) — Z kie(i) + ajl(in) — ﬁ(s)), (3.6)
’ i=1
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(z]0f) = 07 E(),
(z]0y) = 07 (x), (3.7)
(s16n) = 0F o(s),

where f (| 0r), g(x|b,), and . (s|6,) denote the outputs of the fuzzy systems, &(z) and ¢(s)
represent fuzzy vectors, while 9;‘5, GQT, and 9% are dynamically adjusted according to the adaptive

) Q) =y

laws;
h (2] 6) = nasen (s), (3.8)
nm=D+n n=0, (3.9)
|d| < D. (3.10)
The adaptive laws are designed as follows:

0 = risE(x),
0, = rosé(x)u, (3.11)

On = r3so(s).

Subsequently, the convergence proof of the controller is established, where the optimal pa-
rameters are defined as

0% = argeiréigf [sup <$| zz{%n) f(z,t) ] , (3.12)

9 =arg min |sup|g| z| 6 x,t)||, 3.13

g i [ ( erRn> o) ] (3.13)

0; = arg min [sup <s| oy, > — Usw ], (3.14)
On e, xeRM

where (2, £2,, and (2;, denote the sets of 8¢, 8,, and 0j,, respectively.
The minimum approximation error is defined as

w= fz,t) — f (2]65) + (9(z.t) — G (2]6])) u, (3.15)

where |w| < wWpax-
Substituting the control law (3.6) yields:

n—1
t)=> ke + 2" — i

n—1

= kie® + f(a,t) + gla, thult) + d(t) — 2"
=1
n—1

= kie® + f(a,t) + Gz, tult) + (g(x,t) — Gz, 1) u + d(t) — 2

=1
= f(x,t) — f(z,t) — h(s]0p) + (g(z,t) — Gla,t) u+ d(t)
= f(:z|9f) Flz,t) —h(s|6y) + (9 (=] 6;) — G, 1)) u+ d(t) +w — h (s]67)
= Te(x) + ol'e (x) ult) + o d(s) +d () +w — h(s]6}), (3.16)

where pp = 0% —0f, g =05 — by, op =0}, — 0.



Research on adaptive fuzzy sliding mode control with switching strategy for trajectory tracking. .. 37

The Lyapunov function candidate is defined as

1 1 1 1
V=g s+ —pfor+ —pg0s+ —op 3.17
5 <3 T LRI e et o ) (3.17)

where r1, 1o, and rg are positive constants. Therefore:
. 1 1 1
V = s Lt Lo, A
8§+ o PIPF 9P + r390h§0h
= 5 (7€) + el e(@yu(t) + £ 6(s) +d(t) +w ~ T (5163))
1 4. 1 . 1 .
I er T Pe P T Pk P
1 ; 1 ,
= sp&(x) + 77190%0 5+ sop E(@)ult) + gsﬂgTsog + sif, d(s)
1 ~
+ —ehn+s () — R (5] 67)) + sw. (3.18)
3

Given h (s]0;) = nasgn (s), it follows that:

V= o (1s€l@) + 91) + -} (rase()u(t) + ¢0)

1 .
+ @0{ (rasp(s) + n) + sd(t) + sw — (D +1) |s]

= sd(t) + sw — (D +n)|s|, (3.19)

where ¢ = —éf, Pg = —ég, pop = —0),.
Substituting the adaptive law (3.11) into the preceding equation yields:

V <sw—nls|. (3.20)

Based on fuzzy approximation theory, the adaptive fuzzy system can achieve an arbitrarily
small approximation error w. Consequently, by selecting a sufficiently large parameter 7, the
stability condition V' < 0 can be guaranteed.

When V = 0 holds and s = 0 is satisfied, then according to LaSalle’s invariance principle,
t — oo implies s — 0.

4. Simulation studies

This paper conducts simulation analysis of the proposed adaptive robust control strategy in
MATLAB/Simulink environment. The hydraulic system’s mathematical model is implemented
using S-function based on formula (2.4), while the nonlinear controller is constructed according to
formula (3.6). Simultaneously, online estimation of uncertain system parameters is achieved
through formula (3.8). The complete control system architecture is illustrated in Fig. 3, where
the structural parameters of the digital hydraulic cylinder follow Table 1 in (Jiang et al., 2022).

To verify the control performance of the proposed TDAFSMC strategy, comprehensive track-
ing tests were conducted using step, sinusoidal, and composite (ramp-step hybrid) reference sig-
nals to analyze the system’s tracking performance under different control strategies, where the
PID controller parameters were set as k, = 10000, k; = 600, kg = 1000, with a filter coefficient
N = 1000. The TDAFSMC controller parameters were set as vy = 50, ro = 1, r3 = 10, k1 = 35,
9? = 0.1, HgT = 0.1, and 9,{ = 0.1, with five Gaussian membership functions employed for
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Fig. 3. Structure diagram of the digital hydraulic cylinder position control system based on TDAFSMC.

fuzzifications juar(wi) = expl—((z: + 7/6)/(x/20)2], s (ws) = exp[—((w; + m/12)(w/24))?),
pir(s) = expl—(i/ (m/24))], pps (@) = expl—((z: — 7/12)/(x/24))%], ppa(w:) = expl (i —
7/6)/(m/24))?], resulting in 25 fuzzy rules each for approximating f and g. The switching func-
tion s(t) utilized sigmoidal membership functions defined as un(s) = 1/[1 + exp(5(s + 3)],
pz(s) = exp(—s®) and pp(s) = 1/[1 + exp(5(s — 3)]).

As shown in Fig. 4, the system’s positional displacement and tracking error curves are pre-
sented for a step reference signal with a 40 mm final magnitude initiated at ¢ = 1s.
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Fig. 4. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.

As evidenced by Fig. 4a, the PID-controlled system achieves the steady state at approxi-
mately 6 s with a residual error of 0.8 mm, whereas the proposed TDAFSMC strategy reaches
the steady state in 3.5 s with near-zero error, demonstrating a 41.7 % improvement in response
speed and 2.0 % enhancement in steady-state accuracy. Comparative analysis reveals that con-
ventional PID control exhibits significant tracking errors and sluggish dynamics under nonlinear
coupling forces, while the developed TDAFSMC method simultaneously achieves superior pre-
cision and faster transient response.

Figure 5 presents the system’s positional tracking performance and corresponding error
curves when subjected to a sinusoidal reference trajectory of 20sin(¢) mm, thereby demonstrat-
ing the controller’s ability to manage periodic excitations.
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Fig. 5. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.

As demonstrated in Fig. 5, the tracking error under conventional PID control is confined to
—0.75 mm—0.8 mm, whereas the proposed TDAFSMC strategy reduces this range to —0.6 mm-—
0.75mm, achieving a measurable improvement in tracking precision. The magnified view in
Fig. ba reveals a phase lag of approximately 0.22s for PID control throughout the simula-
tion cycle, compared to 0.5s for TDAFSMC. These results indicate that while traditional
PID control struggles to compensate for nonlinearities such as backlash effects, the developed
TDAFSMC controller effectively incorporates the digital hydraulic cylinder’s nonlinear charac-
teristics through a composite sliding-mode and fuzzy control architecture. This adaptive mecha-
nism actively compensates for nonlinear disturbances within the control law, thereby significantly
enhancing the hydraulic system’s tracking performance.

The given composite signal period is 6, the displacement of 0s—1s is 0, 1s—2s stretches out
at a slope of 40 mm/s, 2s—4s remains unchanged, 4s-5s retracts at a slope of —40 mm/s, and
5s—6s remains unchanged.

Figure 6 demonstrates the piston displacement curves and tracking error curves under both
PID and TDAFSMC control strategies when following the custom reference signal. During the
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Fig. 6. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.
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1s-2s period when the hydraulic cylinder piston transitions from rest to forward motion, both
control methods exhibit transient errors, with TDAFSMC showing slightly larger initial errors
compared to PID. However, during steady-state operation, the PID-controlled system displays
sustained oscillations with approximately 0.35mm error amplitude, which are attributed to
system nonlinearities, including backlash, nonlinear friction, and other unmodeled dynamics.
Prolonged exposure to these oscillations may lead to increased energy consumption, reduced
operational stability, degraded precision, and potential equipment damage. In contrast, the
TDAFSMC-controlled system maintains stable operation with only 0.16 mm steady-state error.
During the 2s—4s interval, the PID-controlled system exhibits distinct limit cycle oscillations
with sustained tracking errors averaging approximately 0.05mm, while TDAFSMC achieves
essentially zero error. When the piston reverses direction during 4s-5s, the PID-controlled
system demonstrates 0.22mm steady-state error compared to TDAFSMC’s 0.15 mm. Overall,
TDAFSMC improves tracking precision by 0.98 % across the complete operational cycle. These
results confirm that the proposed TDAFSMC control strategy effectively enhances system sta-
bility, improves control accuracy, and significantly boosts the tracking performance of hydraulic
systems by better compensating for nonlinear effects.

5. Experimental studies

To validate the controller’s effectiveness and verify the simulation results, an experimental
testbed for digital hydraulic cylinder position control was established, as illustrated in Fig. 7.
Subsequent experiments were conducted to evaluate the system’s response characteristics under
various input signals. The main parameters of the digital hydraulic cylinder test platform are as
follows: the variable vane oil pump of model VD1-30F-A3 has a displacement of 12ml/r-40ml/r,
the motor of model CNS-2934/2.2 KW has a rotational speed of 1420 r/min, the control voltage
of the West DAQ-Controller is +10 V; and the MATLAB USB2.0 high data acquisition card has
a rate of 38 Mb/s.

Acquisition

Digital Hydraulic
igital Hydraulic Control Card

Cylinder

Displacement
Transducer

Fig. 7. Digital hydraulic cylinder position control system.

The digital hydraulic cylinder was operated under no-load conditions, with the relief valve
in the hydraulic station functioning as a safety valve. The controller received the target dis-
placement commands for piston rod 5 from the host computer 1. A wire-type displacement
sensor acquired real-time position and velocity data during operation, which was transmitted
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via a data acquisition card to provide feedback to the controller. Through the implemented con-
trol algorithm, the system achieved precise position control of the digital hydraulic cylinder.

To validate the control performance of the TDAMSFC strategy under real-world conditions,
tracking experiments were conducted using the aforementioned three control signals. For step
reference commands, Fig. 8 compares the tracking responses and errors under the different
control strategies.

(a)

=
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Fig. 8. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.

When reaching the target displacement, the PID-controlled system required approximately
6.5 s to stabilize, with £1 mm deviation between the experimental and simulated trajectories. In
contrast, the TDAMSFC-controlled system achieved stabilization in 3.3 s with only +0.5 mm er-
ror, demonstrating a 49.2 % improvement in response speed and a 2.5 % enhancement in tracking
accuracy. These experimental results confirm the superior transient performance and precision of
the proposed TDAMSFC strategy, thereby verifying the theoretical analysis and simulation find-
ings presented in this work.

Figure 9 presents the tracking responses and corresponding error profiles under sinusoidal
reference commands for different control strategies. When tracking the target displacement, the
PID-controlled system exhibits approximately 3 mm experimental error with a 2.1 mm deviation
between the experimental and simulated trajectories, whereas the TDAMSFC-controlled system
demonstrates superior performance with only 2mm experimental error and 0.8 mm deviation
between the experimental and simulated trajectories, representing a 3.25% improvement in
tracking accuracy. The magnified view in Fig. 9a further reveals that the TDAMSFC strategy
significantly reduces the phase lag compared to PID control. These results confirm the enhanced
tracking precision of the proposed TDAMSFC approach, providing additional validation for the
theoretical and simulation analyses.

Figure 10 presents the tracking responses and corresponding error profiles under composite
reference commands for different control strategies. When reaching the target displacement,
the PID-controlled system requires approximately 3.0s to stabilize with a 1.6 mm deviation
between experimental and simulated trajectories, whereas the TDAMSFC-controlled system
achieves stabilization in 2.6 s with only 1.4 mm deviation, demonstrating a 13.3 % improvement
in response speed and a 0.5 % enhancement in tracking accuracy. These experimental results
further validate that the proposed TDAMSFC strategy effectively improves control precision in
practical applications.
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Fig. 9. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.
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Fig. 10. Piston displacement and error curves: (a) piston displacement curve; (b) tracking error curves.

6. Conclusion

This study investigates output displacement tracking control for a digital hydraulic cylin-
der system characterized by nonlinear couplings such as clearance, hydrodynamic forces, and
friction. By incorporating a TD, precise extraction of both the input signal and its differential
information was achieved, significantly enhancing the perception of system dynamic character-
istics. The TDAFSMC strategy was adopted, which utilizes a fuzzy system to approximate the
switching term in sliding mode control, thereby ensuring controller continuity and effectively
mitigating chattering. The stability and convergence of the closed-loop system were guaranteed
via adaptive laws derived from Lyapunov theory.

A simulation model of the digital hydraulic cylinder position control system was constructed
in the MATLAB/Simulink environment, and tests were conducted under various working con-



Research on adaptive fuzzy sliding mode control with switching strategy for trajectory tracking. .. 43

ditions, including step, sine, and composite signals. Simulation results demonstrate that under
step response, the TDAFSMC strategy improved response speed by 41.7 % and reduced error by
2.0 % compared to traditional PID control. In sinusoidal tracking, both the phase lag and track-
ing error were significantly reduced. For composite signal tests, control accuracy was improved
by 0.98 %. Experimental validation results were consistent with simulation trends, showing an
average response error of less than 8.0 % and a tracking error below 1.0 %, fully confirming the
superiority of the TDAFSMC strategy in terms of dynamic response, tracking accuracy, and
disturbance rejection.

In conclusion, the proposed TDAFSMC method not only effectively enhances the control
performance of digital hydraulic cylinder systems, exhibiting strong robustness and engineering
applicability, but also provides a theoretical basis and technical support for the precise con-
trol of large-scale electro-hydraulic servo systems such as shearers and excavators. This study
contributes positively to advancing control technology in high-end equipment systems.
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This study aims to analyze the thermal conductivity, dynamic viscosity and rheology of corn oil
(CO) with added graphene nanoplatelets (GNPs). The addition of GNPs to CO uses variations of
®=0.10%, P =0.15%, ® = 0.20 %, ® = 0.25 %, and ® = 0.30 %. The highest thermal conductivity
results were produced at a GNP percentage of & = 0.30% with a value of 0.1620 W -m~1.K~1,
The viscosity results show that the highest dynamic viscosity value is produced at GNPs & =
0.20 % at all temperatures. The rheology results show that the stable percentage 0.10 % and 0.20 %
approaches Newtonian properties.
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1. Introduction

Machining is the process of shaping a workpiece by removing material using a cutting tool.
The cutting tool rubs against the material, directly generating significant heat. This significant
heat can damage or wear the cutting tool components (Da Silva et al., 2011). Therefore, cutting
fluids are crucial for lubrication, cooling, and removing cutting material.

Vegetable oil is an alternative fluid for the machining cooling process. The cooling process is
more effective because vegetable oils offer advantages such as a thick film, reduced friction, cut-
ting force, cutting tool wear, and heat reduction (Debnath et al., 2014). Research has frequently
been conducted on the use of vegetable oils as cutting fluids, including cottonseed oil, coconut
oil, soybean oil, canola oil, castor oil, palm oil, and sunflower oil (Gunjal & Patil, 2018).

Several vegetable oils have disadvantages, including castor oil (high viscosity that can impede
fluid flow in the cutting zone), coconut oil (limited performance at high temperatures), and
sunflower oil (expensive and limited availability). In contrast, corn oil (CO) offers relatively high
saturated fatty acids, enabling it to form a strong film, with moderate viscosity, heat stability,
and abundant availability. Therefore, based on these superior properties, CO is a prime candidate
for base fluid in cutting fluid applications (Arsene et al., 2021).

Improvements to vegetable oils in cutting fluids have been frequently attempted to enhance
their properties, one example being the addition of graphene (Samuel et al., 2011). The ad-
dition of graphene reduces friction between the cutting tool surface and the workpiece (Park
et al., 2011). This friction reduction results in a gradual, linear reduction in cutting force and
temperature with increasing graphene percentage (Uysal, 2017). Furthermore, this reduction
also depends on the minimum quantity lubrication (MQL) parameters and the proportion of
graphene.
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Numerous studies have been conducted to improve the performance of cutting fluids using
graphene. Wang et al. (2022) examined the effect of adding graphene nanoplatelets (GNPs) and
a sulfurized additive to an MQL system in the machining process of Ti-6Al-4V titanium alloy.
Graphene nanoplatelets were added at concentrations of 0.05 %, 0.10 %, and 0.20 %, then mixed
with the sulfurized additive. Test results showed a reduction in the tool wear rate of up to 31 %
and a reduction in surface roughness of 18 %. Crystallographic microscopy observations revealed
an even distribution of nanoparticles, improving lubrication and cooling capabilities. Overall, this
nanofluid was able to extend tool life, improve surface quality, and improve thermal efficiency
(Wang et al., 2022). Caglayan (2021) evaluated the rheological and tribological properties of
an oil-based nanofluid modified with silylated GNPs. This nanofluid was prepared by dispersing
silane-modified graphene sheets into a base oil without the addition of surfactants or dispersants.
Tribological tests were conducted using a ball-on-disk universal friction and wear tester. The test
results showed that the addition of silylated GNPs significantly improved lubrication properties
and wear resistance, with a reduction in the friction coefficient of up to 40 % and a reduction in
wear of 35 % compared to pure base oil.

In a study by Bertolini et al. (2021), the use of GNPs as an additive in the MQL system
while turning Inconel 718 alloy was shown to provide significant benefits. Graphene additives
with concentrations of 0.05 % and 0.10 % were added to vegetable oil as a cutting fluid. The goal
is to extend the life of the cutting tool by up to 50 % and improve the surface quality of the
machined samples compared to using pure vegetable oil. These improvements are explained by
a reduced coefficient of friction between the tool and chips, and increased cooling effectiveness
in the cutting zone (Bertolini et al., 2021).

Ramon-Raygoza et al. (2016) investigated the rheological and tribological characteristics
of an oil-based nanofluid enriched with silane-modified GNPs, without the use of surfactants.
Characterization was performed using friction force microscopy and phase contrast microscopy.
The results showed that the addition of GNPs improved lubrication and wear resistance, with
a 43 % reduction in the friction coefficient and a 63 % increase in wear resistance at a 2%
GNP concentration in the engine oil. The development of this nanofluid supports technological
innovation for the modern manufacturing industry, focused on sustainable and environmentally
friendly practices.

Vora et al. (2023) investigated the rheological properties and thermal conductivity of
a nanofluid based on graphene nanoplatelets and castor oil. The nanofluid was prepared by
mixing GNPs and castor oil, followed by ultrasonication to obtain a stable dispersion. Test re-
sults indicate that GNP /castor oil nanofluid exhibits Newtonian flow, with viscosity decreasing
with increasing shear rate.

Manikanta et al. (2024) examined the combination of GNPs and CO for cooling during
turning machining. GNP concentrations varied from 0.50 % to 3 %, with cutting forces and tool
wear reduced by 2.5 %. The rheological characteristics of this study were not investigated.

The highly saturated acid content of CO, as compared to other vegetable oils, will affect
lubrication efficiency and film strength. However, research related to cutting fluids using CO
as a base fluid with added GNPs is still limited. Furthermore, testing has focused only on tool
wear or cutting force reduction, but has never comprehensively analyzed rheological properties.
While rheological characteristics are generally essential for analyzing fluid flow, heat transfer,
and lubrication, this study aims to fill this gap by characterizing the thermal conductivity,
dynamic viscosity, and rheological properties of cutting fluids.

2. Experimental procedure

The method used in this study included the preparation of GNPs. The resulting GNPs
were then validated by morphological testing using scanning electron microscopy (SEM) and
crystal structure using X-ray diffraction (XRD). The GNPs were then mixed with CO as a base



Evaluation of viscosity and rheological characteristics of corn oil combined with graphene nanoplatelets. . . 47

lubricant. The resulting mixture was then analyzed for thermal conductivity, dynamic viscosity,
and rheology.

2.1. Preparation of GNPs/nanofluids

This study used CO as the base oil, which was combined with GNPs to form the nanofluid
shown in Fig. 1. The preparation of nanofluids requires more attention to achieve a stable liquid
suspension without precipitation. The GNPs used were type KNG-150, with a purity of 99 %,
a thickness of 5nm—-10nm, and a width of 10 um, produced by Knano Nanotechnology Group
(KNG), China. Mazola CO was produced by ACH Food Companies, Inc., USA. The properties
of CO are shown in Table 1.

Fig. 1. Photo of pure CO nanofluid and nanofluid @ 0.10 % to & 0.30 %.

Table 1. Properties of CO.

Property Value
Appearance Bright golden-yellow color
Specific gravity (at 25°C) 0.92
Hydroxyl value 0.7-1.5
Saponification value 190-195
Todine value 110-120
Acid (mg KOH/gram of oil) 0.5-2.0

The preparation of nanofluids aims to produce a homogeneous, stable, durable, and minimally
sedimented mixture dispersion, as shown in Fig. 2.

Stirring process
Magnetic stirrer
at 1250 rpm

Ultrasonication process
Sonication for 30 minutes

GNP weighting 0il preparation Final sample
0.10% t0 0.30%  : ¢ Corn oil as base fluid : : Corn oil / GNPs nanofluid

Fig. 2. Schematic of preparation of CO nanofluids combined with GNPs.

The preparation of a mixture of CO and GNP nanofluid was carried out using a two-step
method. First, GNPs were weighed accurately using an analytical balance (Optima OPD-E204,
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+0.1mg), with varying concentrations of ® = 0.10 %, & = 0.15%, ® = 0.20 %, & = 0.25 %, and
@ = 0.30 % of the weight of CO. GNPs were added to CO in a beaker, then stirred with a mag-
netic stirrer at 1250 rpm for 20 min to obtain an initial dispersion. The process was continued
with ultrasonic dispersion for 30 min to ensure a stable dispersion and reduce agglomeration of
graphene particles.

2.2. Material characterization

The morphology and crystal structure of GNPs were analyzed using SEM and XRD. Figure 3
shows the surface morphology of GNPs, with SEM results at 10000x and 100 000x magnifica-
tions indicating that the GNP nanoparticles have a typical platelet shape, consistent with the
GNP datasheet. The crystal structure of GNPs was analyzed using XRD, as shown in Fig. 3.
This material characterization is important for identifying material properties, including shape,
composition, chemical compounds, and functional groups, in order to understand the material’s
behavior in specific applications.

ot | det | tilt H
0 |[ETD |0 State L lalang 1

Fig. 3. Results of graphene morphology at magnifications of (a) 10000x and (b) 100000x.

lanc

XRD testing was conducted to examine the crystal structure and phase of graphene nano-
materials, as shown in Fig. 4. Sharp peaks at 20 = 26.4336° ((002) plane) and 20 = 54.5347°

(002) XRD pattern of GNPs
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Fig. 4. XRD test graph of graphene nanomaterial.
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((004) plane) indicate graphene’s typical hexagonal crystal structure. These results indicate that
the nanomaterial used is high-quality GNPs. Furthermore, the average crystallite size, calculated
using the Scherrer equation, was 31.889nm at 26.4336° and a FWHM of 0.2558 nm.

2.3. Thermal conductivity

The thermal conductivity of nanofluids was measured with a KD2 Pro Thermal Properties
Analyzer using the Modified Transient Plane Source method at a temperature of 30 °C.

2.4. Dynamic viscosity

The dynamic viscosity of nanofluids was measured using an NDJ-8S viscometer at 30 °C and
100 °C. The viscometer geometry used spindles (radius (Rp) = 0.094 cm, cup radius = 0.1405 cm,
and length = 0.65 cm). The spindle rotation speeds (n) used were 6 rpm, 12rpm, 30 rpm, and
60 rpm. The angular velocity was then calculated for each rpm using:

= 2.1
w=on, (2.1)

where w — angular velocity [rad/s|, n — rotation speed [rpm)].
From the angular velocity results, the shear rate is then calculated using;:
2ch2 - Rb2
N =

) .

where v — shear rate [s7!], w — angular velocity (spindle) [rad/s], Rc — vessel radius [cm], Ry, —
radius (spindle) [cm], X — radius at which the shear rate is being calculated [cm].

From the calculation results in Eq. (2.2), the shear rates are 0.0012s71, 0.0022s71, 0.00555 7,
and 0.01105s™ 1.

3. Results and discussion

3.1. Thermal conductivity

The results of the thermal conductivity test of nanofluids performed with the KD2 Pro
Thermal Properties Analyzer are presented in Fig. 5.

0.1625

01620
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Thermal conductivity [W-m™1.K]
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Corn oil

Content of GNPs [wt%)]

Fig. 5. Thermal conductivity of CO nanofluids with varying concentrations.
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Based on the analysis of the thermal conductivity graph, there is an increase in thermal
conductivity from the control condition (0 %) of 0.1610 W-m~!-K~! to a nanoparticle concen-
tration of @ = 0.30 %, which reaches 0.1620 W -m~!-K~! an increase of approximately 1.24 %.
This may be compared to the research conducted by Vora et al. (2023), where there was an
increase in the value of thermal conductivity in nanofluid AlaO3/castor oil by 17.4 % at a con-
centration of 0.50 wt%. The range of values that are quite varied compared to this study is due
to differences in several factors, such as the type of base fluid, type of nanoparticle and size,
concentration, test temperature, and dispersion stability. Although the increase in this study
is relatively small, it remains in the relevant category in MQL. This increase indicates a posi-
tive relationship between nanoparticle concentration and thermal conductivity: the higher the
nanoparticle concentration (higher @), the greater the thermal conductivity (Manikandan &
Nanthakumar, 2024). Although there is a small decrease at ® = 0.15% (0.1607 W -m~!. K1),
which is common in nanofluids, overall, the thermal conductivity remains stable. This indicates
that the addition of nanoparticles can increase thermal conductivity by expanding the surface
area for heat transfer, although an increase in fluid viscosity also occurs (Kim et al., 2015).

In general, the increase in thermal conductivity of nanofluids is influenced by several factors,
namely: the concentration of nanoparticles, the type of nanoparticle material, and temperature
(Bertolini et al., 2021; Halelfadl et al., 2013). Nanoparticles with high thermal conductivity will
be more effective in increasing the thermal conductivity of nanofluids compared to nanoparti-
cles that have low thermal conductivity (Jang et al., 2022). In addition, the higher the con-
centration of nanoparticles in the fluid, the higher the thermal conductivity of the nanofluids.
A moderate increase in thermal conductivity in GNP-rich CO nanofluids will be very beneficial
for improving cooling capabilities in the machining process. With higher thermal conductivity,
nanofluids can be more effective in transferring heat from the cutting zone, thereby reducing
the cutting temperature and preventing tool wear more effectively.

3.2. Dynamic viscosity

The following are the results of the viscosity test of nanofluids against rotation at temper-
atures of 40°C, 60°C, 80°C, and 100°C (Fig. 6). The purpose of this test is to analyze the
dynamic viscosity at various temperatures against the weight percentage of GNP. The results
obtained in this study will provide the potential for GNP/CO fluid as a cutting fluid used in
machining processes.

The decrease in viscosity at high shear rates provides advantages in the cooling process in
machining. Cooling in the cutting zone increases the high shear rate. This condition allows fluid
to flow more easily at the tool-workpiece interface, thereby minimizing temperature and tool
wear. The highest viscosity is produced at a weight percentage of 0.20 % GNP at all tempera-
tures, while the lowest is produced in pure CO. The addition of nanoparticles to the CO solution
increases the GNP concentration, resulting in a higher dynamic viscosity value for the nanofluid.
However, the increase in dynamic viscosity with increasing concentration is not always linear or
significant, especially at higher concentrations or in systems with complex interparticle interac-
tions (Yahya et al., 2024). In addition, the increase in viscosity is also caused by the presence of
van der Waals attraction forces, where the inhibition of non-particle agglomeration occurs due
to electrostatic repulsion caused by the presence of surfactants. Increasing the concentration
of GNP will make the attractive force become more dominant than the repulsive force, caus-
ing agglomeration in the nanoparticles (Ebrahim et al., 2023). Agglomeration in nanoparticles
requires a greater force to separate the dispersed particles so that the internal shear stress in
the nanofluid increases. This condition will linearly increase the viscosity (Miiller et al., 2021).
Dynamic viscosity in cutting fluid applications plays a very important role, especially in thermal
characteristics. In addition, cutting fluid with the right viscosity will provide a high film layer
in the machining process, thereby minimizing tool wear.
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Fig. 6. Dynamic viscosity of cutting fluid versus shear rate at different temperatures:
(a) 40°C; (b) 60°C; (c) 80°C; (d) 100°C. The case ¢ = 0% (corn oil (CO)) represents the base cutting

fluid without GNPs, and legends indicate GNP concentrations (2 = 0.10 % to 0.30 %).

Viscosity decreases with an increasing shear rate (Fig. 6 and Fig. 7). This behavior exhibits
pseudoplastic characteristics commonly found in nanofluids. In machining processes, this be-
havior is crucial because the contact area between the tool surface and the workpiece is very
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without GNPs, and legends indicate GNP concentrations (@ = 0.10 % to 0.30 %).
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large, causing the fluid to become thinner and accelerate flow in the cutting area, minimizing
temperature and cooling efficiency. Conversely, under low shear rate conditions (before contact
with the workpiece), the viscosity is relatively high, resulting in the formation of a strong film
layer. The combination of high viscosity at low shear rates and low viscosity at high shear rates
provides optimal protection and minimizes tool wear.

Under these conditions, in Fig. 7, the shear rate was kept constant between 0.0011s~! and
0.011s~!, with a temperature range from 30°C to 100°C. The graph shows that viscosity de-
creases with increasing temperature at all shear rates. This decrease is caused by the increase in
kinetic energy of fluid molecules at high temperatures, resulting in a weakening of intermolecular
adhesion forces (La Mantia et al., 2021). In general, Fig. 7 shows that viscosity decreases at high
temperatures but remains stable up to 100 °C. This condition is also important in MQL cooling
because high temperatures can reduce film thickness. However, because the viscosity decrease
occurs in a controlled manner, the flow and distribution of the lubricant on the tool surface
remain uniform.

3.3. Rheology

The results of the nanofluid rheology test can be seen in Fig. 8, which presents the relationship
between shear stress and shear rates for GNP /CO nanofluid, showing that shear stress increases
linearly with the shear rate at various temperatures. The Ostwald—de Waele method relates
to the relationship between shear stress and the shear rate, which is used in calculating the
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consistency index (m) and flow index (n). A flow index less than 1 indicates pseudoplastic
behavior. Pseudoplastic behavior is characterized by a decrease in viscosity as the shear rate
increases. Conversely, a flow index greater than 1 indicates dilatant flow, where an increase in
the shear rate is followed linearly by viscosity (Chehadeh et al., 2023).

At concentrations >0.20 wt%, the n value drops below 1 (e.g., 0.867 at 0.30 wt%), indicating
a more dominant pseudoplastic behavior. This property is beneficial in increasing fluid penetra-
tion in the micro-contact area between the tool and the workpiece, where high friction and heat
concentration occur.

Table 2 and Fig. 9 show that the power law index value at GNP percentage of 0.10% to
0.20 % deviates from 1 (0.937-0.974). This value is still within the experimental uncertainty limit
(£0.05), so it can be categorized as almost Newtonian, where the viscosity is relatively stable

Table 2. Power law index (n) and consistency index (m).

T
GNP [wt%] | Index emperature
40°C | 60°C | 80°C | 100°C
0 m 26.588 | 17.422 | 25.000 | 11.783
n 0.926 | 0.898 1 0.915
0.10 m 42.151 | 42.151 | 22.465 | 14.864
' n 0.969 | 0.969 | 0.953 0.936
015 m 44.944 | 28.795 | 8.995 | 16.743
' n 0.973 | 0.934 | 0.809 0.941
0.20 m 46.918 | 30.664 | 26.329 | 18.568
' n 0.974 | 0.937 | 0.958 0.945
0.25 m 48.170 | 31.194 | 16.103 | 9.413
' n 1.017 | 0.963 | 0.904 0.869
0.30 m 78.187 | 13.725 | 18.568 | 8.148
' n 1.075 | 0.867 | 0.945 0.841
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Fig. 9. Power law index against temperature for corn oil (CO, & = 0 %) and nanoparticle-enhanced fluids
with volume fractions & = 0.10 % to 0.30 %.
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against changes in the shear rate. This stability is crucial for low-pressure MQL lubrication
systems because it ensures a constant flow from the nozzle into the cutting zone area, prevents
spray fluctuations, and produces a uniform lubricant film (Gomez et al., 2022).

Furthermore, Fig. 10 shows the relationship between the consistency index and temperature.
The consistency index appears to decrease with increasing temperature. This condition indicates
that with increasing temperature, fluid mobility also decreases and has an impact on reducing
resistance in flowing fluid. Increasing temperature causes molecules in the fluid to move faster, re-
duces interactions between molecules as well as fluid viscosity. In addition, this generally occurs
in pseudoplastic fluids (power law), where the dynamic viscosity value decreases exponentially
with temperature, whereas according to the Arrhenius model, this is a normal effect based
on increasing molecular energy and the release of internal structural networks (Adebowale &
Sanni, 2013; Ahmed & Ramaswamy, 2003). Furthermore, the decrease in temperature under
MQL conditions increases cooling efficiency because the fluid flows more easily and absorbs heat
at high temperatures. However, this tendency needs to be optimized to avoid compromising the
strength of the lubricant film at extreme temperatures.
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Fig. 10. Consistency index against temperature for corn oil (CO, & = 0%) and nanoparticle-enhanced
fluids with volume fractions @ = 0.10 % to 0.30 %.

4. Conclusion

The purpose of this study was to analyze the thermal conductivity, dynamic viscosity, and
rheological behavior of CO combined with GNPs. The results showed that the highest thermal
conductivity was obtained at a concentration of & = 0.30 wt%, with a value of 0.1620 W -m~" - K1,
This increase in thermal conductivity will provide the nanofluid’s ability to remove heat from the
cutting zone area, thereby reducing cutting temperatures and reducing tool wear. The highest
viscosity value was found at @ = 0.20 wt%, which indicates that increasing the GNP concentra-
tion strengthens the intermolecular attractive forces and encourages particle agglomeration. This
agglomeration requires more energy to maintain dispersion stability, which can affect long-term
performance. Rheological results show that nanofluids at & = 0.10% and @ = 0.20% exhibit
near-Newtonian properties, with a flow index (n) close to 1. This viscosity stability against
changes in the shear rate is very beneficial in the lubrication of machining processes, as it en-
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sures a constant fluid flow in the MQL nozzle and the formation of a uniform lubricant film at
the tool-chip interface. Overall, GNP-CO nanofluid has the potential to be an environmentally
friendly lubricant capable of improving cooling efficiency, reducing friction, and minimizing tool
wear under real-world machining conditions. However, further research is needed to improve
sedimentation stability and long-term dispersion resistance, which are important factors in in-
dustrial applications.

Acknowledgments

This research received funding support from the Ministry of Research and Technology (Di-
rectorate General of Higher Education) through a BPPDN scholarship under contract number
B/67/D.D3/KD.02.00/2019. Furthermore, this research received funding support from the Uni-
versity of Merdeka Malang through the LPPM (Research Institute for Research and Community
Service) in 2025. This research received data analysis and review support from Prof. Mahros
Darsin, S.T., M.Sc., Ph.D., a lecturer at the University of Jember.

References

1. Adebowale, A.-R.A., & Sanni, L.O. (2013). Effects of solid content and temperature on viscosity
of tapioca meal. Journal of Food Science and Technology, 50(3), 573-578. https://doi.org/10.1007/
s13197-011-0363-7

2. Ahmed, J., & Ramaswamy, H.S. (2003). Effect of high-hydrostatic pressure and temperature
on rheological characteristics of glycomacropeptide. Journal of Dairy Science, 86(5), 1535-1540.
https://doi.org/10.3168/jds.S0022-0302(03)73738-2

3. Arsene, B., Gheorghe, C., Sarbu, F.A., Barbu, M., Cioca, L.-1., & Calefariu, G. (2021). MQL-assisted
hard turning of AIST D2 steel with corn oil: Analysis of surface roughness, tool wear, and manufac-
turing costs. Metals, 11(12), Article 2058. https://doi.org/10.3390/met11122058

4. Bertolini, R., Ghiotti, A., & Bruschi, S. (2021). Graphene nanoplatelets as additives to MQL for
improving tool life in machining Inconel 718 alloy. Wear, 476, Article 203656. https://doi.org/
10.1016/j.wear.2021.203656

5. Caglayan, M.O. (2021). Rheological and tribological characterization of novel modified graphene/oil-
based nanofluids using force microscopy. Microscopy Research € Technique, 84(4), 814-827.
https://doi.org/10.1002/jemt.23641

6. Chehadeh, D., Ma, X., & Al Bazzaz, H. (2023). Recent progress in hydrotreating kinetics and
modeling of heavy oil and residue: A review. Fuel, 334(1), Article 126404. https://doi.org/
10.1016/j.fuel.2022.126404

7. Da Silva, R.B., Vieira, J.M., Cardoso, R.N., Carvalho, H.C., Costa, E.S., Machado, A.R., & De
Avila, R.F. (2011). Tool wear analysis in milling of medium carbon steel with coated cemented
carbide inserts using different machining lubrication/cooling systems. Wear, 271(9-10), 2459-2465.
https://doi.org/10.1016/j.wear.2010.12.046

8. Debnath, S., Reddy, M.M., & Yi, Q.S. (2014). Environmental friendly cutting fluids and cool-
ing techniques in machining: A review. Journal of Cleaner Production, 83, 33—47. https://doi.org/
10.1016//j.jclepro.2014.07.071

9. Ebrahim, S.A., Pradeep, E., Mukherjee, S., & Ali, N. (2023). Rheological behavior of dilute graphene-
water nanofluids using various surfactants: An experimental evaluation. Journal of Molecular Liquids,
370, Article 120987. https://doi.org/10.1016/j.molliq.2022.120987

10. Gémez-Merino, A.I., Jiménez-Galea, J.J., Rubio-Herndndez, F.J., & Santos-Réez, I.M. (2022). Ex-
perimental assessment of thermal and rheological properties of coconut oil-silica as green additives
in drilling performance based on minimum quantity of cutting fluids. Journal of Cleaner Production,
368, Article 133104. https://doi.org/10.1016/j.jclepro.2022.133104

11. Gunjal, S.U., & Patil, N.G. (2018). Experimental investigations into turning of hardened AIST 4340
steel using vegetable based cutting fluids under minimum quantity lubrication. Procedia Manufac-
turing, 20, 18-23. https://doi.org/10.1016/j.promfg.2018.02.003


https://doi.org/10.1007/s13197-011-0363-7
https://doi.org/10.1007/s13197-011-0363-7
https://doi.org/10.3168/jds.S0022-0302(03)73738-2
https://doi.org/10.3390/met11122058
https://doi.org/10.1016/j.wear.2021.203656
https://doi.org/10.1016/j.wear.2021.203656
https://doi.org/10.1002/jemt.23641
https://doi.org/10.1016/j.fuel.2022.126404
https://doi.org/10.1016/j.fuel.2022.126404
https://doi.org/10.1016/j.wear.2010.12.046
https://doi.org/10.1016/j.jclepro.2014.07.071
https://doi.org/10.1016/j.jclepro.2014.07.071
https://doi.org/10.1016/j.molliq.2022.120987
https://doi.org/10.1016/j.jclepro.2022.133104
https://doi.org/10.1016/j.promfg.2018.02.003

56

P. Eka Setyawan et al.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Halelfadl, S., Estellé, P., Aladag, B., Doner, N., & Maré, T. (2013). Viscosity of carbon nanotubes
water-based nanofluids: Influence of concentration and temperature. International Journal of Ther-
mal Sciences, 71, 111-117. https://doi.org/10.1016/j.ijthermalsci.2013.04.013

Jang, J.-u., Nam, H.E., So, S.O., Lee, H., Kim, G.S., Kim, S.Y., & Kim, S.H. (2022). Thermal
percolation behavior in thermal conductivity of polymer nanocomposite with lateral size of graphene
nanoplatelet. Polymers, 14(2), Article 323. https://doi.org/10.3390/polym14020323

Kim, S.Y., Noh, Y.J., & Yu, J. (2015). Thermal conductivity of graphene nanoplatelets filled compos-
ites fabricated by solvent-free processing for the excellent filler dispersion and a theoretical approach
for the composites containing the geometrized fillers. Composites Part A: Applied Science and Man-
ufacturing, 69, 219-225. https://doi.org/10.1016/j.compositesa.2014.11.018

La Mantia, F.P., Titone, V., Milazzo, A., Ceraulo, M., & Botta, L. (2021). Morphology, rheologi-
cal and mechanical properties of isotropic and anisotropic PP/rPET/GnP nanocomposite samples.
Nanomaterials, 11(11), Article 3058. https://doi.org/10.3390/nano11113058

Manikandan, S., & Nanthakumar, A.J.D. (2024). Development of a predictive model for thermal con-
ductivity in graphene nanoplatelets-infused damper oil using ANN/RSM. Thermal Science, 28(5B),
4235-4247. https://doi.org/10.2298/TSCI231130152M

Manikanta, J.E., Naga Raju, B., & Satankar, R.K. (2024). Development and characterization of novel
green cutting fluids with nano-additives. Periodica Polytechnica Mechanical Engineering, 68(4), 304—
311. https://doi.org/10.3311/PPme.23466

Miiller, M., Stahl, L., Arafat, R., Madanchi, N., & Herrmann, C. (2021). A case study on the observ-
ability of cutting fluid flow and the associated contact mechanics in scaled rough surfaces. SN Applied
Sciences, 8(5), Article 570. https://doi.org/10.1007/s42452-021-04572-x

Park, K.-H., Ewald, B. & Kwon, P.Y. (2011). Effect of nano-enhanced lubricant in minimum
quantity lubrication balling milling. Journal of Tribology, 133(3), Article 031803. https://doi.org/
10.1115/1.4004339

Ramén-Raygoza, E.D., Rivera-Solorio, C.I., Giménez-Torres, E., Maldonado-Cortés, D., Cardenas-
Alemén, E., & Cué-Sampedro, R. (2016). Development of nanolubricant based on impregnated mul-
tilayer graphene for automotive applications: Analysis of tribological properties. Powder Technology,
302, 363-371. https://doi.org/10.1016/j.powtec.2016.08.072

Samuel, J., Rafiee, J., Dhiman, P., Yu, Z.-Z., & Koratkar, N. (2011). Graphene colloidal suspensions
as high performance semi-synthetic metal-working fluids. The Journal of Physical Chemistry C,
115(8), 3410-3415. https://doi.org/10.1021/jp110885n

Uysal, A. (2017). An experimental study on cutting temperature and burr in milling of ferritic stain-
less steel under MQL using nano graphene reinforced cutting fluid. Advanced Materials Proceedings,
2(9), 560-563. https://doi.org/10.5185/amp.2017/038

Vora, V., Sharma, R.K., & Bharambe, D.P. (2023). Investigation of rheological and thermal conduc-
tivity properties of castor oil nanofluids containing graphene nanoplatelets. International Journal of
Thermophysics, 44(10), Article 155. https://doi.org/10.1007/s10765-023-03264-5

Wang, B., Yang, Q., Deng, J., Hou, N., Wang, X., & Wang, M. (2022). Effect of graphene nanopar-
ticles and sulfurized additives to MQL for the machining of Ti-6Al-4 V. The International Journal
of Advanced Manufacturing Technology, 119(5-6), 2911-2921. https://doi.org,/10.1007/s00170-021-
08348-w

Yahya, M.N., Mohd Norddin, M.N.A., Ismail, I., Rasol, A.A.A., Risal, A.R., Yakasai, F., Oseh, J.O.,
Ngouangna, E.N.; Younas, R., Ridzuan, N., Mahat, S.Q.A., & Agi, A. (2024). Graphene nanoplatelet
surface modification for rheological properties enhancement in drilling fluid operations: A review.
Arabian Journal for Science and Engineering, 49(6), 7751-7781. https://doi.org/10.1007/s13369-
023-08458-5

Manuscript received August 8, 2025; accepted for publication November 21, 2025;
published online February 13, 2026.


https://doi.org/10.1016/j.ijthermalsci.2013.04.013
https://doi.org/10.3390/polym14020323
https://doi.org/10.1016/j.compositesa.2014.11.018
https://doi.org/10.3390/nano11113058
https://doi.org/10.2298/TSCI231130152M
https://doi.org/10.3311/PPme.23466
https://doi.org/10.1007/s42452-021-04572-x
https://doi.org/10.1115/1.4004339
https://doi.org/10.1115/1.4004339
https://doi.org/10.1016/j.powtec.2016.08.072
https://doi.org/10.1021/jp110885n
https://doi.org/10.5185/amp.2017/038
https://doi.org/10.1007/s10765-023-03264-5
https://doi.org/10.1007/s00170-021-08348-w
https://doi.org/10.1007/s00170-021-08348-w
https://doi.org/10.1007/s13369-023-08458-5
https://doi.org/10.1007/s13369-023-08458-5

JOURNAL OF THEORETICAL
AND APPLIED MECHANICS

64, 1, pp. 57-70, Warsaw 2026
https://doi.org/10.15632/jtam-pl/215405

PHYSICS-INFORMED NEURAL NETWORKS FOR INHOMOGENEOUS
SWELLING ANALYSIS OF DUAL-LAYER GELS WITH CHAIN
ENTANGLEMENT EFFECTS

Hengdi SU, Feifei SONG, Chengjin SUN, Jianjun ZHANG*

College of Information and Management Science, Henan Agricultural University, Zhengzhou, China

*corresponding author, zjj@henau.edu.cn

A field theory incorporating Edwards—Vilgis slip-link elasticity with Flory—Huggins mixing is
developed for dual-layer gels containing rigid cores, capturing chain entanglement effects neglected
by Neo-Hookean models. Physics-informed neural networks (PINNs) transform complexities of han-
dling interfacial constraints into a neural network optimization problem, thereby reducing both algo-
rithmic complexity and implementation requirements. Systematic parametric studies demonstrate
that micromaterial parameters critically govern stress distributions, solvent concentration profiles,
and swelling behavior. The framework enables precise control of target solvent concentrations and
equilibrium configurations through optimal micromaterial parameter selection and thickness ratio
design in dual-layer spherical gel systems.
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1. Introduction

Upon contact with a network of hydrophilic crosslinked polymer chains, solution molecules
become enmeshed within the network due to intermolecular attractions, leading to volumet-
ric expansion through solution imbibition. This hydrated, expanded state is characteristically
termed a polymeric gel, which exhibits high solvent uptake and substantial swelling ratios, en-
abling applications in tissue engineering (Khan et al., 2024), self-folding structures (Zhao et al.,
2021), and soft robotics (Lopez-Diaz et al., 2024). Their programmable deformation capabilities
and tunable mechanical properties establish gels as essential materials for interdisciplinary tech-
nological advancement. In many applications, gels are commonly interfaced with diverse materi-
als to create composite gel systems (Yang et al., 2020), including gel-metal, gel-gel, and gel-tissue
interfaces. Spherical gel shells coating a rigid core have been extensively studied due to their
broad utility in soft matter and biomedical applications (Ballauff & Lu, 2007). However, single-
layer gels often lack the functional versatility required to satisfy multiple design criteria. In con-
trast, multilayer gels offer a compelling solution by enabling spatially tailored properties across
distinct layers. For example, Yan et al. (2021) developed a chitosan/silver nanoparticle multilayer
gel that exploits chitosan’s capacity to adsorb and stabilize metal salts, coupled with the antimi-
crobial action arising from silver-ion diffusion. In gel micro-valves, a relatively stiff outer layer is
particularly beneficial, as it induces compressive radial stresses that stabilize the core-shell struc-
ture and reduce wear and degradation of the softer inner gel. The preparation, characterization
and application of multilayer gels have been comprehensively reviewed by (Jin et al., 2021).

When subjected to external mechanical constraints during equilibration, these gels typically
develop inhomogeneous and anisotropic swelling deformations characterized by non-uniform sol-
vent distribution. To better harness these gel systems, many theories have been established
to elucidate and interpret the swelling behavior of gel systems under diverse mechanical con-
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straints. Zhao et al. (2008) characterized the inhomogeneous and anisotropic equilibrium be-
havior in spherical gel shells adhered to rigid core materials, demonstrating how mechanical
constraints in core-shell architectures influence swelling patterns. Morimoto and Ashida (2015)
investigated bilayer gel systems comprising two thermally responsive hydrogel layers with differ-
ential swelling properties, observing spontaneous bending upon immersion in solution at specific
temperatures. Ahmadi et al. (2020) conducted quantitative analyses of displacement fields, stress
distributions, and solvent concentration gradients in bi-layered spherical hydrogels bonded to
rigid cores. Wu and Zhong (2013) systematically evaluated the swelling equilibrium states of
core-shell-coating gel structures.

The aforementioned theoretical frameworks characterizing deformation phenomena of gel
systems are predominantly formulated within continuum mechanics principles, employing the
Flory—Rehner free energy function as the fundamental constitutive relation that governs the ma-
terial response. This idealized formulation integrates the Gaussian chain model to characterize
the elastic response of polymer networks with the Flory—Huggins solution theory to account
for polymer-solvent mixing energetics. Despite its widespread application in modeling vari-
ous chemo-mechanical coupling phenomena in polymer gels, the classical Flory—Rehner model
employs a Neo—Hookean representation for the network stretching free energy, which notably
neglects chain extensibility limitations. To address this limitation, Chester and Anand (2010)
developed a refined theory based on non-Gaussian statistical mechanics of polymer chains. While
this non-Gaussian approach offers a more physically realistic representation compared to Gaus-
sian statistics, it fails to incorporate the significant effects of chain entanglements — a crucial
consideration given that these entanglements are ubiquitous in actual gel networks due to the
fundamental uncrossability of network chains. These uncrosslinked polymer chain interactions,
termed slip-links, represent inevitable structural features in hydrogel preparation, as the forma-
tion of defect-free chemically cross-linked polymer networks remains practically unattainable.
Numerous models have been developed to characterize the entanglement effects in cross-linked
polymer networks. Among these, the Edwards—Vilgis slip-link model (Edwards & Vilgis, 1986)
has been shown to exhibit the strongest agreement with experimental results, as demonstrated
by comparative analyses with experimental data (Urayama et al., 2003). Yan and Jin (2012)
propose a novel hybrid free energy function for polymeric gels that combines the Edwards—
Vilgis slip-link model of elasticity with the Flory—Huggins mixing formulation, by which some
elementary deformation scenarios in single-component gel segments are carried out, showing
good agreement with experimental results.

In this work, we systematically investigate the influence of entanglements on the inhomoge-
neous and anisotropic swelling behavior of dual-layer gels containing rigid cores, and establish
a rigorous framework for the design and optimization of micromechanical properties and thick-
ness ratios in dual-layer gel systems, enabling precise control over target solvent concentrations
and sealing-induced stresses.

Traditionally, complex phenomena in gel systems have been analyzed using finite element
methods. However, these conventional numerical approaches require iterative solution procedures
when addressing differential equations with interface continuity conditions, which necessitate
the successive resolution of the governing equations at each iteration step, resulting in increased
computational complexity and implementation overhead (Abdolahi et al., 2017). Furthermore,
these mesh-based methods necessitate the discretization of the computational domain into mesh
points, approximating solutions at these discrete locations while yielding results with limited
differentiability.

Recent years have witnessed a transformative application of artificial neural networks (ANNs)
— also known as deep neural networks (DNNs) or deep learning (DL) — across numerous disci-
plines including image classification, handwriting recognition, speech processing, and computer
vision. These computational paradigms have subsequently emerged in scientific computing, par-
ticularly for solving partial differential equations (PDEs). Among these approaches, physics-
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informed neural networks (PINNs) have become a prominent methodology for training DNN-
based solutions to PDEs and have been successfully applied to various engineering challenges
(Diao et al., 2023; Raissi et al., 2019). In our prior work (Su et al., 2021; 2022), we employed
a deep learning approach to model the swelling behavior of core-shell gel responding to envi-
ronmental stimuli. The inherent flexibility in defining DNNs, coupled with significant advances
in algorithmic efficiency, positions DNNs as a compelling alternative for PDE solution approxi-
mation.

In this study, we employ PINNSs to investigate the swelling behavior of dual-layer gels. The in-
terface continuity conditions are elegantly incorporated into the loss function alongside other gov-
erning physical laws, thereby transforming the complexities of solving governing equations with
interface continuity conditions into a neural network optimization problem. This approach repre-
sents a significant paradigm shift in computational mechanics, where traditional numerical chal-
lenges are reframed within the well-established domain of deep learning optimization techniques.
Furthermore, PINNs generate closed-form, analytically differentiable solutions — a substantial ad-
vantage for subsequent calculations compared to the discrete or limited-differentiability solutions
offered by conventional methods. Moreover, the near-mathematical syntax facilitated by Tensor-
Flow or PyTorch frameworks enhances both implementation clarity and accessibility. Last but
not least, PINNs efficiently leverage modern parallel computing architectures, enabling effective
deployment across multiple graphics processing units (GPUs) or tensor processing units (TPUs).

The remainder of this paper is organized as follows: Section 2 presents a comprehensive
theoretical framework for modeling the inhomogeneous and anisotropic swelling behavior of
dual-layer spherical gels containing rigid cores, with particular emphasis on the incorporation of
chain entanglement effects through the Edwards—Vilgis slip-link model. Section 3 introduces the
PINN methodology specifically adapted for solving the dual-layer gel problem. Section 4 pro-
vides a systematic investigation of the influence of micromaterial parameters on the mechanical
behavior of dual-layer gel systems.

2. Model description

2.1. Kinematic relations and equilibrium equations

In Fig. 1, we present a schematic illustration of inhomogeneous swelling deformations in
a dual-layer spherical gel system with distinct micromaterial parameters. The reference state
(Fig. 1a) depicts two stress-free dry spherical gels perfectly adhered to a rigid core. Gel 1 occupies
the inner layer region BM) between radii Ri, and Rinter, while gel 2 forms the outer layer region
between Ripter and Royut. Let x(s), s = 1,2 be first-order tensor fields denoting the deformation
mappings from the regions B(®) into their deformed states occupying the regions B(*) (throughout
the subsequent analysis, where the superscript s appears without explicit specification of its
range, it is understood to take values s = 1,2, corresponding to the respective gel layers). Upon
immersion in a solvent with chemical potential © = 0, the system reaches equilibrium with

(a

Naiy

Dry gels: pp=-00 ()| Solution: nw=0

Gel layer s=2

Gel layer s=1

Fig. 1. Schematic illustration of a dual-layer gel containing a rigid core: (a) fluid-free and stress-free
state serving as the reference configuration; (b) swollen state reaches equilibrium with the surrounding
solution.
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the external solution (Fig. 1b). Utilizing the orthogonal Cartesian basis vectors e; (i = 1,2, 3),
we formulate a spherical coordinate system eg, e, and e,. The deformation gradient can be
represented by
dr®) () (s
(5) — (5 - M A
F X ®V dR(s)eR®eR—|— R(S)e9®eg+ R(S)e¢®e@, (2.1)
where () represents the radial coordinate of the bilayer gels in a swollen state. The principal
stretches in the radial and hoop directions are, respectively, defined as
NI LN SRS
R dR(s)’ 0 ® R(s)’

(2.2)

The incompressibility of all molecular constituents within the gel system yields a volumetric
constraint wherein the total gel volume equals the sum of the dry polymer network volume and
the volume of absorbed solvent molecules. This relationship can be mathematically expressed as

1+0C® = det F® = J) (2.3)
where v is the volume per solvent molecule, and C'®) denotes the solvent concentration in gel s.
The swelling mechanics of this structure can be characterized as follows: near the core-gel
interface, the rigid core constrains hoop direction swelling while permitting radial stretching.
Due to the dissimilar micromaterial parameters of gel 1 and gel 2, their respective swelling
behaviors differ significantly, generating interfacial forces between the two layers. These forces
either promote separation or cohesion between the gels. However, since the two gel layers are
perfectly bonded, they must accommodate each other’s deformation, maintaining identical ra-
dial displacement magnitudes at their interface. Phenomena such as asymmetric deformations,
interfacial debonding, and fracture are beyond the scope of the current research.
In the absence of body forces, the conservation of linear momentum reduces to the equilibrium
equations:

P®) .V =0, (2.4)

where P®®) represents the nominal stress tensor, also known as the first Piola—Kirchhoff stress
tensor.

The nominal stress tensor in each gel layer, expressed in the spherical coordinate system,
takes the form:

PG — P](%S)eR ®egr + Pe(s)eg ®ep+ Pés)e(p ® €. (2.5)

Upon substitution of Eq. (2.5) into the equilibrium equation (2.4) and simplification, we obtain
the governing differential equation:

AP 2 6 e
O (P - Py7) =0, (2.6)

Under the assumption of spherically symmetric deformations and perfectly bonded interfaces
between the core-gel and gel-gel, the boundary conditions can be formulated as

M) (Riw) =1, Py (Row) =0, 2.7)

including the following interface continuity conditions:

P](Dbl) (Rinter) = P}(;?) (Rinter)7 )‘él) (Rinter) == )\é2) (Rinter)' (28)

2.2. Constitutive equations

Let W) denote the Helmholtz free energy density of the gel s. Assuming the gel s is in
equilibrium state characterized by the displacement field x(*) and solvent concentration field C(®),
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thermodynamic principles stipulate that the variation in the gel’s free energy must equate to the
work exerted by external mechanical force and solvent, as encapsulated by
/ SWE qv = / POING o) dA + / sC) av, (2.9)
B(s) oB(s) B(s)
where N() denotes the unit vector normal to the boundary dB®) of the reference configura-
tion B(®),

Under the assumption that the free energy density function W) depends on the deformation
gradient F(¥) and solvent concentration C'®) applying the divergence theorem to Eq. (2.9) yields:

(s) (o)
/<%¥(S) —P(S)) SF®) Qv+ /(P<s>.v) 5x<5>dv+/<?g<s) —u) sC AV = 0. (2.10)

B(s) B(s) B(s)

The middle term in Eq. (2.10) vanishes upon application of the equilibrium Eq. (2.4). Conse-
quently, Eq. (2.10) boils down to the constitutive equations:

OW () p(s) OW ()

Following Flory and Rehner (1943), the Helmholtz free energy of the gel takes the form:
we —w pwl), (2.12)
where Wrg( arises from mixing the polymers with the solvent molecules and S(tsr) from stretching

the gel network.
Flory (1942) and Huggins (1941) developed the expression for the free energy of mixing:

) _ KT oy (14 L X 2.1
Wmix v <UC n + UC(S) + 1—|—UC(S) ) ( . 3)

where x represents a dimensionless parameter quantifying the enthalpy of mixing and kT the
temperature in the unit of energy. For good solvents, the parameter x typically falls within
the range of 0.1 to 0.5. In our subsequent numerical calculations, we will set x = 0.1.

Including the molecular incompressibility constraint, the free energy of mixing can be refor-
mulated as

s T
w _ kT
v

J®
LX

(s) _
(J 1) log 1T 70

(2.14)

mix

Taking into account the effect of polymer chain entanglements (Edwards & Vilgis, 1986), the
Helmholtz free energy contribution attributable to the stretching of the network is formulated as

W = %Ns(s)kT In (1 = (a<5>)2 3 (AES))2>
(1 — (04(3))2> > ()\1(5)>2
s ()

()\Z(s)>2 (1 +77(S)) (1 _ (a(s))2>

(140 0)) (1 o (4)

2) +ln (1 + (AP)Q) ,

(2.15)
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where NC(S) and Ngs) denote the crosslink and slip-link concentrations, respectively, a(®) char-
acterizes the inextensibility parameter, n®) is the slippage parameter, and )\ES) (i =1,2,3)
represent the principal stretches.

Let C®) = (F(S))T F®) be the right Cauchy—Green deformation tensor. The principal invari-
ants of C®®) can be written as

= () () ()
- 6 (0 + 0 (09" ()" ()’ o
- 6 () (9 - ()

Combining Eqs. (2.15) and (2.16) yields

(1— ()21
1— (a(s))QII(S)

wi (1, 17,00 = %Nc(s)kT

str

+In(l— (a<s>)21{5>)]

1 s s S s s s S
+ 5Nk In ((1 + OIS 4 (2L 4 ()3 (¢ >)2) (1 — (a2 ))}
- INGRr ( 1+ 2917 4 302 (J )2 > ((1 +1%) (1- (“)?) )] .
2 L1+ )21 + ()3 ()2 1 ()21}
(2.17)
Applying the Legendre transformation to the Helmholtz free energy yields
W =we — 0, (2.18)
Thus, the constitutive Egs. (2.11) can be rewritten as
W) W)
() = W () - I (2.19)
OF(s) o

By setting the chemical potential to zero and integrating Eqs. (2.18) and (2.19), we obtain
o WO aw® arY  ack) I o1 act) LI 9
 9F() 3158) HC(s)  GF(s) 8[2(8) OC6) T gF(B)  9.J(s) gF(s)

.y OW () (®) aw(S)( aW(S)l
9J() 2

o1 a1y

[PFE —F(S)(C(S))T) + JOES)T (2.20)

3. Physics-informed neural networks

As shown in Fig. 2, two DNNs serve as ansatz functions to approximate the stretch fields
within the bilayer gel system. The input layer receives position coordinates R(*), while the output

)

layer yields the corresponding radial and hoop stretches, )\S) and)\(gs , respectively (without

causing notational ambiguity, we still use the notations )\g) and )\((f) to represent their DNN
ansatzes in this section).

FEach DNN architecture incorporates six hidden layers, with each layer containing 20 neurons
and employing hyperbolic tangent activation functions. The output layer utilizes linear activation
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Physics-informed module

Loss function

Fig. 2. Architecture of PINNs composed of DNNs and physics-informed module.

to ensure unbounded stretch predictions. Denoting the s-th DNN system as N (), the primary
field variables (solutions) of the mechanical problem are expressed as

25 287] Lo (RO, W), (3.1)

where W) represents the collection of trainable weights and biases associated with the s-th DNN.
The residual terms for the kinematic relations and equilibrium equations are formulated as

) dxg”

Resigy, = Ai = Ay — RO 2o,

(3.2)

dP(S) 9
() — R _2 (pl)_ ps)
Resge, 1R + 70 (PR Py )7

where the stress components P](;) and PQ(S) are determined by substituting the DNN predic-

tions /\S) and Aés) into the constitutive relations. The spatial derivatives of the DNN predictions
are computed using automatic differentiation capabilities within the TensorFlow framework.

In conventional supervised learning paradigms, prediction accuracy is fundamentally con-
strained by training data availability. To mitigate this limitation, physics-informed approaches
have been developed that incorporate governing physical laws as constraints. These constraints
are enforced through penalty terms in the loss function, which regularize the solution by penal-
izing predictions that violate fundamental physical principles.

The physics-informed module in Fig. 2 systematically encodes prior knowledge, including
kinematic relations, equilibrium equations, and boundary conditions, into the composite loss
function:

(1

2
Loss = Lossk :

) + Loss() + Lossl({

n equ

where Lossl(i)1 and Lossgfl)u represent loss contributions from kinematic relations and equilib-

rium equations for the s-th gel layer, respectively, and Lossgc encompasses boundary condition
constraints, including interface continuity requirements. The conventional numerical methods

)+ Lossgl)u + Losspc, (3.3)

n
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encounter considerable inconvenience in handling these interface continuity conditions. In the
present work, these conditions are directly encoded into the physics-informed neural network
(PINN) framework, thereby transferring the complexities to the process of minimizing the asso-
ciated loss function.

The individual loss terms are evaluated using mean square error formulations:

N(s)
s 1 s s s 2
LOSSf{ir)l = N(S) Z ‘Resl({lr)l(Rz( )’W( ))) )
=1
N(s)
Loss(®) = 1 Z ’Res(s) (R(S)-W(S))}2
geo = 7(s) -~ geo\ Ll J (3.4)

2 2
Losspc = ‘)\él)(Rin) - 1‘ + ‘P}g)(Rout)

2

)

+ ‘Aél) (Rinter) - )\§2) (Rinter)

N(s)
where {RES) denotes the set of collocation points for training the s-th neural network.

=1
The composite loss function is minimized using the Adam optimization algorithm, a gradient-

based adaptive learning rate method implemented within the TensorFlow computational envi-
ronment. During the training process, primary variables )\E{;) and )\és) that deviate from pre-
scribed physical constraints are penalized, thereby guiding the DNN approximations toward
physically consistent results. This approach ultimately yields DNN-based solutions that satisfy
the underlying physics constraints.

To enable a comparison with the PINN result, we computed a classical numerical solution
using the shooting method. In the absence of entanglements (NS(S) = o) =yl = 0), we
set vN) = 0.009 and N = 0.001. We initially assume A (Ri,) = 2. Combined with the
boundary condition T(l)(Rin) = Rin, we solve Eq. (2.6) for s = 1. The solution yields r2 (Rinter),
which is equal to 7()(Riyger). Combined with P}({z) (Rout) = 0, we then solve Eq. (2.6) for s = 2.
Finally, a root-finding algorithm adjusts the initial assumption x until the interface pressure
mismatch PI(%l)(Rimer) — Pg) (Rinter) i minimized. As shown in Fig. 3, the shooting method
results demonstrate good agreement with the PINN predictions.

7

2 Shooting method
— PINNs

l N
4 \ N
3 \& i |

T et
1

1.0 1.5 2.0 2.5 3.0
R/Rin

A

Stretches

Fig. 3. Comparison of results obtained using PINNs and the shooting method.

4. Results and discussion

In this section, PINNs are employed to investigate the influence of micromaterial parameters
on the inhomogeneous deformation, stress distribution, and solvent concentration in dual-layer
spherical gels at equilibrium.
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To examine the effect of slip-links, we maintain constant total concentrations of cross-links
and slip-links in both gel layers, such that vNS(S) + vNc(s) = 0.01 for s = 1,2, while varying
the slip-link fraction defined as K = Ns(s) / (NS(S) + NC(S)). The inextensibility and slippage
parameters are held constant at a(® = 0.1 and n(® = 0.1 for s = 1,2, respectively. Figure 4
illustrates the effects of the slip-link fraction on the radial and hoop stretches and normalized
stresses when the dual-layer gels reach equilibrium. When the slip-link fractions in both layers
are equal (lC(l) = IC(Q)), the dual-layer system reduces to a single gel layer case, resulting in
smooth stretch and stress functions. The upper panels of Fig. 4 demonstrate that near the rigid
core, the hoop stretch remains constant due to core constraints, while the radial stretch increases
substantially. With increasing distance from the core, the hoop and radial stretches converge.
Moreover, the increasing slip-link fraction enhances both radial and hoop stretches. The lower
panels reveal that near the core, the radial stress is tensile and the hoop stress is compressive
due to core constraints. Both stresses diminish toward the outer surface, and their magnitudes
decrease with the increasing slip-link fraction. When the slip-link fractions differ between layers
(KW #£ K@), the behavior changes markedly. The radial stretch function exhibits discontinuity
at the gel-gel interface (vertical dashed line in Fig. 4), whereas the hoop stretch function remains
continuous owing to perfect bonding between the two gel layers. Nevertheless, the hoop stretch
function becomes non-smooth at this interface. For systems with higher slip-link fractions in
the outer layer (K = 0.1, K® = 0.9), the radial stretch decreases with dimensionless radius
R/Ryy, in gel 1, then exhibits a sudden discontinuous increase at the interface, before decreasing
again. The hoop stretch increases with R/R;, in gel 1 and continues growing at an accelerated
rate beyond the interface. Conversely, for systems with lower slip-link fractions in the outer
layer (KU = 0.9, K®) = 0.1), the radial stretch decreases with R/R;, in gel 1, then undergoes
a discontinuous decrease at the interface followed by slight recovery. The hoop stretch increases
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Fig. 4. Effects of slip-link fraction on the stretches (upper panels) and normalized stresses (lower panels)
with a(®) = 0.1 and n(®) = 0.1 for s = 1,2.
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with R/R;, in gel 1 but decreases beyond the interface. The stress distributions show distinct
patterns. For KM = 0.9, K® = 0.1, the radial stress decreases with R/Ryy, in gel 1, transitions
from tensile to compressive at the interface, then increases to zero at the outer surface. The hoop
stress increases with R/R;, in gel 1, discontinuously changes from compressive to tensile at the
interface, then decreases to zero at the outer surface. For K = 0.1, K& = 0.9, both stress
functions nearly coincide with the X = K2 = 0.1 case. Notably, the outer layer with a lower
slip-link fraction exerts greater influence on the inner layer. Both stretch and stress functions in
gel 1 show closer correspondence between cases KM = 0.1, K& = 0.9, and KV = K& = 0.1
compared to cases K = 0.9, K& = 0.1, and KV = K@ =0.9.

The effects of the inextensibility parameter on mechanical behavior are opposite to those
of the slippage parameter, as demonstrated in Fig. 5 and Fig. 6. Increasing the inextensibil-
ity parameter reduces stretches while amplifying stress magnitudes. Conversely, increasing the
slippage parameter enhances stretches and diminishes stress magnitudes. Differences in inexten-
sibility and slippage parameters between gel layers induce abrupt changes at the gel-gel interface.
The upper panels of Figs. 5 and 6 reveal that dual-layer gel systems with lower inextensibility pa-
rameters or higher slippage parameters exhibit a sudden discontinuous increase in radial stretch
at the interface, followed by a subsequent decrease, while the hoop stretch demonstrates accel-
erated growth beyond the interface. In contrast, systems with higher inextensibility parameters
or lower slippage parameters display a sudden discontinuous decrease in radial stretch at the
interface before recovery, accompanied by reduced hoop stretch beyond the interface. The lower
panels of Fig. 5 and Fig. 6 reveal that gel systems with softer inner layers (characterized by
lower inextensibility parameters or higher slippage parameters) exhibit a transition from tensile
to compressive radial stress and from compressive to tensile hoop stress at the gel-gel interface.
This behavior arises from the constraint imposed by the stiffer outer layer on the deformation
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Fig. 5. Effects of inextensibility parameter on the stretches (upper panels) and normalized stresses
(lower panels) with £(*) = 0.1 and (®) = 0.1 for s = 1, 2.
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Fig. 6. Effects of slippage parameter on the stretches (upper panels) and normalized stresses (lower panels)
with £ = 0.9 and a(®) = 0.05 for s = 1, 2.

of the softer inner layer. Conversely, systems with softer outer layers demonstrate an abrupt
reduction in tensile radial stress and a sudden increase in compressive hoop stress, attributed
to the enhanced deformation capacity of the softer outer layer. Both radial and hoop stresses
approach to zero at the outer surface.

Figure 7 demonstrates the influence of micromaterial parameters on the solvent concentra-
tion distribution and equilibrium outer radius of the gel system. The left panels reveal that due
to core constraints, solvent concentration increases with the distance from the core. The solvent
concentration exhibits direct proportionality to the slip-link fraction and slippage parameter,
while demonstrating inverse proportionality to the inextensibility parameter. Dual-layer gel sys-
tems with softer outer layers exhibit discontinuous increases in solvent concentration at the
gel-gel interface, whereas systems with stiffer outer layers display the opposite behavior.

The equilibrium outer radius is crucial for various applications. We maintain a constant total
thickness of the dual-layer gel, (Rout — Rin)/Rin = 2, while varying the thickness ratio of the inner
and outer layers, §(1) / 8@ where §(®) represents the thickness of the s-th layer. The equilibrium
outer radius is plotted as a function of the thickness ratio in the right panels of Fig. 7.

When micromaterial parameters are identical in both layers, the dual-layer gel system reduces
to a single-layer gel system, and varying the thickness ratio does not affect the outer radius since
the total thickness remains constant. Larger slip-link fractions and slippage parameters result in
greater gel swelling, while the inextensibility parameter exhibits the opposite effect. For systems
with softer inner layers, the outer radius increases with the thickness ratio, whereas systems with
softer outer layers demonstrate the opposite trend. The variation range of the outer radius in
dual-layer gel systems does not exceed that of single-layer gel systems. As the thickness ratio
increases, the outer radius of dual-layer gel systems approaches that of the corresponding single-
layer gel system.
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Fig. 7. Effects of slip-link fraction (upper panels, a®) = 0.1 and n® = 0.1 for s = 1, 2), inextensibility

parameter (middle panels, £®) = 0.1 and ®) = 0.1 for s = 1,2), and slippage parameter (lower panels,

K®) = 0.9 and o'*) = 0.05 for s = 1,2) on the distribution of solvent concentration (left panels) and
outer radius of the gel system in equilibrium state (right panels).

5. Conclusion

This investigation presents a comprehensive theoretical and computational framework for
analyzing the inhomogeneous swelling behavior of dual-layer spherical gels containing rigid cores.
By incorporating the Edwards—Vilgis slip-link model, we successfully capture chain entanglement
effects that are ubiquitous in actual gel networks but neglected by traditional Neo—Hookean
formulations. The developed PINN methodology transforms the computational challenges of
interface continuity conditions into an optimization problem, eliminating the need for iterative
coupling procedures typically associated with interface problems, presenting a potentially more
efficient computational paradigm for multi-domain or multi-physics applications.



Physics-informed neural networks for inhomogeneous swelling analysis of dual-layer gels. . . 69

Our systematic parametric analysis reveals that micromaterial parameters significantly in-
fluence mechanical behavior, stress distribution, and solvent concentration profiles. Notably,
parameter disparities between gel layers induce discontinuous radial stretch distributions while
maintaining interface continuity for hoop stretches. The outer layer exerts dominant influence on
the inner layer’s mechanical response. These findings establish a rigorous foundation for rational
design and optimization of dual-layer gel systems, enabling precise control over target solvent
concentrations, stress distributions, and equilibrium outer radii in dual-layer spherical gel sys-
tems. The framework advances fundamental understanding of dual-layer gel mechanics while
providing practical tools for engineering applications in sensors, actuators, and drug delivery
systems.
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An improperly designed pseudo-inclination angle in steeply inclined coal seams can lead to coal
wall spalling and hydraulic support failure. This study establishes mechanical models for initial
and periodic roof fractures under pseudo-inclined mining and derives analytical solutions using the
variational method. The optimal pseudo-inclination angle has been determined to be 5° to 10°.
Field monitoring shows that initial fractures occur at the center of the working face, while periodic
fractures originate in the upper-middle section, where support loads are also highest. These results
validate the mechanical model and offer theoretical guidance for the safe mining of steeply inclined
seams.
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1. Introduction

Steeply inclined coal seams are widely distributed in western and central China, accounting
for approximately 10 % to 20 % of the country’s proven coal reserves (Wu et al., 2020). Due to
their large dip angles, these seams exhibit highly complex mining conditions and are recognized
as a typical category of difficult-to-mine coal seams (Sun et al., 2019). Under steeply inclined
conditions, the downslope component of the gravitational force is enhanced, resulting in signif-
icant shear-induced strata sliding. This leads to pronounced asymmetry and unpredictability
in roof fracture behavior, ground pressure evolution, and support system stability (Xie et al.,
2020). These complex mechanical responses directly influence the effectiveness of roof control,
operational safety, and equipment adaptability. Therefore, elucidating the mechanisms govern-
ing roof fracture and pressure transmission in steeply inclined coal seams holds considerable
theoretical and practical engineering significance.

International research, particularly in the United Kingdom, France, Germany, and Ukraine,
began relatively early and focused on the characteristics of stress distribution and ground pres-
sure evolution during mining in steeply inclined seams (Eremin et al., 2022; Das et al., 2017).
These studies further promoted the development of fully mechanized mining technologies (Rak
et al., 2020; Kumar et al., 2023; Celik et al., 2023; Das et al., 2021), the design of specialized
mining equipment (Proyavkin et al., 1993; Islavath et al., 2016; 2023), and detailed investigations
into post-mining strata deformation and surface subsidence (Do et al., 2017). In China, system-
atic research started in the 1990s and has since supported the transition from non-mechanized
to fully mechanized longwall mining (Luo et al., 2021; Tu et al., 2015), resulting in extensive
engineering experience and research achievements. Existing studies have revealed the temporal
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sequence of roof fracture (Lang et al., 2021), the non-uniformity of goaf filling — an effect that
intensifies with an increasing dip angle and the resulting asymmetric deformation patterns and
shell-like roof structures (Xie et al., 2020). Ground pressure is particularly severe in the central
region of the working face, while the roof weighting intervals vary along the inclination direction
(Yang et al., 2020). The asymmetric stress distribution and shear-dominated deformation ten-
dencies predispose hydraulic supports to instability cases, such as sliding, tilting, reverse tilting,
and torsion (Li et al., 2017), thus further complicating mining operations. Consequently, flexible
shield supports with enhanced anti-slip and anti-shear performance are more suitable for steeply
inclined conditions (Zhao et al., 2022), and lateral constraints must be provided during support
movement to prevent instability (Wang et al., 2016). To mitigate rock ejection and equipment
sliding, a pseudo-inclined face layout has been increasingly adopted in steep seam mining (Pan
et al., 2017), resulting in a parallelogram-shaped rather than rectangular roof structure behind
the working face. The selection of pseudo-inclination angle plays a critical role in roof control
and the stability of the coal wall ahead of the face (Zhang et al., 2025). However, current engi-
neering practices rely mainly on numerical simulations and field experience, lacking a systematic
theoretical framework.

In this study, a mechanical model of an elastic thin plate is established for the basic roof of
a pseudo-inclined working face in steeply inclined coal seams. The deformation characteristics,
principal stress distribution, and the spacing of initial and periodic roof fractures are systemati-
cally analyzed, and a rational range of pseudo-inclination angles is proposed. Theoretical results
are validated using field monitoring data, providing a transferable theoretical basis and engi-
neering reference for optimizing pseudo-inclined layout, predicting roof weighting behavior, and
designing support parameters in steeply inclined coal seam longwall mining.

2. Geological background and technology synopsis

2.1. Geological background

The II4 mining area of the Taoyuan Coal Mine extends approximately 2200 meters along
the strike, with a dip width ranging from 900 to 1500 meters, covering an area of about 2.5km?.
The 1044 working face is located within the no. 10 coal seam in the 114 mining area, as depicted
in Fig. 1a. The coal seam thickness varies between 3.2 and 4.2 meters, with a localized parting
layer ranging from 0 to 0.23 meters. The coal seam dips at approximately 42°. The immediate
roof comprises mudstone and fine sandstone, whereas the floor is predominantly composed of
mudstone. The stratigraphic column of the coal seam is presented in Fig. 1b.

(a) (b)

Mudstone
Coarse
sandstone 75
Mudstone 5.8
Fine
sandstone 3.9
Mudstone 1.8
Coal 3.6
Mudstone 6.2
Siltstone 8.2

Fig. 1. Geological overview of Coal Mine.
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2.2. Technology synopsis

When a steeply inclined working face is arranged along the dip direction of the coal seam,
excessive inclination can cause the advancing conveyor and support movement, particularly
the pushing of the conveyor to shift downward, creating challenges for coal mining operations
(Zhao et al., 2025). The primary issue is that extracted coal tends to slide freely along the
coal seam floor, leading to the formation of flying gangue within the entire mining space, which
poses significant safety hazards to both equipment and personnel. To address these issues, the
1044 working face adopts a pseudo-inclined layout with an inclination angle of 5, as shown
in Fig. la. This layout offers two key advantages. First, coal naturally slides along the coal
wall, reducing potential damage to equipment and minimizing risks to personnel. Second, it
leverages the spatial offset between adjacent supports to balance the upward movement caused
by support advancement with the downward displacement due to the coal seam inclination,
effectively mitigating equipment slippage during the support and conveyor advancement process.

In this working face, the caving method is employed, whereby the goaf is formed as the basic
roof and the immediate roof naturally collapses with face advance, producing an accumulation
of caved rock. In addition, several engineering measures have been incorporated to enhance
equipment stability under mechanized mining conditions on steeply inclined seams. These include
anti-slip structures on the bases of hydraulic supports, increased initial supporting force, lateral
constraint devices between adjacent supports, and anti-slip control within the shearer traction
system, all of which prevent sliding or rolling instability along the dip direction.

3. Mechanical mechanism of main roof fracture

3.1. Mechanical model of the initial fracture

When pseudo-inclined mining is applied to steeply inclined coal seams, as the working face
advances, the main roof fails and collapses into the mined-out area, with the roof forming
a parallelogram that hangs above the cavity. This leads to periodic deformations and failure.
The main roof can be treated as a parallelogram plate for mechanical analysis. Prior to its first
fracture, the main roof behaves as an elastically supported thin plate with four fixed edges. The
load acting on the inclined plate is considered as the resultant of the normal and tangential forces
from the overlying strata. As illustrated in Fig. 2a, the working face has a length of b and an
advancement distance of a, with a roof thickness of h. The rock layer exhibits an inclination angle
of 8, while the working face is oriented at an angle « relative to the horizontal plane. The pseudo-
inclination angle of the working face is 8. As shown in Fig. 2b, the boundaries of the working
face are constrained on all four sides.

Fig. 2. Mechanical model of initial fracture.
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The load function is given by:

P(y) = qo — ky. (3.1)

In the equation, gy represents the load applied to the bottom of the main roof, and k is the
load distribution coefficient.

The deformation of the parallelogram plate is solved using the Kantorovich approximation
method (Wang, 1983). The coordinate transformation is as follows:

{u—x—ycota,

3.2
v=y/sina. (3.2)

Let the deflection function of the roof deformation be denoted as wj(u,v). The strain energy
of the main roof can be expressed as

D 0 12 D 1 [8%0 % 0%wi]?
U= 2// (Viw)” dezdy = 2//sin3a [8142 - QCosaauav + 02 dudv, (3.3)
S

where D is the bending stiffness of the thin plate.
The work done by the load on the main roof is given by

W = // (go — ky) cosbwy dzdy = // (go — kvsin av) sin o cos fwy du dw. (3.4)
According to the principle of minimum potential energy, the functional is given by

[[=v-w (3.5)

Let the beam function that satisfies the boundary conditions v = 0 and v = b be

v v3 02

V:bj—Qb—S—kb—T (3.6)

By solving Egs. (3.3), (3.4), (3.5), and (3.6) simultaneously, the following results can be
obtained:

D 1 [ (b ye  8costa ., 4, 4 y
1= 28in3a/<630U T30 U Tl T omUY ) du
0

B 2bqo — k sin ab?
60

sin « - cos / U du. (3.7)
0

The following can be derived from the Euler—-Lagrange equation:

oI d oIl d2 oIl _
U duor T awour ~ % (3.8)

By simplifying the calculations, the following ordinary differential equation can be obtained:

bIU"" — 3(8 4 16 cos? a)b?U" + 504U = (42qp — 21k sin ab) b*sin® o - cos §/2/D. (3.9)

The general solution of the ordinary differential equation is given by

U = Ajcosh (n%) coS (f%) + Agsinh (n%) sin (5%) + Aj cosh (77%) sin (f%)
u

+ Ay sinh (77%) cos (f b> + K. (3.10)
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In the equation, K = (2qo — kbsin a)b*sin* o - cos §/(48D), and (1 =+ &i) represent the four
roots of the equation A* — 3(8 + 16 cos® a)A? + 504 = 0.
The deflection function equation of the main roof is given by

v v v? U ) uy . u
=UV = <b4 — 2b3 bQ> [Al cosh ( b> coS (§E> + Agsinh (773> sin (55)
u
+ Az cosh ( b) sin (gb) + Ay sinh ( b) cos <£5> + A5:|. (3.11)
The boundary conditions for the initial fracture of the main roof are as follows:
8w1
w1 o= = — = 0,
| 0,b ay v—0.b (3 12)
w1 | _ Oa =0 |
Hu=0a = Ox u=0,a -

By applying the boundary conditions from Eq. (3.12), the following results can be obtained:

A = -K,

K [cosh (n%) cos (f%) - 1} + 5144 cosh ( b) sin (f%) — Ay sinh (n%) cos <§%>
A2= sinh <n%> sin (5%) ,
Ay =~ Ay

@] sl )on(@) 1|

) [Fumsint (55 ) cos (£5) + ngcoshs (o) sim ()

peosh (1) i (€2) [Ieosh (12 i (¢2) — sinn (1) cos (7))
ccos (€0 snh (12) [[Leos (1) sin () —sinh (1) e (62

2

— sinh? (n%) sin? (5%) <77£ + §>

(3.13)

3.2. Mechanical model of periodic fracture

During the periodic fracturing stage of the main roof, it remains in a state where three edges
are fixed while one edge is suspended. To simplify the boundary conditions, let us refer to Fig. 3.

The solution process for the periodic fracture of the main roof is similar to that of the initial
fracture. Let the deflection function for the periodic failure of the main roof be

4 3 2

v v v
CL)Q( ) UQV <b4 —2b3 b2) U2 (3.14)

Similarly, the calculation for the periodic fracture of the main roof yields:

Uy = Blcosh< b)cos(éb)—kBgsmh( b)sm<§b>+B3cosh( b)sm(f?)

+ B4smh( b) cos (53

b) LK. (3.15)
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Fracture line

0
T, u

Fig. 3. Mechanical model for the periodic failure.
The boundary conditions for the periodic failure of the main roof are as follows:

aUJQ 6w2
w2|q}:07b = = 0’ w2‘u:a = = 07

ay v=0,b al' u=a (316)
Mg, = Mwy|u:0 = Qzly=0 =0

Based on the boundary conditions, the expressions for each parameter can be derived as
follows:

;

By, = -K 1K/ K3, By = K4By, B3 = K5By, By = K¢B1 + K,

Ky =-K/ [Kgcosh( b)sm(fb)—i-smh( b>COS(§Z>]=
Ko o (1) 52) o () o )
o () o ()~ e 1) i 53)

Kg—nsmh( b) COS(§Z) fcosh( b)s1n(§b>+K27]cosh( b)sm(gZ)
—I—Kgfsmh( b)COS (fb)+K3K47751nh< b)sm({Z)

+K3K4§cosh< b>COS (fb)+K477COSh< b)cos (52)

— K& sinh ( b) sin <§Z>,
Ky = (& —n*) /2n€,
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K¢ =— [cosh (n%) cos (ﬁb) + Ko sinh ( b> sin (f%)} /
|:K3 cosh( b) sin (§b> + sinh ( b) oS (ﬁb)}.

3.3. Stress distribution in the main roof

(3.17)

According to plate theory (Xu, 2006), the deflection functions of the main roof (Eqs. (3.11)
and (3.14)) yield:

( Ez [0*w 1 0%w 9 0%w 0%w
orgc:—l_u2 + cos” o — 2 cosa+ — ||,

Ou? 'usm a \ Ou? Oudv Ov?
Ez 1 d*w dPw 9w dPw
Uy:_lf,uz Lin2a<3u2COSQQ_23ua Cosoz—i-aQ)—i—Ma 2] (3.18)

Ez 1 [0 COS N
Ty = —
Y 1+ psina oudv O
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The expression for the maximum principal stress is as follows:

o1 = % |:Um + oy + \/(ax —ay)? 412 | (3.19)
The failure criterion for the roof is defined as follows:

o1 > 0y. (3.20)
In this equation, o; represents the tensile strength of the roof rock mass.

3.4. Analysis of main roof stress distribution

Taking the 1044 working face of the Taoyuan Mine as an example, the working face length is
b = 165 m, and the main roof is composed of fine sandstone. For the convenience of parameter
analysis, the mechanical properties of the basic roof are assumed to be homogeneous. The rock
layer elastic modulus is ¥ = 8 GPa, 4 = 0.23, h = 3.9m, o = 6.4MPa, and 6§ = 42°. The
pseudo-inclination angle is taken as 8 = 6° for the analysis.

Figure 4 illustrates the stress distribution patterns during the initial fracture stage. The stress
distribution exhibits an asymmetrical pattern, with the maximum tensile stress of 9.08 MPa
occurring at the center of the lower surface. This indicates that fracturing of the lower surface
will initiate at the central region. In contrast, the edges of the lower surface are primarily
subjected to compressive stress, with a maximum value of 4.25 MPa. The maximum tensile
stress of 18.32 MPa occurs in the central region of the long edge on the upper surface of the
main roof. The stress on the upper surface is greater than that on the lower surface, indicating
that the initial fracture occurs first in the central region of the long edge on the upper surface.

(a) (b)

[MPa| 20— | [MPa]

= 910 = | % 18.40
S 5 16.27
= 643 14.14
° 5.00 ® 12.01
3.76 107 s 9.88

2.43 7.75

1.09 5.62

2025 3.49

158 1.36

2.92 0.77

4.25 2.90

Fig. 4. Stress distribution during the initial failure of the main roof: (a) lower surface; (b) upper surface.

Figure 5 depicts the stress distribution on the upper and lower surfaces of the main roof dur-
ing the periodic fracture stage. The maximum tensile stress of 2.16 MPa occurs slightly above the
center of the free edge on the lower surface, which may be attributed to the linearly distributed
overlying load and the parallelogram-shaped roof structure resulting from the inclined mining
layout. This configuration leads to an uneven stress distribution. The maximum stress on the
fixed long edge of the upper surface of the main roof is 18.74 MPa, occurring at the central
region, which is greater than the maximum tensile stress on the lower surface. This indicates
that the periodic fracture of the main roof first occurs in the central region of the fixed long
edge on the upper surface.

3.5. Analysis of the optimal pseudo-inclined angle

In steeply inclined coal seams, a pseudo-inclined layout is commonly adopted to prevent coal
self-flow and the safety hazards associated with flying debris. Therefore, determining the optimal
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(a) (b)
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Fig. 5. Stress distribution during the periodic failure of the main roof: (a) lower surface; (b) upper surface.

pseudo-inclination angle is a critical issue. Figures 6 and 7 illustrate variations in the maximum
principal stress at the main roof under different pseudo-inclination angles.

(a) 4 3=0°, z=-h/2 —= =20°, 2= h/2 (b) ——B=0°, 2=-h/2 —+—B=20°, z=-1/2
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Fig. 6. Variations in deflection and maximum principal stress during initial fracture.
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Fig. 7. Variation curves of maximum deflection and maximum principal stress
with pseudo-inclination angle.
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Figure 6 illustrates the variation patterns of the maximum principal stress during the initial
fracture stage. As illustrated in Fig. 6a, the maximum principal stress during the initial fracture
stage decreases gradually as the pseudo-inclination angle increases, thereby resulting in an ex-
tended initial weighting step distance. This is due to the fact that as the pseudo-inclined angle
increases, the long edge of the roof becomes progressively larger, enhancing the support con-
straints along this direction, and thereby increasing the roof stability. Figure 6b illustrates the
variation patterns of the maximum principal stress during the periodic fracture stage. Figure 6b
indicates that the stress on the fixed boundary of the upper surface (v = a, 2 = —h/2) decreases
as the pseudo-inclination angle increases, as is the case with the stress variation observed in the
initial fracture stage. In contrast, the maximum principal stress on the free edge of the lower
surface (u = 0, z = h/2) exhibits an irregular M-shaped distribution, with an increasing trend
as the pseudo-inclination angle grows. The stress in the upper-middle section of the working
face tends to increase, whereas the stress in the lower-middle section decreases, leading to the
initial fracture of the lower surface in the upper-middle region. Because the load on the lower
part of the roof is greater than that on the upper part, the fractured roof rock blocks rotate
downward from the upper-middle region, posing challenges to the support of hydraulic props in
the lower-middle section of the working face and the stability of the coal wall.

Figure 7 illustrates the variation curves of the maximum deflection and maximum tensile
stress of the roof with respect to the pseudo-inclination angle. As the pseudo-inclined angle
increases, both the deflection and the maximum principal stress decrease. As shown in region I
of Fig. 7, when the pseudo-inclined angle is between 0° and 10°, the changes in both deflection
and stress are relatively gradual. In region II of Fig. 7, when the pseudo-inclined angle ranges
from 10° to 60°, the maximum deflection and the maximum principal stress decrease sharply,
and the step distance for roof fracture also increases. Based on the above analysis, when the
pseudo-inclination angle of the working face exceeds 10°, the stress distribution of the basic
roof becomes significantly more uneven. This increased heterogeneity poses challenges to the
hydraulic supports in the middle and lower sections of the working face and compromises coal
wall stability, making roof control more difficult. Consequently, mechanized mining may face
issues with equipment stability and safety. Considering these factors, the maximum pseudo-
inclination angle for the 1044 working face layout should not exceed 10°.

In summary, when designing the pseudo-inclined angle for the working face, it is essential
to ensure an angle that provides sufficient advance distance, thereby preventing the sliding of
coal or rock that may pose a safety risk to personnel and equipment. However, during the
cyclical fracture of the main roof, excessively large pseudo-inclined angles may pose challenges
for hydraulic support and compromise the stability of the coal wall. Therefore, the reasonable
design range of the pseudo-inclination angle of the 1044 working face is 5° to 10°, the leading
distance of the working face is 14.3m to 28.6 m. While mining the working face, the pseudo-
inclination angle is set to about 8°. According to theoretical calculations, the initial fracture
step distance of the main roof is 32m, and the periodic fracture step distance is 13 m.

4. Engineering analysis

The 1044 working face utilizes a pseudo-inclined layout, with the pseudo-inclined angle con-
trolled between 5° and 10° during mining. The hydraulic supports used on the working face are
of the ZZ10000/21/45D model, with a total of 110 units, spaced at 1.5m intervals. Pressure
sensors are installed on the support units to monitor the mining pressure. A sensor is installed
for every 10 sets of electromagnetic valves. The monitoring of support loads serves as a funda-
mental technique for assessing the stability of the working face, providing key information on
roof structure evolution and the response of the support system. The layout of the working resis-
tance measurement zones for the hydraulic supports, shown in Fig. 8a, divides the working face
into five areas: lower, lower-middle, middle, upper-middle, and upper. By analyzing variations in
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Fig. 8. Monitoring of hydraulic support load.

hydraulic support pressure, the roof fracture pattern and the collapse step distance can be de-
termined. Based on the data obtained from hydraulic support monitoring, pressure distribution
contour maps were generated using Origin software. The load distribution of hydraulic supports
at different mining distances is shown in Fig. 8b.

In the load distribution map, area I represents the initial roof pressure, area II represents the

periodic roof pressure, and area III shows a significant increase in support load compared to other
locations, indicating roof pressure caused by the fracture of the key strata above the working
face. The initial roof pressure occurs at around 30 meters, the first periodic roof pressure occurs
at around 42 meters, and key strata fractures in the roof occur at 72 meters and 136 meters.
During the periodic roof pressure phase, the loads on the upper and lower hydraulic supports are
noticeably smaller than those in other areas. The reduced load on the upper hydraulic supports
is due to the uneven distribution of the roof load, with the upper part of the roof carrying
significantly less load than the lower part. The reduced load on the lower hydraulic supports
may be due to two reasons: first, the pseudo-inclined mining layout results in a sharp angle at
the bottom of the roof, where the constraints of the coal and overlying rock layers are stronger.
Second, after the overlying strata fracture, the rock fragments slide downward, filling the lower
goaf and counteracting some of the vertical stress on the roof, which slows the roof’s fracture
and rotation.

The support load curves for five positions on the working face: upper, upper-middle, middle,
lower-middle, and lower, are shown in Fig. 9. From the variation in hydraulic support pressure at
different locations, it can be observed that the initial roof pressure occurs at around 30 meters.
The maximum average load during the initial roof pressure phase is 32.9 MPa, with the load at
the middle of the working face exceeding that at other locations. The 50# support at the center
of the working face experiences the first roof pressure at the earliest, with a maximum load of
47.3 MPa. Since the middle of the roof experiences the greatest deflection, the first fracture
occurs in the middle, which is consistent with the field results and theoretical analysis.

The step distance for periodic roof pressure is 10 to 15 meters, and the first periodic roof
pressure has a maximum load of 49.1 MPa, occurring at the 80# support in the middle-upper
section, as shown in Fig. 9e. From the curve, it can be seen that the load at the first periodic
roof pressure on the middle-upper supports is greater than the initial roof pressure, unlike
the roof pressure behavior at other locations. The maximum average load during the periodic
roof pressure phase is 36.9 MPa, and the load on the middle-upper section is significantly higher
than that at other locations. The theoretical analysis indicates that when a pseudo-inclined
layout is used, periodic fractures in the roof first occur in the middle-upper section, which
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Fig. 9. Hydraulic support working resistance.

results in higher periodic roof pressure in this area. The field monitoring results confirm the
reliability of the theoretical analysis. The ultimate working resistance of the hydraulic supports
is 70 MPa. When the support load exceeds this limit, the support system may become overloaded,
potentially compromising the stability of the mining space. Field monitoring results indicate that
the peak loads during roof failure did not exceed the ultimate working resistance of the hydraulic
supports. No support collapses occurred, and no large-scale coal wall spalling was observed,
demonstrating that the hydraulic supports effectively maintained working face stability.
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5. Discussion

This study establishes a mechanical model for the basic roof failure of pseudo-inclined working
faces in steeply inclined coal seams based on elastic thin-plate theory and validates it through
field monitoring. Compared with conventional roof-breakage theories that assume a rectangular
plate, the present work introduces a parallelogram-plate model that better represents the spatial
geometry after pseudo-inclined layout. This approach improves the applicability for simulating
asymmetric deformation, stress distribution, and roof failure locations. The results indicate that
both the initial and periodic breakage of the basic roof exhibit pronounced asymmetry, with
failures more likely to occur in the upper-middle region, consistent with the observed mine
pressure behavior.

The theoretical derivation further quantifies the influence of pseudo-inclination angle adjust-
ment on roof deflection, principal stresses, and breakage intervals, thereby defining a rational
range of angles and enhancing the theoretical basis and generalizability of angle design. It should
be noted, however, that the mechanical model adopted herein remains based on the elastic
thin-plate assumption and does not account for more complex factors such as stratified rock
structures, jointed weak planes, or shear-dominated failure. Future research may incorporate
discrete-element methods to improve the model’s completeness.

6. Conclusion

To investigate the fracture mechanism of the roof in an inclined mining face of a steeply
dipping coal seam and determine the optimal pseudo-inclination angle for face layout, a me-
chanical model of roof fracture was established. The stress and deformation characteristics of
the roof were analyzed, and the reasonable range of pseudo-inclination angles was identified. Fur-
thermore, field monitoring data were employed to validate the theoretical model. The following
conclusions were drawn:

1) A mechanical model for the initial and periodic breakage of the basic roof in pseudo-inclined
working faces was developed based on elastic thin-plate theory, revealing the asymmetric
deformation and stress distribution induced by the pseudo-inclined layout. The results
show that initial roof breakage first occurs near the fixed long edge of the upper surface and
the central region of the lower surface. Periodic breakage also exhibits strong asymmetry,
appearing first at the central area of the fixed long edge on the upper surface and the
upper—middle portion of the free edge on the lower surface, which differs substantially
from the breakage patterns typically observed in conventional coal-seam extraction.

2) As the pseudo-inclined angle increases, the maximum tensile stress in the upper-middle
region of the working face rises, whereas the maximum tensile stress in the lower region
decreases, resulting in reduced roof stability and concentrated loading on the hydraulic
supports, thereby increasing the risk of support adaptation failure. Theoretical analysis
indicates that the optimal pseudo-inclined angle for the 1044 working face ranges from
5° to 10°, which satisfies the combined requirements for equipment anti-slip performance,
spontaneous gangue sliding control, and coal wall stability. Field monitoring data show
that the support loads did not exceed the ultimate working resistance during extraction,
and no support collapses or severe coal wall spalling occurred, confirming the rationality
of the design parameters.

3) Field mine-pressure monitoring reveals that initial weighting is concentrated in the mid-
dle of the working face, while peak periodic loading occurs in the upper—middle region.
These observations are fully consistent with the theoretical predictions, demonstrating that
the proposed model effectively identifies roof-breakage locations and the intensity of mine-
pressure manifestation in pseudo-inclined working faces. The findings provide a theoretical
basis for evaluating roof stability and designing support parameters for hydraulic supports.
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The accurate calculation of stress intensity factors (SIFs) constitutes a critical yet challenging
task within linear elastic fracture mechanics. While the universal weight function method (WFM)
has emerged as a prominent approach due to its high computational efficiency, its predictive accu-
racy is often constrained. This limitation arises from the difficulty in characterizing the nonlinear
mapping relationships between the geometric dimensions of cracked bodies and the requisite weight
function parameters. To address these challenges, this study introduces an innovative machine
learning-augmented universal WFM. This method leverages Gaussian process regression (GPR)
models to characterize the nonlinear mapping relationships between the geometric dimensions of
cracked bodies and the weight function parameters, thereby enhancing the computational accuracy
of the universal WFM. Validation cases demonstrate that the proposed method achieves superior
accuracy compared to the traditional universal WEFM, with the maximum relative error not exceed-
ing 5.09 %.

Keywords: stress intensity factor solutions, weight function method, machine learning, Gaussian
process regression, a corner crack at a hole.
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1. Introduction

Under linear elastic and small-scale yielding conditions, the stress intensity factor (SIF, com-
monly denoted as K) serves as the fundamental parameter characterizing the crack-tip stress field
and the primary driving force for crack propagation. The accuracy of SIF calculations directly
governs the reliability of crack growth life predictions, rendering its computational methodology
a central focus in linear elastic fracture mechanics research.

Closed-form solutions, finite element methods (FEMs), weight function methods (WFMs),
and machine learning-based approaches represent principal computational methodologies for
determining SIFs (McClung et al., 2013). Closed-form equations were proposed in (Newman &
Raju, 1981; 1984; Raju & Newman, 1979). Their fundamental principle resides in fitting SIF's,
obtained from extensive FEM calculations, into explicit closed-form equations. During computa-
tion, one simply substitutes the geometric and characteristic parameters into these closed-form
equations. This approach is computationally efficient, requiring minimal computational effort.
However, its applicability is restricted to simple geometric configurations and basic loading
conditions, specifically remote tension and bending. Commercial finite element analysis (FEA)
software packages offer high computational accuracy and represent an effective tool for determin-
ing SIFs (Wawrzynek et al., 2010; Xiao & Yan, 2008). However, it should be noted that while the
FEM inherently provides high accuracy, it inevitably suffers from computational inefficiency. For
complex geometries, crack configurations, and loading conditions, FEM analyses typically entail
substantial computational time and significant computational expenses. Propelled by rapid ad-
vances in artificial intelligence and data-driven technologies, machine learning (ML) has emerged
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as a prominent research focus for predicting SIFs (Guo et al., 2024; Keprate et al., 2017; Muhoz-
Abella et al., 2015). The principal advantage of ML methodologies lies in their computational
efficiency and expediency: once an ML model is adequately trained, SIF values for arbitrary
loading conditions and structural configurations can be rapidly obtained.

The WFM represents a mainstream computational approach for determining SIFs, offering
a balanced compromise between computational accuracy and efficiency (Chen & Wang, 2004;
Evans et al., 2014; Glinka & Shen, 1991; Shen & Glinka, 1991a; Vainshtok & Varfolomeyev,
1990; Zheng et al., 1996). Its fundamental principle lies in decoupling the two primary factors
influencing SIF calculations — geometry and loading. Specifically, the SIF is expressed as the
integral of the product of the weight function and the applied loading distribution along the
crack length (Yang et al., 2013).

A complex nonlinear relationship exists between the key parameters within the weight func-
tion and the crack geometry dimensions. In the conventional derivation of universal weight
functions, polynomial fitting methods are commonly employed to describe this nonlinear rela-
tionship. However, the resulting fitting coefficients, often exceeding one hundred terms, impose
a significant computational burden and hinder the practical application of the WFM (Gha-
jar & Saeidi Googarchin, 2013; Shen & Glinka, 1991b; Shen et al., 1991; Wang & Lambert,
1995a; 1995b; Yang et al., 2013). Due to the inability to accurately characterize the nonlinear
relationship between the key parameters and the geometric dimensions, the universal WFM
exhibits inherent limitations in predictive accuracy. Consequently, the adoption of advanced fit-
ting techniques is necessitated to precisely capture the nonlinear relationship between the key
parameters and the crack body geometry, thereby enhancing the computational accuracy of the
universal WFM.

This study proposes an innovative machine learning-augmented universal WFM designed
to characterize the nonlinear mapping between cracked body geometry dimensions and weight
function parameters, thereby enhancing the computational accuracy of SIFs. Initially, the funda-
mental principles and derivation process of the universal weight function are demonstrated using
a corner crack at a hole as a representative case study. Subsequently, the proposed ML-augmented
WEFM is presented, whose core involves employing a Gaussian process regression (GPR) model
to characterize the nonlinear mapping relationships between the geometric dimensions of the
cracked body and the weight function parameters. Finally, the predictive accuracy of the pro-
posed method is demonstrated through the calculation of the SIF for the corner crack at a hole
under new loading conditions.

2. Derivation procedure of the universal WFM

In this section, a corner crack at a hole is employed as a case study to elucidate the physical
significance of the crack body’s geometric dimensions. Subsequently, this corner crack at a hole
is used as an example to demonstrate the derivation procedure of the universal WFM.

2.1. A corner crack at a hole

Taking an aero-engine turbine disk as an example, it contains various functional holes — such
as the central bore hole, dowel holes, and eccentric holes — which are prone to crack initiation
and propagation. A simplified model of the corner crack at one such hole is illustrated in Fig. 1.

A plate of thickness ¢t contains a central hole of radius r. A quarter-elliptical corner crack
emanates from one side of the hole, with its depth direction aligned with the plate thick-
ness direction. The crack surface experiences uniaxial stress variation; under non-uniformly
distributed stress, the stress varies solely along the y-axis (i.e., the plate thickness direction). In
the schematic, a denotes the crack depth, and ¢ represents the surface crack length. Point A, the
deepest vertex of the crack front located at the hole surface, is hereafter termed the “hole-surface
point”. Point B, the surface vertex on the plate face, is designated as the “plate-surface point”.
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Fig. 1. Corner crack at a hole.

2.2. Stress intensity factor data acquisition

The principle of the universal WFM states that the SIF is calculated as the integral of the
product of the weight function and the nominal stress along the crack length, as expressed
in Eq. (2.1). Here, m(y,a) denotes the weight function — a parameter independent of loading
conditions and solely dependent on geometric configuration and crack morphology. The variable a
represents crack length, while o (y) signifies the stress acting on the crack face, specifically defined
as the nominal stress on the prospective crack plane in the imaginary uncracked structure. Within
weight function theory, once the weight function m(y,a) for a given crack type is determined,
the SIF under any arbitrary loading can be computed using Eq. (2.1):

K = [ o(yym(y,a)dy. (2.1)
/

The derivation procedure for the universal weight function pertaining to corner cracks em-
anating from a hole entails several key steps. Firstly, a comprehensive dataset of SIFs for the
corner crack, corresponding to various geometric configurations, is compiled utilizing numerical
methods such as the FEM. This dataset serves as the foundational input. Subsequently, refer-
ence SIFs are derived through curve fitting techniques. Finally, these fitted reference SIFs are
substituted into the governing weight function equation (Eq. (2.1)) to inversely solve it for the
universal weight function itself. Each step is elaborated in Subsection 2.2 to 2.4.

In this study, the FEM is employed to compute the reference SIFs for corner cracks at a hole.
The key geometric parameters characterizing the configuration, comprising a circular hole and
associated corner cracks, include the crack dimensions a and ¢, the plate thickness ¢, and the
hole radius r. The SIF data for corner cracks emanating from a hole, computed via FEA, serve
as input data for subsequent fitting of reference SIFs.

To ensure the derived weight function provides comprehensive coverage over a broad range of
crack sizes, the reference solutions encompass the following dimensional ranges: 0.2 < a/c < 1,
0.2 < a/t <08 and 0.3 < r/t < 2. To span this domain, 100 distinct configurations were
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analyzed, combining the parameters r/t = {0.3,0.5,1,1.5,2}, a/t = {0.2,0.4,0.6,0.8} and a/c =
{0.2,0.4,0.6,0.8,1}. Additionally, the plate dimensions were specified as thickness ¢ = 10 mm,
width W = 50 mm, and the semi-height of the cracked plate is 100 mm.

The universal weight function methodology requires that the two reference loading cases ex-
hibit distinct polynomial orders along the same coordinate axis. Considering load distributions
along the y-axis as an illustrative case, the functional forms of these reference loads must incor-
porate different exponents of y. Consistent with this selection principle, a uniformly distributed
load and a linearly distributed load were selected as reference cases. Their mathematical ex-

pressions and schematic representations are provided in Eq. (2.2) and Fig. 2, respectively, where
o9 = 200 MPa:

or1(y) = oo,
oro(y) = 09 (1 — %)

(a) (b)

(2.2)

) ) m
) A - 0 A -

Fig. 2. Two reference loading cases: (a) a uniformly distributed load and (b) a linearly distributed load.

For a corner crack at a hole, 200 sets of SIF data were computed via the aforementioned
FEM under uniformly distributed and linearly distributed loads. Selected partial computed SIF
results are presented in Table 1.

Table 1. Partial computed SIF results for the corner crack at a hole (unit: MPa-m'/2).

Geometric dimensions [mm] Uniformly distributed load Linearly distributed load
t r a c Point A Point B Point A Point B
2 2 9.87 10.47 2.69 8.98
4 10 18.8 16.21 6.61 13.59
10 10 6 15 26.64 23.84 10.26 19.41
15 8 40 47.62 40.81 21.68 31.68
20 2 2.5 11.73 11.11 3.61 9.4

2.3. Weight functions for the hole-surface point (point A)

The fitted reference SIFs at point A are given by Eqs. (2.3) and (2.4), corresponding to the
uniformly distributed load and linearly distributed load cases, respectively:

m™a
KA =09, /aFOA, (2.3)
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ma
K4 = o, /aFlA,

where () denotes an elliptical integral of the second kind as follows:

1.65
Q=1+1.464 (9)
C

Q= [1 + 1.464 <Z>1'65] (%)2 for °

for

ole

Q

<1

> 1.

(2.4)

(2.5)

The geometric correction factors Fyj* and F{* in Eqs. (2.3) and (2.4) are defined by Eqs. (2.6)
and (2.7), respectively, with their fitting coefficients (F;;‘,? and FZ’;‘,%) provided in Table 2 and

Table 3:
4 4 . i rank . ‘
ZZZFW< ) ( ) (E) (i+j+k<4), (2.6)
i=0 j=0 k=0
t AL d i raNJ fa\k
K=Y F ( ) (;) (E) (i+j+k<4). (2.7)
1=0 j=0 k=0
Table 2. Fitting coefficients F;}{.
ik 000 100 010 001 200 110 020 101
Fi?l(c) 0.80987 0.43996 0.31255 | —0.33554 | —0.53319 0.89868 1.0763 | —0.32291
ik 011 002 300 210 120 030 201 111
Fi?lg —3.8205 2.3282 0.28616 | —0.39388 | 0.42119 0 0.099301 | —1.0692
ijk 021 102 012 003 400 310 220 130
Fé‘g —2.1016 0.67762 6.1776 —3.6767 | —0.054743 | 0.050831 | 0.058895 | 0.067399
ik 040 301 211 121 031 202 112 022
Fz‘;‘g —1.5952 | —0.010479 | 0.082393 | —0.68089 3.4542 —0.062899 | 0.93604 | —1.2303
ik 103 013 004
FAY | —043519 | —2.5408 | 1.7877
Table 3. Fitting coefficients FZ‘;‘%
ik 000 100 010 001 200 110 020 101
Fz?,i 0.26186 0.20553 0.25101 | —0.20993 | —0.23079 0.39053 0.81609 | —0.21552
ijk 011 002 300 210 120 030 201 111
Fl‘;l,i —2.2418 1.2155 0.12163 | —0.19866 0.4733 0 0.077674 | —0.76695
ik 021 102 012 003 400 310 220 130
Fz?l} —1.7481 0.45305 3.9868 —2.1541 | —0.022975 | 0.026659 | 0.010877 | —0.020452
yk 040 301 211 121 031 202 112 022
FAL| —1.2667 | —0.011164 | 0.068314 | —0.4424 | 2.4765 | —0.042608 | 0.62347 | —0.7467
yk 103 013 004
FAl| —0.29034 | —1.6712 | 1.0968

The key parameters (My 4, Maa, and Ms34) of the weight function at point A were determined
by substituting the fitted reference SIFs into the weight function integration procedure and
solving the inverse problem.
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In (Zheng et al., 1996), the weight function of point A is calculated as Eq. (2.8), and the
corresponding weight function is expressed as Eq. (2.9):

a

K4 = [ o(y)maly,a)dy, (2.8)
0/ y)mal(y, a)dy
maly,a) = %(Qa_y) [1+M1A (1— 5) Y2 Mo (1_ 9) + My (1— 3)3/2]. (2.9)

Synthesis of the aforementioned procedures with the solution methodology described in
(Zheng et al., 1996) yields the three key parameters (M7 4, Ma4, and M34) of the weight function
at point A, as expressed in Eq (2.10):

24
Afu&";7::44f% —6F{") — 5
Msa =3, (2.10)
M. 2< T _pA_ ) 4>
34=2| —==Fy — Mia—
V2Q °

2.4. Weight functions for the plate-surface point (point B)

Similarly, the fitted reference SIFs at point B are given by Egs. (2.11) and (2.12), corre-
sponding to the uniformly distributed load and linearly distributed load cases, respectively:

KB =60, |2 FB, (2.11)
Q
ma

K= oo,/aFlB, (2.12)

where @) likewise represents an elliptic integral of the second kind, as given in Eq. (2.5).

The geometric correction factors F¥ and FP in Egs. (2.11) and (2.12) are defined by
Eqgs. (2.13) and (2.14), respectively, with their fitting coefficients (FZ.?,S and ngl) provided in
Table 4 and Table 5

24: OO () (D) arivk<, (2.13)

M»
M-

i=0 j=0 k=0
oSSR (D) (O (9 ks, 1)
i=0 j=0 k=0

In (Zheng et al., 1996), the weight function of point B is calculated as Eq. (2.15), and the
corresponding weight function is expressed as Eq. (2.16):

a

KP = /U(y)mB(y,a)dy, (2.15)

mp(y,a) = [1 + Mip <Z>1/2 + Msp (%) + M3p ( )3/2]. (2.16)

o
3>
<
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Table 4. Fitting coefficients Fg,? .

ik 000 100 010 001 200 110 020 101
Fi?,g 0.18934 0.001833 —0.21587 2.2489 | —0.035908 | 0.05961 1.2912 0.14708
ik 011 002 300 210 120 030 201 111
Fﬁ;g’ 0.22558 —2.9939 0.033293 | —0.12234 | 0.40337 0 —0.077422 | 0.018976
ik 021 102 012 003 400 310 220 130
Fljf,g —3.0223 | —0.017841 1.5578 1.7403 | —0.0080764 | 0.026938 | —0.029182 | 0.057118
ijk 040 301 211 121 031 202 112 022
Fi?,? 0.92792 0.016252 | —0.00075897 | —0.33759 | —3.0408 | 0.0049268 | 0.15513 5.0755
ik 103 013 004

FJ2 1 —0.032284 | —2.8907 | —0.018604

Table 5. Fitting coefficients ngl

ik 000 100 010 001 200 110 020 101
Ff,i 0.19763 | —0.00029338 | —0.13599 1.8091 —0.020001 | 0.033383 | 0.87295 | 0.099138
ijk 011 002 300 210 120 030 201 111
Fﬁ,ﬁ 0.096081 —2.4811 0.018856 | —0.076752 | 0.26425 0 —0.054186 | 0.019809
ik 021 102 012 003 400 310 220 130
F/ﬁ —2.0522 | —0.010023 1.1515 1.6063 | —0.0046192 | 0.017855 | —0.023746 | 0.05524
ik 040 301 211 121 031 202 112 022
Ffﬁ 0.70579 0.012017 | —0.0030259 | —0.23092 —2.1742 | 0.0018728 | 0.10586 3.5405
ik 103 013 004

FJLV1—0.02068 | —2.0474 —0.15014

Synthesis of the aforementioned procedures with the solution methodology described in
(Zheng et al., 1996) yields the three key parameters (M;p, Map, and Msp) of the weight function
at point B, as expressed in Eq. (2.17):

Msp = — (1 + Mip + MQB).

3. ML-augmented WFM

v
Mg = ——(30FF —18FP) -8
1B \/@( 1 0 ) )
T
Myp = ——(60FF — 90FF) + 15, (2.17)
\/@( 0 1 )

From the derivation process of the aforementioned universal WFM, it can be concluded

that establishing an accurate mapping relationship between the geometric correction factors
of reference SIFs and the geometric dimensions of the cracked body is crucial for developing
the universal WFM. For the aforementioned corner crack at a hole, the mapping relationship
between the geometric correction factors of reference SIFs and the geometric dimensions of the
cracked body is given by

sz(r a a>’

- =, = 3.1
t't c ( )

where F' is the geometric correction factor, characterizing the influence of the cracked body’s
geometric dimensions on the SIF, and a/c, a/t, and r/t represent the geometric dimensions
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of the corner crack at a hole. A complex nonlinear mapping relationship exists between the
geometric correction factor (F') and these geometric dimensions (a/c, a/t, and r/t). In previous
studies, polynomial fitting and similar means were typically utilized to establish this mapping
relationship.

In this study, the nonlinear mapping relationship within the aforementioned universal WFM
is developed using a GPR model.

3.1. Process for establishing mapping relationships using GPR

The GPR model, also known as the Kriging model, is an interpolation method based on
Gaussian processes governed by a priori covariance (Rasmussen, 2004; Rasmussen & Williams,
2005). It provides both the mean and standard deviation as outputs during prediction, thereby
offering a probabilistic prediction framework. As a non-parametric model, it falls under the
umbrella of supervised learning.

The GPR algorithm can be mathematically formulated as Eq. (3.2), where m(x) and k(z,z’)
denote the mean function and covariance function, respectively. This formulation signifies that
the function f follows a Gaussian distribution characterized by the mean function m and co-
variance kernel k:

f~ GP(m(x), k(z,2")). (3.2)

The GPR model was employed to approximate the nonlinear relationships. This approxi-
mation procedure is also referred to as training the GPR model. During model training, an
iterative optimization scheme was implemented with the objective of minimizing the mean
squared error (MSE), as illustrated in Fig. 3. The minimum MSE was achieved after 25 it-
erations, indicating the completion of the model training process. On the workstation (Proces-
sor: 15-13600KF (3.50 GHz), RAM: 32.0 GB), the time required for the aforementioned training
process is 9.3385 seconds. Once the model is trained, its prediction speed approaches 18000
observations per second.

x10-4

é B S S S
&
4
=
T R oo R S
= __—+ Estimated minimum MSE
B
= —

Optimal point

Iterations

Fig. 3. Iterative training process for GPR model.

To demonstrate the effectiveness of the selected GPR model, a comparison of the prediction
accuracy among various ML models was conducted. Specifically, different ML models, as shown
in Table 6, were trained using the same training data, and their root mean square error (RMSE)
values of the prediction results were compared, as illustrated in Fig. 4. It can be observed that
the selected GPR model exhibits a smaller prediction RMSE and higher prediction accuracy.
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Table 6. Details of the ML model.

ML model Parameters of the ML model
Gaussian process regression (GPR) Basis function: linear, o = 0.1019
Support vector regression (SVR) SVR with a cubic kernel

Two-layer neural network,
Artificial neural network (ANN) number of fully connected layers: 2,

activation function: ReLU

Stepwise regression model (SRM) Maximum number of steps: 1000
Regression tree (RT) Coarse-grained tree, minimum leaf size: 36
0.1445

" 0.06479

<

<

Q

=

— | 0.02529

=

‘ EIRT
I SRM
CJANN ||
0.00652 B SVR
' B GPR
0 0.02 0.04 0.06 008 010 0.12 014 0.16
RMSE

Fig. 4. Comparison of predictive accuracy among different ML models.

3.2. Nonlinear mapping relationship fitting results

The geometric correction factors at point A under the two types of reference loads are
denoted as F64 and FlA. Nonlinear mapping relationships between these geometric correction
factors and the geometric dimensions of the crack body were established using GPR models, as
given in Egs. (3.3) and (3.4). Since the fitted results of the GPR models cannot be represented
by explicit analytical expressions, Eqs. (3.3) and (3.4) merely serve as representations of the
relationships between the input variables and the output variables:

A= A (f a 9), 3.3

0 fOGPR 't e ( )
r a a

Ff' = fi'err (;7;72>- (3.4)

Concurrently, nonlinear mapping relationships between the geometric correction factors at
point B (F({B and FlB ) and the geometric dimensions of the crack body were established using
GPR models, as represented by:

r a a

Fy = fycer (f’?’;)’ (3.5)
r a a

FP = fepr (572,2)- (3.6)

SHapley Additive exPlanations (SHAP) values quantify the contribution of each feature to
the model output, and are thus widely employed in the field of ML to elucidate the relationship
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between inputs and outputs. Figure 5 illustrates the SHAP values of different features (a/c,
a/t, and r/t) with respect to the output of the GPR model. In the figure, a larger data width
indicates a greater influence of the corresponding feature on the GPR model output. It can be
observed that all three features exhibit a strong contribution to the output values.

High
e o _o® % .. J[g o O
’I’/t - e '.' ‘. ° ..i.. : .- -‘. o® =.: e ® 0° 1)
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Fig. 5. SHAP values of different features to the GPR model output.

The GPR model predictions of the geometric correction factors at points A and B are pre-
sented in Fig. 6. The reference values shown in the figures correspond to the geometric correction

@ 1.8 i i : 3 3 3 () 0.9
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Fig. 6. GPR model prediction results for geometric correction factors: (a) Fg'; (b) F{*; (c) FE; (d) FE.
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factors calculated using finite element results for the SIFs. It can be observed that the GPR
model, which fits the mapping relationship between the geometric correction factors and the
crack body’s geometric dimensions, achieves high prediction accuracy, with a maximum relative
prediction error of 0.39 %. Upon completing the description of the nonlinear mapping relation-
ships for the universal WFM, these mappings, combined with the universal weight function
derived in Section 2, constitute the machine learning-augmented universal WEM.

4. Validation

This section assesses the computational accuracy of the proposed ML-augmented WFM.
First, the SIFs for a corner crack at a hole under new stress distribution are computed using:
(a) the FEM, (b) the conventional WFM detailed in Section 2, and (c) the proposed ML-
augmented WFM. Subsequently, using the FEM results as the benchmark, the prediction accu-
racy of the other two methods (the conventional WFM and ML-augmented WFM) is compared.
The stress distribution applied to the crack in this validation case is given by

o(y) = oo (1—%)”, n=23. (4.1)

The computed SIFs are presented in Fig. 7 and Fig. 8. It can be observed that the proposed
ML-augmented WFM demonstrates enhanced predictive accuracy over the conventional WFM.
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Fig. 7. Computed SIFs at point A: (a) n =2; (b) n = 3.
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Compared with the FEM results, the maximum relative error of the proposed method is
merely 5.09 %.

no.

5. Conclusion

Based on this study, three conclusions are drawn:

1) intricate nonlinear mapping relationships exist between the key parameters in the weight
function and the crack geometric dimensions. The predictive accuracy of the universal
WEFM is limited by its inability to precisely characterize these nonlinear relationships.
Therefore, advanced regression techniques are required to accurately describe the nonlinear
relationships between the key parameters and the crack body’s geometric dimensions,
thereby enhancing the computational accuracy of the universal WFM;

2) an innovative machine learning-augmented WEM is proposed to improve the predictive

accuracy of the universal WFM. This approach utilizes GPR models to fit the nonlinear
mapping relationships between the key parameters in the weight function and the crack
geometric dimensions;

3) validation cases demonstrate that the proposed machine learning-augmented WEM outper-

forms the conventional WFM in terms of predictive accuracy, with the maximum prediction
error not exceeding 5.09 %.

Acknowledgments

This study was supported by the National Major Science and Technology Project (grant
J2019-IV-0007-0075).

References

. Chen, Q., & Wang, X. (2004). Weight functions and stress intensity factors for quarter-elliptical

corner cracks in fastener holes. Fatigue & Fracture of Engineering Materials and Structures, 27(8),
701-712. https://doi.org/10.1111/j.1460-2695.2004.00796.x

. Evans, R., Clarke, A., Heller, M., & Stewart, R. (2014). Improved stress intensity factors for

a single corner crack at a loaded fastener hole. Engineering Fracture Mechanics, 131, 570-586.
https://doi.org/10.1016/j.engfracmech.2014.09.012

. Ghajar, R., & Saeidi Googarchin, H. (2013). General point load weight function for semi-elliptical

crack in finite thickness plates. Engineering Fracture Mechanics, 109, 33—44. https://doi.org/10.1016/
j-engfracmech.2013.06.007

Glinka, G., & Shen, G. (1991). Universal features of weight functions for cracks in mode 1. Engineering
Fracture Mechanics, 40(6), 1135-1146. https://doi.org/10.1016,/0013-7944(91)90177-3

Guo, K., Liu, H., Yan, H., Song, Z., Zhang, S., Huang, D., & Yan, X. (2024). Estimation of stress
intensity factor for surface cracks in the firtree groove structure of a turbine disk using pool-based
active learning with Gaussian Process Regression. Journal of Theoretical and Applied Mechanics,
62(1), 89-101. https://doi.org/10.15632/jtam-pl/174709

Keprate, A., Ratnayake, R.M.C., & Sankararaman, S. (2017). Comparison of various surrogate mod-
els to predict stress intensity factor of a crack propagating in offshore piping. Journal of Offshore
Mechanics and Arctic Engineering, 139(6), Article 061401. https://doi.org/10.1115/1.4037290

McClung, R.C., Lee, Y.-D., Cardinal, JW., & Guo, Y. (2013). The pursuit of K: Reflections on the
current state-of-the-art in stress intensity factor solutions for practical aerospace applications. In
A. Brot (Ed.), Proceedings of the 27th Symposium of the International Committee on Aeronautical
Fatigue and Structural Integrity: Vol. 1 (pp. 361-375). Israel Society of Aeronautics and Astronautics.


https://doi.org/10.1111/j.1460-2695.2004.00796.x
https://doi.org/10.1016/j.engfracmech.2014.09.012
https://doi.org/10.1016/j.engfracmech.2013.06.007
https://doi.org/10.1016/j.engfracmech.2013.06.007
https://doi.org/10.1016/0013-7944(91)90177-3
https://doi.org/10.15632/jtam-pl/174709
https://doi.org/10.1115/1.4037290

Machine learning-augmented universal weight function method for stress intensity factor determination 97

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Muitioz-Abella, B., Rubio, L., & Rubio, P. (2015). Stress intensity factor estimation for unbalanced
rotating cracked shafts by artificial neural networks. Fatigue & Fracture of Engineering Materials &
Structures, 38(3), 352-367. https://doi.org/10.1111/ffe. 12237

Newman Jr, J.C., & Raju, I.S. (1981). Stress-intensity factor equations for cracks in three-dimensional
finite bodies (NASA Technical Memorandum 83200). National Aeronautics and Space Administra-
tion. https://ntrs.nasa.gov/api/citations/19810023035/downloads/19810023035.pdf

Newman Jr, J.C., & Raju, I.S. (1984). Stress-intensity factor equations for cracks in three-dimensional
finite bodies subjected to tension and bending loads (NASA Technical Memorandum 85793). National
Aeronautics and Space Administration. https://ntrs.nasa.gov/api/citations/19840015857 /downloads/
19840015857.pdf

Raju, LS., & Newman Jr, J.C. (1979). Stress-intensity factors for a wide range of semi-
elliptical surface cracks in finite-thickness plates. Engineering Fracture Mechanics, 11(4), 817-829.
https://doi.org/10.1016/0013-7944(79)90139-5

Rasmussen, C.E. (2004). Gaussian processes in machine learning. In O. Bousquet, U. von Luxburg,
& G. Rétsch (Eds.), Advanced Lectures on Machine Learning. ML 2003 (pp. 63-71). Lecture Notes
in Computer Science: Vol. 3176. Springer. https://doi.org/10.1007/978-3-540-28650-9_4

Rasmussen, C.E., & Williams, C.K.I. (2005). Gaussian Processes for Machine Learning. The MIT
Press.

Shen, G., & Glinka, G. (1991a). Determination of weight functions from reference stress intensity
factors. Theoretical and Applied Fracture Mechanics, 15(3), 237-245. https://doi.org/10.1016,/0167-
8442(91)90022-¢

Shen, G., & Glinka, G. (1991b). Weight functions for a surface semi-elliptical crack in a finite thickness
plate. Theoretical and Applied Fracture Mechanics, 15(3), 247-255. https://doi.org/10.1016,/0167-
8442(91)90023-D

Shen, G., Plumtree, A., & Glinka, G. (1991). Weight function for the surface point of semi-
elliptical surface crack in a finite thickness plate. Engineering Fracture Mechanics, 40(1), 167-176.
https://doi.org,/10.1016/0013-7944(91)90136-O

Vainshtok, V.A., & Varfolomeyev, I.V. (1990). Stress intensity factor analysis for part-elliptical cracks
in structures. International Journal of Fracture, 46(1), 1-24. https://doi.org/10.1007/BF00034165

Wang, X., & Lambert, S.B. (1995a). Local weight functions for semi-elliptical surface cracks in finite
thickness plates. Theoretical & Applied Fracture Mechanics, 23(3), 199-208. https://doi.org/10.1016/
0167-8442(95)00022-7

Wang, X., & Lambert, S.B. (1995b). Stress intensity factors for low aspect ratio semi-elliptical surface
cracks in finite-thickness plates subjected to nonuniform stresses. Engineering Fracture Mechanics,
51(4), 517-532. https://doi.org/10.1016/0013-7944(94)00311-5

Wawrzynek, P.A., Carter, B.J., Hwang, C.-Y., & Ingraffea, A.R. (2010). Advances in simulation of
arbitrary 3D crack growth using FRANC3Dv5. Journal of the Computational Structural Engineering
Institute of Korea, 23(6), 607-613.

Xiao, X., & Yan, X. (2008). A numerical analysis for cracks emanating from a surface semi-spherical
cavity in an infinite elastic body by FRANC3D. Engineering Failure Analysis, 15(1-2), 188-192.
https://doi.org/10.1016/j.engfailanal.2006.11.015

Yang, S.T., Ni, Y.L., & Li, C.Q. (2013). Weight function method to determine stress intensity factor
for semi-elliptical crack with high aspect ratio in cylindrical vessels. Engineering Fracture Mechanics,
109, 138-149. https://doi.org/10.1016/j.engfracmech.2013.05.014

Zheng, X.J., Glinka, G., & Dubey, R.N. (1996). Stress intensity factors and weight functions for a cor-
ner crack in a finite thickness plate. Engineering Fracture Mechanics, 54 (1), 49-61. https://doi.org/
10.1016/0013-7944(95)00171-9

Manuscript received August 2, 2025; accepted for publication January 15, 2026;
published online March 10, 2026.


https://doi.org/10.1111/ffe.12237
https://ntrs.nasa.gov/api/citations/19810023035/downloads/19810023035.pdf
https://ntrs.nasa.gov/api/citations/19840015857/downloads/19840015857.pdf
https://ntrs.nasa.gov/api/citations/19840015857/downloads/19840015857.pdf
https://doi.org/10.1016/0013-7944(79)90139-5
https://doi.org/10.1007/978-3-540-28650-9_4
https://doi.org/10.1016/0167-8442(91)90022-c
https://doi.org/10.1016/0167-8442(91)90022-c
https://doi.org/10.1016/0167-8442(91)90023-D
https://doi.org/10.1016/0167-8442(91)90023-D
https://doi.org/10.1016/0013-7944(91)90136-O
https://doi.org/10.1007/BF00034165
https://doi.org/10.1016/0167-8442(95)00022-7
https://doi.org/10.1016/0167-8442(95)00022-7
https://doi.org/10.1016/0013-7944(94)00311-5
https://doi.org/10.1016/j.engfailanal.2006.11.015
https://doi.org/10.1016/j.engfracmech.2013.05.014
https://doi.org/10.1016/0013-7944(95)00171-9
https://doi.org/10.1016/0013-7944(95)00171-9

Contents

Kita M., KACZMARCZYK J., DUDA S., Influence of air vent geometry in brake rotors on
the performance of a car braking System ... ...... ...
MA Y., Zou Z., CHEN J., SHEN R., Vibration fatigue behaviour analysis of the cracked
plate under a uniform temperature field . ...... ... ... . . . .
JIANG S., CHEN Q., Research on adaptive fuzzy sliding mode control with switching strat-
eqy for trajectory tracking of digital hydraulic cylinder .. .......... ... .. .. ......
EKA SETYAWAN P., PURNOWIDODO A., AS’AD SONIEF A., SURYA IRAWAN Y., Fvalu-
ation of viscosity and rheological characteristics of corn oil combined with graphene
nanoplatelets for machining lubrication ... ....... ... . i
SuU H., SonG F., SuN C., ZHANG J., Physics-informed neural networks for inhomogeneous
swelling analysis of dual-layer gels with chain entanglement effects ..............
YIN J., Wu Y., Hao Y., XUE K., ZHANG Y., ZHANG H., Study on roof fracture mech-
anism and mine pressure characteristics in pseudo-inclined working faces of steeply
inclined coal SEATS . .. ...
Guo K., TANG W., YANG Z., WANG C., SUN T., Machine learning-augmented universal
weight function method for stress intensity factor determination.................

15

29

45

o7

71

85



	Journal of Theoretical and Applied Mechanics 64(1), 2026
	Advisory Board & Editorial Board
	Kita M., Kaczmarczyk J., Duda S., Influence of air vent geometry in brake rotors on the performance of a car braking system
	Ma Y., Zou Z., Chen J., Shen R., Vibration fatigue behaviour analysis of the cracked plate under a uniform temperature field
	Jiang S., Chen Q., Research on adaptive fuzzy sliding mode control with switching strategy for trajectory tracking of digital hydraulic cylinder
	Eka Setyawan P., Purnowidodo A., As'ad Sonief A., Surya Irawan Y., Evaluation of viscosity and rheological characteristics of corn oil combined with graphene nanoplatelets for machining lubrication
	Su H., Song F., Sun C., Zhang J., Physics-informed neural networks for inhomogeneous swelling analysis of dual-layer gels with chain entanglement effects
	Yin J., Wu Y., Hao Y., Xue K., Zhang Y., Zhang H., Study on roof fracture mechanism and mine pressure characteristics in pseudo-inclined working faces of steeply inclined coal seams
	Guo K., Tang W., Yang Z., Wang C., Sun T., Machine learning-augmented universal weight function method for stress intensity factor determination



